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1 Introduction and summary

The limit of large number of dimensions D concentrates the gravitational field of a black
hole within a short distance ~ 1/D of its horizon, leaving an undistorted background out-
side it [1-3]. Tt is then natural to expect that the black hole and its field can be replaced
by a thin, effective membrane-like object in the background geometry. Equations for this
effective membrane have been recently derived in [4-10], in different formulations and in
regimes that overlap but do not entirely coincide. In particular, ref. [4] obtained fully co-
variant equations for static black holes, both in vacuum (R, = 0) and in (Anti-)deSitter
(Ruv = £Agu.), including leading order and next-to leading order terms in the 1/D expan-
sion. This allows to consider fluctuations on horizon scales of order one, but also of order
1/ VD, as is appropriate, as we explain below, for black branes. These simple covariant
equations were extended in ref. [6] to stationary black holes, but now restricted to vacuum
and to leading order in the expansion. The first formulation to include time dependence
was achieved in ref. [5], working to leading order and for vacuum black holes. It can
describe horizon shapes that vary on length and time scales of order one, and velocities
along the horizon that are also of order one — hence not yet capable of capturing black
brane dynamics. As it happens, in order to obtain the time-dependent effective theory
for the latter, rather than calculating the next-order corrections to the equations of [5],
it is more efficient to solve for a black brane ansatz which readily yields a set of simple
effective equations (for vacuum or Anti-deSitter) that can be easily studied and solved [8].
Similar specific ansatze have permitted to obtain new results for black strings and black
rings [7, 9]. In a sense, the existence of all these formulations reveals a trade-off between,
on the one hand, the goal of a formulation with the highest generality, and on the other
hand, the desirability of simple equations for specific systems, which are easy to derive and
to use for obtaining new results. Hopefully, further advances will combine the best of all
these approaches.

In all cases, the theory is naturally formulated using geometric variables that describe
how the membrane is embedded in the background, plus velocity fields for motion (e.g.,
rotation) along the spatial directions of the horizon. Charge on the black hole brings in an
additional effective field for the charge distribution on the membrane [10].!

A basic question is whether the equations of the effective theory can be understood in
terms of familiar physics. Previous results suggest two different kinds of interpretation:

e refs. [4, 6] find that stationary black holes at large D are solutions of an elastic theory:
the effective membrane must satisfy the equation

K =2yk, (1.1)
where K is the trace of the extrinsic curvature of the membrane, the factor

7=V —gu(1 - v?) (1.2)
accounts for the gravitational and Lorentz boost redshifts on the membrane, and the
constant  is the surface gravity of the black hole. When v = 1 (e.g., static black
holes in a Minkowski background) this is the familiar Young-Laplace equation for
soap bubbles (membrane interfaces).

'Refs. [11-14] study other aspects of charged black holes in the 1/D expansion.
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e The effective theory of large-D black branes must contain hydrodynamic features,
since it is the non-linear theory of the lowest-frequency quasinormal modes of the
brane in the large-D limit. These have been shown in [15, 16] to be precisely, and
only, the modes that at long-wavelengths produce hydrodynamic behavior on the
brane [17-19].

How, then, are these elastic and hydrodynamic viewpoints reconciled? Put pictorially:
are ripples on a black brane like pressure waves on a fluid, or rather like wrinkles on a
membrane?

In this article we reformulate and extend the results in [8] to obtain the large-D ef-
fective theory of black branes — now including charge, in asymptotically flat (AF) or
Anti-deSitter (AdS) spacetimes — in a formulation that incorporates the two perspectives
in a complementary way. That is, we can write the equations for the dynamical evolution
of the black brane in hydrodynamic form, but for stationary configurations they are more
naturally viewed as soap-bubble-type equations like (1.1). These two views (none of which
were manifest in [8]) are complementary in that the same variable is interpreted, in one
case as the energy density of the fluid, in the other case as the ‘height function’ measuring
the deformation of an elastic membrane.? Indeed this reflects a basic feature of black holes:
the same variable that gives their mass also sets the horizon size.

In more detail, by solving the Einstein equations for black branes to leading order in
the 1/D expansion, we obtain a hydrodynamic theory of a compressible, viscous fluid, with
a conserved particle-number current (from the charge density on the brane). Even though
the large-D expansion and the hydrodynamic gradient expansion are different, the effective
fluid stress tensor contains only a finite number of terms beyond the viscous stress, indeed
just a single term with two derivatives of the mass density. Reinterpreting the mass density
variable as the local radius of the horizon, this term completes the extrinsic curvature for
a membrane embedded in a background and yields eq. (1.1) for stationary configurations.

We restrict our analysis to black brane configurations, with spatial horizon topology
RP x SP=P=2 in AF and RP~2 in AdS. The fluctuations occur along the extended brane
directions and have wavelengths ~ 1/ VD (which is the scaling of the sound speed on the
brane). For AF branes the sphere is kept metrically round, and only its size varies. It might
seem desirable to have a more covariant formulation that can account for fluctuations on
scales ~ 1/v/D of the sphere, and more generally not only of black branes, but also of black
holes with, e.g., a topologically spherical horizon SP~2. However, the analysis of linearized
perturbations of spherical black holes reveals that quasinormal modes with partial wave
numbers £ ~ /D do not decouple from the far-zone background, so they are not amenable
to an effective theory [15]. Therefore, the restricted covariance of our ansatz seems to be
an inevitable feature of the effective dynamics for horizon wavelengths ~ 1/v/D.

In addition to black branes with a charge coupled to a Maxwell-type 1-form potential,
often dubbed Reissner-Nordstrom (RN) black branes, we have also obtained the effective

2Despite similarities in wording, this is very different from the blackfold effective fluid on an elastic
membrane [20], and also from the usual membrane paradigm [21-23], which does not possess these elastic
aspects.



theory of black p-branes charged under a (p + 1)-form potential. This extended p-brane
charge cannot be redistributed along the worldvolume and therefore is not associated to
any local degree of freedom for a particle-number density in the effective theory. Both
types of charge modify the tension of the brane, and hence the elasticity of the effective
membrane. They also change the pressure of the effective fluid, and can alter its stability,
as indeed we find.

Additionally, it is also easy to incorporate an external electric field parallel to the
brane, and study the polarizing effect it has on the brane. Similar black hole polarization
in global AdS has been recently studied in [24].

The large-D effective theory of black branes and the hydrodynamic fluid/gravity the-
ories relate and compare to each other in several respects:

e The theories coincide in the regime of common validity of both — i.e., when, on
the one hand, the results of [25, 26] are expanded in the limit of large D, and on
the other hand, the effective theory that we obtain is regarded as a hydrodynamic
gradient expansion.

e The fluid/gravity theories allow to reconstruct all of the spacetime between the hori-
zon and the boundary of AdS or Minkowski. The large-D effective theory would
seem to be more limited since it reconstructs only a region of radial extent ~ 1/D
above the horizon. However, the large-D near-horizon dynamics is decoupled to all
perturbative orders from the far-zone [15], so the spacetime out to the asymptotic
boundary is simply the unperturbed AdS or Minkowski background.

e Both effective theories are limited to wavenumbers k < D /rg (where rg is the hori-
zon radius of the black brane). For hydrodynamics, this limitation is set by the
temperature scale T' ~ D /rq of the fluid, while for the large-D expansion we regard
it as coming from the size O(D/rp) of radial gradients close to the horizon. But
even if neither the fluid/gravity nor the large-D effective theories reach up to mo-
menta k ~ D/rg, we identify important phenomena on black branes that appear for
k ~ v/D/ro. At these scales, the large-D expansion includes all powers of k, while
fluid /gravity hydrodynamics can only capture them order by order. This distinction
constitutes the main of advantage of the large-D theory as compared to hydrodynamic
formulations of black brane dynamics.

The usefulness of the large-D effective theory in capturing finite-wavelength phenom-
ena is shown in this article in the following:

e AF black branes, both neutral and charged, suffer from the Gregory-Laflamme (GL)
instability [27], and we can follow their evolution at large D until they settle down
in a stable non-uniform configuration [28, 29]. The latter can be viewed as an elasti-
cally deformed membrane. When the p-brane charge is large enough, the instability
disappears.



e Reissner-Nordstrom AdS black branes are stable, but we find a phenomenon of
charged silence: the frequency of sound modes is purely imaginary at wavelengths
below a charge-dependent value, and thus sound propagation is shut off.

Both the existence of static non-uniform black branes and the charged silence phe-
nomenon involve finite wavenumbers k ~ /D /7o and cannot be seen in hydrodynamics.

In section 2 we introduce the notion of hydro-elastic complementarity in the large-D
effective theory of neutral black branes. In section 3 we derive the effective theory for
Reissner-Nordstrom black branes (AF and AdS), i.e.,branes with point (Maxwell) charges
coupled to a Maxwell field, and develop their fluid and elastic properties. Section 4 describes
briefly the introduction of an electric field and its polarization effect on the black brane.
Section 5 gives the large-D effective theory of black p-branes with p-brane charge, coupled
to a p + 1-form gauge potential. We briefly conclude in section 6. The appendices contain
side remarks and some technical steps; in particular, appendix D gives a detailed derivation
of the effective equations that follows and extends the approach of [4].

Notation and conventions.
e For AF black p-branes we define
n=D-—-p—3, (1.3)

and for AdS black branes
n=D-1. (1.4)

We will often use n as the large parameter instead of D.

e Many expressions can be given in unified form by introducing a parameter

(1.5)

+1 for AF,
€ =
—1 for AdS.

e We will distinguish physical magnitudes from those of the effective theory, which are
appropriately rescaled by powers of n, by using boldface for the former, e.g., the
energy density p = np. Appendix A summarizes the relations between them.

e We use units where 167G = Q,,,1 = area of the unit S"*!.3

2 Neutral black brane redux: isothermal fluid, elastic membrane

The basic ideas can be most clearly explained by revisiting the effective theory of neutral
black branes, either AF or AdS, that was derived in [§].

3The fact that G ~ Qni1 ~ n~ ™2 — 0 at large n can be related to the vanishing of the gravitational
field outside the near-horizon region [2, 3].



Let us begin by identifying how to take the large-D limit. This can be inferred from

the properties of static, uniform black branes. In Eddington-Finkelstein coordinates, the

AF black brane metric is?

ds* = 2dt dr — (1 — :g) dt? + 6;;do'de? + r*dQp 1 , (2.1)

with spatial indices along the brane

,j=1,....D—n—-3=0p, (2.2)
and in AdS
T . .
ds® = 2dt dr +r? (— (1 - rO) dt* + 5ijdaldaﬂ) : (2.3)
/rn
with
ij=1,....D—2=n—1. (2.4)
In the latter, the cosmological constant is set to A = —n(n —1)/2. As D — oo we will

keep p finite in AF, while in AdS we will assume that the metric functions depend on only
a finite number of coordinates.
The equation of state relating the energy density p = (n + €)r{ and pressure P of the

branes is (using (1.5))
p

6 M
n-+e€

(2.5)

so the speed of sound of long-wavelength perturbations is®

|OP —€
Cg — aip == "t e . (26)

Since ¢, is small when n > 1, we expect the large-n dynamics to be non-relativistic. This

dictates the scalings with n required to capture this physics: we rescale

O.Z

ol = 7 (2.7)

in order to focus on small, O(1/y/n) lengths along the brane, and in addition consider
worldvolume velocities O(1/4/n). Thus we take the metric along brane directions to be®

g0 =0(),  gij, g = O(1/n). (2.8)

Ref. [8] sought solutions in Bondi-type gauge for the AF neutral brane

;o 9 . 1 o
ds®> = —2 (utdt + %da’) dr — Adt* — ﬁCidaldt + ﬁGijdaZdaJ + erQnH , (2.9)

4We denote by t the ingoing null coordinate. When n is large, dependence on t is the same as dependence
on the asymptotic time that measures time in the effective theory.

*Imaginary cs for AF black branes corresponds to the GL instability [19, 20].

6As already mentioned, this scaling is not covered by the analysis of [5, 10].



and the AdS black brane
P 2 A 1 o
ds? = —2 (utdt n %dal) dr + 12 <—Adt2 — ~Cydo'dt + nGideZdJ]> : (2.10)

A convenient way to proceed is to integrate over the sphere 2,11 in the AF case, and over
the cyclic brane directions in AdS, and obtain theories of gravity in the reduced finite-
dimensional spacetimes with a dilaton field for the size of the compactified spaces (see
e.g., appendix B of [4]). The reduced AF and AdS theories can be related by analytic
continuation in n, so only one of them needs to be explicitly solved [30, 31]. One finds that
1/n terms in Gj; must be included for consistency of the Einstein equations at this order.
The solution found in [8] has u; = —1, u; = 0 (by gauge choice), and
1 pi(t, J)pj(t, O’)

p(t, o) '
C; = Gij = 0ij + oLoR

A=1-
R 7 R 7

(2.11)
and finite radial coordinate
R=r". (2.12)

In the AdS solution p; # 0 only along the finite number of non-cyclic brane directions.
Furthermore, the Einstein equations with a radial index imply that the collective fields

p(t,o) and p;(t, o) must satisfy the effective field equations”
Op — 0;0'p = —0;p', (2.13)
Op; — 0;00p; = €Bip — & (p"fj> . (2.14)

Spatial brane indices i, j are raised and lowered with the flat metric ¢;;.

2.1 Isothermal fluid

Egs. (2.13) and (2.14) have the form of continuity equations for p and p;, with [ dPo p and
[ dPo p; being conserved in time. This suggests that we change the variable p’ to v’ as

pi = pv; + Oip . (2.15)
Then (2.13) becomes the continuity equation for mass,
Op+0; (pv') =0, (2.16)
and (2.14) the momentum-stress equation
A (pv") + 95 (pv'v +79) =0, (2.17)

with
Tij = —€p 5@'3’ — 2p8(ivj) — pajai hlp. (2_18)

"We believe these are the conservation equations of the quasilocal stress-energy tensor at R — co (with
appropriate subtraction). However, extracting this stress tensor is subtle [4], so we omit it.



These are the equations of a non-relativistic, compressible fluid with mass density p, ve-
locity v?, and stress tensor 7;5. The first two terms in (2.18) correspond, respectively, to
isothermal-gas pressure

P =—¢p, (2.19)

and to shear and bulk viscosities
_ 1+e€
b

n=p, ¢ n (2.20)

(recall that 6°; = p is finite for the AF black p-brane, but infinite for the AdS brane).
Together with the entropy density and temperature,

1
=4 T=— 2.21
s = dmp, . (2.21)
which satisfy
p="Ts, dp=Tds, (2.22)

these properties reproduce the leading large-n results for AF and AdS black branes in the
fluid /gravity correspondences of [19, 25]. That is, if we take the large-n limit of the stress-
energy tensor of the latter, including up to viscosity terms, and scale physical quantities as
in appendix A, then we obtain the first two terms in (2.18). Negative P for e = +1 gives
rise to the Gregory-Laflamme instability [19, 20].

The constitutive relation (2.18) contains one last term beyond the viscous stress. In
fact, since the large-D expansion and the hydrodynamic gradient expansion are different,
one might have expected an infinite number of higher-derivative terms in 7;;. Remarkably,
the gradient expansion is truncated at a finite order when D — oo. This implies that
an infinite number of higher-order transport coefficients vanish in this limit [19]. In order
to match the last term in (2.18) to the hydrodynamic second-order coefficients computed
in [25] one must focus on the regime where both expansions agree. Hence we must not only
take the large-n limit of [25], but also regard (2.18) as a perturbative gradient expansion,
so that the hydrodynamic equations at first-derivative order can be used to rewrite the
second-order term, with gradients of p, in terms of velocity gradients.

In the hydrodynamic interpretation, the last term in 7;; is associated to creation or
dissipation of density inhomogeneities. But we can also interpret it in other ways. Let us
write its divergence as

57 Y

0; (p&0:1np) = v, (83‘3 Lo ") , (2.23)
i.e., as a term proportional to the gradient of a potential. In this manner we can view this
term as yielding an external gravitational force, proportional to the mass density, acting
on the fluid. However, the origin of the gravitational potential from second derivatives of p
is obscure. Since this rewriting will not be possible for dynamical charged black branes, we
shall not dwell anymore on it. In appendix B we discuss another rewriting of the equations
that leads to a simple but unusual identification of the fluid properties. Next we turn to a
different interpretation.



2.2 Hydro-elastic complementarity

The variable p sets the horizon size R = R, = p in the black brane solutions (2.9), (2.10),
and as such it also determines the radial position of the effective membrane in the back-
ground geometry. Namely, the ‘near-zone’ solutions (2.9), (2.10) are matched to either the
Minkowski background

1 o
ds* = —dt* + —8ijdo’do’ + r*dS 1 +dr?, (2:24)

or to the AdS background

dr

1 o
ds? = —r? (—dt2 - 5ijda’daf> ~ (2.25)
n r
at a ‘membrane surface’ r = r(o), of the form
r" = p(o). (2.26)
When n is large, this is
_ 14 plo) (2.27)
n

which describes small, 1/n deformations of a uniform surface at » = 1. The trace of its
extrinsic curvature, K, and the background gravitational potential /—gy on it are such
that (see appendix C)

1+e 0;07 djpd’
VEga K =+ o - <elnp+ Jp P 32"[)2'0) +0O(1/n). (2.28)
Let us collect the velocity-independent terms in eq. (2.17), and use (2.23) and (2.28) to
write it as

— po; (\/—Qtt K) = 0y(pv;) + &’ (pvivj — 2p8(ivj)) . (2.29)

In addition, if we take the time derivative of (2.28) and use the mass continuity equa-
tion (2.16) we obtain

pO (V=9 K) = 0; (epvi + p@iaj(;wj)> . (2.30)

These equations encapsulate the notion of hydro-elastic complementarity in the neutral
black brane effective theory. Instead of the hydrodynamic equations for the mass and
momentum densities of a fluid we can write the elasticity equations (2.29) and (2.30) for
the time and space derivatives of extrinsic curvature of the membrane, in terms of the
radial variable p and a velocity field along the membrane.

The right-hand sides of equations (2.29) and (2.30) still retain a hydrodynamic flavour.
This disappears, however, for configurations with v® = 0, which must be static and satisfy
the Young-Laplace equation

vV —gu K = constant . (2.31)



Stationary, time-independent configurations, can have v' # 0 as long as there is no viscous
dissipation, i.e., d,vp = 0, or in other words O; + v'0; is a Killing vector. In this case,
using (2.16) and (2.23), we find that eq. (2.17) becomes

v? 0;07p  0;pdp
8i<2+elnp+ PT )—0, (2.32)

which, to leading non-trivial order at large n, is equivalent to

2
g <1 _ ”) K — 2. (2.33)
n

with constant . It is straightforward to check that the latter is actually the surface gravity
of the horizon in (2.9) and (2.10). In terms of the physical velocity v (see appendix A) this

V—gn(1l—v?)K =2k, (2.34)

with equality holding at O(n) and O(1). Thus we have recovered the soap-bubble equa-

equation is

tion (1.1). It can be viewed as the statement that the surface gravity of the stationary
horizon is constant along the brane, even when the horizon itself is not uniform but has
locally-varying extrinsic curvature, and when the time coordinate on the brane is locally
redshifted by Lorentz-boost and gravitational factors, relative to the canonical time of
static observers in the background.

2.3 Static string solutions

For completeness and later reference, we review here the analysis in [4] of static solutions
of (2.32), with v = 0, for which p depends on only one spatial coordinate z. We refer to
these as static string configurations.
Define®
P(z) =Inp(z). (2.35)

From (2.27) we see that P measures the O(1/n) fluctuation of the radius of the membrane.
Eq. (2.32) (with v = 0) can be integrated twice to obtain

%73’2 +U(P)=E, (2.36)

with
UP)=e(P+pye”). (2.37)

Here F and pg are integration constants. We can view this as the classical mechanics of a
particle (the undamped Toda oscillator), with position P, time z, potential U, and energy
E. When pg > 0 the potential has an extremum at e” = py.

Trajectories of the particle with P’ # 0 correspond to non-uniform string profiles. The
potential is dominated by the linear term P for P > 0, and by epge™ for P < 0. Then,
when € = —1 there cannot be any non-trivial, bounded trajectories of the particle, and

8This P is twice the one in [4].
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the only solutions correspond to constant P at a maximum of U where e¥ = p = py > 0.
These are uniform AdS black branes.

When € = +1 and pg > 0 the potential has a minimum where U = 1 + lnpg. The
solution that stays at the minimum is the uniform AF black string, but now periodic
trajectories also exist (for £ > 1+ Inpg), which give non-uniform black string solutions.
Although the equation cannot be integrated exactly, it is easy to obtain analytical approx-
imations and numerical solutions [4], which match very well the profiles that result at the
end of the time evolution of the dynamical equations (2.13), (2.14) [8].

3 Reissner-Nordstrom black branes

We study black brane solutions of
1
I= /de\/—g <R — ZFMNFMN — QA) , (3.1)

with either A =0 or A = —n(n—1)/2. Examination of the properties of the static, uniform
black brane solutions of the theory” at large n shows that, with the scalings in (2.7), if the
charge is to affect the metric at leading order then the gauge potential must be'®

A =0(1), A=0(1/n). (3.2)

A, can be gauge-fixed to zero. Our metric ansatz is the same as in the neutral case,
e., (2.9) for AF and (2.10) for AdS.

We can now solve the Einstein equations for this ansatz perturbatively in the 1/n
expansion. Direct calculation using computer algebra is a quick and efficient method for
getting the solution we give below. However, it is also possible, and at times illuminating,
to solve the equations step by step extending the systematic approach of [4] as we explain
in appendix D.

Our solution to the Einstein and Maxwell equations is

p(t,o) | q(t,0)? q(t,0)* \ pi(t,0)
A=1-"p7+ ore Ci:(l_Qp(t,a)R> R 59
o1 q(t,0)? \ pi(t,o)p;(t,o)

6o =03+ (1 amroR) "
(1= [ ralie R ol L G

q(t,0)

A= —
t R ’

9See e.g., appendices A and B of [32].
193caling the gauge field as A, = O(1/+/n) makes it a test field at leading large-n order. The construction
of charged black branes by Kaluza-Klein reduction of the neutral branes of section 2 results in this theory.

- 11 -



where the collective fields p(t, o), q(t,0), pi(t,o) of the brane must solve the effective field

equations
Oip— 0:0'p = =0’ , (3.6)
@q—&yq——&<€?>, (3.7)
Oipi — 00 pi = —0i(p— — epy) = & [p@pp] +p- <alpp] + 51']2)} : (3.8)

We have defined

ptr = % (,0 +Vp? - 2q2) : (3.9)

The horizon is at R = p4. We could gauge-transform A, to vanish there.

In principle the extremal limit p = v/2¢ is outside the range of validity of the ap-
proximations involved in the derivation. However, the fact that the limit v/2¢ — p of the
effective equations appears to be a smooth one (in particular in AdS) is suggestive that
they may also be applicable at extremality. Nevertheless, a more careful analysis, not done
here, is needed to ascertain this point.!!

3.1 Dynamical fluid

Since eq. (3.6) is the same as the neutral equation (2.13), we change again to velocity
variables (2.15). In addition to the mass-continuity equation (2.16), egs. (3.7) and (3.8)
take the form of charge continuity

Ohq + 9;5' =0, (3.10)
with charge current
ji = qui — p; <q> , (3.11)
p
and the momentum conservation equation (2.17) with stress tensor
Tij = (p— — €p+) 0ij — 2p1.0v5) — (p+ — p-) 9;0iInp. (3.12)
This is a non-relativistic, compressible fluid, with pressure
P=p_—eps, (3.13)

shear and bulk viscosities .
€
n=py, (= P (3.14)

and a conserved particle number (‘baryon charge’) with density ¢. The current (3.11) has

a diffusive term, proportional to the gradient of q/p. If p is uniform then (3.10) is the
conventional diffusion equation for ¢, with diffusion constant equal to one, which drives the

HRef. [33] argues that hydrodynamics applies to Reissner-Nordstrom AdS4 black branes even at T' = 0,
which suggests that the effective large-D theory may have a continuous extremal limit.
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charge density to smoothen uniformly. More generally, when p is not uniform the charge
density ¢ diffuses to become proportional to p. By looking at the equations for a test
Maxwell field on the large-D black brane, one sees that this charge diffusion on a horizon
is essentially the same as in the membrane paradigm [21-23].

As we discussed in section 2, the truncation of the hydrodynamic expansion to a
finite order in gradients is a remarkable consequence of the large-n limit. Up to viscous,
first-order gradients, the hydrodynamic theory that we have found for Reissner-Nordstrom
AF black branes can be recovered as the large-n (non-relativistic) limit of the first-order
hydrodynamics derived for them in [26, 34]. However, the last term in 7;; is new. Unlike
in neutral branes, it cannot in general be written as a gravitational force, but as we will
see next it is crucial for the elastic interpretation.

3.2 Elastic membrane

Eq. (2.30) for the time derivative of the extrinsic curvature was obtained using only the
mass continuity equation (2.16) and therefore applies also for RN black branes. However,
the spatial derivative of the extrinsic curvature does not seem to take, in the general time-
dependent case, as simple a form as (2.29). We will then assume that the system is in a
configuration of stationary equilibrium.

Under the evolution equation (3.10), the charge density diffuses until an equilibrium

o (Z) 0, (3.15)

o; <pi> = 0. (3.16)

P
In addition, when the configuration is time independent and with Killing velocity vector,
divjy = 0, eq. (2.17) takes the form

state is reached with

and hence

2 . .
) <02> +0; ((p— —epy) 8 = (py — p-)¥Dilnp) = 0. (3.17)

When € = +1 we can use (2.23), (2.28) and (3.16) to write this equation as

0 <<”+;p - ;’2) K> = 0. (3.18)

When v = 0 this is equivalent to

K = i/ﬁ = constant, (3.19)
P+ — P~
where « is the surface gravity of the black brane. The equality holds at O(n) and O(1).
When v # 0, and in AdS, K is not simply proportional to a redshifted form of the
surface gravity of the black brane. Effective theory magnitudes like K are measured at the
membrane location in the ‘overlap zone’ at R — oo, while k is measured at the horizon.
The relation between the two, as observed in ref. [4], is simple for neutral black holes in

e.g., Minkowski backgrounds and/or leading large-n order, but not in general.
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Nevertheless, there still is a neat elastic form of the stationary equation for all RN
black branes. For AF black branes, given (3.16), we can redefine

v= |l g, (3.20)
1)

so that we recover the stationary equation in the form

72
1 — — K = constant . (3.21)
n

When € = —1, instead of (3.20) we redefine the lengths

o= [T 5 (3.22)
P

and then the stationary equation can be written as
v2\ -
—9tt <1 — ) K = constant, (3.23)
n

where K is the trace of the extrinsic curvature of the embedding in the background metric
with brane coordinates &°.

Since static charged black branes satisfy the same equation of constant mean curvature
as neutral ones, the non-uniform static black string solutions discussed in section 2.3 give
also the profiles for charged black strings.

3.3 Thermodynamics and the entropy law

For the charged black brane, in addition to the energy density and charge density

p=p++tp—, 4= 2p1p-, (3.24)

we have other local variables, namely the entropy density, temperature, and chemical
potential,

—p_ 2p_
s=4mpy, T:u, ,u:i: il (3.25)

Ampy P+ P+

These are obtained in the conventional manner from the black brane solution, and have
been renormalized by appropriate factors of n to render them finite in the effective theory
(appendix A). As such, they satisfy the generic (non-relativistic) thermodynamic equations

p=Ts+ uq, dp =Tds + pdg, (3.26)

as well as black-hole-specific relations such as n/s = 1/(4r).
Using these expressions we can show that

0 (3)-2 ()0
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and then write the charge current (3.11) in the canonical form

: [
i = avi = g0 (4 28
Ji = qui = rg0i ( 7 (3.28)
with coefficient )
Ts Ts
_(Ls\ Is 3.29
" (p) A (3:29)

A conventional argument now shows that the second law is satisfied in this system. Namely,
the continuity equations for p and ¢, (2.16) and (3.10), together with (3.26), imply that

‘ Hooi (B HN qi (B
8155 + az (SUZ + /iqfﬁz (f)) = /{qai (T) o <T) . (330)
Then we identify the entropy current

jfs) =sv' + mq%ﬁi (%) , (3.31)
and since the right-hand side of (3.30) is manifestly non-negative, it follows that the total
entropy cannot decrease,

Ors + iy > 0. (3.32)

Observe that charge diffusion generates entropy, but viscosity does not: its production of
entropy is suppressed by a factor 1/n.

When the charge is small, so that T's ~ p, the diffusion coefficient (3.29) reproduces
the value k4, = 1/(47) associated to the resistivity of neutral black holes in the membrane
paradigm [21-23].

3.4 Quasinormal modes: Gregory-Laflamme instability (AF) and charged
silence (AdS)

Introduce a small perturbation of the static uniform state,

p = po+ (Sp efiwt+ikjoj ’ (333)
q = qo + 6qe kT (3.34)
Vb = Syt e iwttik;o ’ (3.35)

and solve to linear order in the perturbation. Defining the constants

1 242
ai:<pi> = (12 1-"B) <1, (3.36)
plo 2 Po

we find three different kinds of modes:

Charge diffusion mode. The perturbation has dq/dp # qo/po and the frequency is
w=—ik?. (3.37)

This is the expected purely dissipative mode for charge diffusion.
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Shear mode. The frequency is
w = —ia k?. (3.38)

Since a4 < 1, we find that charge diffuses more quickly than shear.

Sound modes. These have dq/dp = qo/po (so q/p remains constant and there is no
charge diffusion) and frequency

Wy = :tz'k\/ea+ —a_ +k2a® —ia k?. (3.39)
The properties of sound differ markedly depending on whether the brane is AF or AdS:

AF branes: GL instability. When ¢ = +1, whenever k < kgr, = 1 the +-mode is an
unstable mode with real and positive growth rate

Q= —iw, =k\/ay —a_ +k2a® —a k>, (3.40)

This is the GL instability at large D. The threshold wavenumber kg is the same inde-
pendently of charge, and for all 0 < k < kg, the rate Q decreases for larger qo/po. Hence
the presence of charge makes the instability weaker.

AdS branes: charged silence. When € = —1 the sound mode frequencies are

wi = Fky/1 — k26 —ia k?. (3.41)

At long wavelengths sound propagates with the expected speed ¢s = 1, i.e., 1/4/n in
physical units. As k increases the effective sound speed is reduced due to viscous damping,
until a critical wavenumber is crossed,

I (3.42)

beyond which the two sound modes are still stable but their frequency is purely imaginary
so sound does not propagate: the brane is silenced at short scales as a consequence of
charge. In proper physical scales the critical value is

k.= @ (3.43)
a_
(in units 79 = 1), which is a relatively large momentum, but still below the proper scale of
momenta n(ay — a_) at which the 1/n expansion ceases to be applicable.
One might suspect that the effect could be present only when n — 0o, so that at finite
n sound at short scales could be attenuated but not completely silenced. However, the
phenomenon persists at the next order in 1/n. We have computed the 1/n correction to
quasinormal sound frequencies,

we =w) + %w(il) : (3.44)
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with wi)) the values in (3.41). We find

(1) _ k

wi’ =+
(ay —a_)\/1—k2a?

1R (22 K (- g (0= 2es - o))

+k*(ay +a_)In aJF]
ay —a—

+i— 2[4 = 9a_ +2(ay —a_)’a_k?] (3.45)
a4 —a—

(we omit details of the calculation). This correction diverges at k = k., so we should not
trust the result there, but at other momenta it should be reliable as long as |z,u§[1 )| < n.
Under this condition, when k > k. both frequencies wy are purely imaginary.!?

So charged silence may be present at finite n. However, the possibility must be kept in
mind that non-perturbative effects in 1/n may change this conclusion. Unfortunately, there
are no independent calculations at finite n that could decide this issue. Ref. [35] computed
numerically the quasinormal sound frequency for non-extremal RN-AdSy, i.e., n = 3, and
reached a lowest temperature of T' = 0.0109u, for which the critical momentum (3.43) is

k./u = \/nay/2a® = 2.6.'3 This is much larger than the largest momentum, k/u = 0.25,
reached by the quasinormal mode calculation in [35], which did not see the effect.

In the effective theory the phenomenon originates in the damping of sound by viscosity,
which given the truncation of the hydrodynamic expansion at a low gradient order, is not
inhibited by other stronger short-distance physics on the brane.

There is some similarity between this phenomenon and the disappearance of zero-
sound at the transition between the collisionless regime and the hydrodynamic regime, first
examined holographically in [36]. However, zero-sound disappears as a result of increasing
thermal excitations, while in our case hydrodynamic sound is silenced as charge is added
and hence the temperature decreases, so a different microscopic mechanism would seem to

be behind it.

We have also found that the same effect is present, also including 1/D corrections, for
spherical RN-AdS black holes: the lowest gravitational scalar quasinormal modes become
purely damped at finite charge for sufficiently large partial-wave number /.

3.5 Non-linear evolution

It is straightforward to solve numerically the effective equations (3.6), (3.7), (3.8), extend-
ing the study in [8]. The results are qualitatively the same: thin-enough AF charged
black branes are unstable, and they evolve to settle down into static stable non-uniform
configurations with constant K. Uniform AdS black branes are stable.

12 Additionally, Rew+ change sign in a narrow interval of k just below k.. However, n may need to be
very large for the 1/n expansion to be reliable there.
3With our normalization (3.1) for the gauge field, p is twice the one in [35].
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4 Polarized branes

We now want to consider the effect of an external electric field parallel to the brane. We
find that we can include it easily when the gauge field is A; = O(1/4/n). This implies that
the electric charge of the black brane is a test-charge, i.e., it does not affect the geometry.
Nevertheless, the external field does have an effect on the mass, charge and momentum
densities on the brane. In particular, the field can polarize the brane, creating a non-trivial
distribution of charge even in cases where the total charge vanishes.

With this scaling of the field, we find that the leading order metric takes the same
form as in the neutral solution, while the gauge field is

A = ;ﬁ <V(t,a) - q(tF;U)) , (4.1)

where V (¢, o) is the external electric potential. Besides the mass continuity equation (2.16),

the effective equations are

g+ 0;5' = —0; (pd'V) , (4.2)
O (pv*) + 0; (pvivj + Tij) = qo'V,

with the electric current (3.11) and the stress tensor of the neutral black brane (2.18).
The electric field oc 9;V exerts a force on the charge on the fluid but it also effectively
contributes to the current, polarizing it to equilibrium configurations with non-uniform
q/p =V (o) + const.

In a space with o® periodically identified we can introduce a non-trivial periodic po-
tential V', constant in time, and easily solve these equations numerically. For e.g., a brane
initially uniform and with zero total charge, the polarizing effects in AdS show up easily,
creating a stable, periodic non-uniform distribution of mass and charge that follow the
external field.

In AF branes there is a competition between the explicit breaking of translational
symmetry caused by a non-uniform polarizing field, and the spontaneous breaking due
to the GL instability. Numerical study of the evolution under these competing effects
shows that when the polarizing field is small, the final stable static black brane is almost
unaffected by it, but when the polarizing field is large it can completely dominate the
final state.

In the presence of a polarizing field, static solutions p(z) are given by an analysis
similar to section 2.3. For static configurations we set

L-v()-w (4.4)
p
with constant Vj. Integrating twice, and assuming periodicity along z, we get the equation

%P'Q +U(P)+e " / CdEPOVIEV(E) - Vo) = E, (4.5)

with U as in (2.37).
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5 Brane-charged black branes

Now we study p-brane solutions of the action

I= /dD;E\/?g (R — 2(})12)!1{@”}) , (5.1)
which carry p-brane charge under the (p + 2)-form field-strength H, 9 = dBj,;1. We
keep p fixed as the dimension D = n + p + 3 grows large.

In this case we do not consider AdS branes: since their worldvolume has p = D — 2
spatial directions, the field-strength H[, 9 would be a top-form, simply amounting to a
renormalization of the cosmological constant.

5.1 Choice of large-n limit

In order to get oriented about how to take the large-n limit, we study first the static
uniform solutions. At any finite n, refs. [32, 37] give their energy density, pressure, p-brane
charge, potential, temperature and entropy density, in terms of two parameters ryp and «
(ro > 0, |a| < 00), in the form

1
pzr}}n(l—i—NsinhQa—i—) , (5.2)
n
P = —r(1+nNsinh?a), (5.3)
ap = riv/Nnsinh o cosh o, ®, = VN tanh o, (5.4)
T=" (cosha)™, s = 4mri T (cosh )V, (5.5)
d7rg
where we have defined
S + 2 (5.6)
Cp+l o0’ '
The speed of sound is [37]
CQZ(aP> _ 1 1+(2—Nn)sinh®a 5.7)
: . .
op /g, n+11+(2—nN—ﬁ>sinh2a

Let us now take the large-n limit with « fixed, so g,/p and P/p remain O(1). Then
the speed of sound
9 N sinh? o
CcC. =
°* 14 (2— N)sinh?«

+0(1/n) (5.8)

is always positive, i.e., we never expect a GL instability, even though the p-brane is in
general non-extremal. Moreover, we have ¢, = O(1) instead of O(1/4/n), so the system is
relativistic. While there is nothing wrong with this limit, it is a regime of brane physics
different than we are studying in this paper.

*We might consider lower-form fields H, ) in AdS, with p finite as D — oco. In general these introduce
anisotropic worldvolume dynamics, which is beyond the scope of this article. The dynamics could be
truncated to the isotropic sector, but we shall not study this either.
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A different large-n limit is obtained for small charge g,/p = O(1/y/n), i.e., set

e}

= (5.9)

o=

and keep & finite. Then

1— N&2
R L (5.10)
n

is non-relativistic at large n, and can change sign if the charge is large enough. Therefore,
scaling the metric as in (2.8) and the gauge potential By, ) as

Biyi. .or =0 (n_%l) (5.11)

we expect to capture the physics of hydrodynamic sound and the appearance/disappearance
of the GL instability.
5.2 Large D effective theory

Following these arguments, we take the ansatz (2.9) for the metric and

p+1

Btcrl...a'i” =n 2 F‘I(t7 g, R) . (512)
We find the solution
2
p(t, U) Di (ta U) 1pi (tv U)pj (t7 G) - qp(sij
A=1——-—+ Ci= Gij = 0ij + — 5.13
R’ ‘ R 0o p(t,o)R - (513)
g
F== 5.14
R ’ ( )
where now g, is constant and we set u; = —1, u; = constant. We may also gauge-transform

B to make it vanish at the horizon R = p. The effective field equations for p and p’ are
Op — 0;0'p = —0;p' (5.15)

pipj — 430ij
p

2
B a; ; <pipj)
= — = | Op—0 | —). 5.16
( p2> P B (5.16)

The change (2.15) casts these equations into explicitly hydrodynamic form. Besides the

Opi — 0;0'p; = Oip — & (

5.3 Fluid dynamics

usual mass continuity equation (2.16) from (5.15), eq. (5.16) gives

2
O (pvi) + & (—p (1 + Zg) dij + puivy — 2p0;vj) — pd;0j In p) =0. (5.17)

The only change in the effective fluid relative to the neutral one is in the pressure,

q2
P=—p (1 + pg) . (5.18)
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This is indeed the large-n limit of the pressure of the black brane discussed above in
section 5.1, with the appropriate translation between physical and effective magnitudes
(appendix A). The charge g, is a global parameter of the fluid only affecting its pressure,
and not a local degree of freedom. Nevertheless, we can associate to it a ‘local potential’ [37]

By =17 (Bgi . or(R = 00) = Bigi_on(R— p)) = %’ . (5.19)

Since in the large-n limit as we have taken it, the entropy density and temperature of
the effective theory are the same as in the neutral fluid (2.21), ¢, and ®, do not enter the
first and second law of thermodynamics, and the entropy is conserved.

5.4 Elastic interpretation

Eq. 2.29 (with g = —1) applies again to this system and gives 0y K, while eq. (5.17) can
be written in the hydro-elastic form

2
. |
o <(1 - 2n],)02> K) = 0i(pvs) + & (pvivj — 2pdv5)) (5.20)

with the extrinsic curvature of the brane embedding in Minkowski being (C.7). For sta-

2 2
(1 b _ Y ) K =2, (5.21)

tionary branes we can write

C2np?  2n

which expresses how the surface gravity x remains constant over the entire horizon of the
non-uniform, locally boosted brane.

5.5 Sound mode and GL instability

The shear mode is the same as in the absence of charge. Sound modes have frequency

2
wi = Fiky[1— Z’; k2, (5.22)

When g, < p the frequency wy presents a GL instability for wavenumber k smaller than

q2
kar = /1 — p—g, (5.23)

that is, if e.g., a string has length L < 27 /kgr, in units where the horizon radius is
ro = 1, then it is linearly stable. Note that g, = p is not an extremal limit, which instead
corresponds to vV Ng,/p = 1. Since we are taking g,/p = O(1/y/n) we are always far
below this limit. That is, the regime we can access of p < g, < /np is one of black branes
with regular, non-extremal horizons, but stable ones.

Numerical evolution of the non-linear equations (5.15), (5.16) confirms that small per-
turbations of uniform black branes with g, < p grow and evolve until a static non-uniform
solution is reached, while if g, > p the brane reverts back to the uniform state.
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5.6 Static string solutions

The analysis of section 2.3 yields in this case the mechanics of a particle in the potential

2 2 2
+
Porp —p _ I —2p

UP) =P+ ,
(P) p 5

(5.24)
with constant pg. Now in order to have a minimum of the potential (where e = pg) we
need pg > @p, which means that we are in the range where the uniform string is unstable
and tends to develop non-uniformities. In this case, the competition between the terms
+e~ 7 and —e 2”7 makes the oscillations of P take a longer time near its smallest values —
that is, the neck of the non-uniform string, where it is thinner, becomes longer as g, grows.

6 Concluding remarks

Hydro-elastic complementarity is the manifestation in the limit D — oo of what is arguably
one of the most basic properties of a black hole, namely, that the same quantity doubles its
role as the geometric size and as the mass. In the large-D effective theory of black branes,
we can view p(t, o) as the local, fluctuating mass density of a fluid, or as the local radius of
an elastic soap bubble embedded in the background spacetime. The effective dynamics can
then be alternatively regarded as hydrodynamics, like in (2.16) and (2.17), or as elasticity,
like in (2.29), (2.30) and (2.34).

There are several possible extensions of our work, among them the inclusion of a dila-
ton in the gravitational theory, of several other types of charge on the brane, possible
modifications by the presence of hair in AdS, and generalizing the effective theory to solu-
tions of Lovelock gravities [38]. Perhaps more important for the large-D programme is the
extension of these ideas to the effective theory of finite black holes with compact horizons,
for which the lowest quasinormal modes are gapped and not hydrodynamic. Stationary
black holes are already known to be described by an effective elasticity theory [4, 6], but
the complementary view in terms of a simple dynamical theory of continuous mass dis-
tributions is absent. It would be interesting if the more general time-dependent effective
theory of [5, 10] could be reinterpreted in that manner.
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A Relation between physical and effective-theory magnitudes

In order to obtain finite magnitudes in the effective theory we have scaled by appropriate
powers of n the physical magnitudes of the theory, beginning with (2.7), which indicates
that physical length scales along the brane are 1/4/n times the corresponding lengths in

- 29 —



the effective theory. The physical magnitudes discussed in this article, written in boldface,
are related to the effective ones as

w=w, klz\/’ﬁk‘z, (Al)
= : v = A2
al \/5817 v \/ﬁ) ( )
p=np, P=P, (A.3)
T =nT, s=s, (A4)
q:nQ7 lj,:u’ (A.5)
P

qp = \/ﬁq;;, ‘I’p = 7%7 (A'ﬁ)
n=nmn, K'q == nﬁq . (A?)

For Maxwell-charged RN black branes we are taking q/p = O(1), whereas for p-brane
charged branes gq,/p = O(1/4/n), hence the different scaling of charges and potentials.

Our length units are rg = 1, where 1y is measured from the trace of the extrinsic
curvature K of the solution at R — oo so that

K="40m,RM. (A.8)

70
B Diffusive velocity frame

In dissipative hydrodynamics with a conserved particle number there is an ambiguity in the
definition of the velocity field, such that it either follows the energy flow (Landau frame) or
the particle flow (Eckart frame). Our definition of v* in (2.15) gives (2.16) and corresponds
to the Landau frame. The Eckart velocity frame is defined in terms of the current (3.11)
so that o' = j'/q. Amusingly, for large-D black branes there exists another fairly natural
choice of the velocity flow in terms of the variables p;, namely

. pi
V; = — . B.1
P (B.1)

The resulting effective equations are best illustrated for Reissner-Nordstrom (AF or AdS)
black branes. Egs. (3.6), (3.7), (3.8) take the suggestive form

Bip + 0; (p0") = 3 d'p, (B.2)
Ohq + 0; (¢0") = 9;0'q., (B.3)
8t(pf)i) + 8j (P 5@‘ + p@i@j + 2p_a(i@j)) = 8j8j(pf1i) . (B.4)

Now all the equations have got simple diffusive terms in the right-hand side, all with the
same diffusion coefficient, while the stress term o 0;0; In p has disappeared.

When ¢ # 0 there is an apparent negative viscosity 7 = —p_ which would seem to yield
anti-dissipation, but this effect is offset by the extra diffusive terms. Another peculiarity
is that configurations that are static in the Landau-frame are stationary with non-zero
velocity ©; = 0;In p in the diffusive frame. Whether the existence of this frame for black
branes is particularly useful or significant is at present unclear.
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C Extrinsic curvature of membrane embeddings

Let us calculate the area A and volume V' of the surface (2.27). In order to ease a bit the
notation we use the variable

P(o) = In(p()) (1)
When n is large, in the Minkowski background (2.24) we have
Qi » Plo)\" 1 5
_ nw2‘/}ud<7<1+- . 145 (0P)) | (C.2)
Qi1 o1 Plo)\"
= — (1+ 2% .
Vv o2 /dtdan+2< +— ; (C.3)
and in the AdS background (2.25),
A:nuwm/ﬁf”aQ+P@» @+1awf), (C.4)
n 2n
V= n<1—">/2/dt oL (1 + P(U)> . (C.5)
n n

We compute the trace of the extrinsic curvature K by functional differentiation

0A 0A oV

5V P(o)/ 6P(o) (C.6)
In Minkowski we find
1
K=n+1—<P+¥P+2wPF>, (C.7)
and in AdS
1
K:n—<yp+2@mﬁ. (C.8)
In AdS there is a non-trivial gravitational redshift on the surface, namely
P(o
V—gu =1+ 1(1 ) : (C.9)
With these results we obtain
1+e€ 9 1 9
\/_gttK:n—i—T— eP+0 P+§(6P) +O(1/n), (C.10)

which is equivalent to (2.28).

D Systematic derivation of the effective equations

Here we derive the effective fluid equations (3.6)—(3.8) by hand in a systematic way, with-
out recourse to computer algebra. The approach can be regarded as an extension of the
derivation that [4] did for the static case.

— 24 —



D.1 ADM-type formulation

We adopt an ADM-type formulation, in which we decompose the spacetime into the radial
direction and the rest,

ds* = N?dp* + g, (dz" + N*dp) (dz¥ + N"dp). (D.1)
In the large D limit the radial gradients are O(D), hence,
N~OMD™Y), Nt~OD™. (D.2)

The Einstein equation is decomposed into the evolution equation,

1 D-1 1 1
N@,;K“,, + KK*", = R*, + 0", P NV“VZ,N + NENKMV — S, (D.3)
and constraint equations,
v (D -1)(D -2
K?* - KM,KY, = R+ 5 + 2€, (D.4)
VuK', — K, =7, (D.5)
where K*, is the extrinsic curvature on a constant-p surface,
1
K", = ﬁ(g“)‘apgb\,, — V#N, — V,N"). (D.6)

&, J, and S, are different radial components of the stress tensor,

o _ > _ = TS -
E=Tupnf'n", Ju=Tg L%’ S, =Ty 110, — 55

st (D7)

where nfdy := N~1(8; — N*9,,) is the normal vector and L#”:= gi” — nfin” is the projec-
tion tensor.

We also decompose the Maxwell equations. We define the (D —1)-dimensional ‘electric’

and ‘magnetic’ tensors, '’

E,=Fs, Bu=Fu. (D-S)
For convenience we also define the D-field and H-field6

DF = FPH = N72(E" — N*B)\"), (D.9)
H"W = F™ = B® 4 N72NY(E* — N*B\#) — N"2NH#(E" — N*B,").  (D.10)

Greek indices are raised and lowered with g,,,,. The Maxwell equations are decomposed as

1 1
Ny PNVIP oy g NVIRT = 0 D11
9;Bu, = O.E, — 0,E,, (D.12)
1
_— H = =
N\/gau(N\/gD ) 0, 8[“BI,A] 0. (D.13)

150f course these are not the electric and magnetic fields in the usual sense.
161y GR-MHD the Maxwell field is decomposed in a similar manner.
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The first two equations give the evolution in the p-direction, while the last two are con-
straints. One can calculate the energy momentum tensor, £, J, and S,,, of the Max-
well field,

1 1., 1 ,
€ = {D"E, — H" By — SN"D" By, (D.14)
1
T = §NDAB,M, (D.15)

2D E\ + H*B
4(D —2)

1
St = 5(D"E, + HM B, + N*DB,,) — 2Bse,.  (D.16)

D.2 Solving the equations

We first solve the equation for the mean curvature, that is the trace of eq. (D.3),

1 (D-1)% 1 1
0K + K?=R+ e NVQN + N O — Sy (D.17)
The contribution from the Maxwell field is
DHE 1D-3 1
Sr = — P4 = H"B,, + =N*D'B,,. D.18
Y= TD—2) TiD—2 oty s (D-18)

Supposing that the field strength is the order unity, i.e. £, ~ O(1) and By, ~ O(1), the
Maxwell field does not appear in the leading order of eq. (D.17).17 The situation is similar
for the g-form field and the massless/massive scalar.'® Therefore, like in the neutral case,

we can solve eq. (D.17) for the leading order of K,
n
K = ——cothp+ O(n), D.19
s cothp+ O(n') (D.19)

where we set the lapse N = ro(z)/n by a choice of gauge.
Now, we introduce an ansatz that represents the deformed black p-brane,

2¢(p,0)
Guvdrtdz” = Gup(p, 0)dodo® + Rie ntl wry(@)delde?, (D.20)

where wr is the metric of S™"T! sphere and R is assumed to be constant. The p+ 1 metric
Gap is given by
Gapdo®do® = —Adt? + ~;;(d2" — u'dt)(dz? — ! dt)

) o D.21
=(—A+ u2)dt2 — 2u;dz'dt 4 y;;dz'd2 ( )

where u; = 'yl-juj and u? = G;u’. Here, the orders of metric functions are assumed to be
2
A=0(1), @ =0(/n), ¢=0@1) and ~; = %0 (55 +0n™), (D.22)

to capture (at a non-linear level) the physics of the lowest quasinormal modes of the black
brane — these are responsible for the hydrodynamic behavior and the Gregory-Laflamme

7If some directions are magnified as z* — Dz, then we should assume another scaling, like
E.~ O(D™).
18 A large scalar mass as O(D?) will change the situation.
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instability. The shift vector is chosen so that the whole spacetime takes the form of an
ingoing-Eddington-Finkelstein metric,
Nt = —\]/\%, Nt = —\]/\%ui, N =o. (D.23)
In this gauge, the boundary condition on the apparent horizon is just the regularity of each
metric component.
With the metric ansatz (D.20), the leading order of eq. (D.17) becomes

1 1 1

=—4+ = D.24
2 Rt (D-24)

and thus, r% is a constant.

Since the other components of Einstein equation have contributions from the Maxwell
field at leading order, next we must solve part of the leading-order Maxwell equations. We
assume that the field strength has the following order at large D,'?

E,~O(), Ei~O0O(m™), By;~O() and Bj ~O(n™). (D.25)
These assumptions lead to
D' ~ —ATINT2E, ~ O(n?),
D'~ N 2(YIE; - A~W'E; + A"Y2N~VBy;) ~ O(n?), (D.26)
H" ~ O(n) and HY ~ O(n). (D.27)
The leading order of eq. (D.11) can now be solved as

t .o nZQ(Ua) i nQQi(Ua)
N r(%\/Ze‘l57 - r(%\/Ze‘ﬁ7

where the coefficients are chosen for later convenience. From the definition of D# (D.9),

(D.28)

we have

Etﬁ—

VAq ro (ro(qi —qui) Bn) ’ (D.29)

Yt B~

e¢ Y (2 n\/z ed)
where ¢; := ;j¢’ and w; := §;ju’/. Substituting eq. (D.28) into the first constraint in
eq. (D.13), we can obtain the effective equation for the charge density

og+0,q: =0 (D.30)

where ¢; is determined by the regularity of F;, after a part of the leading geometry and
By; are solved. Then, we can write the contributions of Maxwell field in Einstein equation
with ¢ and ¢;,

1 ,
5 Sty ~ —57126126_%7 rg S’y =~ —57%2%‘616_%7
1 _ _
§'; = Sng A (i — qui)e™™, (D.31)
1
raSl; ~ §nq26_2¢51J. (D.32)

'90ne can obtain this scaling by setting the gauge A, = 0 and assuming A; ~ O(1), A; ~ O(n™1).
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With the form in eq. (D.32), we can solve Einstein’s equations for the spherical part.
The (I, J)-component of eq. (D.3) and the definition of extrinsic curvature (D.6) give

1, _
926 + coth pOpp ~ 1 — 5q2e 29, (D.33)

With the asymptotic condition ¢ ~ p and the regularity at the horizon p = 0, the solution
becomes

¢ ~Inm+1In[(1—x?) cosh®(p/2) + x°] (D.34)

where y is an integration function and ¢/(v/2x)(=: m) denotes the deformation of the
horizon area density.

D.3 Embedding condition

We assume ry = 1 after setting Ry — oo for the AF case and L — oo for the AdS case.
P
Setting r = en+1, we can specify the embedding conditions for both the AF background

1

ds® = —dv?® + 2dvdr + ﬁrgdzidzi +7r2dQ2 4, (D.35)

and the AdS background
1 .
ds* = 2dvdr + 12 <—dv2 + —dz'dz; + 51Jdg01d<p‘]> . (D.36)
n
Since ¢ also depends on ¢ and 2%, the linear elements in the embedded frame are mixed

dr = % [dp+ din <m _ ;‘12)] +O(e ). (D.37)

m
However, the second term can be absorbed to the time coordinate by
1 2
dt =dv—=dIn[m(1—x*)]. (D.38)
n

With this new time coordinate, the boundary conditions become simply

AF i gy =1+ 0(e™?), u' = O(e™P)
9 - . (D.39)
AdS :gu=—-1——¢p+0(e "), u'=0(e"?)
n
D.4 Fluid equations
Now we can solve (u,t) components of eq. (D.3) for K*;
1+ x?tanh*(p/2
Ktt = n — +X o 2(6/ )7 (D4O)
rosinh p 1 — y2 tanh?(p/2)
; 2 ;. xX’tanh®(p/2 .1+ x? tanh?(p/2
K’Lt ~ n - 7(q7/ _ q,D’L) X an (5/_) ,DZ + X an 2(6/ ) (D41)
rosinh p | ¢ 1 — x?tanh®(p/2) 1 — x2tanh*(p/2)
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Here, the integration function in K%, is fixed so that the asymptotic condition (D.39) is

satisfied later. Solving (u,t) components of eq. (D.6), we have
2 _
r3 [1—x?] tanh?(5/2)
[1 - x2tanh?(p/2)]”
i [1+x"tanh?(p/2)] 7 — 2x* tanh®(5/2)(¢' /)
B cosh?®(p/2) [1 — x? tanh?(p/2)]”

4y tanh?(5/2) In tanh(5/2 s .
vt a2 (f a1
[1— x? tanh?(p/2)] q

A~

where 0% := (5ij8j.
Once A and ¢ are obtained, we can also solve eq. (D.12) for By;
rodix [1 + x* tanh2(5/2)]

Bti ~ — 3 .
[1 — x2tanh?(p/2)]” cosh?(p/2)

(D.42)

(D.43)

(D.44)

The second equation of (D.13) gives 9;B;; = 0;By; — 0;B; = O(n™!), which is consistent

with the assumption in eq. (D.25). Plugging these back into eq. (D.29), we obtain

B x [1 = x?] tanh(p/2)
cosh?(p/2) [1 — 2 tanh2(5/2)]2’

In the limit p — 0, the singular part of E; behaves as
ro 1 ¢ — qU; 1

0 Oy s — —
n 1= { « ’X} tanh(p/2)
To avoid the singularity in F; at the horizon, ¢; should be

. 0;
qi = qu; — q .
X

Ei—>

Then, eq. (D.43) becomes

i

~

[1— x*tanh?(p/2)] # + x? tanh?(p/2)9" x>
cosh?(p/2) [1 — 2 tanhQ(ﬁ/2)]2 '

E; and K% can be expressed as

rox tanh(p/2)

Ei ~
ncosh?(p/2) [1 — x2 tanh?(p/2)]
. 1-x%)
X - 212 i+ ( 82 2
[{ A [ TR
[ P_ tanh?(p/2) . 1+X%mmammﬁ}
t= ro sinh p 1— X2 tanh2(5/2) X 1 — XQ tanh2(5/2) :

Substituting eq. (D.47) into eq. (D.30), we obtain one of the effective equations

0iq + 0i(qv") = i(q0" In(x)).
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(D.45)

(D.46)

(D.A47)

(D.48)

(D.49)

(D.50)

(D.51)



From ¢-component of eq. (D.5), we can obtain another effective equation for m(:=

a/(V2x)),

2m [0ix] [0"x] |

dem -+ 0,(mi) = = "

(D.52)
Spatial component of eq. (D.5) gives a time-evoution equation for velocity ¢;, but we have
to solve the next order equations. Here, for simplicity, we read the equation from the
asymptotic behavior of the spatial component of eq. (D.5).2

Solving eq. (D.3), the asymptotic behaviors of K*; and K'; is obtained as

1 L+x* o L
Kl = - ' O(n™t e 2 D.53
= i) T | o), (D.53)
; 1 3 2 1-— € .
K'j = o [—azﬁj In[m (1-x7)] + 5 53]
+ .1 | = L+ X21~)i1~]j 4 8if)j + 8]-171' n @ian + ﬁjaix
ro sinh(p) 1—x2 1— 2 1— 2
XX | s 2 2% l—eg
+[1_7X2]2+88jln[m(1—x)]—1_7x26j_ 5 5j
+O(n, e ). (D.54)

where € = 2(r3/R3) — 1.
From the asymptotic condition (D.39), the next orders of A and K'; must behave as

A=ry (1 + ! ; egb) +0(n2e7?), (D.55)

1— _
Kt, = - CLom e ). (D.56)

The Maxwell field must fall in the asymptotic region:

Bit=0(e™"), B;jj=0(e?) and D'=0(e™"). (D.57)

Then, we can solve the next order contributions of eq. (D.17) for the next order of K

autc® = Lo [o 1 (1)) + 3 (01 I (1~ )"
1+e€ 2 1 —2p
+ In[m (1-x%)]+ (1+e) 1 2 smhp +0(e7%), (D-58)

where K is the O(n%)-component of K. With these asymptotic behavior, we can ob-
tain the time-evolution equation for o; from the spatial component of the momentum

20GQatisfying the asymptotic equation is a necessary condition. To see the consistency with the momentum
constraint, we have to check whether the equation is satisfied to all orders with respect to e”’. We have
checked this by using computer algebra.
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constraint (D.5):

0:0; + 17]6]-172» = 1+1X2 [62’5@‘ + 6j8ﬂ~)j + (8ﬂ~}j + (3j’l~)z')(9j Inm — (8jX2) (81'17]' — 8]'172')]
1—x2, [0*m  (9m)? (1—e¢) 2(8;x)* )
+1+X2 i m - om2 +1Inm —1+X2(9zlnm—8, 1_7X2+1H[1+X] .

(D.59)

D.5 Correspondence with Bondi coordinates

At leading order we can reproduce the solution in the Bondi coordinates if we employ the
following relation among radial coordinates,

R = e = m [cosh?(p/2) — x*sinh?(p/2)] . (D.60)
Introducing p and p’ as
p=m(1+x?), p'=(1+x%) (md'+0'm). (D.61)
egs. (D.51), (D.52) and (D.59) become
Op — (%Eyp +8;p' =0, (D.62)
Orq — 9;0'q + 0; <qppi> =0, (D.63)

Oipi — 0%pi = —0i(p— —epy) — & [plpp] + p— (&ZZ - @%)] . (D.64)

where the horizon positions in R are given by p,. = m and p_ = mx?. These equations are
the same as egs. (3.6)—(3.8).
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