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1 Introduction

Field theories in low dimensions can often be realized through compactifications of higher
dimensional models. This point of view clarifies some of the well known properties of
quantum field theories, and also predicts new properties and even new models; for ex-
ample, the appearance of theories which do not have a known semiclassical limit. Such
models are ubiquitous in compactifications of six-dimensional supersymmetric theories to
four dimensions [1].

In this paper we mainly study some of the simpler compactifications. We consider
N Mb5-branes probing a C?/Z;, singularity compactified on a torus. The six-dimensional
theories living on the branes probing the singularity have in general some global symmetry,
which in our case, for general values of N and k, is su(k) x su(k) x u(1). Upon compactifi-
cation we might turn on fluxes for abelian subalgebras of the global symmetry supported
on the torus (see [2] for early work on the subject). Without the fluxes the theories have an
N = 2 supersymmetry and in fact were argued to have infrared free gauge components [3]
(see [4] for various ways to reduce on a torus without fluxes). Turning the fluxes on we
break the supersymmetry to N' = 1. The simplicity of the set-up comes about when we
turn on fluxes only for sub-groups of su(k) x su(k). In such a set-up the compactifications



give rise to theories with known Lagrangians. These turn out to be widely studied toric
quiver theories, albeit with additional singlet fields. We thus obtain a novel parametriza-
tion of such theories labeling them with the number of M5-branes NN, the order of the
orbifold k, and the 2k — 2 discrete numbers defining the fluxes through the torus.

The theories in four dimensions are constructed by studying renormalization group
(RG) flows of a quiver theory with su(N) gauge nodes which together with the matter
fields triangulate the torus and has k gauge groups winding around one of the cycles of the
torus. The number of groups winding around the second cycle is related to the total flux
through the torus. Turning on vacuum expectation values for baryonic operators in the set-
up one obtains theories which correspond to compactifications on a torus with fluxes. The
dictionary between the compactifications and the four-dimensional models was suggested
in [5]. For the dictionary to work one needs to introduce singlet fields coupled through
superpotential terms to gauge invariant objects. These superpotential terms are in general
irrelevant giving rise to free fields in the IR. Thus, although with non-trivial fluxes all the
gauge sectors are UV free, there are generally free chiral fields in the IR.

The dictionary is checked in two main ways. First by showing that the anomalies of
the compactification deduced by integrating the anomaly polynomial from six dimensions
to four are consistent with the four-dimensional construction. Next, the global symmetry
of the theory in four dimensions can be deduced from the compactifiaction details and we
give examples of how this works.

In addition to fluxes for continuous symmetries we can turn on fluxes for discrete
symmetries of the six-dimensional model. The global structure of the flavor symmetry is
(SU(k) xSU(k) x U(1))/Zy,. Turning appropriate Steifel-Whitney classes we obtain a larger
class of models in four dimensions. These fluxes can materialize in different ways. One way
is through fractional fluxes whose quantization is consistent only for (SU(k) x SU(k))/Z.
Another is by switching on almost commuting holonomies around the cycles of the torus,
in the sense that the holonomies commute in (SU(k) x SU(k))/Zj, but do not in SU(k) x
SU(k). In four dimensions this procedure corresponds to constructing the torus by gluing
a triangulated cylinder with a twist.

We also discuss the field theories one obtains with fluxes for all possible u(1) subgroups
in the special case of two Mb5-branes on Zg singularity where the field theoretic construction
is known. Finally we give a prediction for anomalies of theories obtained from six dimen-
sions for general choices of Riemann surfaces. We have no field theoretic constructions in
this case and this will serve as a prediction to be contrasted with future computations.

The paper is organized as follows. In section 2, we discuss the computation of the
anomalies from the six-dimensional vantage point. We consider the anomaly polynomial
of N M5 branes probing a C2/Z;, singularity compactified on a Riemann surface in the
presence of general values of fluxes. We then derive the anomaly polynomial for the four-
dimensional models. The case of a torus is discussed in much detail. In section 3, we
consider the construction in four dimensions which should result in theories correspond-
ing to torus compactifications. We compute the anomalies and see the agreement with
the six-dimensional predictions. In section 4, we detail several examples deriving pre-
cise quiver diagrams and discussing symmetry properties which consistently enhance to



match expectations from six dimensions. In section 5, we discuss compactifications with
Steifel-Whitney classes and the four-dimensional theories related to these. We have two
appendices: in appendix A, we deduce some predictions from six dimensions for anoma-
lies of four-dimensional SCFTs. The appendix B details field theoretic constructions of
strongly coupled models corresponding to compactifications with general fluxes.

2 Anomalies from 6d

We begin our discussion from the six-dimensional perspective. Consider taking N Mb
branes which probe a C?/Z;, singularity and compactify them on a torus. The theory in
six dimensions has su(k), x su(k). x u(l)s symmetry for general value of k and N; here
two su(k) symmetries come from the gauge fields on the C?/Z;, singularity on the left and
the right of the M5 branes, and u(1)s comes from the isometry of the C2?/Z;, singularity.!
Upon compactification we can choose an abelian subalgebra of this symmetry and turn
on fluxes supported on the torus (see for example [5, 6]). As the first Chern classes of
the fluxes have to be properly quantized, the choice gives us models in four dimensions
which are labeled by discrete parameters. We can compute the 't Hooft anomalies of the
theories from the compactification setup by taking the anomaly eight-form polynomial and
integrating this over the torus with the fluxes turned on. This provides a prediction for
the four-dimensional models which we will now deduce.

2.1 Anomaly polynomial of the 6d theory

Let us first consider the anomaly coefficients of the six-dimensional N' = (1, 0) theory which
is a Zj, orbifold of the Ax_1 type N'=(2,0) theory. These are packaged into the anomaly
eight-form polynomial Ig, and can be computed using the methods developed in [7, §],
using the fact that on the tensor branch this theory becomes a linear quiver gauge theory
with gauge group SU(k)V~!. We use the normalization where the bifundamental hyper-
multiplets in the quiver have charge +1 under u(1);. The resulting anomaly polynomial is
as follows:
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'For k = 2 the global symmetry is enhanced to su(2)?, as the isometry of C?/Z is su(2). For N = 2
the global symmetry is enhanced to su(2k). For k = N = 2 the global symmetry is enhanced to s0(7). For
N =1, we have k? six dimensional hypermultiplets which transform as a bifundamental representation of

the global symmetry.



where p1(T) and po(T) are the first and second Pontryagin classes of the tangent bundle,
c2(R) and cq(s) are the second and the first Chern classes of the su(2)r and of the u(1)s
bundles of the 6d theory, respectively, Tr F;* and Tr F* are parametrized below by Chern

roots, and
Feel) = — (8~ Dea(RY — L (12~ Dea(Rypa(T) — =L apu (17 — apo())
24 48 5760
- %CQ(R) Tr F? — %pl(T) Tr F? — %G(Tr F2)? — % Treung Fy, (2.2)
hensor = 5562(R)* + 2R (1) + s (T)? = o (T). (23)

2.2 Mapping the charges in 6d, 5d and 4d

We will match anomalies for various symmetries by performing computations in different
dimensions, thus we will start by matching the symmetries between different dimensions.
Let us map here the charges from 6d to lower dimensions.

6d. We have su(k), x su(k). x u(1)s as the flavor symmetry, in addition to the su(2)g
symmetry. Recall that for N = 1, we have k? six dimensional hypermultiplets which
transform as a bifundamental representation of the global symmetry. Let us say that in
six dimensions the flavor symmetry bundles split, and the Chern roots are given by

bi,...,bg; c1,...,Ck; S (2.4)

respectively, with Y b; = >~ ¢; = 0, so that a component of the bifundamental couples to
the line bundle with the Chern class a; — bj + s. The Chern class c¢;(s) used in (2.1) is
identified with this s. In our normalization,

TrFf =-2) b}, TramaFy =Y b}, TramaFy = Y b}, (2.5)

and
ca(R) = —a2, (2.6)

for the su(2)r bundle with Chern roots (x, —x).

5d. Let us put the 6d theory on S! with a nontrivial holonomy for the flavor symmetry.
Then in the infrared, the 5d theory is dual, in the sense described in [9] as continuation
past infinite coupling, to the circular quiver su(N )”c Call I; the Chern root for the in-
stanton number symmetry of su(N); and ¢t + H; the Chern root for the baryon number
symmetry of the bifundamental between su(N); and su(N);+1, with " H; = 0. From the
discussion in [10], we know that the one-instanton operator of su(N);, that becomes the
raising /lowering operators of the su(k)? flavor symmetry currents, couples to a line bundle
with the Chern class 1

I £ §(NHi — NH; ). (2.7)

This is to be identified with b; —b;_1 and ¢; — ¢j_1. Therefore, we see



Next, to relate ¢ and s, it is useful to consider the Higgs branch of the theory, when
we separate N Mb5-branes. In the following, we will write down some key invariants on the
Higgs branch and specify some of the relations they satisfy. This will be sufficient to derive
the quantum numbers. In the 5d description, one can use the Kronheimer construction for
the N-th symmetric product of C?/Zy: denoting the bifundamental between su(N); and
su(N);41 as ®; and ®;, let diag(z,) = ,;P;, diag(xzq) = @1 - - By, diag(y,) = Py - Dy

They satisfy 7,9, = 2z (with no sum on a). In terms of (u,v) € C2?, we have z = uF,

y = v*, 2 = wv. Now, z and y have the u(1);-charge k. Therefore, v and v have the
u(1)¢-charge 1.

In six dimensions, again when N Mb5-branes are separated, the same Higgs branch can
be found as explained in [11]. Namely, when we denote the su(k)? bifundamental by @, ®,
we have z = Tr &®, 2 = det ®, and y = det ® so that zy = zF. We had declared that ®, P
have u(1)s charge £1, thus =,y have charge £k, thus u,v have charge +1. Therefore, we

can equate the u(1), charge and u(1); charge:
s=t. (2.9)

The su(2)r symmetry in 5d and 6d can be naturally identified so the scalars in the
bifundamental hypermultiplets in the su(N)* quiver are su(2)g doublets.

4d. Now we consider the situation in four dimensions. In the tube theory, most of the
analysis above can be directly applied. The su(2)r symmetry is broken to the Cartan.
We use the normalization where the supercharge has the charge +1 under the remaining
u(1) g symmetry. Here R’ emphasizes that this is a natural R-symmetry coming from the
six-dimensional construction; this generically will not be the superconformal R symmetry
in the infrared, which needs to be determined by the a-maximization [12].

In any case, the bifundamentals in the su(N)* quiver, before the supersymmetry is
broken by half, have the u(1)pg/-charge 1 and the u(1);-charge £1. Then, the surviving
chiral bifundamental in the su(N)* tube theory has the u(1)pg-charge 1 and the u(1)4-
charge 1. Together with (2.8), this data on the tube theory is enough to find the charge
assignment in the Lagrangian class Si theory, as we will see in the next section.

2.3 Anomaly polynomial from 6d

We now compute the anomaly polynomial of the compactified theory from the 6d point
of view. Let N, N, and N, be the numbers of fluxes of the u(1),, u(1).,, and u(1)s
respectively. Let us also denote the first Chern classes of line bundles in 4d as ¢ (R'), ¢1(t),
c1(Bi) and c1(v;). The Chern roots introduced above are related as follows?

ot t
= — — — N.——
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t t

where ca(R) = —22, ca(s) = —c1(s)? = —s? and fcg t=2-—2g.

2When ¢ = 1, ﬁ
proceeding equations hold also for this case.

should mean a two-form whose integral over the Riemann surface is —1. The



By substituting these into the anomaly eight-form and performing the integral over
the Riemann surface fcg Ig, we get
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where Zle c1(Bi) = 0 and Zle c1(v:) = 0. This is the anomaly six-form of the compacti-
fied 4d theory.
Let us now give an expression for a torus without u(1), flux. By setting g = 1 we get

the following anomaly polynomial:
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where Z,’f:l c1(B;) =0 and Zi;() c1(y:) = 0.



The triangle anomaly in the more traditional form Trazyz can be read off by first
substituting ¢; (Br) = — Zf:_ll c1(pi) and the corresponding expression for ¢;(7x), and then
reading off the coefficient of c1(x)c1(y)ci(2). Just to give an example, we have Trt23; =

kN?(Np, — Ny, ).

3 4d theories from tori

3.1 Structure of the 4d quiver theories

We consider now the field theory construction corresponding to tori with fluxes with no
punctures [5]. The models are constructed by first starting from a toric quiver built from
some number of free trinion theories (figure 1), and then by higgsing some of the symmetries.

The free trinion theory corresponds to a sphere with three punctures: two are maximal
and one is minimal, and the u(1); flux Ny = 3 (in the normalization used in [5, 6]). The
maximal and the minimal punctures are associated with su(/N)* and u(1) flavor symmetries
respectively. The former is known to be labeled by the color ¢ € Z; and the sign o
(= +1,-1) [5, 13]; the two maximal punctures associated to the free trinion in figure 1
have the same signs 0 = +1. We assign the canonical R/-charge % to all the fields, and the
other charges are denoted in figure 1.

Gluing of two maximal punctures corresponds to gauging of the su(N)* symmetry of
both punctures. Depending on the signs of the punctures we have two gluings [5, 13, 14]:

e ® gluing: when the two punctures have the same sign, say ¢ = +1, we add an
N =1 su(N)* vector multiplet and bifundamental chiral multiplets between these
gauge factors cyclically, with superpotential coupling of the bifundamentals and the
mesonic operators associated to the punctures; the quiver in figure 1 represents &
gluing.

k vector

e S gluing: when the two punctures are different, we only add an N =1 su(V)
multiplet with the superpotential coupling of two mesonic operators coming from the

two punctures.

These are associated to the theories on a tube without any flux. (See appendix for the tube
theory with u(1), flux.) As already noticed in [6] one can see that the charge assignment is
consistent with the discussion in section 2.2 from 6d. If the two punctures have the same
color this preserves all internal symmetries. However if the two punctures have different
colors then all u(1)g’s are broken.

We here only focus on the ® gluings and construct a quiver theory associated to a torus
with only minimal punctures from a collection of kl free trinions, as in figure 1. When [ is an
integer we can always glue two punctures that have the same color preserving all the internal
symmetries, so the global symmetry of this model consists of u(l)g_1 X u(l)]ffl x u(1); and
Kl u(1)a, symmetries which are associated to minimal punctures.

We obtain models with no punctures by giving vacuum expectation values to kl bary-
onic operators charged under u(1),,; symmetries and introducing certain gauge-singlet chi-



m/(t5)

Figure 1. On the left we have the free trinion. This is a collection of N2(2k) free fields. We organize
these as bifundamentals of two copies of su(N)*. In the picture the circles are su(N) groups and
one has k groups winding around a cylinder. The trinion is associated to a compactification on a
sphere with two maximal punctures (of different color) and a minimal puncture. On the right we
glue trinions together to triangulate a torus. We have [k trinions combined with every ® gluing
introducing bi-fundamental fields which appear as vertical lines in the diagram.

ral multiplets flipping some of the other baryons,® as sketched in figure 2. There are choices
to be made as to which baryons the vacuum expectation values are given and this choice
maps to a choice of fluxes in six dimensions [5]. We will write down the exact correspon-
dence shortly. This procedure produces u(1); flux Ny = —1. After higging all the u(1)q,
symmetries, the u(1)s flux produced is cancelled by the Ny = kl flux of the previous theory.
Then the resulting theory corresponds to a torus with Ny = 0. With u(1), flux the models
do not in general have known regular Lagrangians (see for example the discussion in the
case of k =1 in [15-17]). We will discuss one case with u(1)s flux in appendix B.

Let us make several general observations about these models. The quivers correspond
to tiling of the torus with triangular and square faces. The exact details depend on the
fluxes and in four-dimensional language on the ways we close the minimal punctures. The
theory with the minimal punctures we utilize as a starting point of the construction trian-
gulates the torus. Importantly we supplement the quiver with singlet fields, some of which
might be free and some coupled to gauge singlet combinations of fields through additional
superpotential terms.

Such theories were widely studied in various contexts about ten years ago [18-20].
It is convenient to think about the theories in terms of zigzag paths on the torus. Each
symmetry factor u(1) (with exception of u(1);) corresponds to a loop, zigzag path, winding
around the cycles of the torus. Let us call the cycle around which we have, in the theory in

3By flipping an operator @ we mean the procedure of adding a chiral field Mo to the model with
superpotential W = Mo O.



Figure 2. We get rid of all the minimal punctures by giving vacuum expectation values to baryons.
In every free trinion we give a vacuum expectation value to one of the baryons. The choice of the
baryons is related to the flux and in general different choices lead to different theories in the IR. The
baryons which do not receive a vev but are charged with same charge under the minimal puncture
symmetry as the baryon which does receive vev, are flipped. In the diagrams the fields with a cross
are the baryons which are flipped. In the picture the baryons which receive vacuum expectation
value are weighed as t%B{V/pN, t%fyévaN, tgvéVeN.

the UV, k gauge groups cycle A and the other one cycle B. The UV model then has loops
winding once around cycle A corresponding to puncture symmetries and k loops winding
[ times around each one of the cycles A and B, and [ loops winding —I times around cycle
A and [ times around cycle B. The flow initiated by closing the punctures preserves the
symmetries not associated to the punctures and breaks symmetries associated to punctures.
The pattern of winding of the different lines can be translated to the fluxes. For example,
the torus with no flux is formally mapped to configurations with all windings vanishing.

3.2 Anomalies of the 4d quiver theories

The anomalies for these models can be rather easily derived. For the sake of computation
of the anomalies we do not need to figure out the quiver diagram in the IR of the flow
triggered by vacuum expectation values turned on for baryonic operators when closing
minimal punctures. We can compute these in the UV, making sure to use the symmetries
surviving in the IR and decoupling the relevant Goldstone chiral multiplets. Let us give
the algorithm for computing the anomalies. We will encode all anomalies in the trial
a conformal central charge and in the trace of a trial R symmetry where we will keep
dependence on possible mixing parameters with all the abelian symmetries. We denote the

R charge as
k k kl
R(s",s7,5;,5%) = R + Z S; C]Z + Z s7q] + 519t + Z Sudy » (3.1)
u=1
where qlﬁ, q;, g and ¢ are the charges of u(1 )2_1, u(l)]ff1 u(1); and u(1),,. We have the
constraint S =1 ]ﬂ = Zﬁ 1 8u = 0. The conformal anomaly a of a free chiral multiplet of



R-charge z and of a vector multiplet of group of dimension h are given by

%(3@ —1)?— (2 -1)), ay(h) = S, (3.2)

ay(z) = 16

Then the anomaly of the free trinion is

1 1 1
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where
k k

ST=N"HE Sy => ) (3.4)

u=1 u=1
We note that the color of the maximal punctures is not important in the computation of
the anomaly of the free trinion as it only determines the sequence in which the different
chiral fields are organized together.
The anomalies of each ® gluing of maximal punctures of color ¢ are easily seen to be

k
ag(N, k,c;8°,87, 8) = kay(N? — 1) + N2 Zax(l — S — SB + s/, (3.5)
i=1
3
= Ek:( -1) —|— N2 (l{:st — 3ks} — 32 — 50 )+ Bsy(sh — 52+u)2)> ,

where the indices are summed mod k. These fields are charged under both S and
symmetries and thus the color of the puncture we glue is important for the anomaly. The
anomaly of torus built from ki free trinions is then

Ik
ator(N,k,l,sﬁ,SV,st,{sa} Zat (N, k; §B. s , Sty Say )1 Zag (N, k,i;s?, 7 ,St))
=1 =1
27
ﬁm (ON2(1—52)(s4+1)—8) — G—Nzk(st+1)l(53+52ﬂ)
+ 351N kZ Sa;) +32N (S2-57) jzls% (3.6)
To close minimal punctures we need to substitute s,, = —% — %st - 3}8«“(@') = 5; or

Sq; = % + %st — 3??(7;) = s; and flip the baryons. The specification of the fugacities reflects
the fact that the operators receiving the vacuum expectation values have all their charges
vanishing in the IR. The function F(¢) is an arbitrary function mapping (1, - , k) to itself.
We denote by Qﬁ the number of minimal punctures closed with 55 , and Qz is the same
regarding u(1),,. We denote by Qf = 3% | QB Q¥ = Zu:l Q7.

~10 -



The conformal anomaly a for the torus with no punctures but with fluxes determined
by a choice of F' is then

B Y
atOT,F(NakaQ Q’Y p S’Y )—ator <N7k75\22:_1278673’y78t7504i _>5i>
+ZZQ%¢X2— +ZZQ%X2— sP—s0)  (3.7)
=1 u=1 =1 u=1

where in the second line we have the contribution of the chiral fields which flip the baryons
and in the first line we specialize the parameters of the torus with punctures to be consistent
with vacuum expectation values. Note that in the second line the terms with u = 7 subtract
the Goldstone bosons appearing in the flow as we break some symmetries. This evaluates to

27 2 2 27 2 B8 vy 2 A N3y Yo
(32NI<:( —s7) = 55N (s 52) SN 32N5 Q7,57

(Grra-d- g (g-s) G- Ges)es
+ 3;N2k¢5t ((Q - ?a (M) +(Q% - f-]f, (Sﬂ)2>>
_ 3721<;N3 <<Q” - % (s +(Q° - Q,j (55)3>)

where (---) denotes the inner product of k-dimensional vectors and (s%7)" stands for the
vector whose components are (s} 5, mn,

This expression has several nice features. If one shifts all Q? (or Q]) by some integer
the above does not change. This corresponds to completely closing minimal punctures
with no remaining flux [5]. Taking N = 2 we get an expression which is symmetric under
exchanging all of Qf QB and DV Q]-. This is consistent with the expectation that the
group here is enhanced to 5u(2k) as below these combinations are identified with the fluxes.

The anomalies here are in agreement with the anomalies computed from six dimensions.
The map between the parameters is

vy
M= -2 Ne=2 g v=o (3.9)

We can compute the anomaly b = Tr R’ in addition to the trial a anomaly above.
For the free trinion we obtain that by, = KN 2(st —1). For ® gauging we obtain by =
k(N? — 1) — N%ks;. This is independent of the puncture symmetries and the 3 and ~y
symmetries. The anomaly of the torus with kl free trinions is birus = —k2l. When we
close the minimal punctures we have to flip the baryons and the anomaly is

b(Q7,Q)) = —k(Q" +9°) + k(Q" + Q°) — NK(Q", s7) + NE(Q?, %) (3.10)
= NE(Q7, s7) +(Q7, s%)).

We observe that with our identification of fluxes with multiplicities of the various choices
of closures of minimal punctures all anomalies agree between 4d and 6d.
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We can use the trial a-anomaly we have obtained to compute the conformal anomalies
of the theories. Here we have to be careful as in general the fields which flip the baryons
are coupled through irrelevant interactions and thus are free. One then needs to take this
into account in the computation of the conformal anomalies.

4 Case studies

We construct examples of various quiver gauge theories of class Sy type associated to a torus
for small values of k. We will study in greater detail some of their properties. Specifically
we calculate the superconformal index and test the global symmetry of the 4d fixed point
with that predicted from the 6d construction.

The superconformal index also allows us to compute the dimension of the conformal
manifold of the 4d theory. This can also be predicted based on the 6d construction as done
for the case of N = k = 2 case and Riemann surfaces of g > 1 in [6]. Basically, we expect
an exactly marginal operator for each complex structure modulus, and flat connections for
the global symmetries. For the case of a torus, we always have a single complex structure
modulus. In addition we can also have flat connections for the global symmetries with non-
trivial values around each of the two cycles of the torus. These must be abelian due to the
homotopy group relation of the torus. Thus we see that we get 2(2k — 1) real parameters
or 2k — 1 complex marginal deformations. So to conclude, we expect:

dim(M) = 2k. (4.1)

We can use the 4d superconformal index to check this prediction.

It is instructive to consider the k = 1 case, or more specifically, N' = 4 super Yang-Mills
when considered as the Ay_; (2,0) theory compactified on a torus. In that case, (4.1) gives
a two dimensional conformal manifold which is indeed the known result in N' = 1 class
S [15]. However, it is known that su(N) A = 4 super Yang-Mills has in fact 3 marginal
deformations for N > 2 and just 1 for N = 2. Thus we see that this reasoning might be
too naive for the case of a torus. We start with discussing the ¥ = N = 2 case, and then
move on to discuss the k =2, N =3 and kK = 3, N = 2 cases.

4.1 N=k=2

Consider taking two free trinions and connecting maximal punctures of the same color
together. This results in a torus with two minimal punctures. Then by closing the min-
imal punctures, we can get a theory corresponding only to a torus, as discussed in the
previous section.

First we begin with the theory corresponding to a torus with two minimal punctures
we get by connecting two free trinions. For the purpose of constructing these theories we
will leave N general, setting it to the desired value at the end. The quiver diagram of the
theory is shown in figure 3. It has a cubic superpotential for any triangle. This is the
theory that lives on N D3-branes probing a C3/Zy x Zs singularity and has been studied
in various contexts. See e.g. [21] and references therein.
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Figure 3. On the left is the quiver diagram for the theory one gets when gluing together two free
trions along all maximal punctures for £ = 2. On the right is a table summarizing the charges of the
fields under all the non R-symmetries: the internal u(1)g,u(1),,u(1);, and the minimal puncture
ones u(1)q,u(1l)s. Additionally there is a cubic superpotential for every triangle. Alternatively it
is given by the most general cubic superpotential that is gauge invariant and consistent with the
symmetry allocation in the table. All fields have the free R-charge %

Let us denote the fluxes of the theory associated with the surface by (Ny, N¢, Ng). As
the free trinion has flux (0,0, %) [5, 6], this theory should correspond to flux (0,0, 1).

Next we give a vev to the baryon made from Q1. This corresponds to closing a
minimal puncture. The resulting theory is associated to a torus with a minimal puncture
and flux (3,0, 3).

Further we can give a vev to another baryon, associated with the other puncture. This
will close the other puncture and leads us to a torus with no punctures. We have three
distinct choices for the baryon. These will differ by the flux on the torus.

One choice is to close with the baryon made from Q,. This will lead to a torus with
flux (0,0,0). This theory is somewhat singular and we shall refrain from discussing it for
now. We can also close the puncture with the baryon made from Q1. This will lead to a
torus with flux (1,0,0). The quiver description of this theory is shown in figure 4. One
can see that it resembles an affine A; quiver with additional singlets coupled through a
superpotential. We shall refer to this theory as the affine quiver.

The “affine quiver”. Next we can study some of its properties. Here we shall consider
the simplest though somewhat special case of N = 2, and delay discussion of the higher
N cases to the next subsection. We begin with studying its anomalies. In this case the
full superpotential, including the contribution from the flipping, is cubic, and performing
a-maximization we indeed find that under the correct u(1)g all chiral multiplets have the
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Figure 4. The quiver diagram for the 4d class Sy theory corresponding to a torus with flux (1,0, 0).
Next to the fields are their charges summarized through fugacities. We use mostly standard notation
except for two points: lines from a group to itself represent N2 hypermultiplets forming the adjoint
plus singlet representations of the group; we write an X over a field to represent the fact that
the baryon of that field is flipped. The theory has a cubic superpotential for every triangle which
can also be derived by considering the most general cubic superpotential that is gauge invariant
and consistent with the symmetry allocation. There is also the superpotential term which is not
generally cubic coming from the flipping. All fields, save the flipping fields, have the free R-charge %

free field R-charge % Further we find that:
5 11

a = — C

3’ 6
Note that these are the anomalies for the affine A; quiver in addition to two free

(4.2)

hypermultiplets.* This fact and the values for the R-charges suggest that this theory has
a subspace on its conformal manifold where it is indeed the affine A; quiver gauge theory,
where the supersymmetry enhances to N = 2.

We can also evaluate the index of this theory. Particularly we consider the affine quiver
without the singlets as these are just free fields. The subgroup of so(7) which commutes
with the flux is u(1) x su(2)? and so this is the expected global symmetry. Since without
the singlets the matter content of this theory is the same as the N’ = 2 affine A; quiver,
with global symmetry u(1) x usp(4), the index in fact forms into characters of this group.
We find it is given by:

Affi ivi 2 2 1
RSN = 14 p3g) <25 o mx[lo]uspm) - 25 (»

+pg (1 + X[S]usp(4) - X[]-O]usp(4)) T (4.3)

where X[4]u5p(4) =ty + % + % + % =1, 0]u5p(4)-

1 14
q? +p§q§>

4These are presumably the two chiral fields that accompany the adjoints plus the two chiral fields that
are introduced for the flipping.
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The Higgs branch of this N/ = 2 Affine A; theory was evaluated in [22], see section
5.2.1 and in particular equation (5.19). Furthermore it was found to be the closure of the
next to minimal orbit of usp(4) as in table 3 of [23] and tables 10 and 12 of [24], where
another description sets it as the Zs orbifold of the closure of the minimal nilpotent orbit
of SL(4) (alternatively known as the reduced moduli space of 1 SU(4) instanton on C2).
This emphasizes that the global symmetry on this part is indeed usp(4). The unrefined
Hilbert Series takes the form

2 2, 4
Affine Qui _(1—|—T)(1—|—3’7’ +7')
and it admits the highest weight generating function [24, 25]
i 1
HW G Y (7, 1, pa) = ( (4.5)

1—p372)(1 = p3rt)’
with g1 and po the fugacities for the highest weights of usp(4). From this one deduces the
refined Hilbert series that admits a character expansion

o0 oo
HyZ30 2 (nty) = D ) 2, 2nafugpay 7> . (4.6)

n1=0n9=0

In addition there are the 4 singlets, which in this construction, two are given the charge 32
and two the charge [714‘ Therefore their presence does not interfere with the global symme-
try. Again it is reasonable to expect that at some sub-locus of the conformal manifold these
are indeed free fields and so can be rotated separately leading to additional enhancement
of symmetry. We also note that this structure is common in the so called “ugly” class &
theories where the SCFT is accompanied by additional free hypers whose global symmetry
is identified with part of the global symmetry of the SCFT.

Next we can study the dimension of the conformal manifold for this theory. As the
singlets cannot add additional directions [26], it can be directly read from the index without
them (4.3). Particularly, we look at the pq order terms, which according to a result by [27],
are just the marginal operators minus the conserved currents. For the case at hand we find
that there are 7 marginal operators where one is canceled against the u(1) conserved current
in (4.3). Applying the logic of [26] we find a dimension 3 conformal manifold, reproducing
the result in section 3.2 of [28], along which the symmetry is broken to u(1) x su(2)?. This
is smaller than the 2k = 4 we expect from 6d arguments. This case is thus somewhat
similar to the story for k = 1.

It is instructive to consider this theory as an N = 2 theory which can be constructed
by the compactification of the A; (2,0) theory on a torus with two maximal punctures.
Then the 6d analysis of [15] leads us to expect a three-dimensional conformal manifold, two
directions of which preserve all the symmetries and correspond to the coupling constants
of the two groups while the remaining one preserving only N/ = 1 supersymmetry and
u(1) x su(2)? global symmetry. This agrees with our observation.

The class & and class So theories differ by the existence of the singlets. It is not
difficult to see one can build marginal operators uncharged under the 6d apparent global
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Figure 5. The quiver diagram for the 4d class Ss theory corresponding to a torus with flux
(%, %, ). Next to the fields are their charges summarized through fugacities. The theory has a
quartic superpotential involving the four bifundamentals as well as the superpotential coming from
the flipping. There is also an R-symmetry where it is convenient to give R-charge % to the four

bifundamentals @); and R-charge 2 — % to the flipping fields ¥, ¢.

symmetries. By the logic of [26] this should lead to exactly marginal operators. However,
this fails as these operators in fact become free leading to the appearance of accidental
symmetries invalidating the argument. Therefore we conclude that the 6d expectations
regarding the conformal manifold are too naive, and like the anomaly analysis, can be
modified due to the appearance of accidental symmetries.

The “Klebanov-Witten” theory. We can also close the puncture with the baryon
11
2723
theory is shown in figure 5. One can see that it resembles the Klebanov-Witten model [29],

made from Q. This will lead to a torus with flux ( ). The quiver description of this
but with additional singlets ¢, ¥, coupled through superpotential terms. We shall refer to
this theory as the KW case.

Let us first consider the theory without the singlets. In this case this model is known
to go to an interacting fixed point where the bifundamental fields have R-charge % [29].
Now consider adding the free fields and couple them through the superpotential. The
behavior of the resulting theory depends on the value of N. For N > 2, this superpotental
is irrelevant and the theory should flow to the same fixed point, but with free singlets.
However, for N = 2, this superpotental is relevant and the theory should flow to a new
fixed point. We shall now discuss the latter case in more detail. Note that for this special
case of N = 2, 1 is a 2 x 2 matrix and the notation Q% stands for det Q1, and similarly
for Q2. Each of these terms is invariant under a corresponding su(2) global symmetry and
the global su(4) symmetry which is present in the absence of these terms [30] is broken to
su(2) x su(2) x u(1) in the presence of these terms, where u(1) is the baryonic symmetry
which acts as +1 on ()1 and @2 and as —1 on @3 and Q4.
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First we shall need to perform a-maximization to determine the superconformal R-
symmetry. It is straightforward to see that only the baryonic symmetry u(1)s + u(1), can
mix with the naive u(1)r of the KW model. Thus, we define:

u(1)s +u(l)y

- (4.7)

u(l)’R = u(l)R + «

By performing a-maximization we find o = @ ~ 0.027, so the R-charges change

only slightly compared to their naive value. One can check that all gauge invariant fields

are above the unitary bound so this is consistent with the theory flowing to an interacting
fixed point.

We can next evaluate the anomalies for this theory. Particularly, for the conformal

5 /5 11 /5
a—ﬁ\/g, C_ﬁ 5 (48)

Next we evaluate the index for this theory. First we note that the subgroup of so(7)

anomalies we find:

that commutes with the flux is u(1) x usp(4) so this is the expected global symmetry,
enhancing the global symmetry of su(2) x su(2) x u(1) found above. Indeed we find that
the index naturally forms into characters of this symmetry, where it is given by:

11
I]If/ivg,k:g =1+4p2q>2 (Bz'yz‘i‘ [5]u5p( ytX [4}145;3(4))

53X
’Y
1 13 31
+5272( p2q2 +p2 2)( usp )

- <ﬁ4v4+x[10]ugp Bj x[16],,,

/3’4 T (1+x[14]u5p(4))> .. (4.9)
where x[4]yep(1) = 7 —i— 5+ tﬂ + 2 75+ Note that in (4.9) we have used the naive R-symmetry
so the true R—Charges of varlous operators should be shifted depending on their 8+ charges.

It is interesting that the singlets are necessary to get the enhanced global symmetry
that is required from matching to 6d. They first break su(4) to su(2) xsu(2) xu(1) and then
enhance to u(1) x usp(4) which is evident from the index but not from the superpotential.
This enhancement is only present for N = 2 which is consistent with the superpotential
being relevant only for N = 2.

Another interesting computation is to check the moduli space for the conifold theory at
N = 2. We will use for convenience the map 72 = v/Pq. The theory has a global symmetry
su(4) and the Hilbert series was shown in [30] and particularly in equation 4.16 to admit
a character expansion of the form

6 Conifold e 9] 00
H (T,t,V,B’O =3 S 2y, 2, 0]y 2, (4.10)

N=2 n1=0mn9=0

or alternatively, using the fugacities for the highest weights 1, 2, a highest weight gener-

ating function
1

(1—p3r2)(1 — pdrt)

HWG (7, 1, )y = (4.11)
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These computations lead to a description of the moduli space as the set of all 4 by 4
complex symmetric matrices with rank at most 2. The natural guess after flipping and
symmetry enhancement, with highest weight fugacities v; and vy for usp(4), is given by
the highest weight generating function

1

(1—324272) (1 —1172) <1 — ﬁ%ﬁl/ﬂ?) 7

which leads to an unrefined Hilbert series

14372+ 74

We can also calculate the dimension of the conformal manifold from the index. It is

HWG (1,01, 0, B7) N0y =

(4.12)

again given by the pq order terms under the true R-symmetry. For our case this translates to
the pg order operators which are uncharged under u(1)g,. Thus we find an 11 dimensional
conformal manifold along which the usp(4) group is completely broken. This is greater
than the 4 dimensional one we expect from 6d reasoning. This does not contradict the
6d reasoning since there could be 4d marginal operators with no clear interpretation in
6d. It is somewhat similar to the k = 1, N > 2 case. It is also interesting to compare
this with the 5 dimensional conformal manifold for the conifold theory which was found in
section 2.2 of [28].

Another interesting observation regarding the index (4.9) is the appearance of the 4
dimensional representation of usp(4). This implies that the global symmetry is USp(4) and
not SO(5). This group in 6d comes from breaking the SO(7) global symmetry of the 6d
SCFT. Naively this suggests that this group must be Spin(7) and not SO(7). However, [6]
found various 4d theories, matching 6d compactifications with fluxes that are consistent
only with SO(7). These two observations suggest one of two scenarios. One, the 6d group
is in fact Spin(7) which naturally explains the appearance of the 4 in the index (4.9). Then
the 4d theories with non-standard quantization should be viewed as 4d theories with no
valid 6d origin. An alternative explanation is that the 6d group is SO(7), which naturally
fit the observations of [6]. However in that case one must view the spinors in the 4d
index (4.9) as 4d operators without a 6d origin, similarly to the excess marginal operators
we seem to find for this theory. This interpretation then implies that the 4d theory in fact
undergoes an accidental discrete enhancement of symmetry SO(5) — USp(4).

4.2 N=3,k=2

It is straightforward to also consider other values of N. The case of N = 2 has some
special features that are not present in the general case. We shall now discuss the be-
havior for general N using the example of N = 3 where actual values are needed, like in
index calculations.

The “affine quiver” theory. We start with the affine A; quiver case. The matter
content and charges are as in figure 4. The models contain four singlet fields, two off
which come from the flipping and are coupled through a superpotential. Without this
superpotential, all fields have free R-charges and the theory is expected to sit on the
conformal manifold of the A/ = 2 affine quiver with two free hypers. The superpotential
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involving the flipped fields is irrelevant and so the theory with these terms is expected to
flow back to the N/ = 2 affine quiver with singlets. Therefore, at the fixed point, there will
be additional symmetries rotating the free fields.

We can now consider the index of this theory for the case of N = 3. The 6d global
symmetry for k =2, N > 2 is su(2); x su(2), x su(2)g. This should be broken by the flux
to su(2); x su(2)y x u(1)g which is the symmetry we expect in the 4d theory. We indeed
find that the index forms characters of that symmetry. Ignoring the singlets, as these are
just free fields, we find the index to be:

AR : 2 2 1 4 1 1 4
NS =1+ pigs <2ﬂ4 T (1 +X[3]5u<2>t>> — 262 (piqi +piqh)

1
0 (204 o Ao, Y2, ) + - (4.14)

where X[2lau(z), = £+ and (2o, =7 + .
Additionally there are the 4 singlets which in this construction two are given the charge
% and two the charge % Therefore their presence does not interfere with the symmetry.
We can also compare the dimension of the conformal manifold with the 6d expectations.
Again we find that the dimension of the conformal manifold is in fact greater than what is
expected from 6d.

The “Klebanov-Witten” theory. Next we consider the KW case. As we previously
discussed for N > 2 the superpotential coupling the singlets is irrelevant and the theory
should flow to the KW model with singlets.

Next we evaluate the index for N = 3. The flux in this case is (%, 3

DRIDEI
the 4d theory to preserve an su(2); x u(1) 3 X u(1),p global symmetry. In fact we shall see

0) and we expect

that the KW model shows an su(2); x 5u(2)% x u(1)yg global symmetry which is broken
due to the singlets, at least for N = 3 and to the evaluated order. Thus, this theory may
have a considerable enhancement of symmetry in the IR. As the singlets decouple in the

)

— X[3]Su(2)g> + ... (4.15)

IR we concentrate only on the interacting part, for which we find the index to be:

11 3 3 1
INY o =14 p2q7x 2lau2), X [2]511(2)% +pig* 53 (X [4au(2), + X [4ls0(2)

wR

t

+pq (2 +2X [3lay(2), X [3]51;(2)% = x Bl

where X[2]uz), = ¢+ 7 and X[2a)y = F + 5

In addition there are two free singlets with charges %6 and % These are inconsistent

with 511(2)% implying that it is broken to its Cartan by the superpotential only to return
in the deep IR. This again resembles some situations in class S theories where the global
symmetry of an interacting theory plus hypers is broken by mixing part of it with the
symmetry rotating the hypers.

The results of equation (4.15) agree with the computations in equation 3.83 of [31]
but are still missing two essential operators that transform as x[2]s(2), X[1]su(2) 3 and

X[Lsu(2), X[2]su(2), — the so called non factorizable baryons. It will be interesting to check
B

if higher order computations produce these two essential contributions.
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We can also compare the dimension of the conformal manifold with the 6d expectations.
Again we find that the dimension of the conformal manifold is in fact greater than what is
expected from 6d.

We can in principle look at higher values of N and even the large N behavior. In fact
both of the theories considered here, without the singlets, have well known large N gravity
duals. As the number of singlets is order 1, it is reasonable that most of the properties of
these theories will be well described by the gravity duals. In this regard it is interesting
that both theories are reached by the compactification of the same 6d SCFT on the same
surface differing by order 1 fluxes. The models we consider here correspond to having
vanishing flux for u(1); as in this case we have known Lagrangians. With the flux for u(1),
the models are expected to be strongly coupled, see appendix. The properties of these
two types of models are qualitatively different. For example, the anomalies scale as N? for
the gauge theories we consider here (when the singlet fields are appropriately taken into
account), and are expected to scale as N3 for the strongly coupled types as can be inferred
from the six dimensional analysis. As from the six dimensional perspective we cannot infer
existence of accidental symmetries this is just an expectation which can be invalidated in
several ways.

4.3 N = 2,k = 3, the orbifold C3/Zs X Z3

Finally we consider a case with k > 2 specifically k = 3. We shall keep N general in the
derivation, but for particular examples we shall use N = 2. To derive the theories we
consider taking three free trinions, connecting them together and closing three minimal
punctures. More specifically we shall close two punctures with a vev to baryons charged
under 51 with the same charge.

Now we need to close the final minimal puncture. We consider two different possibili-
ties. First we consider closing the last puncture also with a vev to a baryon charged under
B1 with the same charge as the last two. This is similar to how we got the affine quiver in
the k = 2 case and leads to the theory shown in figure 6.

In this theory all gauge groups see 3N flavors and so are conformal. Thus, without the
flipping superpotential, all field have the free R-charge % The flipping superpotential is
marginal for N = 2 and irrelevant for N > 2 so either way all fields should have R-charge
% under the superconformal R-symmetry. Again for N > 2 this entail an IR enhancement
of symmetry due to the flipping fields becoming free.

We can consider the index for the case of N = 2. Again we shall concentrate on the
interacting part and ignore the singlets as these are free. The 6d global symmetry here
is enhanced to su(6), but our choice of flux breaks it to su(3), x su(2) x u(1); x u(1).
Evaluating the index, we find that it can be written as:

2 2(3 = A1
I]‘:‘/lig,lk:?, =1+p3gs <B% (1 +X [2]511(2)) + 2t2/3%x [3]5u(3)v + tigx [2]5u(2) X [3]511(3)7)

2
+ pq <t3ﬂi” + ilx[ﬁ]su@%) +... (4.16)
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Figure 6. On the left is the quiver diagram for the 4d class S3 theory corresponding to a torus
with only f; flux, while on the right is a table summarizing the charges of the various fields. Note
that several different fields have the same charges and so are represented with the same letter. This
theory has a rather large cubic superpotential involving the 12 triangles in the diagram. Again
these are most conveniently generated by taking all cubic terms consistent with the symmetries.
Additionally there are the superpotential terms coming from the flipping, which in general are
not cubic. It is again convenient to choose the R-symmetry so that all non-flipping fields have
R-charge %

where x([2]eu2) = 6361 + BTlﬂl and x[3leu(s), = 77 +73 + 72—22 Additionally there are 6
2 172

singlet fields, 3 with charge % and 3 with charge 3} 37. These can be written as 333 x[2] su(2)

and so are consistent with the 6d global symmetry.

We can also consider the dimension of the conformal manifold. By the reasoning
of [26], the terms appearing in (4.16) do not contribute any exactly marginal operators
as one cannot form a (; invariant from them. This leaves the marginal operators in the
adjoint of the full global symmetry G which must be present to cancel the contribution of
the conserved currents. These contribute rank(G) = 5 exactly marginal operators. This
again is one less than those expected from (4.1), similarly to the £ =1 and k& = 2 cases.

We can also consider closing the last puncture with a baryon charged under p3. The
resulting flux leads to the symmetry breaking pattern su(6) — su(4) x su(2) x u(1) which
we expect to be the 4d global symmetry. In the field theory the vev leads to a quiver with
an su(N) group with N flavors. This group confines in the IR leading to the identification
of the groups it’s connected to and making the flipping fields massive. After the dust
settles we end with the so called L?2? [20] quiver theory in figure 7. This theory can also
be derived from 4 NS branes on the circle, with two types of orientation.

We next proceed to analyze this theory in detail. First we need to evaluate the confor-
mal R-symmetry. By inspection one can see that there is only one u(1) that can mix with
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Figure 7. The quiver diagram for the 4d class Ss theory corresponding to a torus with two units
of 81 flux and one of By flux. Next to the fields are their charged summarized using fugacities.
This theory has a combination of cubic and quartic superpotential terms. Again these are most
conveniently generated by taking all terms consistent with the symmetries. Additionally there are
superpotential terms coming from the flipping. The theory also has an R-symmetry, a convenient
choice for which is to give all the bifundamentals R-charge %7 and R-charge 1 for the adjoints and
their singlets.

the R-symmetry, which in our notation is u(1)g,. The remaining u(1)’s can be grouped
into 4 baryonic u(1)’s, each rotating one of the four pairs of bifundamentals with opposite
charges while the adjoints and their associated singlets being neutral. Three of these u(1)’s
are combinations of u(1)¢,u(1),, and u(1),, while the last is 2u(1)g, —u(1)g,.

Next we preform a-maximization. We take the R-symmetry to be:

u(1)p = (1) + au(1)g, (4.17)

where we take u(1)p to rotate the bifundamentals with charge % and the adjoints and their
associated singlets with charge 1. The flipping fields attached to the bifundamental then
also have R charge 1 while those attached to the adjoits have R charge 0. Performing the
a-maximization we find that: o = %. With this value we find that a = %.

However with this R-charge the adjoint flipping fields are below the unitary bound.
Therefore the natural conjecture is that these fields become free at some point along the
flow leading to an accidental u(1) that mixes with the R-symmetry. We can now repeat the
a-maximization, but taking these to be free fields where we find: « = @. We find that
all fields have dimensions above the unitary bound and that the superpotential coupling
the flipping fields to the adjoints is irrelevant. All of these are consistent with our claim.
We can also preform a-maximization considering all the flipping fields as free, where we
indeed find that, compared to that point, the superpotential coupling the flipping fields to
the adjoints is irrelevant while the one coupling the flipping fields to the bifundamentals
is relevant.

So to conclude we expect the theory in figure 7 to flow to an interacting fixed point
consisting of the quiver theory, without the adjoint flipping, plus two free chiral fields. We
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next want to evaluate the index of this fixed point. Again for simplicity we shall first ignore
the two free chiral fields. From 6d we expect an su(4) x su(2) x u(1) global symmetry. We
indeed find that the index can be written in characters of this symmetry, where it reads:

N

IMIXQe(%c 3:1+p%q (ﬁ ,8 +/6162X[ ]5u(4)+ﬁ%52X[3]5u(2)>
1
+/B%ﬁ2 <p§q§ +p§q%> (1+X [3]511(2) +X [6]511(4))
+pgq <Bil52 +1+/81 /BZX[ ] )+/8%/622X [3]511(2) X [6]511(4) +/Bil/622x [20/] su(4)

+ 57 82X [2]ou2) (X [ +x[4 ]5u(4)>+2>< [6] 54 +2X [3]5u(2)> +... (418)

3
) + \{3672 Note that here

where x[2luz) = 67 + g and x[dluq) = 5 0F +93 + 52
we have used the naive R-symmetry, not the superconformal one, so the dimensions of
operators are shifted based on their 81 charge.

One can see that, as expected, the u(1) is given by u(1)g, while 2u(1)g, —u(1)g, forms
the non-abelian part. This is apparent as the fugacity of the u(1) is 52/3; so states charged
only under it are invariant under a 2u(1)g, — u(1)g, transformation. Alternatively those
charged only under the non-abelian part are invariant under u(1)g, transformations.

Finally we note that the dimension of the conformal manifold is again greater than

what is expected from 6d.

5 Compactification with discrete twists

For now we were satisfied with the discussion of the symmetries of the models at the level
of the algebra rather than the group. However, the global properties of the group in six
dimensions have far reaching implications as far as the choice of fluxes goes. As we will
next discover the six dimensional constructions have a non trivial global structure which
allows for discrete fluxes to be switched on which in particular break some of the continuous
global symmetry. This procedure has a four dimensional analogue. We turn our attention
to this next.

5.1 6d analysis

Global form of the flavor symmetry. There is no doubt that the 6d A'=(1,0) theory
we have been using in this paper has the flavor symmetry su(k) x su(k) x u(1); at the Lie
algebra level. What is exactly the flavor symmetry group? Let us for now concentrate
our attention to the subgroup connected to the identity, neglecting the u(1); part. On the
generic point of the tensor branch, the theory becomes a linear quiver gauge theory. It
contains a gauge-invariant operator which is a bifundamental of su(k) x su(k), obtained by
multiplying all the bifundamentals of the quiver. This suggests that the group is
SU(k) x SU(k)
Ly,

where the quotient is with respect to the diagonal combination of the two centers.

(5.1)
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If this is the case, on a compactification on 72, we should be able to turn on the
(generalized) Stiefel-Whitney class wa € Zj. In the next subsection, we will find the
corresponding operation in the 4d field theory language, and will check that the anomaly
computed in 4d agrees with the expectation from 6d.

Before doing that, let us remind ourselves the basics of the (generalized) Stiefel-
Whitney class wy of bundles of non-simply-connected groups on T2. (A detailed account
readable for physicists can be found in [32, 33]. For complete generality, the reader should
consult [34].) Let us say we construct a G bundle on T2 by first having a G-bundle on a
rectangle by identifying two sets of parallel edges. This identification involves specifying
the gauge transformation used in the gluing process along the boundary of the rectangle.
This becomes a closed path within the group manifold, which is topologically classified by
71 (G). From this we see that when G' = SU(k)/Zj, the bundle is classified by a number in
Zy. This is the (generalized) Stiefel-Whitney class wy. When the Stiefel-Whitney class of
an SU(k)/Zj, bundle is nontrivial, we cannot think of it as an SU(k) bundle. Next we discuss
two easy ways to construct an SU(k)/Zj bundle with a nontrivial Stiefel-Whitney class.

Flat bundles with nontrivial ws. First are the flat bundles. In this case we have
the holonomy ¢4 along the A cycle and the holonomy gg along the B cycle. They should
commute in SU(k)/Z. In other words, they should commute up to the center in SU(k).
We can easily find such a pair: take

ga = diag(1,w,w?, ...,k 1), w = e*mi/k (5.2)
and
01
01
9B = 01 : (5.3)
1 0

Then we see gagp = wgpga. This corresponds to the Stiefel-Whitney class 1 € Zy, and
for physicists these matrices were familiar from the work of 't Hooft [35]. There is no
unbroken symmetry.

For ¢ € Zj, such that ged(¢, k) = m, one can easily construct g4, gp such that gagp =
wlgpga such that the unbroken symmetry is su(m). This is done by firstly recalling that
SU(m) x SU(n) C SU(k = mn), secondly taking g4, gp in SU(n) with ¢/m € Z,, and
regarding the resulting g4 p as matrices in SU(k). As the SU(m) part is untouched, clearly
the flavor symmetry is su(m).

Abelian bundles with nontrivial ws. Another are Abelian bundles. Let us denote by
T the Cartan torus of SU(k). Then the Cartan torus of SU(k)/Zy is T /Zy.

An Abelian SU(k) bundle is specified by a map U(1) — T. In particular, specifying
one on T? corresponds to specifying a point in a lattice A of rank k—1 that can be naturally
identified with the root lattice of SU(k). They can be thought of as k integers summing
to zero.
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An Abelian SU(k)/Zy, bundle is now specified by a map to T'/Zj. Again it is specified
by a point in a lattice A* again of rank £ — 1, but now identified with the weight lattice
of SU(k). If we use the Chern classes normalized to the subgroup of SU(k), they can now

look rational, with denominator k. The Stiefel-Whitney class can be easily read off by
considering A* /A ~ Z.

6d configuration. So far we talked about SU(k)/Zj bundles, but in fact we need to
consider (SU(k) x SU(k))/Zs bundles. This means that two su(k) parts have the same
Stiefel-Whitney class. For example, one can choose flat bundles for both, Abelian bundles
for both, or a flat bundle for one and an Abelian bundle for the other. The computation of
the 4d anomaly is straightforward: one just has to plug in the Chern classes of the Abelian
parts in the formulas we have been using.

Stiefel-Whitney class and the symmetry of the quiver graph. Now, to bridge
our discussion here to the 4d analysis below, consider first the compactification to 5d.
Let us put the SU(k) holonomy g (5.2) around S'. Then we have a circular SU(N)*
quiver with the same gauge coupling for all groups. Now, the operation gg (5.3) naturally
corresponds to the symmetry of the circular quiver shifting the node by one. Therefore, by
compactifying the 5d theory on an additional S! with a twist rotating the circular quiver,
we can realize the compactification of the 6d theory with a nontrivial Stiefel-Whitney class.

5.2 4d analysis

We have constructed tori theories by combining free trinions in multiples of k. This way
we always glued punctures of the same color and preserve all the internal symmetries. It
is however possible to glue punctures of different colors at the price of breaking some of
the internal symmetry. For example, constructing a loop out of [ free trinions the group is
su(k)y X u(1)e x su(ged(k, 1)) 5. We can then close the punctures and try to identify the six
dimensional compactification leading to such theories.

Gluing two punctures of a single trinion. Let us consider taking a free trinion
and gluing the two maximal punctures to each other. The symmetry preserved here is
su(k)y x u(1); and the puncture symmetry u(1);. The theory is the affine quiver with
k nodes and with a singlet field associated to every node coupling to charged fields the
same manner as the adjoint chirals. The theory is superconformal with the coupling of the
singlet fields being marginally irrelevant leading to them decoupling in the IR as free fields
and the symmetry enhancing in the IR to su(k), x u(1); x u(l){; x u(k) with the last factor
rotating the free fields. The adjoint chiral fields are charged t26~', and the bifundmental
fields between ¢ — 1 and ¢ node have charges t%7; 1§ and Plv;. We can close the minimal
puncture giving a vacuum expectation value to one of the baryons weighed t%'yj_N 5.
Closure of the minimal puncture also entails flipping the rest of the baryons charged under
Vi#j- The model in the IR is the affine quiver with £ — 1 nodes and with singlets. The
bifundamental chirals are charged v, 17]-, pt—q’yi. The singlets are k — 1 having charges ¢ 7]-_1
as the chiral adjoint fields, and k& — 1 chiral fields which flip the baryons and have charges
pq'yiN fyj_N . The chiral fields couple through either irrelevant or marginally irrelevant terms
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k—1 Nodes

Figure 8. Toric quiver obtained by gluing two maximal punctures of the free trinion and closing
the minimal one.

and thus flow to free fields in the IR. The theory in the IR is then a collection of 2k — 2
free chiral fields and the affine quiver with £ — 1 nodes (see figure 8).

The anomalies of this model match the anomalies of six dimensional compactification
with flux £ for u(1); and fluxes —+ for the u(1); with i not equal to j. Such fluxes are
consistent if the group is SU(k)/Zy and is consistent with the general rules of association
of fluxes to flows. This picture also predicts that the affine quiver should have loci on
conformal manifold with the flavor group being su(k — 1), x u(1),; x u(1);. This is not
trivial from the Lagrangian of the theory which for general number of branes exhibits
u(1)* symmetry. The index will be consistent with this claim because the affine quiver has
dualities interchanging minimal punctures. This implies that the index will be invariant
for permutations of ;. This permutation symmetry implies that the index can be written
in terms of characters of su(k — 1)u(1),, parametrized by ;. Moreover at order pq of the
index (when one takes the free superconformal R charges to chiral fields) the index has
only singlets as the only marginal operators and conserved currents at the N' = 2 loci of
the conformal manifold are such. Thus, we expect the index to be consistent with the

enhanced symmetry.

Gluing maximal punctures with a shift. Let us consider another operation we can
legally do on the field theory side. Gluing together two maximal punctures of a given theory
we can twist them relatively to each other. The twist corresponds to matching f; to B4+
and ~y; with 7,4;. This breaks the global symmetry to su(ged(k,w)) x su(ged(k,w)) x u(1).
These operations are considered for toric quivers in [36]. Performing both operation of
gluing punctures with color differing by [ units and twisting with u we obtain the group,
su(ged(k,l,u)) x su(ged(k,u)) x u(l). We can also consider gluing punctures of same
orientation which will exchange roles of 5 and v symmetries.

For the anomaly polynomials that we have computed the effect of the twist and the
gluing is simple. We only have to remove the parameters which correspond to symmetries

— 96 —



B Y&
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Thus we conclude that the anomaly polynomial is still given by the same expressions. This

which we have broken. Namely we need to take sf =s. , and sf oy = s? and s

also means that the matching between the 6d and 4d analysis persists also for these cases.

Matching with 6d. We are now in a position to merge the 4d and 6d observations in
this section to a consistent picture. On the 4d side we observed that we can form a torus
by gluing together [ free trinions and closing the minimal punctures. When gluing to form
the torus we may also twist the gluing by say u units so that in the last gluing we match
Bi to Bity. Either of these breaks the global symmetry unless [, n are a multiplet of k.

For simplicity let us consider each of these separately. First we have seen that if we take
I =n =0 mod k we do not break the Cartan part of the global symmetry and the anomaly
polynomial calculations in 4d and 6d agree. The matching, specifically equation (3.9),
implies that closing a minimal puncture shifts the flux in a U(1) embedded inside one of
the SU(k)’s so that its commutant is SU(k — 1) and that k — 1¥~! 4+ k — 171, In this
normalization the flux is shifted by +, and is only consistent for SU(k)/Zy. As long as
I = 0 mod k the total flux in the anti-diagonal SU(k) is integer. This is a consistent
flux for (SU(k) x SU(k))/Zy. Note that if the fluxes of both SU(k)’s are integer then this
describes an SU(k) x SU(k) consistent flux. However if the fluxes of both SU(k)’s are
fractional then we have a non-trivial Stiefel-Whitney class on the torus that is materialized
through abelian fluxes for both SU(k)’s. This in general breaks the global symmetry to
it’s Cartan subalgebra.

Now let’s consider the case where [ = 0 mod k, but n has a non trivial value. In this
case the global symmetry is broken down at least to su(ged(k,u)) x su(ged(k, u)) x u(1),
and may be further broken to the Cartan due to the fluxes. In this case we identify n with
a non-trivial Stiefel-Whitney class on the torus that is manifested using flat connections for
both SU(k)’s. This naturally accounts for the global symmetry breaking pattern. Also it is
quite natural from the 5d viewpoint. It is also consistent with the matching of the anomaly
polynomial between 6d and 4d as besides the breaking of symmetries this does not effect
either of the calculations. Note that again if the fluxes of both SU(k)’s are fractional then
we have an additional non-trivial Stiefel-Whitney class so that the total Stiefel-Whitney
class, which may be trivial, is materialized partially by flat connections and partially by
abelian fluxes.

Next we consider the case where [ is arbitrary while n = 0 mod k. Now one SU(k) is
broken down at least to su(ged(k,)). We identify ! with a non-trivial Stiefel-Whitney class
on the torus that is manifested using flat connections for one SU(k), the broken one, and
abelian fluxes for the other. This correctly accounts for the symmetry breaking pattern,
and also agrees with the matching of the anomaly polynomial since the two match where
we have fractional fluxes for the unbroken symmetry. Note that the flat connections are
necessary so that the total configuration be consistent with (SU(k) x SU(k))/Zy.

Finally we can consider an arbitrary configuration with any value of [ and n. This
should correspond to the 6d theory on torus with fluxes determined by [ through (3.9) and
with an n Stiefel-Whitney class manifested using flat connections. From the discussion
so far it is apparent that the symmetry breaking pattern as well as the matching of the
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anomaly polynomial are consistent with this. Note that in the generic case the total Stiefel-
Whitney class is manifested using both flat connections and abelian fluxes and may vanish
even when [,n # 0 mod k. We also note that this discussion points out that in order to
specify the 6d configuration we must enumerate the Stiefel-Whitney class in addition to
the fluxes.
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A Anomalies of interacting trinions for general k, N

In section 2, we have obtain the anomaly coeflicients of class Sy theories from the anomaly
polynomial of the six-dimensional theory. By using these, we now predict the anomalies of
the trinion models in this section.

First of all, let us reproduce here the anomalies of the class S; theory associated to
genus g Riemann surface

k? —2)(N —1
TrR = ! I )(29—2), Trt = —k*NN;,
_ 2 2 _ 2 2
E°N(N? -1
Tr Rt = —(6)(29 —2), Trt® = —k*N3N,. (A1)

We omitted the anomalies involving §; and ~; which depend on the su(k)g x su(k), fluxes
for simplicity. By subtracting the contribution of the 3g — 3 tubes from these, one would
get the anomalies of 2g — 2 trinions from which one can deduce the single contribution.

To be more explicit, let us choose the case with the flux associated to the surface Ny =
g — 1. There is a duality frame where the four-dimensional theory consists of 2¢g — 2 trinion
theories, each of which has Ny = 1 and three maximal punctures with ¢ = +1, combined
by 3g — 3 tubes with Ny = 0. The tube is assumed to be the ® gluing corresponding to the
SU(N)* vector multiplets and the bifundamental chiral multiplets between them. Thus
one tube contributes to the anomalies as

TrR =TrR®=kK(N?—-1), Trt=Trt>=—-kN? TrR*=TrRt*=0. (A2
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By subtracting these tube contributions from (A.1) and dividing by (2g — 2), we obtain
the anomalies of the trinion theory with Ny = %:

2_ _ 2_ 2AT 2
o A Gt | A 12)+3l<:(N D o FN 23I<:N |
_ 2( N2 _ _ 2_ 2 2_
Tr R — (N=1)(k“(N +N21)+2) 3k(N 1)7 Tr Rt — k N(]E\if 1)’
2N(N2-1 23 _ 3L N2
e = FNOED), o ENUBNE

Note that these anomalies are independent of the su(k) x su(k) fluxes. For example when
N =k = 2, these are

TrR =-10, Trt=8, TrR®=2 TrR?*t =4, TrRt*=—-4, Trt3=—4. (A4)

Interacting trinions for this case were constructed and studied in [6]. Particularly there are
three theories appearing there that have this u(1), flux, with different su(k) x su(k) fluxes.
These were dubbed T4, T and the so(5) trinion that has a Lagrangian description. In all
three cases the anomalies agree with the result above.
With these anomalies one can obtain those of the trinion with arbitrarily flux N,
associated to the surface, say Ny = 5, which are given by
(k2 —2)(N—1)+3k(N?—1) Tet k*Nn—3kN?
rt=——m"7—7"-—
2 ’ 2 ’
(N-1)(E*(N?24+N—-1)+2)—3k(N?-1) ., K2N(N2-1)
5 ) TrR*t= — 6
k*N(N?-1 k?N3n—3kN?
—(6 ), Trt?’:——n2 5 .

TrR =—

rI\rR/3:

n,

TrR't? = (A.5)

In the same way, the anomalies of the “conjugate” trinon with Ng = —% and the three
punctures with o = —1 can be easily obtained. The answer is simply (A.3) where the signs
of the anomalies involving odd power of t are changed.

We can now subject this construction to the following consistency conditions. Take
2(g—1) trinions, each with some value of the u(1)s flux n;, and glue them together. In this
manner we get a genus g Riemann surface with flux ), n;. Consistency now demands that
taking 2(g — 1) trinions and 3(g — 1) ® gluings we should recover (A.1) with Ny = ). n;.
It is straightforward to show that this is indeed true.

We can further complicate by adding the conjugate trinion. Consider taking 2g—2—a
trinions with fluxes n; and a conjugate trinions with fluxes n; to build a genus g Riemann
surface with flux ) . n; — Zj n;. Punctures of opposite sign are glued together by S
gluing. Now when constructing the Riemann surface we use some combination of ® gluing
of punctures with a positive sign, which contribute the anomalies in (A.2), ® gluing of
punctures with a negative sign, which contribute the anomalies in (A.2) but with ¢ — —¢,
and S gluing which only contributes to the R symmetry anomalies where it gives the same
contribution as in (A.2). In fact we can construct the same theory in different ways using
different combinations of the above. Particularly say we use b ® gluings of punctures with
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a negative sign then we must use 3a — 2b S gluings and 3(g —a — 1) + b @ gluings of
punctures with a positive sign. It is straightforward to show that due to the structure of
the contributions b will drop out as required and further that summing all contribution we
indeed recover (A.1).

It is straightforward to generalize this to more complicated cases. First we can con-
sider trinions with punctures of different signs. We can also consider anomalies involving
the u(1)s, and u(1),, symmetries. These will be sensitive also to the fluxes under these
symmetries, and to the colors of the punctures. These generalizations should be messy,
but straightforward and we shall not carry them out here.

Let us here mention a caveat of the construction. We try to predict the anomalies
of certain trinions under the assumption that these trinion have certain symmetries. It
might happen that the puncture symmetries in certain situations are inconsistent with
preserving some of the u(l)/’gfl xu(1) x u(1)k~! symmetries. Evidence for this was found
in [6] where certain trinions were possible to construct only under assumptions that some
of the symmetries are broken. This should be related to issues with discrete fluxes we
have studied in the previous section and we do not study this question in the current
context here.

B Fluxes for u(1); symmetry for k, N = 2

In the case of two M) branes and Zo singularity we can construct field theories associated
to non vanishing flux of u(1);. These theories do not have a regular Lagrangian descrip-
tion, rather are described by Lagrangians with parameters fine tuned in strong coupling
domain. To construct a general model we first build a theory corresponding to sphere with
two maximal punctures of same color and having a flux corresponding to u(1);. The con-
struction is based on singular Lagrangians one can obtain for models in this class derived
in [6] following [37]. To obtain such a tube model we start with the 74 trinion of [6] which
1.%.1) for (u(1),,u(1)g,u(l)) associated to the surface. Then we flip the sign
of one of the punctures by flipping the mesons corresponding to it [5] (see [16, 17, 27, 38, 39]

has fluxes (

for similar procedure when k& = 1). The procedure of flipping the sign does not change
the fluxes. Then we close the flipped maximal puncture first to minimal with vacuum

expectation value for a meson shifting fluxes with (—%, %, %) Finally we close the minimal
puncture with vacuum expectation value for a baryon shifting fluxes with (0, —%, %) The

theory in the end has two maximal punctures of the same color and flux (0,0,2). We can
then insert this theory in our construction of torus models together with free trinions and
close the minimal punctures to obtain theories with flux for all three symmetries.

We now construct the tube model in more detail. We refer the interested readers for
details to [6] and here we just summarize the construction of the T4 trinion. The T4 trinion
can be built by taking a sphere with two minimal and two maximal punctures and flux
(0,0,1), which is constructed by combining together two free trinions, and tuning to the
point on the conformal manifold of the model where the abelian symmetries coming from
minimal punctures enhance to su(2) x u(1). and gauging the su(2) with special choice of
matter. With that choice of matter the u(1), symmetry enhances also to su(2) and one
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obtains additiona su(2) factor rotating the additional matter fields. We thus obtain model
with three factors of su(2) x su(2) symmetry associated to a triplet of maximal punctures.
We can thus begin our procedure of flipping and closing maximal puncture by closing the
puncture of the sphere with two minimal and two maximal punctures to obtain a sphere
with two minimal and one maximal punctures and then perform the gauging needed to
obtain the interacting trinion.

First we flip the sign of one of the maximal punctures. This is done by flipping the
mesons associated to that puncture [5]. We add singlet fields m; and couple them through
a superpotential to the mesons, W = m- M. Next we close the puncture by giving vacuum
expectation values to a particular combinations of m. As the mesons in the sphere with
two minimal and two maximal punctures are built from Q@ combinations of chiral fields,
the vacuum expectation values induce mass terms for some of the flavors. The sphere with
one maximal and two minimal punctures we obtain thus has Lagrangian in terms of two
su(2) gauge groups each having five flavors and a bunch of singlets.

Let us figure this out in complete detail. The discussion is most easily performed at
the level of the index as it captures all the relevant information. The index of the sphere
with two maximal and two minimal punctures is

pq +1 41 41
. — i) (g ff dwy }’4 dwy Le (7 (B wiwy ) B.1)
z,v,a,b bip) \4q;9q Amiwy Arriw wliQ) T. (inZ) ’

T, (téﬂb 1wfﬂzlﬂ) T, (tifyflbwflzéﬂ) I, <t§’ybw§dzfﬂ) I, (t%ﬂfllflw;lz;l)
I, (tévawlﬂvfl) I (téﬂ_la_lwlﬂvzﬂ) I, (t%,é’a_lw vlﬂ) I, (tév_lawzﬂvzﬂ) .
We flip the z puncture,

Lvas = Te (S /B 2757 Tuvas (B.2)

Then we give vacuum expectation values for the meson weighed %g(zl 29) L. In the index

we compute residue when z; = (%)%Be, 29 = (%)%7*16*1. We also need to introduce
new chiral fields coupling them through superpotential [5]. In the index this amounts

q 32,2 Pq.,—2 2
to multiplying with I'c(pgB%y _2)F qugg ey )F(ezgqgjzefzg. Then we need to give a vacuum
t

expectation value to a specific baryonic operator which amounts to setting € = (ﬁ)%y_l.

We also need to flip the second baryon charged under u(1), by multiplying the index with
Io(pgy*). After all the above manipulations index of the sphere with two minimal and one
maximal puncture we obtain is,

2 2 +2 2
zv,a,b:re<<f;‘g> >re(<p;> () )re(“;? W) Tty (B3

Let us look at Z (12 P2y v o Two of the fundamental fields in the second line of (B.1)

1=5%2=

t
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form mass term and decouple. Thus the index becomes,

% duwy 7{ dw, Te (B (B witwy 1) B
{21—* z2=R1} vab (ps p (459 Amiwy | dmiwe wliQ) r. (inQ) '

2 £ t2
I <téﬁb w; ) I —’y*lbwfl I, (tévbw;ﬂ) I, iﬂflbflwgﬂ
gl Pq s pq
I <t%7awf1 il) <t25 Lo twt gﬂ> I <t%5a_1w§ﬂvfﬂ)f‘ <t27 1aw§ﬂv§t1> .

Which is the index of two copies of su(2) SQCD with five flavors coupled together through
superpotential terms and bifundamental fields.

Finally the index of the tube theory with flux for u(1); and two maximal punctures of
the same color is obtained by gauging the su(2) enhances group of u(1), and u(1), with
appropriate chiral fields,

Y = +1 1
Iyc =T, (t <5’U2) Oh > I, (pqw> (B.5)

2 Te %(57—1051)i1 +1
(p;p) (q;q)%ﬁlﬂjz (t’y T, (Zi2) ) (’YBZ il) C,\/Z02,7/V2/% "

We have T _ TRy written in (B.3). We note that setting 57 to be one the above index

smoothly becomes

(pg)®

2
(r9)* 4
IV’C _>Fe< 2 > ( 6 {z1—> 22—>pq} C,\/Z02,4/v2/% ’B’Y*ﬂ ’

Smooth deformation of this sort breaking symmetry might correspond to marginal defor-

mations. Indeed we do expect to have marginal deformations of this sort which break
puncture symmetries down to the Cartan [6]. We thus have evidence that the tube theory
corresponds to sphere with four minimal punctures and flux two for u(1); when we tune
the couplings to point where the abelian symmetries enhance.

The anomalies of this theory are easily computed from Lagrangian implied by this
index. Let us write the trial a anomaly for the model one obtains gluing together QF + Q7
free trinions and £; tubes with u(1); flux. We then clos minimal punctures to obtain Qg/2
units of § flux and —Q7/2 units of v flux, and 29Q; units of ¢ flux. The anomalies are given,

_ 2@635 (15557 + 05,2 + 9s.” — 5) — 205, (18557 + 185,2 + 65.° —5)  (B.6)
+ 5,07 (9552 + 155,% + 95,2 — 5) ) ,
from which we determine the cubic anomalies which depend on flux of u(1)y,
kips = —32 Q4 kiyy = =32 Q4 ket = —32 Q. (B.7)

We can compute the dependence of TrR on £Q; and get that it is equal to —8s;Q; which
tells us that Tru(l); = —8Q;. All other anomalies do not depend on £;. The anomalies
here coincide with the ones deduced from (2.11).
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