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ABSTRACT: We revisit the subject of holographic renormalization for asymptotically AdS
spacetimes. For many applications of holography, one has to handle the divergences asso-
ciated with the on-shell gravitational action. The brute force approach uses the Fefferman-
Graham (FG) expansion near the AdS boundary to identify the divergences, but subse-
quent reversal of the expansion is needed to construct the infinite counterterms. While
in principle straightforward, the method is cumbersome and application/reversal of FG is
formally unsatisfactory. Various authors have proposed an alternative method based on
the Hamilton-Jacobi equation. However, this approach may appear to be abstract, diffi-
cult to implement, and in some cases limited in applicability. In this paper, we clarify the
Hamilton-Jacobi formulation of holographic renormalization and present a simple algorithm
for its implementation to extract cleanly the infinite counterterms. While the derivation of
the method relies on the Hamiltonian formulation of general relativity, the actual applica-
tion of our algorithm does not. The work applies to any D-dimensional holographic dual
with asymptotic AdS boundary, Euclidean or Lorentzian, and arbitrary slicing. We illus-
trate the method in several examples, including the FGPW model, a holographic model of
3d ABJM theory, and cases with marginal scalars such as a dilaton-axion system.
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1 Introduction

In many applications of gauge-gravity duality, there is a need to regulate divergences that
appear near the boundary of the bulk theory; these are simply associated with UV diver-
gences in the dual quantum field theory. The divergences appear, for example, in calcula-
tions of conformal anomalies, correlation functions, and the free energy. The prescription
for regulating divergences is to include suitable local counterterms. The resulting process
of holographic renormalization is an old subject: it was discussed in the early days of
AdS/CFT [1] and implemented in the classic calculations of conformal anomalies [2], the
trace of the stress-tensor [3], and since then in countless other examples.

We focus on bulk spacetimes that are asymptotically AdS or Euclidean AdS. This
includes duals of conformal theories (CFTs) as well as holographic renormalization group
flows with a UV CFT. For a given gravity dual, the local counterterms are universal and
one can calculate them once and for all in any given gravitational model. We distinguish
between infinite counterterms and finite counterterms. The former are unambiguous and
can be determined using the bulk equations of motion. The finite counterterms, however,



can typically only be fixed using further constraints, such as supersymmetry. In this paper,
we are concerned only with the infinite counterterms.

There is a standard ‘brute force’ procedure for determining the infinite counterterms [2—
5]. One expands the metric and fields near the AdS boundary using the Fefferman-Graham
(FG) expansion [6]. Solving the equations of motion relates various coefficients in the FG
expansion, but leaves unfixed the coefficients that correspond to the source and vev rates for
each field. Using a suitable cutoff, the on-shell action is evaluated near the AdS boundary
by plugging in the FG expansion, subject to the equations of motion. This identifies
the divergences, however, they will be expressed in terms of the free coefficients in the
FG expansion. This is not sufficient, as local counterterms must be expressed directly in
terms of the fields on the cutoff surface. So starting with the most divergent terms, one
works systematically backwards to convert each divergence to a local field expression, thus
basically reversing the FG expansion. This process identifies the field polynomials that
are responsible for the divergences in the on-shell action. The counterterm action is then
taken to be exactly minus those field expressions; this ensures that the renormalized action
Spulk + Set is finite. (This still leaves the possibility of ambiguities from finite counterterms;
we will discuss this briefly in the Discussion section.)

While straightforward for many simple models with just one or two scalar fields, the
brute force approach outlined above becomes increasingly tedious for models with multiple
fields. Moreover, it is fundamentally unsatisfying that one first abandons the field expres-
sions in favor of Fefferman-Graham only to reverse back to fields after identifying the infinite
terms. For this reason, another approach, based on the Hamiltonian formalism for gravity
and the Hamilton-Jacobi equation, has been proposed for holographic renormalization.

Early in the studies of holographic renormalization group flows, de Boer, Verlinde, and
Verlinde [7] proposed to use the Hamilton-Jacobi equation to derive first-order equations
for the supergravity model and they related it to the Callan-Symanzik equation. (See
also [8, 9] and the lectures [10].) The specific application of the Hamilton-Jacobi equation to
determine infinite counterterms was studied by Kalkkinen, Martelli, and Mueck in [11, 12]
and subsequently by Papadimitriou and Skenderis in [13] (see also [14-16]).

One limitation of the method as formulated in [13] is that the dilatation operator is
used to organize the calculation. This requires that the fields are eigenfunctions of the
dilatation operator, but that makes it more challenging to handle scalars dual to operators
with scaling dimension A = d/2, because of their leading log-falloff.! This is not an exotic
case, but a very common one; for example, in a d = 4 field theory, a scalar mass term is a
relevant operator of dimension A = 2. Another challenge is that, as presented in [13], the
Hamilton-Jacobi method looks rather difficult to carry out in practice.

The goal of this paper is to straighten out and simplify the Hamilton-Jacobi approach
for holographic renormalization. We will show that the application of the Hamilton-Jacobi
equation

aSon—shell

S H =0 (1.1)

'One can work around this, see for example [14]. The issue is also addressed in [16].



(with the radial coordinate r playing the role of the usual time-coordinate), can be imple-
mented via an algorithm that significantly simplifies the process of computing the infinite
counterterms. To avoid the issue of the dilatation operator and have an approach that
applies more generally, we organize the calculation in terms of a derivative expansion (or
inverse metric expansion), as also suggested in for example [7, 12, 16].

We will be working with bulk actions of the form

S = e / dz/g (R[g] — g"G150,8'0,87 — V(<I>)) , (1.2)
M

- 2K2

where we allow for a general metric G;; = G;(®) on the scalar manifold. We consider do-
main wall solutions with arbitrary slicing and assume that the asymptotic UV structure of
the metric is AdS (or Euclidean AdS). For such a system, we formulate the Hamilton-Jacobi
problem for the on-shell action Sy, shen; (1.1) is basically a partial differential equation for
Son-shell and once derived, one no longer has to think about the Hamiltonian formulation of
general relativity. Instead, one systematically solves the Hamilton-Jacobi differential equa-
tion for Son-shen by writing a suitable Ansatz for its divergent terms and then solving for
the coefficients in this Ansatz. The key point here is that scalars dual to relevant operators
in the field theory go to zero at the boundary. Therefore there can only be limited powers
of each field in the infinite counterterms, and that makes the Ansatz finite.

2 We consider Sop.shel aS

Our method departs from previous approaches as follows.
the action on the cut-off boundary; this breaks the general diffeomorphism invariance in
the radial direction and therefore we must take seriously the explicit dependence on the
radial coordinate in Soy.ghenn. Thus, the r partial-derivative in (1.1) plays a central role
in our method. In fact, the coefficients in our Ansatz will be allowed to have explicit r-
dependence, and the Hamilton-Jacobi equation then yields differential equations for these
coefficients that we can solve unambiguously in the near boundary limit.

We illustrate the use of the method in several contexts. To start out, we reproduce the
purely gravitational counterterms [4] in d-dimensions. To show how the method works for
a case with d odd, we reproduce the infinite counterterms of the d = 3 ABJM dual model
of [18]. We then turn to the example of the d = 4 FGPW model [19] whose two scalars
have A =2 and A = 3.

In the presence of a marginal scalar, more care must be taken. A marginal scalar
generically goes to a finite value at the boundary and therefore the associated counterterms
do not enjoy the same suppression as the scalars dual to relevant operators. We handle this
by allowing the coefficients of our Ansatz for Se_shen to be functions of the marginal scalar.
We have applied this method successfully to calculate the counterterms for a ten-scalar
model dual to (a limit of) A" = 1* theory on S* [20]; this indeed served as a motivation
for us to revisit the subject of holographic renormalization. However, for the purpose of
presentation here, we restrict ourselves to simply show how our method reproduce the
infinite counterterms for the dilaton-axion system in [16].

The paper is organized as follows. In section 2, we present the Hamilton-Jacobi equa-
tion for the bulk and describe our algorithm for determining the infinite counterterms.

*However, see [17] for a similar approach in dS space.



Section 3 implements the method for pure gravity in d dimensions. The examples of the
ABJM model and FGPW can be found in sections 4 and 5; these give very concrete illus-
trations of how we implement the algorithm. The more advanced case of marginal scalars
is treated in section 6. The three appendices contain various technical details. Appendix A
is a short list of useful identities for the metric variations of gravitational curvatures. Ap-
pendix B gives details of the calculation of the gravitational six-derivative terms needed for
counterterms in d = 6. Finally, appendix C offers explicit calculation of the one-point func-
tions in FGPW to illustrate that the one-point functions determined from the renormalized
action with our infinite counterterms are indeed all finite.

2 Hamiltonian approach to holographic renormalization

We start with a brief description of the essential parts of the Hamiltonian formulation
needed for holographic renormalization. We then formulate the problem of determining
the on-shell action in terms of the Hamilton-Jacobi equation and we present our algorithm
for calculating the divergent part of the on-shell action.

2.1 Hamiltonian formalism of gravity
We consider a general form of the bulk gravitational action:

g— 1/ Az /g (Rlg] — ¢"'G110,8'0,87 — V() — 1/ dix JyK . (2.1)
M oM

22 12
The last term in (2.1) is the Gibbons-Hawking boundary term which ensures that the
variational problem is well-defined. In this term, ~;; is the induced metric on the boundary
and K is its extrinsic curvature.

We choose a gauge for the bulk metric g,,, such that the line element takes the form
ds?® = dr® + ~;;(r, z)dz'da? (2.2)

where latin indices 7, 7,... are in the range 7,7 = 1,2,...,d and will denote boundary
coordinates.
This allows us to decompose the Ricci scalar in the action to get
1

S= g2/ i drﬁ(Rh]—kKQ—Kinij—G1J<i>1<i>‘]—'yijGU{*)i@Ic‘?j@J—V(@)) . (2.3)

where the extrinsic curvatures are

; 1 1 ..
K = 5’721’3%1‘ and K =9"%;. (2.4)
The dots denote derivatives with respect to r. The boundary Gibbons-Hawking term does
not appear in the expression (2.3), since it has been canceled by boundary terms that occur

from partial integration of second derivative terms in the expansion of R]g].



In the Hamiltonian formulation of holographic renormalization, the radial coordinate
r plays the role of the time coordinate. Therefore, the conjugate momenta to the fields are

given by
. oS 1 y y oS 1 .
U= —— =57 (K7 —Ky¥ d = —— = — G ®’ 2.5
T 5"}/” 2/{,2ﬁ( Y ) an iy P Hg\ﬁ 1J ) ( )
and the Hamiltonian is
H = d%x (TFij’%j—i—Tr[(i)I—ﬁ)
™ (2.6)

T 22, dz\/y (R = K*+ Ky K7 +G"prp;—77Gr,0,9' 0,97 =V (®)) ,
M

where, for simplicity, we have introduced p; = ”—im.

el
2.2 Hamilton-Jacobi formulation

The Hamilton-Jacobi formulation is well-known in classical mechanics [21]. With the radial
coordinate r playing the role of time, the Hamilton-Jacobi equation takes the form

aSon—shell _
or

Just as in classical mechanics, it is key to emphasize that in the Hamilton-Jacobian for-

H + 0. (2.7)

malism, the Hamiltonian is a functional of canonical momenta defined by

2 2
ij 5Son—shell R R 5Son—shell

and pr=-——mr=———7—,
07ij Val Vol

as opposed to the canonical definitions (2.5). When the momenta are defined via equa-

(2.8)

tion (2.5) with the extrinsic curvature given by (2.4), the Hamiltonian constraint of Ein-
stein’s equation is simply H = 0. If this were used with the Hamilton-Jacobi equation (2.7),
it would imply that the action has no explicit r-dependence; this is of course true for the
diffeomorphism-invariant gravitational bulk action whose metric equations-of-motion im-
ply the Hamiltonian constraint. However, it is not true for the on-shell action, which is an
action on the cut-off boundary. It has explicit r-dependence, as we shall see, and to de-
termine it via the Hamilton-Jacobi equation we must use the definitions (2.8). With (2.8),
the Hamilton-Jacobi equation (2.7) should be thought of as a first-order partial differential
equation for Sy, shen With respect to the fields, the metric, and r.

A practical approach is to use an Ansatz for the on-shell action: below we will be
more explicit about how we choose an appropriate Ansatz, but for now we will develop the
general formalism further. Let us write the Ansatz as

1
Son-shell = 2/ ddxﬁU(’% (1)7 T) . (29)
K= Jam,

The function U is a function of the induced (inverse) metric 4%/ on the boundary and the
scalar fields ®/, and it has also explicit dependence on 7. The cutoff surface M, becomes
the boundary of the spacetime when ¢ — 0.



Using the above Ansatz, the Hamilton-Jacobi equation takes the form

y y oU
RN + Ky KV — K* + G pipy — 47 G1;0,9'9;97 — V(@) + 25 =0. (2.10)
r
We emphasize that this equation is to be understood as an integral equation, i.e. it holds
up to total derivatives and we can manipulate it using partial integration in the boundary
coordinates.
As discussed above, the conjugate momenta in (2.10) will be given by derivatives of

U. For the scalar field conjugates, this straightforwardly gives

2
R 5Son—shell oU
_ v = = . 2.11
pr NGl 5Bl pr SDI ( )
The conjugate momentum of the metric enters (2.10) via the extrinsic curvatures, since
K4 = %(w” — 2yrklyy), as follows from (2.5). Now in the context of the Hamilton-
Jacobi formalism, the extrinsic curvatures K% in (2.10) must then be expressed in terms

of 7 as given by (2.8). This gives

, 5 OU 1 oU -
i _ otk . - mn i
K'; = -2y 5 T d-1 <U 2y (Wm") &', (2.12)
where we have used ;7% = 6,8 = (5v;;)7* = —7i;(677%) to express Kij in terms

of derivatives with respect to the inverse metric rather than the metric; this will be useful
later.

It is convenient to define

Y = U and Y =495 (2.13)

One then finds from (2.12) that the dependence on extrinsic curvatures in the Hamilton-
Jacobi equation (2.10) is given in terms of U as
» » 1
K = KijKV—-K?* = 4Y,;Y" — ﬁ(U —2Y)? — U2, (2.14)
To summarize, our strategy for computing the on-shell action Sgn.ghen is to use the
Ansatz (2.9) and solve the Hamilton-Jacobi equation
1J ij I & ou
R[7]+IC+G p]pJ—’)/]ijai(I) 8j(I) —V(@)-ﬁ-?E =0. (2.15)
with conjugate momenta given by (2.11) and K defined in (2.14). We remind the reader
that equation (2.15) has to hold only as an integral equation, so we are free to manipulate
it using partial integration. While this was derived using the Hamiltonian formalism of
gravity, we no longer need to think of the problem that way. Rather, we now have dif-
ferential equation (2.15) for the on-shell action Sy, ghen- Next, we explain how to solve it
systematically.



2.3 Algorithm to determine the divergent part of the on-shell action

Let us next address how we propose to use the Hamilton-Jacobi formulation to determine
the divergent part of the on-shell action and thereby the counterterms needed for a finite
result. We outline here the general approach, however the method is much better illustrated
by concrete examples; these follow in the next sections.

We assume that asymptotically the bulk metric approaches AdS space: in terms of the
choice of coordinates (2.2), ds* = dr? + v;;(r, z)dz'dx?, this means that

Yij = e2r/ L Yoyij T - @s T 00, (2.16)

where L is the AdS radius. The boundary metric (g);; can be Lorentzian or Euclidean, it
can be flat or curved. For example, recent applications of holography considered the dual
field theory on d-dimensional compact Euclidean spaces, such as spheres. In the following,
Y(0)i; Will be general.

The asymptotic behavior (2.16), gives \/7 ~ edrm . We are focusing only on the

—dr (

divergent parts of the on-shell action, so we need terms in U only up to orders e possibly

including also terms polynomial in r). Since the inverse metric 4%/ scales as e 2", we can

ignore any terms with more than L%J inverse metrics. Any (boundary) derivatives that
appear in terms in U must necessarily be contracted pairwise by inverse metrics 7%, so we
do not consider terms with more than d-derivatives. All in all, this makes it natural to

organize the Ansatz for U in a derivative expansion:

U:U(0)+U(2)+...+U(2LQJ), (2.17)

2

where the subscript represents the number of derivatives in each term. Curvature terms
such as the boundary Ricci scalar, Ricci tensor, and Riemann tensor are each order 2 (i.e.
they have two derivatives). Previous work, for example [7] and [16], have also organized
the on-shell action as a derivative expansion.

For the Oth order in the derivative expansion, we have Y(g);; = 65(,-? =0, so (2.14)
simply gives
d o
Thus at Oth order, the Hamilton-Jacobian equation (2.10) becomes
0U ) U, d oU
F e had Ulad O R 2 L 9270 21
V(@) 5ol 507 a1 01 g, (2:19)

Without the last r-derivative term, we see that U q) is essentially like a (fake) superpotential
for the scalar potential V'; this was also noted [7] (see also [16, 22]). In general, it is not
easy to solve for a superpotential for a given V; however, we will not need to since our
focus is on the generic asymptotically divergent terms only. As noted in the discussion
below (2.8) the presence of the explicit r-derivative term in the Hamilton-Jacobi equation,
and hence in (2.19), is crucial — this point does not seem to have been appreciated in
previous discussions of the method.



Let us for later convenience also record the results for IC at two- and four-derivative

order:
2
K@y = — -1 1U(0) [Ua) — 2Y(9)] —2U(0)Uyay , (2.20)
Ky = 4V, VY Uiy — 2V 1% =~ Uy [Urs) — 2V U%, — 20U
) = Wi — 777U — Vo)l — 77700 [Uw — 2] = Ui — 200Uy,
oU,
where Yy, = 57

We propose the following algorithm to determine the infinite terms in the on-shell action:

Step 1: ansatz for U(z,). For each Uy,), we write a systematic Ansatz that includes
all potentially divergent terms of this order with undetermined coefficients,® for example

Ugy=Ao+A1¢p+ As¢* + ... and Up) = BoR+ BiR$+ BegOp+ ... (2.21)

where the coefficients A; and B; can have explicit dependence on r. The Hamilton-Jacobi
equations will therefore give us differential equations of these coefficients which we solve
asymptotically, keeping only terms that give divergent contributions to the on-shell action.

Recall that the asymptotic behavior of a scalar with bulk mass m% is o —
<I>(Io)e_(d_A1)”/L, where m%L2 = A7;(A; — d). The two solutions for A; correspond to
the source and vev-rate falloffs. When a scalar approaches zero at the boundary, as is the
case in many applications, we can immediately read off how many powers of the scalar
can possibly appear in U(y,,); the number of possible terms is finite and limited by the fact
that we are only interested in the divergent terms.* For example, if ¢ is a scalar with

T

dimension Ay = 3 in d = 4, then ¢ ~ e™", and we have to include powers up to ¢* in Uo)
and ¢lJ¢ can appear in Uy). (Note: such terms with e~ falloff will be finite unless the
r-dependence in the coefficient makes it divergent.) On the other hand, if ¢ in (2.21) is a
Ay = 2 scalar in d = 4, there can at most be quadratic powers of ¢ in U and the term
¢U¢ is not divergent, so it is not included in the Ansatz for Uy).

One can impose symmetries of the theory in order to further simplify the Ansatz for
U(gn)- If, for example, the bulk action has a symmetry ¢ — —¢, we can drop any terms

odd under this symmetry in the Ansatz.

Step 2: conjugate momenta. Next, using the leading asymptotic behaviors of the

fields, we determine the leading asymptotics of the conjugate momenta. Using this together

ou

fixes some of the coefficients in U quite easily.

Step 3: solving the Hamilton-Jacobi equation. We plug the Ansatz for U, into
the Hamilton-Jacobi equation and we solve it order by order by demanding that the coef-
ficients of the different field monomials vanish independently. When necessary, use partial
integration to eliminate potentially non-independent terms that appeared by varying U.
We start with U, then use those results to determine U(y), then Uy etc.

3Terms are considered equivalent if related by partial integration.

4We will also discuss cases with a marginal scalar m? = 0, for which there is no suppression near the
boundary and generically the scalar goes to a non-zero constant. For such cases, we allow the coefficients
A; in our Ansatz to be functions of the marginal scalar. An example is presented in section 6.



Step 4: counterterm action. Once the divergent terms in Son_ghen have been deter-
mined, the counterterm action is simply

Sct = _Son—shell|div . (222)

This is added to the bulk action to get the regularized action Sieg = Shuik +San + Set from
which correlation functions can be computed and by construction are guaranteed to be
finite. In many cases, counterterm actions are presented in term of the Fefferman-Graham

—2r/L

radial coordinate p related to r via p =€ , so that the line element is

ds2—L2d—p2+ 1 da'da? (2.23)
= 12 Yij dxdax’ . .

We determine the divergent terms in the on-shell action using the r-coordinate, but convert
to p-coordinates for the final presentation of our counterterm actions. In terms of the p-
coordinate, the cutoff surface dM,, introduced in (2.9), is then located at p = e.

In the following sections, we demonstrate the procedure explicitly in a set of representa-
tive explicit examples. We start with pure gravity in d-dimensions with d = 2, 3,4, 5, 6, then
move on to a d = 3 ABJM dual model and the d = 4 two-scalar model known as FGPW. Fi-
nally, we illustrate how our method works with marginal scalars (dilaton + axion in d = 4).

3 Pure gravity

The simplest model one can consider is pure AdS gravity with no matter content in D =
d + 1 dimensions. Counterterms obtained by renormalizing this model will be present in
every other model and it is therefore useful to deal with them once and for all. The action
we consider is given by (2.1) with no scalar fields and constant scalar potential

d(d—1)
The Hamilton-Jacobi equation (2.15) simplifies to
d(d—1) ou

with K given by (2.14). Let us now apply the algorithmic procedure described in the
previous section in order to determine the necessary counterterms for this class of theories.

Step 1: since there are no scalars, the general Ansatz for each order of the expansion of
U is

U(O) = A(T‘) s U(g) = B(T)R, U(4) =C4 (T)RUR” + CQ(T)R2 , (3.3)
where the four-derivative terms are only needed for d > 4.> We are not including terms

like OJR since it is a total derivative and it will not contribute in the on-shell action. For
d > 6, we need

Uy = DiR*+ D2RR;jRV + D3R/ R ¥ R, + D4R R¥ Ry, + DsROR+ D R;jO0R" . (3.4)

In U4y, one could also have included a term with the square of the Riemann tensor. However, it is not
hard to see that its coefficient will be set to zero in the HJ equation.



This is not a complete list of independent six-derivative terms, but it turns out to be a
sufficient list.

It is important that all the coefficients in the above expressions for U depend on the
radial coordinate r, as this will capture the explicit r-dependence of the on-shell action.

Step 2: this step is irrelevant for the pure gravity case since there are no matter fields.

Step 3: we now solve Hamilton-Jacobi equation (3.2) order by order to determine the
unknown coefficients A, B, C; 2 and D;.
At zero-derivatives, (3.2) with ) given by (2.18) gives
d

24 — P Chay

. 7 =0, (3.5)

where the dot denotes differentiation with respect to r. For large r, the solution to the
differential equation is
d—1
Ar)=———+ O(e~/Ly. (3.6)
The subleading terms in the large-r expansion of A give only finite contribution to the
on-shell action and we can drop it to simply have
d—1

Uy =7 (3.7)

This captures the leading divergence associated with the cosmological constant.
At two-derivative order, the HJ equation (3.2) with (2.20) gives
2

R~ 27U (Up) = 2Y() = 20UV +2—5, = =0. (3.8)

oU,
5y = BRij, so Y3 = BR.

With the solution for U in (3.7), we obtain the following differential equation for B:

The inverse-metric variation of Uy simply gives Y(g);; =

. d=2
2B +2-—"B+1=0. (3.9)

The differential equation for B has solution

. —r4+0(1) for d = 2 -
V= g + O () for a2 (310

In both cases, the subleading terms are not important since they give finite contributions
to the on-shell action. The result is therefore

- {—gR for d = 2 (311)
(2 = :
—ﬁR fOrd>2

The linear 7 behavior in the d = 2 case is our first illustration of the explicit r-dependence in

08,

the on-shell action and the importance of keeping the ===kl _term in the Hamilton-Jacobi

equation.

,10,



For the four-derivative terms, we calculate the inverse-metric variation of Uy using
the formulas in appendix A. In particular, we find Y{4) = 201 R;; RY + 205 R? (up to total
derivatives that can be dropped). Using this together with the results for Y(2) above, we can

calculate K4y given in (2.20). At 4th order, the HJ equation (3.2) is simply IC(4)+28[8];4) =0
and collecting terms gives
. 2(d—4) L \? . . 2(d—4) dL2 )
20y + 22 = R+ 20, + 2oy - =0.
Ch + i C1+<d_2> Ri;R +[Cz+ i Co Hd—1)(d=2) R 0

Demanding the coefficients of the Rinij and R? terms to vanish independently results in
two differential equation for the coefficients C and C, which have solutions

o —LTQT +0(1) for d =4 (3.12)
1= .
—72((#2%;((#4) + O (e_(d_4)r/L) for d > 4
Lr
5 +0(1) for d =4
C2= { B dL? O (e=d=D/LY for d > 4 (3.13)
sa @ T O (e ) ford >

Again, the subleading terms can be dropped because they give only finite contributions to
the on-shell action. Thus, the result for Uy is

U —LTQT (RijRY — %RQ) for d =4 -
4) = 3 ii d .
T 2(d—2)2(d—4) (RinJ - mR2> for d > 4

Step 4: we now have all information needed to write the counterterm action.

S = [ atryU = - [ dayi U + U+ +Up ] (315)
Summarizing the above results, the purely gravitational counterterms are
d=2: Sct:;/aMeddxﬁ:i—logpiR},
d=3: Sct:% aMedda:ﬁ :Z+§R},
d=4: Sct:;/amdd:cﬁ :i—i—iR—logp ﬁ(Rin“—éﬁﬂ,
d=5: Sy = % /aME ey ;i + %R + f; (Rin"j - 156R2)] , (3.16)
d=6: Se= % - A%z 2 + %R - gj (Rin"j - 13032>
—logp 2L556 (RUDR”‘ - 2—10RDR
+2RY RF Ry + éRRUR“ - 13’()1%3)] :

— 11 —



where we have used p = e=2"/L. The results for the six-derivative terms displayed for d = 6
are derived in appendix B.

These purely gravitational counterterms reproduce results well-known in the literature,
see for example [4], but it is relevant to present them here in the context of our approach
to holographic renormalization. In particular, they will appear in the following examples.

4 Renormalization for the ABJM model

ABJM theory [23] is the NV = 6 superconformal Chern-Simons theory in d = 3 dimensions
with gauge group U(NN) x U(N) and Chern-Simons levels k and —k. Its holographic dual
is M-theory on AdSy x S7/Zj. In the limit of large t’Hooft coupling (A = N/k), M-theory
reduces to eleven dimensional supergravity on AdSy x S7/Zj. The recent paper [18] by
Freedman and Pufu explores the gauge-gravity dual description of F-maximization for
ABJM theory on a 3-sphere using a 4-dimensional holographic dual. We will use the model
of [18] as a very simple example to illustrate our approach to holographic renormalization.
The ABJM holographic model [18] is described by the Euclidean bulk action

Shulk = —2%2 /M d*zdry/g(Rlg] — L) (4.1)

where k? = 87G4 and the matter Lagrangian is

3 aqu e 3
Em:2zm+‘/(z,z), V(z,z)zgz(G—ZJ‘;aZa). (4.2)
a=1 a=1
In the Euclidean theory, the scalars z* and z* are independent complex fields, not related by
complex conjugation. However since only products of z% and z® appear in this Lagrangian,
it is useful to define 2% — f (x*+ i), z% — % (x* —i1*), where x® and ¢® are fields
that can take complex values.
Under this, the matter Lagrangian becomes

DX + Dy RN !
SRR (D) 0

Expanding the potential for small fields, we find

V= %( — 6= 2(x*X* + Y ") — (XX* + VYY) + .. ) ; (4.4)

so the six fields x® and ¥® all have mass —2/L%. By our general discussion, this means
that their asymptotic falloff is generically e/~

For simplicity, let us start out with a model with just one pair of the fields x and ;
since the ABJM dual has the three pairs appear the same way and they do not mix, it
is easy to generalize the result back to that case. Thus setting the fields with a = 2,3 to

zero, we will consider the model described by the potential

1 4
Ve (-2-— . 45
L2< 1—§x2—§¢2> &9
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In the notation (2.1), we have scalars ®/ = (¢, 1) and the metric on the scalar target space
is the Gy = ( — %Xz — %¢2) -2 dry with I, J = 1,2. The Hamilton-Jacobi equation (2.15)
for this model is then

1 15\ 2
R+n_<1—2f—2wﬁ V(DD + D)

1 1 ,\° 1 4 oU
+(1—2x2—2w2) (pi+p?p)_p<_2_1_121¢2>+28r—07 (4.6)

where K is given by equation (2.14) and the conjugate momenta p, and py are the x
and v derivatives of the on-shell action (2.11). We now proceed to determine the infinite
counterterms for this model.

Step 1: since we are working in d = 3 dimensions we need to include in our Ansatz only
terms with up to two derivatives:

U=Uq) + Ug - (4.7)

Terms with four or more derivatives give finite contributions to the on-shell action.

Keeping only potentially divergent contributions means that for Uy we only need to
consider terms up to cubic order in the scalar fields. However, we get strong constraints
on the Ansatz from the symmetries of the model: it is invariant under the transformations
X = =X, ¥ — —1, and x <> 1. With these symmetries imposed, the most general Ansatz
at zero-derivative order is

Uy = — + AW +92). (1)

The constant term is fixed from the purely gravitational calculation of section 3. At two-
derivative order, the only potentially divergent term that preserves the symmetries of the
theory is purely gravitational and it was calculated in section 3:

L

We can skip Step 2 because the model is so simple.

Step 3: we are now able to solve equation (4.6). Keeping only zero-derivative terms and

using that IC(g) = _%U(20) from (2.14) we find that

3.9 Lo 1, ? 2 2 (o)
=500t (1= 5x" =3¢ ) Py +Py) = V) +2 5 — 0 (4.10)
where,
Px(0) 5x Xo Ppo) T 5y, (0 (4.11)

Putting everything together and collecting terms that are proportional to (x? + ?) gives
the following differential equation for A(r):

1

75 =0. (4.12)

A+2A2+%A+
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This has solution

A= —% ro (e, (4.13)

Since A was the only unknown coefficient in the Ansatz for U, this concludes the calculation
of the infinite contributions in the on-shell action. Specifically, we have found that

__1 1o, 1oy _ 1 .
U(())— L(2+2X +21!})— L(2+ZZ). (4.14)

Step 4: the counterterm action for the ABJM model is obtained by generalizing our
result to the three flavors of z* and z“ fields:

3
1 L
(2 °2%) + ZR| .
L< +;zz>+2

This result is in perfect agreement with the counterterm action given in equations (6.4)—

1
Sct = / d3$ﬁ
OM.

K2

(4.15)

(6.5) in [18]. For the applications in [18] one further needs to use supersymmetry to
determine the finite counterterms; we do not discuss this here.

5 Renormalization for the FGPW model

The FGPW model [19] is the holographic dual of the single-mass limit of N' = 1* gauge
theory in flat space. This non-conformal field theory is obtained from N = 4 SYM theory
by softly breaking the supersymmetry to A' = 1 as follows. In " = 1 language, N' = 4 SYM
consists of a vector multiplet and three chiral multiplets. The field theory dual to FGPW is
obtained by giving a mass to one of the chiral multiplets. In the UV, the conformal theory
of N = 4 SYM is recovered, while in the infrared, the theory flows to a Leigh-Strassler
fixed point. The holographic dual FGPW model captures the RG flow of this theory via
a flat-space sliced domain wall solution which approaches asymptotic AdSs in the UV and
another AdS5 in the IR. The ratio of the AdS radii in the UV and IR translates to the ratio
of UV and IR central charges a in the field theory. More generally, the authors of [19, 24]
derived the first version of a holographic version of the c-theorem.
The holographic FGPW model is described by a D = 4 + 1-dimensional bulk action

1

=
2K2

d*z dry/g (Rlg] — L), (5.1)
M
with matter Lagrangian given by®

L, = 0,p0F ) + 0,0 + V (4, 0) = ¢ + ¥ +770;9;¢ + 790099 + V (g, 0) . (5.4)

In the paper [19], the scalar potential V' is given in terms of a superpotential W as

1 (1ow > 1|ow|]® 4,
VFGPW*?(E‘% 5‘% —§W ), (52)
with 1
W= v [cosh(2¢)1)(p6 —2)— (3p° + 2)] and p=e?/V0, (5.3)

Here, we have conformed to our normalization conventions by rescaling the scalars ¢1 = ¢/ V2 and ¢3 =
#/V/2, and taken the potential to be V = 4Vicpw.
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The scalars ¢ and ¢ are dimension Ay = 3 and Ay = 2 fields dual to the fermion and
scalar mass deformations of N/ =4 SYM. They approach zero near the UV boundary as

Y~toe 't and ¢~ (¢or + do) e E (5.5)

as r — oo. For the purpose of holographic renormalization, we only need to keep the terms
in the potential that can give divergent terms in this limit, so we expand the potential in
small fields to find

Vg, ) = s ( 12 —4¢* =3¢ + et +..) . (5.6)

The masses of the scalars, mw = —3/L? and m = —4/L? are directly related to the
scaling dimensions Ay = 3 and Ay = 2 via m?L? = Ap(Ay —4).

The actual FGPW model has ¢ =1 in (5. ), but here we keep the coefficients general.
This will serve to illustrate how the counterterms carry information that is specifically
dependent on coefficients in the scalar potential; i.e. one should in general expect model-
dependent terms in the counterterm action.

The HJ equation (2.15) for the FGPW model takes the form

ou

R+ K+ 58 + % = 190:00,0 — 17000,0 = V(6,9) +25- =0, (5.7)

with K defined in (2.14) and momenta

oU oU

Pe= 55 Pv =gy (5.8)

Since we are working in d = 4 dimensions we need to keep terms with up to four
derivatives, so we write

U=Up)+Upg) + Uy - (5.9)

We now proceed with solving for the divergent terms of the on-shell action following the
algorithmic procedure described in section 2.3:

Step 1: we begin by writing the most general Ansatz for each U(;). We only keep terms
that can give divergent contributions. With the scalar falloffs (5.5) and each inverse metric
giving e 72", the most general Ansatz at Oth order is

3
Uy = =7 + A1t + Asp + Agp)® + Asg) + A5y’ + Aeg” + Arpp® + Ayt (5.10)

where the constant term is fixed by the purely gravitational analysis in section 3. Each of
the coefficients A; is considered a function of r.
At order 2 we use the Ansatz

L
U = =5 R+ BiRy + BoR¢ + ByRy* + By (5.11)

We did not include (9%)?, since it is equivalent to 1[0y after partial integration.
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At order 4, the only option are the purely gravitational terms we have already solved,

so we have

L?r |
Uw=—"5 (RZ-]RJ — 332> : (5.12)

Since the full FGPW model (5.2)—(5.3) is symmetric under ¢ — —1, we can immediately
set the following coefficients in the Ansatz to zero:

Al =A4=As =B, =0. (5.13)

Step 2: at the leading order, the conjugate momenta obtained from (2.5) must agree
with those in (5.8). From (2.5), we have

Ps=0  py=1, (5.14)
and via (5.5) this gives
p¢:—z<1—2[;>¢+(’)(e%w/r), pwz—%w—k(’)(e*?'rw). (5.15)
On the other hand (5.8) gives
Po(o) = 5;];0) — A+ 2460+ ATY®,  pyo) = 5;2” = 2430 + 2470 + 44503 . (5.16)

Comparing (5.15) to terms in (5.16) at similar orders, we can directly infer that some of
the coefficients A; must vanish:

Ay = A7 =0. (5.17)

Furthermore, we learn that Az = —i and Ag = —% (1 - 2—];) However, let us leave Az and
Ag unfixed for now for the purpose of illustrating how they are fixed using the HJ equation.

Step 3: we proceed to solve the HJ equation (5.7). We start from the terms at Oth order.

Keeping only terms without spatial derivatives and using Ky = —%U(QO) from (2.18) we
find that oU
4 (0)
— gU(Z‘O) + P50y + Py — V(6. 9) +2 o =0 (5.18)

To solve this, we set the coefficient of each combination of fields to zero. For example,
collecting the terms proportional to 1? gives

. 3 1
As + Z A3 +242 4+ 2 — Ay = —— —2r/LY | 1
3+L 3+ 3+2L2 0 = 3 2L+O(e ) (5.19)

This is the solution for Az we anticipated from comparing (5.15) and (5.16).
Similarly, one finds

¢>-terms: A o 20— a——14 1o L
P e T et T e 677 "o r2 )’
1

— 553 (1+3C)T+O(1).

(5.20)

Y*-terms: Ag (143c)=0 = Ag=

6L
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Terms proportional to ¢ vanish directly; had we had a term bgt)? in the expansion of
the scalar potential, the HJ equation would have shown that b # 0 is not consistent with
the EOM.

Having calculated all the unknown coefficients in the U Ansatz, let us write down
the final result (with r = —Z log p):

Uy = —% [3+ <1+102;p>¢2+;¢2+112(1+36)1/J410gp . (5.21)
We can identify each of the contributions. The first one is related to the cosmological
constant and it is fixed for all models in D = 4 4+ 1 dimensions, as we saw in the pure
gravity case in section 3. The terms that are quadratic in the fields are uniquely fixed by
the mass terms in the scalar potential and are as such universal for all models. Finally, the
Y*-terms are clearly model-dependent, as can be seen from the explicit dependence on c.

With the 0th order result in hand, we are now able to continue solving HJ equation
for the two-derivative terms. Keeping only such terms from equation (5.7) gives

8 1 ij ij U )
R=3U) (U@) - 2Y<2>> +2Dp(0)Po(2) T 2Pp(0)Py(2) =71 01900 — 1 OO +2—5 = =0,
(5.22)
where we used K(9) from (2.20). Uy, psoy and py(g) are known from (5.16) and (5.21),

while we calculate py(2) and py(2), and Y(9) from the Ansatz (5.11) for Uy:

e _pop
Po2) = 56 = balv,
S,y
Py(2) = 512])2233R¢+2B4D¢, (5.23)
_ ) L BB 64 BuR® 4 BabVY
(2)ij = 5y -1 ij + BaRij¢ + B3R;j° + BypV; Vi,

where we are dropping total derivatives. The result for Y(y);; implies Y3y = Up). In
the HJ equation (5.22), we organize the terms according to the field monomials and set
the coefficients of divergent terms to zero. The terms simply proportional to R directly
vanish because we have already solved the purely gravitational part of the problem. The
remaining terms allow us to solve for the coefficients B3 3 4:

. 1 1
Ro-terms: Bo+ —By =0 = By = (9<> ,
r

r
. 1 1
Rip%-terms: Bz — i 0 = B3 = " +0(1), (5.24)
. 1 1
Ylhp-terms: By + 3 =0 = By= —57“ + C’)(l) .

As in the zero weight case the subleading terms related to integration constants are not
important because they lead to finite contributions to the action. The final expression for
U, (2) is then

1 1 1
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The first term is purely gravitational. The second term is independent of details of the
higher order terms in the potential and thus fixed for all models that contain a scalar with
m?L? = —3. Finally, notice that the combination of the Laplace operator (I and the Ricci
scalar R that appears in the last term is proportional, up to an overall constant to the
conformal Laplacian.

Step 4: we have now fully determined the counterterm action necessary to cancel the

divergences of the on-shell action. In particular we will have S.; = —é S d4x\ﬁU and
therefore,
1 1 1 1 1
Set = — d* — 134+ 14+ — ) #*+ 29® + = (1 +3c) ¥l
ot HQ/aME wﬁ{L[+<+logp>¢>+2w + 15 (1+3c) 97 logp

+L [13 — iqp (D — éR) ¥log p] — %Li" <Rinij — ;R2> log p} . (5.26)
This is our final result for the FGPW model.

As a test, we have calculated the one-point functions of the QFT operators that are
dual to the fields of the FGPW model. The one-point function of the operator dual to field
¢! will be given by’
p~ 212 68 en

where the regularized action (ignoring possible finite counterterms) is
Sreg = Sbulk + SGH + Sct . (528)

In order to check that the expressions obtained are indeed finite, one must impose the
equations of motion on the coefficients in the Fefferman-Graham expansion of the fields.
We find that with our infinite counterterms, all three one-point functions in FGPW are
indeed finite. Details are presented in appendix C.

6 Renormalization of a dilaton-axion model

In this section we present the procedure of renormalization of a dilaton-axion model. The
purpose of this example is to illustrate how the procedure for holographic renormalization
applies to theories that include marginal scalars. Specifically, we examine the renormaliza-
tion of the dilaton-axion model previously studied in [16]: the 5d bulk action is

1
Shulk = —5.2 d*zdr/g(Rlg] — Lm) , (6.1)
K= JMm
with 12
L = 000" o + Z(9)0ux0"x — I3 (6.2)

The fields ¢ and x are massless and therefore correspond to marginal QFT operators
with scaling dimension A = 4. Z denotes an arbitrary function of the dilaton field ¢. Near

"In the special case where A; = d/2 the one-point function has an extra factor of log p.
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the asymptotic boundary, these scalars generically do not vanish but instead approach a
finite value. In particular, their asymptotic behavior is given by

p@,m) =@ +0(e/E) X r) = xo)@) +O(e*E) . (63)

As a consequence, we cannot regard the effective action as a power-expansion in these
fields, as higher powers are not suppressed. Instead, we will take the Ansatz to involve
general functions of ¢ and .

By defining the field ® to be ® = (¢, x) and the Kéhler metric to be G = (é Z(O )>,
2

we conclude that the HJ equation (2.15) now becomes

1 120U
R+ K —i—pfp + mpi — 7030050 — Z(0)y7 0ix0jx + 7 + 25 =0. (6.4)

The momenta are defined, in the usual way (2.11), as derivatives of U.
Let us now examine step-by-step the procedure introduced in the previous sections
and spot any important differences.

Step 1: with d = 4, we need to keep terms with up to four derivatives:
U=Up) +Ug) + Uy - (6.5)

Taking into account that any possible function of the fields could give divergent contri-
butions in the on-shell action we write the following Ansatz for the zero, two and four
derivative parts of U respectively:

U(O) = A(SO’ X5 T) s (66)
Uiy = BoR + Bi(V0) - (VX) + Ba(V9)? + Ba(Vx)?, 6.7)

Uy = C1R? + CoR;jRY + C3 ROy + C4ROx + C5R(V)? 4+ CsR(VX)® + C7R(Vy) - (VX)
+Cs RN,V jp + CoRINV ;xV jx + C1oR V1oV jx + C11(0¢)? + C12(0Ox)?
+C130¢0x + C1aV,; V0V Vo + +C15V, VXV VI x + +C16V; VoV Vi (6.8)
+C1700(Ve)? + C150x(Vx)? + C1o0¢(Vx)? + C2009p(Ve) - (V)
+CoOX(Ve)? + Coslx (Vo) - (VX) + Cas (V9)?)? + Cas (Vy)?)
+Co5(V)?(Vx)? + Ca6((Vp) - (VX)) + Cor (V)2 (Vo) - (V) + Cas(VX)* (Vo) - (Vx).-

The coefficients A, B; and C; are all considered functions of the radial coordinate r as well as
the fields ¢ and x. We have omitted terms that up to total derivatives can be decomposed to
the ones already included. For example, since BOy = V;(BVip) —9,B(Vp)? —0,B(Vp)-
(Vx), such a term can be absorbed in B; and Bs, so it is redundant to include it in the
Ansatz.

Step 2: we use equation (2.5) and the asymptotic behavior of the fields (6.3) to determine
the leading behavior of p, and p, to be

o= =0(c"), po=Z(e)i =0, (6.9)
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On the other hand, our Ansatz for U gives

Pel0) = ~5, =0,A, Py oy

DA (6.10)

By comparing the two sets of expressions for the momenta, we understand that the coeffi-
cient A can neither depend on ¢ nor x, and thus p,y and p, () vanish. This leaves U )
to be purely gravitational and thus we can use directly our result from section 3:

Uy =—~ - (6.11)

Step 3: we now proceed to solve HJ equation and determine the unknown coefficients
of our Ansatz. Since the zero-derivatives contribution has already been fixed, we start our
analysis with the two-derivative terms. At this order, the HJ equation simplifies to

oUu,

8 1 2
R— U <U(2> - 2Y(2>> — (Vo) = Z(@)(VY)’ +2—52 =0, (6.12)

using py0) = Py(0) = 0. Here, Y(g) = ’yij}/'(Q)ij is the trace of the tensor

_ U
(2)ij — 5~

1
= BDRZ']' - viVjBo + DB()%]' + §Blvi90vj'x
' (6.13)
+5B1VixVjg + BaVipVie + BsVixVx

After plugging everything into the HJ equation, one uses partial integration to eliminate
terms that were not in our original Ansatz and therefore were not independent. Demanding
that the coefficient of each independent term in the resulting HJ equation is zero, one finds
that the two-derivative contribution to the on-shell action is

U2) = —% [R— (V) = Z(9)(VX)] - (6.14)

For terms with four spatial derivatives equation (6.4) simplifies to

8 1 i 4 1, \> oo
—3V0 (V) = 3Y ) + DY) — 3 (Vo) — 3 ) — Yo
8U(2)

1
2 2 _
+p(p(2) + mpxm) -+ 2 a’l“ =0. (615)
The canonical momenta that appear in this equation are
oU L L
Po) = b = —50p + 72 (2) (V)
©(2) S5 2 4
(6.16)
(5U(2) L L _,
Px@) = 5 = —5Bx = 520 (V) - (VX).-
It is useful to notice that
ij 5U(4) s
Y =7 5 = 2Uy) + total derivatives, (6.17)
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and the complicated tensor Y(4);; is not needed for the calculation. The total derivatives
of Y4y will not contribute to HJ equation since they are multiplied by Ug), which is a
constant, and total derivatives can be dropped by the equation.

Demanding that the different kinds of terms that appear in the four-derivative equation
vanish independently yields the following solution for Uy:

3
Uy = % [Rin” - %RQ —2 (Rij - éR’Yij > (VieVje + Z(0)VixVix)
2 / 2
+ (Ekp - ;Z’(w)(VxV) + Z(p) (DX + Z((:j)) (V) - (Vx))
+§ (V)2 + Z()(VX)?)* +22(p) (((Wﬁ) (VX)) - (VW)Q(VX)Q)} logp. (6.18)

Step 4: this concludes the calculation of the counterterms that cancel the infinities of
the on-shell action for the dilaton-axion model. For completeness, let us write down the
general result.

1 3 L
Sa=rp [ atevi{3+ ] IR (VP - 2N
K= Jam. 4
L? = PR Sy
— 16 [BaRY = 3R =2 RV = 2Ry ) (VipVjp + Z(9)VixV,X)
Z'(¢)
Z(p)

(V)2 + Z()(VX)?)? + 2Z(¢) (((Vw) (VX)) - (V¢)2(Vx)2>] log p} . (6.19)

+ (00 - 577 L 2(p) (ox+ Z 5 we)- (vv) 2

_l’_

W N

This result for the counterterms agrees with the one found by a more complicated route
in [16].

7 Discussion

We have presented a simple implementation of the Hamiltonian approach to holographic
renormalization. The idea of using the Hamilton-Jacobi equation is not new, but we hope
that our presentation and algorithm makes the method more accessible and useful for
others to use. For our own purposes, it has shown great value in the application to the
holographic renormalization of a 10 scalar model dual to ' = 1* gauge theory on S%, an
analysis that will be presented elsewhere [20].

Determining the infinite counterterms is typically only one part of holographic renor-
malization. One often needs the finite counterterms too, but just as in standard quantum
field theory, this typically amounts to being a scheme-dependent question. However, in the
presence of supersymmetry, one can fix the finite counterterms to be compatible with the
supersymmetries in the problem. In the case of flat-sliced domain walls, this can be done
using the Bogomolnyi-trick of writing the bulk action in terms of sums of squares that each
vanish on the BPS equations. This rewriting requires a partial integration that leaves a
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boundary term that exactly becomes the counterterm action and encodes both infinite and
finite counterterms. In the case of non-flat slicing, one can then argue that the universality
of the counterterms allows one to pick the finite counterterms of the flat-space Bogomolnyi
boundary term and use them in conjunction with the more general infinite counterterms dis-
cussed in this paper. This has worked successfully in several cases, for example [18] and [25].
The prescriptions does, however, have a bit of an ad hoc feel to it and it would be interesting
to understand better the relationship between the BPS equations for curved domain walls
and how/if they can be used to determine directly the infinite and finite counterterms.
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A Some useful formulas

We present here a list of formulas that are useful to computing the metric variations of
various contractions of curvature tensors:

/ddxf ”( ) ﬁ (R”X =+ (DX)’VZ']' — VZVJX) s (Al)
§(Ri RM) . y k. .

Aoy x ) i =V (2Rsz X 4+ VieVi(XR™)y;; + O(XRij) — 2V VZ(XR;W)) , (A.2)

/ a7 x i :f( — SV ViXpnd} — SVaViXyimdt + %v’fvlmmm) , (A.3)

/ddxf Dz/)—ﬁ(XVZVjY+V¢(XVjY)f%Vk(XVkY)'yij)+/ddxﬁDX%. (A.4)

The fields on the r.h.s. of these equations depend on y.

B Six derivative counterterms for pure gravity

In d = 6 dimensions one needs to consider counterterms with up to six derivatives. For the
pure gravity case, the six-derivative Ansatz is given by equation (3.4). In this Ansatz, it is
possible to include terms with contractions of two or three Riemann tensors, but it is easy
to show that the coefficients of such terms will be zero.

The HJ equation at six-derivative order becomes

or

Ke) + 2 =0. (B.1)
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The total derivatives of Y(4);; that appear in K are now important because they are
multiplied by the non-constant Y(9);; = BR;;. In particular, we have that

Yiayi; = C1 <2RMRW + %DR’W +0R;j — VZ-VjR> + Cs <2RRij + 20Ry;j — 2viij> .

(B.2)
The coefficients B and (' » are those calculated in section 3. Additionally, in the product
Y(g)inM) ij, terms proportional to RijVZ-VjR can be changed to RViVjRij = %RDR by
adding appropriate total derivatives and using the Bianchi identity. Finally, by using the
variation rules of appendix A, one realizes that Y5 = 3U() up to total derivative terms
that can be ignored because Y(g) is only multiplied by the constant Ug). Putting everything
together and demanding that the coefficient of each of the independent terms is zero gives
differential equations for the coefficients D123 45 6:

. d—6 dL*
3. : D+ ——Dy — =
[¥-terms e P a2
g . d—6 L
iR terms: Do+ ——D =0,
filtighio-temms: Dot =D b g @ - 22—y 0
. ) . d —
Ri]RijkZ—terms: D3 + T6D3 =0,
RY RFIR., . terms: D + d_6D + 2L =0 )
) d—6 L*
OR-terms: Ds+ ——Ds— =
RUR-terms 5 + 7 Ds Hd—1)(d—2)5(d—4) 0,
» . d—6 L
R;;ORY-terms: D D =0.
j erms 6+ Pt a2 —a

Keeping only divergent contributions from the solutions of these equations, we obtain the
result (for d = 6)

L*r

Vo) = "5

iy 1 . 1 . 3
i ORY — —ROR+2RYRM R, + =RR;;RY — —R?) . B.4
<R] RY = o oROR + 2RV R™ Rigjy + cRRi;RY — 1o R (B.4)

C One-point functions

In this appendix we calculate the one-point functions for the quantum field theory op-
erators dual to the fields of the FGPW model and explicitly check that the counterterm
contributions cancel the divergences that come from the bulk action. One may consider
three different one-point functions, (Og), (Oy) and (T3;), where the QFT operators Oy,
are dual to the bulk fields ¢/1 respectively and the QFT energy-momentum tensor Tj; is
dual to the metric ;;.

These one point functions can be calculated by variations of the renormalized action

Sren = lim Sreg = 1irn(Sbulk + Sau + Sct) ) (Cl)
p—0 p—0
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where the regularized action Sieg is the sum of the bulk action (5.1), the Gibbons-Hawking
boundary term, and the counterterm action (5.26). In particular, the three correlation
functions are given by:

logp 1 5Sreg o 1 1 5Sreg

T 1 2 0Sieg
p—0 p3/2f o’

(Tij) = ;E});\T oy
(C.2)

The variation of the bulk action gives only a boundary term since the rest of the contribu-

tions are set to zero by the equations of motion. Namely, one gets

0 Shulk 1 2
30 :HQW<—LP6,0¢>7
o — v (- 20w,
5Sbulk 1 P mn
55— 32V (8pvij — ™" Opymn Vi) - (C.3)

On the other hand, the variation of the counterterm action has been already calculated
during the renormalization process and it is related to the conjugate momenta of the fields:

0Sct

5o T —*fpdn

0Sct

51; = =Ty = —*fpwv

5501: o o 1 1

5~ =TT = _E\ﬁ <Yij - 2U7ij> . (C.4)

After putting everything together, the following expressions are obtained:

1 logp[ 2 2 1
(Op)=—173 lim — [ 4 p¢+L<1+logp> ¢], (C.5)
0——1' ! —28 +1+ 143 3— D—R 1 C.6
(Ou)==i7 i =5 |~ PO+ ¥ 3L( o) ¢p*—= (O==R )4 |logp|, (C.6)

121 .
<T‘1]>:_?; [QLP (afﬂ/ij — YijY 89777171) - Y;j + 2U’YZ]:| s (C?)
with
L

L
Yij = ;R + { (Rijtp? + AVipV 0 — 20V V0 — (V) ?ri5 — v Oy5)
3

96

4

~_(4RRy; — 12R" Ryy1; + ORy;j + 2V, VR — GDRU)] logp, (C.8)

and U as calculated in section 5.
To determine whether the above expressions are finite, one has to use the Fefferman-
Graham expansions for the metric and the scalar fields of the theory:

1
Yis =0 + (V)i + 121108 p) + (Vs + Va.1)ig 108 p + V(255 log? p) + O(p?) (C.9)
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b=p""200) + p** (V) + Va1 log p) + O(p°?) (C.10)
¢=p((0) + d(0.1)log p) + O(p?) (C.11)

Notice that for the special case of the ¢-field there is a logarithmic term even in leading
order in p. (This is generally true for all fields with scaling dimension A = d/2.) All the
coeflicients of the above expansions can be determined in terms of ()i, V(4)ij> @(0)> P(0,1)
Y(0) and (o) using the equations of motion for the fields and the metric. These undeter-
mined coefficients encode information about the boundary QFT. Namely, the leading order
coefficients ¢ 1) and (o) are related to the source of the respective QFT operators, while
coeflicients ¢g) and t(9) are related to their vev rate. Additionally, the leading coefficient
Y(0)ij in the expansion of v is the background metric of the boundary QFT. Finally, al-
though v(4,; is not fully determined, its trace and covariant divergence can be related to
the other expansion coefficients using Einstein’s equation.

The substitution of the expansion (C.11) for ¢ into (Oy) directly leads to cancellation
of all of the divergences, without using the equations of motion, and the result is

12
(Op) =~ 5790 (C.12)

Plugging the expansion (C.10) for ¢ into (Oy) leads to direct cancellation of the
divergent terms in leading order, i.e. those proportional to 1/p, however, a logarithmic
divergence remains:

1 /2 2
(Oy) = 2 (LT/)(2) + L¢(2,1)>
1. [2 1 s L 1
+ 2 ;IL% [L¢(2,1) - 37(1 +3c)Y(p) + B <D(0) - 6R(0)>¢(0)} logp, (C.13)

where Ry = R[y(¢)] is the Ricci scalar obtained by the metric () and

1 ii
Doyt = mai(mv(g)ajw<o>) : (C.14)

In order to see the desired cancellations, one has to calculate the expansion coefficient ¢ 1
via the equation of motion for the field 1,

L0 + 4p* 024 + 4pOptp + 20°0,0 Tr(y ™1 0,y) + 3¢ — 2c)® = 0. (C.15)
By the asymptotic expansions for ¢ and the metric, the terms proportional to p3/2 give
1 _
Y =3 (LQD(O) + TY(V@V@)) - 20@11(20)) Vo) - (C.16)
Finally, ~(9) is determined using Einstein’s equation:

1
RW[Q] = 8,u¢al/¢ + Qﬂbaﬂﬁ + @V@bv w)gm/ . (C17)

The ij component of this equation is

L*Ri;[y] = 2002715 + 200,vi5 + p° Te(v"8p7)0pvi5 — 20°7™" OpYmiOp¥in (C.18)
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1 L ) B
— 5P T (7 0 0p)vis + 02 Te(v T 0p0) g + p Tr(v7 1 0p7) %5

2
+ L20:00;6 + L2005 + 20 (0p) 15 + 207 (009) %5 + 13V (6, ¥) i -
Expanding it and keeping terms up to O(1) one finds

L? 1 1
Y2)ij = 9 (R(O)ij - GR(O)’Y(o)ij> - 61/)(20)7(0)”" (C.19)

Now using these results for (5 1) and (2 in (Oy) exactly cancels the logarithmic term and
gives the following finite result for the one-point function:

1 (2 L 1 1
(Oy) = ol {Lﬁj@) -3 <D(o) - 6R(o)>w(g) + o= (143090 | - (C.20)

3L
A similar approach leads to the renormalized one-point function for the energy-
momentum tensor. A direct substitution of the asymptotic expansions in equation (C.7)
leads to the cancellation of the leading O(p~2) divergences. However, the remaining diver-
gences can be canceled only after solving Einstein’s equation for 74 1) and ~y(42). Terms

proportional to plog p give
Lo

V(4,2)i5 = —6¢(o,1)’)’(0)zj7 (C.21)
while terms proportional to p give
L4 kl 1 L4 kl 1 2
Vi = g (R(O)R(O)ikﬂ - 3R(0)R(0)ij> ~ 33 <R<o>R<0)m - 3R<0)> V)i

L 1 1

+ 16 \Bo Ry — 5ViVikoe) = gHo) o)1)
L? 1 1 1

+ %0 ( 3ViVi+ 2B — R | Yo (C.22)
4 3 6 6
L2

L w
oy <Vi¢(o)vj1/}(o) - 47(0)Vk¢(o)vl¢(o)v(o)ij>
1 A 1
Y (14 3¢) Yoy v0)is — §¢(0)¢(0,1)’Y(0)U .

Then, the renormalized energy momentum tensor will be given by:

2 1 /1 2 1
(Tij) = —TVWi T T (3¢%0) — $0)P(0,1) + §¢%0,1) 7 (1= 3c) () + w(o)d}@)) (03

L 1
s (%VW@)VW(O) 90 <D<o> - 9R(o>> ¢<0>> V)i

L 1 L3 PP
BVELO) (vivj - QR(om) Yo+ 55 (R(o>sz<0) + 580 T D<O>R<o>> V()ij
L? 3 1 3
vy <R(0)ikR(0)kj = 5RO Romi + ;ViVilo) - 4D(O>R<O)z‘j> : (C.23)
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The trace of the stress-tensor one-point function gives a much simpler expression, since the

trace Tr(7(0§7(4)) can be obtained from the pp component of Einstein’s equation, which

gives

_ _ _ _ L?
P T (Y 0y 0p7) 20" T (v 05) =20 Tr (v 0p) = (200,0)" +(200,4)°+ -V (@, 0).
(C.24)
Keeping only terms of order O(p?) in this yields
L4 o2 L? 5
—1 2 2
Tr(v) ) = 15 <R<o>in(%) - gR(m) ~ g %o <D<o> - 18%)) () o
1.5 5 1 3\ 4 (C:25)
— 5(2000) + Po) + 5 | 1+ 5¢ ) Vo) — Yot -
After plugging in the above result the trace anomaly becomes
0 1 2 1 4
(T75) = 7 (#00%01) = 2¢(0,1) — 6 (14 3¢) Yoy — 2¢(0)¥(2)
L ij L’ ij 1o
t3 (¢<O>D(o>¢(0> + 7<6)5i¢<0>5j¢<o>> —3 (Rm)in(%) - 33(0)) . (C.26)

It must be mentioned that the above results for the one-point functions are true only
up to contributions from finite counterterms in the action.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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