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1 Introduction

Dualities lie at the heart of much of our understanding of string and M-theory. However, the

normal formulations of these theories may not be the best suited for an efficient description

of these dualities, and may not allow us to fully appreciate their effects. As a result, one

is led to the idea of modifying and extending the original formulations, to obtain duality

manifest models.

In this paper we will be concerned with T-duality in string theory, where such attempts

were first pioneered some time ago [1–5]. The basic idea to be followed is the extension
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of spacetime by introducing dual coordinates. This leads to worldsheet sigma model de-

scriptions of the string moving in a doubled space [1–3, 6–22]. Similarly, supergravity can

be rewritten using the ideas of generalised geometry [23, 24] leading to duality manifest

formulations [4, 5, 25–33] including double field theory, which is defined on a space with

twice as many coordinates as usual. Double field theory can be thought of as the low

energy effective theory of the doubled string [12, 16, 17], while the latter in turn can be

seen to reappear by studying fluctuations of the string solution in double field theory [34].

For recent reviews of these theories, see [35–37].

One of the ambitions of these approaches has been to understand so-called “non-

geometric backgroundsy” [6, 7, 38–42]. These are backgrounds which are patched by T-

dualities rather than just normal diffeomorphisms and gauge transformations; they are

important in the context of flux compactifications [42]. By considering such backgrounds on

the same stringy footing as any other we are able to extend the set of branes we have to play

with to include new “exotic” objects related by T-dualities to familiar branes [43, 44]. The

non-geometrical features of these backgrounds may be better understood using ideas related

to the doubled formalism such as non-geometric frames [45–56], while the “patching” by a

T-duality can be understood as a particular finite coordinate transformation of the doubled

geometry [37, 57–60].

The behaviour of strings in such backgrounds is expected to deviate from our usual

expectations. In particular, there is plenty of evidence pointing towards non-commutativity

and non-associativity in the non-geometric setting [61–67]. In this paper our aim is to use

the doubled string action developed in [20] to examine this behaviour. The advantage of

this approach is that T-duality is manifest, and it is trivial to treat in a unified manner

non-geometric backgrounds and their (geometric) T-duals.1 Indeed from the point of view

of the doubled space the notion of a non-geometric background does not make sense:

all such backgrounds are (generalised) geometric. Only when we single out half of the

coordinates as belonging to a physical spacetime do we have a meaningful notion of non-

geometric properties.

We will focus mainly on the three-torus with H-flux. Although not a true string the-

ory background, this provides an interesting simplified model of the sort of non-geometric

effects we are interested in, and the behaviour under T-duality of the string in this back-

ground has received plenty of attention [11, 61, 63, 65–67, 69–72]. By carrying out T-

dualities along the two isometry directions of this model one obtains firstly a twisted torus

(with geometric flux) and secondly a non-geometric background (with Q-flux). In the non-

geometric background the metric and B-field can only be globally defined up to a T-duality

transformation. A further T-duality along a direction which is not an isometry leads to

a background which depends explicitly on a dual coordinate, and so is not even locally

geometric (though it may still be thought of as carrying an R-flux).

In the non-geometric background one encounters non-commutativity of string coor-

dinates, and we will be able to give a simple derivation of the explicit non-commutative

bracket found in [66]. There a detailed and careful study of the T-duality rules was used

1There is also a notion of a “truly non-geometric” background which would not be connected by duality

to a geometric background, for example see [68]. It should be possible to treat these in similar fashion using

our methods, however we will not consider any such case in the present paper.
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to carry results from the geometric backgrounds over to the non-geometric one: we will be

able to do a much more straightforward computation of the Dirac brackets of the doubled

model leading to the same result (note that our results are all classical and in terms of

Poisson or Dirac brackets, but this carries directly over to the quantum theory).

Using the doubled model also gives us more control over the situation in which the

background is not even locally geometric. By treating coordinates and their duals on an

equal footing there is no difficulty at least in principle with considering T-dualities along

directions which are not isometries. Thus we are also able to work out explicitly the

brackets in this case. These brackets are more pathological. However by computing the

Jacobi identity, which vanishes, we find that in fact our brackets do not display the non-

associative property. This may be due to a subtle discrepancy between the coordinates

used here and those used in other investigations such as [63].

In our doubled model the only piece of information about the background which is rele-

vant to determining the Dirac brackets and hence non-commutativity (or non-associativity)

is the O(D,D) monodromy which describes the (lack of) periodicity of the generalised

metric (which in the T-duality description unifies the metric and B-field). This is a con-

sequence of the fact that the underlying origin of such effects, is the mixing of physical

and dual coordinates in the closed string boundary conditions, which is also encoded by

the monodromy.

This means that although the three-torus with H-flux is not a true string background

but rather an interesting toy model, a T-duality chain of genuine string theory backgrounds

with the same monodromy would inherit all our results. A particular example is provided

by the NS5-KKM-522 T-duality chain, and one may conclude (as mentioned in [54]) that a

string in the background of the exotic 522 brane also exhibits non-commutativity.

The outline of this paper is as follows. In section 2 we review the T-duality chain of

the three-torus with H-flux, and write down the standard string Polyakov action for this

background. In section 3 we give the modification of our doubled action which allows us

to describe strings in backgrounds with non-trivial O(D,D) monodromy. We then proceed

to use this to study a doubled string in the background defined by the three-torus with

H-flux: this doubled string simultaneously describes the various interesting T-duals of the

original background. We show the equivalence of our description with the usual one. In

section 4 we analyse the Poisson brackets and constraints of the doubled model and work

out the Dirac brackets which are used to describe the dynamics: these Dirac brackets give

rise to non-commutativity in the non-geometric background. In section 5 we then extend

our analysis to study the effects of carrying out a T-duality along a direction which is not

an isometry. We calculate here a triple bracket of string coordinates to investigate the

appearance of non-associativity. Finally we include a short appendix to demonstrate the

similarities between the toy background considered here and the 522 brane.

2 Torus with H-flux: ordinary sigma model and dual coordinates

2.1 Reminder of T-duality in the doubled formalism

We will be interested solely in backgrounds with non-vanishing metric g and B-field B. The

T-duality properties of these fields can be expressed by combining them into the generalised
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metric:

HMN =

(

g −Bg−1B Bg−1

−g−1B g−1

)

=

(

1 B

0 1

)(

g 0

0 g−1

)(

1 0

−B 1

)

. (2.1)

T-duality transformations PM
N are elements of the group O(D,D), and so by defini-

tion obey

PM
P ηPQ(P

T )QN = ηMN , ηMN =

(

0 1

1 0

)

. (2.2)

The O(D,D) structure ηMN can be used to raise and lower the indices on the transforma-

tion matrix PM
N .

In the doubled picture the coordinates consist of the usual spacetime coordinates X

together with their duals X̃, which form a single O(D,D) vector

XM =

(

X

X̃

)

. (2.3)

In order to make contact with the usual spacetime picture we have to specify a polarisation,

or choice of coordinates which we take to be the physical ones. One way of seeing the action

of T-duality is to keep the polarisation fixed and rotate the geometry:

X̄M = PM
NXN , H̄MN (X̄) = PM

PHPQ(X)(P T )QN . (2.4)

The new “physical” coordinates after this T-duality will still be the upper D components

of X̄M . An equivalent point of view is to keep the geometry (i.e. the generalised metric)

fixed but have T-duality act on the polarisation, i.e. after acting with a T-duality we will

now select a different set of physical coordinates.

2.2 T-dual backgrounds

Our example background for investigating non-geometric effects is that of the three-torus

with H-flux. It is important to remember that this is not a true string theory background.

We will mainly be interested in viewing it as a toy model with which to develop our

understanding, although one can be more precise about viewing it as an approximation to

a true background as for instance in [66].

2.2.1 Torus with H-flux

We take the metric on the torus to be flat ds2 = dX2 + dY 2 + dZ2 and pick a gauge such

that the B-field is B = HZdX ∧ dY . There is then a constant flux H = HdX ∧ dY ∧ dZ

through the three-torus. This background can be treated as a two-torus with coordinates

X,Y fibred over a base circle parameterised by the coordinate Z. For the time being we

will only double this two-torus, introducing dual coordinates X̃ and Ỹ . The generalised

metric is then a four-by-four matrix, and has the form

HMN =

(

(1 +H2Z2)I2 εHZ

−εHZ I2

)

, ε =

(

0 1

−1 0

)

. (2.5)
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As we loop around the Z direction this generalised metric is not periodic, but changes as

HMN (Z + 2π) = PM
PHPQ(Z)(P T )QP , (2.6)

with O(2, 2) monodromy

PM
N =

(

I2 2πHε

0 I2

)

. (2.7)

This monodromy has a straightforward physical interpretation as a gauge transformation

of the B-field: B → B + d(2πHX ∧ dY ), as is easily seen from the decomposition of the

generalised metric in (2.1).

2.2.2 One T-duality: the twisted torus

We implement T-duality in the X direction by the matrix

(TX)MN =











0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1











. (2.8)

The physical configuration this leads to is known as the twisted torus. The physical coor-

dinates are X̃ (the T-dual of the original coordinate X), Y and Z. This background has

vanishing B-field, and metric

ds2 = (dX̃ −HZdY )2 + dY 2 + dZ2 , X̃ ∼ X̃ + 2πHY . (2.9)

We need to make a geometric identification of the coordinates X̃, Y as we go around the

Z circle for this space to make sense. However, this is nothing out of the ordinary. It

corresponds to an O(2, 2) monodromy

P ′
M

N =

(

A 0

0 A−T

)

, A =

(

1 0

−2πH 1

)

, (2.10)

which lies in the GL(2) subgroup of O(2, 2) corresponding to coordinate transformations.

This background is considered to have geometric flux, f i
jk with fx

yz = H.

2.2.3 Another T-duality: the non-geometric background

T-duality in the Y direction corresponds to the following element of O(2, 2)

(TY )
M

N =











1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0











, (2.11)

and produces a non-geometric configuration:

ds2 =
1

1 +H2Z2
(dX̃2 + dỸ 2) + dZ2 , B = −

HZ

1 +H2Z2
dX̃ ∧ dỸ . (2.12)
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Though the generalised metric is still periodic up to an O(2, 2) element

P ′′
M

N =

(

I2 0

2πHε I2

)

, (2.13)

this transformation however cannot be interpreted as a coordinate transformation or gauge

transformation. The background is said to carry a Q-flux, Qij
k, with Qxy

z = H.

2.2.4 A T-duality too far?

The conventional Büscher T-duality rules [73, 74], only apply along directions which are

isometries. However, in the doubled framework every coordinate appears together with

its dual. This allows one to at least attempt to make sense of carrying out T-duality in

arbitrary directions. If we were to therefore perform a further T-duality in the Z direction

we would end up in a situation where our physical space has coordinates X̃, Ỹ and Z̃,

and fields

ds2 =
1

1 +H2Z2
(dX̃2 + dỸ 2) + dZ̃2 , B = −

HZ

1 +H2Z2
dX̃ ∧ dỸ . (2.14)

The fields still depend however on Z which is the dual coordinate in this picture. As a

result, this space is believed to not even be locally geometric. However it can still be

thought of as carrying an R-flux, Rijk, with Rxyz = H.

For the time being we shall ignore the possibility of carrying out this T-duality, and

return to it in section 5.

2.3 The sigma model and dual coordinates

Our goal in this paper is to use a doubled formalism to study all of the above backgrounds

simultaneously. As a check on the doubled formalism we will first set up the usual string

sigma model in the simplest case of the flat three-torus with H-flux.

The Polyakov action in the H-flux background is

S =

∫

dτdσ

[

1

2

(

Ẋ2 + Ẏ 2 + Ż2 −X ′2 − Y ′2 − Z ′2
)

+HZ(ẊY ′ − Ẏ X ′)

]

, (2.15)

leading to the equations of motion

Ẍ −X ′′ −HẎ Z ′ +HY ′Ż = 0 ,

Ÿ − Y ′′ −HŻX ′ +HZ ′Ẋ = 0 ,

Z̈ − Z ′′ −HẊY ′ +HX ′Ẏ = 0 .

(2.16)

The momenta are

PX ≡ Ẋ +HZY ′ , PY ≡ Ẏ −HZX ′ , PZ ≡ Ż . (2.17)

The action (2.15) is equivalent to the Hamiltonian form

S =

∫

dτdσ

[

ẊPX + Ẏ PY + ŻPZ −
1

2
HMNZMZN −

1

2
(PZ)

2 −
1

2
(Z ′)2

]

, (2.18)

– 6 –
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where HMN is the generalised metric given in (2.5) and

ZM =











X ′

Y ′

PX

PY











. (2.19)

We want to describe string configurations with winding in all directions, so thatX(σ+2π) =

X(σ)+ 2πN1 and similarly for the others. This means that we can write mode expansions

X = x(τ) +N1σ +
∑

n 6=0

αne
inσ ,

Y = y(τ) +N2σ +
∑

n 6=0

βne
inσ ,

Z = z(τ) +N3σ +
∑

n 6=0

γne
inσ .

(2.20)

While here the winding numbers N i as constant, in the doubled picture they will be

dynamical variables.

The dual coordinates X̃ and Ỹ are defined in terms of the momenta by

X̃ ′ = PX = Ẋ +HZY ′ , Ỹ ′ = PY = Ẏ −HZX ′ . (2.21)

If we have winding then these are not periodic but obey

PX(σ + 2π) = PX(σ) + 2πHN3Y ′(σ) , PY (σ + 2π) = PY (σ)− 2πHN3X ′(σ) . (2.22)

Using the mode expansions (2.20) one can explicitly show that

X̃ = x̃+

(

ẋ+H
∑

n 6=0

inγ−nβn −HN3y +HN2z

)

σ +HN3σ

(

y +
∑

n 6=0

einσβn

)

+
∑

n 6=0

einσ
1

in

(

α̇n + inHzβn −HN3βn +HN2γn +H
∑

m 6=0

imγn−mβm

)

+
1

2
HN2N3σ2 .

(2.23)

This quantity is also not periodic but obeys

X̃(σ + 2π) = X̃(σ) + 2πHN3Y (σ) + 2πp1 , (2.24)

where

p1 = ẋ−HN3y +HzN2 + πHN3N2 +H
∑

n 6=0

inγ−nβn . (2.25)

The equations of motion imply that ṗ1 = 0.

Similarly, one has

Ỹ = ỹ + p2σ −HN3σ(X(σ, τ)− σN1)−
1

2
HN3N1σ(σ − 2π)

+
∑

n 6=0

einσ
1

in

(

β̇n − inHzαn +HN3αn −HN1γn −H
∑

m 6=0

imγn−mαm

)

,
(2.26)
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with

p2 = ẏ +HN3x−HzN1 − πHN3N1 −H
∑

n 6=0

inγ−nαn , (2.27)

and

Ỹ (σ + 2π) = Ỹ (σ)− 2πHN3X(σ) + 2πp2 . (2.28)

Finally, the momentum conjugate to Z is just Ż, so that

Z̃ = z̃ + żσ +
∑

n 6=0

1

in
γ̇ne

inσ . (2.29)

This has more conventional periodicity properties:

Z̃(σ + 2π) = Z̃(σ) + 2πp3 , (2.30)

where p3 = ż. As this direction is not an isometry we do not have ṗ3 = 0.

3 Doubled sigma model for three-torus with H-flux

3.1 The action

The doubled sigma model will allow us to treat all three of the above backgrounds in a

unified manner. To do so, we need to slightly generalise the derivation of the doubled

action from [20] to describe non-trivial monodromies. As a first step to doing so, let us

recall the steps taken in [20] where no non-trivial monodromy was assumed.

The usual string action in Hamiltonian form and conformal gauge is

S =

∫

dτdσ

(

ẊiPi −
1

2
HMNZMZN

)

. (3.1)

The Hamiltonian depends only on X ′i and the momentum Pi in a manifestly O(D,D)

invariant form, with the O(D,D) vector

ZM =

(

X ′i

Pi

)

. (3.2)

We make the replacement Pi 7→ X̃ ′
i, thereby replacing the momentum with dual coordi-

nates. The kinetic term can be manipulated by integration by parts into the form
∫

dτdσẊiPi =

∫

dτdσ
1

2
ẊMηMNX ′N +

∫

dτdσ
1

2

d

dσ

(

ẊiX̃i

)

=

∫

dτdσ
1

2
ẊMηMNX ′N + π

∫

dτẊi(0)pi ,

(3.3)

assuming for now that we have no O(D,D) monodromy, but do have winding such that

Xi(σ+2π) = Xi(σ) + 2πwi and X̃i(σ+2π) = X̃i +2πpi. In the usual string case we have

constant wi, but we do not assume this for the momentum zero mode pi.

Now, the second term of the last line of (3.3) is not O(D,D) covariant. One might

proceed naively to drop it from the action entirely in order to obtain a proposed O(D,D)

– 8 –
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manifest sigma model. However, one can check [20] that this does not lead to the correct

equations of motion or Dirac brackets, with the treatment of the zero modes turning out to

be incorrect. The correct solution is to first note that as we are using a Hamiltonian form

of the action it involves the dynamical quantity pi, and we wish to treat the winding wi on

the same dynamical footing. One is therefore led to the following modification: adding to

the action a term

+ π

∫

dτ ˙̃Xi(0)w
i , (3.4)

such that we have total action

S =

∫

dτdσ

(

1

2
ẊMηMNX ′N −

1

2
X ′MHMNX ′N

)

+ π

∫

dτwMηMNẊN (0) . (3.5)

The generalised winding wM is treated as dynamical, and must be taken into account when

varying the action. In this way one obtains equations of motion equivalent to those of the

Polyakov action, and the expected covariant Dirac bracket:

{XM (σ), XN (σ′)}∗ = −ηMN ǫ(σ − σ′) , (3.6)

where ǫ′(σ) = δ(σ), such that we reobtain the usual brackets between coordinates

and momenta.

The situation is broadly similar for non-trivial monodromies. Given the general bound-

ary condition

XM (σ + 2π) = PM
NXN (σ) + 2πwM , (3.7)

then the generalisation of the action in [20] which describes non-trivial monodromies is

Sdoubled =

∫

dτdσ

(

1

2
ẊMηMNX ′N −

1

2
X ′MHMNX ′N

)

+ π

∫

dτwMηMNPN
P Ẋ

P (0) .

(3.8)

The additional term has the effect of treating the zero modes correctly: it eliminates a

cross-term involving ẇM and the oscillator modes which leads to incorrect Dirac brackets,

and ensures the momentum pi are given by the expression obtained from the usual analysis.

The equations of motion from the action (3.8) can be expressed as

d

dσ

(

−ηMNẊN +HMNX ′N
)

−
1

2
∂MHPQX

′PX ′Q

+ δ(σ − 2π)
(

πηMN ẇN + PMNẊN (0)−HPNX ′P (0)PM
N
)

− δ(σ)
(

πPNM ẇN + ηMNẊN (0)−HNM (0)X ′N (0)
)

= 0 .

(3.9)

Integrating over σ from 0 to 2π implies that

(ηNM + PNM )ẇN = −
1

2π

∫ 2π

0
dσ∂MHPQX

′PX ′Q . (3.10)

If the generalised metric is constant, i.e. we have only doubled directions in which there

are isometries, then the right-hand side of the above is zero. In this case if the matrix

– 9 –
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ηMN +PMN is invertible, as will be the case for the backgrounds considered in this paper,

then the winding must in fact be constant, ẇM = 0. This then implies that integrated

equations of motion give exactly

ηMNẊN = HMNX ′N , (3.11)

which is the correct duality relation for the doubled string [2, 3] and shows that our

doubled model indeed reproduces the correct physics of T-duality. When the generalised

metric depends on a coordinate the result will generically be non-local duality relations in

place of (3.11) as well as non-constant generalised winding.

3.2 Mode expansions and equations of motion

We will now use the action (3.8) to study the three-torus with H-flux. For now consider the

four-dimensional doubled space with coordinates X,Y, X̃ and Ỹ . The monodromy matrix

and generalised winding are

PM
N =











1 0 0 0

0 1 0 0

0 2πHN3 1 0

−2πHN3 0 0 1











, wM =











N1

N2

p1
p2











. (3.12)

We therefore need mode expansions for the coordinates and their duals obeying

X(σ + 2π) = X(σ) + 2πN1 , Y (σ + 2π) = Y (σ) + 2πN2 , (3.13)

X̃(σ + 2π) = X̃(σ) + 2πp1 + 2πHN3Y (σ) , Ỹ (σ + 2π) = Ỹ (σ) + 2πp2 − 2πHN3X(σ) .

(3.14)

These expansions are provided by

X = x+N1σ +
∑

n 6=0

αne
inσ , Y = y +N2σ +

∑

n 6=0

βne
inσ , (3.15)

and

X̃ = x̃+ p1σ +
∑

n 6=0

einσα̃n +HN3

(

y +
∑

n 6=0

βne
inσ

)

σ +
1

2
HN3N2σ(σ − 2π) , (3.16)

Ỹ = ỹ + p2σ +
∑

n 6=0

einσβ̃n −HN3

(

x+
∑

n 6=0

αne
inσ

)

σ −
1

2
HN3N1σ(σ − 2π) . (3.17)

The quantities p1, p2 and α̃n, β̃n will be determined from the equations of motion. To

derive these we insert the above mode expansions into the action (3.8) and carry out

the σ integration. Note that the generalised metric for this background determines the

Hamiltonian term to be explicitly

−
1

2
HMNX ′MX ′N = −

1

2
(1+H2Z2)(X ′2+Y ′2)−HZ(X ′Ỹ ′−X̃ ′Y ′)−

1

2
(X̃ ′2+Ỹ ′2) . (3.18)
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The result of the σ integration is that the action can be expressed as

Sdoubled = Ssymplectic + Szero,winding + S
α̃,β̃

+ Sα,β , (3.19)

where the symplectic terms are

Ssymplectic =

∫

dτ

[

ẋ(2πp1 + πHN3y − 2π2HN3N2) + ẏ(2πp2 − πHN3x+ 2π2HN3N1)

+ 2π ˙̃xN1 + 2π ˙̃yN2 +
2π3

3
HN3(Ṅ1N2 − Ṅ2N1)

+ 2π
∑

n 6=0

α̇n

(

−inα̃−n +
1

2
HN3β−n

)

+ 2π
∑

n 6=0

β̇n

(

−inβ̃−n −
1

2
HN3α−n

)

]

, (3.20)

the part of the action involving the zero modes and the winding is

Szero,winding =

∫

dτ

[

− π(p1 +HN3y)2 − π(p2 −HN3x)2

− 2π(p2 −HN3x)

(

HzN1 + πHN3N1 +H
∑

n 6=0

inγ−nαn

)

+ 2π(p1 +HN3y)

(

HzN2 + πHN3N2 +H
∑

n 6=0

inγ−nβn

)

]

,

(3.21)

and that involving the “dual oscillators” α̃ and β̃ is

S
α̃,β̃

= 2π

∫

dτ

(

∑

n 6=0

α̃n

(

−
1

2
n2α̃−n +H(zn2 −N3in)β−n

+HN2inγ−n −H
∑

m 6=0

mnγ−m−nβm

)

+
∑

n 6=0

β̃n

(

−
1

2
n2β̃−n −H(zn2 −N3in)α−n

−HN1inγ−n +H
∑

m 6=0

mnγ−m−nαm

))

.

(3.22)

We do not need the explicit form of Sα,β in what follows.

We can now work out the equations of motion following from the doubled string with

dynamical winding. First of all, the equations of motions for the zero modes x̃ and ỹ

imply that

Ṅ1 = 0 = Ṅ2 , (3.23)
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so we must have only constant winding, as expected. If we vary N1 and N2 then we obtain

equations determining ˙̃x and ˙̃y, which has no effect on the physics. Varying with respect

to the momenta (or dual winding) p1 and p2 we find that

δp1 ⇒ ẋ−HN3y +HzN2 + πHN3N2 +H
∑

n 6=0

inγ−nβn = p1 , (3.24)

δp2 ⇒ ẏ +HN3x−HzN1 − πHN3N1 −H
∑

n 6=0

inγ−nαn = p2 . (3.25)

Using these equations in the equations of motion resulting from varying the zero modes x

and y we learn that in fact also

ṗ1 = 0 = ṗ2 . (3.26)

Finally, for the dual oscillator modes α̃ and β̃ we have

α̃n =
1

in
α̇n +H

(

z −
N3

in

)

βn +H
1

in
N2γn +H

∑ m

n
βmγn−m , (3.27)

β̃n =
1

in
β̇n −H

(

z −
N3

in

)

αn −H
1

in
N1γnN

3αn −H
∑ m

n
αmγn−m . (3.28)

If we insert these expressions as well as those for p1, p2 into the mode expansions (3.16)

and (3.17) we find that we exactly recover the expressions for X̃ and Ỹ that are found by

integrating the momentum PX and PY , (2.23) and (2.26).

After solving the equations of motion as above we can identify the quantities X̃ ′ and

Ỹ ′ appearing in the doubled action as the momentum PX and PY . We thus have the same

Hamiltonian as in the ordinary string action. In addition we know that all the winding are

constant. Then the action of the doubled model is

Sdoubled =

∫

dτdσ

(

1

2
ẊPX +

1

2
Ẏ PY +

1

2
X ′ ˙̃X +

1

2
Y ′ ˙̃Y −

1

2
HMNZMZN

)

+ π

∫

dτwMηMNPN
P Ẋ

N (0)

=

∫

dτdσ

(

ẊPX + Ẏ PY −
1

2
HMNZMZN +

d

dσ

(

X ˙̃X + Y ˙̃Y
)

)

= Ssingle + 2π

∫

dτHN3X(0)Ẏ (0) .

(3.29)

having integrated by parts and discarded total τ derivatives. The extra term appearing

here is essentially Hull’s “topological” term [8]

1

2

∫

(

ẊX̃ ′ −X ′ ˙̃X + Ẏ Ỹ ′ − Y ′ ˙̃Y
)

. (3.30)

We can also understand its appearance as follows. In deriving the equations of motion

from Sdoubled we assumed from the start that the coordinates were not periodic. This was

necessary as we wanted to have dynamical winding on the same footing as the ordinary

momenta. In this case one finds that δSsingle gives rise to the standard string equations of

motion (2.16) plus an additional term −2π
∫

dτHN3(δX(0)Ẏ (0) − δY (0)Ẋ(0)), resulting
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from the sigma integration by parts if Z is assumed here to wind. This exactly cancels the

contribution from the extra term in (3.29). Thus we have that δSdoubled = δSsingle|no winding,

so that the equations of motion of the doubled model are equivalent to the standard equa-

tions of motion of the usual Polyakov action, (2.16), as expected from the general discussion

in section 3.1.

4 Non-geometry and non-commutativity

4.1 Derivation of Dirac brackets

We now study the Poisson brackets arising from the symplectic terms of equation (3.20). In

the doubled picture the “momenta” such as p1 and p2 are to be treated as coordinates. This

leads to second-class constraints when we come to define the momenta of all variables in the

model. For each variable χ we define the conjugate momentum Πχ, and have constraints

Cχ ≡ Πχ −
∂L

∂χ̇
, (4.1)

with initially the standard Poisson brackets

{χ,Πχ} = 1 . (4.2)

Starting with the zero modes only, the second-class constraints are

Cx = Πx − 2πp1 − πHN3y + 2π2HN3N2 ,

Cy = Πy − 2πp2 + πHN3x− 2π2HN3N1 ,

Cp1 = Πp1 ,

Cp2 = Πp2 ,

Cx̃ = Πx̃ − 2πN1 ,

Cỹ = Πỹ − 2πN2 ,

CN1 = ΠN1 −
2π3

3
HN3N2 ,

CN2 = ΠN2 +
2π3

3
HN3N1 .

(4.3)

The matrix of Poisson brackets of second-class constraints for the zero modes is Mχχ′ =

{Cχ, Cχ′} for χ = {x, y, p1, p2, x̃, ỹ, N
1, N2}, and works out as

Mχχ′ = 2π





























0 −HN3 −1 0 0 0 0 πHN3

+HN3 0 0 −1 0 0 −πHN3 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1

0 πHN3 0 0 1 0 0 −2π2

3 HN3

−πHN3 0 0 0 0 1 2π2

3 HN3 0





























. (4.4)
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The inverse is

M−1
χχ′ =

1

2π





























0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

−1 0 0 −HN3 0 −HN3π 0 0

0 −1 HN3 0 HN3π 0 0 0

0 0 0 −HN3π 0 −2π2

3 HN3 1 0

0 0 HN3π 0 2π2

3 HN3 0 0 1

0 0 0 0 −1 0 0 0

0 0 0 0 0 −1 0 0





























. (4.5)

From this one can read off the non-zero Dirac brackets, which are defined by

{f, g}∗ = {f, g} − {f, Cχ}M
−1
χχ′{Cχ′ , g} , (4.6)

so that we obtain

{x, p1}
∗ = {y, p2}

∗ = {x̃, N1}∗ = {ỹ, N2}∗ =
1

2π
, (4.7)

{p1, p2}
∗ = −

HN3

2π
, {p1, ỹ}

∗ = −
HN3

2
= {x̃, p2}

∗ , {x̃, ỹ}∗ = −
π

3
HN3 . (4.8)

Meanwhile, for the oscillators we have

Cαn
= Παn

+ 2πinα̃−n − πHN3β−n ,

Cβn
= Πβn

+ 2πinβ̃−n + πHN3α−n ,

Cα̃n
= Πα̃n

,

C
β̃n

= Π
β̃n

,

(4.9)

for which the matrix of Poisson brackets is (with now χ = {αn, βn, α̃n, β̃n})

(Mosc)χχ′ = 2π











0 −HN3δn,−m inδn,−m 0

HN3δn,−m 0 0 inδn,−m

−inδn,−m 0 0 0

0 −inδn,−m 0 0











, (4.10)

with

(Mosc)−1
χχ′ =

1

2π











0 0 − 1
in
δn,−m 0

0 0 0 − 1
in
δn,−m

1
in
δn,−m 0 0 −HN3

n2 δn,−m

0 1
in
δn,−m

HN3

n2 δn,−m 0











, (4.11)

so that

{αn, α̃m}∗ = {βn, β̃m}∗ = −
1

2πin
δn+m , {α̃n, β̃m}∗ = −

HN3

2πn2
δn+m . (4.12)
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4.2 Non-commutativity

We can now use these Dirac brackets with the mode expansions (3.15), (3.16), (3.17) to

determine the brackets between our coordinates. For each coordinate and its dual we find

as expected

{X(σ), X̃(σ′)}∗ = {Y (σ), Ỹ (σ′)}∗ = −
1

2π

(

σ−σ′+
∑

n 6=0

1

in
ein(σ−σ′)

)

≡ −ǫ(σ−σ′) , (4.13)

which is compatible with the relationship X̃ ′ = PX between dual coordinates and momenta.

In addition we find a non-zero bracket between X̃ and Ỹ :

{X̃(σ), Ỹ (σ′)}∗ = −
π

3
HN3 −

1

4π
HN3(σ − σ′)2

−
HN3

2πi
(σ − σ′)

∑

n 6=0

ein(σ−σ′) 1

n
−

HN3

2π

∑

n 6=0

ein(σ−σ′) 1

n2
. (4.14)

These are the coordinates on the non-geometric background and we interpret this result as

non-commutativity in this background. Observe that it is proportional both to the H-flux

H and to the winding N3 about the Z-direction. The latter reflects the fact that this

non-commutativity is a consequence of the global properties of the background, with a

string wound in the Z-direction feeling the effects of the global patching.

The bracket (4.14) is in exact agreement with the result of [66] up to different choices

of α′, and up to the overall constant term −πHN3/3 resulting from the {x̃, ỹ}∗ bracket.

This discrepancy is not a complete surprise as in [66] the bracket between these zero modes

was not fixed by the T-duality rules but instead argued for indirectly. In our case we may

note that the origin of this bracket can be traced uniquely to the presence of the term

+
2π3

3
HN3(Ṅ1N2 − Ṅ2N1) = −

π2

3
PM

N ẇNηMPw
P + total derivative . (4.15)

in the Lagrangian. We observe that adding any multiple of
∫

dτPM
N ẇNηMPw

P to the

action does not alter any of our previous results about agreement with the standard sigma

model. Doing so would only affect the N1 and N2 equations of motion, with the result

of shifting the expressions for ˙̃x and ˙̃y by terms proportional to Ṅ1 and Ṅ2, which are

both zero. Hence in principle we could modify our original action to remove or modify the

term (4.15). It would be interesting to have a precise check on the presence of this constant

term: it is expected that the bracket of non-commutativity is related to the non-geometric

fluxes [61–67] and perhaps there is a direct argument from a more (generalised) geometrical

point of view (perhaps a derivation of the sigma model from an underlying geometrical

principle such as in [19], or some relationship to a geometric or flux formulation of double

field theory [55, 75]).

4.3 Comment on section condition

In the Hamiltonian formalism of the bosonic string one has a pair of first class constraints

which generate worldsheet parameterisations. Under Poisson brackets these constraints
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form a closed algebra. In the doubled formalism these constraints are

H1 =
1

4
(HMN − ηMN )X ′MX ′N , H2 =

1

4
(HMN + ηMN )X ′MX ′N . (4.16)

Given a generalised metric HMN which is an arbitrary function of the doubled coordinates

XM then the algebra of these constraints does not necessarily close, leading to a loss of

worldsheet diffeomorphism invariance. Thus, as shown in [20], one is led to impose a

condition on the background generalised metric.

In [20] only backgrounds with trivial O(D,D) monodromy were considered. The Dirac

brackets were {XM (σ), XN (σ)}∗ = −ηMN ǫ(σ−σ′), and worldsheet diffeomorphism invari-

ance as manifested by the closure of the algebra of constraints required the vanishing of a

term involving the Dirac bracket of the generalised metric with itself:

{HPQ(σ),HRS(σ
′)}∗ = ηMN∂MHPQ(σ)∂NHRS(σ

′) . (4.17)

This can be implemented by requiring the section condition of double field theory hold on

the generalised metric in the form

ηMN∂MHPQ∂NHRS = 0 . (4.18)

Now, for the torus with H-flux we have started with a background that obeys the section

condition, but then gone on to show that we have an additional non-zero Dirac bracket,

between two of the dual coordinates. In our situation this does not modify any of the above

concerns, as the generalised metric depends only on the coordinate Z and its brackets

receive no modifications due to the H-flux.

However one might wonder about the general situation. A sufficient condition for

closure of the worldsheet diffeomorphism algebra would be that a background cannot

depend on any two coordinates who have a non-zero Dirac bracket, which ensures that

{HPQ(σ),HRS(σ
′}∗ = 0. The only property of the background that is relevant to de-

termining the bracket is of course the monodromy. Ideally one would like to be able to

calculate the Dirac brackets for an arbitrary monodromy PM
N , which would allow one

to rule out the validity of a given background by checking its monodromy. Here we were

only able to work with a specific example, and check at the end when we had the brackets

that they were consistent with the algebra closure analysis of [20]. It is also tempting to

speculate about whether one may be able to weaken the section condition for particular

choices of PM
N . We leave this for future work.

5 Non-isometry and no non-associativity

In this section we allow the non-isometric Z direction to be doubled, allowing us to derive

the Dirac brackets involving the dual coordinate Z̃. As the background obtained by T-

dualising in all three directions is not even locally geometric, this leads to new interesting

behaviour. The brackets of Z̃ with the other coordinates of this background are non-

zero and in fact depend on the modes of the original string coordinates in an involved

fashion. Thus we do not have a geometric interpretation of the brackets. By taking
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an additional bracket we can then compute the Jacobi identity, the failure of which in

these backgrounds has been interpreted as evidence for non-associative behaviour [61–67].

However, we find that the Jacobi identity is satisfied, and thus our model appears to not

see the non-associative behaviour.

5.1 Dirac brackets for the doubled non-isometry direction

If the Z direction is doubled then the winding N3 will be treated as dynamical, although

we expect equations of motion to set it to be constant. This puts us in a situation where

our monodromy PM
N , which is now meant to be an element of the global O(3, 3) group,

now involves a dynamical quantity. However we shall ignore this issue, and think of our

boundary conditions as merely involving a set of coordinates and dynamical winding. We

can then proceed as before by writing mode expansions for Z and Z̃:

Z = z +N3σ +
∑

n 6=0

γne
inσ , Z̃ = z̃ + p3σ +

∑

n 6=0

γ̃ne
inσ . (5.1)

Our action is supplemented by the following terms:

SZ =

∫

dτ

[

2πżp3 + 2π ˙̃zN3 − 2π
∑

n 6=0

inγ̇nγ̃−n

+ πHṄ3

(

∑

n 6=0

2

(

π −
1

in

)

(

αnN
2 − βnN

1
)

+
∑

n 6=0

(yαn − xβn)

+ 2π
∑

n 6=0

inαnβ−n +
∑

n 6=0

1

n
(n− 2m)βmαn−m

)

− π(p3)
2 − π(N3)2 − π

∑

n 6=0

n2(γ̃nγ̃−n + γnγ−n)

]

.

(5.2)

It is clear that the equations of motion work as expected, ensuring that N3 is constant and

Z̃ ′ = PZ . Let us now see what brackets we obtain. Our new second-class constraints are

Cz = Πz − 2πż ,

Cp3 = Πp3 ,

Cz̃ = Πz̃ − 2πN3 ,

CN3 = ΠN3 − πH

(

∑

n 6=0

2

(

π −
1

in

)

(

αnN
2 − βnN

1
)

+
∑

n 6=0

(yαn − xβn)

+ 2π
∑

n 6=0

inαnβ−n +
∑

n 6=0

1

n
(n− 2m)βmαn−m

)

.

(5.3)

The non-trivial behaviour here results from the CN3 constraint. This has non-zero Poisson

brackets with Cx, Cy, CN1 , CN2 , Cαn
and Cβn

of (4.3) and (4.9). The new and important
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feature is that these Poisson brackets are not constant, but depend directly on the modes.

After carefully inverting the matrix of all second-class constraints one finds that this induces

the following non-zero Dirac brackets (in addition to the ones we had previously, which

are unchanged):

{z̃, x̃}∗ =
H

4π

(

2π2

3
N2 +

∑

n 6=0

(

2π −
2

in

)

βn

)

,

{z̃, ỹ}∗ = −
H

4π

(

2π2

3
N1 +

∑

n 6=0

(

2π −
2

in

)

αn

)

, (5.4)

{z̃, p1}
∗ =−

H

4π

(

y − 2πN2 +
∑

n 6=0

βn

)

,

{z̃, p2}
∗ =

H

4π

(

x− 2πN1 +
∑

n 6=0

αn

)

, (5.5)

{z̃, α̃n}
∗ =

H

4πin

(

y +

(

2π +
2

in

)

N2 − βn(1 + 2πin)−
∑

m 6=0

2n+m

m
βm+n

)

, (5.6)

{z̃, β̃n}
∗ = −

H

4πin

(

x+

(

2π +
2

in

)

N1 − αn(1 + 2πin)−
∑

m 6=0

2n+m

m
αm+n

)

, (5.7)

{z̃, N3}∗ =
1

2π
, {z, p3}

∗ =
1

2π
. (5.8)

That the Dirac brackets of the coordinate Z̃ with X̃ and Ỹ involve only the zero mode z̃

is consistent with Z̃ ′ being the momentum PZ conjugate to Z, which must have the usual

Dirac brackets.

The above Dirac brackets guarantee the existence of non-zero Dirac brackets between

the coordinate Z̃ and both of X̃ and Ỹ . These brackets depend in an involved way on the

different modes and it is not clear if they have any geometric interpretation. This fits in

with the general expectation that the space we are now considering cannot even locally be

described geometrically.

5.2 Non-associativity?

Following [61–67] we can however study the possible non-associativity of these brackets.

Although a single bracket of Z̃ with X̃ or Ỹ has an involved dependence on the modes, the
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bracket of such a bracket has a simpler structure. In particular, one has

{{Z̃(σ′′), X̃(σ)}∗, Ỹ (σ′)}∗

= −
H

12
−

H

8π2
(σ2 − σσ′)

+H
∑

n 6=0

1

4π2n2

(

einσ − einσ
′

)

+H
∑

n 6=0

1

8π2in

(

σ′einσ − σeinσ
′

)

−H
∑

n 6=0

1

4πin

(

einσ − einσ
′

)

−H
∑

n 6=0

1

4π2in
ein(σ−σ′)σ −H

∑

n 6=0

1

8π2n2
ein(σ−σ′) +H

∑

n 6=0

1

4πin
ein(σ−σ′)

+H
∑

n 6=0

∑

m 6=0
m 6=−n

einσeimσ′ 1

8π2

1

nm

n−m

n+m
.

(5.9)

Using also the result (4.14) to get

{X̃(σ), Ỹ (σ′)}∗, Z̃(σ′′)}∗ =
H

6
+

H

8π2
(σ − σ′)2 +H(σ − σ′)

∑

n 6=0

1

4π2in
ein(σ−σ′)

+H
∑

n 6=0

1

4π2n2
ein(σ−σ′) (5.10)

we find that the triple bracket in fact vanishes:2

{{Z̃(σ′′), X̃(σ)}∗, Ỹ (σ′)}∗ + cyclic = 0 . (5.11)

Thus we do not find evidence of a non-associative structure.

This might initially appear a surprise. However, there is a very simple underlying

reason. Recall the general definition of the Dirac bracket:

{f, g}∗ = {f, g} − {f, CA}M
AB{CB, g} , (5.12)

where MAB is the inverse of the matrix of constraints, MAB = {CA, CB}. One can check

that such brackets indeed always obey the Jacobi identity, even in the cases where MAB

depends on the coordinates/momenta of the theory (assuming that the original Poisson

bracket {, } also satisfies the Jacobi identity). Thus the result that the Jacobi identity

holds for the doubled coordinates is in fact inevitable in this framework.

This might seem to indicate that there is no evidence for non-associativity, at least in

the classical structure based on the usual (phase space) Dirac brackets. However, one can

2One might also have argued that a vanishing triple bracket is the expected outcome here, as one would

expect that such a bracket should obey a cyclic symmetry under interchange of the worldsheet coordinate

σ, σ′, σ′′: as our Dirac brackets only ever involve the zero mode z̃ we can never generate a σ′′ dependence.

This leaves zero as the only sensible result on the right-hand side of (5.11). This asymmetry is a result of our

choice for the B-field. It is possible to repeat the calculations for a symmetric gauge choice, BXY = HZ/3,

BY Z = HX/3, BZX = HY/3, in which case the triple bracket is also zero.
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still argue that there may be a subtle way of introducing non-associativity by linking it to

the failure of the Bianchi identity for the B-field.

Consider the following simple example of non-associative behaviour (which is discussed

for instance in [67]). Suppose we have a particle in the background of a magnetic monopole

described by a background gauge field Ai. Then, although the canonical momenta Πi

and coordinates Xi obey the Jacobi identity, if one studies the physical (gauge invariant)

momenta Pi = Πi − Ai then one easily sees that the triple bracket [[Pi,Pj ],Pk]+cyclic of

three physical momenta is in fact non-zero, owing to the failure of the Bianchi identity in

the presence of the magnetic monopole.

The string theory analogue would involve a string in the presence of an NS5 brane.

This is the background described in the appendix, for which the three-torus with H-flux is

a toy model.

We may thus speculate that the emergence of non-associative behaviour for the string

may be connected to the failure of the Bianchi identity for the three-form field strength. One

may immediately note that in the three-torus model we have considered it seems impossible

to ever see such a failure, as the Bianchi identity involves an antisymmetrisation on four

(spacetime, not dual) indices, and this model is of course three-dimensional. However, in

more realistic configurations it will be possible.

The essential point here is that it is necessary to take into account the possible failure

of the Bianchi identity. By working with an explicit local gauge choice for the B-field -

which is necessary for the sigma model - it is likely that our method would not see such

a failure. (Note that the use of the word “local” here does not mean the issue arises in

the Z → Z + 2π patching that is the main concern of the paper. In the NS5 example,

discussed in the appendix, there is an additional radial coordinate r, and one only has a

failure of the Bianchi identity at r = 0. Thus “locally” in this case refers to patches not

containing r = 0.)

This might lead one to suggest defining new coordinates, χ̃i, which are related to the

physical momenta of the string as χ̃′
i = Pi, just as the usual coordinates X̃i are related to

the canonical momenta, Πi, by X̃ ′
i = Πi. Thus, one would have

χ̃′
i = X̃ ′

i −BijX
′j . (5.13)

which suggests we can take

χ̃i(σ) =

∫ σ

σ0

dσ̃
(

X̃ ′
i(σ̃)−Bij(σ̃)X

′j(σ̃)
)

. (5.14)

(There is a zero mode ambiguity in defining χ̃i(σ) which we have chosen to partially fix in

order to have a gauge invariant coordinate.) One can then calculate

{χ̃i(σ), χ̃j(σ
′)}∗ = {X̃i(σ), X̃j(σ

′)}∗ +

∫ σ

σ0

dσ1

∫ σ′

σ0

dσ2δ(σ1 − σ2)X
′lHijl(σ1) , (5.15)
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after judicious manipulation of various terms involving derivatives of the delta function.

Similar manipulations lead to

{{χ̃i(σ), χ̃j(σ
′)}∗, χ̃k(σ

′′)}∗ + cyclic

= 4

∫ σ

σ0

dσ1

∫ σ′

σ0

dσ2

∫ σ′′

σ0

dσ3δ(σ1 − σ2)δ(σ2 − σ3)X
′l∂[iHjkl](σ1) , (5.16)

which vanishes if the Bianchi identity holds.

In a physically realistic situation, such as the NS5 brane, this would lead to a modified

version of the non-commutative bracket and then indeed a non-associative bracket. The

non-associativity would be only felt at the location where the Bianchi identity breaks down,

which is at the position of the NS5 brane. We show this could work in practice for the NS5

brane in the appendix.

One motivation for considering alternative definitions for the dual coordinates is to

attempt to make contact with the approach of [63], where the three-torus with H-flux is

studied from a CFT viewpoint. There, one defines special coordinates which are better

suited to the CFT analysis (specifically, that are well-defined CFT operators given by

integrals of certain conserved currents). These coordinates may be seen to give rise to duals

roughly of the form (5.13), but with a different numerical prefactor of the B-field term.

However, it remains unclear how the non-associativity of these papers - which essentially

manifests itself in off-shell scattering amplitudes - relates to the possible non-associativity

that is seen here. It would be interesting to quantise the doubled sigma model in order to

further explore these issues.

More fundamentally, it may be that there are subtle issues with defining the doubled

string action when one wishes to consider T-dualities along non-isometric directions. As

noted above, the boundary conditions encoded by the monodromy matrix PM
N explicitly

involve the dynamical winding N3, and yet this matrix is supposed to be a constant T-

duality. Resolving these issues may require a deeper understanding of the precise geometri-

cal nature of our model in the doubled space, and of how finite generalised diffeomorphisms

are seen by the sigma model.

In summary, the lack of a non-associative bracket involving our dual coordinates is

an inevitable consequence of working with Dirac brackets. However, it is possible that in

backgrounds for which the B-field Bianchi identity is violated that one can recover a mild

non-associativity when using redefinitions of the coordinates in which the B-field appears

explicitly. Such redefinitions may be relevant for CFT-based approaches, e.g. [62, 63], and

may have some interesting doubled geometric meaning (one can view the definition (5.13)

as being the result of defining a sort of “flat” coordinate using the doubled vielbein in the

three-torus background, ∂χ̃α = Eα
M∂XM , for instance).

6 Conclusions

We have written down in this paper a proposed doubled string action (3.8), which is a simple

generalisation of that in [20] to describe the string in backgrounds with non-trivial O(D,D)

patching. This action reproduces the standard equations of motion and duality relations,
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and leads straightforwardly to the Dirac brackets of string coordinates. In particular, for

the non-geometric background obtained by acting on the three-torus with H-flux with two

T-dualities we have a non-vanishing Dirac bracket between the two coordinates X̃ and Ỹ ,

{X̃(σ), Ỹ (σ′)}∗ = −
π

3
HN3 −

1

4π
HN3(σ − σ′)2

−
HN3

2πi
(σ − σ′)

∑

n 6=0

ein(σ−σ′) 1

n
−

HN3

2π

∑

n 6=0

ein(σ−σ′) 1

n2
. (6.1)

This is in agreement with the result found in [66] by a different method, and implies

that the doubled action (3.8) truly knows about the behaviour of the string in non-

geometric backgrounds.

In addition we are able to use the doubled formalism to investigate the brackets in-

volving the coordinate Z̃ on the background obtained by a further T-duality along a non-

isometry direction. There however we found that the Jacobi identity was satisfied, so that

we find no evidence of non-associativity. Fundamentally, this is due to the fact that Dirac

brackets will always obey the Jacobi identity. Therefore, any non-associative behaviour

must have a different origin. We have suggested above that non-associativity may be con-

nected to the failure of the Bianchi identity of the B-field, which may manifest itself in

certain redefinitions of the (dual) coordinates. We stress, however, that further study is

necessary in order to connect such a possibility to the appearance of non-associativity in

the literature, perhaps by quantising the doubled sigma model and calculating scatter-

ing amplitudes.

One of the strengths of our approach is that the only information about the background

which determines the Dirac brackets is the monodromy matrix. This means that our results

hold for any background sharing the same monodromy, for instance the interesting exotic

522 brane example. Unlike the torus with H-flux this is a true supergravity background.

However its global non-geometric properties are determined by the same monodromy as in

the case of the simpler model.

There remain open questions regarding the interpretation of both the doubled action

and the resulting Dirac brackets in terms of the geometry and topology of the doubled

space. This may have connections with other approaches to the doubled sigma model

such as [19], where a closely related action can be written down by starting from a simple

observation about the consequences of the section condition in double field theory. It is

also clear that non-geometric fluxes play an important role which does not seem to be fully

understood for the sigma model, so it would be worthwhile to investigate how exactly the

doubled string feels their effects. This may involve the flux formulation of double field

theory [55] or the similar torsionful geometry of [75].

One would also prefer to be able to derive the Dirac brackets for an arbitrary mon-

odromy, without having to treat specific cases individually. This would be important

for understanding the relationship to the section condition, which restricts allowed back-

grounds. A related goal would be to study so-called “truly non-geometric” backgrounds,

which are not T-dual to anything geometric.

The quantum theories of the backgrounds studied in this paper could also be treated

in this approach.
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A The 52

2
brane

A.1 Duality chain

The torus with H-flux considered above is a toy model and not a true string theory back-

ground. However it is very similar to the case of the 522 exotic brane. In this short appendix

we review the T-duality chain leading to this brane, in order to show that it shares the

same O(D,D) monodromy as the torus with H-flux.

The 522 brane was studied extensively in [43, 44], and has provided an interesting testing

ground for studying ideas of double field theory and related concepts such as non-geometric

frames [48, 54–56]. The gauged linear sigma model and worldvolume description of this

brane has been discussed in [76–80] while the behaviour of a rotating doubled string in this

background was studied in [81].

This brane can be obtained by starting with the NS5 brane solution and performing two

T-dualities. The resulting solution is non-geometric, and in fact has essentially identical

O(2, 2) monodromy to the three-torus with H-flux. As in the doubled action (3.8) the

symplectic terms are determined entirely by the monodromy matrix this means we could

carry out an entirely equivalent analysis of this background and conclude that it too has

non-commutative coordinates.3

We now give the details of the duality chain leading to this brane, essentially follow-

ing [44] (and also [55], which we note is also especially concerned with the failure of the

Bianchi identity). The standard NS5 brane solution is [82]

ds2 = −dt2 + d~y5
2 + fd~x4

2 ,

B6 = (1− f−1)dt ∧ dy1 ∧ · · · ∧ dy5 ,

e−2φ = f−1 ,

(A.1)

with the harmonic function f(|~x4|) = 1 + m
|~x4|2

. The solution is charged magnetically

under the usual Kalb-Ramond field, and is given above in terms of the dual field for which

dB6 = H7 ≡ ⋆e−2φH3. One has from this that (H3)ijk = ǫijk
l∂l ln f .

We wish to carry out two T-dualities along the transverse directions. In order to do

this we need isometries, and so we take the x1 ≡ X and x2 ≡ Y directions to be compact (of

3These backgrounds are solutions of type II string theory. In [20] the doubled version of the RNS string

was constructed. However, for the purposes of making comments about Dirac brackets we need only the

kinetic terms for the bosonic coordinates, which are the same.
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radii RX and RY ). We also use polar coordinates for the other two transverse directions,

which we call r and Z ∼ Z + 2π.

We then smear the brane in the X and Y directions. This can be achieved by arraying

centres at intervals of 2πRX and 2πRY . The harmonic function then involves an infinite

sum, which can be successively approximated by standard methods [82] to become

f ≈ h0 +H log
µ

r
, H ≡

m

2πRXRY
. (A.2)

Here h0 is a divergent constant, introduced in the second smearing which results in the

appearance of the logarithm, and µ is a cutoff scale [44]. The approximation will be valid

for r ≫ RX , RY and will break down for r ∼ µ. This is related to the fact that our brane is

now of codimension-2 (having compactified two of the four transverse dimensions). Objects

of codimension-2 are not expected to exist as well-behaved standalone objects. Rather,

they should exist in superposition with other codimension-2 objects or in the presence of

other branes, which we neglect for r < µ. As argued in [44] however, exotic branes of

codimension-2 should appear generically in string theory. The idea is then that the single

brane configuration here can be used to learn about the general features of such objects,

and may represent the (non-)geometry near an exotic brane, neglecting other sources.

The twice-smeared NS5 brane solution can be written as

ds2 = −dt2 + d~y5
2 + f

(

dX2 + dY 2 + r2dZ2 + dr2
)

,

B = HZdX ∧ dY ,

e−2φ = f−1 .

(A.3)

This already looks quite similar (in the X,Y, Z directions) to the simple toy model of

the three-torus with H-flux. In particular, the generalised metric for this configuration

(restricting to X,Y ) is

HMN =

(

(f + f−1H2Z2)I2 εf−1HZ

−εf−1HZ f−1
I2

)

, ε =

(

0 1

−1 0

)

. (A.4)

The monodromy of this matrix as we go around the Z circle is the same as for the three-

torus situation:

HMN (Z + 2π) = PM
PHPQ(Z)PN

Q , (A.5)

with

PM
N =

(

I2 2πHε

0 I2

)

. (A.6)

One can now focus on the X, Y directions and firstly carry out a T-duality in the X direc-

tion to arrive at the Kaluza-Klein monopole, with vanishing B-field and dilaton, and metric

ds2 = −dt2+d~y5
2+f−1(dX̃−HZdY )2+f(dY 2+r2dZ2+dr2) , X̃ ∼ X̃+2πHY . (A.7)
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The situation here is analogous to that of the twisted torus. A second T-duality, in the Y

direction, gives us an exotic background known as the 522 brane:

ds2 = −dt2 + d~y5
2 +

f

f2 +H2Z2
(dX̃2 + dỸ 2) + f(r2dZ2 + dr2) ,

B = −
HZ

f2 +H2Z2
dX̃ ∧ dỸ ,

e−2φ =
f

f2 +H2Z2
.

(A.8)

Our work in the rest of this paper then indicates that the non-commutativity result should

continue to hold in the present situation.

Similarly, one could use the doubled picture to perform a T-duality in the direction Z,

leading once more to a background which is not locally geometric.

A.2 Failure of the Bianchi identity and non-associativity

For the NS5 brane, the three-form is Hijk = ǫijk
m∂m ln f , so that

4∂[iHjkl] = −ǭijklδ
mn∂m∂nf , (A.9)

where ǭijkl is the Levi-Civita tensor on flat R4. The harmonic function is f = 1+ m
|~x4|2

. As

a result, one can show that

4∂[iHjkl] = −4π2mδ(4)(~x) . (A.10)

After smearing on the x1 ≡ X and x2 ≡ Y directions, and passing to cylindrical coordinates,

one can show that the failure of the Bianchi identity is

4∂[XHY Zr] = Hδ(r) , (A.11)

where H ≡ m
2πRXRY

is the value of the field strength of the B-field in the smeared form of

the solution.

We can then look at the bracket of the alternative coordinates (5.13) (evaluated at the

same worldsheet point)

{{χ̃X(σ), χ̃Y (σ)}
∗, χ̃Z(σ)}

∗ + cyclic

= H

∫ σ

σ0

dσ1

∫ σ

σ0

dσ2

∫ σ

σ0

dσ3δ(σ1 − σ2)δ(σ2 − σ3)r
′(σ1)δ(r(σ1))

= H

∫ σ′

σ0

dσ̃r′(σ̃)
∑

i

δ(σ̃ − σi)

|r′(σi)|
,

(A.12)

where the sum in the final line is over σi such that r(σi) = 0. We thus see that we pick

up a contribution of H to a non-associative result depending on whether the string passes

through r = 0, the position of the brane.
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[37] O. Hohm, D. Lüst and B. Zwiebach, The spacetime of double field theory: review, remarks

and outlook, Fortsch. Phys. 61 (2013) 926 [arXiv:1309.2977] [INSPIRE].

[38] M. Graña, R. Minasian, M. Petrini and D. Waldram, T-duality, generalized geometry and

non-geometric backgrounds, JHEP 04 (2009) 075 [arXiv:0807.4527] [INSPIRE].

[39] S. Kachru, M.B. Schulz, P.K. Tripathy and S.P. Trivedi, New supersymmetric string

compactifications, JHEP 03 (2003) 061 [hep-th/0211182] [INSPIRE].

[40] S. Hellerman, J. McGreevy and B. Williams, Geometric constructions of nongeometric string

theories, JHEP 01 (2004) 024 [hep-th/0208174] [INSPIRE].

[41] A. Flournoy, B. Wecht and B. Williams, Constructing nongeometric vacua in string theory,

Nucl. Phys. B 706 (2005) 127 [hep-th/0404217] [INSPIRE].

– 27 –

http://dx.doi.org/10.1007/JHEP04(2014)171
http://arxiv.org/abs/1312.7367
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.7367
http://dx.doi.org/10.1007/JHEP01(2014)131
http://arxiv.org/abs/1310.4194
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.4194
http://dx.doi.org/10.1093/qjmath/54.3.281
http://arxiv.org/abs/math/0209099
http://inspirehep.net/search?p=find+EPRINT+math/0209099
http://arxiv.org/abs/math/0401221
http://inspirehep.net/search?p=find+EPRINT+math/0401221
http://dx.doi.org/10.1007/JHEP11(2011)091
http://arxiv.org/abs/1107.1733
http://inspirehep.net/search?p=find+EPRINT+arXiv:1107.1733
http://dx.doi.org/10.1002/prop.201100096
http://arxiv.org/abs/1202.3170
http://inspirehep.net/search?p=find+EPRINT+arXiv:1202.3170
http://dx.doi.org/10.1088/1126-6708/2009/09/099
http://arxiv.org/abs/0904.4664
http://inspirehep.net/search?p=find+EPRINT+arXiv:0904.4664
http://dx.doi.org/10.1088/1126-6708/2009/09/090
http://arxiv.org/abs/0908.1792
http://inspirehep.net/search?p=find+EPRINT+arXiv:0908.1792
http://dx.doi.org/10.1007/JHEP08(2010)008
http://arxiv.org/abs/1006.4823
http://inspirehep.net/search?p=find+EPRINT+arXiv:1006.4823
http://dx.doi.org/10.1088/1751-8113/44/8/085404
http://arxiv.org/abs/1011.4101
http://inspirehep.net/search?p=find+EPRINT+arXiv:1011.4101
http://dx.doi.org/10.1103/PhysRevLett.107.171603
http://arxiv.org/abs/1106.5452
http://inspirehep.net/search?p=find+EPRINT+arXiv:1106.5452
http://dx.doi.org/10.1103/PhysRevD.84.044022
http://arxiv.org/abs/1105.6294
http://inspirehep.net/search?p=find+EPRINT+arXiv:1105.6294
http://dx.doi.org/10.1016/j.physletb.2013.05.016
http://arxiv.org/abs/1210.5078
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.5078
http://dx.doi.org/10.1007/JHEP06(2014)006
http://arxiv.org/abs/1403.7198
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.7198
http://dx.doi.org/10.1088/0264-9381/30/16/163001
http://arxiv.org/abs/1305.1907
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.1907
http://dx.doi.org/10.1016/j.physrep.2014.11.007
http://arxiv.org/abs/1306.2643
http://inspirehep.net/search?p=find+EPRINT+arXiv:1306.2643
http://dx.doi.org/10.1002/prop.201300024
http://arxiv.org/abs/1309.2977
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.2977
http://dx.doi.org/10.1088/1126-6708/2009/04/075
http://arxiv.org/abs/0807.4527
http://inspirehep.net/search?p=find+EPRINT+arXiv:0807.4527
http://dx.doi.org/10.1088/1126-6708/2003/03/061
http://arxiv.org/abs/hep-th/0211182
http://inspirehep.net/search?p=find+EPRINT+hep-th/0211182
http://dx.doi.org/10.1088/1126-6708/2004/01/024
http://arxiv.org/abs/hep-th/0208174
http://inspirehep.net/search?p=find+EPRINT+hep-th/0208174
http://dx.doi.org/10.1016/j.nuclphysb.2004.11.005
http://arxiv.org/abs/hep-th/0404217
http://inspirehep.net/search?p=find+EPRINT+hep-th/0404217


J
H
E
P
0
6
(
2
0
1
5
)
0
9
1

[42] J. Shelton, W. Taylor and B. Wecht, Nongeometric flux compactifications,

JHEP 10 (2005) 085 [hep-th/0508133] [INSPIRE].

[43] J. de Boer and M. Shigemori, Exotic branes and non-geometric backgrounds,

Phys. Rev. Lett. 104 (2010) 251603 [arXiv:1004.2521] [INSPIRE].

[44] J. de Boer and M. Shigemori, Exotic branes in string theory, Phys. Rept. 532 (2013) 65

[arXiv:1209.6056] [INSPIRE].
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