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1 Introduction

Three-dimensional gravity has since more than three decades played a very special role
in uncovering the nature of the gravitational interaction beyond the classical level. Its
simplicity, its topological nature in the absence of matter and the richness of its spectrum
made it a handy toy model to address fundamental questions, such as the nature of hori-
zon micro-states. The most famous example certainly lies in the observation by Brown and
Henneaux that the phase space of three-dimensional gravity with a negative cosmological



constant and suitable boundary conditions admits an action of the two-dimensional con-
formal group [1], thereby suggesting a quantum description in terms of a two-dimensional
CFT. This idea was made more precise when it was shown that the Bekenstein-Hawking
entropy of the BTZ black hole solutions [2, 3] belonging to the phase space could be re-
produced by a counting of states in a two-dimensional CFT [4]. The implications of this
result has been pushed in various directions over the years, attempting at identifying the
precise dual field theory [5, 6], hinting at its non-existence in pure gravity [7], and con-
straining the features a two-dimensional CFT dual to a three-dimensional gravity should
exhibit [8, 9]. These results provide insightful information about how holography works in
asymptotically anti-de Sitter (AdS) backgrounds, but cannot in general be translated as
such to more realistic situations. For instance, the importance of the Bondi-Metzner-Sachs
algebra [10-12] — the asymptotic symmetries of four-dimensional flat space — has been
pointed out in various contexts, such as the memory effect and soft theorems (see [13] for
a review of the “infrared triangle”), and the information paradox [14], but its structure is
much more involved than the conformal algebra (non-integrable charges, field dependent
central extensions, Lie algebroid structure (see [15] and references therein).

In 2+1 dimensions, non-conformal infinite-dimensional symmetry algebras have also
appeared both in the asymptotic and near-horizon regions of bulk gravity theories,
with [16-24] or without [25-29] a cosmological constant. In the latter case, the asymptotic
symmetries are the lower-dimensional counterpart of the Bondi-Metzner-Sachs algebra, de-
noted BMS3. A hinderance to make use of the simplicity of pure three-dimensional gravity
in the asymptotically flat case is the absence of black hole solutions [30]. However, cosmo-
logical solutions with non-trivial thermodynamics exist [31] and display features pointing at
the relevance of an underlying BMS3 symmetry [32, 33]. Furthermore, modifying pure grav-
ity by including higher-curvature terms and/or matter widens the spectrum of possible solu-
tions to include certain classes of non-asymptotically AdS black objects. These include for
instance the three-dimensional black string solution of Horne and Horowitz [34] and, more
recently, an asymptotically flat hairy black hole of New Massive Gravity [35, 36]. Now, what
is lacking in these cases is a clear definition of the corresponding phase space, its symme-
tries, and whether these are relevant to understand thermal properties of those objects (see
however [37] for the role of BMS3 in explaining the hairy black hole entropy, and also [38]
where BMS3 symmetries at the horizons have been shown to capture black hole entropy).

In this note, we set the stage for such a study for a three-parameter family of black
string solutions generalizing the Horne-Horowitz black string [34] and Witten’s black
hole [39]. It is worth pointing out that these solutions are obtained as marginal deforma-
tions of a Wess-Zumino-Witten model and as such represent exact string backgrounds [40].
We start be reviewing the solution and describe some of its properties. Then, we present
a consistent set of boundary conditions including these solutions and determine its asymp-
totic symmetry algebra of charges, the detailed derivation of which is relegated to appen-
dices B and C. We show in particular that these boundary conditions can be put on-shell
to derive new exact time-dependent solutions to the equations of motion. We give a CFT
interpretation of these new solutions in terms of a marginal deformation of Witten’s two-
dimensional black hole seed. In the following section, we study thermodynamic aspects of
the zero-mode black string solution, and then conclude.



2 The charged black string configuration

The black string geometries we will be considering are the ones described in [40], consisting
of a generalization of the Horne-Horowitz black string [34]. The latter can be viewed as
the target space of a W gauged WZW model, or equivalently as an exact marginal
deformation of the SL(2,R) WZW model, driven by a left-right SL(2,R) current bilinear.
The black string of [40] is a generalization obtained with an extra deformation using
another available exact current bilinear. As such, these geometries describe exact string
theory models.

The background fields are a three-dimensional metric, a Kalb-Ramond two-form B, an
Abelian electromagnetic gauge potential A, and a dilaton ®. The dynamics of these fields

is captured by the action [40]
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where F},, and H,,, are the components of
F = dA, (2.2)
k
H =dB - ZgA A F, (2.3)

and ky is the gauge coupling constant. We set Newton’s constant G'3 to 1 throughout.
The action (2.1) is the low-energy effective action for the corresponding massless string
degrees of freedom, written in the Einstein frame. Its extrema provide solutions generically
valid as long as their length scale L is much larger than v/o/". In some instances, as those
we will be studying here, the solutions are exact, i.e. valid to all orders in o/, irrespective of
L, possibly after some finite renormalizations. Hence, ¢ = ¢ — d = ¢ — 3 with ¢ the central
charge of the underlying conformal sigma-model. Celebrated examples include AdS3 with
vanishing gauge field and dilaton, but non-zero three-form. In this case, L is the anti-
de Sitter radius, and dc = 123‘/ = %, where k > 0 is the level of the affine SL(2,R)
algebra in the corresponding sigma model. In the following we will consider dc > 0 and

parameterize it as
oc 12

V=1 (2.4)
Whenever an underlying affine algebra exists, its level k will be related to ¢ as dc ~ %

As already mentioned, the charged black string of [40] is an exact background, reached
by a double marginal deformation of the SL(2,R) sigma model. In the Bondi gauge, its

background fields read (see appendix A for details):
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where u is the retarded time, r the radial coordinate and ¢ the coordinate along the black

1 In these expressions, r+, w and ( are

string. For convenience, we take ¢ 2m-periodic.
arbitrary parameters, subject to conditions ensuring reality of the fields (ry > r— > 0
and 7y r_ > (?w?). It should be quoted that (2.5) are formally valid for large k and are
thus subject to finite % corrections. The solution under consideration exhibits a genuine
timelike singularity at » = 0, hidden behind two horizons located at r = r..

The geometry of the above metric has been studied in [40] where the full Penrose
diagram was obtained. Since we will be interested in determining asymptotic boundary
conditions containing the above family of metrics, we focus for a second on what we will
call the asymptotic region of the above spacetimes. Firstly, the Ricci scalar is given by

82 AC(ry +r) | 202(C%w? 4 drir)

R — _TT - 7"3 + 7"4 . (26)

It thus behaves like R = O(1/r?) as r — oo. Secondly, the asymptotic structure shown
in the Penrose diagram [40] is reminiscent of three-dimensional flat space, but is however
slightly different. For the sake of the argument, let us focus on the black string metric in
the original coordinates (A.1), where the relation between the two systems of coordinates is
given in (A.7), forr— =0=w, ( = 1. Definingu =t/L—r* =tanU, v =t/L+r* =tanV,
with tortoise coordinate r* = 1/41n(4|r — r|), the large radius behaviour of the metric is
given by

472U, V) da?
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with [U| < § and [V| < §. One could then define different regions in the Penrose diagram
of the Schwarzschild patch of the black string analogous to those of three-dimensional
Minkowski space: ig = {U = -3,V =2}, i ={U=V =23}, Tt ={V = Z,|U| < 5},
- ={U = —%,|V| < %}, with the difference that the zz component of the unphysical
metric is cos? U cos? V instead of sin?(V — U) in the Minkowski case. The metric is thus
not asymptotically flat in the usual sense. Thirdly,?2 the study of the geodesics in the
background (A.1) shows that spacelike geodesics end at ig (for r — oo, with ¢ and « finite),
while null geodesics reach r — oo for infinite values of ¢ and z corresponding to Z=.

3 Phase space

In this section, boundary conditions including the black string, are presented and shown
to be consistent. The two first paragraphs stress the key points of the reasoning leading
to our set of boundary conditions. The interested reader is encouraged to read the details
in appendix B and C. The boundary conditions are displayed in section 3.3. Their consis-
tency, asymptotic symmetry algebra and associated conserved charges are worked out in
section 3.4.

'Notice for later use that the coordinate ¢ may be non-compact. In that case, the black string charges
and entropy have to be taken per unit length, because they would be divergent otherwise [42]. Also, the ¢
coordinate becomes the timelike in certain regions of spacetimes (inside the inner horizon), and therefore
strictly speaking cannot be compactified [34].

2Ph. Spindel, private communication.



3.1 Bondi gauge and equations of motion

In order to gain some insight into the type of boundary conditions that could be imposed
with the action (2.1) at hand, we follow and generalise the strategy outlined in appendix
A of [43], originally inspired by [44], in order to (partially) solve the equations of motion
asymptotically. The details are presented in appendix B. We use coordinates (u,r, ¢) and
the gauge fixing ansatz

r2U2? + L2ePV —LeP r2U
Juv = —L eﬁ 0 0 s AM = (Au A¢> (3.1)
r2U 0 r?

with U, V, 8, Ay, Ay functions of (u,r, ¢).
First of all, in three dimensions, the equation of motion for the three-form,

vV, H"P —8HMPY & =0 (3.2)
is automatically solved for
H=0Qe*/=gdundrAde (3.3)

where 2 is a constant.
The equations of motion for the metric, the electromagnetic field and the dilaton are

Ep,l/ = G,uu - T,uu =0 (34)

1 1 1
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The upshot of [43, 44] is that one can determine the asymptotic behaviors of the fields given
an ansatz for A, and @ using the so-called main equations of motion (see appendix B).
Then, we partially solve other equations of motion (until we reach equations involving
either sub-leading components or non linear PDEs). Writing

1 T
¢——§logf+f (3.8)

with f a function of (u,r, ¢), we take the ansatz to be

og (¥ og? (T
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og (+ og? (L
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The equations of motion then unambiguously fix the remaining functions:

r log (+ 1 log? (-
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where by and Uy are functions of u, while all other functions depend on (u, ¢).

The H-field is known, but it will be useful for the computation of the charges to derive
the asymptotic form of the B-field (2.3). Choosing the gauge for which By, = B,4 = 0
and taking the arbitrary term of order 1 to be zero, it is

1 _ log2 r
Bu¢(u,r, o) :gkgaoo% (e 4f00+b0a11> T(L)
log (1)
r
3

1 1 1 z
+ 1 (kgaooa()l — kgaolaoo + 4540 e4f°°+b0> - +0 <(Tgr2([/)> . (3.12)

1 _
+ Zkg (—anaoo + apo (a11U00 + 8¢(e 4f00+b0a01)))



In short, the field content is as follows: f and Ag, 3 integration functions bg, Uy
and the one obtained when solving the first equation below (3.11c) for agp, the functions
Up1, o1, Voo and the constant 2.

3.2 No BMS3

We will ultimately be interested in determining a consistent set of boundary conditions and
its symmetries. Given any field configuration ¥ = (g, ®, A, B) included in the boundary
conditions, asymptotic symmetries are the transformations = such that ¥ + §=V¥ remains
included in the boundary conditions and leading to well-defined charges. More precisely,
we have that §=0 = (Leg, Le®, Le A+ dX, LB+ dA — 2 dA A A) with € a vector field, A a
scalar and A a one-form.

Let us give a first look at the allowed symmetries. By first imposing to preserve the
Bondi gauge (from (3.1)), we get

Legrr = 0= " =¢"(u, 9) (3.13)

Legpp = 0= & = —rUdp" —r 9y (3.14)
r 6’8

Legrg =0 =% = 0y¢" e dp+Y(u,9). (3.15)

Using the results (3.11), we have

log (+
€¢ _ e—4foo+b08¢§u log <%> + Y(u, ¢) + 46—4f00+b0f113¢§u gr(L)

r

1 log? (&
+ 4e~Hootbo( £y, + f11)8¢>§u; +0 (Og(L)> : (3.16)
Then, we consider the dilaton transformation
1 u u, (1 é ¢
Le® = 5U—rU&,f 0p" + 0y " + 5*7"87%76 0p8" + 0y f €7

Using again (3.11), one finds that the leading term of this transformation is of order
log(r/L). This term spoils the ansatz (3.8) and must vanish, which implies that

)
€U — / Cl(u)leoo(%@) de + X (u). (3.17)

The periodicity of the ¢ variable forces us to take ¢; = 0. The vector field thus takes
the form
=X (u)0y —10sY (u,9)0r + Y (u, )0y . (3.18)

The preservation of the dilaton ansatz implies that the supertranslation generator of the
BMS;3 algebra is not included in the asymptotic symmetries (since this would require a
¢-dependence in ¥, see e.g. eq. (6) of [45]). It would be interesting to relax the periodicity
condition on ¢ and to allow for a more general ansatz for ® (3.8), possibly including
non-integer powers of .



It is easily checked that the vector field (3.18) preserves the orders of the three other
components of the metric and the dilaton. We now consider the transformation of the
Maxwell field. Preserving its form implies

oA =0. (3.19)
Finally, the condition on the B-field leads to
A=dM + Aydo (3.20)

with Ay being constant and M an arbitrary function of all coordinates.

After having solved partially the equations of motion and put restrictions on the po-
tential asymptotic symmetries, the next step is to compute the charges and impose them
to be finite and integrable. This has restricted the boundary conditions and has eventually
led to a consistent of set of boundary conditions. For clarity reasons, we have decided to
present in main text the obtained phase space and compute the charges for this set. We
relegate in appendix C this step of the construction of the boundary conditions.

3.3 Phase space and symmetries

In this section we present a consistent set of boundary conditions including the black string
solutions and their symmetries. We spell out in appendix C the details that led us to this
particular set.

The boundary conditions are (all coordinate-dependences are explicit):

r oo (-
Ay, 7, 8) = an (u, ¢)1°gr(L) + aou(u, ¢)% +0 <w> (3.21a)
2 (r
f(u,7,¢0) = foo(¢) + O (biz(L)) (3.21b)
og? (L
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The B-field takes the form

1 log? (-
Bug(u, ¢) = e4f°°(¢)QL4; +0 (OgTQ(L)) . (3.22)

The boundary conditions are labelled by four functions of (u,®): a11,ao1, @01, Voo, one
function of ¢: fyo, and two constants ugi, 2. Translating in terms of metric components,
we have the following fall-offs

Gu = —4e 002 4 40 (L Vo (u, §) + duugr 9 foo(6))7 + O (log? (%)) (3.23)

log” (%
gur = —c~ 0@ 1 0 <°g (L)) (3.24)
T
— 9a—4foo(®) 2 3 (I
Gug = 2e Op foo(@)r* 4+ up1r + O <log (L>) : (3.25)

The black string (2.5) is included in the phase space with

1 4
foozilogﬁ) VOOZZ(M-H’—), up1 = 2w,
4L

RV

and the other functions and subleadings to zero.

, 2w
Vw2 trory =73 (3.26)

Notice that these boundary conditions are presented in a particular gauge, and by
having partially solved the equations of motion. Transposed in the pure AdS3 context,
this would be somewhere in between the Brown-Henneaux boundary conditions of [1] and
the completely gauged-fixed, on-shell solutions of Baniados [46] though, since the theory at
hand presently does exhibit propagating degrees of freedom, we do not expect to be able
to write down the most general exact solution incarnating our boundary conditions.

The asymptotic symmetry parameters preserving these boundary conditions are in the
form of a triplet (£, A, A) with3

€ =X0, —r0sY (0)0, +Y(0)dy, AER, A=Aydo. (3.27)

Indeed, the Maxwell field A has no more terms of order 1, which implies d,A = 9gA = 0
in addition to (3.19). The function Y in the AKV (3.18) is restricted to depend on ¢.
This can be seen from the transformation of the dilaton, which should be a function of
the coordinate ¢ (and not of u). Finally, the transformation of ug; forces us to freeze the
u-component of (3.18) to a constant.

3Preserving the boundary conditions still includes the function M in A as in (3.20). However, this
function M turns out to be a small gauge parameter, hence its associated charge is zero. Thus, it will not
be part of the asymptotic symmetry group.



For future computations, it is relevant to write the transformations ¢ of some fields
under the action of the asymptotic symmetry generator a = (&, A\, A),

0sY

dafoo = o +Y 0sfo0, 0a2=0, dqupr =0 (3.28a)
(v

8aVoo = VoodgY + 9sVooY + 9, Voo X — 2%83,1/ (3.28b)

0a@01 = 2&013¢Y — a118¢Y + 8¢a01Y + Opag X (3.28¢)

0aa11 = 2a1105Y + 0pa11Y + Oyan X (3.28d)

Sa001 = a019Y + Dp01Y + uir X — 2 0a110, foo0sY — Og(aoe™M™)0,Y . (3.28¢)

In the following section, we show that the charges associated with these parameters are
finite and integrable on the above phase space. Moreover, we will make a small restriction
of the phase space to obtain conserved charges. Finally, we will determine the asymptotic
symmetry algebra.

3.4 Charge algebra

General expressions of the charges. The explicit expressions of the charges for the
theory (2.1) are partially known. The contributions from the gravitational part [47-49], the
Maxwell part [50], the two-form and dilaton parts [51, 52] are displayed in the literature.
The extra contribution comes from the piece proportional to kg in (2.3). To keep track
of it, we parametrize the factor k,/4 by k in the definition (2.3), H = dB — kA A F. To
determine it, we use the BBC method [53, 54] (see also appendix A of [24] and [55] for a
brief summary, and [56] for a pedagagocial account).

The first ingredient is to consider the weakly vanishing Noether current, denoted S. It
is defined as the Lagrangian variation with respect to all fields of the theory times their
reducibility parameters R:

oL oL oL oL
S = @Rg sy Bat spRe+ s Re = (Sew + S1,,) +Sa+ Sp + Ss . (3.29)
For the theory (2.1), we get
Sk, = Yo Tt with (3:30a)
matter 1 1 _ [ ab 1
iy Her = ¢4 (VMCDVVCI) - 29MV(VM(D)2> + Ze * (HuabHu - GQWHz)
tRggae (p o pa L) g2} 2 e (3.30b)
4 pad’y 49W 12 Guv .
Sh = V16_9 % (Vo F7F — 4(V,®)F7H) e 4P
7'['
+ k\{? (H™PF,, + A, (V,H™ — 8V ,0HT")) ¢ 5 (3.30c)
T
Sty = Y (T H (B H ), (3:300)
7T
Sk =0, (3.30e)

,10,



where \ = A P+ X and Ay = B)o&”+ A, — kX A,. Then, we apply a contracting homotopy
operator to this weakly vanishing Neoether current to obtain a one-form potential k] (in 3
dimensions). For a second order theory, this operation can be written in the following way:

kgf)\}/\ = 5(590 a(pi SZA,A + <38)\(5<P - 5(5(,0 8)\> WSZ)MA — (,u < I/) s (3.31)

where ¢ are the fields of the theory labelled by the index i and d¢ their variation.
For the present work, it is useful to introduce the following tensor
A A
QU = 026167 4+ 050067 + 05608, TN = OTRE g* g g (3.32)

The contributions of the matter fields ®, A, B to the energy-momentum tensor are (with
ay, == 0A,, by = 90B,,)

v T av, 1 -
kT = 8OMDEY f + (¢"TE,HM) <2pr B ka[pAT]> e
k
I Zg(_guppov +2FHP GOV — TP FRY e a,e 4 — (1 ). (3.33)

The contribution coming from Einstein-Maxwell plus dilaton theory is

1 1 <
kF,<I> _ kg <V“‘I’a” 4+ f + ipﬂ“/h: _ 8F#Vh> )\e*4<1>

+ kgg g (;&aﬁ — i%&) (Xe‘”‘q’) —(pev). (3.34)

In the part coming from H? in the Lagrangian, we have the pure three-form part, propor-
tional to A and the contribution of the Chern-Simons coupling

= < _ 4<>wouﬁwa7_q) bﬁ7 +4HM f 4 iH.U»Wh> e_gq)(f\g — kX AU)
2 1 n 1
- <><7,u(1/)\)mu (38)\wa o Bwaa)\> (efg(b(Ao— — k)\Ao’))

1 _ _
+k (cha'ur SFa% + OorTARY Ay ay + 8OTTHARG DA, aﬁ) e (A, — kA Ay)

+ k(oauka[un] + Oauua[kﬁ]) (ga)\a% _ ;alia)\> (AQG_M)(I\U o k‘S\AU))

+ k(= P2, + HTay + 2k Y, AVa™ ) Re™S?
— (e v). (3.35)

Finally, the infinitesimal charge difference between a configuration ¥ and ¥ + 6V is
obtained by integrating this one-form over a surface at infinity:

OHex0) = /S ke an) (¥,00), (3.36)

with
kean 00, U] = kG 4+ kT 4 k5% 4 k% 4 1M (3.37)
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with k“ is the gravitational part [47-49] and the other contributions are given
by (3.33), (3.34) and (3.35). When computing the charges in the next section, we will
restore k to kq/4. The finite charge difference is then obtained by integrating along a path
in configuration space.

Charges. The integrated charges for the boundary conditions (3.21) are given by

1 2T
fﬁfﬂ”&AW@WOD)::IE; . d¢€4md¢MM1Y(¢) (3383)

L 2
Ho.00 = 16, | 49 Voo(w,9) (3.38b)

1 2
Hon,d0) = Tor /. dpQ Ay (3.38¢)

kgA 2
Hoxo = 55,72 | 40AW9), (3.38d)
where

A= aoi(u, @) — 2¢” D ag; (u, $)d foo (¢) (3.39)

The charges (3.38b) and (3.38d) are not conserved, as they are explicitly u-dependent.
This u-dependence can be interpreted as gravitational and electromagnetic news, respec-
tively. Notice that, contrary to the more familiar situations of pure gravity in four di-
mensions [57] or Einstein- Maxwell theory in three dimensions [43] where once charges are
made integrable they become automatically conserved, here we can make them integrable
while still non-conserved (compare for instance to eq. (3.1) of [58] for the former case and
to eq. (4.4) of [43] for the latter). However, a further restriction of the phase space leads
to conserved charges as we now explain.

Using the periodicity of ¢, we decompose the functions Vg and A in modes. It is
sufficient to demand that their zero modes be constant to have conserved charges

Voo(u, ) =Vo+ Y _Vu(w) e, Alu,¢) = Ao+ > An(u)e'™?. (3.40)
n#0 n#0

This is only a consistent requirement if the condition is preserved by the asymptotic
symmetries which is indeed the case as we now show. Under the asymptotic group, Vo
transforms as (3.28b), where (taking Y (¢) = ¢'#?),

0aVoo = (Z Vi em‘z’)il{:e”“q5 + <Z Vninei”¢> ke 4 X(Z OuVi emd’> + 2% k2eik e
_ . 2uo1 5 ime
— Z Vi im + X 0y Vi + Tk Ok—m | € . (3.41)

Thus,

P
S Vo =0, V()= Vi gin-+ XV, + %k%@_n forn#0, (3.42)
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and the form of the field Vg is indeed preserved by the asymptotic symmetries. The
variation of A is, using (3.28),

5a.A :.A 3¢Y + 8¢AY + 8uAX — 6¢ [a01e_4f006¢Y]. (343)
Decomposing agre~ %00 in modes the same way, one has

SaA = (Am-rim+ X 9uAn)e’ ™+ (agre %), k(n + k)e!" )¢

n

=" (Annim+ X A + (a01e™ )y km) &2 (3.44)

Therefore, the zero mode of A stays constant under the action of the asymptotic
symmetries.

The restriction (3.40) on the boundary conditions (3.21) leads to conserved, integrable
and finite charges. In the following, we compute the algebra satisfied by these conserved
charges.

Algebra. In this section, we compute the algebra of the conserved charges (3.38) together
with the condition (3.40). As in [59], we write an element of the algebra as

a= (&N A) (3.45)
and we use the following bracket
[a,a ] = ([¢, g] 55)\/ Ler A, ﬁgA/ — ﬁg/A) . (3.46)

We define £, = (£,,0,0) where &, = —irne™?0, + ein¢3¢ and by abuse of notation, we
denote py = (94,0,0), go = (0,A,0) and ro = (0,0,A, d¢). The ¢, satisfy a Witt algebra
while the three other symmetries commute with everything.

Now, we consider the algebra of the charges associated with parameters a. It takes

the form
OuHy = {Ha’7 Ha} = H[a,a’}g + K(a, a’) (347)

where the first equality is the usual definition the Poisson bracket of charges.*
First, we compute dy,, Hy, , we get

27
1
Hy, tole + dg 0, |: _ uOlez(n+m)¢+4foo (3.48)
0

167
so the Witt algebra does not pick up a central extension, the extra term being a bound-
ary term.
The expression d,,Hg, gives a zero contribution recalling that the zero mode of A is

independant of wu,

kg X A 2m
SpoHyy = o L2a / dpA=0. (3.49)

*Note that this definition needs to be modified in the presence of non-integrable charges [58], but this is
not the case here.
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Similarly 6qHp, gives
L 2
Opo Hp, = 16n 8u/0 d¢ Voo =0. (3.50)

Finally, 6,H,, gives 0.
The asymptotic symmetry algebra thus consists in a centerless Virasoro algebra sup-
plemented by three exact charges u(1) charges.

4 Solutions in phase space

In the previous section, we have established a phase space including the black string so-
lution. An interesting question is whether there exists other saddle points in the phase
space. We address this question after reviewing other known classical solutions belonging
to the phase space.

4.1 Horne-Horowitz black string

An interesting solution included in the boundary conditions is the Horne-Horowitz black

string, corresponding to solution (2.5a) with a vanishing Maxwell field. In our conventions,’

the Horne-Horowitz black string is

2
ds} =4 (-ﬁ +r (MH + ff)) du? — 2rdudr +4Qurdudg +r*d¢*  (4.1)
H
1 T
¢ = ) log (Z) (4.2)
L*Qu
(Hurgb)H - 2 (4.3)
and corresponds to the point in the phase space with
_ _ 4 Q% ~ 2Qu
fOO—O, U01—2QH7 ‘/OO_L<MH+]\4H> s Q—? (44)

with the other functions and subleading terms set to zero. It naturally fits the general
black-string solution (2.5) with

C2w2
a=0&r_= . ro =My, (=1, w=Qu. (4.5)
+

4.2 Two-dimensional black hole

Switching off the Kalb-Ramond field in the Horne-Horowitz black-string solution, i.e. set-
ting Qup = w = 0, leads to a metric plus dilaton background

ds? = —2rdudr — Ar(r — ]\4}1)du2 + r2de?, (4.6)
and 1
,
=~ log (E) : (4.7)

SWe relegate the details of the transposition of the original expression of [34] to Bondi gauge in ap-
pendix D.
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The metric background in (4.6) together with the dilaton field (4.7) is a remarkable solution,
consisting of a decoupled free (not necessarily compact) direction ¢ together with the two-
dimensional Lorentzian black hole [39].

4.3 Time-dependent solutions

Returning to the equations of motion, it is possible to find more general explicit solutions to
the equations of motion satisfying our boundary conditions [41]. Indeed, the rr-component
of Einstein’s equation and the u-component of Maxwell’s equation, read as follows:

B 1
Tﬁ = é Hoo (9, A4)% + (1 -2, f)? (4.8)

— 1302 Ay 4 120, Ay (=3 + 10, B4r0, f) + 0,05 AgP L + 1202 Ay U
+ 0, Ap(—eP QL2 — 4reP LA, f +130,U + r?U(—3 4+ 70,8 + 419, f)) =0.  (4.9)

Switching off A, turns equation (4.9) into a relation between A, and §. In addition 3
is then given only in terms of the function f.

Furthermore, we restrict f to be a function fyo(¢), motivated by the fact that only
this component of f appears in the charges. The solutions are

§=1og (%) + Foo(u,6), Au = avo(u; 8) + 0or(u,9)- (4.10)

Then, we successively solve E,.4, E, Egy = 0 and J" = 0, and we choose the integration
constant such that the solution is compatible with the phase space (3.21). We get

g =tog (1) ~4fw(0), A, =00
2
U — Qe_4f00(¢)8¢f00(¢) + Qf ,

4 _ kg 1
V=-;01+e 4009 (9 foo(6))?)r + Voo (u, ¢) — (4L30‘01(U )% + ef°°(¢)QQL3> .

(4.11)

and also that F,, = 0 and the dilaton equation of motion are satisfied.
The last unsolved equations are E,, = 0 and J" = 0, being PDEs for Vyp and ag;
respectively. The latter is

3?,0401 + 409,001 — 69 foodsao1 + (8(9yfoo)? — 23(;25f00)0501 =0. (4.12)

We observe that for fyo(¢) being a constant, conveniently chosen to be 1/2log((), the
equation becomes a heat equation whose solution is

ap1 = Z QU €XP < + mqﬁ) (4.13)

Also, E,, turns out to be a heat equation with solution

n2u

Voo = Z Vi exp < o + znq5> (4.14)
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The corresponding time-dependent solution now reads as [41]

2
nTu g on (24
4 5 Vpec "o, kga2e n(<2 uﬁ)

ds? = _PT + % r— 12 + 20402 | du® — 25—2 dudr
+2r Q L dude + 2 de? (4.15a)
A= M du (4.15b)
r
o — —% log (%) + %logg. (4.15¢)

A general solution consists in a superpositions of the above modes, while the black string
corresponds to ay,, V, = 0 for n # 0. This family of solutions deserves further study; this
will be addressed elsewhere.

5 CFT interpretation

As already mentioned, the charged black-string solution, egs. (2.5), was reached as a double
marginal deformation of the SL(2,R) WZW model at level k& with dc = %‘3‘/ = &5, Alter-
natively, in the coordinates at hand, it appears naturally as a double marginal deformation
of the two-dimensional black hole (section 4.2) driven by parafermion bilinears. Although
this discussion falls outside of our main goal in the present work, it is worth making these
statements more precise, as this will help giving another perspective to the new families of

solutions (4.15).

5.1 The two-dimensional black hole as a seed for deformations

Our starting point is the general black-string solution (2.5), described in terms of fun-
damental parameters w, r; and r_. Consider a special locus in the parameter space,

corresponding to
2,2
r_ = Cw and w=0. (5.1)
T+

This configuration has neither gauge field nor Kalb-Ramond. It has dilaton (eq. (2.5b))
and metric (as in (4.6) with general ()

2r 4dr
ds? = —?dudr — ?(r —ry)du? 4 r2de?. (5.2)
It is useful at this stage to move to the string frame (hatted fields) defined by the following

rescaling:
gw/ = e4¢.guu- (53)

The metric (5.2) for the string background subject to (5.1) reads now (we use (2.5b)
in (5.3)):

d.§(2) _ _2L2 (dudr + 2T _rr+ du2> + C2L2d¢2. (54)

r
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The metric background in (5.4) together with the dilaton field (2.5b) is a remark-
able string solution, consisting of a decoupled free (not necessarily compact) boson ¢
together with the two-dimensional Lorentzian black hole obtained as an % gauged
WZW model [39]. More precisely, eqs. (2.5b) and (5.4), where L? is traded with® 2ka/,
provides the leading order in large k of the exact conformal sigma model % xRy. The
corresponding exact background fields can be found in a resummed form for all % orders
in refs. [60, 61].” Observe for further use that the background metric of the charged black

string (2.5a) can be recast in the string frame using explicitly the gauge field A:

4L* k
ds? = ds§ + — (r-du + w(de) du — ZgA2
T
4w(?L? kga? k
_ a2 4 A (wdu + d¢> du + 99 g2 — D9 42 (5.5)
T4 Ty 4

with A and « given in (2.5¢).
Notice finally that under the assumption (5.1) and using (A.8) it is possible to trade
r for v, while keeping ¢, which is identical to :

1 _
vou=g log T T+T+ (5.6)
The two-dimensional black-hole plus free-boson metric (5.4) is then recast as
dudv
A2 Il 2 2
dsg = 2ka ( 471 o2 ) + (°do ) . (5.7)

The question we would like to discuss is how the charged-black-string solution is con-
nected to the two-dimensional black-hole background in terms of exact marginal deforma-
tions in the space of conformal field theories. As opposed to WZW models, gauged WZW
do not possess left and right weight-one currents that enable to build dimension-two exact
marginal operators. Nevertheless, other remarkable chiral operators do exist in these coset

conformal field theories, known as parafermions [62]. For the SL%’R) coset, these are the

Abelian non-compact parafermions, obeying
OUy =0 and 0¥y =0, (5.8)

and generating infinite-dimensional chiral algebras (0 and 0 refer to the world-sheet holo-
morphic and antiholomorphic coordinates z and z). Their semi-classical expressions in
terms of the sigma-model fields v(z, z) and u(z, z) read:

. A .
U, =2y gpe2v=i0 p_ = 94/ TE g2, (5.9)

r T

U, = 24/ kre Qv et = 9,/ ke u e 2t (5.10)
r r

5Tt is customary to choose algebrized units, where o/ =
"Notice that the free boson part ¢ is exact per se.

1
3
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In these expressions, x is a non-local phase. Parafermions are thus non-local objects, which
have non-trivial braiding properties. We will ignore this phase in our discussion.

Parafermions appear in the expression of the energy-momentum tensor. The holomor-
phic component of the latter, for example, reads (using (5.4), (5.6) and (5.9)):

T = 020z = 20/ (U U_ + k(9¢)?) (5.11)

and similarly for the antiholomorphic one. This expression receives quantum corrections
because parafermions have anomalous dimensions: their conformal weights are, at leading
(semi-classical) order in %, h=1+ i for the holomorphic ones, and h = 1 + i for the
antiholomorphic ones [63, 64].

Due to the parafermion anomalous dimensions, left-right bilinears such as ¥, ¥, or
U_VU_ are not marginal (h,h) = (1,1) operators. However, as it was observed in [65, 66],
conformal composite operators based on various elementary fields make it possible to
promote the parafermion bilinears onto marginal operators, by adjusting their conformal
weights.

To that end we should recall that % operators originate from the SL(2, R),-WZW
affine primaries and their descendants. These can be constructed as composite operators

of group elements g(z, z) € SL(2,R). Following the gauging procedure and performing the
SL(2.R)

appropriate gauge fixing, one reaches the fields. As an example, we quote several
such composite operators, corresponding to lowest or highest-level SL(2, R) representations
of lowest spin (the indices refer to the left and right SL(2,R) spin—% projections — the

interested reader can find details for this construction e.g. in [65]):

grr = g =¥ g =g =] (5.12)
r+
This set has semiclassical conformal weight ﬁ. Products of these operators provide further
composite fields. At the semiclassical level their weights are additive, but higher-order %
corrections usually appear.
Besides the % conformal operators, the free boson ¢(z, Z) brings its own tower of
conformal states: the left and right currents, d¢ and 0¢, as well as the vertex operators

V., = &2, (5.13)

of conformal weight ;—}f Notice that v is either real or imaginary.

Let us now turn to the marginal deformations of the % X Ry sigma model de-
scribed in terms of background metric (5.4) and dilaton (2.5b). Remember that the general

sigma-model action reads:

Slz] ! /dz2 (gw,(w) + BW(:JJ))(“)QU“ oz’ — SL /dz2 O(2)R(a).- (5.14)

4o/ T

1
4ol

dgu(x) and 6B, (). Often O(z, %) is factorized in holomorphic/antiholomorphic pieces,

Any dimension-two operator €(z, z), added as [d2? O(z, z), produces a deformation

but this needs not be the case, as we will see here, along the lines of [65, 66]. It is appropriate
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to stress here that gauge fields are introduced as marginal deformations induced by Kaluza-
Klein reductions.® Such a reduction brings an extra term to the world-sheet action S[z]:

_ _ k _
yo / dz? (AJQ + AJ, + 49Jng> : (5.15)

where A = A,0x" is the gauge-field operator and J, = Jy the gauge current realized at
level k, in some internal algebra after the reduction of the fourth dimension along the
coordinate y. The extra term (5.15) creates a gauge field A = A,dz#* and deforms the
metric as

) = () — 24,4, (5.16)

Deformations may or may not be integrable. In the former case, the operator survives
its own perturbation and a continuous line of conformal sigma models is produced. The
investigation of this property lies beyond our scope, and we will limit our presentation
to exhibiting the operators which generate the black string and the charged black string
starting from the free boson plus two-dimensional black-hole background.

The deformed backgrounds have vanishing beta functions, even at lowest order in /.
This is an argument — although not a proof — in favour of the corresponding marginal
operators being exact (integrable). Since the black string and the charged black string are
exact conformal backgrounds (by construction [34, 40]), this argument is very strong. In
the following, we will build a new family of backgrounds by exhibiting a marginal operator
generating a deformation of the free boson plus two-dimensional black-hole. We will not
prove the conformal exactness of the operator, but the finite deformation reached in this
way turns out to be an extremum of (2.1).

Two operators play a role in the investigation of the black string, both marginal in the
semi-classical approximation:

v_v_
Ogy = —5—, (5.17)
93+
U_ _
Opy = ——— k0. (5.18)
9++9+-

With these operators, we can generate three marginal deformations. The starting point is
the two-dimensional black hole with metric and dilaton background (2.5b) and (5.4) (in
the string frame).

1. Adding
0
20/ Gy (5.19)
T+
to the world-sheet Lagrangian® deforms only the metric, by shifting the horizon 7

to ry + org.

8This important issue was originally discussed in [67] and further adapted to this general context
in [68-70].
“Remember that L? ~ 2d/k.
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2. Adding instead

12 W w
200" — | —Oyy +20y4 (5.20)

T+ T+
deforms both the metric and the Kalb-Ramond field B, and allows to recover the
neutral black string (in string frame) (5.5) with dilaton (2.5b) and Kalb-Ramond
field (2.5d). The gauge field (2.5c) vanishes so that r_ takes the value displayed

in (5.1) — with non-zero w though.

3. Finally the deformation'®

kga? - ko . -
99 Ouw + Awdy + Agdy + ~Lydy (5.21)
dkry 4
with v
! _
Ay = — . —— 5.22
m;/kﬁ J++9+- ( )
applied to the neutral black string, switches on the gauge field
2
A= TO‘du, (5.23)

and the string background is given in (5.5) (in string frame) with (2.5b), (2.5¢)
and (2.5d). Hence the parameters « and r_ are related through the identification of
a2kg C2w?

= . 5.24
4L27”+ + Ty ( )

5.2 New deformations beyond the charged black string

Generic case. We will now propose new deformations of the charged black string. These
correspond to the patterns 1. and 3. met above, with the marginal operator Oyy in (5.19)

traded for

2~2 \If,‘i,
Oy =Vygyy 2L (5.25)

and the operator Ay in (5.21) replaced with

/8 2')/2 \Ilf

Ay=———"V, g, ——,
K riVk T gig

(5.26)

where 3 is an arbitrary constant. The composite operator V,, giﬁ has indeed dimension zero
for any real or imaginary 7 (see the weights in (5.12) and (5.13)). We have no proof that
the y-deformations are exactly marginal for v # 0. It turns out that the corresponding
deformed configurations solve the low-energy string equations of motion (as we will see
soon) and this suggests that the operators at hand might be exactly marginal, possibly

after correcting them with higher order % corrections.

0The first term is unnecessary for the purpose of switching on the electric field. It is meant to keep 7
unaltered, which would have been affected otherwise.
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When acting on the charged black string, the operator (5.25) induces a metric defor-
mation only, given in the string frame by
1
§dg% oc —e2 (=27 4y 2, (5.27)
r
The operator (5.26), within the combination (5.15) acting on the neutral black string
deforms both the metric and the gauge field as follows:

2
A = ﬁe%/(@ﬁ—?w)du, (5.28)
r

k 2
5de2 = — gf 2 (Co—27u) 4,2 (5.29)
r

where f is an arbitrary constant deformation parameter.
Putting the above transformations together, we finally find the following exact ex-
tremum of (2.1), expressed in the Einstein frame:

_

2
ds R

A 2, 2 k32
dudr — C—Z <r —ry = Cw ) du® — ie"”(c‘i’_%’“)du2 + dwrdpdu + r2d¢?

(5.30)
with dilaton, Kalb-Ramond field and gauge field given in (2.5b), (2.5¢) and (5.28). The
scalar curvature of the background at hand reads:

2¢2 2ry  2C%w? 5w kB uico
R=-=(4+=F - - V(Co=2vu) ) | 5.31
< * r + i r2 r2r2® ( )

As a closing remark, we would like to stress that the success in generating new families
of exact lowest-order string solutions suggests that the parafermionic operators introduced
so far are indeed exact, up to higher-order % corrections. We should also notice that all of
our deformations can be repeated by trading u for —v. This will provide a kind of mirror
set of solutions. Combining deformations is not allowed, unless the corresponding operators
commute. This is usually not the case and checking it would require to determine operator
product expansions, which is far beyond our motivations here.

Periodic ¢. This is the framework discussed all over the present work, and for that we
need v = iy. The deformed fields read now:

28 ..
A= Tﬁe‘w% cos(29¢¢)du, (5.32)
2r 4r Cw?
ds? = —?dudr e <7‘ —ry — - > du?
k3% s
- CgLQ 877 cos? (27¢ @) du? + dwrdedu + r2d¢?, (5.33)

together with (2.5b) and (2.5¢). The scalar curvature reads:

2,2 2,2 2
=—— <4+ 2y + 20707 56w Kyl 377U 0052(2f~yg¢)> . (5.34)

r Ty r2 r2[2

Solution (5.33) is precisely the saddle point (4.15) found in our general phase-space anal-
ysis, with the identification 27 = n, and after trading the imaginary exponentials for
trigonometric functions.
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6 Thermodynamics

In this section, we focus on the thermodynamic properties of the black string solution (2.5).

This solution has two horizons, at r4, with Bekenstein-Hawking entropies
T

Sy = 57“:& (6.1)

and four exact symmetries, 0,,0g, A and d¢, with four corresponding conserved charges.
First of all, we derive geometrically the thermodynamic potentials. The angular ve-
locity and Hawking temperature at the outer horizon can be easily determined:

2 7, = re=") (6.2)

Qp = —
T Ly Lmry

The electric potential is defined by [71]

4y/r_ry — CPw?
¥ = e Ay, = NI ©3)
g T+

where x is the generator of the horizon, namely %8u — 1 0y. For the B-field, the potential

is given by [72] (the general expression for a p-form can be found in [51])
(6.4)

The exact conserved gravitational charges (mass and angular momentum) associated
to the black string solution can readily be obtained from the general expression (3.36) as

¢

(0ry +6r_) ¢
4

5M:5H1/L8u: 2L 5

—0J = 0Hp, = — (¢ 0w + 26¢w), (6.5)

where the variation of a given solution is taken with respect to its four parameters
(r4,7—,w, (). The finite expressions for the charges are thus given by

(ry+r)  ,_w (6.6)

M =
2L ’ 4

The variation of the electric charge (i.e. the charge associated to the gauge parameter
A =1) is given by

Vg —2w C(w ¢ + Cow) + (rydr_ +7r_0ry)

0QA :=0H\—1 = : 6.7
Qa x=1= g7 N (6.7)
and can easily be integrated to get the electric charge
kg 55 ,

QA = f\/—w C + r_ry . (68)

Similarly, the variation of the B-field charge is defined as
5Qp = 0H _ v (6.9)

B -— A=1/Ld¢p — 413" .
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yielding
w
Q=73
The first law of thermodynamics is a direct consequence of the vanishing divergence
of k(y,0,0)(V,0W) [47, 51, 73, 74], implying in particular that

(6.10)

/ ’f(x,o,O)(‘I’ﬁ‘I’):/ k(y0,0) (¥, 09), (6.11)
Soe s,

where S is the circle at infinity, ¥, the outer horizon and x its generator. The Lh.s.
accounts for the terms
OM — Q. 6J, (6.12)

while the r.h.s. decomposes into various contributions:

/ porav _ T )0 e / K= 0haQp.  (613)
PN 47’+ Yt 4T’+
/ pA re0r— +r_ory — 2wéw _ ‘I’XCSQA, / K2 —0. (6.14)
E+ 47’+ E+

The first contribution turns into the variation of the entropy times the Hawking tem-
perature, while the second and third ones give the A,B-potential times the A,B-charges.
Equation (6.11) then turns into the the first law of thermodynamics at the outer horizon,

M =T8S+ + Q46 + @4 6HA + ©L6HE . (6.15)
An interesting observation is that the Smarr formula for the black string reads as
M=TS+QJ+®,Q4+ P5Q5. (6.16)

This leads to a vanishing Gibbs free energy, defined by Legendre transformations of the
mass for all variables,
G(T,Q,P4,P5)=0. (6.17)

Thus, it enforces a relation among the four potentials. Indeed, they are related as

(I)Z
(I)B:4L<1—L7TT—kg A) . (6.18)

Q 16

This is also realized in the fact that the potentials only depend on the following combina-
tions of black string parameters :—;, %, C.

The property (6.16) is satisfied for systems with a homogeneous scaling in their ex-
tensive variables, which is usually not the case for black objects, see for example the table
p5 of [75]. BTZ black holes satisfy M = %TS + QJ and therefore have a non-vanishing
Gibbs free energy. More general black holes have more complicated Smarr-type relations
(see for instance section IV of [76] for the counterpart in Kerr-Newman-AdS black holes)
and generically non-vanishing free energies as well. This feature clearly deserves more at-
tention and it is left for future works. In particular, it would be interesting to confirm
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the vanishing of the free energy by an direct evaluation of the (appropriately regularized)
on-shell action.
We also note that the variation of M, seen as a function of M (S, J,Q4,Qp), can be

written as ~
1 ATt L Q An L _ ~
oM=|—— 0 —0 1
<7TL 2 ) S+ 5 Q (6.19)
with the effective charge
~ 2
g

Finally, the entropy can be written in terms of the charges as

S:7T2L<M+\/M2—16Q) : (6.21)

This bears some interesting similarities with the entropy of a generic Kerr black hole.
Reproducing this entropy from the symmetries suggested by the asymptotic symmetry
analysis is also left as an open question.

We close this section with a short comment on properties of the inner horizon of the
black string solution. It has been observed over the years that inner horizons seemingly
enjoy thermodynamic properties similar to the ones at the outer horizon [77-80]. On the
one hand, the product of outer and inner horizon entropies appears to depend only on the
quantized charges of the theory and is independent of the mass. On the other hand, inner
horizons satisfy their own first law. These two observations can easily be verified to hold
for the black string solution. Indeed, from (6.1), one gets

S.S_ =471 Q. (6.22)

Then, it can easily be verified that

OM = =T _65_4+Q_0J +D,0Q4+ P50Q5B (6.23)
with )
_ 4/r_ry — (202 2w L
g — Tr 7 ‘PZ _ r_Trg CPw ’ q)]g _ w q ' (6.24)
2 kgr_ T4

Note that (6.19), (6.21) and (6.22) seem to suggest that while Q4 and Qp can be
varied independently, only a particular combination of them (in the form of Q) appears to
be physical and is reflected in the thermodynamical properties of the system.

7 Outlook

The original objective of our work was to determine a consistent phase space containing
three-dimensional black string solutions, determine its asymptotic symmetries, and explore
whether the latter could provide a preliminary explanation of their thermodynamics, in the
spirit of [4] for BTZ black holes. One hope one might have had was to find a BMS3 algebra,
and reproduce, for a black-hole-like object, their entropy through a BMS-Cardy counting
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in three-dimensional-asymptotically flat spaces as has been done for cosmological space-
times [32, 33]. Our results are captured in egs. (3.21), (3.17) and (3.38): the asymptotic
symmetry group consists in a centerless chiral Virasoro algebra, supplemented by three
commuting u(1) charges. We furthermore identified in our boundary conditions various
solutions, both old (Horne-Horowitz black string and its generalization, two-dimensional
Witten black hole) and new (time-dependent), which we interpreted as marginal defor-
mation of the two-dimensional black-hole worldsheet theory. We finally discussed various
thermodynamical properties of the general black string.

We close by listing various questions raised in the course of our analysis, and possible
future directions.

e Phase space content

We have not systematically explored the content of our set of boundary condi-
tions (3.21). In particular, our black string solutions (2.5) have functionally de-
pendent chemical potentials, see (6.18). Do more general black string solutions, with
4 independent potentials, exist?

e More general boundary conditions and symmetries

Determining boundary conditions encompassing a given set of “zero-mode” solutions
is a notoriously difficult task, especially when not knowing what the answer should
be. Also, once a solution to the problem is found, it is not guaranteed to be unique.
This is illustrated in the classic AdS3 setup by the discovery, 25 years after the Brown-
Henneaux boundary conditions [1] of a whole zoo of alternative boundary conditions
(see [19] for a summary). The entropy formula (6.21) is reminiscent of that of a
Warped CFT [81, 82], appearing namely in gravity with boundary conditions with
asymptotic symmetries consisting in the semi-direct product of a Virasoro and an
affine u(1) algebra. Do boundary conditions allowing for these symmetries exist?

e Frames

We have here mostly taken a relativists’ point of view by working with the metric in
Einstein frame (except in section 5). In most contexts, this does not make a difference
because the dilaton is constant. The situation is different here. In [34], the global
structure of the string frame Horne-Horowitz black string was described, and shown
to share similarities with the Reissner-Nordstrgm black hole, where it was dubbed
“asymptotically flat”. It would therefore be interesting to reproduce our analysis in
the string frame. The recent work [83] could be interesting in this regard, also in
relation with T-duality (see below).

e Near-horizon symmetries

The study of near-horizon symmetries as a handle to understand black-hole entropy
underwent recently a renewed interest with the soft hair proposal of Hawking, Perry
and Strominger [14]. It would be interesting to study these for the black string
solution along the lines of [21-23]. Preliminary results (in string frame) have appeared
for the extremal black string in [42].
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e o'-corrections

The solutions presented in this work have the interesting feature of being the target
space of exact string theory backgrounds. The background fields extracted from the
string worldsheet action are however, generically, only valid to lowest orders in o’
and need to be corrected. For Witten’s two-dimensional black hole and the Horne-
Horowitz black string, this was done in [61, 84, 85]. Do these corrections modify the
asymptotic behaviour of the solutions and the corresponding boundary conditions?

o Asymptotic T-duality

Horne and Horowitz showed that the three-dimensional black string and BTZ black
holes can be mapped on each other using a duality transformation [86] (see also [87]
for a recent generalization). As such, they might correspond to equivalent world-
sheet CFTs, and a string propagating on either of the backgrounds might not be
able to distinguish between them. This might sound a bit puzzling as the solutions
have rather different asymptotic behaviors. How to reconcile the fact that “equiva-
lent” solutions from the string theory viewpoint could possibly have rather different
asymptotic symmetry groups? How do Brown-Henneaux boundary conditions map
under duality?

We hope that this work has allowed to set the stage for returning to these questions
in a near future.
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A The original solution in original coordinates

The charged black string of [40] is an exact background, reached by a double marginal
deformation of the SL(2,R) sigma model. Its background fields read:

27,2
9 redr A(r) 9
S e — il — Al
ds TTEING) ( e L2 dt” + 2 dtdz + L2dx (A.1)
and
b= —Liog (A.2)
- 2 Og CL? .
— (2,2
A=t ey, (A.3)
T kg
2
B= QWC dt A dz, (A.4)
where ( \( )
r—r r—r_
A(r) = +L2 : (A.5)

The solution under consideration exhibits a genuine timelike singularity at » = 0,
hidden behind two horizons located at » = ro. In the asymptotic, large-r region, the
metric behaves like

2/ 4
ds® =~ — <—dt2 +dz > + @dr (A.6)

In order to get more insight and ensure regularity at the horizons, it is useful to move to
Bondi coordinates. We define

dt rdr dx wdr
=d _— d —=d¢p— ———
u an ¢ 2L2A(r)

L AL2A(r) L (A7)

so that the metric (A.1) becomes'! (2.5a), whereas the background fields (A.3) and (A.4)
give (2.5¢) and (2.5d). One can also trade advanced for retarded time, introducing new
coordinates v and 1 as:

rdr wdr
— A.
vu/QLQA(,¢¢/L2A (A.8)
On obtains thus
45 = P udr + 4 (07— L A@)) do? 1 dwordods + r2de? A9
S—?UT-F w—? (r) ) dv® + dwrdvdy + r2dy=, (A.9)

whereas
4L fryre — Cw?
r kg

2w(?L?

A= dv, (A.10)

B =

dv A dep. (A.11)

" This resembles the metric considered in ref. [88], with slightly different fall-off though.
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B Equations of motion in Bondi gauge

As shown in appendix A.3 of [43] based on [44], the electromagnetic and gravitational
Bianchi identities imply a hierarchy in the equations of motion to be solved, suggesting to
first solve the four “main” equations F,, =0, J* =0, E,4 = 0 and E,, = 0. Indeed, from
an ansatz for f and Ay, it is possible to determine A,,U, V.

We take the following ansatz for A4 and f

=i

log (

Ap(u,r, @) = aoo(u, @) + ar1(u, @)

r2

2 (r
)+MW¢ﬁ+OC%Q”), (B.2)

)+%mw@i+0<b§“”> B.)

r
log (
r

i~

f(ua T ¢) = fOO(u’ ¢) + fll(u7 ¢)

and we derive the following asymptotic behaviors solving the main equation of motion

log (+ 1 log? (-
5210g<%>+500+511 T(L)—l—,@’mr-FO(TQ(L)) (B.3a)
log® (F log (% log® (4
U = Ujplog <£> + Uoo + U21L(L) + U11og7(L) + U011 +0 <Og2(L)> (B.3b)
L T T T T
1 2(r 1 r 1 3(r
Au:aoo+a21L(L>+a11 Og(L) +Oé()11+0 (OgQ(L)> (B.3C)
T T r T

V =Viirlog (%) + Vor 7 + Vg log® (%) + Vag log? (%) + Violog (%)

—H@+O<mi@v (B.3d)

where all symbols 85, Uij, aj and V; are functions of (u, ¢), expressed in terms of a;j, fij
and the arbitrary functions ngg and mqg, except Boo, Uno, oo and Vpo which are arbitrary
so far. For instance:

Por = —4fo1, Pu=—4fu, (B.4a)

Uro = ™9, (4foo + Boo)
Ui = —4Le”™ (2f010, foo — O for — f1196(4fo0 + Boo))
Uz = —2e7 (2 f110 foo — Op.f11) (B.4b)

1
ag) = 56&’0 (Oga11 + 2a1104(2 foo + Boo))

a1] = eBOO (8¢a01 + a018¢500) + a (Uo() + eﬁ°°8¢(4f00 + ,30[))) (B.4C)
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Vi = %eﬁoo (04800(9(4fo0 + Boo)) + 95(4fo0 + Boo)))

Vor = %%Uoo - %6’600 (e*00 — 3(9y fo0)* + O3 foo)

V3o = 3%6500 ( — 605 fo00 f11 + (89p(fo0)? — 23£f00) Ji1+ agfn)

Voo = %eﬂoo [ — 60 f0005 for + 804 f000s f11 + 204 f1104B00 + fo1(8(Dp foo)? — 23§f00)]
Vio = —%eﬁoo [ — (49 foo + 9Bo0) (g for + Dg.f11) + for (494 foo)® + 203 foo + 85 B00)

— f11 (2 (204 foo + 9Bo0) (404 foo + DpBoo) + 48q25foo + aiﬁoo) ]

— U1 (404 foo + 9gBo0) + 0sUn1
+ f11(—20 (g fo0)* — 40 fooDpBoo + 23§f00) + agfoy (B.4d)

So far, we only took into account the main equations of motion. At this stage, we can
start exploring the remaining ones. The equation for the dilaton at leading, O(logr/r?),
order is

8¢T + T2 — 2T8¢f00 =0 withT := 8¢(4f00 + 500) . (B5)
This equation does not have a ¢-periodic solution'? expect for 7= 0. This leads to
Boo = —4foo + bo(u). (B.6)

This in particular kills the most leading components of V' and U. Using the expressions
for 3, the next leading non-vanishing term of Eg = 0 (order 1/72) yields

8¢U00 + 2U008¢f00 — 20y foo + 2¢P00 (2(8¢f00)2 — a;foo) =0. (B.7)

This is solved by
@
Ugo = Up(u)e 20 4 2e6003¢f00 +e 20y, F,  where F = / e2foo(w.0) gg (B.8)
0

In order for Uy to be periodic, the function fyg is required to satisfy 0, fogﬂ e2foo(u:0) g — (.
Next, J® = 0 implies at leading order O(1/r%) that the leading component of the gauge
field is pure gauge:

Ouapo = Ogp0iop - (B.9)
We have reached the expansion presented in the main part (3.11). We didn’t go

further in the resolution of the equation of motions as the remaining equations involve
either subleading components or non linear partial derivative equations.

2For T # 0, the solution is of the form T = 200 /(K (u) — f‘b e?f00). The ¢-periodicity requires
J 0 g2fo0 — S/ 7 200 which is impossible as the exponential is always positive.
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C Constraints from the computation of charges

In this appendix, we compute the charges of (3.11) for the residual symmetries (3.18), (3.19)
and (3.20). The on-shell constraints do not directly lead to finite and integrable charges.
The strategy we follow is to compute the variation of the charges and demand first that
they are finite, and then integrable.

We also know that we would like to keep the ¢-dependence of Y in (3.18). It implies
that the black string (2.5), and the black string plus finite diffecomorphisms generated by
(Y (u,¢) = F(¢)) have to be included in the phase space. The latter is given by, in terms
of the asymptotic ansatz,

Fl/
foo(¢) = %log(c F'(¢)), U = CF'E ;3 ; Un=2w, Q= 2L% (C.1a)
Boo(@) = —2105(C F'(9)), an = LX) mmE s (C.1b)

Vkq
" " 2
Violu: ) = gy (7 + 7 0F@F ~w ) L V=3 - o (C1o)

L LEF (9}
and all the other functions are put to zero.

We decide to start by examining the constraints coming from the Killing and Maxwell

gauge parameters, i.e.

kg0 (W, 00), (C.2)
where £ is given by (3.18), A by (3.19), ¥ the asymptotically on-shell field configuration
and 6V its variation.

As we will ultimately integrate over the surface at infinity, we only compute the com-
ponent ur of k (3.33). The highest order we get is in r. However, using the EOM for Uy,
it turns out to be a total derivative with respect to ¢ and thus will give a zero contribution
to the charge,

: 6 =05 (pbo(~Uno) + 4 (20, fods foo — Dy0p foo) €4 + B,U0 ) X — ¥ Oybo . (C.3)

where the derivative with respect to p represents the variation § of the field content.
The next order is in log(r/L)? which is again a total derivative,

=05 [X P00 (20 foodp f11 + 40y foo0s f11 + (2050 foo — 88y foods foo) f11 — 8¢8pf11)}
(C.4)

The next order goes like log(r/L)?. The treatment of this term is tedious but we have

24

noticed that only the function Y is present and not its derivative. It means that it is not
rearrangeable as a total derivative, as we chose to discard the case where Y is independent
of ¢. The term proportional to Y is
2 8
B op ke ®J0o
512w L4
+ ( — 40pa1104 foo + Opbo (Opa1r — 4a1104 foo) — 40p foo (Oparr — 4a1104 foo)

[apaoo (8¢a11 - 4a116¢f00) a(2)0

0
+ 8p8¢a11 — 4(1118pa¢f00) CL%O:| -+ 39 pL28 [ (k‘g Q91000 + 2€4f00 U21 LQ)} .
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One choice to cancel this term is to take
a0 =0, U =0 (C.5)

However, Us; is given by (3.11b) and so we have that f1; = Fu(u)leOO. Moreover, (3.11c)
implies that

@00 = o(v) (C.6)
and therefore
A= A(u). (C.7)
Now we consider the rest of the log(r/L)? term. It is
)
g9 72 |0 (ko€ 00 A) 40, (X (w) by e~ Pap oz ) )
+ X (—2Vadpbo + 2apv20)L3} (C.9)

The function g1, given by (3.11c¢), is a total derivative with respect to ¢, as it is the case
for Voo, given by (3.11d), once the conditions (C.5) are imposed. So, the divergence in
log(r/L)? is a total derivative with respect to ¢.

Now we consider the divergent term in log(r/L). The X sector is a total derivative with
respect to ¢ once we use the explicit form of as; and «11. We consider the Y-sector and
we realize that we can only recast one part of the Y-contribution into a total derivative.
The remaining is

opY

e (6p(—2f016¢f00 + 0y fo1) + F110p6¢e2f00) , (C.10)

and the X-sector is

1)
%Xﬁpfoo [e*Qfooero (12(9s fo0)? — 402 foo) +¢2foo (48¢f00U00 — 40y foo+39,Uoo —4eb°) ] Fiy

0
Lo

47TXapf00 |:e2f00 (204 fooUoo — 20y foo + 93Uoo) OpF11 — 2€2f°°3pf003uF11]

opk - -
 TorLz X0 (28¢(—e Ho0agr) + 8y (e boo‘ﬂ))
0 _
+ %X <e4f°° bOUo() (6pb0 — 48pf00) + 86Pf008¢f00) Un

1) _
+ %X |:8pb()V10 L — UooapU1164f00 bo + 48pf008¢U11 — Ome L+ 8¢3PU11 — Opb08¢U11 .

The choice
F11 = 0, f01 = F01(u)ezf0° (C.ll)
makes the Y and X-sectors finite (recalling that Uj; is given by (3.11b) and Vi is now a
total derivative with respect to ¢).
We have restricted our ansatz to ensure that the variation of the charges are finite.

Before tackling the integrability question, we go back to the equations of motions. The
dilaton equation at order 1/r3 now reads

86uF0166f00_bO =0 (C.l?)

and forces us to take Fj; constant.
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With these new inputs, we consider the integrability of charges. The Maxwell part is
integrable,

5H(0)\0) 3970 L2)\/d¢8 (a01 — apie fOOUoo)) . (0.13)

However, only a part of the Virasoro sector is integrable,

1
0H(y,0,0) = T6n /d¢a ( ~bot4foo o Y) , (C.14)

and the remaining term —%eszOFm@p fo004Y is in general not integrable with respect to
p neither a total derivative with respect to ¢. To make it a total derivative, we take Fpy;
independent of p. Thus it has to be the same for any point in the phase space, in particular
for the black string, which has Fy; = 0. So the total Virasoro charge is given by (C.14).

Now, we turn to the X-sector. First, we extract obvious total derivatives and directly
integrable terms,

ﬁ [apVoo L+ 8¢ (apbo Uo — aonl)] . (C.15)

Also, there is only one other term involving Voo, namely —0d,bg Voo. As Vi is non zero for
the solution (C.1), we have to take by independent of p and so by = 0, which is consistent
with the black string. The terms involving «g function are

kg o
07 52 [8¢6 ( 4f00a01a0> + 8p (—a01U00 + 0401) 040] . (C.lﬁ)

The first term is a total derivative with respect to ¢ while the second requires g to be
independent of p and thus is put to zero. Therefore, the gauge parameter of the Maxwell
field becomes a constant A. The last terms of the X-sector are

Op

67 [Uooe 100 (9,Uo1 + 4Up10y foo) — 40y foo (205 fooUo1 + 0Uo1) | (C.17)

which is equivalent to

1)
15; [ U1 (€*700,Un0 + 80 fo00p foo — 40,0 foo) + Op(—40y fooUo1) + ap(eA‘fOOUooUm)] :
(C.18)

We need to make the first term a total derivative or to cancel it. Because of the solu-
tion (C.1), Up cannot be zero and has to depend on p. Thus the braket in the first term
is either zero or it is a total derivative with respect to ¢ along with Uy, being independent
of ¢. Moreover, the function Uy takes the form (3.11b)

Uo = eG(u, ¢) + e, foo  with G(u / DI 4 Ty . (C.19)

So the first braket in (C.18) becomes

e?fo0 (—2G ), foo + 9,G) — 20,0 foo - (C.20)
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The first term is neither a total derivative with respect to ¢ neither can compensate the
second term so it has to vanish, G = 0. Thus, Uy = 0 and

foo = foo(®) . (C.21)

The second term is a total derivative with respect to ¢, which requires Up; to be independent
of ¢. Moreover, with the new constraints, the equation of motion for Uy; becomes 9, Uy =
0. Thus, Uy is a constant which is still consistent with (C.1).

Also, the equation (C.21) implies that the Y function is now only a function of ¢, to
still preserve the asymptotic fall-off of the dilaton. Moreover, studying the preservation of
the ¢-dependence of the uu-component of the metric forces us to take the function X (u)
to be constant X.

Finally, the charge associated to X is integrable and given by

XL 2
H = — . 22
(X,00) = T6+ /o d¢ Voo (C.22)

We have restrained our set of boundary conditions such that the charges associated
to & and A are finite and integrable. Now, we consider the last charge associated to A. It
turns out that the charge is finite and integrable and that only the A = Ay d¢ leads to a

non zero charge,

L (7 9,0
5H(0,0,A¢d¢>):167 ; d¢%A¢- (C.23)

In conclusion, by making choices on some of the arbitrary functions in (3.11), we have
managed to reach a phase space with finite and integrable charges.

D The Horne-Horowitz black string

In this appendix, we explicit the coordinates transformation to reach Bondi gauge for the
Horne-Horowitz black string [34] consisting in the neutral black string (2.5), obtained by

setting a = 0.
In the Einstein frame, the action considered by Horne-Horowitz is
1 1 8
I= Pry=g ([ R+ (VOy)? — - H?*™1 4 —e72%1 ) | D.1
167rG3/w g<+< ) e e (D-1)
To adapt to our conventions, we take
8 4
Oy = 2P - =—=. D.2
H ) k L2 ( )
The non-extremal Horne-Horowitz black string takes the form
Myr? Q?
ds? = r(My —r) dt® — dr? + (r2 — “Hp) da? D.3
= M=) A e ) (M — Q) My (B3)
r
Oy = log (Z) (D.4)
L2
(Htrm)H = T?H ; (D5)
where |Q| < M.
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We reach Bondi gauge with the following coordinate transformation

2
Mg

" — —llog (r— My) i~ | 1 Myt — Qua
4 Q7 2
(g ) V-
H

My Qu log (%
7”_1\/171}{1 QHt — MHiL‘

2(ME—-Qk) 2@z

in which the Horne-Horowitz black string takes the form

o=

2
ds%{ =4 (—1"2 +r <MH + ]CéH>> du? — 2r du dr +4Qur du d¢+r2 dqb2 (D.7)
H
,
Py = log <Z> (D.8)
L?Qu
(Hur¢>)H — ) . (Dg)
It is included in our phase space (3.21) and corresponds to the case:
_ _ 4 Q¥ ~ 2Qu
foo =0, w1 =2Qu, V(JO—L<MH+MH>, Q=75 (D.10)

with the other functions and subleadings put to zero. It is an extremal case from the point
of view of the black string obtained by taking

2
C:17 w:QHy 7’+:MH, 7"_:%. (Dll)
My
Thus, the thermodynamic considerations also hold for the Horne-Horowitz black string in
Bondi gauge. However, an important remark is that the change of coordinates (D.6) is
Horne-Horowitz parameters dependant and so we cannot pretend to describe the thermo-

dynamic properties in the original system of coordinates.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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