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1 Introduction

Experimental data from heavy ion collisions at LHC and RHIC suggest that the produced
quark gluon plasma (QGP) is strongly coupled and equilibrates extremely fast. Unfor-
tunately, standard QCD techniques are unsuitable to treat the strongly coupled, non-
equilibrium early dynamics. Therefore the best known way to study the early phases of
the QGP before thermalization happened is via holography, by mapping weakly coupled
supergravity (SUGRA) to its strongly coupled quantum field theoretical dual. Although
there is no dual description for QCD one can approach the real world by studying the
plasma with the help of the holographic dual of large-N, N/ = 4 strongly coupled super
Yang-Mills (SYM) theory.

The QGP produced during heavy ion collisions lies somewhere in between the two
extreme limits of infinitely strong coupling (or small curvature) with 't Hooft coupling
A = oo and weak coupling, which would allow for a perturbative description. One way
of investigating this region is to consider finite coupling corrections or higher derivative
corrections to the type IIb SUGRA action. These additional contributions of order O(a/?)
for the dual gravity theory, where o is related to the string length Is via o/ = 12, yield finite
coupling corrected correlators, emission rates, transport coefficients etc. on the QFT side.

One interesting topic in this context is the analysis of the behaviour of charged parti-
cles in such a QGP. In recent years there have been several works contributing to a deeper
quantitative understanding thereof. One important step was the computation of leading



coupling corrections to the equations of motion of gauge fields in a strongly-coupled N' = 4
SYM plasma by considering O(a’®) corrections to the type IIB supergravity action [1, 2].
These o/-corrected equations of motion were then used to study the conductivity, the trans-
port coefficient in this channel and the photoemmission rate, which give important infor-
mation about the structure of the plasma. Determining o’ corrections to these quantities is
of major interest, especially since this allows first cautious comparisons and interpolations
between the spectra of strongly coupled and weakly coupled plasmas [2]. Unfortunately
the authors of [1, 2] used a 5-form that didn’t solve its higher derivative corrected EoM. In
addition, unlike stated in these papers, the calculation was done in FEuclidean signature,
but the five form wasn’t transformed appropriately. More specifically, we can reproduce
their results, if we leave out an actually needed factor 4 in front of the five form components
of the form dt A ... after the transformation to Euclidean signature. Also several terms
contributing to the Hodge duals got lost. Our first aim is to give a corrected derivation
of the higher derivative corrected EoM for gauge fields in type IIb SUGRA. After that

3_corrections so far have been

we revisit the computation of several observables, whose o
calculated with the EoM form [1, 2]. In general we find that the actual higher derivative
corrections to all quantities studied in this paper turn out to be substantially smaller than
the values found in the literature so far. For instance in [1] the correction factor to the
conductivity was given as (1 + %’y), whereas we obtained (1 + 125v). A comparison
with the transport coefficient of the spin 2 channel is given in table 2.

In contrast to previous works we find that the behaviour of the photoemission rate and
spectral density at finite coupling agree with expectations from weak coupling calculations
in both the small and, that is new, the large energy limit [7]. In [7] the authors derived
that in the weak coupling limit decreasing coupling means increasing phtotoemission rate
at small momenta and decreasing photoemission rate at large momenta. The signs of the
correction factors we found coincide with these expectations. We start from the higher
derivative corrected type IIb action and compute finite coupling corrected QNM spectra,
spectral density, photoemission rate and conductivity of the plasma. Before we come to
finite coupling corrections we give a detailed description how to introduce gauge fields in
type IIb SUGRA by twisting the five sphere along certain angles, which was first described
n [10]. We try to provide enough details of the calculations to allow the reader to check it

with limited effort.

2 Einstein-Maxwell-AdS/CFT in the A — oo limit

The aim of this section is to give a detailed description of how to introduce charge and
gauge fields in AdS/CFT starting from the type IIb SUGRA action

1 1
Sio = —— [ d"%z/=det(gro) | Rio — 9, 00"¢ — FZ, (2.1)
2/{10 4 x 5!

where Fy is the 5-form and g9 the metric of the 10 dimensional manifold. In the following
calculations we set the constant [, which measures the size of S5, to 1, since the resulting
EoM for gauge fields won’t depend on it. In [10] it was shown that in order to obtain



Maxwell-terms Fj,, F*¥ in the reduced 5—dimensional theory one has to twist the five
sphere S5 along its fibers in a maximally symmetric manner. The ansatz for the metric in
this case has the form

3 2
2
i=1 3
with ) )
dsigs = —7“21_7udt2 + ;dzﬁ + QL(da:2 + dy? + dz?) (2.3)
u 4u?(1 — u?) u ’

where the unperturbed metric is just the AdS Schwarzschild black hole solution times S5
with horizon radius rp. It is convenient to work here with the following S5-coordinates, for
which we define u; with i € {1,2,3} to be the direction cosines

p1 = sin(y1), po = sin(y2) cos(y1), p3 = cos(y1) cos(y2), (2.4)

and set the angles
P1 = ys, P2 = Ya, ®3 = Y5, (2.5)

such that the metric of the 5—sphere is given as

3
3 = Z <dll? + ,u?déb?) = dy% + cos(yl)Qdy% + sin(yl)Qdy§+

i=1

+ cos(y1)? sin(y2)2dy3 + cos(y1)? cos(yo)2dy?. (2.6)

It is straightforward to check that with this metric ansatz we obtain

Ryg= Ry - éFWF“”, (2.7)
with F' = dA. The dilaton part of the action can be ignored here, since its EoM does not
couple with those of A, and the solution of its EoM in this order in o/ is simply zero. On
the other hand it is crucial to understand in detail the role of the five form part of the action
in this calculation. In the following we will motivate its ansatz, which was given in [10].

The five form F5 is not an independent field with respect to which we have to vary
the action in order to complete the set of EoM for type IIb fields relevant in this case.
Actually, the term F?2 in the action is the kinetic term of the 4-form Cy with dCy = Fj,
which straightforwardly leads to the EoM obtained by varying Sig with respect to Cy:

d* F5 =0, (2.8)

where * is the Hodge star operator. In addition one has dF5 = 0, which already reveals
the self dual structure of the solution for Fy in this order in o'.
In the case of a vanishing gauge field A, = 0 the self dual solution to (2.8) is

Fgl = —4depqs = —4vV—gaasdt ANdu Ndxz Ady AN dz, (2.9)
Fy = (14 %)F, (2.10)



where €aq4g is the volume form of the AdS-part of the manifold. The forefactor —4 is chosen
in such a way that in the dimensionally reduced action we have

1 |
) [ /= delgnas) [ s =84 R | = 9 [ /=il [ s+ 12].

2/110 2/4/1(]
(2.11)
Now we want to find a solution for dF5 = 0 and d+F5 = 0 with the metric (2.2). In order
to see that Fgfl = —%e Ads is no longer the correct ansatz we consider the tuyzy;ys-direction

of the 6-form d x F5. In the following we only consider transverse fields, which means that
only A, is non-vanishing and A, = A,(u,t,z). The deduction for longitudinal fields is
analogous. Remember that we are interested in linearized differential equations for A,,
which we consider as tiny fluctuations of our background geometry. This means that terms
of order AZ or higher can be discarded, such that there are only 6 non-diagonal elements in
the matrix representation of the metric tensor g"”, namely g*¥3, g*¥4, g*¥5 and interchanges
of x and y;. From our solution in the A, = 0 case we already know that we will at least have
one non vanishing term in the tuyzys-direction of the 5-form *F5, which is proportional to

Au—0
V/—ggiryr guRy gusT guava gusys ([ n )yt yoysays - (2.12)

Note that we are not making use of the sum-convention here and henceforth. This term is
proportional to A, without any derivatives and has a non trivial y;-dependence, such that
we have

- Ap—0
0 7 (d* F5)tuyzyrys = Oy, (V—gg”'¥! g¥292 g% g9 g% (Fy M_) Jyryaysyays) + - (2.13)

without further directions of F5 being non zero. This term can’t be canceled by the EoM
for A, since it would give a mass to our gauge field. Consequently there have to be more
components of the solution for F5, which give non-zero contributions, such that these mass
terms cancel. The symmetries of this problem should dictate, which directions of the five
form vanish and which don’t. We instead use a different approach. We start from the fact,
that our final ansatz for the Cy can only depend on the coordinates u,t, z, y1, yo, i.e. the
coordinates the metric and its fluctuations A, depend on. Any other dependence would
lead to non-vanishing components of d * dCy. This means the only possible components of
(4 proportional to A, that could give a contribution to the tuyzy;ys-component of d*dCy
are (Ca)zyiyays» (C1)eyayays s (Co)zzyays (Ca)tayays > (Ca)uzyays modulo permutations of their
4 indices. In the following, when we address properties of certain directions of forms, e.g.
for (C4)apea the abed-direction of Cy, these properties’ applicabilities implicitly include all
permutations of the indices abed with the correct signs.

Graphically we can depict all relevant contributions of these 4-form components to the
differential equations shortly written as d x dC4y = 0 as shown in figure 1. Note that this
diagram is closed in the sense that plus the contribution in (2.13) all terms contributing
to the tuyzyiys, uyzyi1y2ys , tuyzyoys, tyzyi1yeys and tuyyiysys-directions of d *x Fy5 are
depicted and (Ca)ayiyayss (Ca)ayayayss (Ca)ezyays, (Ca)tayays, (Ca)uayays do not contribute
to any other directions of d * F5. The next important observation is that (d * F5)uyzy, yays -
(d* F5)tyz1yays and (d* F5)puyyiyays cannot be set to 0 by imposing the EoM of A, because



d d
(Ct)zysyays — (F5)tayoyays —— (6 F5 uyzyrys — (d* F5)tuyzyrys

d
5)xzy2y4y5 —— (*F5)tuyy1y3 X
(04)xy1y4y5 d )uxy2y4y5 —— (*F5)tyz \ (d * F5)uyzy1y2y3
d
TY1Y2yays (*F5)tuyzy3
d
(04)twy4y5 " F5)twy1y4y5 — (*F5)uyzy2y3 & (d * F5)tuyzy2y3
\/

:‘!
* v
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*
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Figure 1. Graphic depiction of the “closed” system of differential equations around the zyoy,ys-
direction of Cy. In this order in o the right hand side should give zero.

they contain odd derivatives in the ¢ and z direction 9, A4,, 9; A, or 93 A, 93 A,, if we have
only even derivatives in (d * F5)uyzyys-

From the requirement that there are no mass terms in the EoM for A, we can deduce
from (2.13) and the form of F, 54 #70 that (#F5)tuyzy, is proportional to sin(y;)? and has no
yo-dependence. Therefore, (Cy)zy,y,ys doesn’t contribute to (d* F5)iuyzy,ys and (Ci)aysyays
doesn’t contribute to (d * F5)puyzysys- Thus, it is legal to choose (C4)zy,yiys = 0. This
leads to the beautiful result that in diagram 1 the contributions of (C4)zzyuyss (C4)tayays
(Ca)uzysys 10 (d * F5)tyuysy,ys have the same form as those of (Cy)gysy,ys and are indistin-
guishable in the final EoM (d * F5)tuyzy.ys = 0 , which means it is a legitimate ansatz to
set them to 0 and solve (d* F5)uyzysy; = 0 for (C4)aysyays- This process has to be repeated
for two further cases (remember that we only considered the off diagonal element g% so



far), which together with the self duality of the 5-form leads to the result

(FO = —4epgs, (FH)® Zd (12) A des A %Fy, (2.14)

“ 72

and
Fy = (L+ 0 ((F) + (FH)Y), (2.15)

with Fy = dA. Of course, it isn’t a coincidence that the electric part of Fj is proportional
to J A*dA, with the Kéhler-form of the five sphere 7, and there are more and easier ways
to deduce this five form solution. Since we will have little choice but to work with similar
brute force in the O(a’3)-case, due to the complexity of the higher derivative correction
terms to the type IIb action, it is a good exercise to already do this in the lowest order in
o/. Notice that the requirement that we are allowed to make the ansatz (2.2) implies that
the EoM for A, can be obtained both by varying the action with respect to A, and from
the tuyzyrys, tuyzyoys,tuyzysys,tuyzy1ys and tuyzyys-directions of d x dCy = 0, simply
by starting from the fact that the metric tensor g*” has only certain off-diagonal elements.
Varying the action with respect to A, leads to the following well known EoM for transverse
fields in order O(4?)

2u W% — G2(1 — u?)
2 _
0y Az — — u28uAg; + w1 —2)? A, =0 (2.16)
with z = —th = 5om for € {¢,w} and the horizon radius rj,. Before we address higher

derivative corrections it is advisable to look in detail at the following calculational pre-
scription of SUGRA to obtain an effective action solely for the metric: “Take the ansatz
of the 5—form, plug it back into the action and only consider the magnetic part of your Fj
and double its contribution, then vary with respect to the metric.”. In order to be able to
decide, whether we are allowed to make use of this, if we include higher derivative correc-
tions, we must understand where this prescription comes from. In the easiest case, where
we do not consider a’-corrections or gauge fields A,,, our solution for the five form is given
n (2.9), (2.10). If we want to derive the EoM for general metric components from the type
ITb action (3.2) we, of course, are not allowed to impose a dependence of the five form on g*”
on the level of the action. Instead we have to vary the five form part of the action as follows

1
5/d10£L‘\/ |: 4. 5| 52:| = _45/61101'\/_ |:gttguuga:acg gzz(F )tuwyz+

+ gV g¥RY2 gYsYs qUaYa gusYs ( anag)zlngyws] _ 7(5 / 10, [ y1y19y2y29y3ys IyayaJysys
IttJuuGzzGyyYzz
Jtt GuuJzzJyy9
(F )tuazyz + \/ e (anag)ylygygy4y5:|7 (217)
Yy1y1 Gy2y2 Jy3ys Jyaya Jys s

which leads to a contribution to the EoM for g*” of the form

4 ((_1)1+Z?_1 Spuy; L;ggw — (—1) X1 O V;ggW> . (2.18)



The same result is obtained from plugging the solution of the five form back into the action,
only considering the contribution of the magnetic part times 2. This calculation can be
performed similarly for more complicated five form solutions involving gauge fields. This
recipe, which is nothing but a calculational tool, is equivalent to the more intuitive but also
more tedious approach of treating every metric component and every 4-form component as
an independent field on the level of the action, varying with respect to all of them and solv-
ing the resulting system of EoM. One important lesson to learn here is that the justification
for this prescription requires a self dual five form and we will see in the next section, that
self duality is violated when we include higher derivative corrections (also see [5]). We don’t
want to imply that this prescription breaks down for all non self dual forms, but we are not
aware of a justification to use it to deduce the EoM for higher orders in o/. Out of caution we
will avoid this simplification in order O(a’®) and strictly following the variational principle.

3 Finite coupling corrections to the EoMs of gauge fields

Now let us start to consider higher derivative corrections to our theory. In type IIb SUGRA

this means that we have to add terms of order o® to the action (3.2). For this purpose we

set v = >~ 7%, with the ’t Hooft coupling A, which is proportional to o/ ~3. The action

including finite A corrections has the form

4
3

S = S0+ 7S], +O(v3), (3.1)

with
_ L 10,, /— . ; 2
SlO == 2/{10 /d T/ g|:R10 4 % 5‘F5:| . (32)
as before and
1
Sy, = DT d"%z+/|g10| [04 + 3T +C*T? +CT3 + 74] . (3.3)
10

The expression for S, is schematical and stands for a set of tensor contractions between the
Weyl tensor C' and T, a 6-tensor that takes care of higher derivative corrections containing
the five form. Explicitly the term in brackets in (3.3) is given by [5]

20
_ 4 3 242 3 4 7 A
yw_y[c +C3T +C*T2+CT +T] _86016;7%%, (3.4)

with

(13);_1....20 = (—43008, 86016, 129024, 30240, 7392, —4032, —4032, —118272,
— 26880, 112896, —96768, 1344, —12096, —48384, 24192, 2386,
— 3669, —1296, 10368, 2688) (3.5)



as well as

(M3)i=1,..20 = (CabeaC®* CcgnC¥ ", CapeaC*I C* e C 4",
CoabeaC% gC° i TN C oo CY T gniy T
Ca bcdca bef7-cdghij Tefghij’ Ca bcdcae of neghij Tdfghij
CoC% et Toghaij T C ¥ 40 o Toeenis T,
Ca®aC tgToceniy T, Co" 4C® Iy Topnis T4V,
Co" 40 o Tocheiy TV 99 COAT e b on Tea IR T IRy
COlT e pgn Tea? TET O i1, CVNT e pon Tea” R T, M
O e ran Te T IR TGk Tabede TN T it TV,
%bcdefTabcghdeejglef hkij I %bcdef Tabcghi ngj elef hj o
Tabede TN T RT 091 Tabede g TR 100 TR 0. (3.6)

The Weyl tensor Clpeq is

1 1
Cabed = Rabed — 3 (9acRab — YadReb — gocRda + ghaRea) + o (Racgay — Rgadges), (3.7)

and T is given by

Totedet = 1VaFfaeg + 16 Fobomn FA " = 3 ™) (33)
with two sets of antisymmetrized indices a, b, c and d, e, f. In addition the right hand side
of (3.8) is symmetrized with respect to the interchange of (a,b,c) <> (d,e, f) [5]. Here F'*
stands for the self dual part §(1 + %)F5 of the five form. It should be noted that up to
this day it is not known, whether the terms in (3.3), which were derived in [5] using [19],
are complete. There are strong indications that this is the case, but since there is no strict
mathematical proof we included this cautionary remark.

We already know that the solution of Fs in order O(1°) is self dual, and that in order
O(y') the O(7°) part of Fx is the only contribution of F5 that enters in the higher derivative
part of the action. But we still do not have the EoMs in order O(+) for the 4-form compo-
nents. This means that we still have to vary the action with respect to Cy and thus it makes
a difference whether F5 = dCy or F'* enters yW. Before we start discussing the higher
derivative corrected EoMs for gauge fields, we have to determine the ~y-corrected solution of
our unperturbed geometry as done in [4]. The ansatz for the metric we make is of the form

ds?y = —r2U (u)dt? + U (u)du® + e® W2 (da? + dy? + d2?) + L(u)?dQ2, (3.9)

where we are forced to give up the product structure of our manifold and admit a u-
dependent warping factor L(u) in front of the 5-sphere line element as shown in [4]. The
EoMs for our 4-form components still have the form (2.8) simply because the T-tensor
defined above vanishes on the unperturbed background. We also have

08T _

57 =0 (3.10)



for A, = 0. The solution for the 5-form in order O(v!) and without gauge fields is

Fy = (14 %) F (3.11)
—4
F§1 = W61d87 (312)

where €} qs 18 the volume form of the -corrected AdS-part of our manifold. The five form
is still self dual, such that we are allowed to plug the solution for the five form back into
the action, only considering its magnetic part and doubling its contribution, which gives

d"z+/— det(g1o |:R10 )

The EoM for the metric components from this action yield [4]

2/{10 ——715 T 'yW} (3.13)

U(u) = (1u“2) <1 + 5“27(—130 — 130u® + 67u4)> (3.14)
. 1 325 1075 4835

U(u) = 12(1 = u?) <1 + ’y<4u2 + T6u4 - 16u6>> (3.15)
Viu) = - ~ log(u) (3.16)
L(u )_1+135—;(1+ 2)ut. (3.17)

Now we are ready to introduce gauge fields to our finite A-corrected theory. In order
to get the correct results in the limits A, — 0 and v — 0 we choose the ansatz again
corresponding to a twist of the five sphere along the ys3, ¥4, y5 angles

244, (ua t, 2)2

dax?
3

ds?y = —r2U (u)dt? + U(u)du® + eV Wi (da? + dy? + d2?) + L(u)
4A,(u,t, 2 . .
+ L(u)Q(\/g)dw (dy3 sm(y1)2 + dyy cos(y1)2 s1n(y2)2 + dys cos(y1)2
X COS(?J2)2) + L(U)2(dy% + cos(y1)?dys + sin(y1) dys + cos(y1)? sin(y2)*dya
+ cos(y1)? cos(y2)dy3), (3.18)

which we justify as follows: we will obtain the EoM for A, by varying the coupling cor-
rected type IIb SUGRA action with respect to the 4-form components and A,,. Apparently
the zz-component €2V (%) 4 L(u)Qw

problems. On the one hand we know that if we would only vary the action with respect

of our metric ansatz looks like it could lead to

to e.g. the xys-component, we would obtain an EoM for A, that is at first glance different
from varying the action with respect to A,. This is because after linearizing in A, the Ai-
term of the zx-component of the metric won’t contribute to the former case, but will give
a contribution to the latter. In fact varying the \/—gRio, \/Tgﬁng and /—gyW-terms
in the action with respect to the zys-component of the metric separately and inserting the
ansatz (3.18) gives mass terms. However, adding everything up leads to the same EoM for
A, (of course, still depending on some unknown Fs-directions) as varying with respect to
A, while the mass terms cancel identically.



From now on we will work with 7, = 1, which also applies for the appendix A, and
reintroduce r, wherever needed after having obtained the EoM or contributions thereto.
We know that we will end up with differential equations, where 7, only appears in the
rescaled frequency 2“;7 and momentum %. Also setting r, = 1 simply corresponds to
rescaling ¢ the spatial coordinates and A, by a constant factor. Changing 5 to ﬁ in the
end corresponds to scaling back to the form of the metric given in (3.18).

Now we are prepared to determine the EoM in order O(vy) of all relevant fields i.e.
gauge fields, the five-form and, less important, the dilaton field. Since its EoM decouple,
we will ignore it henceforth. Let us start with the five-form. As in the last section its EoMs
are derived by varying the action with respect to the 4-form components with dCy = F5.

A concise way of writing the resulting system of differential equations is

2y 6
d(*F5—*\/;g5?;> =0, (3.19)
where gTWS is defined by
~
W 9y 2210 (3.20)

67}75 = z2K10 (5F5 .
It is easy to obtain this by observing that for a p-form C with F' = dC and an action

S = /dDa;L(F, VF) (3.21)

for C the variation g—g = 0 leads to an equivalent set of differential equations as

1 468
d( * \/ng> =0. (3.22)
The first and easiest result we can extract from (3.19) is that self duality of the five form
is broken if d * ﬁ% # 0, which is the case if A, # 0. Obviously, if F5 would still be
self dual, we had (1 — %)F5 = 0, but together with dF5 = 0 (3.19) would then lead to a
contradiction. This means that we cannot treat the Fg—term of the action as in the previous
cases. In the following let us focus on the variation of this term with respect to A,.

Due to the same argument as in the first section, since we are only interested in those
terms of the final EoM, which are linear in A,,, we can ignore O(Ai) parts of the metric in
F52 . Contributions of terms of this form cancel identically, as they have to, since otherwise
we would get mass terms. This means that the number of F5-directions, which actually

Nadi

is very restricted. As in section one, we only consider transverse fields A, (u, t, z), with A, =

contribute to

A, = 0. This implies that the only metric components depending on A,, modulo terms
of order O(Ai), are again g*¥3 g*1 g*¥s g¥3T q¥aT g¥sT  Therefore, the only directions of
Fs, which contribute to (3.23) in order O(y!), are

(F5)y1y2y3y4y57 (FS)tuxy27 (F5)tuyzz13v (F5)tuyZy4= (F5)tuyzy57 (FB)wy1y2y4ys7 (FS)arylywsysa
(F5)$y1y2y3y4' (3'24)

~10 -



We already know how (F5)y,yeysyays a0d (F5)tuzy: look like in order O(y!) for 4, = 0
and how these directions are modified in order O(v°) for A, # 0. This is all the informa-
tion we need about them, when computing (3.23), since (F5)iuyzys: (F5)tuyzyss (F5)tuyzys
(F5)ayryoyays > (F5)zyiyoysyss (E5)zyiyaysya arve zero for A, = 0. This means we only have to
compute (F5)tuy2y3’ (F5)tuyzy4’ (F5)tuy2y5’ (F5)93y1y294y57 (F5)Iy1y2y3y5’ (F5)93y1y293y4 up to
first order in v from (3.19). We will return to this later, let us first finish the variation of
the rest of the action with respect to the gauge fields.
With our metric (3.18) we obtain
L(u)?

Ry = <R10\ AM)) — =3 Fw k" (3.25)

for the Ricci scalar. Varying this part with respect to A, is straightforward. The final part

6y/—gW
_ 2
oA, (3.26)

already contains a 7-factor. Therefore, only O(7°)-parts of the metric and Fj enter it in
order O(v'). Knowing already the solutions for F5 with gauge fields in zeroth order in ~
allows us to compute this term immediately. One has to be careful and remember that
only the self dual part of F5 enters here. Of course, we know already, that after having
solved all EoM, we have (1 — %)F5 = 0 in order O(«°). But since on the action level the
4-form components and the gauge fields are independent fields, meaning that % =0, it

is crucial to realize, that in general

Sf(5(1+ =) F5)
5A,

df(F5)
oA,

- (3.27)

for a functional f, even if $(1+%)F; = Fj after inserting all solutions of the resulting EoM.
This is because A, can enter through to the Hodge dual

(5(*F5)abcdef 5(F5)abcdef
A\~ oJabeae] — o »jancae) 2
A, 70T 54, (3.28)

for some directions abedef. Let us split the work up and concentrate on the C*-part of the
higher derivative corrections first. After varying it with respect to A, introducing

1 . 4
()i, q,) = 5= / didze' e Ay (u, 2, 1) (3.29)
and exploiting that
2u % — (1 — u?
Y <83Az - maqu + u(l —(u2)2 )Az> = O(VQ) (3.30)
we obtain
64us~y

((A2)k (244 u+¢%(162—235u?) —6010?) — (u? — 1) (120¢°u—135u +112) (A, ) +O(?)
(3.31)

3
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as a contribution to the differential equations, rescaled in such a way that the O(y")-part

has the form 8(%“2) times (2.16). We can ignore terms of the form CT3, T, since we are

only interested in linearized EoMs for A, and 7 = 0 on a fluctuation free metric. However,

since % # 0, we still have to determine
5/ —gC?*T? 5/ —gC3
'Y5+T and ’YTQT (3.32)

Our strategy to compute the terms above will be to insert the solutions for Fy in lowest
order in v slightly modified by replacing A, by a new independent function /_1“ into (3.32)

Fs (3.33)
Au—Ay
and let flu go to A, after the variation, since we are not allowed to vary with respect to
A, appearing in Fj after inserting the O(7") solution of the five form. For this purpose
let us write down explicitly how this solution looks like. We start with the gauge field free
electric and magnetic part and get

(FEHO = —4+/| det(gs)|dt A du A dz A dy A dz (3.34)
*(F§1)0 = 4\/det(gs,)dy1 A dy2 A dys A dys N\ dys + 4\/\ det(glo)]\/] det(gs)|

T

x (g’i%gi‘é‘gi’é’ 91 g5 dyn A dys A dx A dys A dys + g14g5 8 9t giet aigdyn A dye

Adys A de A dys + gl giglt = g3 dys A dys A dys A dys A dx) — (e,

where gi9 is the metric of the 10 dimensional manifold corresponding to an AdS-

Schwarzschild black hole times S5, g5 is the metric corresponding to the internal AdS

space and gg, is the metric of the five sphere. The nomenclature (F5" 280 shouldn’t dis-

tract from the fact that it nevertheless depends on A, via ¢7§®, giy* and ¢;*. The electric
components of the five form including the gauge field A, (u,t, z) are explicitly given by

(B! = (B (D, + (L, (3.5
with
20,A,(u,t, 2 o wl
(), = 2 ) et ag® (snfon) cos(un)dt A dy A A din A dyt

+ cos(y1)? sin(yz) cos(y2)dt A dy A dz A dyz A dys — cos(yr) sin(yy ) sin(yo)2dt
Ady Adz A dyy A dys — cos(yr) sin(yy) cos(y2)2dt A dy A dz A dyy A dys

— cos(ya) sin(yz) cos(y1)?dt A dy A dz A dys A dys), (3.36)
20: Az (u,t, z v )
(1), =~ 2R Taerlan s (sin(on)coston Ay = iy i

+ cos(y1)? sin(yz) cos(y2)du A dy A dz A dys A dys — cos(yy) sin(yy) sin(ys)?du
Ady Adz A dyy A dys — cos(yr) sin(yy) cos(y2)2du A dy A dz A dyy A dys
— cos(ys) sin(y2) cos(y1)?du A dy A dz A dya A dys) (3.37)

- 12 —



20, A4(u,t, 2) A t,
(FEHL = (u.t,2) [ det(gs)[g2% g2 (sin(yr) cos(yr)dt A dy A du A dyy A dys+

+ cos(yl) sin(yz) cos(y2)dt A dy A du A dya A dyy — cos(y1) sin(yy) sin(yz )% dt
Ady A du A dyy A dyy — cos(y1) sin(y1) cos(yz)2dt A dy A du A dyy A dys
— cos(ya) sin(yz) cos(y1)?dt A dy A du A dya A dys). (3.38)

Analogously we write the magnetic part as
(F5"*)" = (F5"®)ue + (F5"®)i0 + (F5™)z, (3.39)
with

(F3"8) 0, = —+v/det(gss ) (sin(y1) cos(y1)g70” g13% du A dz A dys A dys A dya+
+ cos(y1)? sin(yz) cos(ya) gi2Y2 g¥a du A da A dyy A dys A dys — sin(y1) x
x cos(y1) sin(y2)?g1a" gia¥ du A dz A dya A dys A dys — cos(yr) sin(yy ) x
x cos(ya)2g¥s? g¥3¥ du A dx A dya A dya A dyz — cos(y2) sin(ys) cos(y1 ) x
20,Az(u,t, 2)
V3

(F5")ia = —/det(gs;) (sin(y1) cos(y1) 915" 915" dt A dw A dyz A dys A dya+
+ cos(y1

X 91072915 du A dx A dyr A dyz A dya) + O(Ay(u, t, 2)?), (3.40)

sin(ya) cos(y2) 932 gig?* dt A dx A dyr A dys A dys — sin(y

2

Yiy1 YsYs X

97671 9157 dt N dx A dya A dys A dys — cos(y2) sin(yz2) cos(yi
20; Az (u,t, 2)
V3

(anag)ix = —/det(gs;) ( sin(y1) cos(yl)g?l’(l)y1 g?fgw dz Ndx A dys A dys N dys+
+ cos(y1)? sin(yz) cos(y2)gi2"2 g4 dz A da A dyy A dys A dys — sin(yp) x

)? )%
x cos(y1) sin(y2)*g{s” gio dt A dx A dys A dys A dys — cos(y1) sin(yr) x
X cos(yg) )

)

X 910 2 g1 " dt A dw A dyy A dys A dya) + O(A,(u,t,2)%), (3.41)

Y1y1 Ysys 2

x cos(y2)? 91671 91577 dz A\ dx A dya A dys A dys — cos(y2) sin(y2) cos(y1
20. Az (u, t, 2)
V3

The complete solution of the five form Fj in order O(v) is then

)
x cos(y1) sin(y2)? gl gla¥ dz A da A dya A dyz A dys — cos(y1) sin(y1) x
)= %

X 9167916 dz A dx A dyy A dys A dya) + O(Ay(u, t,2)?). (3.42)

Fs = (F"™8)" + (F5"%)° + (F5)' + (F5))°. (3.43)

One easy way of testing this five form solution is to compute F52, which turns out to be
zero. This is good news, since the Hodge star operator fulfills for any five form F':

F AxF = F20, (3.44)
where @ is the 10 form

w=dt Ndu Ndz Ndy Ndz A\ dy; A dys Adys A dyg A dys. (3.45)
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Since Fj is self dual in this order in o/, we thus have to get F2 = 0. It should be noted
that this, of course, does not hold on the action level, even in the lowest order in o/, since

0 10 2
(5, J vt ) (3.46)

does not have to vanish even if F; 52 = 0 after inserting its solution. Now let us think about
which directions of *F5 can actually enter (3.32). The only way A, can enter C37 and
C?T7? is through the fact that

Q% (F5|Au~>AM)
0A,

#0, (3.47)
Ap— A,
A,-dependent terms entering directly via the metric components present in the contractions
of C' and T, the Weyl tensor itself and the covariant derivative in (3.8). We claim that all
we have to care about, regarding *(Fs|4,_,4,) in (3.47) is
«(F5)° = (F5"*)% a5 a,) | *((F5)1a,5a,) = (x (B4, 4,)
(3.48)
We also checked this explicitly by computing the unsimplified contribution of *(Fj| A Au)

and explain in the following why this holds.

It is easy to see that this is true for the first term in (3.32). There, the argument that
T =0 for y =0 and A, = 0 forces all contribution of order O(A2), O(A,A,) or O(A,HA,,)
from #(F5[4,4,) to C?T? to be negligible in (3.32). But what about potential terms of
order O(A,04,) in *(Fs| A,—A4,) entering C3T? In fact, since the perturbation of the
metric by A, was chosen in such a maximally symmetric way, in order to avoid coupling
to scalars in order O(qyY), it is rather straightforward to check that the terms of order
O(Au0A,) from *((F5™*)' 4, 5,) cancel identically. Considering the definition of the
tensor T one sees that the terms *((Fgl)l‘AuaAu) of order O(A,0A,) only enter those
components Tgpedes, Where at least one of a,b,c¢,d,e is in {yi,...,ys}. The parts of T
coming from *((Fgl)luuﬁﬁu) in order O(A,04,,), have to be contracted with the Weyl-
tensor part of (3.32) computed from the v = 0-A,, = 0-metric. In this case the Weyl tensor
splits up block-diagonally into an AdS-part and a Ss-part, the latter of which is zero since
the 5-sphere is Weyl flat. Summing up the contributions of both terms in (3.32) to the
EoM obtained by variation with respect to A, one gets

16 .
§u3 (349¢%(Ay)r, — 1111 (u® — 1) 0u(Ag)i) + O(¥?). (3.49)

This term is rescaled in the same way as (3.31).

Now we have to solve (3.19) for the last 6 elements of (3.24). Again, as in the case
~v = 0, the strategy is to find closed diagrams such as figure 1, for which

(F5)tuyzy37 (FS)tuyZyu (FS)tuyzysa (FS)xy1y2y4ysv (F5)fcy1y2y3ysv (F5)xy1y2y4y4 (3‘50)

contribute to all considered directions of d * F5 on the right side of the diagram and no
more. After that one has to find all directions of Cy4 that contribute to these components
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of d * F5 and make sure that the directions of Cy on the left side of the diagram don’t
contribute to another direction of d * F5, otherwise expand the diagram and repeat. Let’s
assume we thereby collect a set of directions {a;b;c;d;e; fi}icr for which (d * F5)a;b,cidse: f;
with ¢ € I appears on the right side of one of the diagrams. This means that we have to

2~ 5W> }
d * orv 3.51
{ ( V=g 0F5 aibicidie; fi /) i€l ( )

in order to be able to solve for all needed directions of (3.19). What we have to keep in

compute the components

mind is that in this order in ~ the five form is no longer self dual, such that we cannot
simply skip one half of the diagrams and determine the remaining directions of Fy with the
help of the duality argument, as done in order O(7°). Since diagram 1 was found without
using that we are in order O(1"), we can simply reuse it now. But as said above we also
have to find its dual diagram, which is given by figure 2. Here the unlabeled arrows in the

diagram on the left and right depict derivatives. Due to (3.19) the nonzero directions of

2y W
d * \/'L 5F
the left hand side of the diagram. The form of the solution of the five form in order O (),

which gives the y1, yo-dependence of d * \2% g};v + O(4?) already illustrates, what becomes

determine the vy, ya-dependence of the components of Cy proportional to v on

more apparent once one calculated the

UTY1Y2YaYs, tTY1Y2yays, UTZY1Y4Y5, tUTY2Y4Ys5, TUTY1Y4Ys5, tTZY2Y4Ys,

txzy1Yays, UTZY1Y4Ys, TZY1Y2YaYs, tUTZY4Ys5—

directions of d * \/QLg}/fV + O(7?), namely that all directions of Cy on the left hand side,
which contain a y9 and all directions of d* F5 on the right hand side, which contain a y; and

no y2 can be ignored, since all are trivially zero in order O(vy!). More specifically we have

d * = 0(?) (3.52)
< \ 5F5 abcy1yays

forall a,b,c € {t,u,z,y,2,91,Ys,...,ys}. Before we turn to actually solving the differential
equations linked to this diagram, its dual and four further ones let us shortly address how

to compute the differential form % To begin with, one interesting observation is that

oW _ 1 <1 - *> i (3.53)

5F5 2 SF;
since only the self dual part of Fj is entering yW. This relation could be used to test
the result, once we have it, since it means that whatever we will obtain for g% has to be

anti-self dual. In order to vary W or more specifically

/d:ﬂlo\/TgWW (3.54)

we think of W as a map

W : Q3 (M) = C®(M) (3.55)
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*
(04)tyzy3 (F5)tuyzy3 > (*F5)xy1y2y4y5 > (d * F5)uzy1y2y4y5
>|<
(C)tuyys ' (F5)tyzyrys —= (F5 ) uayoyays (d* F5)ty ysyays
(Ct)uyzys (F5) tyzyzys (% F5 ) uzyn yark uzzy1yays

(C4)yzy1 tuyyrys *F5 mzy2y4 5 ‘@ tuxy2y4ya

(/ 5)
NG
"'(0’ *
(04)tyy1y ~ 5)tuyyoys — (*F5)J:zy1y4 F5) tuzyryays
(Cy) tyy2 " uYzY1y3 — — (*F5) tacyQy y ’ d* F5)tazysyays

(Ca)yzys /Q uyzyays — (FF5 ) tayryard F 5 ) tzzyyays
04)uyy1 \ Y2Y1Y2Y3 g *F5 luzy) Umylyws

(Ca)uyysys ‘ (F5)tyy1yzy3 (*F5 ) uzzys (d = F5 TZY1Y2Y4Y5

(04)yy1y2y3 — (FS)uyywzys —— (*F5)t:vzy4y5 (d* F5)tuxzy4y5

Figure 2. Depiction of the system of differential equations, dual to those of diagram 1. Contribu-
tions of off-diagonal elements of the metric tensor to the Hodge duals were left out for simplicity in

this figure, of course, they are included in the calculation. The right hand side of the diagram has

to be equal to the corresponding directions of d( * ;—l%‘;)

from the set of the 5-forms on the manifold M, which denotes the pseudo-riemannian
H el
manifold with metric (3.18), to C°°(M). In order to compute the component <§p}>

we take the limit

hm dz'%/= 7( [F5 + aF(u,t, z,y1,y2)dztt A - A dats] — W[F5]>, (3.56)

a—0 «

where we can already insert the O(y°)-solution of F5. We can interpret (3.56) as a
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variation of the functional
S: C°M)—-R

F s /dgc“%/—gny[F5 + Fdx" A -+ A dxts]. (3.57)

The argument, why we are allowed to assume that F' only depends on u,t, z,y1, y2 is the
same is in the case O(q"), alternatively one easily verifies that
oS 5295 oS

a“aauF =0 " 02 F

=0 (3.58)
for p € {x,y,y3,v4,ys5}. The results for all directions of gTWS needed to compute the EoM
obtained by evaluating (3.19) for the components corresponding to the right hand side of
diagram 1 and 2 in order O() can be found in the appendix. It should be mentioned that

f g% the components given in section A are all you need to

due to the anti-self-duality o
compute diagrams 1, 2. The other directions can be computed from those or vanish, since
we only consider EoM, which are linearized in A,.

Now let us sketch how to solve this zoo of differential equations. One important
observation is that the xyoysys-direction of Cy plays a crucial role. Considering which
components of %\; are zero and which actually give contributions to (3.19) shows that the
argument we applied in the first section, when discussing diagram 1, for why the zyoysys-
direction of Cy is the only non-zero one on the left hand side of diagram 1, doesn’t change

if we include o/-corrections. Thus, diagram 1 reduces to (3.59) in order O(a/3).

04 xy2y4y5 F5 toyayays — *F5 Uy2y1y3 d * F5)tuy2y1y3

d
F5 T2Y2Y4Y5 > >"F5 tuyy1ys

(F5)uzyayays —= (F5)tyzyrys

2y 6
(F5)ay1y2yays — (¥F5 ) tuyeys (d( * %g%))tuyzylm
(3.59)
Our ansatz for (C4)zysyays Will be of the form
. Ay +7C(u, q,w
(C1)ayayays = cos(yn)” sin(2y2) = 7 ), (3.60)

The y1, yo-dependence is dictated by the form of the components of (‘%‘; listed in section A
and the requirement that J,,A = 0. It is possible to find a similar simplification for its
dual diagram again obtained by analysing the y, yo-dependence of the relevant directions
of ng;' This has to be repeated for the remaining diagrams in order to solve the EoM for
the relevant directions of Fy, obtained by varying the action with respect to A,. However,
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this very tedious calculation can be abbreviated by an elegant shortcut, which we present
in the following, see also [18]. We took the effort to calculate the EoMs using both methods
to test our results.

There is also a slightly different approach to solve (3.19), which relies on the observation
that for every solution F3 also

F5+~F (3.61)

with
dF =0, d(1—%)F =0, (3.62)

solves (3.19) and fulfills that there is a four form Cy with dCy = F5 + ~F. Let F5 be a
solution of (3.19) with dF5 = 0. Considering the de Rham-cohomology of our manifold
shows that the EoM for the five form can be written as

27y (5W>

T )4
( P V9 0F;

= ydHy, (3.63)

for some 4-form Hy. Since g% is anti-self dual, also dH4 has to be anti-self dual. So
d(1 —*)dHy = 2ddH, = 0, (3.64)
such that we can choose F = —‘12@, set
Fy = Fs +~F (3.65)

for another closed solution Fj5 of (3.19) and thus get

2y W
F5 = *<F5 — ) 3.66
V=g dF5 ( )
The differential equation depicted in diagram (3.59) can be deduced from the tuyzys,
UTY2YaYs, txy2yays and zaxysysys-direction of (3.66). In addition it helps us to express the
tuyzys-direction of F5 by its xy1y2ysys-component and the appropriate direction of %.
In an analogous way this links the pairs

{(@xy1y2y3Y5, tuyzys), (TY1Y2Y3Y4, tuyzys) }, (3.67)

where it turns out that up to a different y,yo-dependence the directions tuyzy; with
i € {3,4,5} of F; are identical, the same is valid for their dual partners. This is great
news, since now we can reduce the entire coupled set of EoM for the 4-form components
and the gauge field A, to a rather simple system of two coupled differential equations
for A, and the zysy4ys-component of (4. Exploiting the relations between the directions
tuyzy; with ¢ € {3,4,5} of the five form and the analogous ones for their dual partner gives
after a tedious calculation

1 8\/ _gF52 _ 1670(’“7 q, w) 4(F5)tuyzy3
45! 8A;B 3u? \/gsin(yl)2 ’

(3.68)
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Applying (3.66) gives

C
(F5) tuyzys = V/—gg™ " g¥r¥* g¥2¥2 ghavs g¥ovs <4 sin(y1) cos(y1)® Sin(ZyQ)W\/’?zM
Ailen) )
- (= . (3.69)
—INOES ) ayyyays

Adding up everything we can finally write down the differential equation obtained by
varying with respect to A,. For this purpose let us define

Ag(u,2,t) = AY(u, 2,t) +7A (u, 2, 1) (3.70)
i d'k 5, —iwt+iqz
Al (u,z,t) = | —FA%(u,q,w)e 4 (3.71)
(2m)*

with A (u, q, w) =: (Az)k, k = (w,q). The EoM for (Al) is given by

2u ((-1+v?) +a?) 1
9% (AL — 9, (AL Al
WAoo T A T e ek Y g ey
x (—9216¢ u(—1 + u?) + ¢3(—3900 4 73507u? — 145342u + 75735u8) + 15(520
—1061u> + 435ut) %) (A% — 2(—1 4 u?)(96C (u, ¢, w) + u®(—1 + u?)(3900

— 23846u? — 23040¢%u® 4 675ut)d,(A%);)) = 0. (3.72)

(u’®

q

2ry”

temperature T is given by rj, = 7T (1 — 22~ 4+ O(+?)). If we introduce in (3.72) rescaled

variables @ = 27% and § = 52 we obtain a differential equation whose characteristic

exponents simplify to :l:% also in order O(vy). From diagram (3.59) or the tuyzys, urysysys,

where @ = 2‘;7, q = The coupling corrected relation between horizon radius r;, and

txyaysys and zxysysys-components of (3.66) we obtain the differential equation
2u G (—1 4 u?) + w? 1 (

—1+ u? u(—14 u?)? 48u?(—1 + u?)?

X (=1 +u?) + ¢2(—3900 + 116931u? — 260414u* + 147383u) + 3(2600 — 109691

+ 7839u)?) (A + 2(24(—2 + 2u® + GPu(—1 + u?) + u?)C(u, ¢, w) — v (=1 + u?)

X (u(—1 +u?)(3900 — 36702u” — 32480G%u> + 20895u*)9, (A%) — 24(2ud,C(u, ¢, w)

+ (-1 4 u*)92C(u,q,w))))) = 0. (3.73)

O3 (Ag)r + Ou(Ap)r + (Az)r + u’(~9216"w’

The boundary conditions of these EoMs are that A, and C, respectively the xy1y2ysys-
component of the five form, have to be infalling at the horizon. The zeroth expansion
coefficient of the near horizon expansion of A, /(1 —u)~ 2 can be set to 1, since it doesn’t
affect any physical observables on the boundary due to the form of (4.1). The missing
condition is that C(u,q,w) has to vanish on the boundary, which is a regular singular
point of our small system of EoMs. More explicitly this can be obtained from the two
different possible boundary behaviours of C(u, ¢,w) given by

C(u,q,w) = % + (’)(u_l) and C(u,q,w) = uCy + (’)(u4), (3.74)
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extracted from the near boundary analysis of the differential equation obtained by
subtracting (3.73) from (3.72). Equation (3.72) shows that the former choice would lead
to a gauge field A;, which diverges at the boundary. This means our missing boundary
condition is that

C_5=0, (3.75)
which in this case implies that C_; = ...Cy = 0, such that C(u,q,w) = u3>C3 + O(u?).

4 Results

Let us now turn to determining o/-corrections to several observables such as the conduc-
tivity, photoemission rates, quasinormal mode spectra as well as in and off-equilibrium
spectral densities. These were first computed in [9] using the results of [1-3], which we now
argue to be incorrect. Consequently also the results for observables, which can be found in
the literature, computed with the «-corrected EoM for gauge fields change. The differences
are quite substantial and are caused by several disagreements: most importantly a missing
factor 4 in front of some components of the five form, when working in Euclidean signature,
several missing terms, when computing the Hodge duals, coming from the off-diagonal el-
ements of the metric tensor, and the fact that the five form used by the authors of the
papers [1-3] did not solve it’s o'-corrected EoM. Note that in Euclidean signature there
is no self duality, since the Hodge star operator squares to —1 there, such that self dual
five forms transform to imaginary anti-self-dual forms *F5E = —iF5E . Continuing to work
with (1 + *)F; 561 implies that the five form doesn’t square to zero anymore, which means it
doesn’t even solve its EoM in the lowest order in /. Also the Lorentz-signature version of
the coupling corrected five form given in [1-3] is not a solution of (3.19).

4.1 Quasinormal modes and their coupling corrections

Quasinormal modes (QNM) describe the response of the system to infinitesimal pertur-
bations. In our case these perturbations correspond to tiny twists of the Ss-part of our
geometry, from which we deduced the o/-corrected differential equations (3.72) and (3.73)
for gauge fluctuations. The spectrum of the complex QNM-frequencies w is the discrete
spectrum of frequencies, at which the propagator of A, has poles. The negative inverse
of the imaginary part of w gives the thermalization time 7, such that one can expect that
increasing « or decreasing the 't Hooft coupling will decrease the absolute value of the
imaginary part of each QNM frequency w. Following [6] one can calculate the retarded
propagator for transverse fields 11| with the help of the prescription

N27? (AL))
M, =— li k, 4.1
* 8§ w0 (Ag)y (4.1)
such that

Ce =PI +PL A, (4.2)
with P, = nu — k,’;#, Pf; = 0ij — % and zero elsewhere, PML,/ =P, — PEV. Here O}

denotes the retarded electromagnetic current-current correlator
cret = i / ALz Q1) (I (), T (0)]). (4.3)
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In the following we will present several techniques with which we can extract the o/-
corrected spectra for different values of ¢ using (3.72) and (3.73). Independent from the
approach used the first information about the solutions we have to exploit is their near
horizon behaviour

Ad(u,§,0) = (1 —u)~ 2 ®%u, 4,) 4.4
AL(u,4,0) = (1 —u)~ 5 @ (4,4, @) 45
Clu,4,0) = (1 —u) ™% ®2(u, 4, @) (4.6)

Let us start with an easy way to solve (3.72) and (3.73) with this ansatz, where the prize
we pay is that the precision of our results scales more or less logarithmically with effort.
We simply expand the resulting differential equations around the horizon and require them
to hold order by order in (1 —u). By going to sufficiently large orders and demanding that

3°(0, ¢, ) +2(0,¢,@) = 0, (4.7)

we can extract the o/-corrected spectra for arbitrary values of ¢.

Alternatively, we can apply spectral methods to reduce our system of differential equa-
tions to a generalized eigenvalue problem. For this purpose we use the same notation as
in (4.6) and subtract (3.72) from (3.73) to end up with a differential equation only con-
taining ®° and ®2. We set &2 = u®? and

iw

Az‘(ua (j’ d)) = (1 - u)77(1)(u7 ij dj) (48)

and obtain after an expansion in ~

—o 24 dul +iu?(4i + 0) , « 1 .
029? D, ®? 24 + u?(8 + 4% — 10i
<u + p— . +4u2(—1+u)(1+u)2( +u(8 + 44 i
2
— 302) + 4u(6 + ¢2 — it — ©2) — uB(—8 + 6id + ©2))H? + m( —i((3214
+ 3214u — 5055u? — 5055u> + 4248 4 8G%(—1357i 4+ 295ud + u*(2239i + 295w))) P
—2(—1 + u?)(—3214 — 23604%u + 5055u2)8u<13))7 = 0(v?) (4.9)
and
520 — (W + u(2i + w))auq) N 462 (1 + u) — w(4w + u?(2i + W) + u(2i + 3w)) o
—1+u? (4(=1 +w)u(l +u)?)
+ m ((—9216* " + i(3900u” — 23846 + 675u5 + 675u" + 30u*(130 + 313iw)

+ ut(—23846 — 6525ib) + 159000 ) 4 % (1590 + 3900u® — 69607u’ + 45u°(1683
— 512i1) — 23040iu51))® — 2(960? + u?(—1 + u?)(3900 — 2384612 — 230404°u>
+675ut)0,®)) = O(7?). (4.10)

We can solve ®° for a given value of & at a certain § using spectral methods almost up
to arbitrary numerical precision, due to the simplicity of the order O(y")-EoM. It would
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Gg=0 v=0 O(v1)-correction Gg=1 y=0 O(~4)-correction

1. QNM | 1—i | v(646.132 — 207.258/) 1. QNM | 1.54719 — 0.84972i | ~(298.289 + 208.678i)

2. QNM | 2 —2; ~(4896 + 495.57) 2. QNM | 2.39890 — 1.874341 ~(2357 + 19164)

Table 1. The first two QNM frequencies at ¢ = 27T (right) and ¢ = 0 (left) normalized by 27T
and their O(7)-corrections, which turn out to be more than one order of magnitude smaller then
found in [9], which was based on the EoM derived in [1-3].

even be possible to find analytic solutions in the lowest order in -, but for our purposes
an approximation by Chebyshev-cardinal functions is sufficient, if we choose the order
sufficiently high or the Gauss-Lobatto grid sufficiently dense.

We also approximate ® and ®2 in the following by a truncated expansion in cardinal
functions on a Gauss-Lobatto grid

()

on the interval [—1,1] for 2u — 1, u € [0, 1], respectively with a grid

{1—605(7}\;)} (4.12)
2 nef{0,...,M}

on the interval [0, 1]. More explicitly we set for a certain value of ¢

M
U(u, &) =Y af (@)e(i, 2u — 1), (4.13)
=0

with ¢(i,x), * € [—1,1] being the i-th cardinal function for the grid (4.11) and ¥ €
{® , ®2}. Now we can bring (4.9) and (4.10) into the form of a generalized eigenvalue
problem for w, if we truncate the differential equations after the first order in +. In the
next step we also put v on a appropriate Gauss-Lobatto grid and solve the generalized
eigenvalue problem for each grid point. At 7 = 0 the slopes of the resulting curves of
partially resummed poles for different values of « in the complex plane gives us the O(y!)-
coeflicient to the corresponding A = co-modes. For the first modes these curves are depicted
in figure 5. By going to sufficiently dense grids we obtain identical values as with the simpler
Frobenius-method discussed above.

4.2 Finite coupling corrections to the plasma conductivity and photoemission
rate

In order to compute the spectral density respectively the photoemission rate and its finite
coupling corrections from our transverse field A, we simply need the retarded Greens
function, or more precisely its imaginary part. The transverse components of the spectral
density are given by [7, 9]

x1 = —4Im(IT, ). (4.14)

- 29 —



Jm(w)

Figure 3. The first QNM frequencies at ¢ = 27T (right) and ¢ = 0 (left) normalized by 27T for
A = oo (blue) and their O(y)-corrections for A = 500 (red) and A = 300 (brown).

From the low energy regime respectively the first order coefficient of (4.14) in ¢ with
lightlike momentum we can immediately read off the correction to the conductivity. The
correction factor to the differential photon production rate can be computed via the relation
between the spectral function x and the Wightman function [9]

(4.15)

wa = n(k)XlW(k)’

with n(k) = 1/(eT — 1), such that
dl'  aemn(k)
— = ———2kxh. 4.1
To obtain the low energy limit of (4.14), more specifically the finite coupling correction to
the conductivity, we only have to solve (3.72) and (3.73) to order O(y) and O(@). In this

case the solution for C(u, ¢,w) is simply
95u  959u°  337u’
—( e >8UA2+0(0J2),

(4.17)

which means that our EoM for A, simplifies drastically to

(160, Ay +7(920 — 7970u2 + T275u* — 225u8)9,4,) = O(v2,&?) (4.18)

PAg+— e
Here it suffices to apply Frobenius methods, since after only a couple of orders in (1 — u),
we obtain stable results. We expand the functions A, at the horizon

K

Ar=(1—w) 5 Y (@il —w) +4bi(1 —u)), (4.19)

=1

with K sufficiently large. Inserting this ansatz into (4.18) and solving the resulting equation
order by order in (1 — u) as well as order by order in  and only up to order O(w) gives
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us a low energy approximation of the solution of A, near the horizon. We continue this
computation until we have reached a K for which the numerical results for the conductivity
and its  correction stabilize. We counterchecked our findings by calculating A, from (3.72)
and (3.73) with the help of spectral methods and took the low energy limit of (4.14). For
the spectral density in the low energy regime and lightlike momenta we find

w=q

X1

_ 17 <(1 + 1257)q+0(q2)> +O(?). (4.20)

This means that the conductivity o gets a y-correction factor of (1+125+). This is identical
to the finite coupling correction factor for the photoemission rate at 1 > w, which coincides
with the expectations of [7] for the low frequency limit, which predicted a growing behaviour
for decreasing 't Hooft coupling in this regime.

Let us now turn to the large w calculation. This is interesting, since originally the
authors of [7] expected the photoemission rate to decrease with decreasing A. However, the
authors in [1-3] found a correction factor of (1 + 5v), which would indicate the contrary
behaviour. Thus we want to see if this behaviour still holds, when using the correct
EoM. We choose to determine the functions ®°, ®!, 2 as an approximation in cardinal
functions and compute the large w limit numerically in the zero-virtuality case w = q. By
using sufficiently large Gauss-Lobatto grids we find the following large-q behaviour

22 95/67( 2
vt SNEEED (0 soaonir ) vor,
I'(3)
where dots stand for terms of order ¢* with a < % In the same way as before we can read
off the correction factor to the photoemission rate from this result.

We now want to compare our small and large w limits with the analogous ones for
the spectral density in the spin-2 channel. A quite similar calculation there (as obtained
in [8]) gives for 1 > w a correction factor (1 + 135y). We performed a numerical large
w analysis of the spectral density in the lightlike case also in this channel and obtained a
correction factor of (1—222v) there (actually our result was of the form (1—~96.66666 . ..7)
with sufficiently many digits that we can write %). To sum up we find a quite similar
behaviour of the ~-corrected spectral density and photoemission rates in the spin 1 and
spin 2 channel, whose sign of the correction factors coincide in both limits with the intuitive

expectations, respectively the expectations of [7].

4.3 Finite coupling corrections to the off-equilibrium spectral density

Let us finally turn to determining the ~-corrected on-shell photoemission spectrum in the
off-equilibrium case. For this purpose we consider the simplified setting of [9]. There,
the authors consider an infinitely thin shell, collapsing towards its horizon in the static
coupling-corrected AdSs-background. It is assumed that the shell is collapsing so slowly
that its radial motion can be neglected. Let us start with the v = 0 case. The motivation
for the form of the metric we use is given by Birkhoff’s theorem, stating that outside of
the shell the solution for the Einstein equations is the AdS-Schwarzschild metric, whereas
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inside of the shell we have a pure AdS-space. This implies

2
1
ds® = % (f(u)dt2 + da® + dy* + sz) + e du? (4.22)

w2 f(w)
flw) = {f -

with

1 if u > ug
(4.23)
fr(w)=1—u? ifus>u.

and ug = :—é, where 75 is the radial position of the shell. Requiring that the metric, solutions
for fluctuations etc. are continuous at the position of the shell will give us junction or
matching conditions. In order O() the metric outside of the shell will be (3.18), whereas
inside of the shell we have no coupling corrections at all [8]. From this we can immediately
read off the matching condition for the frequency

Wy = w_+/U(us)us, (4.24)

by comparing the prefactors of dt? in the line elements inside of and outside of the shell.
Here and in the following subindices 4 denote quantities outside of the shell and subindices
_ inside of the shell. From the requirement that the metric has to be continuous, it follows
that dey = dxr_ and the same for y and z. The calculation we perform in the following
is identical to the one, where we require the continuity of the gauge invariant combination
wA,. For everyone, who doesn’t want to work with A, instead of £ = wA,, can think of A,
which is the notation for the transverse gauge fields we use in the following, as A = wA,.
Since we have t_ = /U(us)ust+ and since we require A to be continuous at the shell
position, we obtain

Ay (u, z, t)‘u:uS =A_(u,z,t U(us)us)|u:us, (4.25)
thus
A —iw4t A dt —lw_t 4
A+(u,q,w+)\u:us = [ dte A (u, Q7t)‘u:us = We A_(u,q,t)\u:us
_A-(wgw) (4.26)
U(Us)us u:us’

where functions with tilde Ay and Ay stand for the Fourier transformed ones. In the
following we will write simply A for A and A and indicate to which functional space A
belongs by the variables it depends on.

For derivatives in ¢-direction things are similarly easy. We have

1 1
O A_(us, 2,t_) = —=—==01, A_(us, 2,14 \/U(us)us) = ——=——=0s, Ay (us, 2,14).

\/U(us)us U(us)us
(4.27)

For derivatives in u-direction the junction condition turns out to be slightly more difficult
to derive. Inside of the shell the EoM for A_ is given by
265 ) W% — ¢?

O2A_(u,q,o) + (1 +g

A (u,4,0) =0, (4.28)
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where the y-correction merely arises due to the modified relation between r, and 7. Outside
of the shell the O(7°) part of A is a solution to (2.16), the O(y!) part is a solution to (3.72).
From the continuity requirement of C(u,q,w), or the zyaysys-component of Cy, we can
derive a relation for (C4)gy,y.ys analogous to (4.26). Inside of the shell we have
4. A_
(Ca)zyayays)— = cos(y1)” sin(2y2) —=, (4.29)

V3

such that at u = ug

(o) = cosl) sin2m) 2| (1.30)

which means that the contributions of Cy to (3.72) vanish on the surface of the shell.
Therefore, at u = us; we can write the EoM for A4 as

0= aiAJr(uadﬂ'DJr)‘us + f—}—(usa ijerv’Y)aUAJr(u’ (jvdur)‘us + f—?—(usv Q7w+77)A+(u7Q7d)+)

us’
(4.31)
whereas for A_ we have

OpA_(u, g, @), + f-(us,§, 0, M)A (u,4,0-)], =0, (4.32)

with f}L, f?r and f_ chosen appropriately. Using (4.27) gives

. . 265 \ &% — G f2 .
f—(u57 q,w_,’y)A_(u,q,w_) Us — (1 + 8’Y> %A'F(“’Q’W'F)’us’ (433)
m

with f,, = /U (us)us. We now perform a coordinate transformation such that the EoM
inside and outside of the shell are of the same shape. For this purpose we choose @(u) such
that 2 di

TUQ; + ﬁfi(w—au,’%(ﬂ =0, (434)
outside of the shell and @ = w inside of it. The EoM in this new coordinate reads outside
of the shell

0= 8121/4"!‘(“’(71)7 q, d)-f-a 7) + f+('LL("L~L), q, dj-l—a V)A'f' (u(ﬂ’)v q, d)-i-v ’Y)v (435)
with
~ . du\ 2 9 A
f+(u(u)7Q7w+7/7) = % f+(u(u)7Q7w+77)' (436)
We can read off the junction condition for 9, A4, by considering
Us+€
0iA— — Oz Ay = lim D2A =0, (4.37)
€E—> Us—€

which can be achieved by choosing

(ZZ) = \/(usf%)ﬁ(us’dw <1 - 216(?7>. (4.38)

wi — 2 f3

U=Usg
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By an analogous computation as in (4.26) we obtain

OuA_(u,3,0)| = fm\/ @J&)W <1 - 216657)6 Ap(wd,00)| - (439)
In the lightlike case this explicitly means
VU (u <\/1 —u2 — %( 2\/1 —u2(53692 — 136807u? + 75735u? + 9216u >
— 9216u§’w2))7> OuAL (u,@3)| = [l fmOuAr(u,&04)| = 0uA_(u,@_)| ,  (4.40)

with
f=+/1-u2 <1—916(u§(53692—136807u§+75735u;1+9216u5u§2—9216u§’ﬁ)2))’y>. (4.41)
Outside of the shell we have both ingoing and outgoing wave solutions, so that we write
Ay (u,qg = w) = cinAin(u, ¢ = W) + Cout Aout (U, ¢ = w), (4.42)

whereas inside of the shell we only have ingoing modes. From the matching conditions
deduced above one obtains the following relation

Cout f;YnA—auAin — Ain0,A_

Cin T f%Afaquut - AoutauAf

(4.43)

At this point we can perform a non trivial check of our calculation, since obviously < — (
for us — 1 should hold. The outgoing solution of A inside of the shell for general virtuality,
expressed by w4 =: w is

A (u,4,0)=va (Jl (zw <1+216657> O q/w)u> Y, <za (1+21665fy) (s q/w)u) )
(4.44)

with
2

c(us, q/w) = (U(l -~ q>. (4.45)

us)us  w?
Setting ¢ = w, inserting the solution above into (4.43) and taking the limit us — 1 actually
gives 24 — 0 both in order O(7°) and O(y') as expected.
The coupling corrected off-equilibrium spectral density is given by [9]

. N2T? 265 Oy Ay
X (@, us) = 9 <1 - 87) Im < A ) . (4.46)
with / Oy Aot + O A
A Coiu u<lout u41in
I + = Im( G~ . 4.47
m(A+> =0 m( Cout Aout + Ain > u=0 ( )

Cin

As in [9] we compare the cases us = 1 and ug = Wlth rs > 13, by calculating the quantity

R(@, uy) = X& () >§( D) (4.48)
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20 40 60 80 10 20 30 40 50 60 70 80

Figure 4. The function R, plotted for r, = 1.1 on the left side and 7, = 1.01 on the right side.
In both pictures the solid red line represents the A = oo limit, whereas the dashed blue line shows
the O(y!) corrected results at A = 300.

Figures 4 demonstrate that even with the new EoM for transverse gauge fluctuations
including v-corrections, the results of [9] regarding the behaviour of the off-equilibrium
spectral densities didn’t change on a qualitative level.

4.4 A partial resummation of the expansion in ~

So far we have considered corrections to several observables, related to y-corrected gauge
fields on the gravity side or the current-current correlator on the field theory side. We

3_corrections

are clearly not allowed to go to very small values of ), if we only consider o
and ignore higher ones, since e.g. the QNM-spectrum will unavoidably bend upwards and
eventually, at a A-value that is sufficiently small, cross the real axis. However, there is a
technique, which would in principle allow us to go to arbitrary small values for A, without
witnessing unphysical behaviour like poles with positive imaginary part. The idea is to
treat the O(vy) differential equation for A, as its complete EoM and calculate exactly in
~ henceforth [11]. This is equivalent to computing all higher order corrections to certain
quantities like QNM, which arise only from the O(~)-part of its EoM and resum those
contributions. The results obtained hereby should be interpreted carefully. In no way is it
guaranteed that we get even close to the real values at very small A\, but since even higher
derivative terms to the type IIb action are not explicitly known so far, this procedure
delivers the best results for small A, which are available at this point.

For the QNM-spectra the calculation was already explained in section 4.1. For a
given value of ¢ and ~ using spectral methods we reduce (3.72) and (3.73) to generalized
Eigenvalue problem for w and repeat the calculation for points of a sufficiently dense grid,
on which we have put «. The endpoints of this curve are v =0 and v = @(11.3)_%, the
latter of which corresponds to the value of A naively obtained from the QCD-limit oy = 0.3
and N = 3. For § = 1 and ¢ = 0 these results are displayed in figure 5. Technically it is
possible to go to arbitrary small values of A\, regarding the curves in figure 5. However, the
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Figure 5. The flow of the first 3 QNM frequencies, normalized by 27T, with the 't Hooft coupling
between A = oo and A = 11.3 = 4was N, with N = 3 and a; = 0.3 computed in the resummation
scheme [11] with ¢ = 0 (left) and § = 1 (right). The slopes of the curves at v = 0 give the first
order corrections 4.1.

-1

—-1.5 ¢

—2.5 ¢

Figure 6. The first QNM frequencies at ¢ = 27T (right) and ¢ = 0 (left) normalized by 27T for
A = oo (blue) and their O(v)-corrections for A = 150 (brown) and the resummed poles also taken
at A =150 (red).

exact size of the A-interval in which the resummed poles still are reliable results is unclear,
such that going to A = 11.3 already is quite daring. Throwing all caution aboard and
analyzing the resummed spectrum for values of 1 > A makes the poles align near the real
axis with very small but still negative imaginary part.

5 A surprising observation

In section 3 we derived the higher derivative correction to the EoM of gauge fields A,.
Everything followed strictly from the v-corrected type IIb action. Now we will try a dif-
ferent approach, which is calculationally much easier but not mathematically well justified
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without further insight. Surprisingly, however, it gives identical results regarding the O(vy)-
corrections to the conductivity, the QNM, the photoemission rate, etc. It should be noted
that the ~-correction to the off-equilibrium spectral density, see figure 4, differ from the
actual results obtained in the previous section. This suggests that this prescription might
only be valid for in-equilibrium quantities, which can be computed from the gravitational
propagator (4.1). Still even such a limited validity is not understood.

There are good reasons to assume that the prescription of inserting twice the contri-
bution of the magnetic part of F5 to 4%’2, back into the action and varying with respect to
A, hereafter, which is valid in order O(7?), is simply wrong in order O(y!). First of all
the five form Fjy loses its self duality in order O(y!). The “doubling” of the contribution
of the magnetic part in the action comes from exactly there. Second and even worse, we
now have further highly non-trivial terms vW containing (14 *)F5 and derivatives thereof.
Therefore it is not only highly doubtful whether the prescription regarding the five form,
which we are used to in order O(7?), is still working. It is not even clear how exactly it
should look like. Still one intuitive ansatz one could try is the following:

Take the solution of the magnetic part of the five form obtained in order O(5°) and
look at its dependence on the metric components g"” and A,. Insert the o'-corrected
background metric given in (3.9). Choose the L(u)-prefactor of certain components of
your resulting form in such a way that

dF™% = O(+?). (5.1)

Explicitely this means

4
(FE"*8)0 =4 /det(gs, )dyr A dya Adys Adys Adys + L)y V/|det(g10)|v/|det(gs)]
X <g§%g%6*g%’3 91 g5 dyr Ndya Adx Adya Adys + gih gt gt g1d’ 955 dyn A dys

x

Ndys Ada N dys + 910915 910 916° 976 dyr A dya Adys A dya A dw> : (5.2)

Fmag 1 )
(Is/(u))‘;m = —+/det(gs;) (sm(y1) cos(y1) g1 g5 du N da A dys A dys A dys

+cos(y1)? sin(ya) cos(y2) g2 g¥a¥ du A dx A dyy Adys A dys —sin(y;)

x cos(y1) sin(y2)2ga?  g1a¥ du A dx A dya A dys A dys — cos(y1) sin(y1)

X cos,(yg)Qg]?l’(l)y1 910V du Ndx A dya Adys Adys — cos(y2) sin(ys) cos(y1)?
2

X g0 g1V du Ndx Adyy ANdys ANdya) (20, Az (u,t, 2)) + O(Ag(u,t, 2)%),  (5.3)

Fmagy1 ‘
(I‘j’(u)it‘r = —/det(gs;) (sin(y1) cos(y1)gip?" 915" dt Adaz Adys Adys A dys

+cos(y1)?sin(y2) cos(y2) g1 g¥g  dt Ada A dyr A dys A dys —sin(yy

Y1y1 Ysys 2

x cos(ya)?gis?t g¥3Y dt A dx A dya A dyy A dys — cos(ya) sin(y2 ) cos(y1

)
x cos(y1) sin(y2) 2 g3  g¥a¥4 dt A dx A dya A dys A dys — cos(y1) sin(y1)
)
x g¥2Y2 g¥sYs dt N da Adyy A dys Adys) (20, Ay (u,t,2)) +O(Ax(u,t,2)?),  (5.4)
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Fmagy1
W = —+/det(gs;) (sm(y1) cos(y1)g48" g% dz A dz A dys A dys A dya

+cos(y1)?sin(ys2) cos(y2) 910 g¥5 dz Ndx Adyy Adys A dys —sin(y;

Y1y1 Ysys 2

x cos(ya)?gis? g¥3Y° dz Adx A dya A dys A dys — cos(yz2) sin(y2) cos(y1

)
x cos(y1) sin(y2)2gla" g¥a¥ dz Adx A dys Adys A dys — cos(yi ) sin(y1)
)
x g¥2Y2 g¥sY5 4z Nda A dyy Adys Adys) (20, Az (u,t,2)) +O(Az(u,t,2)?),  (5.5)

and
Fm = (F)° 4 (F5™) i + (F5"%) 10 + (F5" %) (56)

uxr
Here gs, denotes the metric of the five sphere, g19 the 7-corrected metric of the entire
manifold (3.18) and g5 the y-corrected metric of the internal AdS space. Now replace the
F2-term in the action with two times (F™%)? and insert the O(")-solution of Fj into
the higher derivative term YW of the type IIB SUGRA action. The result will be the new
action for A,. Considering the prescription above we get together with
1 magy2 8 2
a5 ) T Ty T 3Ly

the following result for the part of the action depending on A,, which doesn’t contain

F F (5.7)

higher derivative terms

/d%ﬁ( ()2+ 2 6>FWFW. (5.8)

2,%10 3L(u)

The term L(3) comes from the curvature scalar R1g. Again we only considered transverse
fields A, respectively its Fourier transform (A;)g, with & = (w,q). The result for the
yW-part of the action given up to order O(A2) is

d*k
dPO0r/det gioW = ’yVOI 55 / W (Aw(Ax)IkI(AI)_k + Bw(Az);g(Ax)/_k

87“h
+ O(?) = yvol(S )/ 'k (5.9)
=YV el .
gl ol(s) | gty
where the primes ’ stand for 9, and the functions Ay, By, Cw, Dw, Ew, Fy are given by
Ay = 4;‘ (41@(1 —u?) — 172w2> (5.10)
2u° 3 ~2 2 ~2
By = 5\~ 803u + 1563u” — 216¢“(1 — u”) — 72w (5.11)
Cw = At G2(167 — 416u? + 249u?) — 590% + 511u20> (5.12)
9(1 — u?) '
9 3
Dy = 9(&7%2)2 ( —90¢%u(1 — u?)? — &2(270 — 441u* 4 99u* + 208ui?) + ¢
x (1 —u?)(162 — 315u* 4 153u* — 134uw2)) (5.13)
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Ew ===~ (1 —u?)? (5.14)
2
Fy = 09“ <37 — 15002 + 113u > (5.15)
We already used the definitions & = = 50~ + O(7) and ¢ = 317 = 51+ O(y) here.

T
Together with (5.8) equations (5.10) (5.15
up to second order in (A;) .

5) explicitly give the O(v)-Lagrangian for (A, )

1 ‘52(1 - U2) - &? ou -2 9 2 4 -2 6
L==((A)r(As)_ —104%u® — 197 207
2(( )k(Az) k( ol — D) +78(1_u2)( qu qu” +207q"u
5
— 1300°% — 120u2%% 4 274u'® )> + (A)1(Ag) (1 —u )<1 +76 ( — 260u>
— 235t + 553u6)>> + Ll (5.16)
w1thw-—andq-—

2rp °

In the next step we derive the y-corrected EoM for our gauge field (A, ) by varying
the action with respect to (Az;)r. We do not want to focus on boundary terms here but
merely on the resulting EoM for (A;);. This simple exercise gives

2(A)k (¢% (u? — 1) + 0?)
u(u? —1)

2 (u2 - 1) (Ax)lkl + 4U(A$);€ + - ’VH((Aac)k) = O(’YQ) (5'17)

with

H((Az)k) =

m ((u2 —1)? <u(A ) (—8576G%u® + 128u> (6742 + 20847)

+ 1398243u® — 1740092u" + 459685u* — 11700) + 4(A,),(—15008G%u°
+ 160u3(67¢% 4 208%%) + 401046uS — 373722u* + 60325u2 — 5850)+

+13312(u% — Dut(u(u? — 1) (A" + 4(5u* — 3) (A, )’”)) + 2(A,)1(2880
x Gl (u? — 1) + ¢*u? (u? — 1)(21507u* — 31105u% — 4288uw? + 9598)

+20%(30085u° — 75057’ + 3328uw? + 55359u” + 2925))) : (5.18)

Exploiting that we have
2u(Ay)l  (Az)k (6% (v? — 1) +?)

(Ax)/ki + (u2 — 1) + w (u2 _ 1)2 = 0(7) (519)
reduces (5.18) to
~VH((A)y) = ﬁ ((A Ve (—27648¢* 43 (u2 — 1) + ¢2(370501u° — 666170u*

+ 307369u? — 11700) + 92 (5951u* — 9081u? + 2600)) — 10(u? — 1)?

x (—17600¢%u® 4 8493u* — 194500 + 2340)(,45,;);) +O0(+?). (5.20)
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To simplify this further we define

54 (=7040¢%u® + 2831uS — 9725u* + 234012 1
S(u) = (=7040g ) 4 , (5.21)
288+v/1 — u? V1 —u?

so that with

U = (Az)r/%(u) (5.22)
we end up with the following EoM
—¢%(1 —u?) + @2 vy
0= ot - — 27648¢%u° + G2(—157499u5
+ ( u(l — u2)? 14du(1 — u2) T+ 0 “
+ 56331ut + 11700u? + 4770) + 297255u" — 698575u° + 53559u*? + 326850u°
— 28170uw? — 11700u — 4770w2> ) (5.23)
where we already used the v corrected relation between the temperature and rp,
265
=7aT(1—-— — . 24
m=nt(1-2) (5:24)

From this differential equation one obtains identical «y-corrections for the conductivity, the
photoemission rate and the QNM spectrum for all values of ¢ considered. We want to
highlight that this is firstly almost certainly not a coincidence and secondly comes very
unexpectedly. On the one hand this coupling corrected differential equation (5.23) should
be taken with a grain of salt, since unlike (3.72) and (3.73) it doesn’t follow mathematically,
but by intuitively extending a calculational prescription into a regime, where it actually
shouldn’t hold anymore. On the other hand, since especially the coupling corrections to
the QNM are identical in both our calculations, one could argue that it isn’t a surprise
that other quantities coincide with what we found previously. This is because the QNM
govern huge parts of the behaviour of our system.

6 Discussion

In this paper we rederived the finite coupling correction to the EoM for gauge fields and
corrected several mistakes found in the literature. We have computed finite coupling correc-
tions to the photoemission rate, the electrical conductivity, the QNM spectrum for different
momenta and (off equilibrium) spectral density of a N/ = 4 SYM plasma. We analyzed
the behaviour of QNMs for realistic values of Ay yooft using the partial resummation tech-
nique starting from the full O(a/3)-corrections to the SUGRA action. We saw that in both
the large and small energy limit the corrections to the spectral function respectively the
photoemission rate behave as expected from (perturbative) weak coupling calculations [7].
Interestingly we found that the term in the EoM for coupling corrected gauge fields (3.72)
governing the large w behaviour, whose existence is crucial for the right behaviour of the
photoemission rate in this region is precisely the same as in the spin-2 channel.

The resummation technique, which in principle is an approximation using the assump-
tion that the correction terms to (3.72), (3.73) of order higher than O(a’®) are small,
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Quantity oY) O(+1) Reference
s(3mN2T3)7! 1 157 [12]
n(gTNZT3)™! 1 1357 8]

drn/s 1 120y 8]
o (fapmN?T)~! 1 1255 This work
wihear(q = 0) (2nT) ™ | 2.585 — 2.382i | (1.029 4 0.9574) 10* [16]
wEM(q = 0) (27T)~! 2—2i (4.896 + 0.4954) 103 | This work

Table 2. A collection of results for the zeroth and first order terms in the expansion of various
thermal observables in powers of v = %C (3))\*3/ 2. Results are shown for the entropy density s,

shear viscosity 7, viscosity to entropy density ratio n/s, electrical conductivity o and the second

quasinormal mode frequencies, wQEM and w%he"”, at zero wave vector, for the electromagnetic current

and shear channel of the stress-energy correlator, respectively.

whereas the first order correction approximates real physics by assuming that the higher
order corrections to the quantities of interest themselves are small, can also be applied
in an analogous way to the conductivity. For A = 11.3 = 47 Nog|n=3,4,=0.3 We obtain a

resummed value of

o = 0.29082¢°T. (6.1)

This can be compared to results of hot QCD lattice calculations. For temperatures above
T, the authors of [14] found ¢ ~ €2T'(0.4 4 0.1). More recently this could be improved to
o ~ €2T(0.3140.05) for T > 1.75T., see figure 10 in [15]. Without any coupling corrections
the conductivity is given by

9 o 2
To0 = Tg—€ T ~0.179e°T. (6.2)
In conclusion the coupling corrected and resummed result comes noticeably closer to hot-
QCD lattice results.

In the last part we note a surprising observation. If we naively extend the prescription
valid in O(y") to the O(y') case, which leads to a quite different EoM for A, than our
strict derivation in section 3, we still obtain the same corrections to the QNM-spectra,
the conductivity and the photoemission rate in both the large and the small w limit as
in section 4. However, the results for the off-equilibrium spectral density were different.
It certainly would be interesting to understand why one obtains correct answers for the
equilibrium observables we calculated, because, although still tedious, the calculation is
significantly easier than the one in section 3.
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A Variation of the higher derivative terms with respect to the five form

34 : uP
<51/V> :’Ycos(yl) sin(y1 ) sin(yz2) cos(y2) << 17— 924, + (468u°
0L TY1Y2Y4Ys5 6v/3 (1-u?)™

—468uP)9% A, +83uPD2 Ay + (4312u° — 5248u7)8qu>) +0(A42) (A1)

5W) (cos(y1)*sin(ya) cos(y2)) ( 5 S 415u°
o ——y A15u8 — 41508820, Ay + 20
<5F5 - 63 ( ) 4(—1+u?)

261
X 0,02 A, — 6 W 38 A, + (322005 — 4050uT)0, 0. Ay +
x (2181u* —3216u6)8ZA$> +0(A2) (A.2)
4. 5
(WV) _ 7(cos(y1) sin(y2) cos(y2)) <(_733u6 +733u) 93 A, + 733u2
5F5 UTY2Y4Ys 6\f 4(1_u)
2 257“ 2 5 7\ 52
X 0y0F Ay — =020, Ay + (—4398u” 4+ 7330u" )92 A,
3117u4—1651u 9 402 4 8
11 ) O Ay —1145u*9% A, + (—2056u* +12162u°)0, A,
+0(42) (A.3)
4 .
<5W> _ _ Leos(y)sin(ya) cos(yy)) <(733u6 —733u®) 020, A, + 257“ 920, A,
0F%y try2yays 6\/§
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