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1 Introduction

D-branes are key ingredients to understand the whole picture of string theories. It is known
that the D-branes play a part in non-perturbative effects of string and gauge theories and
have been studied extensively. D-branes are dynamical objects and have its geometrical
origin in supergravity theories. There are other various extended objects in string theories,
such as Kaluza-Klein (KK) monopoles and NS5-branes. They are also geometrical objects
in supergravity theories. The meaning of “geometrical” is that corresponding solutions
in supergravity are single-valued in space-time. The D-branes, KK-monopoles and NS5-
branes are sources of the R-R, KK vector and NS-NS fluxes. Physical properties of these
objects have been studied from various viewpoints.

On the other hand, other types of less known extended objects, which are called exotic
branes (also known as Q-, and R-branes) [1-3], are beginning to attract attention. The
exotic branes are obtained by U-duality transformations of the geometric branes [4, 5]. It
has been pointed out that the exotic branes play an important role in the study of the
blackhole microstates and the polarization of D-branes [2, 6, 7]. Similar to the fact that
the geometric branes are sources of the ordinary supergravity fluxes, the exotic branes are



sources of non-geometric flures [3, 8]. The non-geometric fluxes are discussed extensively
in the context of flux compactifications [9, 10]. The group theoretical classification of the
exotic branes have been studied in the past. However, only the limited physical properties of
the exotic branes are known. There are studies on the exotic branes from the framework of
supergravity [2, 4, 5, 7, 11-14], string world-sheet theories [15-17], double field theory [18-
24] and so on. Among other things, the world-volume effective theory [1, 25] is the most
direct approach to study the dynamics of the exotic branes.

The purpose of this paper is to construct world-volume effective actions of the exotic
five-branes in type ITA and IIB string theories. We focus on the exotic 53-branes and
53-branes that are obtained from the NS5-branes via T- and S-dualities [7]. Compared
with the preceding work [25], where the effective actions of the type IIB 53-brane and
the 5§—brane are studied, the actions in this paper will be written in the fully space-time
covariant forms. In the actions, two Killing vectors associated with the two isometries of
the backgrounds are manifest. We also explicitly write down the effective action of the type
ITA 53-brane in a manifestly Lorentz invariant manner. After the gauge fixing, the massless
fields of the world-volume theories are organized into the N' = (2, 0) tensor multiplet (IIA)
and the N' = (1,1) vector multiplet (IIB) in six dimensions. In the pioneered work [1],
the world-volume effective actions of the exotic 6§—brane and seven-branes are studied
where the geometric part of the actions are written as gauged sigma models when the
NS-NS B-field is turned off. A specific property of the effective actions of the five-branes
in this paper is its dependence on the two Killing vectors ki, k4. We will see that the
actions are not written as gauged sigma models when all the closed string backgrounds are
involved.

We also discuss some properties of exotic five-branes in type I and heterotic string
theories. The orientifold projection of type IIB theory and duality chains indicate that
exotic five-branes appear also in type I and heterotic theories. To make contact with the
exotic branes in these theories, we analyze the effective actions of the 53-brane and 53-brane
in type I and heterotic theories.

The organization of this paper is as follows. In section 2, we review the basic properties
of the exotic 53-brane in string theories. We also demonstrate the string duality chains
on various five-branes. In section 3, we explicitly write down the world-volume effective
actions of the exotic 53-brane and 52-brane in IIB string theory. We also find the effective
action of the 53-brane in type ITA theory. The gauge symmetries of the effective theories are
discussed. In section 4, we discuss exotic five-branes in type I and SO(32), Eg x Eg heterotic
string theories. The Abelian part of the effective actions of the 53-brane in type I and the
5§—brane in SO(32), Es x Eg heterotic string theories are proposed. Section 5 is devoted to
the conclusion and discussions. Conventions and notations of the supergravity theories in
this paper are found in appendix A. In appendix B, the covariant T-duality transformation
rules for the NS-NS and R-R sectors are summarized. The explicit representations of the
second T-duality transformation of the NS-NS B-field and R-R potentials are given also in
appendix B.



2 Exotic five-branes and string duality chains

In this section we exhibit the exotic five-branes in string theories. In the first subsection,
we briefly review the configuration of the single 53-brane. This is obtained via the T-
duality transformations of the configurations of NS5-branes. In the second subsection, we
demonstrate the string duality chains on various five-branes.

2.1 Configuration of exotic 53-brane

We begin with multi-centered H-monopoles in ten-dimensional supergravity theories. This
is a smeared solution of multi-centered NS5-branes along the x°-direction. The configura-

tion of the multi-centered H-monopoles is!?
dsy = dw%12345+H(F)((d7)2+(daz9)2) , TEREg, ¥ = Ry,
/
Q@
H(r)=1 H H = —
(T_‘) +§ p> p 2R9|'F—77p| ) (21)
2% — H(F) , Hmnp — gmnpq aq logH(F) )

Here the H-monopoles are expanded along the 012345-directions. The vector 7}, denotes
the position of the p-th H-monopole in the 678-directions. The space-time metric g,
the dilaton ¢ and the field strength H,,,, of the NS-NS B-field are given by a harmonic
function H (7). The indices m,n, p, ¢ run from 6 to 9. Since the harmonic function does not
depend on z?, there is an isometry along this direction. We assume that the x°-direction
is compactified on a circle of radius Ry.

We perform a T-duality transformation along the z°-direction. Following the Buscher
rule [28], we transform the above description to

. 1 ~ 2
dsicxn = dagi934s + H (F) dagrs + T@ (dJUg =+ W) , TERY,,
Ry o

H(f}zl—i—ZHp, Hp:ﬁ; }9:ﬁ9§, EQ:RT)’ (2.2)
P

1
dw = x3dH , 2 =1, Bzﬁd[H(dig—i—w)].

This is the configuration of multi-centered KK-monopoles (KK5-branes). The 9-th coor-
dinate 2 is transformed to z°. This direction is a compact circle of radius }~%9. Here the
dilaton and the NS-NS B-field are trivial up to total derivatives. Instead, the KK-vector
w is involved in the space-time metric. The relation between the KK-vector w and the
harmonic function H(7) is given as a monopole equation. Indeed the transverse space of
the multi-centered KK-monopoles is given as a multi-centered Taub-NUT space.

There are no more directions with isometry in the configuration of the KK-mono-
poles (2.2). However, if an infinite number of KK-monopoles are arrayed along the x®-
direction, we can see a shift symmetry along it. Under this setup, the configuration (2.2) has

'We follow the conventions employed in [26].
2The H-monopole geometry presented in this section corresponds to the neutral solution in heterotic
supergravity. There are other five-brane solutions known as the gauge and the symmetric solutions [27].



an additional isometry along the z®-direction. Compactifying the z®-direction with radius
Rg and performing a T-duality transformation along it, we obtain the dual coordinate z°
of radius Rg = o’/Rg and the following configuration:

H,,
dsgg = dafyozas + H (do® + 0°(49,)%) + e ((dz®)* + (dz%)?),

H //19 _ . K
=, B=-TLdi*Adi, BOY=-——d®AdalAende’ (23
" BB
H=0o¢" logu—:ho—ka/’ log@, K = H?+ (0"9,)?, o = 879
0 0 2ma!

This is the background geometry of the exotic 53-brane expanded along the 012345-
directions. The transverse space is locally described as R? x T2 whose coordinates are
expressed in terms of {o, 199;:?8,559}. B®2) ig a six-form whose transverse space has two
isometries. We use the notation B2 instead of B to denote the Hodge dual of the
T-dualized B-field. This is natural since the 53-brane couples to B©) which is T-duality

(8:2) i5 also called the mixed-symmetry tensor [12, 29].

transformed along two isometries. B
In this configuration, the space-time metric, the dilaton, and the NS-NS B-field are de-
scribed by not only the harmonic function H but also the angular coordinate 9,. The
harmonic function diverges in the IR region. This implies that asymptotic description of
the single 53-brane is not well-defined. Furthermore, caused by the dependence of the
angular coordinate, the space-time metric, the dilaton field, and the NS-NS B-field are
no longer single-valued. Due to the multi-valuedness of the solution, there is a non-trivial
monodromy around the 53-brane. The monodromy characterizes a kind of conserved charge

(Page charge) of the brane [7].

2.2 String duality chains on five-branes

In this subsection we demonstrate the string duality chains on various five-branes. We
begin with the following M-theory branes: an M5-brane, a KK6-brane, and a 5°-brane.
They are related to five-branes in string theories. The former two are standard branes,
whilst the latter one is an exotic object [2]. Their tensions are evaluated in terms of the
Planck length £, in eleven dimensions and radii of compact circles:

1
M5(12345): M = m
(RsRyR;)?
53(12345,807) : M = T” (2.4)
P
R 2
KK6(123450,9) : M = (Fo)”
&

We followed the conventions for branes employed in [7]. The parameter Ry in the mass of
the 53-brane is the radius of M-theory circle. The transverse directions of the M5-brane is
a topologically flat five-dimensional space, while the transverse space of the 53-brane has
three isometry directions. The transverse four-directions of the KK6-brane is the Taub-
NUT space. All of the above branes are coupled to the six-form potentials, the dual of the
three-form potential, in M-theory.



In type ITIA string theory, we focus on the following five-branes and six-branes:?

1
NS5(12345) : ,
( ) gstggt
R
KK5(12345,9) : _ | 92; :
gstgst (2 5)
RsR ‘
53(12345.89) : M = %
gstE
65(123458,9) : M = (Rgil
gstest

Here the eleven-dimensional Planck length ¢, is described by the string coupling constant
gst and the string length £ = Vo in such a way as L = gstl3,, where o is the Regge-slope
parameter. The parameter Rg in the mass of the KK5-brane is the radius of the Taub-NUT
circle. The radius of the M-theory circle Ry is also given as Ry = gstfst. The NS5-brane and
the KK5-brane are obtained by the dimensional reduction of one direction transverse to
the Mb5-brane and the KK6-brane, respectively. We find the 5§—brane by the dimensional
reduction of the 53-brane along the direction of the M-theory circle. The 6i-brane can be
found by the dimensional reduction of the KK6-brane along a transverse direction in R3 of
the Taub-NUT space. We remark that the NS5-brane, the KK5-brane, and the 5%—brane are
coupled to the NS-NS six-form potentials, which are dual to the NS-NS two-form potential,
while the 6§—brane is coupled to a R-R seven-form potential as a mixed-symmetry tensor.

We move to type IIB string theory from type IIA string theory. The above branes (2.5)
in type IIA theory are transformed to the other branes under the following string duality
transformation rules:

T; : R; — @ - = bt
7 - 7 Rl ) st R Jst » (26)
S: Jop — g;tl, bt — gslt/2€S .

Here T; denotes the T-duality transformation along the i-th direction and S is the S-duality
transformation. The list of five-branes in type IIB string theory is as follows:

1
D5(12345) : M = —,
gstgst
1
NS5(12345): M = ——,
gstgst
R
KK5(12345,9) : M=t 923 : (2.7)
gstést
RgRy)
52(12345,89) : M = (7,
2 ) 70
(RsRy)?
52(12345.89) : M =~~~
3( ) ) gstglo

%Here we do not consider the D6-brane because this is not directly related to exotic five-branes in
this work.
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Figure 1. Type II five-branes which are obtained from the NS5-branes by duality chains.

The NS5-brane in type IIB theory is obtained via the T-duality transformation along the
longitudinal (transverse) direction of the NS5-brane (the KK5-brane) in type IIA theory.
The KK5-brane and the 52-brane are also obtained via the T-duality transformations along
suitable directions of five-branes in type IIA theory. The Db5-brane and the 5§—bran0
are obtained via the S-duality transformation of the NS5-brane and the 53-brane in type
IIB theory, respectively. We remark that there are other five-branes in type II string
theories. We obtain five-branes of co-dimensions less than two by performing further duality
transformations. For example, the 5( 2 _brane in type ITA theory is obtained via the T-
duality transformation along the 7-th direction of the 53-brane in type IIB theory. A list of
five-branes in type II string theories is found in figure 1. In the following, our main focus

is on the five-branes which have co-dimension two or more.

We further move to type I string theory via the orientifold projection of type IIB
theory. Due to this projection, the NS-NS B-field and its dual are projected out. Then the
five-branes surviving in type I theory are the D5-brane and the 5§-brane. Performing the
S- and T-duality transformations to the five-branes in type I theory, we can also discuss
the NS5-brane, the KK5-brane, and the 53-brane in heterotic string theories. They are
also derived from the branes (2.4) in M-theory via the S1/Zy compactification. We discuss
the world-volume effective actions of five-branes in type I and heterotic string theories in
section 4. We summarize the above demonstration of the string duality chains on five-
branes in figure 2.

Recently, the “exotic” configurations have been investigated very well in supergravity
theories [2, 7], and in the framework of double field theory [6]. In our previous works [15—
17] we studied the worldsheet sigma model whose target space is the background geometry
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Figure 2. String duality chains on various five-branes. The numbers in parentheses denote the
numbers of supercharges in six dimensions (except for the KK6-brane and the 63-brane). The
subscripts T, V and H mean the tensor multiplet, the vector multiplet, and the hypermultiplet,
respectively.

of the exotic 53-brane. In the next section, we discuss the world-volume descriptions of the
exotic five-branes in type ITA and IIB string theories.

3 World-volume effective actions of type II 52-brane and 52-brane

In this section, we explicitly write down the bosonic part of the world-volume effective
actions of the single exotic 53-branes in type ITA and IIB, and the 5§—brane in type 1IB
string theories. We consider the half-BPS five-branes which preserve sixteen supercharges
in its world-volume. The supermultiplets in the world-volume theories of the NS5-branes
and the KKb5-branes in type I, IT and heterotic theories are classified in [30]. With the
relations by the T-duality, the world-volume theories of the type IIB 53-brane and 53-
brane are governed by the six-dimensional A" = (1, 1) vector multiplet. On the other hand,
the type ITA 53-brane world-volume theory is described by the A = (2, 0) tensor multiplet.
We will work out the effective actions by the duality transformations of the geometric
branes. The transformations include those of the space-time backgrounds and the world-
volume fields. Generically, the scalar zero-modes associated with the isometry directions
are translated into the new scalar fields which do not have the geometrical meaning (it
is not the transverse fluctuation modes). The world-volume U(1) gauge field in a brane
becomes another U(1) gauge field by the duality transformation. The new gauge field has
a different gauge transformation rule from the original one. In the following subsections,
we consider the type ITA and IIB theories separately.



3.1 52%-brane and 5§—brane in type 1IB theory

As we demonstrated in section 2, the type IIB 53-brane is obtained by the T-duality
transformations along the transverse directions of the NS5-brane which is S-dual of the
D5-brane. The effective action of the single Dp-brane in type II theories is the sum of the
Dirac-Born-Infeld (DBI) part and the Wess-Zumino part:

Spp = —Tpp / dp+15e*¢\/ —det (Plglab + P[Blab + AFap)

ol 2

n

c™ A eB} A M (3.1)

where g,,,,, B,, ¢ are the background space-time metric, the NS-NS B-field and the dilaton.
The fields C™ are the R-R potentials and Fy, = 9,4, — O A, is the field strength of the
U(1) gauge field A,. The tension and the R-R charge of the BPS Dp-brane are given by
Top = pp = ma’_(p+l)/2. We also defined A\ = 27a/. The symbol P[®] stands for the
pull-back of the space-time tensor fields ®,,,...,,, onto the world-volume:

P[(I)]al"'aN - q)m-"uName "‘aaNXHN- (3.2)

Here 0, is the derivative with respect to the world-volume coordinate £*. The summation
>, in the Wess-Zumino part is understood such that the integration over the world-volume
dimension is well-defined. For example, the Wess-Zumino term of the D5-brane is given by

u5/ [P[C“’)] +P[CW]A (P[B]+AF) +1P[C<2>] A (P[B] +AF)2+10<0> (P[B]+AF)*|.
Me 2! 3!

(3.3)
The type IIB NS5-brane is S-dual of the D5-brane. The S-duality transformation rules of
the background fields [25] are

1
_- (2) _2)
7—? T C ?B7 B? Y, guu?|7—|guua (34)
Ch oW L@ ap,  ¢® O L Llp oo oo
S ’ S 2 ’

where 7 = C(©) 4+ ie~? is the complex axio-dilaton field. Together with the space-time
fields, the world-volume gauge field A, is transformed as A, ? A,. Then the effective

action of the type IIB NS5-brane [31] is

e
Sngs = —Tiss / dﬁfewy/l—i—eQ‘f’(C(O))?\/ — det <g,w 0 X 10X+ 22(0 Q) ]—“ab>
€

—Ms/ [P[B(f")] - %P[B ANCANCP]—AP[CY + CPD ABIAF
Me

A2 A3 c©)



Here Fup = 0, A — Op Ay — )\_10,(3,) 0y XPO,X". The tension of the NS5-brane is defined
as Tngs = gs_tlTD5. The action (3.5) is invariant under the following space-time and world-
volume gauge transformations:

§B =dAW, 6B = dA®) —dXC A P 4+ XD A BACP,
sC =9, sCA =d M, 5@ =d\® — BA D, (3.6)
6As = Oux + AN TPV, 6F, =0,

where A and A" (n = 1,3,5) are space-time gauge parameter n-forms and y is the
world-volume gauge parameter. The effective action of the KK-monopole in type ITA
string theory is obtained by the T-duality transformation of the action (3.5) along the one
transverse direction of the brane [31].

The type IIB 52-brane effective action is obtained by the T-duality transformations
of the action (3.5) along the two transverse directions. We consider the isometries of
the background fields. The isometries are generated by two Killing vectors k7 (I = 1,2)
transverse to the NS5-brane world-volume. We keep the space-time covariant expression
using the covariant Buscher rules in appendix B. Then we find

KRS (k)2 (KPR - KPR

20567 2(det h v —— (K -
€ ey ko S ( € IJ)7 g,U« Ky kg 1% ( 2)+ (k2)2 deth[J ’
B———>§,
k‘lkg
CO— iy i (0(2)+C’(0)B) c®—c® cW—c®
k‘lk‘z 1oz ’ k1k2 ' k1k2 ’
(3.7)
where the arrow “k—;—#’ indicates that the repeated T-duality transformations along the
1rR2

directions generated by the Killing vectors, first &1, then k4. The explicit forms of B , C @),
C™ are given in appendix B. Here we defined the following quantities:

» 1 . .
hry = kiKY (9w + Buw),  uw(k2) = g — @(%Q)u(lkzg)u 7

(kr)* = 9w kK7 (no sum over I),

K}(Al) = (isz - )‘dgpl)ua

. ky -k, . r .

KP = (u; 9= 9 (the9) + 75 (iky ik, B) (i, B — /\dSO'))
m 1 2 2 2 1%k2 2 )
(k2) (k2) "

K(B) = ((Zk B — )\d(p) - M(lk B - )\dtpl) + L(Zk ik B)Zk g)
woo 1 P) 2 o \Ukq ko 2 :

(k2) (k2) i
The scalar fields ¢ and ¢’ are associated with the dual coordinates under the T-duality
transformations along the isometries generated by the Killing vectors &} and k%, respec-
tively.

A salient feature of the exotic branes is its coupling to non-geometric fluxes. The T-
duality group theoretical representations of the potentials that couple to the solitonic branes
(i.e. objects that have the tension proportional to e=2?) in ten-dimensional supergravities



are investigated in [12]. They are anti-symmetric tensor representations of SO(10—d, 10—d)
where d is the compactified dimensions. The conjugacy class of the solitonic branes are
studied. In particular, the Wess-Zumino term of the co-dimension two defect branes are
discussed in [13].# The explicit top coupling form of the Wess-Zumino term in the type
IIB exotic 53-brane is studied in [25]. This is defined by the T-duality transformations of
the B©) field and represented by the mixed-symmetry tensor B(®:2) [12, 29]. We therefore
obtain®

BO®) — iy iy, B®2), (3.9)

kika

Along with the backgrounds fields, the world-volume gauge field is transformed as

Ay — A, . (3.10)
k1ko

Collecting all the formulae together, we explicitly write down the world-volume action
of the type IIB exotic 53-brane:

€?? (i, ik, (C) + C(O)B))2

det hyy

S%B =—Tg / d®¢e 2% (det hyy) \/ 1+

K(l)K(l) (k2>2(K(2)K(2)_K(3)K(3))
—det | I, (ko) Oy XHOp XV +———b - - AT,
X e ( " ( 2)3 Op + (k‘z)2 dot oy + AT

s | [Pliin B62] — L PUB A G 7 O] - APIEW + 0 7B T
Me

2~ )3 i i (C) 00 -~~~
—)\—'P[B] AFA F+)\—| iy 1y (C7+ O B) FAFA F]
2! 3! (éklikg (0(2) —i—C(O)B)) +e2¢(det hyy)
(3.11)
where T5§ = Tnss and we have defined
ﬁab = 8(1./1{, — 81,211 — /\71P[5(2)]ab . (3.12)
The action contains the following quantity:
e® -
Fa Fup. (3.13)

b pu—
Vdethry + €2 (i, ig, (C® + CO B))

The gauge transformation of iy, iy, B(®?) is complicated but is determined straightforwardly
such that the Wess-Zumino term of the action (3.11) is invariant under the following trans-

formations:
6B = dAD,
scO =9, §C@ =\, SCW =ax® —BadAD,  (3.14)
S(dAMY = AP[SCP)], o =-A"Tip, AW 5 = —A7li, AW,

4n [13] the exotic 53-branes, which come from the NS5-branes by T-dualities, are called generalized
KK-monopoles.

5Strictly speaking, the terminology iklik2B(8’2) as the T-dualized six-form is a confusing expression.
However, in order to emphasize the Killing vectors of the isometries, we adopted this notation.

,10,



Note that the effective action (3.11) is written in the space-time covariant fashion which is
compared with the action obtained in [25]. The action (3.11) shows specific properties of
the exotic 5%—brane. The dilation coupling e~2? implies that the brane is a solitonic object
as its notation stands for. We also see that the overall factor det hry, which contains
(k1)?(kg)?, reflects the fact that the tension of the 53-brane is proportional to the radii
of the two compactified (isometry) directions. This is the generalization of the structure
seen in the KK-monopole world-volume [31, 32] where the tension is proportional to the
Killing vector k? associated with the Taub-NUT isometry. In order to see that the effective
action (3.11) contains zero-modes that correspond to two transverse directions, we focus
on the determinant part of the action. When the backgrounds other than the metric are
zero and A, = » = ¢ =0, the determinant part of the action is

I, (k2)0a XHOp X
k% . kl . k2 . . ]Cl . kg .
- WX = T WX || (1, 9) XY = L2 (i, ), 0, X
det h[J (Zkl g)ua (k2)2 (ZkQ.g)Ma (Zkl g) ab (k2)2 (Zk2g) ab
= 10,,0, X 9 X", (3.15)

where I, = g — W7 g.p006k7kS, hiy = gukikY and h'Ehy; = 67;. This is nothing
but the structure of the gauged sigma model with two isometries [32]. The fluctuation
modes associated with the isometry directions are projected out. We note that when the
NS-NS B-field is turned on, the action is not written as a gauged sigma model. The exotic
seven-brane with two gauged isometries is constructed in [1] where the NS-NS B-field is
turned off.

In the static gauge, the field content of the effective action (3.11) is therefore, a U(1)
gauge field ﬁa, two transverse scalar zero-modes X', X2, two scalar fields ¢, ¢’ that come
from the T-duality transformation. They are organized into the six-dimensional N' = (1, 1)
vector multiplet as we expected.

Next, we proceed to the exotic 5§—brane. The effective action of the exotic 5%—
brane is obtained by applying the S-duality transformation to the 52-brane effective ac-
tion (3.11) [25] (see also figure 1). The world-volume fields are transformed as

Ao Ay 028, W27 (3.16)
The background fields are transformed by the S-duality rule (3.4). Then the action is
1B 6 —2¢ X —209(0) (/(2)
S5§ :—T5§ d°¢ || e *?(det l1y) 1+m{2k11i2(3+‘7'| cloC )}

(1) 7 1) 2(7(2) 7 (2) —273) 7 ()
La L k La L - La L
X —det (Huu(kQ) aaXuaqu+ b ( 2) ( b ’T‘ b )+>‘?/ab>

|T|2(k72)2_ detl[J
_N5/ |:P[ik1ik20(872)] - 1P[E' ACE A CEN
Mg 2
~ ~ - - 2 . _ _
—AP[CW' ANCP' ANBAF — %P[B’} ANF' NF'

N PP i ik (BT 2C00®)
3 det l1J+|T’2 e2? (ik1ik2 (B+|T’_QC(O)C(2)))2

ANF'NF'A ﬁ’] . (3.17)
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where T5z = g;tng)% and we have defined
iy = KK (g = 1771 CD).
LY = (ig,C® + @),

ky - k 1
2 , 1 R2,. oo 2Y(4 2 5
LL) = (’Lk1g — (k‘T)Z(Zk?g) + W(Zkllkzc( ))(Zkgc( ) + Ad@/)>#7

. ki ko ~ r .. . 3.18
19 = (5,02 +247) - L2 0@ 4 3ag) + L (i, 0®ing ), O
(kg) (kQ) Iz
Fly = 08, — 0, — X 1PIC@Y,,
e¢ I
Fa Fap-

© Vdetlrs + |72 2y i, (B + || 2COC®)

The explicit forms of the background fields B/, C®’, C( are found in (B.19). The power
of the dilaton field implies that the tension of this five-brane is proportional to gszg. Notice
that C(®2) is the R-R mixed-symmetry tensor. As we addressed in section 2, this is S-dual
of the NS-NS mixed-symmetry tensor B(®2) in ten dimensions [25]. Although the 53-brane
does not exist in type IIA string theory, one encounters this exotic brane in type I theory.
We will come back to the 53-brane in section 4.

3.2 52-brane in type ITA theory

In this subsection, we consider the exotic 53-brane in type ITA string theory. The super-
multiplet of the type ITA 53-brane effective theory is a six-dimensional N' = (2,0) tensor
multiplet which consists of one self-dual tensor field of rank two and five scalar fields. It
is necessary to introduce an auxiliary field for a manifestly Lorentz invariant action of
self-dual fields. In order to obtain the ITA 52-brane, we start from the action of a single
M5-brane in eleven dimensions. By the direct dimensional reduction of the Mb5-brane, we
first obtain the type ITA NS5-brane. Performing the T-duality transformations twice, we
obtain the type ITA 53-brane.

The world-volume fields in the M5-brane effective action belong to a six-dimensional
N = (2,0) tensor multiplet. The five scalar fields correspond to the translational moduli of
the M5-brane in eleven dimensions. The action involves the U(1) self-dual two-form gauge
field A,p. The manifestly Lorentz invariant form of the action is given in the Pasti-Sorokin-
Tonin (PST) formalism [33]:

Sms = —TM5/d65 [\/_ det(P[glas + iﬁgb) + 4\(/8:7)92 H** Hyeq (Oga 0%a)
a

+ Tis / <P[6<6>] _ g, P[6<3>]) , (3.19)
M 2

where Ty = ﬁMﬂ is the Mb-brane tension in terms of the the Planck mass Mj; in

eleven dimensions. F®) = dA® is the field strength of the self-dual two-form gauge field.
The real auxiliary field a(¢) is non-dynamical. The explicit expressions of the variables in
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the action are given by

F® = 0, Ape— 0y Aue+0eAgp g = det P[g], (0a)? = P[G]™ d4a Oya,
~ ~ ~ 1 ~ ~ 1 ~
Hype = Féi’g _P[C(g)]abc : rabe — — €adeefHd€f 7 H;b _ — :bc 9% .
=g (Da)?
(3.20)

All the world-volume indices are contracted with the pull-back P[g]®. Here P[g]® is the
inverse of P[g]sp. The fields garw, 5(3), C©) are the space-time metric, the three-form
potential and its magnetic dual in D = 11 supergravity. The action is invariant under the
following four kinds of gauge transformations:

e The ordinary world-volume gauge transformation by the gauge parameter one-
form yg:

0Ag = a[aXb] . (3.21)

e The field dependent world-volume gauge transformation by the gauge parameter one-
form x/:

0 Aqp = 9,0 x;] , da=0. (3.22)

e The field dependent world-volume gauge transformation by the gauge parameter X:

(50, = )?, 5Aab = ﬁ(Habc Gca — Vab) 5

2(0a)
da)? & —
Yeb — 9 —(A ———+\/ —det(P[g] +iH*).
\/gé%¢ (Pg] +ifi*)

e The space-time gauge transformations by the gauge parameter five- and two-forms
f\(5)’ A2,

(3.23)

SCP(X)=dA?(X),  §CO(X)=dA® + %dK@)(X) ACP) (X)),

(3.24)
5AP (&) = AP (X (9)) .

Now we perform the direct dimensional reduction of the M5-brane action (3.19). The
KK ansatz is

e g e Gl et ol (3.25)
gMN = e%¢c£1) e%¢ ) .
where M, N = 0,...,10 is the space-time indices in eleven dimensions. The potential forms
are decomposed as
C® =B — Baay,
(3.26)

GO — BO 4 ¢O) A dy + 20O AW £ 2@ A B a4y
2 2
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Here Y is a world-volume scalar field associated with the compact space-time coordinate
y. Note that the fields in the left-hand sides are form fields in D = 11 while the ones in
the right-hand sides are those in D = 10. For later convenience, we also define

F,=09,Y +CV. (3.27)

Performing the direct dimensional reduction, we obtain the effective action of the type ITA
NS5-brane [34]:

A e? (Plglac+ X202, Fy) Hb)
Ny/det(5.F +\2e20 F FT)

Q2)\2FCFd N\ g
1+ )\2e2¢F2> (0a)?

SHA = —Tss / db¢e=2¢ \/ — det(P[glap +\2e29 F, ) \/ det (6ab+

>‘2 vV *a c
- ZTNss/d6£ ng H bHabc <P[g] ¢
- u5/ (P[B(G)] + AP[C®) A dY] + %P[C“) ACD] + %P[C’(S) ABAdY)
M
A 3) @1 L A p®)
— §F A P[CY] + 5F ANP[BAdY]), (3.28)

where we have defined

A2e29(Fda)?
F,=P[Fl,=08,Y +\"'P[cM], =,/1—
[Fla=0,Y +A7 " P[C"],, N (9a)2(1+ \2e20 F2)
_ 2 _ ab
g=det P[g], (0a)*=P[g]* Oya Opa , (3.29)
Habc:Fég)();_)\_lp[C(?))]abc_ (P[B] A dY)abc )
1 1
*abc __ abede f *ab __ xabc
=— ¢ Hy.r, = H et .
3l/—g def (0a)?

Here we have rescaled F(EZ’(): — )\F(ES():, Y — AY in order to make the dimension of the fields

be [Ag] = [Y] = +1. All the world-volume indices are contracted with P[g]qp, i.e., the
pull-back of the ten-dimensional metric g,,,,. The Wess-Zumino term is invariant under the
following space-time gauge transformations:

6B = dAW,

5BO — dAG) 4 Lo A ar® — 1(C<3> +CW AB)AdA?)
2 2

+% (0(5) +C3AB+ %C(l) A BA B) AdA©),

sCM) = aa©), (3.30)
6C3) = dx® — B AdAO),
§CO) =@ — BAdA® + %B ABA AN,
5y = -2\,
§(dA@) = A71P[AAN® — BAdAO] 4+ P[AAM A dy — B A dAY)],

where A and \(™) are gauge parameter n-forms.
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Now we perform the T-duality transformations of the action (3.28). The pull-back of
the metric is transformed as

K(l)K(l) (k2)2(K(2)K(2) _ K(3)K(3))
P T, (k2) 9a X PO, XY + = b — e
[g]ab m 1z (kQ)a 73 + (k,2)2 det hyy (3.31)

= Yab-
We define the inverse matrix g% as follows:
b 3" = % Goa = 0a° (3.32)
The T-duality transformations of the R-R fields are

PlcW)] — PICW],  PC®) — PIC®)],  P[C®)] — PIC®)],  (3.33)
klk‘Q klk‘g klk'Q

where the explicit expressions of the right-hand sides are found in appendix B. We also have
20

det hyy

F9,a vl 3(0,Y +P[CW],) dya,

P[g]ab+e F Fb ﬁgab‘f' (aaY+P[6(1)]a)(abY+P[6(1)]b)7

F? — (0¥ +PICY]) (@Y +PICV)) (3.34)

) - 2 G/ (8. Y + P[CY).) dsa
Faks  (9a)?(det hyy+e20ged(9,Y + P[CM].) (85 +P[CD],))
= N2

where ((‘)a)2 = §*0,a Oya, and

Habc ﬁ ﬁabc - P[é(g)]abc - (P[E] N (dY + P[CN’(l)D)abc = ﬁabc- (335)
1k2

Here the world-volume gauge field A, is transformed as Ag ﬁ gab and F®) = dA®,
1R2

Putting everything together, we obtain the effective action of the type IIA 53-brane:

Syt =—Ts3 / d%¢e™2?(det hyy)

K(l)K(l) k 2 K¢(12)K(2)—K((L3)K(3) )\2 2¢ -
% det( pu(kQ)a XugyXv+ b ( 2) ( b b ) e F(l)F(l)

(k‘g) B det hIJ dethjj ¢ b

ie?

x | det <5ab+ — — Zab>
3!N\/dethu(8a)2

/ abgd/e/f/ ﬁd’e/f/ ﬁabc (8ga 8(1&)
——T5z d =
3IN?2(da)?

r 2020 gee gdf ﬁe(l)ﬁjgl)

det hyy + A2e2¢ ga'v' FDEL

1~ ~ ~ Aoy~
+ Ts3 /M <P[ik1ik23(8’2)] + 5P[o<5> ACO] £ AP[COAdY + 5p[c@ ABAdY]
6

- %F(?’) A P[C®)] + gF@) A P[B A dY]) : (3.36)
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Here we introduced the following expressions:
FY =0,y + X71P[CW),,
y e (G N2 (det hy )"t FSVEM) Hyep 940 (3.37)
- \/ — det (Gu + A2 €20(det hyy) L ED EM) '

Za

The gauge transformations of the scalar fields ¢, ¢’ are those found in (3.14). The gauge
transformation of the scalar field Y is defined such that the modified field strength F() is
invariant, namely,

5(dY) = =x"tP[sCM)]. (3.38)

The world-volume gauge transformations of Avab and the auxiliary field @ are obtained
from those in the M5-brane (3.21)—(3.23) where the background fields are given in the KK
ansatz (3.25) with the T-dualized forms. Again the space-time gauge transformations of
the non-geometric flux iklisz(S’z) is determined by requiring that the Wess-Zumino term
of the action (3.36) is invariant under the gauge transformations of 5(5), C~’(3), CM and
B. The calculation is straightforward but tedious and we never pursue it here. Now, we
summarize the field content of the effective action (3.36). In the static gauge, the world-
volume fields are two translational zero-modes X', X2, a scalar field Y originated from the
dimensional reduction from D = 11 to D = 10, two scalar fields ¢, ¢ associated with the
dual coordinates, a self-dual two-form gauge field gab and a non-dynamical auxiliary field
a. They are organized into the six-dimensional ' = (2,0) tensor multiplet as expected.
A comment is in order about world-volume effective actions of exotic five-branes. As
displayed in figure 1, there are other exotic five-branes of co-dimension less than two in
type 1II string theories. For example, performing the T-duality transformation of the 53-

(1,2)

brane, we obtain another exotic five-brane called 531’ -brane in type ITA theory. This has

the tension proportional to gsft?’ and is a heavy object in perturbative string theory. The

5%1’2)—brane should contain three Killing vectors kf',

world-volume effective action of the
kY, k5 and the supermultiplet of the theory must be the six-dimensional A" = (2,0) tensor
multiplet. Although it is formally possible to write down the effective action of the exotic
five-branes of co-dimension less than two in the covariant fashion, we never explore it in

this paper.

4 Exotic five-branes in type I and heterotic string theories

In the previous section, we gave the world-volume effective actions of the exotic 52- and
53-branes in type II string theories by virtue of the string duality chains. In this section,
we explore exotic five-branes in type I and heterotic string theories. Through the string
duality chains, we can also discuss the effective actions of the exotic five-branes in these
theories.

The most notable fact about the world-volume theory of five-branes in type I and
heterotic theories is its non-Abelian nature even for a single brane. For example, the type
I single D5-brane supports the Sp(1) = SU(2) gauge group in its world-volume [35]. In
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addition to the vector multiplet, there are hypermultiplets transformed as (2,32) of the
SU(2) x SO(32) group. One consequence of this fact is that exotic five-branes in heterotic
theories should have non-Abelian gauge groups by the duality chains (see figure 2). It
is a common practice that non-Abelian gauge groups in the DBI type of the actions are
hard to analyze. We therefore consider a U(1) subgroup of the gauge groups in the effective
actions and extract some physical properties of the exotic five-branes in type I and heterotic
theories.

4.1 5§-brane in Type I theory

Type I string theory is obtained by the orientifold projection of type IIB string theory with
the addition of an O9-plane, sixteen D9-branes and their mirror images. The most familiar
five-brane in type I theory is the D5-brane. The D5-brane preserves eight supercharges.
In type I theory, the D5-brane world-volume fields originate from the D5-D5 and the D5-
D9 open string sectors, where the D5-D5 sector provides the Sp(1) = SU(2) Chan-Paton
factor. An N = (1,0) vector and an N = (1,0) hypermultiplet come from the D5-D5 open
string sector. The vector multiplet belongs to the adjoint representation of SU(2) while
the hypermultiplet is SU(2) singlet. From the D5-D9 open string sector, there appears to
be SO(2) x SO(32) bi-fundamental hypermultiplets.

The exotic five-brane in type I theory is the 53-brane. Through the connection to the
D5-brane by dualities, there are at least one SU(2) adjoint vector field and four SU(2)
singlet real scalar fields in the world-volume theory of the type I 53-brane. Its U(1) part
of the effective action can be obtained from that of the type IIB 53-brane (3.17) by the
orientifold projection. The dilaton ¢, the metric g,,, the R-R potentials c@, c®) and
the non-geometric fluxes that are related to these fields by the duality chains, survive the
projection. The half of sixteen supersymmetries is preserved in the world-volume of the

5§—brane. As a result, the U(1) part of the type I 5§—brane effective action is8

SEI)% = —T5§ /dﬁf e_3¢ (det l]J)

x | = det  T1,,, (k2) @ XuaquJre%Lgl)ngl) (PLILY - LPLY) | et
" “ (k2)? det ), detl); ab
2 ~
+u5/ (P[iklikQC(w)] — %P[B@)'] ANFE' A F’) , (4.1)
Mg
where we have defined
Uy = kiR (g — e?CL))
LY = (i, C® + Xd@),,
(2) . k‘l : k’2 . e¢ .. (2)\ (s (2) ~
LH = | %19 — W(Zkzg) + @(Zlﬂlkgc )(Zkzc + Adp ),ua (4 2)
i .
) ki ko . 1, . .
L = <<z,ﬂc<2> M) = T3 10,09 + M) + s <2k1zk20(2>><zk2g>> :
2 2 u

Fly = 0,4} — 0AL .

SHere we do not consider the world-volume coupling to the background SO(32) gauge field.

,17,



The field content of this effective theory is a U(1) gauge field A/, two translational zero-

!/

modes X!, X2, two scalar fields @, @' associated with the dual coordinates. Altogether,
they consist of an N' = (1,0) Abelian vector multiplet and a neutral hypermultiplet in
six dimensions. Note that we do not present hypermultiplet parts of the action which are
traced back to the D5-D9 open string sector in the D5-brane. Although it is intractable
to include these parts in the DBI action, they are necessary for the anomaly free theory of

the type I 53-brane.

4.2 53-branes in heterotic theories

We begin with the half-BPS NS5-brane (heterotic five-brane) in Eg x Eg or SO(32) heterotic
string theory. In heterotic supergravities, they are gauge instantons embedded in the ten-
dimensional space-time geometry [27, 36]. The world-volume theory of the heterotic five-
brane contains an N' = (1,0) vector multiplet (SO(32)) or an A" = (1,0) tensor multiplet
(Egx Eg) together with an appropriate number of hypermultiplets. The hypermultiplets are
necessary for chiral anomaly free theories. It is known that the heterotic gauge symmetry
Eg x Eg or SO(32) is broken to E; x Eg or SO(28,2) respectively on a heterotic five-
brane,” which is grounded on the anomaly cancellation in six dimensions [37-45]. Heterotic
string theories contain also exotic 53-branes. Non-geometric solutions in heterotic theories
have been discussed in [46, 47]. Through the string dualities, it is considered that such
E7 x Eg or SO(28,2) non-Abelian gauge symmetry must exist on the heterotic 53-brane.
In the following we consider relatively simple part of the effective actions of the 53-brane
in heterotic theories. We appraise that the heterotic 5%—brane effective actions discussed
in this section represent an Abelian part of the non-Abelian gauge symmetries of the fully
consistent five-brane world-volume action. This would substantially lead to consider the
neutral solution of heterotic five-branes [27] where the SO(32) or Eg x Eg gauge field has
vanishing configuration.

In SO(32) heterotic string theory, the 52-brane effective action can be obtained from
the type 1 5§—brane effective action by the S-duality transformation:

0(2) ? B, ) ? -, 9uv ? e_¢guu ) AL ? A;I:ISO7 (4'3)

where the variables in the left-hand side (right-hand side) are the ones in type I (SO(32)
heterotic) string theory. As a result, the U(1) part of the SO(32) heterotic 53-brane effective
action is

S?%SO = —ng /dﬁf e_2¢(det h[])

K(gl)K(l) k. 2 KéQ)K@)*K(SB)K(e’) )\ 1)
X\J—det (Hw(kg)aaXﬂﬁbX”—&- o (k) b J )+ < ub

— F,
(k’g)Q det hIJ \/det h]‘]

A ~
+ ug,/ (P[z‘klisz(&z)] + 5F<3> A P[B A dY]) : (4.4)
Mg

"The broken gauge symmetries are obtained by the standard embedding of SU(2) to the original heterotic
symmetries. Since the SU(2) symmetry comes from the spin connection [27, 36], the symmetry cannot
remain as a gauge symmetry. Relations between the SU(2) symmetry originated from spin connections in
heterotic string theories and the SU(2) gauge symmetry of the D5-brane in type I theory are still unclear.
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It is also true that the same effective action is obtained by performing two T-duality
transformations along two isometry directions on the SO(32) heterotic five-brane action.
The latter is derived via the S-duality transformation of the type I D5-brane effective
action.

We can evaluate the 53-brane effective action in Eg x Eg heterotic theory through the
repeated T-duality transformations from that of the SO(32) heterotic five-brane. First,
we perform a T-duality transformation along the world-volume direction of the SO(32)
heterotic five-brane in order to obtain the Eg x Eg heterotic five-brane effective action.
The transformation rule is the same one between the type IIA and IIB NS5-branes [31].
Next, we perform two T-duality transformations along transverse directions of the Fg X Eg
heterotic five-brane. Then, the U(1) part of the Eg x Eg heterotic 53-brane effective action
emerges as

S%ES = —Tx / d®¢e=2?(det hyy)

A2 26 F{D ED ied

X —det (:qvab + # det 5ab + — e — Zab
v 3N/ (det by ;) (Da)?

Il ~ ~ce 7r (1) (1

—>\2T52/d6§ gabgde f Hd/f/f//f:{abc(aga 8da) §Cd _ )‘2 62(159 df Fe( )F]S )
4 3IN2(0a)? det hyy + A2 e20 go't' F B
22 ~ -
- T5%/M <P[iklisz(8’2)] +5 F®) A P[B] A F<1>) , (4.5)
6

where we have defined
(9a)? = §* Daa Oya,
ﬁél) =0,Y,
7 b _ &.gbcdef (§ac + )\2 e2¢(det h]t])flﬁa(l)ﬁlfl))ﬁdef aga .
\/— det (garpr + A% €29 (det hu)—lﬁ(l)ﬁb(,l))

a/

(4.6)

In the string duality chains (see figure 2), we can see that the S'/Zy compactification of
the M5-brane yields the Eg x Eg heterotic five-brane [48]. The orbifold compactification of
the eleven dimensional supergravity leaves only the NS-NS sector of type ITA supergravity.
As far as only the Abelian part is concerned, the N' = (2,0) tensor multiplet in type ITA
theory cannot be distinguished from the combination with A" = (1,0) tensor multiplet and
hypermultiplet in heterotic string theories. Thus the heterotic 53-brane effective action can
also be given by the truncation of the R-R sector in the type IIA 52-brane effective action.
Indeed, when all the R-R potentials are dropped out in the type ITA 53-brane action (3.36),
we obtain the action (4.5).

5 Conclusion and discussions

In this paper we studied the world-volume effective actions of the exotic five-branes in string
theories. Through the duality chains, we explicitly write down the world-volume effective
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actions of the 53-brane and the 5§—brane in type IIB string theory and the 53-brane in type
ITA string theory. The actions are written in a fully space-time covariant form where the
two Killing vectors associated with the isometries of the background fields are manifest.

For type IIB case, the world-volume effective action is governed by the six-dimensional
N = (1,1) vector multiplet. The action is obtained by the DBI action of the D5-brane
with the Wess-Zumino term via S- and T-dualities. The world-volume effective theory
consists of four scalar fields X!, X2, ¢, ¢’ and one U(1) gauge field A,. The scalar fields
X1, X? are fluctuation zero-modes along the two transverse directions of the 53-brane and
the 53-brane. The other scalars ¢ and ¢’ are associated with the two transverse isometry
directions (one from the Taub-NUT isometry direction of the KK-monopole, the other is the
additional isometry direction needed for the second T-duality transformation). However,
the latter two scalars are not the fluctuation modes since these directions correspond to
the genuine isometries of the (non-)geometry. For type ITA case, the massless fields of the
world-volume effective theory belong to the six-dimensional A/ = (2,0) tensor multiplet.
There are five scalar fields Y, X', X2, », ¢/ and one self-dual two-form gauge field Agp.
The action is written in the space-time covariant form and also has the manifestly Lorentz
invariant expression with the help of the auxiliary field a. The action is obtained from the
PST action of the M5-brane in eleven dimensions through the direct dimensional reduction
and T-dualities. The scalar field Y is originated via the compactification from D = 11 to
D = 10. The two scalars X!, X? are two transverse fluctuation modes of the ITA 53-brane
and two scalars ¢, ¢’ correspond to two isometry directions.

The exotic branes are sources of the non-geometric flux (the Q-flux [3], or the mixed-
symmetry tensor [12, 29]). As discussed in [25], the top couplings of the Wess-Zumino
terms of the effective actions are given by the Q-fluxes B®2 and C(®2). The gauge
transformations of the Q-fluxes are determined such that the Wess-Zumino term is invariant
under the transformations of the NS-NS B-field and the R-R potentials.

We also discussed the exotic five-branes in type I and heterotic string theories. Re-
markably, the gauge groups of the world-volume effective theories are non-Abelian. We
presented a U(1) sector of the effective actions of the 5§—brane in type I and the 53-branes
in SO(32), Es x Eg heterotic theories. Geometrically, this would correspond to the neutral
solution of the five-branes where the SO(32) or Eg x Eg gauge field is turned off. Although
we considered only a U(1) part of the world-volume actions in these theories, it is important
to bear in mind that the non-Abelian gauge fields and hypermultiplets, that transforms
as appropriate representations of the gauge groups, need to be incorporated for consistent
anomaly free theories.

In this paper, we determined the bosonic part of the world-volume effective actions of
the exotic five-branes. Since the effective theories in this paper preserve eight or sixteen
supercharges, the fermion terms are necessary to exhibit the kappa-symmetry. Although
one of the specific properties of the exotic branes is its global monodromy, the world-volume
effective actions studied in this paper seem not to capture that. This is because the brane
effective actions possess only the local dynamics (brane fluctuation) near the center of the
position of the branes. In order to explore the global aspects around the exotic branes,
it would be important to study intersecting configurations of (exotic) branes. These are
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realized as BPS states in the world-volume theory. Co-dimension two branes (known as
defect branes) are not well-defined finite energy solutions as the stand alone objects. It is
also important to study the effective actions including other duality branes. We will come
back to these issues in future researches.
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A Conventions and notations of D = 10 supergravity

We use the conventions employed in [49] where the gauge transformations of the NS-NS
and R-R fields leave the standard Wess-Zumino term in the D-brane world-volume theory
invariant.

We start from the D = 11 supergravity action:

S — 2/11%1/(1“:1: & (R - ;]F(4)|2> - 121%/()(3) ANFO AR, (A1)
where the fields with the hat symbol stand for the eleven dimensional quantities. k11
is the eleven dimensional gravitational constant, gyn (M, N = 0,...,10) is the eleven
dimensional metric, R is the Ricci scalar, C®) is the three-form potential and F® =q40®)
is its field strength. We adopt the convention |F(®)|? = }%!F\Ml...MpﬁMl“'MP.

The D = 10 type IIA supergravity action is obtained by the dimensional reduction of
S The KK ansatz is

L e 59 Juv + es?® CELI)CISI) e3® C’l(}) (A.2)
gMN = e%‘f’Cél) e%¢ 5 .
where p,v = 0,...,9 are space-time indices in ten dimensions. The fields g,,, ¢ and C’L(Ll)

are the space-time metric, the dilaton, and the R-R one-form potential in ten dimensions,
respectively. The ten-dimensional type ITA supergravity action is given by

1 1
Sin = g [%v=ge R+ 40,0 - LHOP)

2K19
L &%¢jﬂ@®ﬁ+mwﬂ—2/éAFwAFw, (A3)
4K, 4K,

where the modified field strengths are defined by
F® =400, H® =dB, F® =400,

GO = @) GW = ) L g A o). (A-4)
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Here C™ is the R-R n-form potential and F("t1) = dC(™ is its field strength. H®) = dB
is the field strength of the NS-NS B-field, and R is the Ricci scalar in ten dimensions. The
equations of motion for the R-R fields are

sCW . 0=d(x;0G?P) — H®) A 50GW,

5C® . 0=d(x;0GW) — HB A GW. (A.5)
Here %19 is the Hodge dual operator in ten dimensions. The Bianchi identities are
dH®) =dFr® =0, aGdW = —-HO AG®. (A.6)
We define the dual field strengths of the R-R fields as
G® =50G%, GO = _xoaW. (A7)
The equations of motion (A.5) become the Bianchi identities for the dual fields,
dG©® = —HO AGW,  dG® = —H® A GO, (A.8)
The modified field strengths that satisfy the Bianchi identities (A.8) are given by
GO =FO L HOAC® — G® = F®) 4 HO A O, (A.9)
The equation of motion for B is
6B: 0=d(e2? %9 H®) =GP A xqGW — éG(“) AGW. (A.10)
We define the dual field strength of the NS-NS B-field as
HT =720 40 HO®). (A.11)
Then the equation of motion (A.10) becomes the Bianchi identity for H(7:
dHD +G® NGO — %G(“) ANGW =0, (A.12)

Therefore the dual field strength H(7) that satisfies the Bianchi identity (A.12) is given by
HD —aB® _La@ A 06 L Lo A o) _La©) A o) (A.13)
2 2 2

The gauge transformations are defined such that the modified field strengths are invariant.
The explicit expressions of the transformation rules are found to be as follows:

6B = dAW,
sBO) — qAG) + %C(l) Ada@ — %(0(3) +CWAB)AdA?
i % <C<5> +C®AB+ %Cu) ABA B) AdA©),

§CM = qr\©) (A.14)
6CB) = dx® — BAdAO),

§CO) =A@ — BAd\® + %B ABAdANO,

500 = dx® — BAd\® & %B ABAdN® — %B ABABAdAND,
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Here AN, AG) () (n=0,2,4,6) are gauge parameters. The transformation rules of the
R-R fields are summarized as

3C®) =3 A\ pe B, (A.15)
p

which leave the Wess-Zumino term in the D-brane world-volume theory invariant.
The ten-dimensional type IIB supergravity action is given by

1 1
Sup = = [ Az y/=ge <R +4(0,0)° - 2|H(3)|2>

2’*%0
1 1

— 42/01109“/_*9 <|G(1)\2 + \G(3)|2 + 2‘G<5)|2>
K10

o (C(4) + 3B CQ)) NHEAFE. (A.16)
K10

Note that, in contrast to the ones in [49], we change the sign in front of the Chern-Simons
term. The modified field strengths are given by

GO = p GO Z pB) L OO G Z p6) ¢ g®) A 0O, (A.17)

In addition, at the level of the equation of motion, we impose the self-duality condition
on GO):
G(5) = *10G(5). (A18)

The equations of motion for the R-R fields are

50(0) : 0= d(*loG(l)) + *10G(3) A\ H(g),
SCP 0= d(x10G®) + %,0G® A HO), (A.19)
SCW 0= d(x0G%) + H® A GO,

The last equation is automatically satisfied when the self-duality condition (A.18) is im-
posed. The Bianchi identities are

dH® =0, dGM =0, dG® =—-HOAGD,  dG®) = -—HOAG®). (A.20)
The dual fields are defined as
G = —%pG®, GO =4, ,GW. (A.21)
The Bianchi identities for the dual fields are
dG® = —HO A G 4G = —H®) A GO, (A.22)
The modified field strengths of the dual fields that satisfy the Bianchi identities are found

to be
G =ac® £ gOG A (;1(4)7

GO =dc® 4+ H® A CO). (4.23)
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The equation of motion for the NS-NS B-field is
0=d(e 2 %10 H®) + G A x10G®) + GO A 510G, (A.24)

This gives the Bianchi identity for the dual field:
dAD — W AGTD + GO NGO =0, (A.25)

Then the dual field strength is given by

HD =dB® 4 c® A F® — %c@) ANCOAH® 4 cOa™, (A.26)
The gauge transformations are defined such that the modified field strengths are invariant:
6B = dAW,
§BO® = dA® —dx® A C® 4 dAD A BACH,
sC© =0,

@ _ 3™
5C 4 D), (A.27)
5CW = ax® — B A dAW,

§C© = d\®) — B AN + %B ABAdND,
§C® =\ — BAdA®) + %B ABAdA®) — %B ABABAdD.

Here A(™) (n =1,3,5,7) are gauge parameter n-forms. Hence the gauge transformations
of the R-R fields are
sC®) =3 "dAl pe P, (A.28)
P

Again, these gauge transformations leave the Wess-Zumino term in the D-brane world-
volume action invariant. The type IIB supergravity has the SL(2, R) symmetry:

G = |71 G »

(0) —¢
T—)—l, C(O)—>—C—, e S

" P P

- (A.29)
Fi — N FY, A = (1 _o ) € SL(2,R),
c® - B, B— —C®, cW - oW1 o AR,
where we have defined
7=C0 1ie?, 72 = (CO)2 4 e72,
2 _ (00)2 4 =26 _(0)
My — 1 7 Rer | _ o6 (CY)2 +e C ,

Imr \ —Rer 1 - 1 (A.30)
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This is nothing but the S-duality symmetry. The S-duality transformations of the dual
fields are

C® — _BO 4 1pAc® A c®,

. (A.31)

B©® - ¢ _ 50(” ABAB.

Under the S-duality, D5-branes transform to NS5-branes. One can confirm that the trans-
formation rules given above provide the correct gauge invariant Wess-Zumino term of the
NS5-brane in the world-volume effective action.

B Covariant T-duality transformation rules for supergravity fields

In this appendix, we provide the space-time covariant expressions of the T-duality Buscher
rule [28] for the NS-NS and R-R fields.

B.1 NS-NS sector
The string world-sheet sigma model action is given by

1
2ma/

S =— / o /=7 [(YP g + € B,u) 0. X 0, X "] (B.1)
where 7, is the world-sheet metric, while g,,,, B, are the background space-time metric
and the NS-NS B-field. We have omitted the coupling to the dilaton term for simplicity.
The background fields g,, and B, have isometries X*# — XH + p! Kf (I =1,...,N)
generated by the Killing vectors k}. Here n! are the transformation parameters. Now we
gauge the isometry on the world-sheet. Then the world-sheet action becomes

1

2ma!

[ v (g + B DX DX + [ oxetoE,
(B.2)

where D, X* = 9, X"+C! kY is the gauge covariant derivative and £ = /=€ is the Levi-

Civita antisymmetric symbol. Here we introduced Lagrange multipliers ¢! to ensure that

Sgauged = -

the auxiliary gauge field C! takes valued in the trivial homotopy class F afb = aacbf —8,]05 =0.
The equation of motion for C is

(Y KY g + €KY B K CFf = —(7 kY g + € kY B, )0y XY + X ey . (B.3)

We consider the case where one Killing vector k* exists. Then the solution is

1 . by
C, = —ﬁ(éab(zkg)u + Yac €2 (i B — M) ) O XH, (B.4)
where
k? = 9uv E'EY, (ikg)u = kpgpua (ikB)u = kpBﬂM' (B'5)

Plugging the solution back into the action, we find

1
Sgauged = T onal /dQUggauged’ (B.6)
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where

“ 1:9)u(ikg)y — (1B — Adp), (1B — Adp),
ggauged:\/j’yfyb{guy—(k)u<k) (ik - )ik )

+ ﬁeab{Bw _ (@r9)u(ixB — Ad@)uk—Q (i B — Adg),(irg)v }8aXuava.

}&LX“(%X”

(B.7)

The T-duality transformation rule of the dilaton is determined at the one-loop level [28].
Making it covariant form, we obtain the following covariant Buscher rules:

(1£9)u(ixg)y — (B — Ade) . (ix.B — Adyp),

g:u/ = g,LLV - k2 )

B;/w =B, — (ikg) (i B — )\dSD)Vk_Q (i B — Ad@)u(irg)v : (B.8)
/ 1

e%’ = ﬁ e%’.

For the NS-NS B field, the transformation rule is written as
/ 1. .
B'= B~ 5 (ikg) A (kB — Adp), (B.9)

where i,g is treated as a one-form. We note that the field ¢ is associated with the dual
coordinate. Then we find Ak#0, = 1. In an adapted coordinate k* = 6*¥, we recover the
well-known non-covariant Buscher rule.

The repeated application of the Buscher rule gives

. . 1 . o .

Uy g — Uy G — 72{(]{;1 : kZ)Zkzg - (Zlﬂzsz)(szB - )‘dgpl)} )
ko (kQ)

‘ . r . :

iy B — i, B — o5 ik, (iko9 A (in, B — Ay')) (B.10)
ks (k2)

det h
K= S by = KR (g + B, (1L =1,2).

ko (h2)

Here the arrow “k—>” indicates the T-duality transformation along the isometry generated
2

by the Killing vector k. Performing the T-duality transformations along the two isometry

directions, we obtain B ﬁ B where
1R2

1 . (ko)?
B=B—- KO - 2 @) A g6 B.11

Here KV, K2 KG®) are given in (3.8).

B.2 R-R sector

For the R-R sector, the T-duality transformation rules of the R-R fields are given in the
non-covariant expressions in [29]. We decompose the space-time indices p into y (i.e., the
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T-dual direction), and /i, 7, ... # y. Then the transformations of the R-R fields are

/(n)  A(n—1) n—1_m-1

C ﬂl"'ﬂn72’9y - Cﬂlmﬂy) a ﬂ C[ﬂl'-'ﬂn—ﬂyg‘ﬁ]y’
. ( ) n(n— 1) | (B.12)
(n  (n+1) (n—1 nn=21 ~n-1

C Q- fin—20p Cﬂr--ﬂnfzﬁﬁy Tn C[ﬂl--'ﬂn—zﬂBﬁ]y * Gyy O[ﬂl--'ﬂn—2|y3|’9|y iply

where the antisymmetric symbol is defined such that Ay, .., = (A, £ (perm)).
Here (perm) stands for terms with possible permutation of indices. Although these are not
covariant forms, the covariant expression of the T-duality transformation for the pull-back
of the R-R field is obtained as follows. The pull-back of the R-R field Cf]f)“n is

PIC™]gyqy = 1) 010y Y Oy X2 - 0, | X 4 O 9y X1 - 0, X P, (B.13)
Here Y is the world-volume scalar field associated with the T-dual direction y. Using the
T-duality rule (B.12), P[C(™)] transforms as
_ -1 0
PO gy, =nl(—)"O0 Y 1, Y -0, X
-H’L!(—)n(ikc(nJrl))ﬂl...ﬂn8[a1Xﬂl v 8an]Xﬂ"

(n—1) . 0 fim
—n! ”le--ﬁm(ZkB),zn}a[ale . -8an}X“
n—1, _,_ . 0
+n' k2 (ch( 1))[[1/2[1/71,—1 (/Lk»g)ﬂn}a[alyl ... aan]Xrun
non(n—=1), . . _ ) ) _ .
—nl(=)"2 (k2 )(sz( N2 B) i1 (159) ) Opay X+ -+ Dy g X7,

(B.14)

where we have used the fact that g,, = k?, CLT)

1y = (ixC™) 4,5, , and so on. Here
we defined the dual coordinate of Y as Y’ and i,C" is the interior product of k* and
C™ . Due to the antisymmetric nature of indices, we can replace i with g in the first,
second and the fourth lines in (B.14). Careful treatments of terms in the combination of
the third and fifth lines in (B.14) allow one to replace the indices i with p in these terms.
Collecting all together, we find the space-time covariant Buscher rule for the pull-back of
R-R fields as follows:

PIC™ gy a = | (=)@ C D)y, =0 Gl D) (i B=Adg)

[Hl"'ﬂnfl /Jn]

n_on(n—1)
7(7) 2 kQ

(it C "N oo B=2AdP) 1 (i89) ) | Dy XH1+ -+ Dy X7,
(B.15)

where we have redefined Y’ = Ap. Therefore, the R-R field in the pull-back is trans-
formed as

_\n—2
C = (=i cH) — o= A (3, B — M) — ( 22 isCP VA (i, B — M) Aigg .
(B.16)
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Performing the T-duality transformations along the two isometry directions, the R-R
potentials become

OO =iy i, (C® + CV'B)

5(1) :_iklik2c(3) + (ikl C(l))K(l) - (Zklll@B)C(l) + (kl)z (ik2c(1))(ik1ik23) (ing)
2
1
—W(%cm)(kl. ko) KW — (i3, CWOYK®) (B.17a)

C® =—ip i, CY — (i, CY A KD — (iyif, B)C?)

LI . I . ’
+@(/Lklzk2o(2))‘[{(1) A (Zkzg) - W(Zlﬁlsz) (Z]QC(Q)) A (Zkrgg)

+]/E'}€ ;{;2 (Z 0(2)) /\K(l) n [Zk 0(2 JrC(O K(l)} /\K(3)
(ko)? (2) OFNIEE) )
Tdethy, [iky ik, (C + CB)| KB A K, (B170)

5’(3) :_Zk Zk C 5) + (Zk 0(3)) A K(B) - (Zklzsz)O(g)
ki ko

)2 (i, CCYAK D

) 1 . )
) (Zkl Zkz 3)) /\K(l)/\ (Zk2g)+ w (Zkl ks B) (ZkZ C(B))/\ (Zk2g)

G
[zk 0¥ oW AKD - ( 5 (i, C)YK D A (i,wg)} AK®

k‘g)

(k2)? G _ (i COVED 4 (i i BYCD — Y 0O i BV
i, 0) = (i, COED 4 (i1 BICY = o (1, C0) 0, i)
1
TE (i5, CM) (kr - kz)K(l)] NE®AK®), (B.17¢)
2
and
5(4) :_ikl ikzc(ﬁ) - (iklc(4)) A K(l) - (ik1isz)C(4)
1, . ) r .. ) ) ki-ko .
+ ik iy COVAK VN (i 9) — = (i, ity B) (i, OV A (i, 9) + iy, CNAK W
(kQ)g(k ke C) (ik29) (kZ)Q(k ko B) (i1, C*) A ik, 9) (k2)2(k )

- [ik20(4) +COAKD - ( !

G A KD A ng)} NE®
2

ko)? 1
+d§at2}i {%%0(4) i, O NED + (11,30, B)O®) = o i1, i, KD Mg
IJ 9
1 .. . . ki- ko .
+7(k_2)2(lkllsz)(Zkgc(Q)) A (ir,g) — (22)22(%20(2)) /\K(l)} AKO A KO,

(B.18a)
C® = it i, O + (i, CO)Y A KD — (i, i, B)C®

ki ko,
2 ik, CPYAK D

(ikl Zsz)(Zkzc(E)))/\(?'kzg) - (k2)

. . 1
2 (Zklzkzc(S))/\K(l)A(Zkzg)_'_@

(ir, CY A KD A (g, g)} ANK®

L1
(k2)

1
i 0® _ 0@ A g
[lk2c @ (k2)?

k) T | . 1 |
ditZ}iIJ {zklz;@C@ — (zle(?’)) AN K(l) + (’LkIZkQB)C(B) — @(Z’ﬂl’%c(g)) A\ K(l) A\ (Zk2g)
—7(;)2 (iky ik B) (i, C) A (ikp9) + ]“Z}C ;“2( LCB)A K(l)} ANE® A KW,
2 2

(B.18b)

Note that these transformation rules hold true only in the pull-back.

— 28 —



Finally, we exhibit the NS-NS B-field and the R-R fields that appear in the effective

action of the type IIB 5§—brane. They are obtained by the S-duality transformations of the
fields B, C®, C®. Again in the pull-back, the explicit forms are found to be

B'=—C® 4

1
C®' = —ip i, (CW +CDAB)+ (i, B)NLW + (i, i, C'?) B— (

1
(k2)?

2
(o) A L 4 27 pe) s pe) (B.19a)
det l]J

k2)2 (ilﬂisz)L(l) A (Zktzg)

1
B)ALWY — (i,B—COLMW)yAL®

(k2)?
(ik,ins (B — COCYLE) A LB (B.19D)
1J

ki ks .
[C

(ik1ik20(2))(isz) A (ZkQ-g) -

.. . 1 ' ‘
_Wuﬂlkz (C(4)—|—C(2)/\B)/\L(l)/\zkzg+w(lkllkzc(2))zk2(0(4)+C(2)AB)AZk2g

k1 - ko
(k2)?

—~ [%(C(“) +CPOAB)-BALY +

 (kp)?
det l]J

i, (CY +CP A BYA LY

. )
E (i, B) ALY Nigyg| A LB

|:Zk12k2 (0(4)+C(2)/\B)—(Zle) AN L(l)—(Zk12k20(2))B+w(lkllkgB)L(l)Alk29

1

ky -k
" (iky 16, CP)B Nigyg + 2 (i, By A LD A LO A LB, (B.19¢)

(k2)?
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