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1 Introduction

Newton-Cartan geometry was first developed shortly following the inception of general
relativity in an attempt to phrase non-relativistic physics in a manner that respects general
coordinate invariance [1, 2] and later developed further in [3-12]. Initial studies concerned
themselves with only the spacetime structure; however, recent applications in condensed
matter physics have focused on covariantly coupling matter to this background. Perfect
fluids in non-relativistic backgrounds were first studied in [13, 14] while applications to



the fractional quantum Hall effect have proven exceptionally rich [15-18], ranging from
gravitational anomalies to energy transport. Newton-Cartan geometry has also naturally
arisen in the study of non-relativistic holographic systems, where the boundary theory
realizes a “twistless-torsionful” Newton-Cartan geometry [19-25].

One of the principle benefits of the geometric approach is that it furnishes a collection of
background data consistent with Galilean invariance that may be perturbed to covariantly
define currents and study linear response. These include a “clock” one form n, defining a
preferred notion of spatial vectors and elapsed time as well as a “spatial inverse metric”
h* satisfying

h*n,, = 0. (1.1)

In the presence of a conserved particle current, one also has the option to couple to a
background U(1) connection A,. In the case of a single Schrodinger field we then have

S = /d%\/ﬁ <;¢TBO¢ — ;L:;DMTD]w) (1.2)

where D,, = 0, —iA,, h% are the spatial components of the metric h*¥ and we have taken
ny, = (1 O) for simplicity.

It was noted in [26] that for this action to be invariant under arbitrary space and
time dependent changes of coordinates, the vector potential must carry the anomalous
transformation law

§Ag = —EM\Ag — A&, §A; = —E 0\A; — Ar9,E> — mhi;€ (1.3)

where &" is an infinitesimal diffeomorphism. Though simple in form, the final term is
rather curious as A, does not transform as a one form. The origin of this term was
properly isolated in [27], identifying an implicit change in rest frame in the transformation
above. The vector potential is then a true one form under diffeomorphisms,

6A, = —E A, — A0, (1.4)
while under a Galilean boost in the manner
1
Ay — Ay +ky — §nuk2, (1.5)

where k,, is a spatial vector representing the boost velocity.

The background data is then the triple (n,h, A) up to a boost transformation given
by (1.5). In this paper, we demonstrate that this is not the largest collection of data
consistent with Galilean invariance and augment the background accordingly. Our list of
background fields includes

el wip, ay, Ay (1.6)

ﬁ is a veilbein transforming as a Galilean vector under local boosts and rotations
and is equivalent in content to the clock form and spatial metric considered above. wl‘j‘ B is

Here e



a connection one-form valued in the Lie algebra of the Galilean group. It contains the usual

b . .
l‘jb = wLa ) but also a “boost connection” w® = w®y which transforms under

a choice of reference frame. We have also separated out the single gauge field appearing

spin connection w

in previous treatments to two gauge fields ¢ and A so that we may describe independent
mass (or particle number) and charged currents. It is then the mass gauge field a that
transforms in the manner (1.5), while the electromagnetic gauge field A is boost invariant.

This treatment also resolves a lingering question of [27]. With the data (n,h, A) at
hand, one may define a connection

1
™, =0 9,mn, + §W (Ophup + Ovhyp — Ophy) + 1, Fryy yhP2, (1.7)

where F' = dA is the field strength of A. Here v* is a vector field parameterizing the
choice of rest frame and hy,, is defined by (2.22). This connection is boost invariant and so
defines a sensible, frame independent geometry in the absence of torsion, but fails to do so
generically. However, the Galilean spin-connection w? g defines an invariant connection V
on all backgrounds. In a companion paper [28], we consider the suite of possible constraints
that may be placed on (1.6) in a boost invariant manner. In particular, the connection (1.7)
may be obtained by the identification

w® Neg =da (1.8)

but we find that this is only possible when the torsion vanishes.

One might reasonably hope that this issue may be avoided since torsion vanishes on
a large class of physically relevant backgrounds.! However, studying energy transport
requires the introduction of a Luttinger potential ® [31], which arises in the spacetime
approach as temporal torsion [18, 32]. Thus if we hope to use Newton-Cartan geometry
to study energy currents, we must know that our derivative operator respects Galilean
invariance in such a background. To this end, we shall consider non-relativistic fluids
coupled to (1.6) and perform an entropy current analysis and find results that do not agree
with those of [33].

We begin in section 2 by reviewing the basics of Newton-Cartan geometry, boost
transformations and representations of the Galilean group that will be needed for our later
analysis. Section 3 then introduces the mass gauge field a and boost connection w®. Before
continuing on to fluids, we present in section 4 a brief detour through Galilean invariant
actions and show how to write down actions for massive non-relativistic fields at any order
in derivatives. The approach is seen to be equivalent to null reduction, but is intrinsic to
the Newton-Cartan spacetime.

Finally we develop first order fluid dynamics in our approach, beginning with a man-
ifestly boost covariant presentation of the full set of diffeomorphism Ward identities in
section 5. Section 6 then presents the fluid equations of motion and performs the entropy
current analysis. For multicomponent fluids, the results are summarized as follows (all
coefficients are arbitrary functions of the temperature 7', charge chemical potential yg and

!Torsion can be relevant in the study of elasticity [29] and lattice defects [30].



mass chemical potential pps unless stated otherwise). The most general set of first order
transport coefficients in the parity even sector includes four sign semi-definite functions: a
bulk viscosity, shear viscosity, conductivity and thermal conductivity

C > 07 n > 07 op > 07 kp < 0. (19)
as well as a thermo-electric coefficient
or. (1.10)

The parity odd sector contains a Hall viscosity, Hall conductivity, thermal Hall conductivity,
thermo-electric Hall coefficient, magnetization and energy magnetization

m, oE, KT, or, m, Me. (1.11)
The magnetization determines the magnetic field induced pressure via the coefficient

m m

where p(e, g, p) is the pressure as a function of energy, charge and mass density. Kubo
formulas for these coefficients are then presented.

In flat backgrounds with no Luttinger potential the constitutive relations are

. . , 1
r’ = p, p' = pu’ i’ =q Ene = ZPU° + 6,

j' = qu' + op(E" + Beuj — Td'vq) + e’ (E; + Bejpu® — Tojvg)
+ o70'T + 6769 0;T + €7 0;m,
€= (;pu2 +e+p—Co— fBB> u' —noiuj — ey
+ Tor(E" + Bé9u; — Td'vg) — Tore”? (B + Bejpu® — TOjvg)
+ k0T + el 0;T — e (E; + Bejpu®) + €90;m,
Ti = puv? + (p — (0 — fpB)g” —no'l —ij5". (1.13)

where p# is the mass current, j# the charge current, ch. the energy current and T, I the
spatial stress and the fluid shear ¢/ and expansion 6 are defined by

oij = Ojuj + Oyu; — 0;50, 0 = du’. (1.14)

12

The epsilon symbols are chosen with sign convention €“ = €10 = 1. In summarizing these

results we have made the choice of fluid frame (6.67).



2 Galilean symmetry

The salient feature of non-relativistic physics is that of Galilean relativity, which, in its
most familiar form, asserts that the laws of physics do not depend on a choice of inertial
reference frame. These frames are related by the Galilean transformations

t—t z' — 02 — k't (2.1)

Here ©; € SO(d) determines the relative orientation and k' € R? the relative velocity of
inertial observers adopting coordinates (t,z%) and (', z").

In curved space one in general loses a notion of inertial frames and preferred coordinate
systems. Rather, one can define only coframes
A
i

e, A=0,1,---d (2.2)

which form a local basis of 1-forms on the spacetime manifold M, which we take to be
d + 1 dimensional. The proper coordinate invariant statement of (2.1) is then that these

60 60
0 (2))

Here spatial indices running over the values 1, ..., d are denoted by lower case Latin letters

coframes transform as

a,b,... to distinguish them from spacetime indices A, B,.... Greek letters u,v,... will
represent coordinate indices while ¢, j,... will be their spatial components. Of course,

if the veilbein can be chosen to correspond to a global coordinate basis e = da?, we

A

, we may of course define a set of frame vectors ey

retrieve (2.1). Given a coframe e
such that

eﬁe’é =615 eﬁelg =0"y (2.4)

which transforms via the inverse of (2.3),

(eo ea> — (60 €b) <(@_11)bckc (@—Ol)ba> ) (2.5)

It’s easily seen from (2.3) and (2.5) that these transformations preserve the spacetime

tensors

n, = 62 R = elel 59, (2.6)
The natural geometric setting for non-relativistic physics thus involves a positive semi-
definite symmetric (2,0) tensor h*" and 1-form n,. These tensors are related insofar as n,

spans the single degeneracy direction of h*

hn, = 0. (2.7)



These two fields are usually taken as the starting point in defining a Newton-Cartan
geometry, though we have chosen rather to go through a veilbein formalism since this will
prove most convenient for our later analysis. They have clear physical interpretations. The
“clock-form” n,, defines a preferred notion of spatial direction at each point as well as an
arrow of time: vector fields t* such that

nyth > 0 (2.8)

being future directed. Any curve - also inherits a notion of elapsed time

AT = / n (2.9)
v
while h*¥ serves as a spatial “inverse metric”.?

The clock form defines a pointwise notion of spatial directions via vectors w* such that
n,w” = 0. However, the Frobenius theorem tells us this notion may be integrated to a local
codimension-1 hypersurface if and only if n A dn = 0. For our non-relativistic spacetime
to carry an (at least local) notion of simultaneity, we must then demand that this holds
everywhere. There are far more pressing reasons to take n A dn = 0 however, for a theorem
due to Carathéodory [34] ensures the existence of closed timelike curves passing through
any point violating this condition. To be precise, if n A dn # 0 at the point p € M, then
there exists a neighborhood of p in which any two points may be connected by a future
directed timelike curve.® We thus refer to spacetimes with n Adn = 0 everywhere as causal
and will only consider such spaces throughout.

In causal spacetimes, one may always choose coordinates such that n has no spatial
components, and so the metric and clock form take the form

ny = (eﬂb 0) , v — (8 hg?j) (2.10)

where h" is everywhere a metric of Riemannian signature.

2.1 The Galilean group

A few words on Galilean representations will prove helpful in what follows. The matri-
ces appearing in (2.3) form a group under matrix multiplication called the Galilean group
Gal(d). Throughout we shall refer to this defining representation as the vector representa-
tion and denote matrices in this representation as A4 5. Coframes then transform in the
vector representation of Gal(d) and frames in the dual

e = A pgeP, eq — eg(A"HB 4. (2.11)

2The terminology can be deceptive. Since h*” is degenerate it is neither invertible nor a metric. How-
ever, since it contains precisely enough data to define a unique Riemannian metric on spatial slices this
terminology should not provoke undue confusion.

3The cited theorem actually concerns null curves. However, it is easy to extend this result to timelike
curves by adding a very small future directed component.



There is an equivalent definition of Gal(d) in terms of invariant tensor data. One may
check that the matrices A4 are the unique ones that leave unchanged

na=(10), AP = (8 5&) . (2.12)

This is the reason that a NC geometry contains precisely an invariant 1-form and degenerate
spatial metric from a representation theoretic point of view, for the tensors

ny, = nAe/‘:‘, W = b et h AP (2.13)

are then the primitive Galilean invariants that may be formed from the veilbein.

Since Gal(d) is a subgroup of SL(d + 1,R), the epsilon symbols €4,...4, and edoAd

01--d

with €p1..q = € = 1 are also invariant tensors. We may use them to define a spacetime

volume element

J— A() Ad
Epopig = EAgAgCps " € (2.14)
as well as a “raised volume element”
Bopd — AoAg o | K
€ =€ €y s (2.15)

We caution the reader however that /04 is not obtained from ¢,,...,, by raising indices
since the metric h*" is degenerate. These are both annihilated by the derivative operator
that we shall define and in coordinates where (2.10) holds,

1

) 01--d

€01...d = \/|hle € = —. 2.16
e, N (2.16)
We can also naturally contruct an invariant spatial volume element (with raised indices
Only) 5M1~~-Nd = Elll”'l"/dpnp.

2.2 The extended representation

Another representation of Gal(d) will prove remarkably useful when we turn to writing
Galilean invariant actions (section 4) as well as in presenting manifestly covariant fluid
dynamics. Explicitly, it is of the form

1 0 0
AMy=1 —k* 0% 0 (2.17)
—1k? kO 1

where k2 = k%, = 0,5kkb. We shall refer to this representation as the extended repre-
sentation. It is d + 2 dimensional and has it’s own set of defining invariant tensors

001
m:(100), g7 =1o6v0]. (2.18)
100



Here the indices I,J,... run from 0 to d + 1 and will always denote an object in the
extended/dual-extended representation. The convention used in (2.17) is that the first
row/column indicates the time component 0, the second indicates the full set of spatial
components a and the final one the (d + 1)*® component.

Although less familiar than the vector, the extended representation is often easier to
work with since it admits the Lorentzian metric g//. Whenever working with this represen-
tation we will freely raise and lower indices with ¢/ in the typical manner. Furthermore,
any object in the extended representation may be projected to a Galilean vector via appli-
cation of

4, = (5AB 0) (2.19)
which is also invariant under the action of Gal(d).

2.3 Timelike vector fields and Milne symmetry

We thus see that non-relativistic geometries are naturally defined by a preferred clock-form
n, and a metric A" that annihilates it. However, one thing that it cannot include is a
preferred timelike vector field v#, for any such field is equivalent to a preferred notion
of rest.* It is nonetheless often convenient to introduce such a v* for use in explicit
formulas (for instance, in computing the Christoffel symbols) and is essential for writing
time derivatives (and thus any dynamical equation - see section 4). We will always
normalize v* in the sense

vhn, = 1. (2.20)
Given such a v* we may then define a transverse projector
PF, =6, —vtn, (2.21)

whose upper index is n, orthogonal and whose lower index is v# orthogonal as well as a
“lowered spatial metric” h,, that “inverts” the degenerate h**" to this projector

huwv” =0, h**hy, = P*,. (2.22)

In coordinates (2.10) we have

® 20,2 _—d
T po,—( O 0 hw=| o ¢ YY) (223
vt )’ —e %l 4 |7 " —e %u; Ry

Since v* has no physical significance, there must be a symmetry under shifts by a
spatial vector k" so that (2.20) is preserved

vt — otk nykt =0 (2.24)

40f course, this may be sensible in the presence of additional fields; for example, a background magnetic
field or lattice establishes a preferred notion of rest with respect to which all velocities may be measured.
However, the spacetime structure itself can make no such distinction.



This symmetry is often referred to in the literature as a “Milne boost” [35], and the
projector and lowered metric also transform under this redefinition

P, — Pt — kb, Py = By — Nk — kpny + E*nymny, (2.25)

where k, = h,, k" and k2 = huwkPEY. Note that if n = e~ ®dt then the pullback of Py
defines an invariant non-degenerate metric on constant t hypersurfaces. If we adopt a
veilbein formalism for Newton-Cartan geometry, there is a natural timelike vector field
in the form of efj. Since e} transforms under local Galilean boosts in the same manner
as (2.24) it is natural to identify

o' = el (2.26)

and so Milne boosts and local Galilean boosts are also identified. In the veilbein formalism
we then also have

PF, =elel, hyw = eZegéab (2.27)

and the transformations (2.25) again follow precisely from (2.3) and (2.5).

3 Non-relativistic geometry

To complete our description of non-relativistic spacetimes we also require a notion of par-
allel transport. This is specified via a connection V that preserves the above data

V,n, =0, Vah* = 0. (3.1)

In the Lorentzian case, metric compatibility completely determines the connection (up
to torsion). Unfortunately, as is well known, (3.1) does not do so in a Newton-Cartan
geometry and there are many distinct connections (even if we require vanishing torsion)
all satisfying these conditions.

Various authors have dealt with this ambiguity in different ways. In the recent con-
densed matter literature, this extra freedom has been fixed by introducing additional con-
ditions to further constrain the connection. In [16] this was done by demanding the curl-
freeness of the vector field v#

Vot = 0. (3.2)
The associated Christoffels are
1
F/\/w = v)‘(?(“n,,) + §h/\p (Ouhwp + Ovhyp — Ophy) (3.3)

where we have assumed torsion-freeness for simplicity. Of course, since v* and h,,, are not
a boost invariant quantities, the connection so defined is not either.

As mentioned in the discussion below (1.7), recent works [27] have taken the approach
that this freedom should be fixed by the field strength F),, of the gauge field coupling to
particle current, asserting rather

1
T Viv* = =5 Fw- (3.4)



giving Christoffels
1
I, = v 9m,) + 5}# (Ophwp + Ouhyp — Ophy) + n(uFon, (3.5)
where one of the F),, indices has been raised with a h#*”. With the transformation law
1
Ay — Ay +ky — §nuk2, (3.6)

this defines a boost invariant connection in torsion-free backgrounds.

However, as discussed in [27] and reviewed in section 1, this is lost upon the introduc-
tion of torsion. The resulting notion of parallel transport then depends on a notion of rest
frame and so is inconsistent with the principle of Galilean relativity. In [28] we consider the
possible restrictions consistent with boost invariance that one may place on the connection
and find limited freedom when the background is arbitrary. We thus take the point of view
that the connection should not be restricted when studying energy transport.

3.1 Newton-Cartan geometry

In our approach then, a Newton-Cartan geometry is a d + 1-dimensional manifold M with
a collection (n,h,V) of a 1-form n,, a rank-d positive semi-definite metric A", and a
connection V such that

W, = 0, V,n, =0, VAhH = 0. (3.7)

The connection is then simply extra data above and beyond what appears in the clock-form
and spatial metric and is boost invariant by definition.

The additional data may be parameterized in a boost non-invariant way by introducing
a v, It’s derivative is some tensor

Vo' =AY (3.8)

that includes information on the acceleration, shear, expansion and twist of the vector field
v#. The Christoffel symbols are then

1 1
I = U/\a(u”l/) + §h/\p (Ouhwp + Ovhyp — Ophyw) + 2 (T)\IW — T — TVM)\> + ”(uQV)A7
(3.9)

where we have also included possible non-zero torsion T - Here Q,, = QAW,] involves the
vorticity and acceleration of v*, which contains the data unfixed by the torsion and (3.7).
We shall refer to this as the Newton-Coriolis 2-form. One may check that under boosts, €2
transforms as

1

1
Q= Y + 20y, (k:l,} - 2%}1@2) - (k;A - ank2>TAW (3.10)

so that (3.9) is invariant even in the presence of torsion. In deriving (3.10) we have made
liberal use of the identity Vih,, = —2A,n,) which is an immediate consequence of
the definitions.

,10,



In relativistic physics we work with Lorentzian geometry where the torsion may be
chosen independently of the metric, but it is well known that the analogous statement is
not true for non-relativistic physics. Anti-symmetrizing the expression V,n, = 0 gives
the condition

T = (dn) . (3.11)

Although we expect dn = 0 on most physically relevant non-relativistic spacetimes,” it is
useful to keep this torsion around at intermediate stages when studying energy transport.
For this reason it is important to know that our geometry is sensible in the presence
of torsion.

3.2 A Galilean spin connection

The data contained in a Newton-Cartan geometry can be equivalently stated purely in a
veilbein formalism. In this approach, rather than the clock form n, and spatial metric
h*¥ . we have the coframe e/‘;‘ transforming as a Galilean vector. The complete data of the
connection is then equivalent to a Galilean spin connection w45 defined by

A A __B B
Ve, = —w," Bey, = Vel = epw,” a (3.12)
which implies the usual transformation law for connections

wip = AMowp(A )P s + Atcd(A 1) (3.13)

for an arbitrary local Galilean transformation A4p. The curvature and torsion are then
defined in the usual way

RAp = dwip + wic AwCp, TA = De = de? + wip N eP (3.14)

and are boost covariant.
The compatibility conditions (3.1) then imply

0=e4 Vel = —w,’a, 0= eZeZVA(eée”DhCD) = 2wy (). (3.15)

That is, they are equivalent to w5 being in the Lie algebra of the Galilean group gal (d)

0 O

A

= 3.16
W B ( a ab) ( )

where wyap = wy[ap- The spin part w,, of the Galilean connection is familiar. It defines
the connection on a spatial slice and may be used to covariantize actions involving fields
that transform under local rotations through the covariant derivative

ipa ].
Wb — e~ 20" Jabyp, D, =0, + §w““bJab. (3.17)

where J;, are the generators of rotations.

®dn = 0 is equivalent to a notion of absolute time. For details we refer to the discussion in [28].

— 11 —



The boost part @y, is, however, new. It transforms as a vector under rotations but as
a connection under boosts

w® = @ + dk® + whkD. (3.18)

It is the boost connection that parameterizes the freedom in the metric compatibility
conditions and is equivalent to the tensor A,"” considered earlier

A =V =ew (3.19)

a
-
It is then our point of view that a non-relativistic geometry is specified by the pair
(eA,wA B), which is equivalent to the treatment of the previous section.

We shall occasionally find it useful to consider the spin-connection valued in the ex-
tended representation

0 0 O
wiy=1w" wy 0. (3.20)
0 —wp 0

Note that the I,.J indices here indicate a homomorphism of w5 from the defining to the
extended representation of the Lie algebra, and not application of any of the invariant
tensors considered previously.

4 Non-relativistic actions

We now have the necessary tools to present non-relativistic actions in a manifestly invariant
manner. We begin with the Schrodinger action in d dimensional flat space

T ij
S = / d* (;w* Dot — %(Diw)T(Djw)> , (4.1)

where D, = 0, — iqA, is the electromagnetic gauge-covariant derivative. The obvious
diffeomorphism covariant generalization of this expression to curved space is

Lot Do = i
s= [ (50D - 5. D) (D0) (1.2
where the integral includes an implicit factor of the volume element . For a spinful
Schrodinger field, the covariant derivative will of course include the spin connection as
mentioned above. One immediately retrieves (4.1) by going to flat space

N, = (1 0) , B — <8 5%) ’ (4.3)

and selecting a frame where v* = (1 O)T.
Unfortunately, this action makes explicit reference to v* and so is not manifestly boost

invariant. This problem necessarily arises whenever time derivatives are involved since the

— 12 —



only diffeomorphism covariant expression that includes a Jp is v#V . However, the action

can be made to be invariant by introducing a gauge field for mass,
D, =0, —ima, — iqA, (4.4)
that transforms in the manner

1
ay — ay + ky — inuk‘Q. (4.5)

As presented this may seem ad hoc, however, a direct non-relativistic limit naturally
identifies a,, with the lapse and shift and so corresponds to gravitational forces (see [28]).
The transformation (4.5) then naturally follows from an ambiguity in the ADM decomposi-
tion of a Lorentzian spacetime. In [27], this gauge field was identified with the electromag-
netic field. Effectively, this amounts to collecting a and A into the combination a + LA,
and so the treatment could only describe particles whose mass was tied to their charge.
By separating a, from A, we have two independent symmetries U(1)y; and U(1)g and
have the added benefit that we may describe non-relativistic systems whose components
have multiple charge to mass ratios. We will exploit this added freedom in section 6 to
generalize the analysis of [27] to fluids that have independent mass and charge currents.

The action (4.2) is boost invariant and a clear generalization of the flat space action.
However it is a rather curious combination of one derivative terms, two derivative terms,
and frame dependent quantities with precise factors of m to make everything work. It
would be nice to know how to systematically generate such combinations at any order in
derivatives. To address this problem, we begin by rephrasing (4.2) in a manifestly invariant
manner. The result (4.9) is essentially equivalent to a null reduction and may also be found
in equation (3.23) of [27]. However, this will teach us how to select the proper Galilean
invariant combinations of time and space derivatives at any order we choose.

We shall eventually wish to work with multiple particle species, so let M denote the
generator of U(1)ys and Q denote that of U(1)g, which we will take to be anti-hermitian.
For our single field ¢ we have for instance M1 = im1) and Myt = —imat. The derivative

Dy =8, —a,M — A,Q (4.6)

is U(1)a x U(1)g gauge covariant, but not boost covariant and the time and space deriva-
tives Dy = v* Dy, D, = e’ngu transform as

1
Dy — Do+ k"D, — 5k2M D, — Dy — koM. (4.7)

These can however be collected into a derivative valued in the dual of the extended repre-
sentation (2.17)

Dy = (DO D M) , so that D; — (A"Y;D,. (4.8)

The obvious two derivative quadratic action is then

1
S = —M/DI@NDI@ZJ (4.9)

,13,



which upon expanding yields precisely (4.2). The form clearly mirrors that of null com-
pactification, where g’7 plays the role of the higher dimensional metric and (4.8) is the
derivative operator in that space. The identification Dg1q1 = im follows by retaining only
modes of momentum m in the compactified circle. The advantage of this presentation how-
ever is it compactly describes the action (4.2) in a manner intrinsic to the non-relativistic
spacetime.

This is a simple rewriting; the true benefit of collecting Dy and D, into Dy is that
it’s now clear how to generalize the precise cancellations in (4.2) to arbitrary boost invariant
actions of any order in fields and derivatives. To do so, we extend the definition (4.8) to a
derivative operator Dy on tensors in the extended representation

D[UJ = D[UJ + wI‘]KuK, Divy = Djrvy — UKU.)[KJ, (4.10)

and the obvious generalization for more general extended-valued tensors. By the first term
we mean simply apply the operator (4.8) to v.

In the definition (4.10) we have converted the spacetime index on w,’; to an extended
index via the projector (2.19)

(.UKIJ = HAKe/;‘w#IJ. (4.11)

One may then check by hand that D; is locally covariant, which follows in the usual
way upon realization that DgAl; = HAKeiauAI 7, giving the required cancellation.
For instance

D[UJ = D[UJ + wIJKuK

— (Ail)K]DK(AJLUL) + (Ail)K]AJLwKLMUM
+ (A_l)N[HANEZAJLa”(A_I)LKAKMUM
— (AYE A D + (AYE A o E aru
+ (A5 (Dre (A pub — T ey 9, (A )u)
= (AHR A Dt (4.12)

It’s now a simple exercise in index contraction to write down Galilean invariant actions
of any order k in derivatives. Given a collection of fields v in some representation of
U(1)am x U(1)g (to account for differing charge/mass ratios), they are of the form

S = S[wiapfwiw")ph "‘D1k¢i7¢Z7DI¢J7"‘7Dh lewn (413)

where all indices have been contracted using the invariant tensors ¢/’ and n; and of course
all terms have U(1)p; x U(1)g charge zero.

As an example, consider the term

DDy DID7 . (4.14)
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In flat space this gives rise to

DoDoytyt DoDpt —imDgit —m?2y imD®) imDo)
DiD'DID'yp = Tr | DDyt D,Dt —imDgyT | | imD DeD) DDy
—imDopt —imDgpt  —m2yt imDyy DoD%)p DyDyt)

= m?(—Do Doyt p + 2DyyT Dotp — T Dy Do)
+ im({Dy, Dy} D% — D*{ Dy, Dy }0) + Du Dyt D*Db)  (4.15)

which one may explicitly check to be invariant under global boosts. The spin connection
is not necessary to form globally invariant flat space actions, but is needed to get the
proper local boost invariant action, supplying the necessary terms involving derivatives of
vk via (3.19).

5 Ward identities

In preparation for the fluid analysis of section 6, we now turn to the Ward identities
associated with diffeomorphism invariance. These merely express local momentum and
energy conservation and serve as the equations of motion for thermodynamic variables
upon taking the hydrodynamic limit [36]. So far as we can tell, they were first derived in
this language in the work of [37], which specialized to flat geometries and latter augmented
to include a curved metric h;j in [38].

The full diffeomorphism covariant Ward identities on arbitrary backgrounds were first
spelled out in [32], but the treatment was not boost invariant, including a stress tensor
and energy current that depended on a choice of v#. This was resolved in [27], which first
defined a boost invariant, diffeomorphism covariant stress-momentum tensor and stated
its Ward identity without reference to v*. The work-energy equation however can only
be stated in a boost invariant way in the presence of a boost invariant vector field u*, for
instance in the presence of a fluid [33].

Our approach is essentially equivalent other than issues concerning the connection
already discussed, but we take the time to restate these identities in a language that will
prove useful to us later on. The only mild innovation is that we collect the stress tensor,
energy current, momentum current, and mass current into a single object 7#; carrying
an index valued in the extended representation of the Galilean group. The v* dependent
Ward identities then manifest themselves as a single invariant equation (5.8) for work done
by external fields on 7#;.

5.1 The stress-energy tensor

To do this we begin by comparing (2.17) and (4.5), noting that the veilbein eﬁ and mass

gauge field a,, may be collected into a single object efL valued in the extended representation

A
el = <€a> (5.1)
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which we shall call the “extended veilbein”. As discussed for the derivative operator in
section 4, one can think of the Newton-Cartan geometry as a null reduction of a Lorentzian
geometry in one higher dimension [27, 28] and the “extended veilbein” is simply the reduc-
tion of the higher dimensional veilbein. Care should be taken with this terminology since
there is no sense in which this forms a veilbein on spacetime as the collection is necessarily
linearly dependent.

A

The other background fields are then the Galilean spin connection w* g and the vector

potential A. We define their associated currents as
58 = / (=7 10e), + s g 0w, P 4 + j16A,) . (5.2)

4" is then the charge current and s*pz“ the spin current. The tensor 7#; carries an index
valued in the extended representation and transforms covariantly. We can then easily
retrieve the v* dependent treatments of previous works by parsing out this tensor into
it’s components.

The currents as defined previously in the literature [32]

55 = / (;ng(shw el By — padu + pHoay + j“éAM> (5.3)

rely essentially on a choice of v*, but now are seen to naturally arise in the single object

0o 0
TAI _ 520 ;):;Cb pa ) (54)

€ne “dneb ~Pnc
Here and in what follows the label “nc¢” will be affixed to those currents measured in the
“lab frame” defined by v*. T2

" p is the response to the variation of the purely spatial

components of the veilbein and so corresponds to the spatial stress. ppcp is the momentum
current, is purely spatial and as we shall see is equal to the spatial mass current p,.;, when
matter is not charged under boosts, a fact that we will assume in the remainder of this
section. We shall refer to 7# as the stress-energy tensor for convenience, despite the fact
that it contains data beyond energy and stress.

5.2 Diffeomorphisms

In the presence of massive charged fields, the background fields are then an extended

1 A

veilbein e, a spin connection w” g and the electromagnetic gauge field A. Their transfor-

mations under infinitesimal diffeomorphisms & are the standard ones

del = Lgdel + dbgel = DLgeI + LgTI — ngIJeJ,
5WAB = Lgdu.)AB + dngAB = LgRAB + DngAB,
0A = LgdA + dLgA = LgF + dLgA, (5.5)

where ¢ I represents the contraction {”F),, etc. We have defined an extended torsion tensor

TA
TI—DeI—deI+wIJ/\eJ—<f> (5.6)
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T7 includes the full information on the spacetime torsion 74 defined in (3.14) as well as a
“mass” torsion f = da — w, A e®*. We shall see that f couples to the mass current as an
external field strength and so should not be thought of as a Newtonian gravitational force,
which is encoded within the covariant derivative (see [28] for a more detailed discussion of
Newtonian gravity in relation to our geometry).

The transformations (5.5) differ from covariant expressions by a U(1)q gauge transfor-
mation —.¢A and an infinitesimal local Galilean transformation ngA B. Since our theory
is assumed to be gauge and local Galilean invariant we may perform a simultaneous dif-
feomorphism, U(1)g and Gal(d) transformation, under which we have

se! = Duge! + 1T" dwlp = 1R 0A = 1cF. (5.7)
Variation of the action then yields the Ward identity

76{L(DV - TAAV)TVI + T];WTVI = Fuyjl/ + RBAW/SVBA- (58)

As ever, D, represents the locally Galilean covariant derivative D, 7" = V777 —1" Jw,ﬂ I-

One might worry about the appearance of a, in the first term. However, if mass is
conserved (as we shall always assume), the explicit a, term drops out, as it multiplies the
Ward identity

(vu - TVVM)p“ =0, (5.9)

which follows in the usual way upon a U(1); gauge variation da = dAjys. Of course, charge
conservation follows as well from 0A = dAg

(V;L - Tyuu)ju =0. (5.10)

Despite the deceptive appearance of the mass gauge field, we shall find (5.8) very useful
owing to it’s manifest boost invariance.

Equation (5.8) contains both the work-energy equation and momentum conservation
equation of previous works. To get a sense of this equation, the reader may find (6.31)
helpful, where these components are isolated and rendered in a more familiar form for
fluid systems. Finally, we note that since we have defined the stress and spin currents in
a veilbein formalism, our stress is a response to a shear at fixed wMA B, wWhich necessarily
introduces torsion T4 = De?. The physical stress tensor rather measure response to a
shear at fixed spatial torsion. The proper redefinition of currents will introduce additional
terms into the Ward identity involving double derivatives of the spin current and so will
not enter into our calculations with the power counting scheme we will adopt. For this
reason we shall also drop the final term in the Ward identity.

5.3 Local boosts

It is well known that Galilean symmetry fixes the momentum to the flow of matter. The
relevant Ward identity to demonstrate this is that of infinitesimal local boosts, under which
we have

da = kqe?, de = —k%Y, dw® = DE® = dk® + w®pk?, (5.11)
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while the spin connection w?, is neutral. Variation of the action then gives

0= / (Picka — Picka + 5" DE®) (5.12)
from which we have
p?lC = p?lc - (Du - Tyuu)suoa~ (513)

Interestingly we see that the oft-cited non-relativistic identity between the mass and
momentum currents may be violated in the presence of matter that couples to the boost
part of the spin connection w?

1
D, =0, —a,M—A,Q—w,"K, + iw#abJab. (5.14)

Here J,;, are the generators of rotations and K, of boosts, which, together with translations
P,, time translations H and mass M, close to form the Bargmann algebra [39]

[Jab7 ch] =4 (50,0de o (5adjbc . 5bCJad + 5deac> 7

[Jab’Pc] = (5ach _ 5bcPa) , [Jab’Kc] =3 (50,ch _ 5cha) ’
[Pe, K = —i6® M, [H, K] = —iP". (5.15)
The identity pl. = p%. is then generically violated whenever there is matter that

transforms under the sub-algebra spanned by {Jup, K4} in which K, is represented non-
trivially

W — e Kag=50" Jaby (5.16)

Such representations were first considered in the work of Levy-Leblond [40] and enumerated
up to and including spin 1 in [41, 42]. However, since we do not know of any condensed
matter systems that realize these representations we shall assume K, = 0 in what follows
so that s#?% = (0 and the identity between momentum and mass currents is retained

pﬁc = p?lc' (517)
6 Non-relativistic fluids

In this section we turn to non-relativistic fluid dynamics to illustrate the advantages of our
approach. The program of fluid dynamics is to describe the fluctuations of thermodynamic
variables in slightly out of equilibrium media. These variables include the temperature and
velocity u# as well as a chemical potential for each conserved charge. For us, there are two
such quantities, the electric charge and mass, whose associated chemical potentials we will
denote pg and pas (s being the same boost invariant g1y defined in [33]). In all we have
d + 3 degrees of freedom

T, HQs K s ut, (6.1)
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where the velocity has been normalized so that n,u# = 1. The equilibrium properties of
the system are then completely characterized by an equation of state such as p(7, 1, par),
which expresses the pressure as a function of the state variables. The entropy, charge,
mass, and energy densities are then defined by

dp = sdT + qdug + pdpn, e+p="Ts+qug + pim. (6.2)

Just out of equilibrium, the thermodynamic variables are allowed to vary slowly in
space and time, where slow is compared to the mean free path and mean free time so that
a local equilibrium is always a good approximation. The Ward identities

(Vp=T",,)" =0, (Vu=T",)p" =0,

—ep(Dy = T )™ 1 + T s = Fiug”, (6.3)

are then sufficient to serve as equations of motion since they are the same in number as the
thermodynamic variables. We need only constitutive relations for the currents in terms of
these degrees of freedom and their derivatives.

Since we are perturbing away from equilibrium, these constitutive relations naturally
organize themselves in a gradient expansion where higher derivatives of (6.1) take on di-
minishing importance. To complete our power counting scheme one needs also specify the
backgrounds to be perturbed around. In this paper we shall assume a trivial background
in equilibrium so that

F,ul/a v/u TI,U«V (64)

are all first order in derivatives. This is not a unique selection and corresponds to a choice
of regime in which we expect our results to be applicable. One may for example consider
backgrounds of large constant magnetic field in which B appears at zeroth order and the
analysis will be significantly altered.

The constitutive relations so obtained are not in general sensible and could lead to an
on-shell decrease in entropy, the canonical example being that of a negative shear viscos-
ity [36]. As such we must also impose the second law of thermodynamics as an additional
constraint on fluid flows, diminishing the freedom present in the gradient expansion and re-
turning a reduced set of transport coefficients. This procedure has been carried out in many
systems including 2 + 1 dimensional relativistic normal fluids [43] and 3 + 1 dimensional
relativistic superfluids [44].

In this paper we will work only to first order in derivatives to illustrate our method
in the non-relativistic setting. It’s well known that even at first order, the dynamics is
very rich in the parity odd sector when d = 2 and so we shall eventually restrict to two
dimensional fluids.

Although our calculation is very much along the lines of [33], there are two key differ-
ences. The first is the existence of an independent mass current, a necessary element for
treating systems with multiple components. One might for example consider mixtures of
He-3 and He-4 in their normal phases. It shouldn’t be surprising that such systems admit
a richer transport sector. In this work we find that a multicomponent fluid admits one
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additional sign semi-definite transport coefficient, one additional unconstrained parity even
coefficient and three additional parity odd coefficients compared to the single component
fluid. A succinct overview of these results may be found in section 6.8. Our second point
of divergence is that stressed in section 1 and we will be using an connection without the
kinematical restrictions imposed in previous works.

6.1 Covariant currents

As we've already noted, the currents come naturally assembled into a single stress-energy
tensor 7#;. However, in the presence of a boost invariant fluid velocity u* we may go further
and define Galilean frame invariant notions of energy and stress separately. Heuristically,
this corresponds to defining them to be as measured in a frame co-moving with u*. In
this section, we demonstrate the details of how to do this. Our approach in this regard is
essentially equivalent to that found in [33], though we restate it here in our language. These
currents at hand, we parse the Ward identity (5.8) into something a bit more familiar: the
work-energy and Navier-Stokes equations.
To begin, consider the fluid velocity as measured with respect to some lab frame

1
ut = eﬁu“ = (u“) . (6.5)

:5A A

The existence of a preferred u? allows us to define P4p B —u‘npg and a hap such

that hAhop = PAp unambiguously.® We shall also make use of

0 00
PA, = PALTIE, — <—ua s, 0) (6.6)

which projects extended indices to transverse vector indices.

Any vector index be decomposed uniquely into a part parallel to u* and perpendicular
to n4, while an dual vector index may be decomposed into a part parallel to na and
perpendicular to u. For instance, for a vector vA and covector w4 we may write

v = vut + 0’4, wa = wna +w'y (6.7)

where v"4n 4 = u4

/
U)A — 0.
We should like to perform a similar decomposition for extended indices I for which we

have the preferred vector

~
~
<
o O

(6.8)

[u—

'is a null vector of the Lorenztian metric g7 and is thus perpendicular to itself,

However, n
making the above procedure impossible. In Lorentzian geometry one usually continues by

introducing a second null vector I/ whose inner product with n! is 1, though such a I is

5In this section only, these tensors correspond to the fluid frame, not the frame defined by v*.
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not unique. One can then decompose any index into parts parallel to n!, parallel to I/, and
perpendicular to both. Luckily in the presence of a background fluid, there is a preferred
way to select such a vector. We will define v/ in the extended representation so that is both
null uyu! = 0 and projects to the fluid velocity in the sense u = IT4;u!. In components,
the u! so defined is of the form

ul = | (6.9)

and automatically satisfies nyu! = 1.
Using this extended velocity vector, we now decompose the lower index of 74 into
parts parallel to ny, parallel to u; and perpendicular to both

A =efng — pAU[ + tAI, (6.10)
where by definition t4;n! = t4;u’ = 0. When an I, J, . .. index is transverse in this sense, it
may always be written as the pullback of a unique tensor with a transverse A, B, ... indices.

B

In our case we have t4; = t4 5115, where t*zuf = 0. We now continue, decomposing the

upper index of 45 into a part parallel to v and a part perpendicular to n4
t'p = u'pp + Tp. (6.11)
Altogether we have
1 = efng — ptup — (ulpp + TAB)IP,. (6.12)
We can invert this definition to find
ed = TAIUI, pA = —TAInI, pA = —TLBTB[PA[, TAB = _pA ¢, PBIL. (6.13)

These are the boost invariant currents we shall use in the fluid analysis and can be so
defined whenever there exists a preferred velocity vector to draw on. They correspond to
the energy, mass current, momentum and stress as measured by an observer comoving with
the fluid. The relation to the component decomposition (5.4) is

EA o 2’5?10 - plr)lcub + %pOUQ pA o pO
= 1 ) - Y
gﬁc - Tr?cbub + QP%CUQ pgc
0 0 0
745 = , pt= =PgpP. (6.14
<0 Tad + u®phe + phcu’ — p”U“U") P e — AP oo (61

where we have used the Ward identity p%. = p%. We note that £* is simply the Milne
covariant energy current defined in [33].

We now turn to restating the Ward identity (5.8) in terms of these currents. To simplify
matters, we shall now take v* = u so that u? = (1 O)T and define the transverse projector
and inverse metric accordingly.
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A few words on torsion are due before we proceed. Throughout we shall restrict to
backgrounds in which there is no spatial torsion. Spatial torsion is necessary in the study
of media with dislocation defects, where the presence of torsion simply indicates a nonzero
Burgers vector [30, 45] (for a classic discussion of dislocations in elastic media see [29]) and
would be an interesting element to include in future work. For our purposes however, the
fluid analysis is greatly simplified by discarding it.

The minimal temporal torsion (3.11) may also be set to zero by assuming the clock-form
is closed. Although this is the case in all physically relevant situations, temporal torsion
is useful for studying energy transport [46] as it is equivalent to coupling the system to
a Luttinger potential [31]. As noted previously, our formalism also allows for a non-zero
“mass” torsion f = da — w® A e, which will be zero on physical backgrounds. Although
including mass torsion in our analysis will not prove as fruitful as temporal torsion, there
is no essential difficulty in doing so and so we keep it around.

The boost covariant manner in which we set spatial torsion to zero but keep these
effects is a decomposition of the extended torsion tensor T along the lines of the previous
section, keeping only components parallel to n! and u!

T =!G +nly (6.15)

where G = dn and v = f 4+ u, 7" — %uQG. This decomposition would in general obtain
a third term that is both n and u orthogonal corresponding to spatial torsion but which
we have set to zero here. The spacetime torsion tensor is then T ’\W = u’\GW, whose
pullback to a slice is zero if we assume n A dn = 0. The Ward identity for diffeomorphisms
then becomes

—en(Dy — G)™1 = Yup” + Fuwi” — Guue”. (6.16)

We see that G serves as a field strength coupled to energy and ~ a field strength coupled
to mass. We have also defined G, = -G, u” =T",,.

Now supplement the decomposition (6.12) of the stress-energy with one of the ex-
tended veilbein

e£:n10“+ulb#+q1n#+q1u (6.17)
where by definition

urg" =npq" =0, urg’, =niq’, =0, q' u = 0. (6.18)

A straightforward computation then shows that

A A
e b, = 4, ¢ =0, ¢ = (6” . "“) . (6.19)

The a,, term drops out of the equation of motion as it multiplies the continuity equation
for mass. The rest then reads

— (wn, +¢' ) (D) — G )1 = Ywp” + Fuj”’ — Gue”. (6.20)
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Contracting with u* we have
u! (D, — G = epp” + Eujt + G e
= (V, — G = eupt + E,j* + Guet + 771Dyl (6.21)
where
ey = Y, E, = F,u”. (6.22)

are the field strengths observed by co-moving observers. The final term is rather mysterious
looking but can be easily evaluated

™ 1Dyul = (e¥np — pur — (u¥pa + T”A)HAI)DZ,uI

= —(upa + T" )4 Dyu’

= —(upa +T"4)Dyu?

= —(u’px+ T”A)V,,u)‘

1 1
= —p,a” — 50”)‘T,,>\ — QGQ”)‘T,,,\. (6.23)
In the second line we have used that D,n; = 0, nju! =1 and u;D,u! = 0 and in the third
line that D,II4; = 0. The acceleration, shear and expansion of the fluid appearing in the
above formula are defined as

2
ol =u"'V,yut, o = Vhu” + VYl — gg‘“’ﬁ, 6=V, ut (6.24)
Altogether
1 1
(Vi —Gpet = (ep —ap)pt + Eujt + Guet — §U“VTW - EQg“”TW (6.25)

which is the work-energy equation, including work done by the external fields as well as
dissipated by fluid shears. This matches exactly the covariant work-energy equation as it
appears in [32] and [27] except for the additional mass current that couples to v, .

To obtain the Navier-Stokes equation we raise the p index on (6.20)

—(V, = G (77 1q") = ~A*,p¥ + FH*,5Y — GHe¥ — 771D, g™, (6.26)
The stress tensor term on the L.h.s. is evaluated as
—7V1q% = (ubpa + TF T q! = wpy + TV . (6.27)
Similar manipulations to (6.23) gives

—7Y 1Dy = pYurD,q™ + (u” px + TV )V, (AT 1¢™H). (6.28)

— 23 —



Now eﬁHA 1g™ = hM so that the final term drops out. To evaluate the first term we have

urDyq™" = ur (Vg™ 4w’ 7¢"") = —¢""Vour + ugw,’ j¢™"

0 0 O 0
—0+ (0 0 1) o w0 [ e | = —elw? = — v, ut. (6.29)
0 —wu, 0 0
Rearranging the vector equation of motion and using the mass conservation Ward
identity we have
(Vy — Gu)(UVPuAPA +TH) =41, p" + F'y 57 — GFye” — p”"Vyut
= (Vo = G)(p'u” + utp” — putu” + TH) = ~# p" + FF 5" — GFe¥ (6.30)
where p = nyp*.

In summary, we may restate the Ward identities in terms of the covariant currents as
a work-energy equation and Navier-Stokes equation, plus conservation laws

. 1 1
(Vu—Gpet = (ep — ay)pt + Eujt + Guet — 50’“’TW — geg’wTw
(Vo = Gy)(p'u” +ul'p” — putu? + TH) =", p" + FH, 57 — G"e”,
(V;L - GM)PM =0, (v# - G“)j” = U (6.31)

6.2 Perfect fluids

The Ward identities (6.31) serve as dynamical equations once constitutive relations have
been supplied, specifying the currents j#, p#, e# and T in terms of the thermodynamic
degrees of freedom

T, HQ, LT ut. (6.32)

At zeroth order in derivatives, the most general tensors we can construct using these
variables and the Newton-Cartan structure are

j* = qu*, pl' = put, el = eut, T = pht". (6.33)

Here g, p, € and p are functions of (7, 1, p1ar). They are identified with the thermodynamic
charge density, mass density, energy density and pressure and so satisfy the relations (6.2).

Feeding these into the Ward identities (6.31) we obtain the perfect fluid equations
of motion

g+q0 =0, p+pd =0, é+(e+p)d =0,
patt = pet + qE" 4 (e + p)GH — VFp. (6.34)

In these equations and those that follows dotted objects indicate the material derivative,
f = 'V, f. The final equation is simply Newton’s second law and an obvious covariant
generalization of Euler’s equation [36]. It expresses the fact that fluid particles will tend
flow along geodesics, deviating only due to the exertion forces from external background
fields and internal pressure.
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6.3 Fluid frames

To go beyond perfect fluids one needs to expand the currents to first order in derivatives.
The constitutive relations are then the perfect fluid ones plus O(9') corrections

g = (g + Qu" + v, "= (p+ o)u" + pt,
et =(e+ EuF 4+ &H, TH = (p+ P)hH" + wh. (6.35)

In the above the vector corrections are defined to be transverse
nuvt = nupt =n, 8t = (6.36)
while the tensor correction is traceless
Il (6.37)

(" is of course already transverse since TH” is). This is convenient as it separates the
first order corrections into irreducible representations of SO(d).

The decomposition (6.35) is subject to a well known ambiguity stemming from the
need to define T', nug, py and w” out of equilibrium. Any such definition is admissible
so long as it reduces to the equilibrium values at order zero and so is subject to a d + 3
parameter O(91) field redefinition

T—T+6T, HQ — 1Q + OpQ, e — par + Opias, ut — ut + out (6.38)

called a fluid frame transformation (not to be confused with a Galilean frame transfor-
mation). To deal with this ambiguity we may either fix the frame by imposing extra
conditions, or work in a manifestly frame invariant manner.

Frame transformations are worked out in [33] (see [47] for a relativistic treatment) and
in this section and the next, we refer the reader to this treatment for the details. For our
purposes we only note that (besides those related to the entropy) the complete set of first
order frame invariants is

S =P — 0p€ — OypQ — 9,po, TH = ghv
g ==, =g Tl (6.39)

Although we shall usually take p to be a function of temperature and the chemical po-
tentials, here we have taken p = p(e,q,p) and the partial derivatives 0, d; and 0, are
defined accordingly. Note we have an additional vector frame invariant compared to either
the relativistic case or non-relativistic single-component fluids due to the presence of the
conserved current pt.

6.4 The entropy current

It is convenient to separate out the first order entropy current into a “canonical part” and
corrections. Here the canonical part is defined to be that combination of currents chosen
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to match the equilibrium identity (6.2)
Tshyn = put 4+ — pgj" — parp”

1
ie. sty = sut — 'M?Q(Qu“ + ) — MTM(QU'“ + p*) + T(Eu“ +&H). (6.40)

Out of equilibrium the entropy flow will in general deviate from the canonical part
st =sh 4+ CH. (6.41)

This separation is helpful since sk, is a frame invariant, and so ¢* is as well. It’s divergence
is a quadratic form in first order data
1 1 , 1 HQ 1
(Vy, — G#)Sgan = —TSG — ﬁa/ﬂ’TM + fju (E/J — TV#<T>) — ﬁgu(v#T — TGH)
(6.42)

6.5 Constitutive relations

All the necessary tools are now available to carry out the analysis outlined at the beginning
of this section: first write out the most general constitutive relations for the first order
frame invariants and then impose the second law of thermodynamics. We shall take d = 2
throughout. The formulae will prove somewhat simpler if we instead take our independent
variables to be

T, vo = nQ/T, vy = pnr /T (6.43)

In terms of vg and vy, the thermodynamic identities read
€e+p

dp = €+TpdT + Tqdvg + Tpdvay, T =5 +vQq + vap. (6.44)
Now consider the available first order data
V,.T, Vg, Vv, V", Vs Fu, (E (6.45)
Separating into irreducible representations of SO(2) we have
Data
Scalar 0 b B w
1) (o) (M)
Vector VKT VHvg VHupg (at)
et E# GH
Symmetric Traceless Tensor ot
where
1
EM = Pl B = " F
1
et = Aty h— iguv%w
Gt =-G', u” 0=V, ut
o = VHuY + VVut — "o w= ewAu“V”u’\
ot =u'Vyut. (6.46)
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Recall that by e*” we mean the “spatial volume element” e***n,, which is boost invariant.
Not all this data is independent on-shell. We may thus use the Navier-Stokes equation to
eliminate one vector degree of freedom and one scalar each for mass conservation, charge
conservation and the work-energy equation. The eliminated data is indicated by parenthe-
ses in the above table.

The above amounts to a decomposition of V,u" of the form
V,u” = vplo v 1<9P R 6.47
= nyo +§O'M +§ u+§w£u. (6.47)

Had we used the restricted connection such that 2g,(,V,jv® = —F),, not all this data
would be independent, but o* would be identified with the electric field and w with the
magnetic field.

Also note that we have not included a “torsional magnetic field” G = %5‘“’ G in
the list above since this is zero on causal backgrounds. One could certainly include this
and compute away, but we do not particularly trust our results when there is no notion
of time evolution. In particular the second law of thermodynamics would be essentially
meaningless. In either case, the point is moot as including a nonzero GG does not introduce
further constraints.

Finally, the most general first-order constitutive relations for the frame invariants
consistent with spacetime symmetries are

S =—C0— fob— [BB — fuw,
T =oeel +opE" + oGt + orVHT + 0gVHvg + o Vi,
+ 68t 4+ GpEM 4 66GH + 67VIT 4 6oVPvg + 6 Vi,
EM = kee! + KpEY + kG + ki VIT + kQVHvg + K Vv,
+ Rl + RpEM 4+ RaG! + RrVIT + koVivg + kau Vv,
¢ = (b + Gob + (BB + Cow)u”
+ G + CEEY + (oG + (rVHT + (Vv + Cu Vi,
+ Gt + CpE" + (oG" + (rVIT + {oViug + Cu Vi,
TH = —not’ — not”. (6.48)

In this we have defined the “dual” operation
= ey, WM = ey (6.49)
on vectors and symmetric two tensors. It has the properties
Oy, 0 = —v1, 0, W wh” = —w1 4" . (6.50)

We have similarly used tildes to label parity odd response coefficients, e.g. o is the normal
electrical conductivity and og is the Hall conductivity.
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6.6 Entropy current analysis

Now let’s move on to determining those constraints that result from imposing the second
law of thermodynamics

(Vu—Gpy)st > 0. (6.51)
Start by considering the genuine second order data in the entropy production
(V= G)C"|, = Cob + oo + Gob + ((p — CB) B + (e Ve,
+ VP T 4+ VP +Cu Vi +( Vet + eV B* + (V,.GF > 0
where we have used the identities
"V, —G,)E, = —B — B, "'V ,G, = 0. (6.52)

The first is just Faraday’s law and is equivalent to the closedness of F' (note we do not
have a corresponding identity for 7). The second similarly follows from dG = 0 as well as
nAdn = 0.

We conclude that all the coefficients listed above must vanish and so (* only has
contributions from the remaining parity odd part

(" = (pBut + {pE" + (oG + (rVM'T + (oVPvg + Cu Vi, (6.53)
The rest of the divergence of (* is then
(V= G == (T00rCa + L0,p00a + 10,00 ) B
+ 0rCgE"V T + 0gCE"V vg + OMCBEMV yun
+ (Cr + 0rCe)GM"V . T + ($g + 908a) GV g + (Cur + 0mla)GHY ivm
+ (0gCr — 0rlQ)VPTV wwg + (Onlr — 9rCar) VHTV L
+ (Omlq — 9l V* vV (6.54)
which is supplemented by the canonical entropy production

1 1 1
(Vu - GH)Slgan = TCQQ + ﬁUUWUW + fUE(Eu - TVMVQ)(E“ - TV“VQ)
1 1 - 1 - 1 -
— ﬁmT(VNT —TGH)(VHT —TG") + bebé? + TfBBO + wawﬁ

1 1 1 1
+ TaeeME“ + T“eeuGu + T (0¢ + kE) E*G), — ﬁﬁee“vuT

1 1 1
—0.e"Vyvg + T (aT — T/<;E> ErV,T + fUME“VHVM

1 1
+ <TK;Q — Jg> G‘“VMVQ + TEMG#VMVM
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1
or + 2%@) VHTV vg — —2RMV“TV“1/M —ouV*roV,vm

— N

1

T

1 -
+ 0~'eé‘uEM + fﬁeép’G‘u — T(a-G — I%E)EMGM
1 .
<5’T + I?LE> E”VNT

— M3

Fed'V T — 5,8V g —

2

N

op + 5Q> E“V“VQ — T(NTME“V“I/M
_ 1 _ _
> G“VHT— <5'0—|— %Q) G“VuVQ—T/%MG“VMVM

— N

T

- = </~‘€T + T%G
. 1 . -
— <5’T - ZRQ) V”TVMI/Q + 7I~€MV‘MTVMVM + 5MVHVQVMI/M
(6.55)
7

In the above we have made the identifications —%UQ = op and —5Kkg = K so that the
oG = kg,

entropy production due to electrical and thermal conductivity factors into a perfect square.

’{Tgoa

O-EZOa

Demanding the second law then requires
n =0,
! T
K = —0 = ——K = g
E G T Q T,

¢=0,

Oe =0M = KM = Ke = O¢ = ke = 0,
fB = T?0ep0r(p + 04pqCh + 0,pOri(p.
L».

fw = f~b = Oa
CjT + 3T§G TRT + m2RG aTC:B
Cot+dglc | = | Fet 1R |, doCs | = | op+7100 |
Cm + Inuda TEM OmCB Lo M
aQQW — aMgQ oM
Ol —orCu | = | —7ohum (6.56)
Or¢qg — 9olr FwkqQ — O
To untangle the differential constraints, begin by defining
f={p, Thr={r+0r¢e, Thg="{g+Cc+Tf, Thy=Cu+ulc (6.57)
These then read
f:lT R + 7gRa ) an 70T + 72 RE
hg | = | 7R+ 2R+ f |, dof | =| 6e+460 |,
ha Tz RM o f TOM
har — Onho %NC}M —ouf
Bhai— i (6.58)
FQ— 107 +0rf + +f

Orhg — Oghr
"In fact, what one should do is demand that the quadratic form defined by these transport coefficients
be degenerate and positive semi-definite (degenerate so that that equilibrium solutions exist in non-zero

background fields). This immediately gives these identities.
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This leads to several consistency relations on the four functions (6.57)

dohar — Oarhg 0
ovhr —0rhar | =101 (6.59)
Orhg — Oghr 0

The first comes from comparing the final component of the second equation to the first
component of the third while the second follows from comparing the final component of
the first equation to the second of the third. The final condition results from combining
the second component of the first equation, the first component of the second and the final

- . . \T
component of the third. The vector (hT hg hM> is then curl free as so must be the

gradient of some function §(7',vg, Vi)
hr = Org, hqg = dg4, hoar = g (6.60)

6.7 Summary of results

This solves the full set of restrictions imposed by the second law. Before summarizing
results, the following redefinition of transport coefficients will simplify the final answer

Tf— m, T2 = ne,
o — or + Opm, R — Rp + Opme.
(6.61)
after which frame invariants are
TH = —not — fh” S=-(O0- fzB
T" = op (B" — TV ug) + op (VAT — TGH) + 6 (Eﬂ - TWVQ) 4 67(VET — TGH)
— mG* + V'

EM = Tor (E* — TVFug) + kp(VPT — TGH) — Tor (EH — TWVQ) + R (VAT — TGH)
— mE* — 2m.G* + VFin,. (6.62)

The most general set of first order transport coefficients are then as follows. There are
four sign semi-definite functions of all three thermodynamic variables

>0, n>0, op >0, Ky < 0. (6.63)

These are the bulk viscosity, shear viscosity, conductivity and thermal conductivity, all of
which are zero for dissipationless fluids. One sign indefinite parity-even coefficient exists,
a thermo-electric coefficient

or (6.64)

which determines the charge flow due to thermal gradients and the energy flow due to
electromagnetic fields.
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The parity odd sector is richer, including six unconstrained parity odd coefficients
ﬁa 6E7 ’%Tv 6'T; Th, mea (665)

a Hall viscosity, Hall conductivity, thermal Hall conductivity, thermo-electric Hall coeffi-
cient, magnetization and energy magnetization. m and the equation of state determine the
magnetic field induced pressure

5 = T20p0r (T> + Dypde) (T) + 9,pOs (”;) (6.66)

The attentive reader may note that the parity odd response to thermal gradients differs
from the parity odd response to the Luttinger potential by the energy magnetization (and
similarly for the thermoelectric Hall coefficient), as compared to the well-known results
of [31, 48]. This is because these works assumed vanishing equilibrium currents, as pointed
out in the footnote below equation (4.10) of [48]. In general, pure curl persistent equilibrium
currents may arise, given by the magnetizations, and in this case the proper relationship
is that given above (6.62).

To get a feel for these results, it’s helpful to fix a fluid frame and write the results
for the non-covariant currents defined in (5.4). We choose our frame so the physical mass,
charge and energy correspond with the thermodynamic ones and the velocity is that of the
mass current

Q=p=£E=0, ut =0. (6.67)

The frame invariants J* and £# are then simply the first-order deviations v# and &*.
Using (6.14) to retrieve the non-covariant currents from this data we have

r’ = p, p' = pu’ i’ =q Ene = %puZ +e,
j'=qu' + op(e*E' + BeVu; — Tc')iuQ) + 6pe (e®Ej + Bejru® — Tojug)
+ore®d (e T) + 67e*c0;(e7*T) + e (e~ %),
6210 = <;pu2 +e+p—(CO— fBB> u' — naijuj — ﬁ&ijuj
+ Tor(e®E' + Beu; — Td'vg) — Tore” (e* Ej + Bejpu® — Tjvg)
+ ke 0 (e PT) +ire®e9; (e T) —me (e® Ej+ Be jpu®) +€** £ 9, (e 721,
T = putu? + (p— €O — fB)h" — no'l — 76", (6.68)

In (6.68) above and in what follows E’ is defined to be the electric field in the lab

frame so that the comoving electric field used earlier is®

0 —F; ® —Eju’
AN N Rk (6.69)
E; BEU u’ e’ E; + Bsijuj

8We hope the careful reader will forgive the notational dissonance.
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6 and ¢ are the curved space quantities defined in (6.47) . Using the connection (3.9) we
find that

Vi = olud + T\ = 8'd + Tk + 2T,
L .y 1... o . 1 ..
=V — V' — §h” +e®Vl (e ) 4 59”,
p : 1... 1 ..
= V(=P = ZjU 4 ZQU
=e V h Q
e (e”%u)) 5 + T
= 0 = e®Vi(e Pul) + e®VI (e Pul) — hY — hiig (6.70)

where V; is the covariant derivative on a spatial slice and

1
= Vi

6.8 Results for a single component fluid

0 O (Vhe *ul) = eV, (e Pul) + %eq’h”hzj. (6.71)

A single component fluid satisfies additional constraints since the charge and mass currents
are proportional and we investigate these constraints in this section. Since this is also the
case of applicability for [33] it will allow for a direct comparison of our results.

Let the single constituent be of charge e and mass m. The charge density and mass
density are then related to a single function n, the number density

q=en, p=mn (6.72)

and the thermodynamic relation (6.44) takes the form

dp = < ;pdT + Tndv (6.73)

where v = evg + muv)y is the total chemical potential. All thermodynamic functions must
be a function of this combination.
Now since mv#* = eut, the vector frame invariant J* is zero which gives the restrictions

op=op =6p =0, i = m(T), o — Tép = —n. (6.74)

The latter two relations imply that m is a linear function of 7" and so that o7 is a constant
independent of the thermodynamic state variables.
This simplifies E# to

EF = kp(VPT — TGH) + (VAT — TGH) + T?67 Vg — 2mGH 4+ V.. (6.75)

Since we cannot have dependence on v outside of the combination v, we must also
have o7 = 0.

In summary, for a single component fluid there are three sign semi-definite functions
including a thermal conductivity and two viscosities

¢>0, n >0, kr <0 (6.76)
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which exhausts the parity even sector. The parity odd sector contains three free functions
including a Hall viscosity, thermal Hall conductivity and energy magnetization

7, R, Me. (6.77)
In terms of these coefficients, the frame invariants are

S= —(b TH = —pot? — pehv
EW = kp(VHT — TGH) + fp(VHT — TGH) — 2 G* 4 VFi.. (6.78)

One may equivalently state this result in terms of a conductivity o and a Hall conductivity
o g by exchanging the first order data V#T'—T'G* for e E* —TVHv—mat using the equations
of motion (6.34).
Finally, the noncovariant currents in the frame (6.67) are
0 o i 0 1

i’ =q, it = qu', Enczipu%ra

, 1 . g g
Epe = <2,0u2 +e+p— CH) u' —nou; — N5 uy,
+ kre®d (e T + /%Te(beijaj (e7®T) + e”eijaj(e—?‘bme),
TY = pulu? 4 (p — CO)RY — no®l — f&". (6.79)

This differs from the results (1.13)—(1.18) of [33], which includes two parity odd parameters
besides the Hall viscosity and thermal Hall conductivity and a differential relationship
determining the magnetic field induced pressure, a transverse F; term and a curl 9;7 in
terms of them.

We have also checked the results for lowest Landau level fluids [46] with the alterations
to the derivative operator discussed here and found that they survive without change. This
can be understood in part in terms of our equations of motion, which differ from [27] as
the acceleration o is independent data and not tied to E*. Projection to the lowest
Landau level (which may be thought of as a massless limit) removes the acceleration terms
in Navier-Stokes equation (6.34) and we reproduce the constraint equation

Vip = qBE" + (e + p)G* (6.80)

used in [46]. The only change to the calculation would then be in the available first
order data, which is augmented in our approach. However, a detailed calculation does
show that the new terms drop out after the entropy current analysis and we retrieve the
previous results.

6.9 Kubo formulas

The transport coefficients we have found are quite familiar and have been subjected to
extensive study in the literature and calculated for a number of systems. Calculation from
a microscopic theory usually proceeds by the use of Kubo formulas. The techniques to
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derive these are now standard and Kubo formulas for all the transport coefficients presented
above have been given in the literature. Here we present them in our notation and in the
frame (6.67) for the readers convenience.

The relevant retarted correlators, including contact terms are

M () <5Tij(x)> n %w(mo) < [Tij(x),Tkl(0>}>7

gk1(0)
65" (x)
pvoN N v
61 (0) = (o ) + i) (@), O]
65" ()
v — —if 0 o v
1) = (S0 )~ iba?) (@), )
e (z) 0
BV () — _ 1 v
2a) = () ) = i) (). (0] (6.8)
In terms of these, the viscosities are
= lim 5ij5quij7kl(w+)’ )= — lim Hz‘jle.ij’kl(er)’ Fe 1 ﬁijle.ijkl(w-‘r)
w—0 2iwy w—0 iy w—0 iy
(6.82)
where we have introduced the projectors
Tiikl — gilkghi _ %y‘jékl’ [Tkl — % (5i(k€l)j + 5]’(’661)%') (6.83)

and wy = w + 90 for a small, positive §. We recommend [49] for a careful computation of
these Kubo formulas.

The equations for the conductivity and thermoelectric conductivities are prototypical
examples and first found in [48, 50]

op = tim 290 1) o = Tim 900 @)
w—0 2i(/J+ ’ w—0 2ibd+
) )
Tor = lim 0 Gy (04) Tér +m = lim Gz (@+) (6.84)
w0 2wy w0 2wy ‘

Kubo formulas for the thermal conductivities were first computed in the classic work [31]
where the Luttinger potential was introduced. We find them to be

,.Givj
Tip + 2, = lim €ijGet (Wi)

6.85
w—0  2iwy w—0  2iwy (6:85)

As discussed in section 6.7 the themoelectric and thermal Hall conductivities differ from
the parity odd response to the chemical and Luttinger potentials by magnetizations m and
me respectively, unlike the standard formulas found in [31, 48]. The Kubo formulas for ¢
and ~r are therefore completed by expressions for the magnetizations, derived in [46]:

ieij kt G;"EO (k)

i —Torm = — lim ———3°" " %q, — TOpm, = — lim (6.86)
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7 Outlook

In this paper we have considered the most general geometric backgrounds consistent with
local Galilean invariance and developed the theory of first order dissipative fluids on such
a background. This formalism at hand, there are a number of prospects for further inves-
tigation. One direct application would be to perform the fluid analysis carried out here for
more general systems. Non-relativistic superfluids and superfluid/normal fluid mixtures as
arise for instance in partially condensed superfluid Helium and it would be interesting to
see the restrictions imposed by Galilean symmetry.

We have also presented a program for writing down invariant actions of massive fields
that realize the Galilean group linearly. These are not however the most general actions
consistent with non-relativistic symmetries. For instance, when matter is charged under
boosts 1) — e***Kaq) one may write down a non-relativistic form of the Dirac equation that
is linear in both time and space derivatives [42].

One might also consider systems with spontaneously broken symmetries in which the
Galilean group is realized non-linearly on a collection of Goldstones. It’s long been un-
derstood how to write down the most general actions for a non-relativistic Goldstones to
lowest order in derivatives [51] but we believe use of the extended representation will prove
useful in constructing actions to any order.

It would also be instructive to consider the most general effective actions one may write
in terms of the background fields (e, w? 5, a, A). Consider for example the (universal sector
of the) effective field theory of the fractional quantum Hall effect [16, 17, 52],

S:;/(VA/\CZA-FK,W/\dA—I-K,/w/\dw) (7.1)
s

@byy.b. This is a perfectly sensible effective action for the background fields

where w = %5
(A, e%) and useful for studying electric and viscous transport.

However, studying massive transport also requires coupling to the U(1); gauge field
a. Since the microscopic action for a minimally coupled single component system always
contains A and a in the combination A + “a (see equation (4.6)) one might expect that
the correct effective action contains only this function of A and a. The resulting action
is however not boost invariant and so physically unacceptable. Upon identifying boost
transformations with the anomalous diffeomorphisms of [26], this problem is essentially
the one considered in [15] where the problem is solve by improving the action order by
order in derivatives so as to impose invariance. It would be useful to have a manifestly
geometrical way to write this term and so generate these corrections using the technology

developed here.
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