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ABSTRACT: The TT deformation of a 2 dimensional field theory living on a curved space-
time is equivalent to coupling the undeformed field theory to 2 dimensional ‘ghost-free’
massive gravity. We derive the equivalence classically, and using a path integral formula-
tion of the random geometries proposal, which mirrors the holographic bulk cutoff picture.
We emphasize the role of the massive gravity Stiickelberg fields which describe the dif-
feomorphism between the two metrics. For a general field theory, the dynamics of the
Stiickelberg fields is non-trivial, however for a CFT it trivializes and becomes equivalent
to an additional pair of target space dimensions with associated curved target space geom-
etry and dynamical worldsheet metric. That is, the TT deformation of a CFT on curved
spacetime is equivalent to a non-critical string theory in Polyakov form, with a non-zero
B-field. We give a direct proof of the equivalence classically without relying on gauge fix-
ing, and determine the explicit form for the classical Hamiltonian of the 7T deformation
of an arbitrary CFT on a curved spacetime. When the QFT action is a sum of a CFT
plus an operator of fixed scaling dimension, as for example in the sine-Gordon model, the
equivalence to a non-critical theory string holds with a modified target space metric and
modified B-field. Finally we give a stochastic path integral formulation for the general
TT 4 JT + TJ deformation of a general QFT, and show that it reproduces a recent path
integral proposal in the literature.
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1 Introduction

The recent significant interest in TT deformations of two dimensional field theories, and
their extensions, stems from the fact that they represent a rather unique example of an
irrelevant deformation of a local field theory, that may nevertheless be UV complete. Since
the deformation includes a length scale, the UV theory cannot be local in the usual sense,
and the deformation may be thought of as giving rise to an effectively gravitational the-
ory [1, 2]. The authors of [1, 2] first noted this property by defining the deformed theory
through its S-matrix via a phase factor of the Castillejo-Dalitz-Dyson (CDD) form [3]. On
the field theory side, the meaningful nature of the deformation can be traced to the fact
that there is a well defined composite operator [4-6]

(TT)(z) = lim %e“”eabTua(x)Tyb(y) = (det[T,"])(x), (1.1)
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which is the operator we use to define the deformation. The det T" form, applicable to any
field theory has been stressed by Cardy [7]. The connection between the effective string
models of [1, 2] and the T'T deformation was clarified in [8]. The recent intense discussion
of TT deformations was initiated in [5, 6] where explicit examples of the T'T deformation
were given. It was already noted in [6] that the deformation of a free theory of N massless
bosons is classically equivalent to the Nambu-Goto action for an N + 2 dimensional string
paralleling the earlier discussion in [1, 8]. The connection with strings has also been
emphasized through light cone gauge arguments [9-12]. More recently, in [13] it has been
argued that the non-critical string can be used as a starting point for the definition of the
TT deformation at the quantum level. In the analysis of the 7T deformations, various tricks
have been uncovered that allow the determination of the full 77 deformed Lagrangian at
the classical level [14-17], for which one may attempt direct quantization [18].

Generalizations to lower spin JT', deformations [19-23] and higher spin deformations
have also been constructed [24, 25]. A separate effort has begun which is to understand
the TT deformation holographically in terms of a ‘cutoff bulk’ where in particular it is
possible to discuss entanglement entropy [26-40]. Although we will not explicitly consider
these holographic approaches, the stochastic approach of section 2.6 and 4 will closely mir-
ror them by introducing an auxiliary effective spacetime dimension that describes the flow
in the deformation parameter. Explicit string constructions describing the deformations
are given in [41, 42]. TT deformations have also been extended to non-Lorentz invari-
ant theories [43] and proposals have been made in higher dimensions [44, 45] and lower
dimensions [46].

In this note, we consider the TT deformation of a two dimensional field theory in

I'in order to address the question of what is the appropriate gravitational

curved spacetime,
picture. Our analysis will be largely classical (except in section 2.6 and section 4), and
so in particular we shall intentionally avoid careful discussion of the conformal anomaly.
However our perspective will be that of Effective Field Theory. If two theories are equivalent
quantum mechanically when the deformation is turned off A = 0, then if they are classically
equivalent for finite A, they can always be made quantum mechanically equivalent by the
additional of suitable irrelevant operators that capture the effects of the path integral
measure. That is because the deformation itself is an irrelevant operator, and different
quantization procedures will differ only in their treatment of these irrelevant operators,
provided at least that they agree for A = 0. With this in mind, we can first find the classical
formulation that appears to be simplest to quantize, and address the issues of anomalies
after the fact. Provided the quantum description reproduces the desired correlators for A =
0, we may regard it as a consistent definition of the deformation. We will be led to a rather
obvious conclusion about what this formulation is, at least in the case where the undeformed
theory is a conformal field theory (CFT). One unsung virtue of having a definition of the
deformation on curved spacetime is that it allows us to define the stress energy covariantly,
rather than as the Noether current and this will prove very convenient in giving simple
derivations of relations that remain slightly mysterious in the current literature.

I The expectation value of the T'T composite operator on curved spacetimes has been explicitly considered
in [47].



Briefly, we find that

e The T'T deformation of a generic field theory is equivalent to coupling the undeformed
field theory to 2D ‘ghost-free massive gravity’ [48].

e 2D ‘ghost-free massive gravity’ emerges naturally as the solution of a stochastic path
integral for random geometries which defines the deformation at the quantum level,
at least in flat space.

e When the field theory is conformal, we can directly prove, by means of introducing
a conformal Stiickelberg (compensator) for the deformation, the equivalence of 2D
‘ghost-free massive gravity’ to a (in general) non-critical string theory in Polyakov
form with a non-zero B-field.

e Equivalently, starting with a non-critical string theory with curved target space met-
ric, we may reinterpret it as a 77T deformation of a CFT living on a generically curved
spacetime.

e When the undeformed theory is a CFT, we can exactly determine the classical Hamil-
tonian which takes the classic square root solution of the Burgers equation form.

e For special classes of non-conformal field theories it is also possible to give an inter-
pretation in terms of a non-critical string with a modified B-field.

e We extend the stochastic path integral derivation to the general case of a TT+JT+TJ
deformation, and find that it reproduce a recent proposal in the literature, generalized
to curved spacetime.

Overall, these results are not entirely surprising since the connection of TT and
Polyakov strings has been well noted for flat spacetimes [1, 6, 13], in particular it is utilized
in lightcone gauge in [9-12], and was implicit in earlier work [1, 8]. We will however be able
to derive this directly, albeit classically, without any need to perform gauge choices, and
for a curved spacetime. Note that there is no contradiction with the observation that the
gravitational descriptions of 7T in flat spacetime are given by Jackiw-Teitelboim (topo-
logical) gravity [49, 50] (emphasized in [51, 52]) or random geometries [7, 53]. Flat space
Jackiw-Teitelboim (topological) gravity is equivalent to ghost-free massive gravity for a flat
reference metric, and we will see in section 2.6 that the massive gravity action (2.14) can
be derived directly from the path integral formulation of the random geometry framework.
One of the striking consequences of this formalism is that we will be able to give a closed
form expression for the TT deformation of any CFT (see section 3.1) on a curved space-
time. The final result for the Hamiltonian has the classic square root structure known from
the solution of the Burgers equation that correctly reproduces the TT deformed energies
of a CFT on a cylinder. Intriguingly this form is at least classically far more general.

We begin in section 2 with a classical derivation of the solution to the 7T deformation,
namely two dimensional ghost-free massive gravity. We then go on to discuss some well
known aspects of massive gravity, in particular the role of the Stiickelberg fields that arise



in section 2.2, the metric formulation 2.3 and the Hamiltonian and the role of the constraint
that removes the Boulware-Deser ghost 2.5. In the present context, it is the solution of
this constraint that determines the precise form of the TT deformed Hamiltonian. In
section 2.6 we show that the massive gravity description emerges naturally from a path
integral solution of the quantum T'T deformation. In section 2.7 we give a (classical) proof
that two dimensional massive gravity coupled to a conformal field theory is equivalent
to a (in general) non-critical string. In section 3 we reverse the logic and show that
starting with the Polyakov action for a non-critical string, it is possible to interpret it as
TT deformation of a CFT or slightly more generally a special class of non-conformal field
theories 3.2. Finally in section 4 we give a stochastic path integral derivation of the path
integral appropriate to describing the general TT + JT + T'J deformation.

2 From TT to massive gravity to Polyakov

In this section our goal is to determine the classical TT deformation of a two dimensional
field theory on a curved spacetime. We will give a quantum derivation at least valid for
flat reference metrics, which may be generalizable to curved spacetimes in section 2.6. At
the classical level, the T'T deformation of a two dimensional field theory living on a curved
manifold with metric v, = f} fY1ap, and zweibein ;i 1s defined by the differential relation?

dSi [, 1
Ad[f L / A e e T, T, = — / d*z det[T,,], (2.1)
where ¢ denotes the unspecified matter fields. Here the stress energy is that of the deformed
theory, with deformation parameter A, defined in mixed Lorentz and diffeomorphism indices
by
68w, f]
det(f) T+ = Tl 2.2
() THa(w) = S5 (22)
The above differential equation appears to be complicated to solve in general, and original
attempts made use of well chosen ansatz or other tricks [6, 16, 17]. However, it is possible
to give a practical general solution by means of introducing an auxiliary zweibein e? (and

o
associated metric g, = 626277@) and considering the action

1
Srrliesfrel = [ o e enlel — (e~ 1) + Sl (23)
where Sylp, e] is the undeformed action living on the spacetime defined by the zweibein
e;,- We will often refer to this as the seed theory. The stress energy defined from Spp by
varying with respect to f gives

1
v b b
det(f) T'U‘a[gD, f, 6] = _Xeu eab(eu - fz/) ’ (24)
2We use Lorentzian conventions. For convenience we work with €”! = 41 and ey; = +1 both in the
Euclidean and Lorentzian so that in the Lorentzian €*” = —n"*n"“eyg. This removes an unnecessary
minus sign.



which is better written as
e, = fu® — Adet feWe“bTVb[go, frel. (2.5)

We stress this is not an equation of motion, but a definition of the stress energy tensor.
The actual equation of motion is the deceptively similar equation

1 b by, 050[p, €]

3 eanlen, = i) + o 0. (2.6)
In the absence of curvature couplings, this equation is an algebraic equation for the zweibein
e which may be solved relatively straightforwardly. We denote by e, the associated on-
shell value of e,* which is now X dependent by virtue of equation (2.6). In turn from this
equation we find a simple relationship between the stress energy of the undeformed theory

on the curved geometry e and that of the TT deformed theory, namely

det fT", = 5?;[;0] = det e To"a(ip, €x) - (2.7)
m e=e€x

Remembering that the spacetime indices on TH, are raised and lowered using f/v and
those in Ty, using e/g then by taking the determinant of both sides we find

det T,," = det Tp,* . (2.8)

To see that the action (2.3) is correctly defining the TT deformation we note that

rrefied - [ata Geveten - el - gty + [l meled g

dA 22 dA de
The last term vanishes, by virtue of the on-shell condition, and so we have on-shell
dS+wp, f,e 1
bl o [ et — 1) en? — 1) (2.10)
1
__ / P L ea T, e T e, fred] (2.11)

This is precisely the defining relation (2.1) given the identification

SA[SD?f] :STT[QOa fve*]’ (212)
together with the on-shell equivalence of the two stress energies 7)," =T} [, f,ex] from
dSxle, f] . dSTrle, frexl i /d2 /56*,1/1)(43/) dSTrlp, fr el
= T .
0 fu®(x) 8 fu(x) 0fu(x)  de,(a')

Hence classically at least the TT deformation of an undeformed action Sy, f] is completely
described by the action?

(2.13)

m2
Srrlie. el = [ e eu(eh — (el — ) + Sfieel. (2.14)

3Interestingly this Lagrangian appeared in [54] as a tool to determine the solution of the Wheeler-de
Witt equation in the context of the AdS®/CFT? correspondence. The connection with TT was noted
in [26].



where we identify m? = 1/\. Remarkably the resulting gravitational theory, where e is
viewed as the dynamical metric, is well known, it is simply ‘ghost-free’ massive gravity? in
two dimensions [48] (see [55] for an extensive review). In the parlance of massive gravity,
e is the dynamical zweibein and f is the reference zweibein. This connection may be
made more explicit by putting the above action in a pure metric form, as we do below in
section 2.3, as was originally done in [48]. The vielbein form of ghost-free massive gravity
which corresponds to (2.14) was given in [56].

2.1 Classical trace flow equation

If the undeformed theory is a CFT, then it is possible to derive a simple relation that
describes the flow of the stress energy tensor. We denote the trace of the stress energy
tensor by

_papu _ L o050 f]
e = f. 1", fu 5 )

~det f
The vanishing of the trace of the stress energy for the undeformed theory

(2.15)

5S¢l ja
525 e =0
together with the equation of motion for e (2.6) implies that

e eapel(eh — f) =0. (2.16)
Using (2.4), this is the statement that
e Ty = (fu* — Ndet fee™T,) T, =0, (2.17)
in other words the trace in the deformed theory is
© = 2\ det f det(T¥) = 2Xdet(T}) = —\ (T, T — ©?) . (2.18)

Given this the deformation equation is simply the response of the action to a change of scale
reflecting the fact that for a classical CFT, the only scale that arises is the deformation
parameter itself

dS/\[()Da f]

1
= —/d2x2)\detf®(x). (2.19)

Eq. (2.18) is of course a classical relation, and we expect it to be modified at the quantum
level by at least the presence of the conformal anomaly to something of the form

c
=—— AN (TWTH — %) + ... 2.2

O = — 5 —RIf] - A (T, 0%) +..., (2:20)

where ... may account for higher derivative corrections. The precise modification will be

determined by the precise quantization prescription. Specific proposals have been given
guided by holography [26, 28, 45], Our perspective will rather be to first find the best
classical description and worry about the anomaly afterwards.

“Sometimes referred to as the de Rham-Gabadadze-Tolley (ARGT) model.



2.2 Stiickelberg fields

Although there are no propagating massive gravitons in two dimensions, the sense in which
this is massive is that the fixed zweibein f spontaneously breaks the symmetries of the grav-
itational theory. Two vielbeins e and f both transform in principle under separate copies of
diffeomorphisms and local Lorentz transformations. When they are coupled together in the
action (2.14), these symmetries are spontaneously broken down to a single diagonal copy

(Dif f[M] x Lorentz) x (Dif f[M] x Lorentz) — Dif f[M]qiag X Lorentzqiag .  (2.21)

In other words it is invariant under local Lorentz transformations and diffeomorphisms
that act identically on e and f

ey (r)dat = /\“b(:c')e’Z(a:’)dw’“, (2.22)
Fo(x)dat = Ay (a") f0 (o) da™ (2.23)

where A% (z’) denotes a local Lorentz transformation An\ = . This would be the sym-
metry were both e and f regarded as dynamical. However, when the reference zweibein is
in turn taken to be non-dynamical, these remaining local symmetries are broken down to
the global isometries of f.

Dif f[M]qiag x Lorentzgiag — Isom(f), (2.24)

in other words the spacetime symmetries of the undeformed action. This is the same break-
ing pattern that occurs in massive gravity in any dimension [57-59]. As is standard, it is
convenient to describe the broken state by reintroducing Stiickelberg fields for the broken
symmetries [60]. The Stiickelberg fields are the fields that become the Goldstone modes in
the global limit.

In the present case, to recover the local Dif f[M]giag X Lorentzgiag symmetry we in-
troduce local Lorentz A%(z) = "*(®)we and diffeomorphism ®4(x) Stiickelberg fields (we
follow the conventions of [57-59]). Since we are in two dimensions there is only one Lorentz
Stiickelberg field wgap = €qpw, and we have two diffeomorphism Stiickelberg fields ®4. The
reference zweibein takes the form

fi(x) = A0, 2 FA"(D) (2.25)

such that
Yudatdz” = 1 Fa®(®)Fpb(®)deAde? = 4,p(2)dd do?l . (2.26)

For example, in the simplest case in which the reference metric is Minkowski we have
F4 = 6% and so
fi=A"%0,0". (2.27)

If we work in unitary gauge A%, = 7, i.e. w = 0, for the Lorentz Stiickelberg fields, but not
for the diffeomorphism Stiickelberg fields, then we get the form of the action determined
in [51, 52] which is equivalent to the (flat space) Jackiw-Teitelboim gravity [49, 50]. More
generally it is clear however that it is better to interpret this action as that for massive
gravity in order to describe field theories on arbitrary spacetimes.



2.3 Metric formulation

The full Stiickelberg form of the action (2.14) is
2
Srrlie.foel = [ o T en (el — A% OB EA () (€] — ATaD, 8P Fu(@) + Solp.c).

(2.28)

By virtue of the Stiickelberg fields this is now manifestly diffeomorphism and local Lorentz

invariant. Crucially the matter fields ¢ do not directly couple to the Stiickelberg fields,

and furthermore the Lorentz Stiickelberg fields arise as auxiliary variables which may be

integrated out. To do this we note that the equation of motion for the Lorentz Stiickelberg

field is the so-called ‘symmetric vielbein’ condition [56, 57]
S 7
S L =0 — €Zf377ab = €gf£77ab, (2.29)

Wab

or in shorthand

(e nf) = (")) = fTne. (2-30)
In two dimensions, this is only one independent equation, for one independent Lorentz
Stiickelberg w. Explicitly isolating the Lorentz Stiickelberg fields then we have more con-
cisely f = AF, ie. fu= Agﬁ’ﬁ and Fﬁ = Fg&uéA, so that the symmetric vielbein condition
is

eTnAF = FTATpe. (2.31)
The solution of this equation is well known, and is obtained from constructing the combi-
nation (using ATnA = n)
A 2 ~ A
Ty (AF6_1> = Flpke™?, (2.32)

and then square rooting and using a similarity transformation®

<\/T]_1€T 1FT’I7F€_1) eF = ey/gT 1y, (2.33)

where we have written the square roots in terms of the metrics g = e¢’ne and v = FTUF.

e tf=eAF = /g 1y. (2.34)
This is the origin of the square root structure characteristic of ghost-free massive gravity [48,
56]. Now

Crucially then

det[e}, — f;] = det(e) det[l —e™ " f] = y/—det gdet[l — \/g~19]. (2.35)

and on substituting back in the action, we obtain

Srrle, v, e d%z\/—det g [—m (Tr[K?] — Tr[K]?)| + So[p, €] , (2.36)

®Note that the square root is unambigously defined by diagonalizing ¢~ f with a similarity transforma-
tion, which is always possible given the symmetric nature of tensors, and then taking the square root of
each of its eigenvalues with positive sign.



where

K", =680 — /g = 68 — \/gW’yAB((I))@Mq)A(?VCDB. (2.37)
This is precisely the metric form of massive gravity that was explicitly considered in [48]
for a Minkowski reference metric.
2.4 Explicit form for mass term

The unwieldy nature of the matrix square roots prompts us to put the above action in a
more explicit form. Fortunately in two dimensions this is easy to do. We note that

det K = det (I - g_1'y> =1—tr[v/g~ 9] + det < g_lf}/) , (2.38)
= 1—tr[y/g'9] + /(det g) " det(v). (2.39)

Then using

(tr[ 9‘17])2 - %tr[g‘lﬂ, (2.40)

N |

det (Vg77) = v/(detg) T det(7) =

and rearranging

tr[v/g 7] = \trlg 9] + 2¢/(det )T det() . (2.41)

Hence the action is given more explicitly as

Srrle, v, el = /d233 Lstuck[P, 9] + Solw, €] , (2.42)

where Stiickelberg Lagrangian has a highly unusual non-linear sigma model form:

L@, 9,7] = m” <\/— det g+ /—dety — \/— det g trlg=19] + 2/~ det g/~ det(v)) :

(2.43)
This would be relatively straightforward were it not for the third square root structure. For
massive gravity in higher dimensions, this Stiickelberg Lagrangian becomes increasingly
more complicated, and has been considered explicitly in for example [61-66]. In higher
dimensions, the Stiickelberg fields describe the extra helicity degrees of freedom in a massive
graviton, namely the helicity-one and helicity-zero modes [61, 67]. In two dimensions, even
a massive graviton has no propagating degrees of freedom, and so despite appearances
Lstuck|P, g,7] does not describe two scalar degrees of freedom [62]. The special square
root structure preserves a symmetry (for flat reference metric) which kills off the would-be
dynamics of the two scalars ®* [62] and more generally a pair of second class constraints.
Establishing this symmetry or constraints is notoriously difficult (see [61, 62]), however in
unitary gauge in two dimensions it becomes more straightforward as we see in section 2.5.

2.5 TT Hamiltonian for a generic QFT

The Hamiltonian for the 7T deformation, i.e. that for two dimensional massive gravity, for
a Minkowski reference metric was already worked out in [48] as a toy example of the ‘ghost-
free’ massive gravity structure (see also [62]). We repeat the argument here generalized



to curved reference metric (in higher dimensions this Hamiltonian analysis was considered
in [68]). We may always put the two metrics in ADM form

gudrtdz” = —N?(z,t)dt* + A*(z,t)(dz + N®(x, t)dt)?, (2.44)

and
Ywdatds” = —M?(z,t)dt* + B*(x,t)(dz + M*(z,t)dt)?, (2.45)

where in this subsection we work in unitary gauge ®% = z%.
The covariant action of the undeformed theory can always be written in the canonical
form

Sole, €] = /d%

> Mypr— NH — N"Hy — Y AeCal (2.46)
I a

where H is the Hamiltonian constraint and H, is the momentum constraint, which are
functions of the phase space variables ¢y, II; and their spatial derivatives. II; are the mo-
menta conjugate to the set of matter fields ¢y, about which we have made no assumptions.
In particular this expression would be equally valid for fermionic fields since its structure is
fixed by diffeomorphism invariance. The A\, are Lagrange multipliers for any other possible
constraints Cy, = 0 in the system. More generally, when there are for example curvature
couplings, for instance for Einstein-dilaton gravity, we may need to introduce a momentum
conjugate to A, i.e. a term [ d2z 14 A, however this does not arise in the pure classical
ghost-free massive gravity where the Einstein-Hilbert term is purely topological.
In order to evaluate the mass term (2.43) we need

3 BQN2+A2M2_BQMx_Nx2
V—detg=NA, +/—dety=MB, trlg'q]= ( 1ZN? ( =
(2.47)

Hence the mass term evaluated in unitary gauge is

MB  B2NZ? 4 A2(M? — B2(M® — N7)2
_ 2
Lstuck [T, 9,7] = m (NA+MB—NA 2NA+ N2

— m? (NA + MB — /(BN + AM)? — A2B2(M~ — Nr)?) . (2.48)

As noted in [48] the structure of the canonical action is considerably simplified with the
change of variables N* = M* 4+ (BN + AM)n” /(AB) so that it takes the form

> My — NH — M™Hy — > ACa+m*(NA+ MB)
I a

—(NB+ MA) (;an”%x +m? m)] . (2.49)

The special magic of ‘ghost-free’ massive gravity [48] is that it is now possible to integrate
out the non-dynamical shift n® and leave behind an action which is linear N, so that N

~10 -



acts as a Lagrange multiplier for the constraint that removes the Boulware-Deser (BD)
ghost [69]. Explicitly we have

72-lz
n® = m-AB : (2.50)

xT 2
1+ (24E)

and so substituting back in gives

297z \ 2
STT:/d% > Mpr—NCpp—M"Hy—> ACq—m>M \/A2+(m§> -B||,
I a

(2.51)
where the BD ghost removing constraint Cgp becomes
Cop = H+m2By[1+ (5 2—Am2—0 (2.52)
BD = 9AD =0. .

This constraint should be viewed as an equation for A. Indeed, in the case where the original
Lagrangian also included a [ d2zII A term, this constraint will remove the dynamics of
A and ultimately that of IT4. We denote the solution of (2.52) by A.. For a general field
theory we need to specify the Lagrangian in order to determine A,. Nevertheless, assuming
this is known we can give an expression for the Hamiltonian evaluated on the constraint
surface C, = Cgp = 0 (assuming [ d22 T4 A term is absent) namely

H (A
2 T
H_/da: m2M \/Az+< — ) — B | + M*H,(A)| , (2.53)

where H,(A,) is understood to be the momentum constraint evaluated on the solution of
the BD constraint.

To confirm that we have the correct solution we note that for a massless minimally
coupled scalar ¢ for which Sp[p,e] = [d?x (—%\/fetgg”” 8ug0(9ycp) the Hamiltonian and
momentum constraints are

_ i 2 i 2 xr __

and on solving the BD constraint we recover the correct two dimensional Nambu-Goto

H

Hamiltonian on curved spacetime which is indeed the correct 7T deformation.

m?MB 2112 2(0,¢)? .

For a general field theory we cannot be more explicit about the form of the Hamiltonian

(2.55)

than (2.53) without specifying the Lagrangian. However the situation is very different
when the seed theory is a CFT. This is essentially because for a CFT, the A dependence
of the Hamiltonian is fixed by conformal symmetry and so it is trivial to solve the BD
constraint. We shall give the 7T Hamiltonian for a general CFT in section 3.1 arriving at
it by a slightly different but equivalent method.

- 11 -



2.6 Random geometries and a stochastic path integral

If we define perturbations of the metric as

Juv = Yuv + 2hy (2.56)

then at quadratic order the above action takes the standard Fierz-Pauli form

1
SP) = [ d%wy/=dety [—2m2 (huht™ — h?) + b T + ... . (2.57)

where indices are now raised and lowered with respect to the reference metric. The only dif-
ference between this and the higher dimensional generalization is the absence of an explicit
kinetic term for the massive spin-2 state h,,, reflected in the fact that even massive gravitons
in two dimensions have no propagating degrees of freedom. Within the path integral over
metrics, this gives the Hubbard-Stratonovich transformation discussed in [7] which repro-
duces the leading order TT deformation. We may thus regard the metric formulation (2.36)
or the equivalent zweibein formulation (2.14) as the correct nonlinear generalization of the
Hubbard-Stratonovich transformation, generalized to curved spacetimes.

Using the result of section 2.10, when the reference metric f is Minkowski, then e is also
forced to be Minkowski in the same local Lorentz frame, but a different diffeomorphism
frame. Thus on-shell we may gauge fix e}, = d;; and f; = 9,9“. Then denoting ®* =
x® + 7, the Stiickelberg action evaluated on-shell is

2

m
SStiickelberg = /d2l‘26“”€ab(ez — fO(el = £D) (2.58)

2
= /dzxn;e’””eabauwaﬁywb (2.59)

2
= / dxum?em’eabwaayﬂ'b, (2.60)
oM

which is a pure boundary term. Cardy [7] argues that it is this total derivative feature that
is at the root of the solvability of the TT deformation. This is also why in the flat case,
this theory is often referred to as topological gravity. This simple total derivative property
does not appear to extend to curved reference metrics, and so it is not entirely clear these
arguments are useful more generally. This appears to correlate with the more complicated
properties of the expectation value of the composite T'T operator on curved spacetime [47].

The random geometries framework of [7], appropriately formulated in terms of
zweibeins, can be used to give an explicit path integral derivation of (2.14). At the quan-
tum level, the 7T deformation can be defined for the path integral (partition function in
the Euclidean) via the functional differential equation®

AZ,[f,J]
Tan _/

2 .12 1 ab -\ 2 52Z>\[f7<]]
d7z lim e, €™ (—0) —5f,l}(96)5fﬁ(y) ,

y—z 2
®Note that since in two dimensions det(7)}) = det ((det f)T%), no factors of det f are needed in (2.61)
which is crucial to the simplicity of its solution. Furthermore the superspace Laplacian has a trivial measure

(2.61)

as explained in appendix A.
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here J denotes sources for the matter fields ¢. It is possible that this equation should
be supplemented by additional curvature terms, so that the limit y — x is well defined,
i.e. contact terms, but for now we assume this is the correct starting point. This takes
the form of a stochastic differential equation,” or a field theory functional Schrédinger
equation, depending on Euclidean versus Lorentzian perspective. The Hamiltonian in this
Schrodinger equation is purely quadratic in momenta, only because we are working with
the zweibeins as the fundamental variable, and we are in two dimensions.

Once this is recognized, we see that (2.61) is straightforward to solve formally in terms
of a path integral over fields which are functions of (x,\), i.e. in which ) is effectively
viewed as an additional spacetime dimension. Introducing P.' as a momentum conjugate
to f in this higher dimensional Hamiltonian, then we have the well known canonical path
integral as the solution

Zy,1f(\p), J] = / Df[z,\] / DPlz, At ho” A Qe [PEofE=Sawe PR 7, £(0), 7],

(2.62)
where Zp[f(0), J] is the undeformed path integral. Since the exponent of the path integral
is linear in f(z, A), we may integrate it out, leaving only the path integral over the initial
zweibein fj(z,0). Being careful to maintain the boundary terms, we find

Z,50). 01 = [ Dfle0] [ DPL s (‘”;@) i e [(PE QDO - PEO7£10)]

I a H pr
%t o d [ d%z[— S e e P Pb]Z()[f(O), J]. (2.63)

OPg [z,)]
)

Since the path integral delta function enforces = 0, the conjugate momentum path

integral reduces to that over the initial momentum only which we just denote P;j(a:, A=
0) = Pi(x),

Zy [ f(Ap), )= / D f[z,0] / DP[)et | o lPE (0N FO)] gds [ ol =sene FEF] 71 1(0), 7).
(2.64)

To make the notation more transparent, we now denote Ay = A, f(0) = e}t and f(A\f) = f}
so that we have

231.9) = [ Dela) [ DPla] et EAPE G-l el e e, g (2.65)
Performing the final Gaussian integral, and ignoring trivial measure factors, we finally have

Zy\[f, J] = / Delz] e/ Colaxe car(ef=Ti) (0 =12)] Z e, J] . (2.66)

This is the quantum version of the central result (2.14), that the TT deformation is equiv-
alent, to taking the original field theory, coupling it to a dynamical spacetime e, with the
addition of a massive gravity mass term. The validity of this result depends on the validity

“In the Euclidean this is a special case of the Fokker-Planck equation, with the right hand side being
the diffusion term. Although we will not use it, the solutions can be put in Langevin form.
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of (2.61) and whether or not we need to add additional curvature terms to deal with the
coincidence limit. The arguments of [51, 52] which apply when f is flat strongly suggest
that in this case (2.66) is indeed the correct result.

In writing (2.66) we have assumed a standard linear measure on the path integral
over e. In fact as explained in appendix A, this is the correct diffeomorphism invariant
measure that reproduces the standard Polyakov measure when written in terms of the
metric. Furthermore, this measure is consistent with the requirement that as A\ — 0
we recover the original undeformed theory. To see this we change variables and write
e = f 4+ v/Ah, so that (2.66) becomes

Z\f, J] = / Dhlx] e e[z cahihi) 701 £ + /xR, J]. (2.67)
Hence provided the gaussian path integral is normalized as
/ Dhlx] e Pelaeearhihl] — 1 (2.68)
we satisfy the requirement that
lim Z,(f..J] = Zolf, J]. (2.60)

The stochastic type path integral (2.63) is closely similar to the holographic bulk
cutoff picture [26] where A is playing the role of the holographic extra dimension. Indeed,
the derivation of (2.66) is closely similar in spirit to the derivation of the solution of the
Wheeler-de Witt equation given in [54] as emphasized in [26]. It is worth noting that
it would be straightforward to include curvature terms in (2.61), in the path integral

solution (2.63). The result of this would be that we no longer have 815/[\)‘] = 0, which will

prevent us from giving a simple two dimensional path integral result.

2.7 Conformal field theories

Up until now we have many no assumption about the matter Lagrangian Sp[p, e]. We now
assume that the action is classically conformally invariant So[g, e] = Scrrlp, €] for which
Scrr[{Q 211}, Qe] = Scrpr[{pr},e], with Ar the conformal weight of ;. The mass
term breaks the conformal symmetry, but it can be reintroduced by means of a conformal
Stiickelberg field Q8 by performing the replacement

e—=Qe, g— g, oo QO Py, (2.70)

With the addition of the conformal compensator we have the manifestly conformally in-
variant action

Srrle, v, el = Scrrle,e] + (2.71)
+/d233m2 (QQ\/— det g + v/—dety — Q\/— det g tr[g=14] + 21/~ det g/~ det(fy)) :

80ften known as conformal compensator in the supergravity literature.
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The conformal Stiickelberg field arises as an auxiliary variable and so can be directly
integrated out. The equation for the conformal Stiickelberg field is

| —dety
Q=—,|tr[g7! 2 2.72
3\ s+ 2y e (2.72)

and so on substituting back in the action we have

m2 m2
Srrle, v, €] = /d% - V—dety - Tﬁ(tr[g‘lv]) + Scrrlp, €. (2.73)

or more explicitly in terms of the diffeomorphism Stiickelberg fields

2 m2 A Ba m2 0y A Bx
STT[QDa v e] = d*x 7\/_ det a,uq) 0,® 'VAB((I)) - T VvV —49 a,uq) 0,® 'YAB((I))
+Scrr(e, €. (2.74)

This is our central result. The complicated square root structure of the general massive
gravity Lagrangian has disappeared, leaving behind standard sigma model Lagrangians.
This result is remarkable in its simplicity and would have been hard to anticipate from the
outset.

The first term in (2.74) is effectively a total derivative and does not lead to any con-
tribution to the equations of motion for ®4. Indeed in the absence of boundary term
considerations we have by means of a field dependent diffeomorphism

2 2
/ 42z %\/ — det 9,540, DB 45(D) = / 42z %1 [~ det y (z) | (2.75)

which is a field independent constant. We will see in section 2.8 that it is equivalent to a

B-field interaction. Thus the relevant part of the action, at least for the local dynamics of
the Stiickelberg and matter fields is

2
Selpovel = [ |00 g 0,840,8%n(®)] + Scrrlpdl. (270

This is the classical action for a (in general) non-critical string model in Brink, Di Vecchia,
Howe, Deser, Zumino form [70, 71], usually referred to as Polyakov form. We thus conclude
that the Stiickelberg fields ®4 act as two additional massless scalars with associated curved
target space geometry y4p(®).

For instance, if the original undeformed CFT had been a sum of N scalar fields with
moduli space metric Gr(¢) on the curved spacetime 7y

1
Scrrlpf]= [ @ v/=aety (~5Gu( 0ust0et ) (2.77)
then the deformed theory is
m? . 1
Splp. 7. €] = /de [—4\/—99“”%@‘4&@3%3(‘1’) — /—det gg“”zGu(cp)ausolapr} ,
(2.78)
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which is a non-critical string theory with N + 2 dimensional target space metric
2 m? ApB Iq.J
dS{arget = T’YAB(‘ID)d‘I) d®” + Gry(p)de de” . (2.79)

Equivalently the associated Nambu-Goto action is

2
Sxe = Spr = Sp + / 02" [~ det[ 3,040,854 15(®)] (2.80)

2
_ / d%%\/— det [0, B4, B4 4 5(P)]

2
—\/— det[m?&AB(Q)@M@A@,,@B + Gri()0upt el

which more simply in unitary gauge ®¢ = z* (often called static gauge) is

2

Sng = [ d%z+\/—det 7%

1-— \/det[éff + niGU(cp)’yWé?agol&,LpJ]] (2.81)

2

m 2 2
= [ d®z\/—det e [1 - \/1 + WGy((p)W”auwlﬁyth + m4D] (2.82)

1
= [ d%zy/—det ’yﬁ [1 - \/1 + 2)\G1J(cp)’y“”8ugof&,cp‘] + 2)\2D:| . (2.83)
with
12 2 104 v
D = (Gry(©)7" 0up 0 0”)” — Gri(@) 7" 0ap’ 0’ GrL(9)7 P 050" Oup™ . (2.84)

We could of course have arrived at (2.74) by first starting with the zweibein form of the
action (2.14), introducing the conformal compensator e — {le and then integrating it out.
This would result in the classically conformally invariant action

2 (eweabeftle/))Q

. 2.
wnle) | 4 Sorrlese (2:85)

1
Srele,v. €] = /d2x [m2 det f — m

Then integrating out the Lorentz Stiickelberg fields we would return to the metric formu-
lation (2.74). There appears to be no particular advantage in working with (2.85).

2.8 [Equivalence to Polyakov with a B-field

An alternative representation of the T'T action (2.74) is obtained by recognizing that the
first term in (2.74) is equivalent to turning on a B-field. The need to include a B-field
coupling in flat spacetime had previously been noted in [13] and [72]. In order to see the
equivalence, it is useful to use target spacetime diffeomorphisms to put the target spacetime
metric in a conformally flat lightcone form

Aap(®)ddAdDE = 254, _(®)ddHdD™ . (2.86)

Once this is done we recognize that (assuming 44— (®) > 0)

Vet (9,240, 85445(®)) = 44— (®)\/ — det (3,840, +0,5+9,87).  (2.87)
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In two dimensions we have the identity (where e*” is the Levi-Civita symbol not tensor)

det (9,87 9,®~ + 0,579,d”) = — (9,570,57)° (2.88)
and so further assuming e’“’G#CI)*&,CIf < 0 we have
1
V- det (0,840, 884,45(2)) = (@), 0,8 = — 5 Bap(®)e9,840,08
(2.89)

Here we have defined an antisymmetric B-field with components in conformally flat gauge
By _(®) = 44_(®). Hence the TT action (2.74) is simply that of a Polyakov string in a
non-zero B-field
2
m .
Srrle, v, €] = /de'«“ - [V=99" 0,248,854 45(®) + Bap(®)e" 9,89, ®7]
+Scrr(e, €. (2.90)

In the flat space limit this reproduces the observation of [13] that a constant B field of
magnitude 1, i.e. Byp = e4p is needed.
2.9 Special non-conformal field theories

We now consider a special subclass of non-conformal field theories for which the action
takes the form

Sole, €] = Scrrlp, €] — /dzx dete V]g], (2.91)

where V[y] is conformally invariant, so that on introducing the conformal Stiickelberg field
e — Qe, wr — Q_Afgol

Sol{Qr 21}, Qe] = Scrre, €] — / d%zdet e Q? Vg . (2.92)

These describe for example theories of minimally coupled scalars with a potential V[p]
such as the sine-Gordon model. The key virtue of this special class is that the equation for
the conformal compensator remains quadratic, with solution now

0= (1—V[1¢]/mZ); trlg=1y] + 24/ :ji; . (2.93)

Substituting back in we find

m2 _ m2
Srrle,v.€] = / d2m2((11 _Qva[z]//mz)) \/— det 9,49, B4 p(®)

m2

—4(1 — V[cp]/mQ) \/ng“”GFL(I)A&,CI)B@AB@) + SCFT[SO, 6] . (2.94)

This takes a Polyakov form with the addition of a non-standard potential for the matter

fields. Following section 2.8 this is equivalent to a Polyakov action with a slightly modified
target spacetime metric and with a modified non-zero B-field

2
m v A v
Serlevne = [ @ =" [V060,840,05 150, 0) + Byl 8)00,270,07]
+Scrrle, €. (2.95)
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with

_ m2
alon) = (e an(®), and Bage®) = (= ) Ban(@).

where Bap(®) is the same B-field as needed for V[p] = 0, namely By_(®) = 44_(®) in
conformally flat gauge (2.86).

2.10 Field dependent diffeomorphisms

Since any metric in two dimensions is locally conformally flat, we may always locally write
F4(®) = ?(?)§%, so that the reference zweibein takes the form

fi=eP PN 40,04 (2.97)

This representation is only globally well-defined for two dimensional spacetimes which are
topolgically RY'. Working with the vielbein form of the massive gravity action (2.14) it
is straightforward to see that the equation of motion for the ®4 is entirely determined by
the term linear in f, namely

/d21‘ (—mQE“”eaber,f) , (2.98)

since in the term quadratic in f we may always perform a diffeomorphism that removes
the ®* dependence. Working in the local Lorentz gauge where A®4 = 1 then the equation
of motion is

_ 81/ (625(‘?)6,11«’/6&(;63) + 262ﬁ(‘b)§£be,ul/€acezayq)c =0, (299)

In general this is complicated to solve, but if the reference metric is Minkowski, i.e. if 5 =0
it reduces to
Oy (" eapel,) =0 (2.100)

which is easily solved by ef(z) = 0,Z%(x), hence the metric g is itself also Minkowski.
Even more remarkably we find that the local Lorentz transformations that describe the
zweibein for each Minkowski metric are tied to each other, so that in the gauge in which
the Lorentz Stiickelberg fields for f are zero, then those for e are zero. The equations of
motion for matter fields ¢ are the standard ones in the unitary gauge for which Z¢ = z¢.
Hence the solutions in the unitary gauge ®® = z% can be inferred by means of a field
dependent diffeomorphism. The Z?(z) are the dual Stiickelberg fields, and arise in the
same manner as they do in bigravity theories [58]. The two sets of Stiickelberg fields
allows us to give two distinct descriptions of the same physics, which are related to each
other by a field dependent diffeomorphism. In higher dimensions, the Galileon duality
transformations [58, 73-75] are special case of the equivalence of the two descriptions. For
instance as a special case of the duality transformations, we make work in more general
unitary gauge defined by ®¢ = 2z + sII* and Z® = 2% + (1 — s)II*. This will give rise to
a one-parameter family of equivalent descriptions of the same physics, fields at different
values of s related to each other by non-local transformations.
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It terms of solving the system, it is most useful to work in the unitary gauge with
Z% =z, ie. for which e}, = 0, then (2.6) turns into an equation for ® which is simply

Op®” = 6% + e eI, (2.101)

where T{/,, is the Minkowski space stress energy of the undeformed theory. That this
equation is integrable follows from the fact that

€ 0,0,0% = 0 = Ne“He, €0, Ty = — N0, Ty p = 0, (2.102)

by virtue of conservation of stress energy on a Minkowski background. These relations are
extremely useful, and have for example been used in [51] to provide a derivation of the
CDD factors for the S-matrix from Jackiw-Teitelboim gravity and in for example [14, 17]
to provide a means of constructing solutions in 7T deformed theories.

In the more general curved case, we can make the ansatz

et = 2PN, 725 . (2.103)

The Lorentz Stiickelberg fields should be determined by symmetric vielbein condition (2.29)
which in the Lorentz gauge for which A%g = §7 gives

ey, 11,777ab =0— E“VA“BBMZBBV@bnab =0. (2.104)
For a curved reference metric, A%g = 62 is no longer the solution since in general

6“”8MZ“8VCI>b77ab # 0. The same is true in Minkowski, but there the additional require-
ment (2.100) enforces A®g = §2. By contrast (2.99) becomes

_ al/ (626(¢)+2B(¢)GMVEQbAa38“ZB> + 2625@))4-25(@) %EMVEQCJ\GB@LZB@U(I)C —0. (2‘105)

which even in the unitary gauge ®* = z% does not appear to simplify in any straightforward
way, even if we focus on its antisymmetric part. Hence in a curved spacetime we expect
a non-trivial local Lorentz transformation and conformal transformation between the two
zweibeins. The solution for the Lorentz transformations can be obtained analogous to (2.33)
in terms of the characteristic square root structure. However it does mean that the special
features that make the 7T deformation trivially solvable on Minkowski spacetime do not
automatically extend to curved spacetime.

3 From Polyakov to TT

The simplicity of the Polyakov form of the action (2.76) suggests that we should have been
able to derive it from the outset, without needing to pass through the massive gravity
construction, at least in the case where the seed theory is a CFT. Indeed starting with a
non-critical string theory, we may infer the correspondence to a T'T deformed theory as we
outline below.

Consider a classical non-critical string action in Polyakov form, and separate out two of
the target space dimensions. We define by (2\) 1445 the two dimensional metric associated
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with these two target space dimensions assuming that an overall scale A can be factored
out. In the case of a curved metric 1/v/\ is essentially the overall curvature scale. In the
case of a flat toroidal metric it is essentially the size of the torus.

Classically the non-critical string action can then be split up as

1 .
Sple,v.e] = /dgl‘ [—4)\ — det gg"" A 4p(®)0, 80,87 | + Scrr(p, €] . (3.1)

The string tension has been absorbed in a canonical normalization of the fields . Here
g(e) is implicitly a function of A by virtue of its on-shell equation of motion. We then have
up to terms which vanish on-shell

d
JSPkOv’)/ve] = /dQ‘T 47>\2 V 7det g 7#117 (32)

where we use the shorthand 7, = 445($)9,®49,®E. Associated with the two dimensional
sub-manifold of the target space with metric 445(®), we may define the stress energy tensor

) 1 .
V= det yTAB (® WSP[QO, v, €] + nV- det 4548 (@), (3.3)

where the functional variation is defined in the sense

) R
6Sp = /d2‘1> msf’[%%e]ﬁw@)- (3.4)

This is the naive stress energy tensor of the non-critical string action defined relative to the
target space metric, shifted by a cosmological constant term whose relevance is clear with
hindsight. It proves slightly more convenient to rewrite this in terms of a stress energy
associated with the induced metric v, via

748 = 9,049,081 | (3.5)

where equivalently

1 o
— Y () — _ pv
\ — det yTH () 2 det yy*" (z) + 25%“/(@ Splp, 7, €] (3.6)
1 1
= — — Hv _— — My
) det vy (z) ) det gg"” () . (3.7)

That is
1 1 +/—det
T (@) = Sy («) = Y=t g
2\ 2\ /= det ~y

This equation is the analogue of (2.4). We note that v#¥ are the components of the inverse

(). (3-8)

of Yy, 1.e. ¥, = 8}, so that the indices on it are not being raised with g"”. In particular
if we lower one index we have

TH,(z) = i(gu _ 1 y—detyg
2077 2X\y/—dety

9" (%) Yaw - (3'9)
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From (3.8) with a little rearrangement we find

det [ ~det gg”’/} — 1 = det [\/— dety(y" — 2AT")| = — det [7,” — 2AT,"] , (3.10)

which implies the classical trace flow equation
© =2\ det[T}] = —\(T),, T — ©7), (3.11)

where we have defined the trace of the stress energy tensor again as T (x)yu,, = ©.

From the perspective of the non-critical string, (3.8) is an unusual (composite) operator
to define since it is not immediately clear it is associated with the covariant stress energy
of the full CFT, neither that of Scrr[p,e]. The covariant stress energy tensor is

B
V—det gTE, = 2WSP[90, v, €] (3.12)

09w
1 1 ,
= ﬁ —det g <g“agl/67a6 - 2guygaﬁ7aﬂ> + vV — det ngFT D (313)

where /=gTHr(x) = QmSCFT[cp,e]. The vanishing of the covariant stress energy

tensor Téow = 0 implies

1
Vv = §fyagg°‘f8gw, - 2/\TMCVFT. (3.14)

where T SIF T — Gpa gyaTgf,T. This is the analogue of (2.5). The combination v,z g% cannot
be determined from this equation by virtue of the underlying conformal symmetry, i.e. that
gaﬁTgf;T = 0. Rewriting (3.14) we have

G = (Y + 20T | (3.15)

with o an undetermined conformal factor. Substituting into (3.8) gives the relation between
the two stress energies

1 1
TH = o — — 14 2\y1TCFT 2ATCFT) 1] 1
7" 55/ det(l + 201 TOFT) (4 20TCFT) 1) (3.16)

This equation is the direct analogue of (2.7) and its form explains why we included a
cosmological constant term in the definition of the stress energy tensor. We see that T+
is a A deformed version of the stress tensor of the original CFT Scpr(y, €.

Making use of the trace of (3.8) we have

O = Ty, =+ — - V= o

VG 3.18
N 2ay/—detqyl (8.18)

so that the flow equation is

d 1 1
d)\Sp[cp,’y,e]:—/de[”\\/—det'y@—w\/—det'y . (3.19)
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Equivalently defining the cosmological constant shifted action

Sxle, 7] = Splp, v, €] dzx*\/m, (3.20)

then
1
%S)\[cp v = /de [%\/—detv@] . (3.21)

This relation appears to be very different that (2.1). Indeed, it cannot be used to define a
perturbative expansion in A since the right hand side scales like 1/XA. The naive divergence
is of course cancelled by the fact that classically © —o = 0, but this implies we already need
to know the first order perturbation of the stress energy on the r.h.s. in order to determine
the first order perturbation of the action!

Fortunately this is easily dealt with. Making use of the trace flow equation (3.11) we

d 1
asw,ﬂ =5 d?x\/— det y(T,, T" — ©?). (3.22)

which can now be used to define the deformation perturbatively. This is exactly the
metric version of the 7T deformation (2.1) given that (3.6) implies that T is indeed the
appropriately defined stress energy

Vv —detyTH (x) = Q(S(IE)S’A[@,W] . (3.23)

0V

have

Thus there is a one to one correspondence between the TT deformed action Sy[p,~] and
the Polyakov form non-critical string action Sp[yp,~,e], for a seed CFT, the two being
related by the target space cosmological constant shift (3.20). Since for a fixed reference
metric the addition of a cosmological constant to the action is irrelevant, we conclude
that classically the non-critical string theory described by the Polyakov action (3.1) is
identical to the TT deformed theory defined by (3.22). However we may do better than
that. Following the observations of section 2.8, the two dimensional cosmological constant
term may be equivalently rewritten as a B-field contribution and so we recognize that the
TT deformed action Sy[p,7] is simply the Polyakov action with the addition of a specific
non-zero B-field (2.90).

3.1 TT Hamiltonian for a CFT

Remarkably we will now see that it is trivial to construct the Hamiltonian of the T'T de-
formation for any CFT without needing to solve any differential equation or even algebraic
relations. As in section 2.5 we may always choose to parameterize the induced target space
metric in ADM form as

Ywdatde” = —M?(z,t)dt* + B (x, t)(dz + M*(x,t)dt)*. (3.24)

where in this subsection we work in unitary gauge ®¢ = x°. Since the Polyakov action is
conformally invariant, we can without any loss of generality fix the dynamical metric in
the ADM form

gudrtda” = —N?(z,t)dt* + B*(x,t)(dz + N*(z,t)dt)?. (3.25)
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In doing so we note that only IV and N* are dynamical, and the spatial scale factor is fixed
using conformal symmetry to be the same as the target space metric. This means that
9w = Yuw When N = M and N* = M®. We write the action for the undeformed theory in
the same canonical form as considered in section 2.5

Scrrle, €] = /d2x

The stress energy defined relative to the v metric is from (3.8)

1 1 y/—detg ghe

> Mppr— NH = N"Hy — Y AaCal - (3.26)
I a

T, = —oF 3.27
v o\ 2)\ /7_ det Yav » ( )
which can be conveniently denoted as
215 AT BQ NZT_M=®
1 1_(W(M2_32Mx2>+73 it _4(NM : 3.28
YoM |- (M“'CN _ N*M _ BANTMT(NT-M®)\ | _ <B2M$Nﬂc b BQNﬂ) (3.28)
M N NM NM NM
Furthermore ) )
_ M B
Trig'9] =1+ Nz~ (M- N*)2. (3.29)
Then the deformed action using the Polyakov action is then
S —/d2 L yp_NB 1+%2—B—2(N"”—Mx)2
AT 2X X N2 N?
+> Mo — NH—N"Hy — > )\aCa] . (3.30)
I a

Varying with respect to N¥ gives N* = M* + 2ANH,/B? and substituting back in

1 NB M? NIH?
Sy= [’z |—=MB- 1+— |- z o —NH—M"Hy— > \C
A / [2)\ 0y ( +N2> B3 +z; 191 = NH=M"Hs Za: @

(3.31)
In turn, varying with respect to N then gives

M
N = : (3.32)

i+ 8 (n 58)

and so substituting back in we have the final TT deformed action defined on an arbitrary

curved spacetime

4\ AH2
S)\:/ ZH[QD[—<—1+\/1+B< BSCC))—MI/HQC—Z)\,ICQ

(3.33)
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Once again this result is remarkable in its simplicity. Equivalently the Hamiltonian defined
on the constraint surface C, = 0 is

/dx ( \/1 i ( Aﬁ)) + M, (3.34)

In particular working in the coordinate system where M =1 and M* = 0 we find

/dx(— \/1+‘?< A;é%)). (3.35)

Burgers equation. This square root structure is exactly the form we obtain from solving

the inviscid Burgers equation

ONEn(R,\) = E,(R,\)OrEL(R,\) + = Pu(R)?, (3.36)

1
R

with initial conditions appropriate for a CFT on a cylinder of radius R

E,.(R,0)=(n+n—-c/12)/R, Pn(R)=(n—-n)/R, (3.37)
which gives
R ANE,(R,0) 4N2P?
-1 1 . .
En(R,\) = 2A( +\/+ ——+ (3.38)
Indeed if we take the reference metric to be flat and compactify x € [0, 1] and take B = R

then (3.35) is precisely (3.38) given the identification
1
E,.(R,\) = (n|H[n), Ey(R,0)=(n|Hn) P,(R)= E(n|7—[x|n>, (3.39)

for an energy eigenstate labelled by (n,n). Equation (3.35) is the appropriate classical

generalization to a curved spacetime. The universality of this form is remarkable, although

as we have seen is directly tied to the assumed conformal invariance of the seed theory.
To confirm that (3.33) is the correct T'T deformation for a general CFT, we differentiate

" 4\ A?-ﬂ
05, / 2 (1+2/\B \/1+ ( ))
—— = [ d*zMB .

(3.40)

dA 2
4\ MNH2
2/\2\/1+ 2 (H+ L )
The trace of the stress energy tensor is explicitly
1 N M B?
O=—-——ZTTr 2— — — — 4 ——(M* - N*)?
N "ol = 2)\< MoN T >>’
H A XH2
<1+2>\B—\/1+B( ))
e . (3.41)

a1 ()
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a result which may be derived directly by varying (3.33) with respect to 7. Hence we
conclude that

1
= [ | gvEdne] - [EeyTRmy @ -, e

as required.

3.2 From Polyakov to special non-conformal field theories

Armed with the knowledge that the 7T deformation is a direct consequence of the Polyakov
action on a curved target space, we can easily imagine generalizations. For instance, from
the perspective of the non-critical string, there is no reason why the target space metric
should not include explicit dependence on ¢ in front of v, e.g. in the form

1
Selp,y.e] = / d’z [—4 —det gg" >3 ,5(2)0, 00,97 | + Scrrle.e]. (3.43)

Differentiating with respect to A gives up to terms which vanish on-shell

d 19x(0, A )
o 5ple el = /dZw zxgi)\/—detge X(@oX) gy (3.44)

We define a closely related stress energy to earlier which comes from varying

1
Srr = Seleel + [ Pajale )/~ dety, (3.45)
with respect to v, namely (remember that indices of T" are lowered with )

1 Lo v=detg o

TH, = Za(p, Ao — - 3.46
5 A) 5 N il (@) (3.46)

From this we infer the flow equation

v—detg .,
det | ———==¢"
v/—dety

which is to say e = a? — 200 4+ 4det T*,,. Now
d 1 0a

10« 1 0x
2 — 2 no o oAx
d*xz+/—dety [28)\ 2@@)\( o +4det TH, — e™X)| . (3.48)

(x)'ya,,} =1 = e ™det[ad! — 2T",], (3.47)

In order to interpret this purely as a TT deformation we need to have

Ja 10x , 9 | 4 lox 1
— - —== =0 —— 3.49
o aon =00 T =g (3.49)
which gives the second order differential equation
82X 8X ? 1 4x
(=) == =0. 3.50
N2 <6A> 4° (8:50)
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One solution of this equation is

S S S A (N (3.51)

e2x(@)
AL =AVg])’ AL =AVIg])

which is precisely the solution considered in section 2.9 given A = 1/m?2. The most general
solution is obtained from (3.50) by the replacement A\ — A 4+ U(y). It is easy to imagine
how we might generalize arguments of this nature.

A crucial difference in the present case, distinct from that of a seed CFT, is that
since the Polyakov and 7T amplitude are related by a ¢ dependent cosmological constant
term (3.45), i.e. they are no longer equivalent theories even classically. The T'T is equivalent
to the non-critical string theory with an additional potential energy a(p, \) coupled to the
target space metric.

1
Spp = / d%z [—4 — det gg" PPN 4,4 5(9)0, 040,08 | +

- / d?x %\/— det ’AYAB(@)aM(I)A&,@B + SCFT[@, 6] . (3.52)

However, once again following the result of section 2.8, this may be rewritten as

2
m N v
Sl v,e] = / Cw — == [V=99" 0,270,255 p (0, @) + Blyp(ip, @) 0,00, "]
+Scrr(e,el. (3.53)

where

R R 0
Aip(p, ®) = AeXPN3,5(®)  and  Blyp(p, @) = _2A87§BAB((I>)‘ (3.54)

with Bap(®) specified by By_(®) = 44_(®) in conformally flat gauge (2.86). This repro-
duces the results of section 2.9.

4 Stochastic path integral for J T +TJ + TT deformations

In addition to the TT deformations, it is possible to consider deformations defined by any
pair of conserved currents J and J' [7]. The simplest such examples are the JT and T'.J de-
formations first considered in [19], but in turn it is possible to consider higher spin deforma-
tions [5, 24, 25]. We will focus here on the case of the JT and T'.J deformations for simplicity.
Explicit worldsheet strong constructions have been given in for example [42]. It is natural
to ask if there is a path integral expression which describes the deformations in these cases.
It is in fact straightforward to derive one following the method discussed in section 2.6.
To set notation, consider a pair of conserved currents .J, and j/“ and define a pair of
null vectors n, and fi, which satisfy n? = 72 = 0, €®nony =1 and n.7 = 1. To keep things
relatively general, consider a combined TT, JT and T'J deformation with relative weights
arr, oy and & 7, each of which are constants. The currents J, and ju are associated to
some U(1) global symmetry. In order to describe this in a path integral we gauge the sym-
metries by introducing background U(1) gauge fields A, and flu which are the U(1) version
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of f;i. At the level of the path integral Z [f, A, A, J], where J, describes external sources
for ¢, the deformation is defined by the solution of the functional differential equation

dZ}\[fv A,A,J@} . 2/ 2 1. arrt b(SZZ)\[fa A7A7Jg0]
= (= d%z 1 L€ 4.1
S O e S @) )
SZ\f, A A T, W 02Z\[f, A A, T
+oren” + ayreun® —— ,
M 0AN@)af () T 0A@)sfe )
corresponding to at the classical level a deformation
dSy[f, A, A 1 .
S)‘['(];:’)\’] = _/d2x€/“/ <2aTT€angT£ + OCJTnaJ#Tg + dJT’fLaJ#Tg> , (4.2)
given the classical identification
0S ~ 08 0S
det fJH = , det fJH = — , det fTH = . 4.3
5A, () 5A,(z) ff(x) (*3)

Once again, (4.1) is a stochastic, or functional Schrédinger equation in one additional
dimension A, with a Hamiltonian that is purely quadratic in momenta. We may hence
immediately write down its path integral solution

2, [F0). A0 A0, 1) = [ DflaN] [ DPeA [ DPale ] [ DAl
« / DPalz A / DA\
X exp [2 /0 M / 2 [Pé‘a,\fﬁ+P§8,\AH+PZ8)A”—’HH
X Zo[£(0), A(0), A(0), J, ], (4.4)

where

= O‘Qﬂeweabpgpg + ayren®PEPY + G yre i PP (4.5)

Performing the path integral over f, A and A which each give functional delta functions,
then remembering to keep track of boundary terms, and performing an obvious change of
notation we have

Z0lf, A, A, J,) = / Dela] / DPz] / DPa[a] / DBlz] / DPafa] / DBlz]  (46)
X exp [z / A’z (Pg(f;j —€%) + PY(A, — By) + PY(A, — B,) — H)] Zole, B, B, J,],

with
=\ [O‘%eweabePg + ayrewn PiPY + areni PiPY| | (4.7)

with the difference being that now H is a function of momentum fields which are just
functions of x, and the path integrals are similarly only over functions of x.
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Stated differently, the classical theory which we need to quantize to describe a combined
TT + JT + TJ deformation is

STTITIT = /dgx (P“(f“ —€) + Pa"(Au — Bu) + Pi(A, — By) — ﬁ) + Sole, B, B].
(4.8)
How we proceed depends on the precise structure of the deformations, i.e. it is slightly
different if certain coefficients vanish. For simplicity, we consider the most general case for
which all the deformations are non-zero. Integrating over P4* and PX sets two constraints

A, — By, — dayren®Pl =0, A, — B, — Mayreni®Pl =0. (4.9)
Provided ayr # 0 and a7 # 0 we may view these as fixing Pj, namely

1 1 - -
Hne(Ay, — By) — ——€e""n, (A, — By) . 4.10
S Ay = B) = 12— na(A— B,) (4.10)

J = —

a
This removes the final momentum integrals, giving

201, A A ] /De /DB /DB exp{/dz < AalJTe“”fza(fﬁ—e,‘i)(Ay—BV)
Mg (fi —ei) (A, —By) (4.11)

)\dJT

YT (A, —B,)(A,—B,) || Zole, B, B, J
)\aJTaJTe ( )( v 1/) 0[67 sy Dy Lp]'

This is exactly the path integral considered recently in [23], at least in the case where the
reference metric is Minkowski. More precisely [23] consider a Stiickelberg-erized form in
which we introduce a U(1) Stiickelberg field in the B and B

B, — B, —0,a, B,— B,-0,a, (4.12)

and linear diffeomorphism Stiickelberg fields ej; — e}, — 9,Y“. The path integral will then
include the integral over the Stiickelberg fields and a division by the volume of the gauge
orbit. Although it makes no difference to the unitary gauge Lagrangian, from our per-
spective it makes more sense to introduce standard non-linear diffeomorphism Stiickelberg
fields through f — FI‘}l(CI))(?#(I)A, in particular to account for the case in which the space-
time is curved. However we suspect that for at least the flat reference metric case, this will
make no difference to the essential results of [23] given that these symmetries are broken by
the deformation terms, and we are free to introduce Stiickelberg fields however we choose
without fundamentally change the physics. The only difference between them is the precise
way in which we deal with the volume of the gauge orbit. We refer to [23], and [22] in
the special case of a pure JT deformation, for a more complete treatment of the quantum
path integral. It is straightforward to see how these arguments may be generalized to the
higher spin deformations [5, 24, 25].
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5 Discussion

In this article we have shown that classically the 7T deformation of an arbitrary field theory
on curved spacetime is equivalent to two dimensional ghost-free massive gravity, and that
when the field theory is a CF'T this in turn is classically equivalent to a non-critical string
theory. In the process we have been able to rederive many relations previously observed in
the literature, but with considerable ease. For instance, we are able to give a closed form to
the action for the classical 7T deformation of an arbitrary CFT. We are also able to derive
the deformation straightforwardly as a consequence of the action for a non-critical string,
without making use of gauge fixing, which has been the approach previously relied on.

We have also given explicit solutions to proposed versions of the quantum flow equa-
tions in terms of a stochastic path integral in which the flow parameter A acts as an addi-
tional spacetime direction. This result was implicit in the work of [7], however our deriva-
tion is considerably more transparent, and resolves issues about the choice of measure. In
particular we have seen that we reproduce exactly the path integrals proposed for TT de-
formations in [51, 52] and for more general deformations in [23] with considerable ease, and
this approach can straightforwardly be generalized to arbitrary higher spin deformations.

The central question is — to what extent does our proposal survive quantization on
a curved spacetime? When the reference metric is flat, the proposed path integrals have
passed several non-trivial checks, but on a curved spacetime the conformal anomaly, i.e.
the central charge, becomes important, and so many of the formal manipulations may
lead to non-trivial measure contributions. We may however take the perspective that we
define the quantum theory by whatever classical description appears to be simplest to
quantize. In that vain, there is a clear proposal for the case where the seed theory is a
CFT, namely as the quantized description of a non-critical string along the lines of the flat
space proposal considered recently in [13]. That is because, considering the original CFT
on curved spacetime is equivalent to the very modest deformation of a non-critical string
with curved target space metric. The latter, although not without issues, is much better
understood and there has been notable work on non-critical string quantization [13, 76-79].
We leave it to future work to test these proposals.
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A Path integral measure

The measure of the path integral can be understood as the volume measure associated with
a metric on superspace, in this case the space of all possible zweibein configurations.” The

9We would like to thank Vasudev Shyam for helpful discussions that prompted this analysis.

~ 99 —



natural metric over zweibeins is
552 = —/d2$ e“”eabéeZ(x)éeg(x) = —/d2x2det[5eZ(:L‘)] . (A.1)

This superspace metric is diffeomorphism invariant by virtue of being the integral of a two-
form. The determinant of this superspace metric is essentially unity (or a fixed constant)
since for each x

detfe®@e] =1, (A.2)

and the full determinant on superspace is
Det[G"4a;"py] = I detfe @ €] = 11,1 = 1. (A.3)

Since the determinant is a constant, the path integral over zweibeins preserves the linearity
property

/De _ /D(e ey (A4)

Furthermore up to an overall normalization the Gaussian integral is defined as
/ De b [ e eay (e (@) Fa(@)) (b (@)~ fh)) _ | | (A.5)

This is what is implicitly used in sections 2.6 and 4. It is not immediately clear that this
linear measure for zweibeins is equivalent to the standard measure for integration over
metrics used for example in quantizing a bosonic string [80]. Fortunately it is, as can be
seen by changing variables in superspace. A generic zweibein can be thought of as a metric
perturbation together with a local Lorentz transformation. At the infinitessimal level, this
implies the following decomposition

de,, = n*“ecadw ez + &Ry, (A.6)

where dw denotes the infinitessimal form of a local Lorentz transformation A%, = e7*“ceb0w
and 6hj; encodes the remaining metric perturbations. In order to directly associate dhj,
with the metric perturbation we must fix a local Lorentz gauge, and the best one to choose
is the symmetric vielbein condition

nabeZ(mlb, = nabe%hz : (A.7)
Crucially with this choice we have the factorization
det[n*“e q0w eﬁ + 6hy,] = det[n*ecqdw eﬁ] + det[ohy] = —dw? det(e) + det [6hy] . (A.8)

Our goal now is to rewrite this in terms of the actual metric perturbation dg,,. Since
G = nabel‘je’; then
5g;w = 77ab6f15h2 + nabéhzeg > (AQ)

where the local Lorentz transformations dw drop out. By virtue of the symmetric vielbein
condition this is
g = 277ab€Z5hl; . (A.10)
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From this we infer

guaégau = 26’;5”5, (All)

and so on taking the determinant

det[g"“0gay] = 4 det[el0h]] = det[0h] . (A.12)

4
det(e)

Putting this together (remembering that det(e) = \/—g) we have

§s% = /dQ:p\/—g [25w2 - ;det[g’m‘égw]} , (A.13)

1 1
= /dzx\/—g [25w2 + 1 (g“"go‘ﬁégmgyﬁ) ~1 (g’“’égﬂy)ﬂ . (A.14)

The first term is the naive covariant measure for integration over local Lorentz transfor-
mations in two dimensions. The second and third term are exactly Polyakov’s measure
for the bosonic string with the special choice C' = —1 (in the notation of [80]). Most
importantly this measure is manifestly diffeomorphism invariant and includes within it the
Liouville measure. Indeed borrowing the argument of [80], the ‘unitary’ gauge path integral
measure then becomes

/ De() = / Du(x) / Do (x) / DeY(z) Vet £, (A.15)

where e?(®) is the conformal factor of the two dimensional metric, £%(z) encodes diffeomor-
phisms and V det £ gives the Liouville measure where

(ﬁg)“ — Yy (Vb 4+ VP — gaby ) | (A.16)

All the integrals on the right hand side of (A.15) are defined in a manifestly diffeomorphism
invariant way (i.e. including factors of \/—g as per (A.13)). The only difference from [80]
is the extra integration over local Lorentz transformations. Equation (A.15) is the unitary
gauge version of the appropriate path integral measure that comes from the Stiickelberg
formulation in which [ Dw(x) describes the integration over the local Lorentz Stiickelberg
fields A% (z), [ DE%(x) the integration over the local diffeomorphism Stiickelberg fields ®¢,
and the two dimensional metric is gauge fixed to be conformally flat g, = e”(x)n,,. It
is somewhat remarkable that the nontrivial Liouville measure is hidden within the rather
standard linear measure over zweibeins.
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