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ABSTRACT: Loop-level scattering amplitudes for massless particles have singularities in
regions where tree amplitudes are perfectly smooth. For example, a 2 — 4 gluon scattering
process has a singularity in which each incoming gluon splits into a pair of gluons, followed
by a pair of 2 — 2 collisions between the gluon pairs. This singularity mimics double parton
scattering because it occurs when the transverse momentum of a pair of outgoing gluons
vanishes. The singularity is logarithmic at fixed order in perturbation theory. We exploit
the duality between scattering amplitudes and polygonal Wilson loops to study six-point
amplitudes in this limit to high loop order in planar N' = 4 super-Yang-Mills theory. The
singular configuration corresponds to the limit in which a hexagonal Wilson loop develops
a self-crossing. The singular terms are governed by an evolution equation, in which the
hexagon mixes into a pair of boxes; the mixing back is suppressed in the planar (large N.)
limit. Because the kinematic dependence of the box Wilson loops is dictated by (dual)
conformal invariance, the complete kinematic dependence of the singular terms for the
self-crossing hexagon on the one nonsingular variable is determined to all loop orders. The
complete logarithmic dependence on the singular variable can be obtained through nine
loops, up to a couple of constants, using a correspondence with the multi-Regge limit. As a
byproduct, we obtain a simple formula for the leading logs to all loop orders. We also show
that, although the MHV six-gluon amplitude is singular, remarkably, the transcendental
functions entering the non-MHV amplitude are finite in the same limit, at least through
four loops.
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1 Introduction

At high-energy hadron colliders such as the Tevatron and the Large Hadron Collider, double
parton scattering can take place, in which two partons from each incoming hadron collide
with each other. The kinematic signature of such an event is that the final state can be
split into two subsets of constituents, which are the products of the two separate partonic
collisions. The transverse momentum of each subset should add up to zero, whereas for a
single parton scattering with the same final state this is not generically true. Single-parton
tree amplitudes are smooth as one approaches the kinematics of double-parton scattering.
However, at loop level the single-parton scattering amplitude can have a logarithmic singu-
larity in the subset transverse momentum, which can be identified with a Landau or pinch
singularity in the Feynman parameter integration [1-9]. This singularity arises because,
at the loop level, each incoming parton can split into two collinear partons, each of which
then participates in a scattering.

Figure 1(a) shows such a configuration for massless 2 — 4 scattering, where particles
3 and 6 are incoming, and particles 1, 2, 4 and 5 are outgoing. This configuration is
generically singular as the vector sum of the transverse momenta of particles 1 and 2
vanishes, because of the existence of the 2 — 2 subprocesses (1 —x)ks+ (1 —y)ks — k1 + k2
and zks+yke — ka+ks. The lines marked x, (1—2) (y, (1—v)) in the figure can go on-shell
in this limit; they are approximately collinear to the initial-state particle 3 (particle 6), and
they contain the indicated fraction of its longitudinal momentum. Similar configurations
arise for 2 — (n — 2) processes for any n > 6, although in this paper we will mostly study
the six-point amplitude.

Although of less direct phenomenological relevance, there are similar singularities for
scattering processes with more than two initial particles. For the case of the six-point ampli-
tude, figure 1(b) shows such a singularity in 3 — 3 scattering. An initial parton splits into
two collinear partons, each of which collides with another incoming parton; two of the prod-
ucts of those collisions then fuse into a single parton. Interestingly, at least for the theory we
will be considering in this paper, the 3 — 3 process has a somewhat simpler structure in the
singular limit, and the 2 — 4 case can then be obtained from it by an analytic continuation.

In the experimental effort to isolate hard multiple parton interactions, the background
from single-parton contributions in the same region of phase space must be subtracted,
usually by extrapolation from data with finite values of the subset transverse momentum.
In the case of jet final states, the jet energy resolution typically smears the double-parton
events over a range of finite subset transverse momenta, and the expected “bump” at
zero may become a broad shoulder. Hence it is of some interest to understand any non-
smooth behavior of the single-parton background. Because the matrix element singularity
is merely logarithmic, the phase-space integration over the subset transverse momentum is
convergent. However, the detailed shape as one approaches zero may still be important. It



(b)

Figure 1. (a) A 2 — 4 scattering configuration mimicking double-parton scattering. Incoming glu-
ons 3 and 6 split into collinear pairs with very small transverse momentum, and longitudinal momen-
tum fractions x and 1 —z, and y and 1 —y, respectively. These pairs then undergo 2 — 2 scatterings
into final state gluons 1, 2, 4 and 5. (b) The analogous configuration for 3 — 3 scattering. Gluons 1,
3 and 5 are incoming. Gluon 3 splits collinearly, and its daughters collide with gluons 1 and 5. These
2 — 2 collisions produce gluons 2 and 4, and two more gluons which fuse collinearly into gluon 6.

is not our purpose in this paper to perform any phenomenological discussion of the single-
parton contributions to double parton scattering or how to separate them theoretically (see
e.g. refs. [8, 10-16]). Rather, we would like to use a toy model to study the behavior of
scattering amplitudes in this region to very high perturbative order.

The toy model we have in mind is /' = 4 super-Yang-Mills theory (SYM) [17] in
the limit of a large number of colors N,.. In this limit, the theory is integrable [18] and
possesses a dual superconformal symmetry [19-23]. Perhaps most interestingly for the
present problem, scattering amplitudes in planar N' = 4 SYM are dual to polygonal Wilson
loops with light-like edges [22, 24-27]. Each edge of the Wilson loop corresponds to an
external momentum of the scattering amplitude, and the closure of the polygon is the
geometrical statement of overall momentum conservation.

The Wilson loop configuration that mimics double-parton scattering is one in which
the loop crosses itself, as shown in figure 2. Comparing this figure with figure 1, we see
that the splitting of particle 3 into two collinear intermediate particles with momentum
fractions « and 1 — x is reflected in the division of line 3 in figure 2 into two segments
labelled by x and 1 — z, and similarly for particle 6 with momentum fractions y and 1 — .
The reason lines 3 and 6 touch (in the singular limit) is to ensure momentum conservation
of the subprocesses (1 — x)ks + (1 — y)k¢ — k1 + ko and zks + yk¢ — k4 + ks (or their
analytic continuation in the case of 3 — 3 scattering). For convenience, we will refer to
this kinematics as “self-crossing”, even when we discuss theories other than planar AN/ = 4
SYM for which there is no polygonal Wilson loop correspondence, and where the term
“double-parton-scattering-like” might be more appropriate.

The behavior of the self-crossing hexagonal Wilson loop in planar NV = 4 SYM has
been studied by Georgiou [28] at two loops, and by Dorn and Wuttke [29, 30] at two and



Figure 2. Self-crossing configuration of a hexagonal Wilson loop, regulated by a small space-like
vector Z.

three loops. This “bosonic” Wilson loop corresponds to the six-gluon maximally helicity
violating (MHV) scattering amplitude, in which the gluons have the (all-outgoing) helicity
configuration (——++++), or any any permutation thereof. The self-crossing configuration
depends on one singular parameter, § < 1. This parameter is invariant under the dual
conformal symmetry possessed by Wilson loops in planar N’ = 4 SYM. It serves as a proxy
for the vanishing subset transverse momentum. In figure 2, we regulate the self-crossing
singularity by a small space-like separation vector z'[31, 32]. We will see that the magnitude

of the separation, 72, is proportional to §.

The self-crossing configuration depends as well on one generic, nonsingular parameter
we call v. In this paper we will determine how the singular (Ind containing) terms in
this Wilson loop (amplitude) depend on v to all loop orders. We will present the full
logarithmic dependence on § through seven loops, and at eight and nine loops up to a
couple of constants. We’ll also give the full v dependence of the nonsingular terms through
five loops, neglecting terms suppressed by powers of d.

We will show that the transcendental functions entering the other six-point helicity
configuration in N' = 4 SYM, called non-MHV (NMHV), are actually nonsingular through
four loops! This result is related to an argument of Gaunt and Stirling for one-loop QED
amplitudes [7].

In order to provide explicit MHV results to such a high loop order, we will make use
of the factorized singularity structure of Wilson loops that are close to crossing [33, 34],
in particular the analysis and evolution equation studied by Korchemskaya and Korchem-
sky [31, 32]. As one approaches the singularity, the hexagonal Wilson loop mixes with
another configuration, which features two disconnected squares corresponding to the two
2 — 2 subprocesses. At large V., the mixing of the two-square configuration back into the
hexagon is suppressed, and the expectation value of the two-square Wilson loop is dictated
by dual conformal invariance. This leads to an exact prediction for how the singular terms
in the hexagonal Wilson loop depend on the unique nonsingular kinematic variable, v.

Knowing the full dependence on v for the singular terms, we can evaluate them by
choosing v to be anything we like. We make use of the fact that as v — 0, the self-crossing



limit overlaps with the limit of multi-Regge kinematics (MRK), which has been studied
extensively in planar N/ = 4 SYM [35-52]. In particular, an all-orders formula for the
behavior of the Wilson loop in this limit was proposed by Basso, Caron-Huot and Sever
(BCS) [49], based on integrability and an analytic continuation from the Euclidean operator
product expansion region studied by Basso, Sever and Vieira [53-56]. We will analyze this
formula to high loop orders in the region of overlap with the self-crossing configuration, and
make use of recent high order results by Drummond and Papathanasiou [50] and especially
by Broedel and Sprenger [51]. The exact v dependence provides cross checks on the MRK
predictions of BCS.

Finally, we have used a very recent determination of the full MHV amplitude at five
loops [57], as well as lower-loop results [41, 47, 58, 59], to obtain the full v dependence of
the nonsingular terms through this order. We also present the nonsingular limits of the
transcendental functions entering the NMHV amplitude through four loops, using results
from refs. [60-62].

Similar methods for controlling the singular terms should be applicable as well to
higher-point amplitudes, but we leave that for future work.

This paper is organized as follows: section 2 reviews properties of amplitudes and
Wilson loops in planar N' = 4 SYM. It describes the self-crossing limit and explains why
the transcendental functions in NMHYV six-gluon amplitudes are expected to be nonsingular
there, while MHV amplitudes diverge. Finally, it discusses how to frame Wilson loops
to remove their cusp divergences, and how different framings behave in the self crossing
limit. Section 3 provides explicit results for the MHV amplitude through five loops, after
discussing how to analytically continue into these regions. It also looks at a few special
limits (v — oo and v — 1) where the results simplify.

Section 4 discusses how the singular terms as ¢ — 0 obey an evolution equation,
one that is particularly simple due to the large N, limit. This equation explains several
properties of the explicit results, and allows one to go to higher loop order using the
v — 0 limit. Section 5 shows how the v — 0 limit of self-crossing overlaps with the
w — —1 limit of multi-Regge-kinematics. It also develops techniques for evaluating the
Fourier-Mellin transform in this limit, and discusses a comparison with information from
ref. [51]. Section 6 presents the final expression for the self-crossing limit, and organizes
the dependence on § into a suggestive form, so that no pure even ( values appear explicitly,
and particular terms with single odd ¢ values are confined to a specific dependence on In |4].
Finally, in section 7 we conclude.

We also provide multiple appendices. In appendix A we give a detailed description of
both 2 — 4 and 3 — 3 self-crossing kinematics in terms of the kinematics of the 2 — 2
subprocesses. Appendix B gives the expansion of the light-like cusp anomalous dimension
through 10 loops. Appendix C gives the full four- and five-loop results for the MHV
amplitude in the self-crossing limit, while appendix D presents results for the nonsingular
NMHYV transcendental functions through four loops. Appendix E gives a brief description
of the self-crossing limit for the seven-point case, which will be explored more thoroughly
in future work.

Accompanying this article is an ancillary file containing computer-readable expressions
for the lengthier formulae in this paper.



2 Preliminaries

As mentioned in the introduction, scattering amplitudes in planar N’ = 4 SYM are dual to
polygonal Wilson loops. For the MHV n-gluon amplitude, where two gluon helicities are
negative and the rest positive, the correspondence is via

A = Ao, = APPS(s; 5 €) explRu(uijn)] (2.1)

where AMHV is the partial amplitude associated with the color factor Tr(T91T%2 ... T4%),
A,IXI HV, tree 3o the corresponding tree-level amplitude, W,, is the Wilson n-gon expectation
value, ABPS is the BDS ansatz [63], and R, is the remainder function which corrects
this ansatz for n > 6. The tree amplitude ANV 7 ig given by the Parke-Taylor for-

mula [64, 65],

AMHV tree . <J k>4 (2 2)
’ =1 , .
" (12)(23)---(n1)

where j and k label the two negative-helicity gluons, in the all-outgoing helicity convention.
It is important to note that all of the dependence on j and k is carried by the simple pref-
actor (j k:>4. The more complicated quantity, the bosonic Wilson loop, carries no helicity
information at all.

The BDS ansatz depends on the Mandelstam variables s;; and is given by

o

1
AEDS _ Alr\L/[HV’tree exp [Z ak <f(L) (6)§M71;100p(L6) + C(L)>] : (2.3)
L=1

where Mé_IOOP(Le) is the one-loop amplitude, normalized by the tree amplitude, and eval-
uated in dimensional regularization with D = 4 — 2¢, but letting ¢ — Le. The remaining
quantities in eq. (2.3) are constants:

B = 5+ e+ 1P, (2.4)
where two of the constants,
1 L
0 = L, o - Lo, 25)

are given in terms of the (light-like) cusp anomalous dimension i and the “collinear”
anomalous dimension Gy, and fQ(L) and C'5) are other constants, known analytically to three
loops. The BDS ansatz captures all the infrared singularities of the scattering amplitude,
or equivalently the ultraviolet cusp singularities of the Wilson loop. However, there is a
simpler, “BDS-like” ansatz that also does this, which we will introduce in section 2.2.

We should note that eq. (2.1) is formal due to infrared divergences. In fact the 1/e
pole in the logarithm of the Wilson loop is controlled by Gk, a quantity that differs from
Go by a term proportional to the virtual part of the DGLAP kernel [66-68]. This difference
will not matter below, once we pass to finite quantities on both sides of the duality.



2.1 Helicity selection rules

Because the MHV tree amplitude (2.2) carries all the helicity dependence of the full MHV
amplitude, we can immediately make some all-order statements about how the self-crossing
result in A/ = 4 SYM depends on the helicity configuration. The spinor products (i j)
entering eq. (2.2) are all nonsingular and finite in the generic self-crossing configuration.
Hence there are at most simple finite factors between the different helicity configurations,
and all will have the same singularities in the self-crossing limit. We can contrast this
behavior with that of the one-loop QED six-photon amplitude with an electron in the
loop, as analyzed in ref. [7]. In that case, non-singular self-crossing limits of certain helicity
configurations appear for two reasons:

1. If two of the outgoing photons from a 2 — 2 subprocess have the same helicity, then
the tree amplitude for eTe™ — yT~T vanishes for massless electrons, causing the
one-loop amplitude to be nonsingular.

2. If the two incoming photons have opposite helicities, then the J, of the initial state
is nonzero; however, by helicity conservation for massless electrons, the four-electron
intermediate state has J, = 0.

As a result of these selection rules, the only possible singular MHV configurations for six
photons at one loop are ++ — (—+)(—+), where we use all-outgoing helicity labelings, and
separate the pairs of final-state photons for the two 2 — 2 subprocesses using parentheses.
In addition, there are no singular NMHV configurations.

The difference between one-loop QCD or planar N'= 4 SYM amplitudes with gluons
circulating in the loop, and one-loop QED amplitudes, is that gluons can have a helicity
flip while circulating around the loop, and therefore the outgoing gluons from a 2 — 2
subprocess can have the same helicity, in contrast to selection rule 1. Massless quarks,
gluinos and scalars in the loop obey rule 1, just like massless electrons. However, rule 2, or
more generally J, conservation between the initial state and the four-parton intermediate
state, is an important constraint that still needs to be applied.

Figure 3 shows four different configurations that satisfy both rules 1 and 2 for gluons
circulating in the loop. Only the first one, (a), for ++ — (—+)(—+), appears in QED.
Configurations (b), (c¢) and (d) are forbidden by rule 1 in QED, but permitted in QCD
or planar N' = 4 SYM amplitudes. Correspondingly, the MHV configurations ++ —
(—)(++), —+ — (—+)(++) and —— — (++)(++), although non-singular in QED, are
singular in QCD or N/ = 4 SYM, because they obey the .J, conservation rule. Because only
gluons contribute to the singularity, the singular behavior of the one-loop QCD amplitude
for these three helicity configurations is identical to that for N' = 4 SYM studied in this
paper, and therefore all three cases are simply related by the helicity dependence of the
MHYV tree amplitude.

On the other hand, for +4+ — (—+4)(—+), the QCD and N/ = 4 SYM results are
different, because massless quarks, gluinos and scalars can contribute. While the N/ = 4
supersymmetric sum will reconstruct a result for N'= 4 SYM that is simply related to the
other MHV configurations, the QCD result will have a different form.



(b) (d)

Figure 3. Allowed helicity configurations for a singular self-crossing limit for the MHV six-gluon
amplitude. The cut internal lines are collinear with the incoming particles, as in figure 1. Only (a)
is allowed for massless matter circulating in the loop; (b), (¢) and (d) require gluons to circulate.

(b) (d)

Figure 4. NMHYV six-gluon helicity configurations. All are forbidden to have self-crossing singular-
ities by the J, conservation rule (hence the red lines through them). One (QED-like) configuration
for —+ — (—+)(—+) is not shown; it also violates J, conservation.

What about NMHV helicity configurations? Ref. [7] shows that there are no NMHV
helicity configurations in QED (or for any massless matter contribution) that obey rules
1 and 2. Remarkably, even with gluons in the loop, so that rule 1 can be relaxed, rule
2 (J, conservation) still forbids any singular configurations. Figure 4 shows four different
helicity configurations that would appear to factorize properly into nonvanishing 1 — 2
splittings and 2 — 2 subprocesses. However, all four of them are non-singular because
they violate J, conservation between the initial and the intermediate state. For example,
in case (a), for +4+ — (——)(—+), the initial J, is zero, but the final J, is +2. In case
(b), for —+ — (——)(++), the initial J, is £2, while the final J, is zero. (There is a fifth
configuration, not shown, for —+ — (—+)(—+), which is of the same type allowed by rule
1; but it violates J, conservation just as it does in QED.)

Thus, as a consequence of J, conservation, the NMHYV siz-gluon amplitude is nonsin-
gular in all self-crossing limits, to one-loop in QCD, and in N =1 or N' = 4 SYM. Naively,
the result should hold to all orders in supersymmetric gauge theories because supersym-
metry forbids the “non-tree-like” 2 — 2 helicity amplitudes (++++) and (—+++). That
four-point selection rule dictates the configurations shown in figure 4, plus the fifth, QED-
like one, all of which violate .J, conservation. At two loops in QCD, the NMHYV six-gluon
amplitude will presumably become singular; it is easy to write down helicity configurations
that satisfy J, conservation once one of the 2 — 2 amplitudes for (—+++) or its parity
conjugate (+———) is nonzero.



The NMHYV six-gluon amplitude has been computed in planar N' = 4 SYM through
four loops [60-62]. In appendix D we provide the self-crossing limits of the transcendental
functions entering these results. We find that these functions are indeed completely non-
singular in the self-crossing limit through four loops. However, the full NMHV amplitude
contains rational function prefactors which blow up like 1/v/§ in the self-crossing limit.
Therefore the full amplitude can be singular even if the transcendental functions are fi-
nite. To analyze the behavior of the full amplitude requires expanding the transcendental
functions to higher order around the self-crossing limit. In appendix D we carry out this
expansion, not in the full self-crossing limit, but in the part that overlaps with multi-Regge-
kinematics. We find logarithmic singularities in § starting at two loops. Thus there must
be a loophole in the naive argument for all-loop order NMHYV finiteness in the self-crossing
limit, perhaps from contributions where more than one particle crosses a cut, which can
happen starting at two loops. We leave further investigation of this issue to future work.

2.2 The BDS-like normalized amplitude

The BDS ansatz also accounts for an anomaly in dual conformal invariance due to the
infrared (ultraviolet) divergences of the scattering amplitude (Wilson loop). The remainder
function R, is then invariant under dual conformal transformations. Hence R, can only
be a function of the dual conformally invariant cross ratios,

2 .2

Wijkl = % ) (2-6)

TikT
where x?j = (z; —x;)?, the dual coordinates z!" describe the locations of the vertices of the
n-gon, and the scattering amplitude momenta k!' are related to them by k!' = zf' — 2" .

2
it
such invariants for n = 4 or 5, and the remainder function first becomes nonvanishing for
n =6 [35, 69, 70].

For n = 6, the main subject of this paper, there are three independent cross ratios,

Non-trivial cross ratios require non-adjacent vertices, since x2, ,; = k? = 0. There are no

2 2
B 512 845  Ti3Ty6
w=u= =2 2
5123 $345 T4 T3g
2 2
523 556 L4 L51
5234 5123 To5 Tyq
2 .2
534 S61 Tar X
w = uz = = —3562 (2.7)

2 2
5345 5234 T36 T5o

where ;41 = (ki + kiy1)?, sii+1ive = (ki + kiv1 + kize)?, and x?j = (z; — zj)>

The remainder function, Rg(u, v, w), has a Euclidean branch for which u, v and w are
all positive and the function is real. The 2 — 4 and 3 — 3 scattering configurations are
physical, Minkowski configurations, which can be obtained from the Euclidean region by a
suitable analytic continuation [28, 30, 35, 39]. For 2 — 4 scattering, we are interested in the
configuration with particles 3 and 6 incoming — see figure 1(a) and eqs. (A.1)—(A.3). This

2

is achieved by letting © — ue™?™ and leaving v and w positive. For 3 — 3 scattering, we



wish to take particles 1, 3 and 5 to be incoming — see figure 1(b) and egs. (A.30)—(A.32).
To do this (for the case v,w < 0), we let u — ue™™ v — ve™, w — we™. (See also
sections 3.1 and 3.2 below.)

Instead of considering the remainder function, which is the (log of) the amplitude nor-
malized by the BDS ansatz, for our present problem it is better to normalize the amplitude
by a “BDS-like” ansatz [71]. The reason is that the BDS ansatz contains the one-loop
N = 4 SYM amplitude, which is also singular in the self-crossing limit. The BDS-like
ansatz has a simpler functional form, depending only on two-particle invariants, and it is
nonsingular in the limit.

More specifically, the BDS-like ansatz for six-gluon scattering is

o)

AﬁBDsflike _ Alg/[HV,tree exp [Z oL <f(L)(e);]\Zf6(Le) + C(L))] 7 (2.8)
L=1

6
3 [_612 (1=€mn(=si501) ) ~In(=si 1) In(=si1102) + 5 In(—51011) ln(—si+3,i+4)]
+6¢2, (2.9)
with
Y (u,v,w) = Lig(1 —u)+ Liz(1 — v) + Lia(1 — w) + %<ln2 u + In?v + In? w). (2.10)

Our perturbative expansion parameter for planar SYM is a = g%MNc/ (872), where N, is
the (large) number of colors and gy, is the Yang-Mills coupling. Note that Mg(e) contains
only two-particle invariants s; ;+1, which are just the squares of the spinor products (i, i +
1) entering the MHV tree amplitude (2.2). Therefore the BDS-like ansatz is completely
smooth as one approaches self-crossing kinematics, yet it still removes infrared divergences
in a way that respects dual conformal invariance, since it only differs from the BDS ansatz
by the dual conformally invariant function Y (u, v, w).
Comparing egs. (2.3) and (2.8), we see that

ABDSHlike - ABDS oy [Z(Y(u,v,w)] . (2.11)
We define the function &(u, v, w) by
ANV — ABDSHlike (g e) x E(u, v, w) (2.12)
Eq. (2.11) shows that it is related to the remainder function by

E(u,v,w) = exp [Rg(u,v,w) - fg{Y(u,v,w)] . (2.13)

Using integrability, the cusp anomalous dimension g (a) can be computed to arbitrary
loop orders [72]. Its expansion through 10 loops in terms of a is given in appendix B.

,10,



Although our main focus will be on the singularities of the MHV six-gluon amplitude,
we will also present the nonsingular limits (see section 2.1) of the transcendental functions
entering the NMHV amplitude. As described in more detail in ref. [62], the NMHV super-
amplitude can be written in a BDS-like form as

ANMHV 1
7AB%S_hke = 5 |[M+A]E(w, v, w)+[(2)+G)E(v, w, u) +[(3)+(6)]E(w, u,v)  (2.14)
6

H[(1) = DB Yor ) = [(2) = BN EWos Yuos Yu) + [(3) = (OIE Y, yus 90| »

where AYMIV and ABPSHE are super-amplitudes and (1), (2),. .., (6) are shorthand no-
tation for six Grassmann-variable-containing dual-superconformal “R” invariants. The
coefficient functions E and E are related to the more conventional components of the ratio
function, V and V, by

E(u,v,w) = V(u,v,w) exp [Rﬁ(u v, W) — %Y(u v w)} , (2.15)
E(u,v,w) = V(u,v,w) exp |:R6(’LL,U,U}) - fyé(Y(u,v,w)} . (2.16)

Using the quantities E and E also simplifies the global structure of the NMHV ampli-
tude [61, 62]. Similarly, the MHV amplitude’s global structure is most simply expressed in
terms of & [57].

The functions E and V are odd under parity and, like all parity-odd functions, they
vanish like a power of § as one approaches the self-crossing limit. However, it is very
nontrivial that the parity-even function E(u,v,w) remains finite in the limit through four
loops, for all different orientations. These finite limits are presented in appendix D.

2.3 Self-crossing kinematics

After the analytic continuation to either 2 — 4 or 3 — 3 kinematics, the self-crossing
limit constrains two of the cross ratios. The precise relations between the subprocess
scattering angles and the kinematic invariants are worked out in appendix A, strictly in
the self-crossing limit. From momentum conservation for the 2 — 2 subprocesses, we obtain
egs. (A.5)—(A.10). Inserting these into the definitions of the cross ratios, we have

_ os1esas _ (L—x)(1 —y)szs vysse 1, (2.17)
51235345 z(1 —y)sse y(1 —x)s36
1—
v sa3ss6 55 (L—ylry(l—a) 1. (2.18)
w5123 $34561 (1—y) y(l—z)

Thus there is only one nonsingular variable, v, characterizing the self-crossing limit.
We regulate the self-crossing singularity by moving u slightly away from 1. We rewrite
momentum conservation near the self-crossing limit as

ki +k+(1—x)ks+ (1 —y)ke = 2 (2.19)
k4 + ks + xks + ykg = —2, (2.20)
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where z* is a small, space-like vector z = (0, Z) orthogonal to k3 and kg (see figure 2). Then
eqgs. (A.5)—(A.8) all acquire an additional term of —2? on the right-hand side. Correcting

eq. (2.17) for this and expanding to first order in 22, we see that!
u = 1-4, w o= v, (2.21)
where
72
5 = (2.22)

ssery(l —2)(1 —y)
Note that for 2 — 4 kinematics, s3g is positive, so § > 0; whereas for 3 — 3 kinematics,
s36 is negative, so 6 < 0, and in this case we will let § = —|].
Appendix A also indicates the values of v that correspond to 2 — 4 versus 3 — 3
kinematics:

2 — 4 kinematics :  (u,v,w) = (1—96,v,v), §>0, 0<wv<l, (2.23)
3 — 3 kinematics :  (u,v,w) = (14 |0|,v,v), v <0 and 1<w. (2.24)

The range in v for 3 — 3 kinematics splits into two segments because, as explained in
appendix A, v = w = oo corresponds to so34 = 0. The 3-particle invariant so34 can vanish
in the interior of phase-space only for 3 — 3 kinematics. It corresponds to the potential
factorization pole when a six-point amplitude separates into two four-point amplitudes.
(Such a pole is absent in supersymmetric theories in the MHV case, due to helicity selection
rules, although it can be there in the NMHYV case, where it has been studied at three and
four loops [61, 62].)

The point v = 1 is not special from the point of view of the amplitude, and we will see
that £ has no additional singularities there. The Wilson loop framing (see the next section)
can induce logarithmic singularities of the form In |1 — v| at this point. The point v = 0 is
special because, as shown in section 5, it overlaps with the multi-Regge limit. We will use
this correspondence to determing the self-crossing behavior there to high loop orders.

2.4 Framed Wilson loops

Before we can discuss the singular behavior of a Wilson loop in the self-crossing limit,
starting in section 4, we need to regularize the singularities that it has for any configuration,
namely its cusp divergences. A convenient way to do this is to “frame” the Wilson loop [53,
73], as illustrated in figure 5. Instead of considering just the hexagonal Wilson loop, we
divide it by two pentagonal Wilson loops and then multiply back by the Wilson loop for a
quadrilateral (or box, for short). Each pentagon has three cusps that coincide with three of
the six cusps of the hexagon, plus two new ones. Thus dividing by the pentagons removes
the cusp singularities of the hexagon, while simultaneously introducing four additional
cusps. These cusps are then removed by multiplying by a box which shares two edges and
two cusps with each pentagon.

!The relation between w and v is corrected at O(Z). However, we can ignore the correction for the MHV
case because the amplitudes have no extra singularities as w — v, so it only leads to power-suppressed terms.
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Figure 5. The framing of a hexagonal Wilson loop, by dividing it by two pentagons and multiplying
it by a quadrilateral.

2
ke e
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Figure 6. Hexagonal Wilson loop with edges k1, ..., ks framed by blue and red dashed pentagons.
This framing remains nonsingular in the self-crossing limit.

The first pentagon is defined by selecting one of the corners of the hexagon and creating
a new edge connecting it to a light-like separated point on a side furthest away from it,
as shown in figure 6. The second pentagon has the same construction, with all the labels
cycled halfway around, by 3 units modulo 6. It might seem that there are 6 ways to do the
framing: 3 pairs of opposite corners to choose, and a twofold ambiguity as to which of the
two sides is connected to the first corner. However, taking into account the symmetries of
the self-crossing configuration, there are really only three distinct framings. Two of these
framings are nonsingular in the self-crossing limit, and we will use one of these. A third
framing is singular in the limit, but will still prove useful.

First we describe one of the framings that remains nonsingular in the self-crossing limit.
Its Wilson loop will be denoted by W"S. We use the notation in section 5.4 of ref. [59].
The first pentagon is obtained by removing momenta ky, k5, kg and replacing them with
two new momenta k), k having the same sum. The vector &} is parallel to k4, so we have:

ka4 ks + kg = /43;1 + kf/5, k‘fl = Eky. (2.25)
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Demanding k% be light-like fixes & = s123/(s123 — S56). The second pentagon is obtained
by replacing
ki + ko + k3 = klll + ké’, kll/ = ﬁ”kl, (2.26)

and " = s123/(s123 — s23). The box then has sides kY, k%, k), kL. This nonsingular framing
is illustrated in figure 6.
Generically, the relation between the framed Wilson loop W and the remainder function
is given by [59]
W(u,v,w) = exp |:R6(U,U,'UJ) + P%(X(u, v,w) |, (2.27)

where

X(u,v,w) = —Lig(1 — u) — Lig(1 — v) — Lig(1 — w)

uv
_m(u)(l—z;)) In(l —v) —lnulnw+ 2¢,. (2.28)

We can rewrite this relation in terms of £ using eq. (2.13),

Wu,v,w) = E(u,v,w) exp[’yg(X(u,v,w)+Y(u,v,w)) . (2.29)

In ref. [59] the function X (u,v,w), although correct, was assigned to the framing specified
by egs. (2.25) and (2.26), whereas it should have been to a flipped framing. To say it
another way, egs. (2.25) and (2.26) really correspond to X (w,v,u).

The singular framing is identical to the nonsingular framing, except that the labels of
the momenta k; or the dual coordinates x; are lowered cyclically by one unit, k; — k;_1,
x; — wx;—1. This framing is illustrated in figure 7. Its Wilson loop will be denoted by
W5, Tt corresponds to letting u — w — v — w in the function X (w,v,u), resulting in
the function X (v,u,w). Note that there is a In*(1 — v) in X (u,v,w) in eq. (2.28), which
becomes a In?(1 —u) in X (v, u,w), and is the mathematical origin of additional In? § terms
that we will find in the self-crossing limit of X (v, u,w) below.

To see physically why this framing is singular, note that in the blue dashed pentagon,
leg 6 is adjacent to a light-like leg (call it 4) which runs from the corner between legs 5 and
6 to the middle of leg 3. But in the self-crossing limit, the point on leg 3 which is light-like
separated from the corner between legs 5 and 6 is none other than the self-crossing point,
since that lies on both legs 3 and 6. Therefore the blue pentagon becomes degenerate
in this limit; legs 4 and 6 become collinear. See figure 8. Similarly, the red pentagon
degenerates in the self-crossing limit as legs 1” and 3 become collinear. The box is even
more degenerate; it simply runs from the crossing point out and back along leg 3, and then
out and back along leg 6. For this reason, we will find that the singularly-framed Wilson
loop has extra powers of Ind in its perturbative expansion.

In order to convert back and forth between Rg, £, W™ and W?®, we also need to
record the limiting behavior of X™, X® and Y in the self-crossing limit for both 2 — 4
and 3 — 3 kinematics. For the 2 — 4 self-crossing limit, we first let u — ue 2™, so that
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Figure 7. A framing for the hexagonal Wilson loop in which the pentagons and box used to frame
the hexagon become singular for self-crossing kinematics.

2=2

5"=5

Figure 8. The singular framing in figure 7 near the self-crossing limit. The dashed, gray vector is
the regulator z. Note that the edges of the framing Wilson loops go straight through the crossing
point in this limit. For z = 0, the edges ki and k) become parallel in the first (blue) framing
pentagon, while the edges k) and kf§ become parallel in the second (red) pentagon. Each framing
pentagon degenerates into a box with a parallel segment emerging from it as z — 0. This behavior
induces additional, unwanted dependence on §. However, it will simplify the v dependence of the
singular terms.

Inu — Inw — 27 and Lip(1 — w) — Lis(1 — w) + 27iIn(1 — u). Then we let v — 1 — 9,
w = v. We obtain from X (w,v,u), X(v,u,w) and Y (u,v,w) respectively,

ns = o [ln(ﬂ—ln(l;v)} —2<Lig(1—v)—C2)—|—ln(1—v)<ln(1—v)—21nv> . (2.30)

X5, = In26— 2(L12(1 —v) - 42) —In2v, (2.31)
Yo y4 = 2milnd + 2Lig(1 — v) + In? v — 272

Here we see the In? § terms in X3 ,, whose origin was mentioned earlier.
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To get to 3 — 3 kinematics with v < 0, following ref. [39] we let Ind — In|d| — i,
Inv — In|v| — im, and then complex conjugate the result. We find,

XIS, = 2mi [m 16] + L} 4 2Lis(v) + In2(1 — ), (2.33)
X33 = X353+ I’ [] - L?, (2.34)
Vg = — X354+ L* — 4(y, (2.35)
where
1
L = ln<1 - ) : (2.36)
v

Considering eq. (2.35) as well as eq. (2.29), we see that the 3 — 3 self-crossing limit of
& is very closely related to that of the nonsingularly-framed Wilson loop W:

£33 = W33 X exp {_7? (L2 - 4(2)} (2.37)
= Wi xenp |2 (- 4ca) (239

3 Explicit results through five loops

In this section we describe how to extract the 2 — 4 or 3 — 3 self-crossing limit of the MHV
amplitude function &, or equivalently the framed hexagonal Wilson loops, from the full
remainder function RéL) (u,v,w), which has been computed for L = 2,3,4 [41, 47, 58, 59]
and recently for L = 5 [57]. These results include also the nonsingular terms, those having
no powers of Ind. We will also describe similar results for the NMHV amplitude function
FE, which is entirely nonsingular. Later we will examine the singular terms in the MHV
case to even higher loop order by making use of an evolution equation for Wilson loops.

To extract the self-crossing limits, we used properties of hexagon functions [59]. A
basis for hexagon functions has been constructed through weight eight [62]. A formula for
RéQ) in terms of hexagon functions was presented already in ref. [60], and for Ré3) and Rgl)
in ref. [62]. In practice we first found the 2 — 4 limit, and then the 3 — 3 limit by analytic
continuation from the 2 — 4 limit. So we will describe that procedure. However, we will
only present the 3 — 3 results explicitly, because they are simpler. The 2 — 4 results can
be found by reversing the analytic continuation.

3.1 Analytic continuation from Euclidean to 2 — 4 kinematics

The analytic continuation for 2 — 4 scattering was described in early studies of the MRK
limit [35]. For the 2 — 4 scattering shown in figure 1(a), and given in eq. (A.1), the relevant
invariants have the following signs,

512, 845, 536 > 0, 523, 534, 556, S61, 5123, 5234, 5345 < 0. (3.1)

We see that u,v,w > 0. Note that v and w are composed entirely of space-like (negative)
invariants. Therefore they do not need to be analytically continued from the Euclidean
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region. In contrast, w is the product of two time-like invariants, divided by two space-
like ones. The ie prescription requires s — se ™" for each continuation from space-like to
time-like, hence to reach the 2 — 4 branch we take

254 uwu—ue ™ vou, w— w. (3.2)

Next we approach the self-crossing configuration. Like the MRK limit, this requires

u — 1 from below, so we let u = 1 — ¢ with 6 < 1. In the MRK limit, v and w both
approach zero, proportional to §, but they do not have to be equal. In the self-crossing
limit, v and w become equal [28-30]. Thus we need to know how to analytically continue
functions under eq. (3.2), followed by the limit (u, v, w) — (1—4§,v,v). Many simplifications
occur in this limit. First of all, the quantity A(u,v,w) = (1 —u —v —w)? — 4uvw vanishes
in this limit, A(1—4,v,v) = —45v(1—v) + 6. Hexagon functions can be characterized by
their “parity”, or how they transform under A — —A. Parity-odd functions are odd under
this transformation, and so they vanish like a power of ¢ as we approach the line (1, v,v).
Hence we can restrict our attention to hexagon functions F' that are even under par-

ity. The coproduct bootstrap for hexagon functions [59] says that we can construct their
behavior on the line (1 — §, v, v) iteratively in the weight, by using the differential equation
d Fv 4 Fv  pl-v g pl-w

L ra- -
dv (1=0,v,0) v 1—w

: (3.3)

where F* denotes the x component of the weight {n — 1,1} coproduct of the weight n
function F, evaluated on the same line. In eq. (3.3), we dropped terms involving parity-odd
functions, which would arise from coproducts of the form F¥ . because such contributions
vanish on the self-crossing line.

Eq. (3.3) has the same structure as it does on the Euclidean branch, although on that
branch it is possible to set 6 — 0, as there is no singularity as v — 1 in this case. This limit
of the remainder function was given through four loops in refs. [47, 59], and at five loops in
ref. [57], as the value on the line (u,u, 1). Since the remainder function is totally symmetric
under exchange of its three arguments, this line is equivalent to (1, v,v) up to a relabeling.
Just as was found earlier in the Euclidean case, the iterative solution to eq. (3.3) lies in the
space of harmonic polylogarithms (HPLs) [74] Hg(v) with argument v and weight vector
W = (w1, ws, ..., wy,) with all w; € {0,1}. The only difference is that on the 2 — 4 and 3 —
3 self-crossing branches there may be imaginary parts (im factors) as well as factors of In é.

For example, for the two-loop remainder function R((f), we can use its {3, 1} coproducts
to write its derivative (3.3) as

v(l —v)

dRY (1 -6 1

RG ( 7U7U) — Hgl_Hg_f[Hgan—*—lnuanU}
dv ' 2

= Hy, — Hy —ir[moInv —n% o] (3.4)

u—ue 27 —1-§

where we let Inu — In(1 —9) — 2mi = —27i in the second step. Since dHY /du = (Inu)/(1—
u) = —2mi/(1 — u), we also have that HY — 27iIn(1 — u) = 27miInd under this analytic
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continuation. The first two terms of eq. (3.4) match the result found in eq. (7.18) of ref. [59]
for the behavior on the Euclidean branch,

dRéz) (1,v,v)

v(l —v) I

= HY, — HY. (3.5)

Eucl.

The fact that the v derivative of the remainder function is 1/[v(1 — v)] times a tran-
scendental function is just a reflection of the final-entry condition [75]. For general (u,v,w)
only six final entries appear:

u v w
{1_u71_vvl_wayuayvayw}' (36)

On the line (1,v,v) (on any branch), u, v, ¥, and y,, are all trivial, and w = v, so the
set (3.6) collapses to the single final entry v/(1 —v), and dInfv/(1 —v)]/dv = 1/[v(1 —v)].
So the v derivative of the remainder function must have this prefactor. However, the v

derivatives of generic hexagon functions, which are needed in intermediate steps of the
iterative construction, will not have this property.

We also need to fix a boundary condition for the integration of eq. (3.3). We do so
at the point v = 1. To obtain the values of the hexagon functions on the 2 — 4 branch
at (1 —4,1,1), we first obtain them along the Euclidean branch of the line (u,1,1). On
this line, the hexagon functions are also HPLs, with argument u, although the parity-odd
functions are non-vanishing here. The remainder function is given on this line through four
loops in refs. [47, 59], and at five loops in ref. [57]. (See also the ancillary files associated
with ref. [62].) For example, the two-loop remainder function is

1 1
R (u,1,1) = o | HY — Hyy + 3131y — J(HE)” + HY (H — 2 Hy))
1
+5(Hy - ) (HY)? = 5¢a | (3.7)

where Hg'; = Ho,1,1(1—u), etc. This “standard” Lyndon-basis form of the result has argu-
ment (1—u) for all HPLs with trailing 1’s in their weight vectors. If there had been a trailing
0, we could use a shuffle identity to remove it, at the price of extracting a factor of Hy(1 —
u) = In(1 — w). HPLs with trailing 1’s are regular when their argument vanishes. Thus
eq. (3.7) is adapted to the point u = 1, in the sense that it makes manifest that Rg) (u,1,1)
has no branch cut at w = 1 (in the Euclidean region), because there is no In(1 — u).

For the analytic continuation of u around the origin, we need to use HPL identities to

rewrite the result in terms of a Lyndon basis for Hz(u), rather than Hz(1—wu). We obtain,

B w1,1) = G + i) [ + 6] +2 (0 + 26

— 6 Hy(u) +2 Hy 1 (u) — 2 Ho,1.0(u) = 5 [Ha(u)]2 = 2 Hy (u) | Ha(u) = Haa (u)|

1
3
- [P [ - 6] + G () - o 3.9
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To get to the 2 — 4 branch we just set Inu — Inu — 27 in eq. (3.8), because the Hg(u)
are all regular at u = 0. Next we let u =1 — § and take § — 0, to get

RP(1-61 1)—2m[ In® 5+€2

Ingy — C3:| — —C4 (3.9)
Next we need to integrate up eq. (3.3) for the generic hexagon functions, imposing a
boundary condition at (1 —d,1,1). For the case of R((f), we integrate eq. (3.4) with the
boundary condition (3.9), obtaining
1

2 11 1 ) C? 1
Rg)(1—5,v,v):2m[121n35+<—2H—41n% 2)111(5 H21+61n3v—§3

1 )
+Hj —Hg, +3Hy,, —Inv(Hy — Hy ;) — 5 (H3)? — 564 (3.10)

The leading In® § term in this formula agrees with the result of ref. [28].

We have repeated this exercise for the higher-loop remainder functions Ré ), R(4) and
Ré ) (as well as for the NMHV coefficient functions E(M, E?) E®) and E®). Once we
have obtained the remainder function in the self-crossing conﬁguratlon we can find W5%,,,
Wy, and &4 with the help of egs. (2.30), (2.31) and (2.32).

3.2 From 2 — 4 to 3 — 3 kinematics with v < 0

To get to 3 — 3 kinematics with v < 0, following ref. [39] we let Ind — In|d| — i,
Inv — In|v| — ém, and then complex conjugate the result. To do the analytic continuation
around v = 0, we first rewrite the expressions in terms of a Lyndon basis for Hg(v).
We apply this procedure to the remainder function, and then apply egs. (2.33), (2.34)
and (2.35) to construct the results for the framed Wilson loops and for £. In view of
the simple relations (2.37) and (2.38) between them, it’s sufficient to give one of these
quantities, and £ has the simplest finite parts.

In order to represent the results for 3 — 3 kinematics compactly, we define some
compressed notation [47]. We first expand all products of HPLs using the shuffle algebra,
in order to linearize the expression in terms of HPLs. The HPL weight vectors @ consist
entirely of 0’s and 1’s; we encode them as binary numbers, but written as a subscript in dec-
imal. We use a superscript to record the length of the original weight vector. For example,

Hy(2)H21(2) = Hoa(2)Ho1,1(2) = 6Hoo,1,1,1(2) +3Ho,1,0,1,1(2) + Ho1,1,01(2)
— 6hl 4 30l 4 Bl] (3.11)

Here the suppressed argument of h is z = 1/(1 — v). Note also that

1 1 1
h[l]:—ln<1—1_v>:1n<1—v)=L- (3.12)

In this notation, X3% 5 and Y3_,3 become

X2, = 2mi(In|8] + L) — 2R — 26, (3.13)
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Yas = —2mi(n|6] + L) + 2(h + ) — 2, , (3.14)

and the two-loop remainder function evaluates to

1
RP|s s = 2mi|—— In®|6] + = (hm +n +G)In 8] + h[?’] Y L NG <2L+2g3

12
+3G 2|0 + 6GL 1n|5y + 2ni 4 2l +h[4] + b
+G (RS +6R5)) — G L+—<4 (3.15)

The results for £ in the 3 — 3 self-crossing configuration with v < 0 through five loops

are:
&0, =1, (3.16)
£V, = —%YS% = i o] + L) = nE — W + ¢, (3.17)
P, = 2mi {—iln3|5| + lcz In|§| — iL3+ %C2L+2(3]
+2(E 4 nb -+ Bl nlY - nlY)
+3(nl} +h15) + M — L+ 7, (3.18)
e, = omi $1n5|5| gg I |§] + 44 In|s| — 7<4h[157] +2nl% + B onl) 4 B —6nl]]

— Czhf’] + Csh[32] + ZQL +42¢5 — 18{2C3):|

{24(h32 + nlfh + 20Rl + Rl + Bl 4 B +18(AL 4 RIS + 20(Rl) 4 Rl
+19(R + Bl + 18RS + R + B + B 4 24(RlS + RIS
+ 22(hlg + hEY + b+ hE) + 21(hE] + b))
+ 24(h56 + W+ hS o+ n) + Rl 4 i) + 30(hgy + hiy)
Co(16R5" + 205" + 1105 + an + 140 + 701 + 1281 + 6nlY)
+ <3(2h4 —nl 4 nl —enlly + Z<4(81h2 + 83y — 4G L

3787 5,
_2 1
+ 2 - 5. (3.19)

@ oo L Tl — Lt 16l — et 15 — ¢y
&0 = 2mi |~ 0713l = G n® 8] — e 8] = orcatn® (o

1 1

,(4@“5 —3@43) In® |6] — —(13g6+48(g3)2) 1n|5|] + finite, (3.20)
& o] 1 9 1
&P = omi _6912 n’ 8] + 336C21n 6] + 288@ In® 8] + g41n 15 + (6§5+7C2C5) In*|o|

+ 7 (115<6 n 48((3)2) In*|8] + 7 (—55§7 +68CaCs + 44<3<4) 1 |3

+ % (25748 +810¢3¢s + 18(2((3)2) In |5|] + finite, (3.21)

where the suppressed argument of the hgw] (2) is z = 1/(1 —v). We also have results for the
finite parts of £ at four and five loops, i.e. those terms lacking a power of In |§|. However,
these terms are rather lengthy, so we will present them later, for the v > 0 branch of 3 — 3
kinematics instead (for which they are somewhat more compact); the values for v < 0 can
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be recovered by analytic continuation. (We give the four- and five-loop finite parts of £ for
v < 0 in the ancillary file accompanying this paper.)

3.3 A few observations

Inspection of egs. (3.16) through (3.21) reveals a number of remarkable features:

1. The In |4| singularities in £5_,3 are only in the imaginary part. This is not true for the
remainder function (see eq. (3.15)), and it is not true for € in 2 — 4 kinematics. Note
that the same statements will be true for both Wilson loops W5*®, ; and W5’ 5, because
according to eqs. (2.37) and (2.38), they are related to £33 by real prefactors.

2. The singularities are totally independent of v. This statement is also true for the
singularly-framed Wilson loop Wy 5, but not for W3 5, since it differs from &5_,3
by a finite, but v-dependent exponential factor.

3. In the finite (non-In|d|) parts, only a limited range of the subscripts ¢ on the functions
hgw] appear, starting at i = 2¥~!. In the imaginary part, only odd values of i appear.
In the real part, both even and odd i can appear, but in the non-{ terms ¢ = 2k and
1 = 2k + 1 always appear with the same coefficients.

The first two properties have their origin in the factorization structure of self-crossed Wilson
loops, to be discussed below.

The property that hgw} never appears for i < 2! ensures that the binary weight vector
for hgw} always starts with a “1”. Then the v derivative of hgw](z), with z = 1/(1 — v),
has a rational prefactor of dz/dv x 1/(1 — z) = —1/[v(1 — v)]. As mentioned earlier, this
feature is just the manifestation of the final-entry condition [75] on the remainder function.
Inspection of eqgs. (3.13) and (3.14) shows that it also holds for X% 5 and Y3_,3, so the
conversion to £ and the Wilson loop framings do not spoil this property.

Another feature of the explicit results for W:,Ei)g is that the hgw] that appear in the
imaginary part only have odd values of 7, while in the real part there is no such restriction.
An odd value of i, or a final value of “1” in the binary representation, corresponds to a
statement that the branch cuts in Wéi)g are only in 1 — z = —v/(1 — v). This property
allows for a branch cut at v = 0 (which definitely occurs) but forbids it at v = co. Recall
that v = oo is the position of the multi-particle pole as s934 — 0 inside 3 — 3 kinematics,
and that helicity selection rules forbid such a pole in the MHV case. Although there is no
pole, there certainly can be a branch cut in this channel. It is interesting that the branch
cut behavior in v is only found in the real part, not the imaginary part.

The leading In® |6| term in the remainder function Rég), was predicted in ref. [30] to be
Rég) ~ F(7mi/240) In |§]. At this leading order in In |§|, the behavior of Rég), £®) and the
nonsingularly-framed Wilson loop W35*, 5 are identical; for example, the cross-terms from
exponentiation can produce at most a term of the form 72 In* |§|. Eq. (3.19) disagrees with
the prediction of ref. [30] by a factor of £6/7. What could cause the discrepancy? In
ref. [30], the same dimensional regulator € was used to regulate the self-crossing singularity
as the cusp singularity. This may have led to difficulties in extracting the dependence
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on the self-crossing separation alone. Here we have separated the self-crossing and cusp
singularities cleanly; the nonsingular framing removes the cusp singularities completely, at
least at this order in In|d|. Also, we use a dual conformal measure ¢ of the self-crossing
separation throughout the calculation.

34 Fromv<O0Otov>1

Formulas (3.16) to (3.19) describe the MHV amplitude in 3 — 3 kinematics with v < 0,
or s934 > 0. In this subsection we describe how to analytically continue them to the other
branch of 3 — 3 kinematics, where s934 < 0 and v > 1. From eq. (2.22) we see that the sign
of & does not change in passing between the two branches, because s3g remains negative.
We just need to analytically continue v around v = co. Letting so34 — So34+i€ in eq. (2.7),
we find the sign of the ¢7w term in the continuation:

ln<liv> N ln<0i1>+i7r. (3.22)

In order to carry out this analytic continuation of egs. (3.16)—(3.19), it is simplest to
return to the Lyndon basis for HPLs Hz(z) with argument z = 1/(1 — v). That’s because
the point v = oo around which we are continuing is at z = 0, and all HPLs with trailing

1’s in their weight vectors are regular at this point. In the Lyndon basis, the only function
that is not regular is

Ho(z) = In( ! ) (3.23)

1—v

which is to be replaced using eq. (3.22). Then we rewrite the result in a linearized basis,
for compactness, but using a different argument for the h functions, 2 = 1/v.

The results for the 3 — 3 self-crossing configuration with v > 1 through three loops are:

eV w>1) =1, (3.24)
eN3(v > 1) = wiln|d] + b5 + G, (3.25)
0 > 1) = 2ri ~ 03 + o - )+ 26,

ol pll 4 g (5h[2} _ h[z}) + el 47, (3.26)
E05(v>1) = 277@'{80 In® |9] — 3ln 6] + <4 Info| + 5 [12h[f’g + 208 1 2nll 4 Bl

+ iy 2n5d - o (=4 BB BET) - ol - 2165+ 9623 }
[24@ + 4nlS o aplS o oplS o apl8l o 3pl6 o oplSl o RIS oplC]

+ 200+ B anld - nl) o+ 6n )

+ o (—56nE" + 205" — 7hlY + plf + 2nld + Y — onl] + 6ni7)

1
+ G (205 + 3050 4l — anl) — 2 u (3008 + 620
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— (465 + 665 )ml — 2T ¢ 1 2 (o2 (3.27)

where the suppressed argument of the hgw}(é) is now Z = 1/v. The corresponding results
for four and five loops are given in egs. (C.1) and (C.2) in appendix C.

The singular terms for v > 1 in egs. (3.24) through (3.27), and in egs. (C.1) and (C.2),
are identical to those for the v < 0 branch. The finite terms are even simpler, thanks
to the choice of Z argument. The binary vectors for ¢ in ha] still start with a “1” as a
consequence of the final entry condition, because dz/dvx1/(1—2) = 1/[v(1—v)]. However,
now there are only even values of i for the non-{ parts of both the imaginary and the real
parts of 3 ,3(v > 1). An odd value of ¢ would correspond to a branch cut at v = 1;
however, appendix A shows that this is an unremarkable scattering configuration, and the

amplitude is totally smooth there.

3.5 v — oo and v — 1 limits

From the formulas (3.24) to (3.27), (C.1) and (C.2), it is straightforward to take the

limit v — oo, which just amounts to setting all the hiw to zero, since they all vanish at
Z = 1/v = 0. Equivalently, one can set all the hz[w} to zero in the previous formulas for
v < 0, since z = 1/(1 —v) = 0 in this limit too. Through five loops, one gets the same
result as one approaches v = oo from either the positive or the negative side, and the

results contain no Inv divergences:

&0 =00) =1, (3.28)
EM (v =00) = mi In|d] + o, (3.29)
£2), (v = 00) = 2ri _1121n3 5 + %@ In |6] + 2G| +7¢4, (3.30)
EP) (v = 00) = 2mi 810 In® |5| — %Cglrﬂ 6] + %C4ln\5| - 3;45 + 34243}
- %C@' + Z(Cg)Q, (3.31)
£ (v = o) = 2ri _—6;21n7|5| _ %@ I |5] — %gg It |6] — %C4ln3|5|
+ 3(4@ — 3(aC3) In? 6] — % (13G6 +48(¢s)?) o
gl s - GG
+ ZC5,3 + 5?211 (s + 18¢2(¢3)* — %@CE) ; (3.32)
EP) (v = 00) = 2mi [69112 In? 5] + %@ In” 6] + %g},m@‘ 6] + 8%(41n5 9]

+ i(% + 7¢a3) In* [8] + %(115C6 + 48(g3)2) In® |4

1
+ 15 (=53¢ + 68CaGs + 44¢aca ) In? o
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+ o (257G + 18G2(Gs)? + 810635 ) I |3

72
40369 7645 3119 2295 15 3
Y Co + 39 C2G7 + HCB.(G + 37244@ - Z(CB)
177 1217 2668732849 2659 9
- g@,s + T0C2C5,3 ~ T E37600 C1o — 3 Ca(¢3)
3091 9179 20553 9
— g GG sl W(Cs) : (3.33)
Multiple zeta values (MZV’s) begin to appear at four loops:
1 1
Ga= D, —5-3=00377076729848..., (rz= D  ——5 =0.0084196685030.. ..
ni>ng>0 12 ni>na>0 102

(3.34)

Even though there is a branch cut at v = oo, the residue vanishes there, and we get the
same limiting behavior as v becomes large for either sign of v. The nonsingularly framed
Wilson loop W™ has a very similar behavior to & in this limit, because L? — 0 as v — oo,
so the exponential factor in eq. (2.37) simply approaches exp[%ggfy;(].

The limit of £5_,3(v) as v — 1 from above is also smooth in v. In this case the hgw]
have to be evaluated at Z = 1/v = 1, where they are given by multiple zeta values. Since
the In[§] terms are exactly the same as for other 3 — 3 values of v, here we just present
the finite (non-In |]) terms:

g0, 1ty =1, (3.35)
eI (p 1) =0, (3.36)
£@H0 (4, 1) — oy — g@, (3.37)
n I 35
5:§3—)>§ (v—=1") =2mi|—4¢ + 2C2C3} + ﬂ(ﬁ + (&), (3.38)
n 139 19 5 3 s 5 15
5351)’:? (v—=1%) =2mi _2C72C2C5+4C3C4] +§C5,3*@C8*§C3<5+?C2(C3)2 , (3.39)
n [ 857 205 299 45 1
EDA" (0o 1) = 2mi | = =G+ TG = Sl — GG — 5(G)’
15 3961 29
— 673+ ?C2C5,3 ~ 96 Co + 344(4“3)2 — 60¢2¢3Cs5
63 111
— 5 6867 — ?(C&s)z : (3.40)

For what it’s worth, the rational numbers multiplying the { values in these equations seem
to be quite a bit simpler than in most other limits of these functions.

One can also obtain the results in the limit of 2 — 4 kinematics as v — 1~ by analytic
continuation. In general, one should let In |§| — In§ —im and In(v—1) — In(1—v)+i7, and
then complex conjugate the resulting expression. For & the step In(v — 1) — In(1 —v) +iw
can be omitted since there is no In(v — 1) singularity. These results obtained in this way
agree with those obtained by taking the limit v — 1~ directly from expressions (not shown)
for 52%4 (’U)
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In contrast to the smooth behavior of £ as v — 1, the limit of the nonsingularly-framed
Wilson loop WE5 4 (v) is divergent as v — 17; the divergence is simply due to the factor
in eq. (2.37) of exp[—yx L?/8] ~ exp[—vx In*(v — 1)/8]. If one approaches v = 1 from the
2 — 4 side, i.e. v — 17, then there are additional phases in the divergence due to the
analytic continuation In(v — 1) — In(1 — v) + i.

4 Evolving framed self-crossing Wilson loops

4.1 A simple evolution equation

Framing the hexagon Wilson loop removes its cusp singularities and makes YW"* an ultra-
violet (UV) finite, dual conformal invariant function W"¥(u, v, w). Denote the non-framed
hexagonal Wilson loop by Whyex = Ws, and denote the combination of two pentagon and
one box Wilson loops used to do the non-singular framing by Wt (the subscript “f” refers
to the framing), so that

W = Whex x W (4.1)

Note that because of UV divergences, neither Wi, nor Wy are purely functions of the cross
ratios u, v, w, but their product in eq. (4.1) is.

Consider the self-crossing limit, in which edges k3 and kg cross (see figure 2). In terms
of dual conformal variables the limit is (u,v,w) — (1,v,v). We approach the limit in the
following way: first move onto the plane w = v. W" does not acquire any divergences in
this step. Then approach the line u = 1 by taking u =1 — é:

W (u,v,w) — W™(u,v,v) — W™(1 —4,v,v). (4.2)

We choose the non-singular framing W; because the new light-like lines in the pentagons
and the box do not go near the self-crossing point. Thus the framing Wilson loops do
not acquire any additional singular behavior in the self-crossing limit (in contrast to the
singular framing defining W?).

Moreover, since the job of Wt is to remove cusp divergences, any divergences in  for
W™ are purely due to Wiex. We expect these divergences to be governed by an evolution

equation of the form
d

dlnéd

WH(1 = 0,v,v) = F(0,v), (4.3)

for some function F.

To find an equation of the form (4.3) we follow the approach of Korchemskaya and
Korchemsky [32], who studied the crossing of two infinite Wilson lines, not necessarily
light-like. Consider two auxiliary Wilson loops Wi and Ws, depicted in figure 9. The
only difference between Wi and Whyey is that W7 is evaluated strictly in the self-crossing
kinematics; hence W is formally infinite and must be renormalized. Wiy is finite for 27 0
and is equal to Wy for 2= 0. The second Wilson loop in figure 9, W5, is the same as W7,
except that the routing of the lines at the self-crossing point is exchanged so that the contour
forms two boxes instead of a hexagon. It is also evaluated with the two vertices on top
of each other, after renormalization. The renormalized quantities W{| and Wj are finite,

— 25 —



W W,
Figure 9. Wilson loops W7 and W5 mix under renormalization.

non-trivial functions of the renormalization scale p. Under a change of renormalization
scale, they mix with each other [33, 34]. The functional dependence of W7 on pu? should
be the same as the functional dependence of Wiy on the inverse separation 1/z%. We will
find a renormalization group (RG) equation for W7 (u?) and then set y? = 1/2? in order
to obtain an RG equation for Whe,. This will be used, in turn, to obtain a differential
equation for W™, Rewriting z? in terms of § will give an equation of the form (4.3).

The RG equations mixing the renormalized Wilson loops W{ and WJ for a general
theory are [32-34]

0 0 -
<H3,u + 5(9)89> W = —T%(y, g)WjT _ Z T eusp (Yms 9) W7 (4.4)

m

Here v is the crossing angle, m labels the cusps of W{, and +,, are the corresponding cusp
angles. The cusp anomalous dimension for finite cusp angle ~,, is denoted by I'cusp(Ym., 9),
and T' (v, g) is the cross anomalous dimension matrix.

Eq. (4.4) holds for massive Wilson lines, for which all cusp angles and the angle at
the self-crossing point are finite. Below we give a modified relation for the massless case.
In the subsequent equations we imagine keeping the Wilson lines massive and taking the
massless limit at the end. Finally, in A/ = 4 SYM, the beta function vanishes and eq. (4.4)
simplifies to

uaiW[ = T3, 9)W] = Teusp(ym, 9) W - (4.5)

m

Let W] = W] x W;. As discussed above, the (renormalized) framing function Wy removes
all six cusp divergences in the massive case where + is finite. This is true even for W, even
though Wt is the framing function for the hexagon and W3 is the renormalized Wilson
loops for two boxes, because the six cusp angles match. (In our terminology, we do not
count the two cusps in W4 at the self-crossing point as cusps; we handle them separately.)
In the massless limit, where 7, and v go to infinity, things are more subtle.
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Taking into account the removal of the cusp divergences when passing from W} to W},
we obtain

9
o
The components ['¥/(v, g) in the large N, limit of QCD and in the limit of large v can be

W = T (y,9)Wj. (4.6)

found in ref. [32]. An important point is that, after inserting an appropriate factor of N,
into the normalization of WJ, they take an upper triangular form in the large N, limit [28].
The reason is that for a gluon to contribute to the evolution of WY it should be exchanged
between the two self-crossing lines, which produces an extra factor of IN., allowing Wy to
mix into W4; whereas for a gluon to cause evolution of WJj into WY, its exchange between
the two boxes in figure 9 is color suppressed, by a factor of 1/N.. Since I''l = T2l = 0
at large N., the evolution of both W] and W is governed by Wj, through the matrix
elements I''? and I'?2. Furthermore, I'?? is proportional to the cusp anomalous dimension.

4.2 The large « limit

In the limit of large v, ref. [32] finds that I''? behaves like a constant times i7 in QCD,
while the leading behavior of the cusp anomalous dimension is proportional to v X v,
where yg is the light-like cusp anomalous dimension. We assume a similar form for the
matrix elements holds here (see also the discussion in ref. [28]),

I'? - —inT'y(a), (4.7)
r2 fﬂKQ(“) , (4.8)

as v — 0o, where we converted to our normalization of the cusp anomalous dimension and
perturbative expansion parameter a = g3,;N./(872). Inserting these values into eq. (4.6),

we find
8 I - T
ua—MWI =il (a)W;y, (4.9)
9 or . k(a)

— W, = W . 4.10
M N 2 Y 9 2 ( )
In the massless limit v — 00, eq. (4.10) is not defined. We can attempt to get into this
limit using the method of refs. [28, 76]. Taking legs 3 and 6 to be massive initially, with
masses k3 and k3, we write eq. (4.10) as

vk (a)

Hou

y = ln<\/k%3\6/%> . (4.12)

Now differentiate eq. (4.11) with respect to sss, and integrate back up to obtain

(4.11)

where

n(,iw;‘ . (—'”;(“) 1og<u2536>—f<a>> Wi (4.13)
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where T'(a) is an integration constant. Notice the appearance of the non-dual-conformal
quantity ssg. This signals a problem with the large v limit for eq. (4.10). If we ignore this
problem, we can trade pu? for 1/2? — [6s3xy(1 —2)(1 —y)]~! by the prescription described
in eq. (2.22). Dropping the non-dual-conformal factor xy(1 —z)(1 —vy), eq. (4.13) becomes,
in 3 — 3 kinematics,

d 7 vr(a)

£ -
din o] MV 1

r
In s + 3 . (4.14)

which integrates to

r
f(v) exp —’ngm)lnzcﬂ + (;L)lnw , (4.15)
for some function f(v) of v alone. However, we will see below that such a solution is
inconsistent with explicit results.

More important for our purposes is eq. (4.9), because it contains no explicit v, so we
expect its large 7 limit to be reliable. Again trading p? for 1/4, eq. (4.9) becomes

1 d
2mi dIn d

We have changed notation W5 — W, W] — W™, to emphasize that, here and below,
the renormalization scale p has been exchanged for ¢ using eq. (2.22), so that we now deal

WS(1 — 6,0,0) = —%Fl(a) Wa(s,0). (4.16)

with finite functions (for non-zero J) of the dual conformal variable v.

4.3 The framed double box

In order to separate the various functional dependences of W™, it will be useful to rewrite
Wy as Wy = Wa x Wy = Wo x W x (Wp/WE), where W is a new framing function,
corresponding to the singular framing in figure 7, for which we defined W* = Wi,ox x W
back in section 2.4. (The superscript “s” reminds us that this framing function is singular
in the self-crossing kinematics.)

The reason for rewriting things in this way is that the framing function W% involves
pentagons that straddle both sides of the self-crossing geometry. Thus they have sensitivity
to the global geometry of the hexagon, and can carry non-trivial v dependence (although
Wt is not dual conformally invariant separately from Wyey). On the other hand, the framing
corresponding to Wy is so degenerate in the self-crossing limit, consisting essentially only
of boxes on one side of the crossing point or the other, that it cannot depend on v (see
figure 8). For 3 — 3 kinematics, using the exact results in [66, 67] for four- and five-sided
Wilson loops, or equivalently by comparing eqs. (2.37) and (2.38) for the different hexagon
framings, we can relate the two framing functions:

Wi W vk (a) ( 2 2
- - IR (2 5] — I ) : 417
e e e (e (417)
where L = In(1 — 1/v).

The evolution equation (4.16) becomes, in 3 — 3 kinematics,

1od

2midInd

W3S a(1—6,v,v) = —% I'i(a) exp [_W(S@ (ln2 |o] — LQ)} W5 (0), (4.18)
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Figure 10. The two box Wilson loops that the hexagon mixes into in 3 — 3 kinematics both have
Euclidean kinematics.

where Wy = Wy x WP is dual conformally invariant, but too singular to depend on v, so
we write it as a function only of §. Thus all non-trivial kinematic dependence has been
factored out in the exponential pre-factor of eq. (4.18).

We can also use eq. (2.37) to convert eq. (4.18) to one for £ in 3 — 3 kinematics, since
the relative factor between them is independent of ¢,

1 d

%mé’g_,g(l —d,v,v) = —% I'i(a) exp [—W(a) (1112 |0] — 4(2)] W5 (0) . (4.19)

8

This equation explains the v independence of the singular terms in £5_,3 from 1 to 5
loops. It also explains why the singularities are purely in the imaginary part: the hexagon
3 — 3 kinematics we studied alternate between incoming and outgoing momenta, as one
goes cyclically around the loop, as shown in figure 1(b) and also in figure 10. The two
boxes that this hexagon factorizes into have Euclidean kinematics, in the sense that the
invariants connecting adjacent legs (the so-called s and ¢ channels for a scattering process)
are both space-like. The only time-like invariant is in the u channel involving diagonally
opposite legs, but this invariant cannot produce cuts in the large NN, limit, and so the box
Wilson loops must be real. In other words, a factor of mi comes from the cross anomalous
dimension, and the remaining factors in eq. (4.19) are real.

Suppose we took eq. (4.15) for the d-dependence of Ws(4,v) seriously. Then we could
combine it with eq. (4.17) and the observation that W; is independent of v to fix f(v) and
conclude that

W5 (6) = Cla) exp[r(za)lan (4.20)

in 3 — 3 kinematics, where C'(a) is independent of both v and ¢. Then we would find that
eq. (4.18) becomes

1 d s ?
ariding el = 0vv) =

—i C(a)T1(a) exp [— VKS(“) (ln2 1] — L2> + r(;) In |5@
(421)
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In section 6 we will find that this expression is incompatible with explicit results, begin-
ning at order a* and In®|§|. The leading-logarithmic terms in eq. (4.21) (terms of order
a’1n?t72|5|) do have the correct form, but that is a tiny part of the available data.

It might be possible to compute the singularly-framed Wilson loop W5 (9) directly, but
we will not attempt to do so here. Instead, in the next section, we will use a matching
between the self-crossing limit at small v and a corner of the multi-Regge limit, in order
to compute the left-hand side of eq. (4.18). We leave it to future work to evaluate Wy(0)
directly.

5 Matching the self-crossing and multi-Regge limits

We now understand the v-dependence of the singular terms in the MHV amplitude and
associated Wilson loops in the self-crossing limit. We wish to use this information to
evaluate the Ind terms to high loop orders for all values of v, using eq. (4.18) and an
evaluation of Wi® 4(v) at some value of v to high orders. A convenient place to do this is
for v near zero, where it overlaps the multi-Regge limit.

The multi-Regge limit of six-gluon scattering in planar A' = 4 SYM depends on a
singular parameter ¢ and on a complex parameter, conventionally called w. (In order to
minimize confusion between this w and the cross ratio w for generic kinematics, in this
section we call the three cross ratios (uj,ug,us).) The purpose of this section is first to
identify the w — —1 limit within multi-Regge kinematics with the v — 0 limit within the
self-crossing configuration. Then we evaluate the all-orders MRK formulae [49] in this limit,
in order to provide an expression for the self-crossing configuration to high loop orders.

The MRK limit is defined in 2 — 4 kinematics by the analytic continuation u; —
ure~2™ from the Euclidean region, followed by letting
) § |w|?

_ _ ol 5.1
Trw? BT Rtwp?’ (5.1)

u=1-9, U9

and taking § — 0 with & positive. In 3 — 3 kinematics, we first continue u; — ujet?™,
Uy — u2e™, uz — uze™ from the Euclidean region, and then take the same limit (5.1) but
with § negative, 6 = —|d|.

The self-crossing limit, in either 2 — 4 or 3 — 3 kinematics, is defined by the same
analytic continuation as in the MRK case, followed by

uy=1-9, ug =0, U3 =10. (5.2)

By comparing eqgs. (5.1) and (5.2), we see that the overlap region is the limit w — —1 of
MRK, and the limit v — 0 of self-crossing kinematics. The key relation for passing between
the two limits is

0
v = TP’ Inv = Ind —In|1+wl? (5.3)
for 2 — 4 kinematics, and
19| 2

for 3 — 3 kinematics.
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5.1 Self-crossing-MRK limit of the Wilson loop in 3 — 3 kinematics
The behavior of the remainder function Rg in the 2 — 4 MRK limit is [42, 46]:

. O — w\y [T dv -
exp | Re + zdeRK} ‘MRK yyy = COSTWab + i5 Z (=" (E) / s |w[*" ®Reg(v,n)
’ n=—oo - a4
11+ w2\
X (—1 m—— ) , (5.5)
where
1 2
Wap = gny(a) In |w|?, (5.6)
1 wl?
0 = — 1 5.7
MRK 87}((@) D|1_|_w|4, (5.7)

and g (a) is the cusp anomalous dimension.
The behavior in the 3 — 3 kinematic region is obtained by letting In(1 — uy) —
In(u; — 1) —im = 1In|d| — i and performing a complex conjugation [39]:

w

o0 n
exp [Re —iﬂéMRK” = cosmway — is > (=n" (*)E /+OO v |0 Preg (v, )
MRK, 3—+3 2 w* foo V24 &

w(v,n)
1+ w|?
X ( 51T . (5.8)

In particular, there is no longer a phase in the last factor, so the real part in 3 — 3

n=-—oo

kinematics is trivial,

Re exp [Rg — iﬂ'&MRK] ‘ = COSTWgp - (5.9)
MRK, 3—3

According to eq. (2.27), the nonsingularly-framed Wilson loop is related to exp[Rg| by
multiplying by exp[* X]. We can use eq. (2.33) to evaluate X in the self-crossing limit as
v — 0 (from the negative side):

)
X2 oo = 2mi m(!’vD = 27iln |1+ w|?. (5.10)
Notice that as w — —1, wg, — 0, while the phase dyrk becomes —vx /4 x In |1 + w|?, so
that

exp|—ImIMRK] — exp [fg(Xgign_)O} (5.11)

Because these phases coincide, the v — 0 limit of the 3 — 3 self-crossing configuration of
the non-singularly-framed Wilson loop is purely imaginary — apart from the trivial term
‘17 arising from the limit of cos mwgy. It is given by the (w,w*) — —1 limit of eq. (5.8):

w

n; @ S 3 n e dv i —w(v,n
W0 = 1= > () o | ]2 B, m) [o] .

2
2, e\ iy

(5.12)
Where w and w* still appear in eq. (5.12), they are needed to regularize the sum and
integral.
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5.2 Evaluation of the Fourier-Mellin transform for w — —1

In this subsection we describe how to evaluate (most of) the terms in eq. (5.12) directly
to high loop orders, in the limit w — —1. While this paper was being written, ref. [51]
appeared, which provides an efficient evaluation of the MRK limit to high loop orders for
generic values of (w,w*) in terms of SVHPLs [77]. The two methods are complementary,
in the sense that SVHPLs are not required for the limit w — —1, so a fair amount of
computational machinery can be bypassed. On the other hand, we will see that our method
misses a few terms, for which we can use the results of ref. [51].

In ref. [49], the BFKL eigenvalue w and impact factor ®Rey were computed to all orders
using integrability. It is straightforward to obtain the perturbative expansions of w and
PReg to high orders, and insert them into eq. (5.12). Actually, it is better to trade the
integral over v for an integral over the rapidity u which appears in ref. [49]. This saves one
step because the functions w and ®re, are initially defined in terms of u rather than v.

At any fixed loop order, w and ®reg (or alternatively the BFKL measure) are polynomi-
als in the function ¢ (x) = dInT'(z)/dx and its derivatives, where x = 1+iu+n/2, together
with rational functions of v and n and Riemann zeta values. To evaluate the integral over
the real rapidity u, we deform it into the complex plane, where it has an infinite sequence
of poles, at iu = n/2 + m for non-negative m. We calculate the residues and then examine
the behavior of the double sum in n and m. We wish to pick up terms that contain at
least one power each of In(1+w) and In(1+w*). This divergent behavior as (w,w*) — —1
comes from the leading behavior of the summand as m,n — co. We let n = n — m, so
that 72 > m. The residues are all functions involving ¥®) (m) or ¥/ (14 1), combined with
rational terms. However, the ¢ terms for p > 0 always give power-suppressed terms as
m,n — co. Among the 1) functions, we only need to keep ¥(m) ~ Inm and ¥ (1+7n) ~ Inn.

After dropping all power-suppressed terms, we find that the double sum can be ex-
pressed solely in terms of

0 f Nl *\m
Sp(w,w*) = > (*f") (zw) (In# 4 Inm + 2yp)*, (5.13)

m

n=1 m=1

for non-negative integers k, where v is the Euler-Mascheroni constant, plus a similar term
with the roles of 7 and m exchanged. When we add the term with n < m, we obtain an
unrestricted sum over n and m, up to diagonal terms with 7 = m, which can be dropped be-
cause they are not divergent. We then use the binomial theorem to decouple the two sums:

k
Se(ww) = 3 <k> S, () Sy (107, (5.14)

p=0 p
where -
Q _ (_w)n P
Sp(w) = Z - (Inn+yg)P. (5.15)
n=1

Next we extract the terms in eq. (5.15) containing positive powers of In(1 + w), for
generic values of p,

p+1
Sp(w) = " dpIn’(1+w) + O(n’(1+ w)), (5.16)
(=1



where d), o are some constants. We do this by taking the Mellin transform of both sides of
eq. (5.16). Let w = —z, and consider

b N-1a - 1Hn+7E R
Ip:/ dz 2" 7S ( Z /dzz e
0 —t 0
lnn+7E
5.17
n(n+ N) ( )

n=1

The large N limit of the Mellin transform is sensitive only to the z — 1 limit of the function
being transformed. It is straightforward to approximate the sum over n in eq. (5.17) by
an integral, which can be evaluated in terms of classical polylogarithms. Then the desired
limit as NV — oo can be taken, keeping only terms with positive powers of In N=InN +vE
multiplying 1/N. The first few values are

1 .
IO = NIDN,
171 -
_[1 = N -2IH2N:| s
I, = i-lln?’]v—&—% In N
2 = N3 2 )
11, 4. -
Ig—N_Zl +3C21n N:|,
11, 4
Iy = N 5ln N +4GIn* N +42¢,In N | . (5.18)
Notice that the I, obey
LINL(N) = pLa(N) + 0% (5.19)
AN - Pt N ‘

This result can established by integration by parts in n. Hence the structure of the integrals
I,(N) at large N is dictated by this recursion relation, up to an integration constant, or
equivalently the rational number 7, multiplying (2,,/N x In N in Io,,. This sequence of

numbers,
rm = 2,42,1395, 80010, 7243425, 957535425, w, 41844302750250, ..., (5.20)
whose m™ term always contains a factor of 22*~! —1, is given in turn by another recursion

relation,
= m(%; — x 22%@):11 1 (5.21)

which is valid for at least the first 35 terms.
We also need to perform the Mellin transform of In‘(1 + w) = In’(1 — 2),

1
M, = / dzzN"tInf(1 - 2), (5.22)
0
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by using the formula,

! «
/0 dz 2N 71— 2)° = m , (5.23)

differentiating ¢ times, then setting o = 0 and taking N — oco. The first few values are,

1 N
Ml = —NIDN,

1 .
1 M R ~
M3—N_—1n3N—3§21nN],
1 r R ~ ~
M4:N ID4N+6§21n2N+8C31nN:|a
1 B 5 3 < 2 3 135 <
M; = N —In° N —10¢2 In® N — 20¢3 In N—TCUHN ) (5.24)

again omitting the 1/N terms without logarithms. Notice that M, obeys a very similar
recursion relation to I;:

diN[NMg(N)] = —(M;_(N) + O (&) . (5.25)

This result can established by integration by parts in z. It implies that

d

C(NMf]) = M[-df/dL,] + O(JIV) , (5.26)

for the Mellin transform M|f] of any function f that is a polynomial in L,, = In(1 + w).
Using these results, we can rewrite I, the Mellin transform of S*p, as a linear combi-

nation of My, the Mellin transforms of lnﬁ(l + w), with ¢ valued coefficients. Then S’p is

given by the same linear combination of powers of L,,. The first few orders are given by:

SO = _Lw ’

A 1

Sl — §L’l21}7

- 1

Sy = —gL;”; — oLy,

& Loy [ 3. .9

Sz = EL“’ + §C2Lw + 203 Ly

Si= L3 = 2Ly, — 4GLY, — TGl (5.27)
We observe that the Sp also obey a recursion relation,

d 4 .
mSp(Lw) = —pSp-1(Ly) + O(1), (5.28)

which follows from egs. (5.19) and (5.26). Hence the Sp are completely dictated by the
coefficient of just the first power of L,, at each order p.
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Inserting eq. (5.27) into eq. (5.13), we get similar formulas for Sy (w,w*), which we can
rewrite as polynomials in In |14 w[? = Ly, + Ly = Ljy)2. For the first few orders, we find:

1 2
SO - §(L‘w‘2) 5

S1 = _é(L|w|2)3u

Sy = %(me)4 + Ga(Lywp2)?,

S = —55 (Lup)® = QL) — 2s(Liup)?,

Sy = 3i‘O(LW)G + G(Lywp)* + gqg(L\w\z)?’ + 2104 (Lyyp2)? - (5.29)

Again there is a recursion relation,

d
dLj,[2

Sk(L\wP) = —kSkfl(L|w|2) + O(L|w|2), (5.30)

and the S are determined by the coefficient of (Lj,2)* at each k.

After determining the Sy to high orders, we insert them into the expression for the
large (7, m) limit of the double sum for the MRK limit at each loop order. A divergence in
both w — —1 and w* — —1 is required in order to be able to neglect contributions to the
double sum (5.13) from finite 7 and m. Therefore this method, although computationally
very efficient, only determines the coefficients in front of In* |1 + w|? for k > 2. It misses
the coefficients in front of In |1 + w|? and the constant term. On the other hand, using a
complete basis of SVHPLs through weight 10, we were able to determine the complete MRK
limits through five loops, in agreement with ref. [50]. We also obtained gq(nL) (w,w*), the
coefficient of In" § in the MRK limit of the L-loop remainder function RéL), forr > 2L —11
for 6 < L < 10. Using this information, we could also determine the coefficients in front of
In|1 + w|* and the constant term for all terms with weight 10 or fewer.

After generating such results through nine loops, as a polynomial in In |v| and In |1+w|?,
we used eq. (5.4) to rewrite it as a polynomial in In|v| and In|d|. Then we imposed
the further constraint that the result was consistent with the small v limit of eq. (4.18),
i.e. that the v-dependence was precisely proportional to exp[Z& In? |v|]. This constraint
fixes additional terms. Finally we compared with the results of Broedel and Sprenger [51],
which are complete through weight 13. Their results were completely consistent with ours,
and fixed all constants through weight 13.

6 Final result for singular terms

In this section we present the final result for the singular terms in the expansion of the
nonsingular framing of the hexagonal Wilson loop in the limit of 3 — 3 self-crossing
kinematics, as [6| — 0. The result can be written as,

1A,
270 dIn 6|

= oxp|— (0 |3] — 27| g(n|8]. 750). (6.1)
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where g depends only on In || and the 't Hooft coupling. We choose to write the final result
as an expansion in the cusp anomalous dimension v (a) instead of the coupling parameter
a. We give the expansion of yx(a) through 10 loops in appendix B.

The leading-In |6| terms in eq. (6.1) all come from the factor exp[—vx In? |§] /8], mul-
tiplied by a factor of vx /8, and keeping only the leading term in yx (a) = 4a:

In |3 a “ 2 a3 o
= d ——2*| = “In[d| — =W?|0] + —=I®|0] — —=W"|§] +.... (6.2
s [ dvow|-Ge| = Swial - Gutlel 4 gutlal - wTa 4 (02)

Furthermore, we find that all of the purely even ( terms in g, and many of the terms with
single odd ( values, can be captured by the following expression:

F(l—k”i‘ln\ﬂ)
K p{”{ . 6|] (6.3)

F(l—@fln\é!)
10 v\ T v _ v

x {1+Zk!(—§(> [W’f 1 <1+fln|5|) — pD) <1—fln\5| :
k=1

where 1(*)(x) denotes the k" derivative of ¢(z) = dInT'(z)/dz, and g is the Euler-
Mascheroni constant.

Writing the full function g as gg plus a residual term gy,

g(In[o],vx) = go(In|d], k) + g1(In[d], k), (6.4)

we give the expansion of g1, which starts at three loops:

g1(In [0, vk) i; < )L (6.5)

where
¥ = —6¢31n 4], (6.6)
W = (20¢5 — 8(a¢3) In|d] — 2(¢s)?, (6.7)
¢® = 5(¢3)%In? |8] — (175(7 - 50C2C5> In |8 + 25¢3¢s + G2(G3)?, (6.8)
% = —(96¢3¢s + 8C2(C3)?) In* [8] + (441¢y — 315CaC7 + T2CaGs — 24(G3)°) In 9]
— 194¢3¢7 — 99(¢5)% — 12¢4(G3) — 16<2<3<5 : (6.9)

c<7>_<164<3<5+ <(cg)> ol + 2 (G) g

+ (1985 (37 + 496(Cs5)* + 4084 (C3)* + 114C2C3C5) In” |5

+ (_ 482 Ci1 + 2058CaCo — 882C4Cr + 697(C3)2Cs + 1142(53)3> In g
+ 135C2C3Cr + 108C4 (35 + 48C2(¢5)? + 1818(¢5¢r + 1869(3Co + 27((3)* (6.10)

® = —[2584‘345 e8]+ 3 (6)° 18] + (2225c3<7 T 384(G;)% + 2§4<2<3<5> In* 13
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+

S

B e+ Bl )

+

/N

239(C3)% 4 925237 + 400¢2(E5)? + 428¢3¢4Cs + 11739(3C0 + 11156§5§7) In? |9

15537

+ | —14157¢13 + 13860¢211 — 8484CaCo + 540C6Cr + 474¢2((3)2 G + 7((3) 7

+/\

7625¢(C5)? + 238§4(§3)3> In|o] + cgﬂ , (6.11)

3244

= %(CLB)B In” |5] + (88(C5)2 + %6C2C3C5 + 152C3C7> In® |6] + < (G3)%¢s + (?C2(C3)3> In” |4]

(P20 4 090Catat — 456:aGa + 10020CaGa + 10155656+ 3006a(Ga)? ) 1t
5639

( G036 + 25T (G3)26r + 16598G3(G5)? + 128<4<<3)3) In® |9
+ 2 ||
n (_ 276302615415 382239 CaCis — 601425 Calun + 20547 CoCo + 84(6(43)
+ ()G + 24569@(@) G+ 55854243«5)2 + 30885(Cs)?

757873

+ 101668(¢3)%Co + C3CsCr + 917(C3) ) In [4]

+c”, (6.12)
® 9 ©)

where ¢;, ¢y’ and ¢y are linear combinations of multiple zeta values of weight 14, 14 and
16, respectively. We have some partial information about their rational-number coefficients;
in particular,

1174875
2l — el = 339327¢5C11 + 307248C5Co + —— 2 (Cr)? + 18648CaCaCo + 13431CaCsCr

+1102c2<<3)4+5058<4<3<7+2271c4<c5> —10806¢3¢s +26914(C3)%¢s - (6.13)

No terms in g; have only even ¢ values in them (i.e. pure powers of 7). Furthermore, the
only terms in ¢g; that have a single odd ¢ value are those with a single power of In|d|. All
the terms with a single odd ¢ value and multiple powers of In |§| have been absorbed into gg.

We also attempted to fit the explicit results for the function g to the consequences of
eq. (4.21):

?

ottnldlm) £ ) exp| S 2 (6.14)
where C'(yx) = —C(a)T'1(a)/4 and T'(y) are taken to be arbitrary functions of the cusp
anomalous dimension (i.e. of the coupling a). Expanding around vyx = 0, we find that
Clvk) o vk + O(v%), T(vk) x 7% + O(73.), and then it becomes impossible to fit the
true g(In|8], vx) with eq. (6.14), beginning with the 74 term. At this order, g contains
In® |§| with a nonzero coefficient proportional to (3, while the In®|§| coefficient vanishes in
the ansatz (6.14).
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Despite this difficulty, the relative simplicity of the terms in ¢g; with more than one
power of In|d| suggests that these terms might be on a different footing from the linear
terms in In|d|, and might have a relatively simple kinematical origin. It will be interesting
to investigate the structure of g(In|d|,vx) further in the future, and to see what role the
cross anomalous dimension in planar N' =4 SYM might play.

7 Conclusions and outlook

In this paper we observed that the duality between scattering amplitudes and Wilson loops
in planar N’ = 4 SYM maps a configuration that mimics double-parton-scattering into a
self-crossing limit of the relevant Wilson loop. We observed that helicity selection rules,
especially J, conservation, are related to the finiteness of the NMHYV six-gluon amplitude
in 2 — 4 kinematics in QCD, N =1 or N' =4 SYM at one loop. Beyond one loop, there
are logarithmic divergences, although the transcendental function F is nonsingular at the
leading power of . The transcendental function entering the MHV amplitude, in contrast,
can be and is singular. We presented explicit results through five loops, including the non-
singular terms. Then we studied the structure of the singular terms, and determined their
kinematic dependence exactly, using an evolution equation for self-crossing Wilson loops in
the large N, limit. In particular, we explained the surprising v-independence of the singular
terms in 3,3 in eq. (4.19). Finally, we exploited the overlap between the self-crossing limit
and the multi-Regge limit as v — 0, to determine the answer in that limit to nine loops, up
to a couple of zeta-valued constants. The leading-logarithmic part of this formula, eq. (6.2),
gives a simple representation for the leading logs studied earlier [28-30] to all loop orders.
We can use similar methods to study self-crossing limits of the n-point amplitude for
n > 6. For example, in appendix E we identify the self-crossing configuration for the
seven-point case, in which the Wilson loop factorizes into the product of a box and a
pentagon. This configuration is a four-parameter subspace of the general six-parameter
space of dual conformal invariants. (Naively, there are seven dual conformal invariants in
the seven-point case, related by the seven-fold cyclic symmetry; however in four dimensional
spacetime they obey a single Gram determinantal constraint.) The same arguments given
above suggest that the dependence on the four surviving nonsingular parameters in this
case can be determined exactly in terms of the cusp anomalous dimension and a suitable
one-loop function. The dependence on the singular parameter should be essentially the
same as in the six-point case. This information will be useful in constructing or checking
the full seven-point MHV amplitude at higher loop orders; it is currently known at the
function level through two loops [78], and at symbol level through three loops [79].
Beginning with the eight-point amplitude, multiple types of single self-crossings are
possible, corresponding to different partitions of the final momenta into two sets of mo-
menta, and there can also be more than one self-crossing. For the single self-crossing,
one always loses two degrees of freedom, because two separate transverse coordinates are
constrained. For n = 6, the three cross ratios (u,v,w) reduce to one, v. For n = 7, the six
independent u; reduce to the four uq, us, us ug given in appendix E. For larger n there will
be (3n — 15) — 2 = 3n — 17 cross ratios left for a single self-crossing, and correspondingly
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fewer for multiple self-crossings. Even when the subprocesses have their own dual confor-
mal cross ratios, there will still be additional parameters, and the functional dependence on
those parameters should be calculable using factorization arguments of the kind used here.

Similarly, studies of non-MHYV amplitudes for n > 6 in these limits should be possible,
using the correspondence with super-Wilson-loops [80, 81]. The finiteness of the one-loop
NMHYV six-gluon amplitude is clearly special to n = 6: it is easy to add an additional
final-state gluon with negative helicity to the configurations in figure 3 to convert them to
valid NMHV seven-point configurations. It would be quite interesting to combine some of
the ideas and results of this paper with the recent general analysis of Landau singularities
for N'=4 SYM amplitudes in ref. [9].

In summary, the self-crossing limit and its relation to kinematical configurations that
mimic double-parton scattering should provide a rich playground for further investigations
of the analytic behavior of multi-loop amplitudes, in both planar N' = 4 SYM and more
general theories such as QCD.
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A Self-crossing kinematics

In this appendix we describe the kinematics of 2 — 4 scattering in the self-crossing or
double-parton-scattering-like limit. Then we do the same for the analogous 3 — 3 scattering
configuration.

A.1 2 — 4 kinematics

For the 2 — 4 scattering configuration shown in figure 1(a) we consider

ks + k¢ — k1 +ko + kg + ks, (Al)
(1—2)ks + (1 —y)ke — k1 + ko, (A.2)
rks + yke — kg + ks. (A3)
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Incoming gluons 3 and 6 split into collinear pairs with momentum fractions x and 1 — z,
and y and 1 — y, respectively. These pairs then undergo 2 — 2 scatterings into final state
gluons 1, 2, 4 and 5.

We work in the center-of-mass (CM) frame, and take the spatial components of k3 to
be in the positive z direction, while those of kg are in the negative z direction. Momenta
k1 and ko are in the xz-plane, while k4 and k5 are rotated out of this plane by an azimuthal
angle ¢. Incoming momenta are labeled by the negative of the true momentum, so that
S0 ki = 0. Writing & = (k!, k%, kY, k?), we have:

R A A AR A )
k1 = (E1, E1sinfq,0, —Fy cos ),
kg = (Eg, —E2 sin 92, 0, —E2 COS 92),
1 1
k3 - <_2\/ 53 70707_5\/ S36> ;
k4 = (E4, E4sin 4 cos ¢, E4sin 6y sin ¢, —Ey cos 04),
ks = (E5, —Es5 sin 05 cos ¢, — E5 sin 05 sin ¢, — E5 cos 05),

ke = <—\/@,o 0, \/5) (A.4)

Momentum conservation for the 2 — 2 subprocesses in egs. (A.31) and (A.32) implies
that

s1i2 = (1 —x)(1 —y)sse, (A.5)

S45 = TYS36 , (A.6)

s123 = —x(1 — y)ss6, (A.7)

s315 = —y(1 — x)s36, (A.8)

TS34 = Y856, (A.9)

(1 —2x)s23 = (1 —y)se1 - (A.10)

Inserting eq. (A.4) into these relations, we can express the energies F; and two of the angles
in eq. (A.4) in terms of the momentum fractions = and y, and the other two polar angles:

(1—-z)(1—-y)

By = Vo G s it — o) + (A —cos) (1 =) (A.11)
O e e = e ST
5t e e
By = V536 (1 + cosBs)z? + (1 — cosb5)y? s

2 (14-cosbs)x+ (1 —cosbs)y

ry
FEr- = \/San A.16
° 736 (14 cosbs)x + (1 —cosbs)y’ ( )
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(1 — cosO3)y? — (1 + cos 05)x?

(1+ cosbs)x? + (1 — cosB5)y?’
2xy sin 05

(14 cosbs)x? + (1 —cosbs)y?

cosby = (A.17)

sinfy = (A.18)

It’s convenient to trade the angles #; and 05 in the overall CM frame for the polar
angles in the CM frames for the respective 2 — 2 subprocesses (A.2) and (A.3), which we
call 04 and 0p, respectively:

- (1 —2)s03 _ 1 —cosfy _ (I —y)(1 —cosby) (A.19)
S12 2 (1+cosb)(1—xz)+ (1 —cosbq)(l—y)’ ’
TS34 1 — cosfOp y(1 — cos O5)
_— = = . A-2
S45 2 (14 cosbs)x + (1 —cosbs)y (4.20)
Solving for #; and 05, we have,
2(1 —z)(1 — ca)
cosf; =1— ) A21
! (1—ca)(1—a)+ (1 +ca)(l—y) (A.21)
. 254/ (1 —x)(1 —y)
0, = , A.22
A (R e R G [ 42
2x(1 —cp)
0 =1— , A.23
o8t (I—cp)z+ (1+4+cp)y ( )
254/
sin B = *BVTY (A.24)

(I1—cg)x+(1+ep)y’

where cq p = cosfy p and s4 g = sinf4 p.

Of the four invariants appearing in the cross ratio v = s23556/(S2345123), three are
simply related to the invariants for the individual 2 — 2 subprocesses. For example,
(1—z)s23 = (1—y)s16 is the t-channel invariant for subprocess A, so it is simple to relate it to
the u-channel invariant (1 —z)s3, the s-channel invariant s;2 and the CM scattering angle
04. The only invariant that straddles two subprocesses is s934 = s93+534+524, and it does so
only through so4. Thus the dependence of v on the azimuthal angle enters only through so4.

It is convenient to normalize all invariants by s3s. Computing se4/s36 from eq. (A.4)
and using eqs. (A.18) and (A.24) to express the result in terms of x, y, 64, 05 and ¢, we
find that

s 1
§ =1 [m(l—y)(1—cA)(1+CB)+y(1—w)(1+cA)(1—cB)+2\/xy(1 —z)(1 —y)sasp cos gb] .
(A.25)
The cross ratio v can be written in terms of so4/s36 as,
v=— (1= ca)d ~ cp) . (A.26)
Al s21/s36 = 3(1 = ea)(1 — ) — 3(1 = ey
After inserting eq. (A.25), we find that
}_1 _ (I4ca)(1—cp)xy+(1—ca)(1+cp)(1—z)(1—y)—2y/2y(l—2)(1—y)sasp cos ¢
v (1 —=ca)(1—cp)
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1 2

B <1—cA><1—CB>{W““A)(l—%)w—¢<1—CA><1+cB)<1—x><1—y>

+2¢/zy(1 —x)(l—y)sAsB(l—cong))} . (A.27)

The second form (A.27) makes manifest that for 2 — 4 scattering,

1
-—1 >0, or 0 < v < 1. (A.28)

v
The v = 0 limit is only achieved when the denominator of eq. (A.27) vanishes. This
happens when one of the two 2 — 2 subprocesses becomes collinear, either 84 or 5 — 0.
The v = 1 limit requires the numerator of eq. (A.27) to vanish, which implies that the

event is planar,

(I1—ca)(l+ep)(1—x)

=1 < = 0, . A.29
! ¢ 4 (I+ca)l=cp)x+ (1 —ca)(l+ep)(l—x) ( )
A.2 3 — 3 kinematics
For the 3 — 3 scattering configuration shown in figure 1(b) we consider
ki + ks + ks — ko + kg + ke, (A?)O)
ki + (1 — l‘)kg — ko + (1 - y)kﬁ, (A.31)
ks + xks — kg + yks. (A.32)

Gluon 3 splits into two partons, one of which collides with gluon 1 and the other with
gluon 5. The products of those two collisions are gluons 2 and 4, and two more gluons.
The latter two gluons then merge into gluon 6.

Because k3 is incoming and kg is outgoing, s3¢ is negative. We can choose a “brick-wall
frame” for these two momenta, in which ks is in the positive z direction, while kg is in the
negative z direction, with k§ = —k3. As in the 2 — 4 case, we take momenta k; and ko to
lie in the xz-plane, while k4 and ks are rotated out of this plane by an azimuthal angle ¢.
We parametrize the momenta as:

kl = (7E17E1 Sinel,O,El COSGl)7

ko = (E2, —FE3sinfy, 0, —FE5 cos by),
1 1

(_2\/%70707_2\/%> N

ka = (E4, E4sin 4 cos ¢, E4sin 0y sin ¢, —FEy cos 04),
ks = (—E5, —Es5sin 05 cos ¢, — E5 sin 05 sin ¢, E5 cos 05),

1 1
kﬁ == <2\/ —S83 ,0,0, —5\/ —836> . (ASB)

ks

Momentum conservation for the 2 — 2 subprocesses in egs. (A.31) and (A.32) implies
that kinematic relations in egs. (A.5)—(A.10) still hold. Inserting eq. (A.33) into these
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relations, we again express the energies E; and two of the angles in eq. (A.33) in terms of
the momentum fractions x and y, and the other two polar angles:

- (1-a)(1-y)
Er = B (14 cosb)(1—a)— (1 —cosby)(1—y)’ (A-34)

/=536 (1+cosb)(1— )%+ (1 —cosb)(1—y)?
Bz = 2 (1+cost)(1—2)— (1 —cosby)(1—y) ’ (A.35)
(1 —cosb)(1—y)? — (14 cosb)(1 — x)?
cosbz = (14 cosf1)(1 —x)2+ (1 —cosby)(l—y)2’ (A.36)

2(1 —x)(1 —y)sinby

o A.
T2 T (T cos01)(1— 2)2 + (1 — cosf1)(1 — y)2 .
b v/ (1t cosB5)a 1 (1 cosf)y? (A39)
4 2 (14 cosfs)x — (1 —cosbs)y ’ ‘
Ty
B o A.
5= Vsa (1+ cosbs)x — (1 —cosbs)y’ 439
(1 — cosfs)y? — (1 + cos O5)x?
b A4
cosba (1 + cosB5)x2 + (1 — cos b5)y?’ (A0
Gin by — 2xysin 05 (A.41)

(14 cosBs)x? + (1 —cosbs)y?

Again we trade the angles 61 and 05 in the brick-wall frame for the polar angles 04
and Op in the CM frames for the respective 2 — 2 subprocesses (A.31) and (A.32). In this
case, the relations are:

 S23 :_(1—y)516 _ 1—cA:1—y1—cosc91 (A.42)
S13 (1 —:L‘)Slg 2 1—1’1—|—COS(91’ ’
o834 YSes _ 1—cB:g1—00505 (A.43)
S35 IS35 2 x 1+ cos 05. '
Solving for #; and 05, we have,
l—y—1i1—2)1-
costh = Y f( D)1= ca) (A.44)
IL—y+5(1—2)(1—ca)
2(1 —2)(1 —y)(1 —
1=y + 30— a)(1 - ca)
1
1.1
cosfs = M, (A.46)
y+ 52(1 —cp)
2zy(1 —
singy = V2ry(l=cp) (A.47)

As in the 2 — 4 case, the dependence of v on the azimuthal angle enters only through
S24, Which appears in v = 823856/(82348123) through so34 = s93 + s34 + s24. We compute
s24/s36 from eq. (A.33) and use eqs. (A.41) and (A.47) to express the result in terms of z,
Yy, 04, O and ¢:
So4 2

536 o _(1+CA)(1+CB) x(l _y)(l _CA) +y(1 _m)(l _CB)
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+2v/zy(1—2)(1—y)(1—ca)(1—cp) cos <Z>} . (A48)

The expression for v in terms of s94/s36 for 3 — 3 scattering is,

v =

1—0,41—63[824 1—CA

1+cal+cp|ss

1-— (651 -t
1-— . A.49
e O R (A9

1+c¢p

We insert eq. (A.48) for s94/s36, and find that

L, (=ea)(1=2)(1—y)+(1—cp)ry—2/zy(1—z)(1—y)(1—ca)(1—cp) cos

v (1—0,4)(1—63)
R e (e e BT

(1 — CA)(l — CB)

+ 2V g -ca)(1-cosd) | (450

From eq. (A.50) we can see that for 3 — 3 scattering,

-1 s, (A51)
v

which is the complement of the region (A.28) for 2 — 4 scattering. The numerator of
eq. (A.50) is minimized, as a function of ¢, at cos¢ = 1, or ¢ = 0, that is, for a planar
scattering configuration. At this minimum, the numerator becomes a perfect square, which
can only equal zero, i.e. v = 1, for

(I —2)(1—-ca)
(1—2)1—ca)+z(1l—cp)

There are two branches that solve the inequality (A.51): v < 0 and v > 1. The fact
that there are two branches is related to the fact that the v — oo limit corresponds to mul-

v=1 & ¢ =0, y=

(A.52)

tiparticle factorization. More generally, as discussed in ref. [61], multi-particle factorization
involves taking two cross ratios large at the same rate, with the third cross ratio held fixed.

For 2 — 4 scattering, multi-particle factorization can only occur at the boundary of
phase space, where there is a triple-collinear (1 — 3) splitting, either in the final state,
as shown in figure 11(a), or in the initial state, as depicted in figure 11(b). On the other
hand, a multi-particle factorization configuration appears in the middle of the phase space
for 3 — 3 scattering, as illustrated in figure 11(c).

This configuration, with v = oo, has

(I—ca)l=cp)—2(1—ca)l—2)1—y)—2(1 —cp)xy .
4\/a:y(1 —z)(1—y)(1 —ca)(l —cp)

For the MHV configuration studied in this paper, there is no pole in the multi-particle

cos ¢p = —

(A.53)

factorization limit, because one cannot factorize an MHV six-point amplitude into two
MHYV four-point amplitudes. So we should not expect any additional singularity as v — co.
Indeed, eqs. (3.28)—(3.33) show that £ has no Inwv singularity in this limit. The Wilson
loop W™ is also smooth there, since it becomes equal to Sexp[—%CQ'yK] as v — 00.
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(a) (b) (c)

Figure 11. In 2 — 4 scattering, multi-particle factorization only occurs at the boundary of phase
space, where a triple collinear splitting takes place, either in the final state (a), or in the initial
state (b). In 3 — 3 scattering, in contrast, multi-particle factorization can appear in the middle of
the phase space; both amplitudes in (c) are generic 2 — 2 scattering amplitudes.

B Perturbative expansion of cusp anomalous dimension

The cusp anomalous dimension is known to all loop orders [72]. Here we give the expansion
in the coupling parameter a through 10 loops:

T 8l + 406:Gs ) o

i (@) = 4a — 4¢a® + 22(4a® — (2;9% + 4((3)2) at + <

- (132383410 1 48C4(Cs)? + 80GaCaCs + 102(G5)? + 2104347) of

115201335
5528

Ciz + 2356(C3)% + 4(G)* + 492¢u (s + 204¢2(¢5)? + 42082367

4—109245474—1176§3<9)a7

(295221817
2240

5955

Gua + 12874(Cs)* + 1262(a)* + 2352C2CaCo + —5—(¢7)?

2453
G

+ 2184(2(5C7 + 2472¢6 (3¢5 + 2625¢4(3¢7 + 6930¢3¢11 + 621659 + )

(¢3)?

+ 80<<3>3c5)a8

( 74468151565

Sosos et 5955(C7)2Ca + 84(¢3) ¢y + 13860¢11CaCs + 6633C6(Cs)?

27537
4

(835 + 616(C5)7(Cs)? + 14868(aCsCo + 12432¢5(2Co

+ 37125¢5C11 + 4207 (C3)° +

39527
3

+ 13395(s(3C7 + 42471(13(:3) a’

40084328285043 311805
- ( 7018720 8
28328314
6ol Ci2

C10(¢3)? + 140224 (57 + 240((3) (2G5

4 34425¢7Co +

1665675 920205
3 CrCi1 + 1

(Cs)® +434(C3) G + %Qs@ + 2352¢9(¢3)?

()G + C13¢s5

+ 36062¢s(C5)* +
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375564

C10C3Cs + 1704¢4(G3)3Cs + 1260(C3) (Ca
176715

+2160(C5)3¢3 +

+ 1836(¢3)2(C5)%Ca + 6594(5((3) Cr 4 7425011 CaCs + C11€aC3

+ 8494215GaCs + 68850CrCoCo + B0829GoCals + TE6TLCaCaCo + oo Color

+ 72230¢s(3(¢7 + 03165 (Go)? 4(43)6> a'’

+0(a'h). (B.1)

C Four- and five-loop results for the MHV amplitude in the 3 — 3
self-crossing limit for v > 0

In this appendix we give the full four- and five-loop results for the MHV amplitude, nor-
malized by the BDS-like ansatz, £ = AV /AGBDS*hke, in the 3 — 3 self-crossing limit
for v > 0. We use the same notation used at lower loops in egs. (3.24), (3.25), (3.26)
and (3.27); the argument of the hl[w}(z) is now z = 1/v. The four-loop result is

1 1 1
£ (v > 0) = 27ri{—6721n7|5| — oIl = g G mfo] — lg41n3|a|

L4¢s — 36¢) 2 18] - —(13@ +48(Cs)?) n |0

[120%4] + 24l + 2450 4+ 38 4 24plT 48Rl 4 apll 4 Bl

‘0‘*A ¢>\

+ 24050 + 9nl + onf] + bl 4 6nl + 26l + i + 200 4 6]
+ 61y + hith + 6hig, + 2h{0s + higs + 2T, + 12h[171]2 +3h{7Y,
+ 3hT + 20T 4 2010, + 4nll,
+ o (—36hT + 3h7 — an + h - 3hEL + B - h + 208

+ 6h5] + W — hil -+ 2n5) — 3l + 20 + 20l
e (22h§” +11a8 4+ spl Bl 4 splt Rl hffl)

1
-6 (39m — an — 4nf) + (1465 — 5Gas )l

1141
8

g+ g |

1

- 2{240h[182]8 + 48kl + 488, + 4hlS, + 4808 + 168, + 6% + 3nlY,
+48n8, + 160l + 1608 + nE + 8R4 3nlE, 4+ onlEl 4 5plEL
+ 48l + 18nE 4+ 18nl, 4 2nl8 4 18h[18g8 5hiE + 2nlY, 4 5hl8,
+ 1208+ anll o anll 4 anll 4 onll 4 apll 4 apllo 4 6nl8l

+ 12008, + 1208+ onl¥ + 1208+ anl 4+ 2nl 4 anll

+ 12050 + 4hbly + anb], + 4nf], + 2nlls + anlls + anl) + enl),
+ 24R5), + 6hJg + 6hbJs + 45l + 6hbiy + 5h5), + 5K + 4kl

+anll + anll, +5nll 4 8nll 4 5nll + 300,
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+ Go(—552k3 + 4hl] — 1048 + 30 — 1048 5] + n) — 1785] + 58]

—102nl8 + 288 — 4Oh[6] + 588 — 26th + 4l — plo 4 6pld
+ 12018 + 2l — 26n1% 4 4p% — 26n5) 4 4nlS) — p) 4 6nlS
— 548 + 4nl9 — 10819 ) + 5l + an + 5l — 1505 + 3003

+ s (4405 + 280 + 150 — B + 1608] + 35 - 20

+ 1085] + 205 — 2n) + 2n5) -+ ) — ] - 2015
- i@ (558h[84] + 14208 + 267hl4) 1 22014 4 232014 + 22014 - 67A1 4 58h[4])
+Gs (28h£f’] + 2108 + 8l — 16h[73]) e (98h£f] +54h + 2587 + 10h[73])

1 [2] 21 o 3 e2(apl2) o 512
f@@@um2+%m@)+§@)@@gu%)
56911

+ 52662286015 - 26— "G D <3<5—36<2(<3)}, (C.1)

and the five-loop one is

(5) _ . 1 9 L 9 g 5
Eis(v>0) = 27”{76912 In” [§] + 336Cgln 0] + 288C31n 0] + 80(41n 0]

+Aiw@+79@ﬂﬁw|+;50w@+4&@f)mﬂ&

+ —6( 55C7 4 68C2Cs + 44¢3C4) In? 4]

+ 0 (257C8 + 810¢3¢5 + 18¢2(¢3) ) In |9
+3 {3360h[295]6 + 720n50s + T20h50) + 2005,

+ 720h5), + 192h5) + 3205k + 2005 + 720R5), + 196RL),
+196RL + 9nl + a8nll + 2188 + 16hL), + 1105, + 720
+204h5) + 204h5), + 1005, + 204nL), + 56R5), + 10R5) + 15050,
+ 720}, + 26h50s + 26h50 + 1185, + 120, + 110lY, + 1485,
+ 6RE + T20m%, + 22801, + 228RL), + 16K + 228K!%, + 66,
+16h5, + 18n5), + 228nL) + 66nLk + 66R, + 17h5), + 16K,
+ 1850 + 180l + 100, + 120n8), + 40nL), + a0nl, + 16n5)
+ 40n, + 2208, + 14m8), + 11R8) + 1208 + 1401 + 1485,
+ 1105, + 20nE + 1308 + 6nL) + 18R, + 120m5); + 120
+19R), + 120n5), + 43R, + 18R, + 2000 + 1205 + 4281,
+ 420, + 180 + 16h50, + 1988) + 200, + 100%, + 120850 + 40 + 400,
+16RL%, + 40nl), + 2280 + 140l + 1101 + 1208, + 1R8], + 1408 4+ 1109,
+20R%) + 130, + 6n%), + 18RE), + 24007 + 60012, + 60RL), + 14RL), + 60n%,
+ 240l + 16hi, + 8hid, + 60hi, + 26hl; + 265, + 1201%, + 2001, + 14nf,
+ 8h%, 4+ 18h% + 20nLY, + 20, + 1208 + 200 + 140L) + 8KLY, + 18RL),
+ 240, + 8h, + 8nLY + 18hL, + 16, + 220, + 2007,
+ (7960h[674] + 2050 — 168R) + 20nl7 — 164n] + 9l — 3R + 1AL — 156A17)

+ 1085 —46nl] +15010 — 1005 41180 4501 4 6RL] — 13201 + 160 —48R%)
+ 18h50 — a8l 1700 + 10857 + 10850 —20n T+ 1601 2017 + 110 48R
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+ 11050 43R5+ 18550 + 120087 + 19007 — 1700 2050 — 18017 4 18R, +11nl7,
+ 107, — 2007, + 16017 + 2n7 + 1101 4 81T + 11017 + 3017 + 18R17,
— 60T, + 14h{; — 6h{, + 8A[Tl; — 4h{Ts + 12h17; + 4nlls + 18AlT,
+20nT, + 12040, + 4n; + 18810, — 4, + 1881 + 14007, )
+ s (760hg62] + 33208 + 2008 + 158 + 208K + 87AL + 14h + 259 4 22810
+ 98RY) + 55nL + 8RLY + 24R1) + 1981 4 5RLY 4 2p 4 108R1% + 48R[% + 2611
+ 8hY 4 24nL + 190) + 58] + 208 4 44nl) + 240 1 170 4+ 2L + 4]
+2nl% — 2nld 4 24h§§)
1
+ 6 (—1380/1[156] +30R%) — 206AlY + 4nl) — 302n5) + 110 — 28K + 420 + 12A5)
+ 110 — 28hl3) 4 a2nl8) — 7anl] 4 a2nlE) 4 a2nlE) — 20h[351])
1
+56 (1104h[84] + 51605 + 35514 + 760l + 1940l + 76nlY 1 56RY + 56h[;§)
— (23 (200/1[84] + 87h5 + 62hLY + 1081Y + 32814 + 1081y + onlt — 4h[;f,})
1 1
— 5% (105408 — 75(hY + ) + 3720 ) + 5(G)? (196h" + 37 + 210f — shl”)

1 1 1
+ (6280}1[22] + 183h[32]) — 56 (284@21 - 5h[32]) - 7GsG (355h[22] - 22h[32])

~ 5 (6o + B+ 156057 - 176563 )l

40369 7645 3119 2295 3
_ -1
16 Co + 3 C2Cr + T CsGe + 3 CaCs 5(43)]}

1
+ §{13440h[51102] + 2880RLY) + 2880RL % — 160hLLY + 2880nL5 + 768RLS) + 80RLY)

+ 152000 4 2880RL% + 768hL + 768hL) — 24nl0) + 128R00) 4 72Rl0) 4 80RL)

+ 48R + 2880R1 Y + 784RLY + 784RLY — 1600 4 78400 4 212n10 4 36110

+ 80RY + 192nL% 4 84l 4 8anbO) 4 4anli 4 64nltY 4 44nl0) 4+ 44nl0) 4 17010
+2880hL + 816K + 816RLY — 16RLY + 816ALY) + 224h00) 4 40nlY) + 74nLY)

+ 816h5Y + 2240120 + 224R10 4 34000 1+ 40080 4 500120 + 60RLY + 21A50) 4 288K L)
+104h2% + 104R% + 48RLY + 10400 + 58010 4 44nl¥ 4 29nl% 4 48K10) 4 44pL)
+ 44hl) + 30RLY + 56hL 4 34nlY) 4 24nlY + 80RLY + 2880AL + 912k 4 912kl
+912h8 Y + 26401 + 64nl% + 88KL0) + 912h50) 4 264nL0) 4 264nL0) 1 44nl) + 64R L)
+ 64h5 + 72nl0 4 36R00) + 912550 4 264nL0) 4 264nL0 1 44nl) + 264nl% + 18R

+ 68h5Y + 50RLY + 64hl0) + 72l 4+ 720l - a6RlY + 72R00) + 50nLe) + 40nlY

+ 84h1% + 480RlY + 160A0Y + 160A5Y + 64n8 + 16001 + 88RIY + 64l + 42n1)
+160h550 + 88hlY 4 88Kl + 48nE0) 4 56nLLY 4 50RIY 4 44RlY + 1KLY 4 4gn LY
+56h1 + 56REY + 36h1Y 4+ 56hL0) 4+ 50RL Y + 44nl'Y + 80RLS) + 80nLY) 4 520110
+52n500 4 78Rl 2an !0 4 78RL0) 4 7Rl 4 180RL0) 4+ 480R 1Y + 480K + 48R
+ 480h1 + 17201 4 76R1Y 4 86A0 + 480mL) 4+ 17200 4+ 172080 1 66R1LY + T2R L)
+ 78hL) 4+ 80Rl) + 38K1Y + 480nLY + 168KL) + 168AL) + 64RLY + 168hLY + 98K
+ 7205 + 44l 4 64nlY 4 76R50 + 76RLY + 44nlY) 4 80RLY) + 520l + a0nL))

+ 62050 + 480RLY + 160RLY + 16050 + 64hL) + 160nL + 88RLY + 64hl + 42nL))
+160hL5 + 88RLY + 88Kl + 48hL0) 4 56RL + 50RLY + 44l + 81650 4 48K LY

+ 56hLad + 56 + 36h5 + 56hi + 50hke) + 44hE0) 4+ 80RLS! 4+ 80RLY + 52hL)
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+ 52000 + 78RLY + 24h50) 4 78K 4 72RLY + 180RLY + 960RLY + 240K + 240hL)

+ 64h5 + 240n0% + 96RL0) + 56h50) 4 32h1 + 240nL % + 96RLY + 96AL) + 32h%

+ 64h50 + 36R5Y + 32500 4+ 50nL0 4 240RLY + 104RLY + 104RLY + 36A50) + 104K
+ 62050 + 48R0 + 790 4+ 80nLY) 4 56RL Y + 56RLY + T6RLS + 32hL0 4 76K

+ 7205 + 150R5% + 80RLY + 80nbe) 4 64hle) + 80RLY + 56RLY + 48K50) 4 64l

+ 80RLY + 56R5% + 5611 + 84nLY + 32510 4 76RLS) 1 7Rl 4 14400 + 96RLLY

+ 32050 + 32000 + 40m50) 4 320000 7610 4 72Rl0 4 140R 10, + 64nb0L - s8R
+ 88R11Y, + 140n00, + 80nlY) + 140110, + 840RL10),

+ G (—30720h128 —160R), — 64320l + 152808, — 64328, — 24nl%, — 248118,

+48h1Y. — 6416h%; — 161, — 1748R1 + 80nlY, — 396n!%) + 44, — 116A1%,

+ 1708 — 6384h!%, — 16n%, — 181605 + 74 — 1816L%, + 34, — 50A1Y,

+ 218!, —616hL%, + 48n%, — 20208, + 29m1Y. — 760, + 30018 — 106A!Y,

+ 808, — 6288K% — 2016nEL, + 88h%, — 2016A!], + 44nlEL — 96nl%, + 36A[%.

—2016AL, + 44nl¥, — 542n 4 500, — 88, + 46nl, — 130AL, + 84nlEL

— 104003 + 64nlE. — 31201 + 42nl%) — 312018 — 90n'%), + 48R, + 81nlY,

— 64hl, + 3605, — 90nlY, + 80nlY. — 148K + 78R + 18K, + 1800l

+ 480AL%Y, + 48n8, — 1028, + 86R!% — 1028A1% + 66h1%. — 1020 + 38R,

— 1032h50) + 64nl), — 32208, + 44n, — 8anY, + 44nl — 14885 + 6205

— 1040R5) 4 64nl, — 3128 + 42n), — 31208, + 48015, — 90nL), + 1AL,

— 64hl¥, + 36nL). — 90nl + 80nl, — 148nL) + 78R + 18118, + 180k,

—2160R5), + 64nl, — 504nL) + 3208 — 5040l + 3208 — 124n) + 5001,

— 496h5Y, + 36hiL, — 1988, + T9n5, — 144nf), + 765 — anlly + 15005,

+ 80hEl, + 64n8, — 144pl8 4 64, — 144nB, + 8anl) — anll 4 144nf,

— 208hbls + 405, — 4hl, + 140R5Y, — 251, + 140m5Y; — 60RLY, + 84()h[285]5)
+ (s (304Oh64 + 1304h0 + 792n) + 16K + 800A[] + 308KL) + 40AL) + 27A7)

+832nL7 + 334nL7 + 190n7 4 19850 + 56h76 + 4307 4+ 14nl7 — 36nL7)

+ 912hm +376h%) + 22000 + 20nL] + 220nf] + 118R0 + 26nL) — 24n[]
+96h% + 705 + 40hb) — 25Kl + 20nl] — 24plT — 26007 — 96n!T]

+ 432n5) + 182007 + 106h5) + 38R5) + 1040 + 80nlT, + 320l7, + 2nl7,
+96h{0, + TORY; + 40hiG; — 25h10; + 20AlT — 24hlT, — 2617, — 96AlT,
+176AL7, + 104nl7, + 64nl7, — 10807, + 68017, — 307 — 20807 — 70LT,
+16h{5, — 28h10, — 64h{), — 8K, — 60h{); — 52hTs — 560h[172]7)

— (9060};5‘;] + 52001 + 2766R1 + 330R1% + 2936R1 + 179R1 + 785 K9+ 22049
1899 449 405
+ 342208 + 289n18) + =Rl 4 304n1% + 588R1) + —h 2Rl 33pl0
1261 44 4
+2388hl% + 344nL) + ihg";} + 364h% 4+ 588RL + —9h53 05 =28 338

+ 794 + 2015 + @hfg + 38hl% + 358hL% + 54nlS) 4+ 1585 — 350hg63])

+ ¢ (2208h16 +1097A! + 657A1Y + 33nLY + 71085 + 266A%) + 505 — 30KL)

+388hY% + 138n5) + 500 — 30nL) + 1120 4 57RE) — 448hg511)
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4—<2C3(6880h +2940R17 + 1896A1% + 227hl%) 4 20720L] + 85615 + 21208 + 70RL)

+992h5) + 416R5) + 212h5) + TORS) + 388K5 + 259h5) + 68hL) — 24h351)
28465 14 3819
i CG( 5 s 1
19765 5
24 —51 _'12h‘5)

23921
8

2239 6863

4

2239

4 4 4 4
i) - P2y 220, 0865 2290,

—H@%w%@+gﬂi+nmm i%&w%@+%ﬂ$&%m+mwg

6959 2319 3777
1570R5) 4 2222 p 8 4 22T pl8 2 Ll
+ C?( + 3 + g 6

— GG (4984h£13] +2367ht 4 921 + @h )

601

—@@@m%@+m%%ﬂ 2ol 4 6a7nl? )—%@w?

92461055 4148393
—@< s e+ MM)h?)—Cﬂ@f@&%?+&&m@)+@@(MWEL+HW£D
46013 107245 17259 15539
( Go — Galr = = CaCo = —4—GaCs + 148 (<3>3)h5”
354 1217 2668732849 2659
— 7(7 3+ C2@5,3 — 67200 Cio — Ca (Cs) — 3091¢(2(3¢5
9179 20553
GCr 4+ T (Gs) } (C.2)

D NMHY results in the 3 — 3 self-crossing limit for v > 0 through four
loops

In this appendix we give the results for the function E entering the NMHV amplitude
decomposition (2.14), in the 3 — 3 self-crossing limit for v > 0. As predicted by the
arguments in section 2.1, they are all nonsingular in this limit. We use the same notation as
in the MHV case; the argument of the hgw} (z) is z = 1/v. Because E(u,v,w) = E(w,v,u),
there are two independent orientations of E to quote at each loop order. We let E refer to
the limit E(1 + |4, v,v), and E’ to the limit E(v,1+ [d],v).

The results through three loops are

E (v>0) =1, (D.1)
EL%%0w>0) =1, (D.2)
BV, (v > 0) = 5, (D.3)
B (0> 0) = 72h5]#—5(24—2wihg], (D.4)
1 29 .
B3 >0) = 5 {4/1[ + hig — 9Cahy” + 26k — ZoCu + 2mi(2hi — 343)] : (D.5)
1
%fyv>m::QPMﬁlwm§+4ﬂ“+wﬁlwm§+h%
— Go(56h5) — 201+ 9nlT) + 265 (n) +iﬂ1)—-%§g4
4—2ﬂi(12h§]+—2h§}+—2hf]——4C2hg]+-Cﬂ]a (D.6)
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1
EP (v >0) = 240 —5(nl8 4 pl¥ 4 pl8ly — plol 4 542(11%[84] +23nlY)
8729

— C(5nE 4 2By - 15¢,nl — (8¢5 — 23¢a¢s)nlY + o 7(43)2

— i [24R5) + 5+ B — 7GRl 4 5¢shET — 256 + s@cg] (D.7)

B (0> 0) = —120n — 24(hl 4+ ply — 20 — 248 — 7818 — 2] — pl% — 24p 5] — 751"
6 6 6 6 6 6 6 6 6 6 6
— Thyy — iy — 2} — hig — higl — 3hyg — 24hig — Sl — Shig — 5hig — hi

+ G <276h([)4] —2nt £ 53nlt — B 4 53Rl — A 4aplt — 3pl 4 s5n LY
23
+ 2h[f§> — 5220 + 1108 4 6nl — 2nl 1 5pl 4 2l

1
+ 1@(279;431 + 3105 + 60n5) — 265 (7A) 4 bty 4 ¢o¢s (a9 + 2301)

8477
96

+ b+ 24n8) 505+ 50— ca(36R5) — 20 1 5R5 — RS 4 7Rl

Co— 3(C3)? — i {12011{)5] +24(RE + Bl + 208 + 2400 + 781 4 2407

39
+ G (2208 + 1101 4 5pP) — ZQhE] 414G — 5GaGs | - (D.8)

The four-loop results are

1
EW,(v>0) = 8{2880h[182]8 +624(hlE)) + nl) — asnl¥, + 624nl8 + 152018 + 28nlf),

+ 62400, 4+ 152(nl + 1) — anld 48Rl + 168k, + 6n

+ 62408 + 15208 + 152818, — anllo 4 152ml 4 420 4 8Bl

+ 308, + 8nld 1 8nlsl +16nlY, — 1801

— G (6576hg + 4801 + 1408n% — 2808 + 1408nL + 4nld — 8L — 64l
+ 140808 + 4p!% 4 33845 — 3l — 8pl6l 4 a0nlY 4 18h47)

e (672h[156] + 27618 + 156n1% — 6nlY + 156h5) + 7305 + 8K + 18h[253])

1053

G (1986@4} —o1pl ¢ 22l 102h11> + G (496h[3] + 225h[3])

, 16151
e (1524h£5] + 627h£,3]) - <8C6 - 86(C3)2) s

(12135 Cr — 4483 —— (2G5 — 957(3(4)

12574711
1440

+ 2mi {144()}1[7] +312(hl) + i+ nly + 76nl7) + 8l 4 312000

3C5,3 — (s + 374¢3¢5 — 566(2(3)*

+76(h5d + nl) + anld + nl) + sl
— Co(408h) 4 80nl) — 8hY + 8onk — ank) — anll)
+ ¢3(336h5 + 144nEY + 78R — 153¢,n + (248¢5 — 90¢a¢s)RE

+ 12(§3)2h[11] - %G + 330¢2¢s + 2275C344} } ; (D.9)
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and
1
Ey% (0 >0) = 5 { 13440 + 2880(hY + nT) — 160n + 2880 + 74408 4 56AL%

+ 140n + 2880AL + 744(nE 4+ RED) — 1208 + 80RE) + 60! + 80RL
+ 60nL + 2880nL) + 736(RL] + nED) — 16RL) + 736RL] + 196 + 32A1)
+56h% + 96 + 56(hL + Bl + 320 4+ 64nl + 32(nE) 4+ B
— 12h) + 2880n5) + 720(RE) + BEY) — 1605 + 72Oh[782] + 19205 4 3288
+ 60h5Y + 720nL) + 192(h) + AL + 28K + 320 + 40nl] + 48K5)
+ 420 + 96h1 + a8 (Rl + pl¥ ) + 32th2 + 48Rl + 36,
+32(h{0s + Ao) + 481, + 32(T, + AlYs + A + RiZy + Al
+24nl8), + 12008 + 2880R% + 624(nl%, + BlY,) — 48R, + 624nl%,

+ 152hl8 + 28nl%), + 624n!%, + 152(hl% + BB) — an®) + 81,

+ 16A1Ys + 6hl%, 4+ 62408 + 152(AlY, + nl¥)) — anll, + 152n0%

+ 42, + 8, + 3Kl + 8Kl + 8hlY, + 16h1Y, — 1803,

+ G (—30720%6] —160h!" — 6456hL" + 140" — 6456n — 128 — 1408 + 60RL"

— 6464h — 16n — 1644h% + 56h1% — 184h1 + 324/ — 1284 — 12/%
— 6480n% — 16h!% — 16081L% + 60n!% — 1608K5) + 2808 — 40RL) 4 421 )
— 192h5) + 32n1) — 84nl) 4 32n1% — 88RY + 3209 — 48h/%) + 12017
— 6576h%) — 48h5) — 1408h%) + 28h5) — 1408h%) — 4hl) + 8hlY + 61l
— 1408hl8) — 4nl — 33818 + 3819 4 8hl%) — 40nl8 — 18h£f7])
e (304017,55] + 129208 4 75605 — 2085 + 7520 + 304RF) 4 24017 + 44RL)
+ 736hf" + 29208 + 164R1 — 108 + 16817 + 8h1Y — 80Kl + 67287 + 27617
+156h% — 6h%) + 156K + 73K + 8hlY) + 18h§;})

G (906011([)4] +280AL" + 254585 + 356R5 + 2460R5 + 11981 + 1855 + s8R

1
+1986R7 — 2108 + @h + 102h[4])

+ G (2208115‘"] +106855% + 5480 — 64nl + 4968 + 225hg31)

— (aCs (6880hg3] + 2920 + 167615 + 40n + 15240 + 627h[53]>

28465 1023 16151
—@( 5ho! + =k +

h[22]> +(¢s)? (392%21 +39R1%) 4 86h[22])

1 1
T (2512014}1 + 1213511[1”) - 560 (9968115” + 4483h[1”> e (2435th1 + 957h[11])

2461055
288

+2mi {Gnohgﬂ + 1440h7" + 1440R" + 2807 + 14407 + 372817 + 4007 + 40A17

0 s 4 578(3Cs — 886(a((3)’

+ 1440n7 + 3687 + 368h5) + 16R5) + 48hL] + 28Rl + 32817 + 16RL]
+ 1440h%] + 360h%) + 360th + 16h5Y + 360h%) + 96h%) + 16hY) + 24nl7)
+ 48hY + 24l + 2407 4 16877) + 240 + 1685 + 161 + 12007
+ 1440n57 + 312050 + 312050 + 312870 + 760 + 8K + 312817 + 76RLT)
+ 76h5] + 4nl) + ahl) 4 8hl)

+ ¢ (—1920hg51 + 28hl1 — 348R5 + 400 — 35287 + 1601 + 41 + 16RL)
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—360RL + 16h8 — 84l + 24nl  16R0) + 4nl] + 12807 — 4080 — 80AL)
+ 8hiY — 80R5 + 4nf] + 4nk)

+ (3 (1520}4;” +664nl" + 376RL + 8RLY + 368AL + 152 4 ALY + 4nlY 4 336KL1
+144h + 78h[1‘ﬂ)

— G (690h{f’] — 1308 4 15088 — 2p7) + 153h£f]) +¢ (1104%21 +516n7 + 248h[22])

2635
6

+785C7 — 284CaCs — %@,@} } . (D.10)

e (400}431 +172h2 + 90h[22]) Ghll + (Cs)? (196hg” + 12h[11])

The results for £/ = E(v,1+ |d|,v) are more complicated than those for F = E(1 +
0], v, v), because only the latter orientation obeys a final entry condition that is compatible
with the self-crossing line. Both sets of functions are smooth as v — 17. While E(1 +
18], v,v) is also smooth as v — oo, E(v, 14 |d|,v) has logarithmic divergences there. These
are precisely the logarithms associated with the NMHV multi-particle factorization pole
discussed in refs. [61, 62], where the function U(u, v, w) = In E(u, v, w) was studied in the
limit u, w — oo with v fixed.

In the remainder of this appendix we discuss the behavior of the full NMHV amplitude
in the overlap region between the 2 — 4 multi-Regge limit and the self-crossing limit,
w — —1, where we can work to higher order in the expansion around the self-crossing
limit. This is necessary because the rational prefactors, or R-invariants, “(i)” in eq. (2.14),
blow up in the self-crossing limit. The denominators of some of the R-invariants contain
spinor strings such as (37[(1 4 2)|67) = (3|(1 + 2)|6]. The square of this factor is

%tr[(l —5)3(1 4+ 2)6(1 + 2)]

= 51235345 — 512545 = (1 — u)51235345
= (581233345 . (D.ll)

3711 +2)67){67[(1+2)37)

This behavior leads some of the R-invariants to blow up like 1/(3|(1 4 2)[6] o< 1//4.
On the other hand, in the Euclidean region this “spurious pole” power-law singularity
is completely cancelled by a relation between the transcendental functions E and E [60-62].
Here we will see that in Minkowski kinematics a logarithmic singularity survives. Actually
we will not do so for generic self-crossing kinematics, but only for v — 0, making use of
the overlap with the w — —1 multi-Regge limit. For the generic multi-Regge limit, for the
helicity configuration
3t6T — 274 5T1T, (D.12)
an analysis of the behavior of the R-invariants [61] leads to the following formula for the
BDS-like normalized amplitude:
ANMHV 1

ABDS=like ~ T4y

p {E(u, v,w) 4+ E(u,v,w) + E(w,u,v) — E(w,u, v)}

+ H—Lw [E(v,w,u)+E(v,w,u)+E(w,u,v)—E(w,u, U)} . (D.13)
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The 2 — 4 MRK behavior of the ratio function was provided through four loops in refs. |

. [61,
62] in terms of SVHPLs [77]. Converting to the BDS-like normalized functions E and E
and taking the limit w — —1, we find through four loops:

1 * 1
oM = —1n2v—2C2+2m'[—lnv— N } + (2mi)? {—] ,

D.14
14w ( )
1 1
p(2) = —In*v+26 %0 + —5<4
4 2
1
+(2m')[21n25 Ing+ — 1nv—4§21nv+C3—4C2+1
1+w 9
+ 1_|_w(2ln v—l—lnv—4@+1)]
1 1 1 1 14wl
N2 T a2, - - -
+ (27i) { 1n5+ In*v 2@ 5+ 1+w2(lnv+1)], (D.15)
1 47 707
p(3):—ﬂln v—f@ln v — C412v——§6
9 3
AN s P i =) 2 o
+(2m)[ SIn 5+2ln 5+<2< )m 5+(43 9<2+3)1n5
it 2wt e+ o Lo — 76— 26y — ¢+ 96 — 3
8nv 22111} 23nv 44HU 5 44 3 2
LUal (R AR ST § PR ) P
Hw(—SmU >In v+(2C 2)1nv (43 9<2+3)1nv
47
—C4—C3+9C2—3>}
+ (2mi)? {—m 5+7125+ S(G=1)né - ln v+ 421n v+ (31nv
S TR Y. +§
gt 2% T oxr g
14w s 3., 3 1 3 3
+1—|—w( 4lnv 4ln v+2(C2 1) Inw 2@,—1— Co 2)}, (D.16)
1399 39895
p(4):@ln v+ (2111 v—|——(l4 ( C6+(<))1n2v C8+2C2(C3)

—|—(27ri)[481n66—8ln56+(—§2+ )1 45+< C3+7CQ—)1n 5

149 1 15
(§4 - §§3 — 21 + ) In?§ + (—4C5 - TC4 + (3 +42¢ — 15) Ind

3 69 25 23
+ —81n v- G In®ov— ggg In* v+ §<4 In® v+ (—8g5 + 2@@,) In v

+ <107§6 + = (Cs) ) Inv+ @@ 1C3C4 - EC2C5 - %Cﬁ +2(¢3)?

+4¢ + —C4 — (3 —42¢ + 15

T+w /1 5 1 5Y. 3
by 4 21 L 1 LG )1
—|—1+ (48 v+ nv—|—< G2+ >nv—|—< 12(3 7C2+2>nv
149 5
<C4 - *CB 21¢2 + 2) In®v

+ <5C5 + 5(2(3 + ?Q - %CS —42¢ + 15) Inv— ECG 0 ((3)2
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+Mﬁ-@@+m%r-@—@@+wﬂ

5 15
+ (2mi)? LGIH o — Eln 5+< G+ >ln 5+< C3+3C2—>1 )

< Ga— *C3*6C2+ 15>ln5+241n6v§21n4v4§31n3v

+C41n20+<—C5+C2C3> 1HU+3 G6 + — (C3) —2¢5 + (2G3
**Czﬁr C3+642*12*5
—I—ll—:_tz) (161 v—|—1—61n v—l—( (o + >ln v+<—;(3—3C2+15>1n2v

( @—cyw@+1>mv+<o 10ts

*C4 - *C3 —6C + 125” (D.17)

In these expressions we let (14+w) — §(1+w), (14+w*) = £(1 +w*), take & — 0, and
drop terms that vanish in this limit. The only two rational prefactors that can survive are
then 1 and (1 + w*)/(1 + w). The results do not have uniform transcendentality because
the transcendental functions have been expanded to higher order around the w — —1 limit
to cancel the 1/(1 + w) factor in eq. (D.13). We rewrite the logarithmic terms using the
self-crossing variables, i.e. we let In|1 4+ w|?> — Ind — Inv. We see that there are indeed
logarithmically singular Ind terms in the imaginary part and in the double discontinuity
(27i)? term, beginning at two loops. However, there are no Ind terms in the part with the
(1 4+ w*)/(1 4+ w) prefactor; that is, the terms depending on the azimuthal component of
the vector Z'in eq. (2.22) are finite. Furthermore, the Inéd terms contain no v dependence
(which could only appear through powers of Inv in the approximation in which we are
working). This behavior is reminiscent of what we found for the MHV configuration. It
would be very interesting to try to understand these NMHV properties better, both in the
MRK limit and more generally along the full self-crossing line.

E Seven-point self-crossing kinematics

In this section we briefly describe the self-crossing configuration for the seven-point ampli-
tude, or heptagonal Wilson loop shown in figure 12. We consider

ks + kr — ki +ko + kg + ks + ks, (El)
(1—2)ks + (L—y)kr = k1 + k2, (E.2)
xkig + yk7 — k‘4 + k‘5 + ]{36. (E3)

Incoming gluons 3 and 7 split into collinear pairs with momentum fractions x and 1 — z,
and y and 1 — y, respectively. These pairs then undergo a 2 — 2 scattering into final state
gluons 1, 2, and a 2 — 3 scattering into final state gluons 4, 5 and 6.
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Figure 12. The self-crossing configuration for 2 — 5 scattering, where particles 3 and 7 are
incoming, and 1, 2, 4, 5 and 6 are outgoing.

It is straightforward to derive the following relations among the Mandelstam variables:

siz = (1 —2)(1 —y)ssr, (E.4)
(1—a)s23 = (1 —y)sm, (E.5)
S456 = TYS37 , (E.6)

s123 = —x(1 —y)ssr, (E.7)

sti2 = —(1 — x)yss7, (E.8)

w534 = (1 —y)ss6 + ysse7, (E.9)

yser = (1 — x)s45 + 8345 - (E.10)

We would like to rewrite these constraints in terms of the seven dual conformal cross ratios
defined in ref. [85],
2 2
_ 4,0+4"i+1,043
Ui =Uji+3 = 5 5 (Ell)
Liit3lit1,i+4
or

uy = TsTas _ 52351 (E.12)
T4T55 51235234

and cyclic permutations thereof (mod 7).

It is easy to see that

up = 125456 _ g (E.13)
57125123

which is the analog of the v = 1 constraint in the six-point case.

To find the second constraint on the cross ratios, analogous to v = w in the six-point
case, we first look for combinations of cross ratios from which the invariants s34 and sg7q
are absent:

U1 _ $23 8712 S567 __ Y 567 (E.14)

)
U2Ue 571 8123 S34 T 834
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U 571 5123 S345 X 5345
— 2 - , (E.15)
Uus 523 5712 S67 Y Set
U3Ug  S4555657125123 (1—y)sse (1 —x)s45

2
U2us5 534567556 IS34 Yser

(E.16)

Using egs. (E.9) and (E.10), we can rewrite eq. (E.16) as

usus _ [1 B y3567:| [1 B 968345} _ [1 o wm ] [1 __Ys } : (E.17)

U2us5 Yser U2Ue Urus

or

(U1U5 - UG)(U2U6 — ’LL1) = U1U3U4 UG - (E.18)

We solve eq. (E.18) for u4, and insert that solution and u7 = 1 into the Gram determinant
constraint that is obeyed by the seven cross ratios to have four-dimensional kinematics.
We find that the Gram determinant vanishing condition then contains a simple factor,
ug — uius — ugug. Setting this factor to zero, we solve for us and plug the solution back
into eq. (E.18). We obtain

wr =1, u;.):lf“;“"’, ’LL4:17UZU6. (E.19)
6 1

The self-crossing solution is then parametrized by the four remaining cross ratios, uy, uo,
us and ug.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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