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ABSTRACT: The Schrédinger eigenvalue problems for the Whittaker-Hill potential Q2 (z) =
1

%h? cos4x + 4hpu cos 2z and the periodic complex potential Q1 (z) = Zth*‘li"E + 2k cos 2x
are studied using their realizations in two-dimensional conformal field theory (2dCFT).
It is shown that for the weak coupling (small) A € R and non-integer Floquet parameter
v ¢ 7 spectra of hamiltonians H; = —d?/dz? + Q;(z), i = 1,2 and corresponding two
linearly independent eigenfunctions are given by the classical limit of the “single flavor”
and “two flavors” (Ny = 1,2) irregular conformal blocks. It is known that complex non-
hermitian hamiltonians which are PT-symmetric (= invariant under simultaneous parity
P and time reversal T transformations) can have real eigenvalues. The hamiltonian H; is
PT-symmetric for h,z € R. It is found that #; has a real spectrum in the weak coupling
region for v € R\ Z. This fact in an elementary way follows from a definition of the
Ny =1 classical irregular block. Thus, H; can serve as yet another new model for testing

postulates of PT-symmetric quantum mechanics.
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1 Introduction

The Hill’s equation is a second-order linear ordinary differential equation of the (Schro-
dinger-like) form:

— (@) + Q@)Y(z) = Ap(z), =z €R/Z, (1.1)

where the function Q(x) may generically be complex valued and it is assumed to be of
bounded variation and periodic, with the base period 7, i.e., Q(z+7) = Q(x) [1]. The two
fundamental solutions to eq. (1.1) can be cast into the form that reveals their periodicity
which is possible due to the Floquet’s Theorem (for more details see appendix A). Moreover,
the Oscillation Theorem asserts that the (real) spectrum of the Hill’s operator with real
Q(x) reveals a band structure [1]. The bands are open sets in the positive real line,
separated by gaps. The solutions that depend on spectral values that fall into the bands
have bounded variation in opposite to those whose spectral values fall into gaps.

The simplest, but very important special cases of the Hill equation are the Mathieu
equation [2] which assumes the form:

Q(z) = 2h*cos2z, (1.2)
and the Whittaker-Hill equation [1] for which!

Q(z) = Acosdx + Bcos2zx. (1.3)

'In the present work: A = %hz, B = 4hpu.



Egs. (1.1)—(1.2) and (1.1)—(1.3) occur in a broad spectrum of physical problems. Their
solutions proved useful in many fields of engineering [3, 4], quantum chemistry [5] and pure
physics ranging from some topologically non-trivial gauge theories [6] to cosmology [7, 8]
and D-brane physics [9-11]. Obviously, Schrédinger operators with periodic potentials
are of special importance in solid state physics. The potentials (1.2) and (1.3) are real,
hence corresponding quantum-mechanical (QM) hamiltonians are hermitian and have real
spectra. Recall, that also some complex potentials have applications in quantum physics,
for instance, in nuclear theory [12]. Other especially interesting complex potentials are
those which yield PT-symmetric QM hamiltonians.? Case studies show that PT-symmetric
hamiltonians may have real spectra.® In the present work we consider the eigenvalue
problem (1.1) with the complex potential:

1 ,
Q(z) = 1h26_4w + 2h? cos 2z (1.4)

which is obviously PT-symmetric for h,z € R.4

The Mathieu and Whittaker-Hill equations can be studied using conventional, well
known methods such as the Hill determinant or WKB, cf. e.g. [1, 18-20]. On the other
hand, it has been observed lately that Schrédinger equations with potentials (1.2)—(1.4)
emerge entirely within the framework of two-dimensional conformal field theory (2dCFT)
as the classical limit of the null vector decoupling (NVD) equations obeyed by certain 3-
point degenerate irregular conformal blocks [21-25]. Moreover, as a manifestation of the
correspondence between the “semiclassical” 2dCFT and the Nekrasov-Shatashvili limit of
the Q-deformed N =2 super Yang-Mills theories (cf. figure 1) the spectrum of the Mathieu
and related operators can be investigated with the use of tools of the A'=2 SUSY gauge
theories, cf. e.g. [22, 26].

Interestingly, it is not the first time when the Mathieu equation appears within the
framework of 2dCFT. The (modified) Mathieu equation was also studied by Zamolodchikov
in the context of the so-called ODE/IM correspondence [27-29].> The abbreviation ODE
stands for “ordinary differential equations” and IM for “integrable models”. The ODE/IM
duality also connects 2dCF'T to generalized spectral problems which include PT-symmetric
Schrédinger eigenvalue problems as well.f

2The hamiltonian H is PT-symmetric if it satisfies % = (PT)H(PT), where the symbol P represents the
space reflection operator (parity operator) and T stands for the time reversal operator, cf. [13]. The effect
of P and T on the QM coordinate operator & and the momentum operator p is as follows:

PiP=—&  PpP=—p,
T2T =3, TpT = —p.

In the Schrodinger eigenvalue problem Hiy = A\ we have £ — x and p — —z’%. The parity operator P is
a linear operator and that it leaves invariant the commutation relation [#,p] = ¢h. The same is true for T
if it is assumed that T¢T = —i. Since P and T are reflection operators, their squares are the unit operator:
P? = T? = 1. Finally, it follows that [P, T] = 0.

3Precisely, the eigenvalues of a particular PT-symmetric hamiltonian are real if every eigenfunction of a
PT-symmetric hamiltonian is also an eigenfunction of the PT operator, cf. [13].

4PT-symmetric complex potentials satisfy Q(z) = Q(—x).

5Cf. the talk by V. Bazhanov [http://cft-im.bo.infn.it /2011 /talks/Bazhanov.pdf].

For more details, see the excellent introduction to the subject [29].
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Figure 1. The triple correspondence in the case of the Virasoro classical conformal blocks links
the latter to SU(2) instanton twisted superpotentials which describe the spectra of some quantum-
mechanical systems. The Bethe/gauge correspondence on the r.h.s. connects the SU(N) N = 2
SYM theories with the N-particle quantum integrable systems. An extension of the above triple
relation to the case N > 2 needs to consider on the lL.h.s. the classical limit of the Wy symmetry
conformal blocks according to the known extension [14] of the AGT conjecture (see e.g. [15-17]).

In our previous works [22, 23] we have found that the Mathieu eigenvalue can be
expressed in terms of the pure gauge classical irregular block and such expression exactly
coincides with the well known weak coupling expansion of the Mathieu eigenvalue in the
case in which the auxiliary parameter is the non-integer Floquet exponent. Furthermore,
it has been shown that the formula for the corresponding eigenfunction obtained from
the irregular block reproduces the so-called Mathieu exponent from which the non-integer
order elliptic cosine and sine functions may be constructed.

In the present paper we continue the line of research initiated in [22, 23] and study
the eigenvalue problem (1.1) for potentials (1.3) and (1.4) using methods of 2dCFT. The
purpose of this work is to answer the question of what kind of solutions are possible to be
obtained in this way. This knowledge paves the way for studying spectra of Schrédinger
operators with potentials (1.3) and (1.4) employing non-perturbative tools of 2dCFT. Pre-
cisely, it seems to be possible to connect different regions of spectra of mentioned operators
using duality relations for four-point spherical conformal blocks. This is the main motiva-
tion for our research.

The organization of the paper is as follows. In section 2 we introduce the Gaiotto
vectors (GV) related to the A'=2 SYM theories with Ny = 0, 1 flavors and define two types
of irregular conformal blocks, i.e.: (a) the products of GV, and (b) the matrix elements
of certain degenerate chiral vertex operators between GV. Then, we discuss some basic
properties of these blocks. In particular, we propose a classical asymptotic behavior for
irregular blocks of the type (a) which is inspired by the semiclassical behavior of the physical
Liouville field theory correlators and consistent with the Nekrasov-Shatashvili limit of the
corresponding Nekrasov instanton functions. Moreover, using this proposal we compute
power expansions of the classical Ny = 1,2 irregular conformal blocks.” Finally, we derive

TCf. [24, 30], where the classical irregular blocks have been also studied using methods of matrix models.



certain null vector decoupling equations obeyed by the Ny = 1,2 degenerate irregular
blocks of the type (b).

In section 3 we derive classical limit of the NVD equations fulfilled by the Ny = 1,2
degenerate irregular blocks. As a result we get closed expressions for some solutions of
the eigenvalue problem (1.1) with the PT-symmetric complex potential (1.4) and the
Whittaker-Hill potential (1.3).® More concretely, we have found that (i) for each po-
tential (1.3) and (1.4) the corresponding eigenvalue A and the two independent solutions
of the eq. (1.1) are given in terms of the classical limit of irregular blocks; (ii) for the
complex potential (1.4) the spectrum A is indeed real for h,z € R and v € R\ Z; (iii) our
fundamental solutions to egs. (1.1)—(1.3) and (1.1)—(1.4) are nothing but the non-integer
order Floquet solutions in the weak coupling (small 4) region.”

In section 4 we present our conclusions. The problems that are still open and the
possible extensions of the present work are discussed.

2  Quantum and classical Ny = 1, 2 irregular blocks

As we have mentioned earlier in our previous paper in the sequel [23] the Moore-Seiberg
formalism of rational conformal field theory can be successfully extended to the case of
non-rational 2dCFT. Therefore the central role in the forthcoming discussion is played
by the chiral vertex operators (CVO’s) that constitute building blocks for physical fields
in the Moore-Seiberg formalism. CVO’s are assumed here to act between highest weight
representations of Virasoro algebra.

2.1 Regular and Ny = 1,2 irregular blocks

For the sake of definiteness let V', denote the vector space generated by all vectors of
the form

| Z/A7[> = L_[| Z/A> = L—kl R L—kj,lL—kj| VA >, iEVN L_; € Virg, (2.1)

where I = (ki,...,kj_1,k;) is an ordered (k1 > ... > k; > 1) sequence of positive integers
of the length |I| = k1 + ...+ k; = n, and |va ) is the highest weight vector:

Lolva ) = Alva), nZN L,lva)=0. (2.2)

The Verma module of the central charge ¢ and the highest weight A is the Z-graded
representation of the Virasoro algebra determined on the space:

Ve = @ Vc?A? dim cilA =p(n),
n>0

8Note that an appropriate substitution transforms the Whittaker-Hill equation to the so-called equation
of Ince, cf. [http://dlmf.nist.gov/28.31]. Hence, our formulae may also be useful to express some solutions
of the Ince equation.

9For the definition and classification of the Floquet solutions of the Hill equation, see appendix A.
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where p(n) is the number of partitions of n (with the convention p(0) = 1). It is an
eigenspace of Ly with the eigenvalue A +n. On Via there exists the symmetric bilinear
form (-|-) uniquely defined by the relations

(valva) =1  and  (L,)t = L_,.

The Gram matrix G a of the form (- |-) is block-diagonal in the basis {| va 1)} with blocks

Gia|, = (varlvag) = (val(Lon)'Loslva).

The Verma module V. A is irreducible if and only if the form (- |-) is non-degenerate. The
criterion for irreducibility is vanishing of the determinant det G, , of the Gram matrix,
known as the Kac determinant, given by the formula [31-35]:

det GIn = Cr [ (A= Ap)P), (2.3)

1<rs<n

where C,, is a constant and A, are the weights form the Kac table

A =L -1

S\ 2
T 1 rb—i-f) , r,s € N, (2.4)

b
for which the central charge is given by ¢ =1+ 6Q2 with Q=b+b"1.

The non-zero element |xrs) € V. a, () of degree n = rs is called a null vector if
Lo|xrs) = (Aps+78) | xrs ), and Lg | xrs ) = 0, VE > 0. Hence, | x,s ) is the highest weight
state which generates its own Verma module V, A, (¢)+rs, Which is a submodule of V, A, (¢)-
One can prove that each submodule of the Verma module VA, () is generated by a null
vector. Then, the module V, A, () is irreducible if and only if it does not contain null
vectors with positive degree.

For non-degenerate values of A, i.e. for A # A,s(c), there exists the basis {| I/tAJ Y Hn
in V', whose elements are defined by the relation <1/tAJ |va,g) =0y forall [ua j) € VA
The basis vectors | VtA’ ;) have the following representation in the standard basis

17 IK

I

’VtA,I> = Z [G?,A} VAT ), Z [ ZA} [ Z’A}KJ =05
Jrn Krn

The chiral vertex operator is the linear map Vvoi”%?AOl : VA, ® VA, — Va, such that
for all | &2 ) € Va, the operator

V(&) =VELS(&)® ) 1 Va, = Va,

oo z 0

satisfies the following conditions

[Ln,V (12]2)] = 2" (Z(;?z + (n+ 1)A2> V (12]2) , n ez (2.5)
V(Ea&l) = oV (@), (2.6



n+1 n+1 N
izl =3 (") 9 oV (l). >l (@)
k=0
Vitaal) =3 ("2 E ) F v @l
k=0
I <”;f;k>z—"+1—k V(ls) i, n>1.  (28)
k=0

The commutation relation (2.5) defines the primary vertex operator corresponding to the
highest weight state |v2) € Va,. The matrix element of the primary CVO between basis
states in VIAle;ch\ fulfills the following relation

(Vanr [V (vay|2) [va.s) = 287808t lEV A [V (0a, 1) [va,). (2.9)

In what follows we assume the normalization (va, |V (va,|1) [va,) = 1.

In analogy to the Heisenberg algebra it is possible to form coherent states for generators
of the Virasoro algebra. Indeed, as it was first shown by Gaiotto [36] and in refs. [25, 37-39]
the Virasoro generators for each n > 0 in the highest weight condition in eq. (2.2) may be
treated as “annihilation” operators. Hence, there is a vector on which a certain finite set of
positive indexed generators of Virasoro algebra act diagonally termed the irregular vector.
The Virasoro algebra each positive indexed generator obeys induces corresponding algebra
of differential operators in the space of parameters labeling the irregular vector [39]. In
what follows we are concerned with only two simplest cases that due to AGT correspond to
gauge theories with Ny = 0 and Ny = 1, where there are at most two parameters labeling
the irregular vector.'®

Let us recall that the Virasoro irregular vector that is a “coherent state” of L; to which
we further refer as to the “zero flavor” or Ny = 0 state fulfills the following conditions:

A0

Lo 4% = (A+5 20 ) I8, LAY = KA, LAY =0 Va2

Making use of the above algebra it can be developed in V. A as follows!!

© (amI
A A =Y lan)h A AL = YA YT [Gra] T lvad),  (2:106D)
IeyY n=0 IFn

where we used the projector (identity operator in V. a):

Pa=Y lvan@Whd=> > [Gral" lvar) @ (vaul,

IeY n>01,JFkn

7 “single flavor” and so on for

1071 the present paper we adopt the following nomenclature: “zero flavor”,
Gaiotto’s states and then for irregular blocks as these objects are related to corresponding quantities in the
N = 2 super-Yang-Mills theories with Ny = 0,1,... — zero, one and more flavors.

1 The symbol Y denotes the set of all partitions or equivalently the Young diagrams of all natural numbers

that in the mathematical literature is termed the Young lattice.



and a convenient normalization (va|A, A%) = 1. The irregular vector to which we further
refer as to the “single flavor” or N; = 1 state fulfills the following defining conditions

Lo| A, A,m) = <A+Aa‘1> |AA,m),  Li|AA,m)=mA|A A m),
Lo| A, A,m) = A?| A A, m), Lo|AA,m) =0 ¥Yn>3.

Proceeding analogously as in Ny = 0 case we obtain

00 [%] (1n—2p 2p)[
A, A,m) = ZA”Zmn—2pz[ ';;A} VA1) - (2.10G2)
n=0 p=0 I+n

The quantum irregular conformal blocks are defined as inner products of the irregular
vectors [36, 37]:12

Fonl(hm) = (A, %A,2m]A,A2> (2.11)
e8] n [%] —2
1 o [ 10772 20)(A7)
= <2A3) (2m)" 2 |G ,
n=0 p=0
1 1
.7'—C7A(A, my, mg) = <A, §A, 2m1 | A, iA’ 2m2 > (212)

oo n (3]
-3 (3)7 2 emr o
n=0

p,p'=0

(120 99) (1720 97) ,
(2ma)"~ 2 .

Irregular blocks (2.11)—(2.12) can be recovered from conformal blocks on the torus and on
the sphere in a properly defined decoupling limits of external conformal weights [37, 40].
To see this let Cy, denote the Riemann surface with genus g and n punctures. Let x be
the modular parameter of the 4-punctured Riemann sphere then the s-channel conformal
block on Cj 4 is defined as the following formal z-expansion:

Ay Aj A—Ag—A - Ay Aj
i - a=8a [ nER : 2.13
aA Al A4 ;E) x + nglm C,A Al A4 ( a)
where the coeflicients of the conformal block are defined as
n AQ A3 n n L n
|l ] = 2 VA (DPR D | Gla | ORIV Dlva). (213D)
I,JFn

12T fact, there is much more Gaiotto’s states than just these two written in eqs. (2.10G1) and (2.10G2),
see for instance [25, 38, 39]. In the present paper we confine ourselves to study irregular blocks being inner
products of (2.10G1), (2.10G2) or matrix elements between these two states. Possible extensions of the
present work taking into account existence of the other Gaiotto states are discussed in conclusions.



Now, employing a suitable AGT inspired parametrization of the external weights A; and
the central charge c, i.e.:
Ozi(e — ai) 2

€
A= —2, c=1+6—, €=¢€] + €9,
€1€2 €1€2

1 1 1 1
a1:§(e—|—,u1—u2)7 042:§(M1+,u2)7 043:§(M3+,u4), 04425(6"‘#3_#4)’

and introducing the dimensionless expansion parameters: A = A/ (—6162)% and m; =
1
m;/(—€1€2)2, where m = pg — %e, Mmia = 14 — %e, one obtains [37, 40]:

Ag+AL—A Ay Ag 42,143, 14 — 00
pArAea g, |82 88 () B0 ()
|21 24 Tpopzpa=A3

. Ay A 43— 00
:L,A3+A4 A]:c,A (:E) H2,143

-7:0 A(Aa mi, m4)'
A Ay wpapz=R2 ’

The above conformal blocks may be related by means of AGT correspondence to their
gauge theoretic counterparts, that is SU(2) Nekrasov’s instanton partition functions with
Ny =1,2 flavors [36, 41-43]:

fc,A(A7 m) = Zii[sjt@)’Nf:l([\: a, m; €1, 62)7 (214)

SU(2),N;=2, 4

FC,A(A,ml,mg) = Z (A,a, ml,?’hQ,el,ég). (2.15)

inst

The relations (2.14)—(2.15), which are understood as equalities between the coefficients of
the expansions of both sides, hold for

A m; €2 — 4a? 2

€

A= Nl s A:m, c:1+6£zl+6Q2 (2.16)
where

Q:b—i—iz\/f—i—\/z, bz\/f. (2.17)

The study of the Nekrasov partition functions Znekrasov = Zpert Zinst i the limit eo — 0

has revealed that it behaves exponentially [44]. In particular, for the instanton part of the
partition function we have

0 1
Zinst(' 761762) e exp{QWinst(‘yel)} . (218)
Therefore, in view of egs. (2.14)—(2.15), and relation between Liouville and deformation

parameters in eq. (2.17) from the Nekrasov-Shatashvili limit in eq. (2.18) one can expect
the exponential behavior of irregular blocks in the limit b6 — 0, i.e.:

Uoafi, -
Frieoza(h,m) =0 exp {62 71 (A/q, m/q)} , (2.19)

1 A . .
Fire02,a (A, my, ma) b0 exp {b2f52 (A/el, my /€1, m2/61> } , (2.20)



where A = b%&, § = O(0). The classical behaviors (2.19)-(2.20) are very nontrivial state-
ments concerning quantum irregular blocks. Although there is no proof of egs. (2.19)—(2.20)
the existence of the classical irreqular blocks f', f? can be verified through direct calcula-
tion order by order in A/ €1. Using power expansions of quantum irregular blocks (2.11)—
(2.12) and egs. (2.19)—(2.20) up to n = 3 one finds

() the classical irregular block with “single flavor” Ny = 1:

13 (Aersmfer) = lim 0 1og o gen 15 (A/ 1),/ (e10))

- ; <f\/e1 f51 ”<m> (2.21a)

where the coefficients read as follows

Lo 55 — 3 m 2 3
2(m\ _ myT__ 9 2.21
Js <61> 1663(46 + 3) <q> 166(45 + 3)° (2:21b)
e . 0(96-19)+6 [ 3+ 6 — 76 .
€1)  4855(6 +2)(46 +3) \ e 4863(6 +2)(46 +3) €1
(1) the classical irregular block with “two flavors” Ny = 2:

£2 (A/el,ml/el,mg/q) — lim b? log]-'HGQz,b%é(A/(elb),mg/(elb),ml/(elb))

oo . 2’)’1 N ~
=3 (e (202, (2.224)
— €1 €1
n=1
where the coefficients are of the form

721 (ml m2> 1 mymg
F) — s | — a¢ . >

€1 € 20 €1 €
02 (63 (m)z + (M)2 (55 — 3) (m)z — 357
f272 @ @ _ €1 €1 €1
J €1 €1 1653(45 + 3) ’
A . AN 2
23 (M1 Mo _ 1 my Mg ma
f5 ( €1 ’ €1 ) - 48(55((5 + 2)(45+ 3) €1 €1 (6 75)6 ( €1 >

+ <7Zl>2 ((5(95 —19) +6) <”;2)2 + (6 — 75)52> + 56
(2.22b)

As another yet consistency check of our approach let us observe that combining (2.14)—
(2.17) and (2.19)-(2.20) one gets an identification between classical irregular blocks and
SU(2) Ny = 1,2 effective twisted superpotentials:

SU(2), Ny=1,2

ff}’_z% ([\/el, ) = Ellwinst Np=t, ([\,a, -,61). (2.23)

IS

1



Note that the classical conformal weight § in the eq. (2.23) above is expressed in terms of
the gauge theory parameters a, ¢1. Indeed, one finds

[\

1 a

§=1limbA = lim 2A=- - %
b—0 ea—0 €1 4 €]

By means of the expansions (2.21a)—(2.22a) and theirs analogues for the twisted superpo-

tentials obtained independently from the instanton partition functions one can confirm the

identities (2.23) up to desired order.

2.2 Null vector decoupling equations

In this subsection we shall derive partial differential equations obeyed by the degenerate
irregular blocks, cf. [21]. The latter we define as matrix elements of the degenerate chiral
vertex operator,”® V. (2) = V(|va,)|2), where Ay = Ay = —3b? — 1, between Gaitto’s
states (2.10G1)—(2.10G2):

W (2 A, m) = (A %A, om [V (2)| A, A2), (2.2401)
1 o1
U2 (z; A, my,ma) = (A, 3 A 2mi [Vi(2)[ A, S A, 2m, ). (2.2402)

One of the tools that allows to derive the so-called null vector decoupling (NVD)
equations is the following:

Theorem 1 (Feigin-Fuchs [33], cf. [45]). Leti,j, k € {1,2,3} be chosen such that j # i,
k#1i, j# k. Let us assume that

1. Ay =As = %Qz — % (rb—l— 86_1)2, r,s € N;

2. the vector |&;) lies in the singular submodule generated by the null vector |x,s), i.e.:

‘§z> S VC,ATS(C)+7‘8 C VC,ATS(C)'
Then, (£31V (&2]22)|&1) = 0 if and only if

_Q 1, _
Aj:Agj :Z—zﬂj and Ak:Aﬁk =

Q* 1,

—_— == 2.25
g (225)
satisfy the fusion rules Bj — B, = pb+ qb™!, where p € {1 —r,3 —r,...,r — 1} and
ge{l—s3—s,...,s—1}.

We will apply the Feigin-Fuchs Theorem in the case when Ay = A, = Ayy. Therefore,
we have to assume that the weights Ay = A and As = A/ of in and out states are related
by the fusion rule I or II:

I: A=Az, A=A =2~7s. & f3=p1+0, (2.26)
IM:  A=A7Ag, AN=Asg=A05, & [3=p—0 (2.27)

13Calculations presented in this subsection hold also for Va,, ().

,10,



In our calculation we will use a little bit modified (compering to (2.25)) parametrization
of conformal weights, namely

QZ

Ao) == - o2 (2.28)
in which the fusion rules assumed above reads as follows
~ b , b
I: A=Aloc—-), A=Alo+-), (2.29)
4 4
~ b , b
II: A=A J—l—i ) A=A o= (2.30)

The matrix elements such as (2.2401) or (2.24¥2), i.e. with the conformal weights fulfill-
ing (2.26), (2.27) or (2.29), (2.30) will be denoted by Wi, ¥i.

Hence, by virtue of the Feigin-Fuchs Theorem we have four equations for Ny = 1,2
written in a concise form as

1 -
(A §A,2m|X+(z)|A, -)y=0, (2.31)
where
(a) x+(z) is the null vertex operator,
— (7 3 T2 —
) = (B2 - gy D0 Vel = v ((Beat 22 )lva )12 ).

(2.32)
which corresponds to the null vector

i) = 010) = (o 522 ) v, ),

from the second level of the Verma module VA, ;

(b) the dot stands for the set of parameters A? and %A, 2m for “zero flavor” and “single
flavor” irregular vector, respectively;

(¢) the conformal weights obey (2.29) or (2.30).

In order to convert egs. (2.31) to PDE’s obeyed by the degenerate irregular blocks Wi,
i=1,2,: =1,1II one needs to employ the following Ward identities

1 < z 0 Ay
A, A, 2m|T A )= — ! \IJI 2.
@ ATV A, ) = [ s o (2.33)
where!4
1a2 ”LA LSRR S SV SNUNINPY SN
Ul A Fs e (Agp A 2R A e ) (2.33U1)
1 miA moA l/\2 1 0 0
2 _ T A2 1 2 4 / 9
U = N+ e < SpTAFA-AL zaz) . (2.33U2)

“Here, U!,i=1,2 depend on ¢ = I, II via terms A’ +2A — Ay and A’ + A — A,
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From eq. (2.33) and using the formula [46]:

one finds that

1 i 5 1o
(A, S8 2mIE5(2)Vi(2)IA, ) = [_Hjl

z@z L|w~>z

ol (2.34)

where U} are given in egs. (2.33U1) and (2.33U2). Finally, taking into account that matrix
elements of the descendant operator E%l(z)VJr(z) between irregular vectors result in 92Wi,
from eq. (2.32), egs. (2.31) and eqgs. (2.34) we get the sought-after partial differential
equations:

1. for “single flavor” degenerate irregular blocks:

1 ,0% 420 1 4., A2 AO 24 AN AL
R SN A+— 44212 THIgl —
[bzzé)z? 30, 4 TEMAT e T 3 e =0
(2.35D1)
2. for “two flavors” degenerate irregular blocks:
1 ,0% 320 1 .4(, 1 ma
[b2zaz2_28z+4A 24 )+ A (e +72)
o A+AN AL ,
- v =0. .
+5ex T 5 2-0 (2.35D2)

In the next section we will consider the limit & — 0 each of these equations separately.
The steps in forthcoming analysis follows directly those that has been already done in
our previous work [23]. The experience gained in this study helps us to compute the
semi-classical limit of egs. (2.35D1) and (2.35D2).

3 Classical limit of Ny = 1,2 NVD equations

The differential equations we derived in the previous section are a starting point to the
derivation of the differential equations some of which are well known in mathematics and
physics. In what follows we take the classical limit of NVD egs. (2.35D1) and (2.35D2) as
well as the functions that solve them. As steps leading to the equations are the same in
both cases Ny = 1,2 we discuss them in full generality.

The functions’® Wl W2 , = T 1I that solve egs. (2.35D1), (2.35D2), that are the
degenerate irregular blocks given in egs. (2.2401) and (2.24¥2) can be given explicit form

5Let us recall that indices I, IT mean that different fusion rules, namely (2.29) and (2.30), have been
assumed.
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by means of egs. (2.10G1), (2.10G2) and eq. (2.9) which results in

(5]

\I/Ll (z;A,m) _ ZA’—A+—A Z Q=T N25+T s (2m)r—2p

N3

r,s>0 p=0
(27,1721 J(1%)
D[ (varalVa(Dlvs ) |G 5 (3.191)
Ir Jks
and
, . 1 T+s [%] [%] ,
\IJLZ(Z; A,my,ma) = LA A=A Z (2/\) 278 Z (2m1)r_2p Z (2m2)5_2p
r,5>0 p=0 p'=0
(21’717”—2;))[ J(2p/7ls—2p/)
x> |Gra oIV (g, ) [ G2 5
Ir Jks
(3.102)
In what follows it will be convenient to introduce the following notation
Wiz A, ) = 25 ®i(z;A, ), i=1,2, v =1, 11, (3.2)

where
- A(O‘—{—%)—A+—A(O‘—%)Z—b0’—A+ if +=1

ke=A—A, —A= (3.3)
A(O-_g)_A+_A(O-+%):bO-—A+ if =1L

Let us notice that ®!(z; A, -) can be split into “diagonal” r = s and “off-diagonal” r # s
parts ®i(z; A, ) = @

Lr=s(
L,r=5s

A, )+ @i#s(z; A, -). The former does not depend on z leaving
this dependence entirely to the latter. Making use of this observation Wi(z; A, -) can be
cast into the factorized form

\I'i(z;A, c) = 2™ V() eXLi(Z;A"), i=1,2, v=1, 1L (3.4)
The functions in the exponent take the form
(A log® (A Xi(z:A tog (14 Turzs(3iA )
VA, -) = log®; (A, -), (%A, ) = log +<I’i—(A7‘) -

L,r=s

The factorized form in eq. (3.4), as we soon see, gives one some insight into the behavior
of ¥l in the classical limit. The equations (2.35D1) and (2.35D2) under substitution (3.2)
take the form

4-i)%8: Ta1_10A
wherei=1,2, . =1, IT and
ki (k,—1) 4k,

1 82 2K/L 5—1i 8 A 8 i i
[62 22@ + (b? - ) + — + U (z; A, )} dl(z;A,-) =0, (3.5)

A2 2A4+A—A,

1
1 272
A - Z2A -
U (z;A,m) 32 3 +4z +zmA+ p; + 3 )
2, k(k,—1) 3k, 1 ,of o 1 ma\  A+AN AL
Uz (z;Amy,ma) = 23 —|—74A z —|——Z2 +A<zm1+—z )+72 .
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Let us consider the limit b — 0 of egs. (3.5). To this purpose it is convenient to replace
the parameter o in A’ and A with & = bo, cf. (2.28). Recall that the weights A’, A are
related by the fusion rules written in egs. (2.29) and (2.30). Hence, in the limit b — 0

— the conformal weights in egs. (3.5) read as follows

~ 1 ~ 1
AA b0 = 0, where & = lim 2A’ = lim b2A = = — €2,
b2 b—0 b—0 4
b—0 3 b—0 1 3 b—0 1
Ay R O0%) md2A+N—A+35§M A+N—A+3zﬁm
— the &,’s yield (cf. (3.3))
b—0 -+ % if e =1
K, ——
E+1if =1
1
m@@—1)iﬂ>—<4—§ﬁ = 5 for .=1,1L

Making use of the relationship between CFT and instanton parameters given in egs. (2.16),
(2.17) that reveals their b dependence ie., A = A/(e1b), m = my = 1y /(e1h), mg =
1o/ (e1b), and taking into account the fact that the external conformal weights A/, A are
heavy in the classical limit, while the degenerate weight A labeling the degenerate vertex
operator is light, we conjecture that the degenerate irregular blocks given in eqs. (2.24¥1)
and (2.24W2) factorize into the light and the heavy parts in the classical limit. For ®! =
z""bllli this assertion translates into the following asymptotic behavior in the limit b — 0

Y R e Y B A N N ET)

Comparing the right hand sides of egs. (3.6) to egs. (3.4) one can expect that

. R ; Pl z;A €1b), -
goi(z;A/el, ) = lim e &%) = lim [ 1+ L’,r;és( - fad), ) , (3.7¢)
b=0 b=0 (I)i,r:s(A/(elb)’ ' )

ﬂwmjzgﬁquﬂ%m%%m@m@,) for =1, 1L
(3.7f)

In ref. [23], where the similar discussion was performed for the Ny = 0 case to obtain the

Mathieu equation, we were able to prove this conjecture keeping only dominating factors in
b—2 and neglecting all the sub-dominating ones. Although much complex, a similar proof, in
principle, could be performed in the case under study. We expect, however, similar results,
therefore, in what follows, we are content with the assumption of the factorization (3.6) as
a fact.

Taking into account the factorization (3.6), in the limit b — 0 from egs. (3.5) one gets

— forv=1:

o d° 1 d i A A i/A iR
z 7—1—2 5—5 z&—{—% (z;A/el,')—l—EﬁAf(;(A/q,-) v1(z;A/er, - ) =0,
(3.8)
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— for = 1II:

~

d? 1 d A Ao D
[2’2(122 + 2<2 +f> Z& +U (Z;A/Gla : ) + ﬁaAf(g(A/El, . )] <,0H(Z;A/61, . ) =0,

(3.9)
where i = 1,2 and
A 1A2 An  A%1
%1(2;%) =1722+*72nz+7*= (3.9%1)
€1 €1 €1 € =
A 1 A2 1 A (7 g 1
@/2<z;,m1,m2> =3 <22+2> +<mlz+m2> : (3.9%2)
€1 4 € z €1 \ €1 € z

The classical blocks f}, fZ are defined in egs. (2.19) and (2.20). Deriving the above equa-
tions (3.8) and (3.9) we assumed that b2Ad; ¢! — 0 for b — 0. This conjecture was verified
by direct computations of A/e; expansion of ¢! (see below). Although it has not been
proved, in analogy to the Ny = 0 case in ref. [23], where it was proved up to leading order
in b=2 that ¢ is independent of b , it is here expected that ¢! also does not depend on b
as well as its A derivative.

In order to get rid of the first order differential operator in egs. (3.8) and (3.9) we
redefine the functions ¢}, l;:

ot = 25, el = 275l (3.10)

and subsequently change a variable z = e". In result we obtain

5 "
% + (e A e, )+ ﬁ Oifi(A/er, ) — | vie;Afer, ) =0, i=1,2
(3.11)
and the same equations for the second solutions 1k (e®; A/e1, - ). Potentials % are defined
in eqs. (3.9%1), (3.9%2). Thus we have obtained two complex second order Schrédinger
type differential equations with spectra )\2/4 = &2 — A@Afg/(él —1), i = 1,2 and pairs
(¢f> wh) of independent solutions. Below we address each of the case Ny =1 and Ny = 2
separately, where we compute the spectra and eigenfunctions of relevant operators.

3.1 Single flavor case: solvable complex potential

In this subsection we narrow down the discussion to Ny = 1 case. In order to obtain
the differential equation for this case that takes the form of Hill’s equation (1.1), but that
possesses a complex periodic potential, we identify the “coupling constant” as h = 21 /e; =

2A /€1 in eq. (3.11) with potential (3.9%/1) and, after the change of variable w = —2iz, we

obtain®

2 2 .
—dd—xQ + hz e M 2% cos 22| Pt = Ayt w eR/7Z (3.12)

16 A reason we choose this particular change of variable is dictated by experience gained in ref. [23], where
this choice led to the coincidence of the expansion of pure gauge three-point degenerate irregular block with
similar “weak coupling” expansion of the Mathieu exponent me, (z).
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This is the Schrodinger equation with complex odd potential on unit circle. The eigenvalue
)\é can be obtained from egs. (2.21a) and (2.21b) with parametric relation to Floquet’s
exponent £ = v/2,
4h 1.1
Ty 2 Ao i
)\V(h) =v 3 ahf%(l_y2) <2h7 2h>

2 3 502+ 7
=12+ ht + hb + vt

3?2 -1) 322 —4)(v? —-1) 82 —4)(v?—-1)

sh® + O(h').
(3.13)
The expression (3.13) is well defined for v ¢ Z. The first few terms in the expansion (3.13)
suggest that the spectrum AL (h) is real for h € R and v € R\ Z. Indeed, from our approach
easily follows that the quantity AL(h) is real-valued for b,f\,m, €1, € R. The eigenvalue

AL(R) in eq. (3.13) is given by the logarithmic derivative of the Ny = 1 classical irregular
block:

1 (A/el,m/el) = lim ? 10g.731+6Q27b%5<A/(61b),m/(elb)> .
Let us recall that the Ny = 1 quantum irregular block . A(A,m) is defined as an expan-
sion in A and m with coefficients which are elements of the inverse of the Gram matrix,
i.e., rational functions of ¢ and A. Therefore, F. A (A, m) is real-valued function when all
its parameters:

c=146Q> A=_15 1(

pi=(1-€) A=b@n  m=n/ay

4

are real. Hence, in particular, for b, A, 7, e, € R and Fea(A,m) > 0 the function
log Fe A (A, m) is real-valued. If F. A (A, m) < 0 then the function log F. a(A, m) will have
constant imaginary part ¢m which vanishes in the limit b6 — 0.

In our approach the corresponding eigenfunctions, i.e. two independent solutions of
eq. (3.12) can be given in the “weak coupling” expansion (small ). The eigenfunctions are
calculable from the classical limit of the “off-diagonal” part of CID}’T 4 given in eq. (3.101)
(see also egs. (3.7¢) and (3.10)) in the same manner as in ref. [23]. As a result one finds'”

i 1 1 i (I)Ilryés (e_%x; %’ %)
Pt = ot <e—2“”;h,h) = " lim (1 +
2 2 b—0 Lr=s (%’ %)

) h 2n
="+ ZRIln(fL‘a v) <2> , (3.14a)

n>1

where three first coefficients are found to take the form

(v—2)iz (v+2)iz (v—4)iz
1 . . € _e e
Rix(xv) = v—1 v+1 +8(V—2) ’
Rl ( ' )_1 (S_V)G(V—Z)ix N elv—4)iz N elv+d)iz B (5_3y)e(u—6)ix
L2 =9\ 4v—2)2—1) " (r—2)(v—1) T (+D)(w+2) 12(v—3)(r—2)(v—1)

e(ufS)iz
T a—4)(—2) )’

"Here, € = v/2.
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) 1 (1/2—41/—1—7)e(”*2)“ (V2+4V+7)e(v+2)ix 9e(v—4)ix
Ris(wv) =5 ((u—2)(y—1)3(y+1) T D12 (42)  3(=3)(r=2) (12 —1)

o(v+6)iz o(v—0)iz

T30 D) (04+2) (043) T 3-3)—2)(—1)

. (9—)elv~O)iz (3u—T7)elv—9i

64(r—4)(v—2)(v—1)(v+1) 6(r—4)(r—3)(v—2)(r—1)

(15y2—80u+89)e(”_10)m elv—12)iz

+960(V5)(V4)(1/3)(l/2)(1/1)+1536(V6)(V4)(1/2)>

(3.14D)

and so on. Analogously, the second solution that solves eq. (3.12) is given by the formula:

(I) e—2z$ i, h
vy = ¢111< ~2iz. h h> —we jipy <1+ 1 ’”755( ,f) ")>. (3.15)
2b

IIT s (2b’

We have found no examples in the literature for this equation and its solutions which we
could compare with.
3.2 Two flavors case: Whittaker-Hill equation

In Ny = 2 case, after change of variable w = —2ix in eq. (3.11) for i = 2 with poten-
tial (3.9%2), and identifying the “coupling constant” h = 2A/61, and introducing the
second parameter p = m/€; = mgy/€; the equation assumes the form:

2 1
[_dz + —h? cos 4z + 4hju cos Zx] P2 = )\g V2, (3.16)
which is a specific example of the Hill equation (1.1) termed the Whittaker-Hill equation.

The eigenvalue )\2, after the identification £ = v/2, is given by the following formula
(cf. (2.22a) and (2.22b))

)\2(h,u)—1/—2h6hf1 e < huu)

1 12 8(502+7) h?
a1t 2h2+(2<v2—4>+<v2—1><u2—4>“ T 4>16
N 20 2, 32(7v2417) A

=902 —0)" T2 9= -1
64(91/4+581/2+29) h®
(V2—9)<I/2—4)(V2—1) 64

TO((h/2)%) .

Hence, as before the 2dCFT technics led to the so-called non-integer order (v ¢ Z) solution
of the Whittaker-Hill equation. The above expression for A2 exactly coincides with that
obtained in ref. [24] by means of the perturbation calculus (see [19]) applied to eq. (3.16).
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As in the previous case, the two independent solutions of eq. (3.16) can be given in the
“weak coupling” expansions and are computed from the classical limit of the “off-diagonal”
part of (IJZ#S given in eq. (3.102) (see also egs. (3.7¢) and (3.10)). As a result one finds

_9iz L
sz)Iz 51/112 <6 2zm;2ha/‘67:u>

B D) g iy
. . TFES ) b ) ;
= W? %Hn <1 + h L ) s Rin(xﬂ/v 1) <2> , (3.17a)

—0
n>1

where the first tree coefficients of the Whittaker-Hill function take the form:

—ix(v+2) —iz(r—2)
(§] (§]
RIZ,I(‘/I"7V7M):M< - ) )

v—1 v+1

e—iCE(V+4) e—i:p(y—4) N 1 ) e—ix(l/—4) N e—ix(y+4)
sw—2) sw+2 2" v+ T2 -1)"

R%,Z(x;yau) -

v — 5le—w(v+2) v+5 e—ix(r=2)
REg(z;v, 1) = p (— ( ) S )

Sv—2)v-Dw+1) 8r-Lw+1)(v+2)

(3v — 5)e iz (v+6) (v + 5)6*1'1('/*6)
2 -3 —2)v—1) A+ D +2)(r+3)

2 —2)(v—1p3(w+1) 20—+ 1)3w+2)

n [,LS ( (1/2 —4v + 7) e_ix(V+2) (1/2 + 4+ 7) e—ix(V—Q)

efix(y+6) efix(VfG)
-3 -1 6w+ )+ L3

(3.17b)

In order to obtain the second solution it suffices to take

1 A cI>I2I (ef%c;gg’g)
W2 = Y2 <e_2m;2h,u,u> = e ™ Jim [ 1+ ”“f - ff’ /f b2, (3.18)
b=0 oF s (35 %)

In analogy to the Mathieu’s exponent one can term the above solutions generalized Mathieu

exponents or Whittaker-Hill exponents.

4 Conclusions

In the present paper we have shown that the Ny =1 and Ny = 2 classical irregular blocks
solve the Schrodinger eigenvalue problem for the complex (1.4) and Whittaker-Hill (1.3)
potentials, respectively.'® In addition, working entirely within the CFT framework we have
derived for each of the above cases the corresponding two linearly independent solutions.
These eigenfunctions are determined by two different fusion rules imposed on the in- and

'8Such observation in the case of the Whittaker-Hill operator has been already made in [24]. The Nj = 1
case has not been discussed in the literature so far.

,18,



out-states conformal weights appearing in the degenerate irregular blocks, in accordance
with the Feigin-Fuchs Theorem.

The conformal field theory setup proved to be especially powerful in the study of
the eigenvalue problem for the complex potential (1.4). For z € R the potential (1.4)
is m-periodic and the corresponding quantum-mechanical hamiltonian is evidently PT-
symmetric. It turned out that such hamiltonian in the weak coupling region (small h € R)
and for the real non-integer values of the Floquet parameter v ¢ Z has a real spectrum
determined by the Ny = 1 classical irregular block expansion. From the definition of the
Ny =1 classical irregular block it immediately follows that the spectrum is real for h € R
and v € R\ Z.! Therefore, we have found yet another new example of the PT-invariant
hamiltonian with complex periodic potential which has a real spectrum. Such hamiltoni-
ans have interesting applications in the branch of the condensed matter theory known as
“complex crystals” (see e.g. [13, 49]). They also provide models for testing postulates of
the PT-symmetric quantum mechanics (cf. [13] and refs. therein).

As has been already mentioned our solutions to egs. (3.12) and (3.16) make sense for
small h € R and v ¢ Z. Hence, two interesting questions arise at this point: (i) How within
2dCFT one can get the solutions in the other regions of the spectrum, in particular, for
large coupling constant(s)? (ii) How is it possible to derive from the irregular blocks the
solutions with integer values of the Floquet parameter? Work is in progress in order to
answer these questions.

As a final remark let us stress that it is possible to extend results of the present paper to
generic situation when Ny = odd/even number of flavors, cf. [24, 25]. The case with an even
number of flavors should lead to the solution of the equation termed in [24] as “generalized
Mathieu equation”, i.e., Schrodinger equation with potential built out of higher cosine
terms. In the same way the NVD equations obeyed by the three-point degenerate irregular
blocks with an odd number of flavors will produce in the classical limit solutions of the
Schrodinger equation with potential being generalization of (1.4). The latter case seems to
be an interesting task for further investigation due its possible application as a laboratory
for study of implications of PT symmetry.

A Floquet’s theorem and band structure of spectrum

In this appendix we recall the most important facts concerning the eq. (1.1). Let y;(z) =
yi(xz; A), i = 1,2 be the normalized fundamental solutions of (1.1), i.e., such that y;(0) =

19Tet us note that an alternate reality proof of the spectrum of PT-symmetric hamiltonian #; should be
possible to carry out at the gauge theory side of the AGT correspondence. The N’ = 2, SYM counterpart
of the Ny = 1 classical irregular block is known as the Ny = 1, SU(2) effective twisted superpotential. This
quantity is determined by a solution of certain Bethe-like equation appearing as a saddle point condition
in the process of computation of the Nekrasov-Shatashvili limit of the corresponding Nekrasov instanton
partition function, cf. [22, 47, 48]. Thus, in order to prove the reality (and the positivity) of the spectrum
in eq. (3.12) it seems to be enough to find an answer to the following question: in what circumstances is
the logarithmic derivative of the Ny = 1, SU(2) effective twisted superpotential real valued (and positive),
or perhaps equivalently, in what circumstances the corresponding saddle point/Bethe-like equation has real
(and positive) solution? Finally, let us stress that very similar “Bethe-ansatz-inspired” ideas were employed
to prove the reality and the positivity properties of the spectra of PT-symmetric Schrédinger operators
emerging in the context of ODE/IM correspondence, cf. [29].
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y5(0) = 1 and y2(0) = y}(0) = 0. The periodicity of Q(z) implies that y(z + ) is also
a solution of eq. (1.1). The fundamental solutions y;(x), ¢ = 1,2 satisfy the following
equation
y1(m; A) ya(m; A)
v(e+m) =o@)MQ),  v=(y) MO = (A
(5 A) Yo (75 A)
where M () is the monodromy matrix. Wronskian for the normalized fundamental solu-
tions amounts to W (y1, y2) = 1 which entails that M (\) € SL(2,C). Since y(z) is a linear
combination of fundamental solutions and y(z + 7) also belongs to the set of all solutions
to eq. (1.1) it is possible to pick such one, that y(z + 7) = py(z). This amounts to the
diagonalisation of monodromy matrix

X(p) = det (M(X) = pI) = p* = A(N)p + 1,
x(p1) = x(p2) =0,  pr:=e"",  pri=e ", veC,

where A(N) := tr M()) is the Hill’s discriminant, p1, p2 are the Floquet multipliers and v
is the Floquet’s exponent.

Theorem 2 (Floquet). Let p1, pa be the roots of x(p).

1. If p1 # po then
fi(z) = e pi(x), fo(@) = e pa(x),  pilz+7) =pi(2), i=1,2
are the two solutions that span the space of solutions to Hill’s equation (1.1).

2. If p1 = pa the monodromy matrix M(\) is similar to upper-triangular matriz, that is
there exists a solution p(x) which is either periodic or anti-periodic (p(z+7) = —p(x))
and the second linearly independent solution q(x) such, that

q(z + ) = prg(x) + ap(z).

In case o = 0 the monodromy matriz M(X\) € Za, i.e., ya(m) = yj(7) = 0 and all
solutions are either periodic or anti-periodic.

Note, that if v € C with Sv # 0 the solutions are unbounded to which one refers
as to unstable solutions. In order to have stable solutions it is necessary for the Floquet
exponent v € R. However, it is insufficient condition as follows from the first part of the
second point of the Floquet theorem. A sufficient condition is ¥ € R and M (X) € Zy which
entails that v = 1, 2. In this case all solutions are stable and periodic with the basic period
7 or 2mw. An effective criterion for the stability of solutions to Hill’s equation is A(X) € R
and either |[A(N)| < 2 or |[A(N)] = 2 and M(A\) € Zs. From eq. (A.1) it follows that
A(N) = y1(m; ) + y5(m; A). Therefore, solving A(\) = £2 for A we obtain segments on R
where |A(XN)| < 2 as well as those, where |[A(A)| > 2. The former are termed bands whereas
the latter — gaps. Thus, the spectrum of Hill’s equation (1.1) has the band structure. This
fact is a thesis of the following:
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Theorem 3 (Oscillation). Let A € C and )\;, \; € Ry such that A();) = 2 for i € Ny

and A(N;) = =2 fori € N. Then solutions to eq. (1.1) are stable if

A€ U(A2i72ax2i—1) U (A2i; Agi1),
ieN

and in case when A = \gj—1 = A9 01 \ = Aoi_1 = Ag; fort € I C N and unstable otherwise.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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