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Abstract: We propose color magnetism as a generalization of the ordinary Heisenberg

(anti-)ferro magnets on a triangular lattice. Vortex matter consisting of an Abrikosov

lattice of non-Abelian vortices with color magnetic fluxes shows a color ferro or anti-ferro

magnetism, depending on the interaction among the vortex sites. A prime example is a non-

Abelian vortex lattice in rotating dense quark matter, showing a color ferromagnetism. We

show that the low-energy effective theory for the vortex lattice system in the color ferromag-

netic phase is described by a 3+1 dimensional CPN−1 nonlinear sigma model with spatially

anisotropic couplings. We identify gapless excitations independent from Tkachenko modes

as color magnons, that is, Nambu-Goldstone modes propagating in the vortex lattice with

an anisotropic linear dispersion relation ω2
p = c2xy(p

2
x + p2y) + c2zp

2
z. We calculate the transi-

tion temperature between the ordered and disordered phases, and apply it to dense quark

matter. We also identify the order parameter spaces for color anti-ferromagnets.
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1 Introduction

Magnetism is one of important subjects in condensed matter physics because of fundamen-

tal question of what the origin of magnets is and applications to the modern technology.

The magnetism should be explained from the electromagnetic interaction. On the other

hand, there are other fundamental forces in nature, such as the strong interaction acting

on quarks and gluons with color degrees of freedom. Here, we report a new state of matter

which we call “color magnetism,” that may appear in non-Abelian vortex lattices when

high density quark matter is rotating.

Quark matter at finite temperature and/or density is likely to have a rich phase struc-

ture due to a variety of internal symmetries [1]. At very high baryon number densities and

low temperatures, quark matter is expected to exhibit a color superconductivity where con-

densation of quark Cooper pairs breaks color symmetry as well as flavor and the baryon

number symmetries. For three colors and three massless flavors, the order parameter of

the quark pair condensation is given by [2, 3]

Φaα = ǫabcǫαβγ〈ψT
bβCγ5ψcγ〉 = ∆δaα, (1.1)

where a, b, c (α, β, γ) represent the flavor (color) indices, and ∆ is the quark pairing gap.

The symmetry breaking pattern, SU(3)C × SU(3)L × SU(3)R × U(1)B → SU(3)C+L+R,

shows that this phase retains only a simultaneous rotation of color and flavors as the

residual symmetry, thus is called color-flavor locking (CFL) phase. We denote the suffix

L+R by F in the following.

A possible candidate for system where the CFL phase takes place might be the core of

very heavy compact stars, such as neuron stars. If the CFL phase develops in the rotating
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neutron star, vortices are created because of the superfluid nature associated with the

U(1)B breaking in the CFL phase. The most fundamental vortex in the CFL phase is a

non-Abelian vortex [4, 5], see ref. [6] as a review. The solution is of the form

Φ = ∆diag
{

eiθf(r), g(r), g(r)
}

(1.2)

where (θ, r) are the polar coordinates for a vortex extended along the z direction, and f

and g are profile functions with suitable boundary conditions. Since the winding factor

eiθ is generated by both of the color SU(3)C and U(1)B rotations, the non-Abelian vortex

carries a color-magnetic flux along the vortex core, and 1/3 winding of the U(1)B phase

as well. Therefore, the non-Abelian vortex possesses nature of both superconducting and

superfluid vortices, associated with breakings of the SU(3)C color gauge symmetry and the

baryon number U(1)B symmetry, respectively.

As the most remarkable property, the non-Abelian vortex has localized zero modes;

the advent of the non-Abelian vortex further breaks the residual symmetry, SU(3)C+F →
[SU(2) × U(1)]C+F, and thus there appear the associated Nambu-Goldstone (NG) modes

which are identified as CP 2 orientation modes [7, 8];

SU(3)C+F

[SU(2)×U(1)]C+F
≃ CP 2. (1.3)

Since bulk side far from vortex core is approaching to the uniform CFL phase, the CP 2

modes are normalizable, i.e., well localized along the vortex core. A different orientation of

the CP 2 modes corresponds to a different color of magnetic fluxes. Since the CP 2 modes are

transformed under SU(3)C+F rotation as the fundamental representation, there are three

eigenstates which we denote by a three-component complex variable φ as homogeneous

coordinates of the CP 2 space, where the φ satisfies a constraint φ†φ = 1, and its overall

phase factor is redundant by definition. Since the CP 2 modes reside along the vortex line

which we put along the z-axis, its low-energy effective theory on the vortex world sheet is

obtained if the CP 2 modes are promoted to 1 + 1 dimensional fields φ(z, t) through the

moduli space approximation [9]. It results in a nonlinear CP 2 sigma model [8, 10],

LCP 2 =
∑

µ=0,3

Kµ

[

∂µφ†∂µφ+
(

φ†∂µφ
)(

φ†∂µφ
)]

(1.4)

where K0,3 are called the Kähler class given by the integration in terms of the profile

functions f and g.

However, the above CP 2 model in 1+1 dimensions is gapped through quantum cor-

rections [11, 12], because of the Coleman-Mermin-Wagner theorem [13, 14] forbidding the

presence of NG modes or a long range order in 1+1 dimensions.

In this Letter, we show that this is only the case with a single vortex. When there is a

vortex lattice consisting of a huge number of vortices, as expected in rotating quark matter

such as in the core of neutron stars, there exist CP 2 NG modes as gapless excitations in 3+1

dimensions whose dispersion relation is linear and anisotropic. This is due to interactions

between vortices depending on CP 2 orientations [15]. We discuss transition temperature
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between ordered and disordered phases and find that non-Abelian vortex matter form a

color ferromagnet.

Apart from dense quark matter, non-Abelian vortices with CPN−1 modes were found

in supersymmetric U(N) gauge theories with N flavors [16, 17] (see [18–20] as a review).

The low-energy effective theory of a vortex is the CPN−1 model which is in the same form

with eq. (1.4) if we interpret φ as a complex N vector. Supersymmetric theories usually

admit Bogomol’nyi-Prasado-Sommerfield (BPS) vortices among which no static interaction

exist. In this case, multiple vortices stably exist at arbitrary separations [21, 22]. On the

other hand, here we are interested in non-BPS vortices among which static force exist [15].

In the following, we consider general N .

2 Non-Abelian vortex lattice

We discuss a color ferromagnetism of CPN−1 on a vortex lattice system. In rotating systems

of CFL quark matter, multiple non-Abelian vortices are created and may form a vortex

lattice. In general, structure of the vortex lattice is determined by vortex-vortex interaction.

In the present case of non-Abelian vortices, the interaction is mediated by massless U(1)B
phonons [7, 23], and also by scalars and gluons [24] which are massive, where the scalars are

amplitude fluctuations of the gap function Φ. If the vortex lattice is dilute, i.e., the inter

vortex distance is large, the vortex-vortex interaction is dominated by the U(1)B phonons

which provide a long-range repulsion in the same manner of usual superfluid vortices. Thus

the structure of the dilute vortex lattice must be the Abrikosov’s triangular lattice [7, 23].

We first define the system of our interest more precisely: vortex lattice has the triangle

structure of spacing L in the x-y plane, and these vortices are set parallel to each other along

the z direction. Once locations of vortices are fixed on the triangular lattice sites by the

repulsive force, relative orientation of the CPN−1 modes between neighboring vortices are

determined solely by the interaction mediated by massive scalars and gluons. The CPN−1

dependent vortex-vortex interaction has already been derived in the previous study [6],

and V
〈i,j〉
int , the interaction energy per unit length in the z-direction, is of the form

V
〈i,j〉
int /∆2 =

∑

A

G〈i,j〉,A
(

φ†iTAφi
)(

φ†jTAφj
)

, (2.1)

where 〈i, j〉 represents sites of two adjacent vortices, G〈i,j〉,A is the interaction strength

between them, and TA, A = 1, · · · , N2−1, are generators of SU(N). The above expression

is the leading order result under assumption that well separated two vortices are located

parallel and their relative CPN−1 orientations are constant along vortex line. G〈i,j〉,A
includes contributions from gluon-exchange and scalar-exchange potentials. The U(1)B
phonon does not feel the CPN−1 orientation, thus gives no contribution. In the context

of quark matter, the gluon exchange part of the above CPN−1 dependent interaction was

devised [6] from the dual transformation which was used [24] to describe a topological

interaction between non-Abelian vortex and quasiparticles such as gluons and phonon in

the bulk space, while, at present, we do not have a such systematic derivation for coupling

between the scalar fields and non-Abelian vortex. Nevertheless, a seminal work [15] on
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numerical simulation on the potential energy between two non-BPS non-Abelian vortices

provides implication of an asymptotic form of full G〈i,j〉,A including both contributions.

With inter vortex distance r being defined and isotropy in the color space A, the asymptotic

form of G(r) = G〈i,j〉,A would be given by [15]

G(r) ≃ −C1B0(mχr) + C2B0(mgr) (2.2)

where C1 and C2 are positive numerical factors, and B0(r) the modified Bessel function,

B0(mr) ∼
√

π/2mre−mr for mr ≫ 1. In the above equation, the first term corresponds

to massive scalar contributions and the second to massive gluon contributions, and it

should be noted that the massive gluons and scalars give the opposite sign of interaction.

For sufficiently large lattice spacing L, contribution of the lightest particle dominates the

interaction.

The CPN−1 modes live in each vortex site, and their dynamics is described by the

following effective Hamiltonian,

H =

∫

dz
∑

〈i,j〉,A

[

− JxySi,ASj,A +K3{|∂zφi|2 + (φ†i∂zφi)
2}
]

(2.3)

Si,A := φ†iTAφi, Jxy := ∆2G(L) (2.4)

where Si,A are “spin” variables and Jxy is the interaction between neighboring vortices.

If φ is uniform in the z-direction, this Hamiltonian reduces to the Heisenberg model

for N = 2. In this case, Jxy > 0 and Jxy < 0 correspond to ferromagnets and anti-

ferromagnets, respectively. We use these terminologies for general N .

The model with N ≥ 3 further provides higher-dimensional nontrivial spin system as

a new statistical model. The case of N = 3 corresponds to color magnetism in rotating

dense quark matter discussed here. First, the Kähler class K0,3 is estimated as K0 ≃
3K3 ≃ 3µ2/∆2 at very high density [10]. The interaction Jxy is determined through the

masses of particles which vortices exchange. At very high densities, the masses are given as

ms = 2mχ ∼ 2∆, mg ∼ gµ, where ms,χ corresponds to the singlet (adjoint) part of scalar

fields in the residual SU(3)C+F symmetry, µ is the baryon number chemical potential, and

g is coupling constant of strong interaction. At very high densities, i.e., very large µ, g and

∆ are exponentially small with respect to µ, therefore, one expects mg ≫ ms,mχ. Thus,

G(L) ≃ −C1

√

π

2mχL
e−mχL. (2.5)

Therefore, in the case of rotating CFL quark matter, because of the sign of the interaction

above, the nearest neighbor interaction of CPN−1 modes is found to align their orientations

(color fluxes), leading to a color ferromagnetism.

An estimation of Jxy is given as follows. Supposing the present system is inside of a

neutron star of the radius R with rotation period Prot, we can valuate a ballpark of the

number of vortex asNv ≃ 1.9×1019
(

1ms
Prot

)(

µ/3
300MeV

)

(

R
10 km

)

, from which the lattice spacing

is estimated [25] as L ≡
(

πR2

Nv

)1/2
≃ 4.0 × 10−6m

(

Prot

1ms

)1/2
(

300MeV
µ/3

)1/2
. A set of values
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of C1 ∼ 10, L ≃ 4.0 × 10−6m, and the gap energy ∆ ∼ 100MeV for low temperatures

[2, 26] gives log
(

Jxy/∆
2
)

∼ −109, which is quite small in comparison to the coupling

in the z direction. To have Jxy/∆
2 = O(1), we need to put the system very close to

the critical point (TCFL
c − T )/TCFL

c ∼ 10−18, where we have used a mean-field result

∆ ≃ 2.16TCFL
c

√

1− T/TCFL
c [27], or we have to set an asymptotically high density.

Here let us point out that the smallness of the effective coupling Jxy in the above

estimation is based upon multiple approximations, i.e., the moduli space approximation

and an asymptotic form of the interaction (2.2), both of which work against correlations

among orientions in the x-y plane. What we claim here is that the present study provides

the qualitative argument on how orientational modes make order of color magnetism, which

is common feature for general non-BPS vortex lattice systems [15]. So actual correlations

amog orientations in the x-y plane are more measurable, at least, for higher vortex densities.

3 Color magnons in color ferromagnets

Low-energy excitations in the ordered phase have an important role in determination of,

e.g., thermodynamic and transport properties of the system. The present system exhibits a

color ferromagnetism, thus we expect that there appear massless excitations like magnons in

the ordinary ferromagnetism, which correspond to fluctuations of the CPN−1 modes around

an orientation spontaneously set in color ferromagnetic phase. To investigate dynamics of

these excitations, we take a long wavelength limit of the interaction between neighboring

CPN−1 modes, eq. (2.1), which can be described by a continuum limit of the interaction.

By use of Fierz transformation,
∑

A (TA)
a
b (TA)

c
d =δadδ

c
b/2− δab δ

c
d/2N (a, b, c, d = 1, · · · , N),

we can take a continuum limit of each bond of the triangle lattice in eq. (2.3), up to

irrelevant constants,

∑

A

(φ†iTAφi) (φ
†
jTAφj) → −L

2

2

[

|∇φ|2 +
(

φ†∇φ
)2

+O
(

∇4
)

]

, (3.1)

for a pair of the nearest neighbors i, j. Then, we sum all bonds to obtain

−
∑

〈i,j〉,A
Jxy

(

φ†iTAφi
)(

φ†jTAφj
)

→ K̃xy

∫

dxdy
∑

i=x,y

[

|∂iφ|2 +
(

φ†∂iφ
)2

]

, (3.2)

with a coupling constant being defined by K̃xy = Jxy(3L
2/2)(2/L2

√
3)(1/2)=

√
3Jxy/2.

Incorporating the effective theory in the z and temporal directions with redefined

couplings K̃0,3=2K0,3/L
2
√
3, where 2/L2

√
3 is the vortex density in the x-y plane, we

obtain a low-energy effective theory for the magnon modes in 3+1 dimension, Leff =
∫

dxdydzLeff with

Leff =
3

∑

µ=0

K̃µ

[

∂µφ†∂µφ+
(

φ†∂µφ
)(

φ†∂µφ
)]

(3.3)

which is a CPN−1 model with spatially anisotropic couplings; K̃1 = K̃2 = K̃xy 6= K̃3.
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Now let us study the low-energy excitations of this model. To this end, we can set an

orientation of the ground state as φ0 = (1, 0, · · · , 0) without loss of generality. The color

magnon corresponds to fluctuations around the orientation, φ = U(δa)φ0 = φ0+ φ̃+O(φ̃2),

where U(δa) ∈ SU(N)C+F and φ̃ := iXaδaφ0 =
(

iδ0,−δ1 + iδ2, · · · ,−δ2N−3 + iδ2(N−1)

)T
.

Parameters δa are assigned to broken generators Xa of the dimension of SU(N)/SU(N−1),

and are identified as the color magnons. The fluctuation δ0 is eliminated by overall U(1)

operation, thus will be redundant. Plugging these expression into the effective Lagrangian,

we have dynamics of the color magnons as

Leff =
3

∑

µ=0

K̃µTr
[

(1− φ0φ
†
0)∂

µφ̃∂µφ̃
†
]

+O(φ̃3) =
3

∑

µ=0

2(N−1)
∑

a=1

K̃µ∂
µδa∂µδa +O(δ3a). (3.4)

Then, the dispersion relation can be obtained as

ω2
p = (K̃xy(p

2
x + p2y) + K̃zp

2
z)/K̃0, (3.5)

which shows that the color magnons propagate in the x, y directions with velocity c2xy =

K̃xy/K̃0 and the z-direction with c2z = K̃3/K̃0. In the case of N = 3 for the CFL quark

matter, c2z = K3/K0 ≃ 1/3, and c2xy = ∆4G(L)L2
√
3/2µ2 ≃ a2t

7/4e−a1
√
t where t =

(TCFL
c − T )/TCFL

c , which is obtained from a mean-field result at very high densities. This

formula gives the maximal value of cxy with respect to temperature, which is achieved at

t = (7/2a1)
2. For typical values of parameters, a1 ∼ 109, and a2 ∼ 1012.5, cxy ∼ 10−9(=

0.3m/s) at most, giving 9 hours oscillation for a neutron star with R = 10 km.

The color magnons are massless excitations propagating with a linear dispersion (of

type I) independently from the other NG modes, e.g., Kelvin/Tkachenko modes associated

with the breaking of translational invariance, which have a quadratic dispersion (of type II).

For a single non-Abelian vortex system, where the effective theory is given by the 1+1

dimensional CPN−1 model, there is no ordered phase because of strong quantum fluctuation

effects. For the present vortex lattice system, however, an ordered phase can be expected

because the fluctuations are suppressed by propagating along the xy-directions in the long-

wavelength limit, and the mean-field analysis becomes better in such a 3+1 dimensional

system compared to lower dimensional systems. Within the mean-field analysis, the critical

temperature T order
c , below which the vortex lattice system is ordered, can be estimated as

(see appendix A for derivation)

T order
c ∼ Jxy

kmax
+K3kmax, (3.6)

where the first and second terms correspond to the mean-field critical temperature along

the xy and z-directions, respectively, and kmax is the maximum wavenumber taken into

account along the z-direction. In the continuum limit kmax → ∞ for the z-direction, the

transition temperature diverges, which implies the ordered phase and the existence of the

corresponding color magnon excitations in the whole temperature region. However, the

divergent temperature is a mean-field artifact, and the disordered phase may be expected

at the finite temperature within the effect beyond mean-field analysis.
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4 Color anti-ferromagnets

Although the color magnetism with Jxy > 0 is only the physical system with N ≥ 3

known thus far, it may be worth to mention basic properties of color anti-ferromagnets

with Jxy < 0.

We denote the order parameter space (OPS) for anti-ferromagnets by MN=2
AF . We then

find (see appendix B for derivation)

MN=2
AF ≃ SU(2)/Z2 ≃ SO(3) (4.1)

MN=3
AF ≃ SU(3)/U(1)2 (4.2)

The OPS for N = 2, SO(3), is well-known for Heisenberg anti-ferromagnets [28, 29] while

the second is a so-called flag manifold of rank two. The first and second homotopy groups

of the OPS are important for the presence or absence of a Kosterlitz-Thouless (KT) phase

transition [28]. They are

π1(MN=2
AF ) ≃ Z2, π2(MN=2

AF ) ≃ 0 (4.3)

π1(MN=3
AF ) ≃ 0, π2(MN=3

AF ) ≃ Z⊕ Z. (4.4)

The first homotopy groups show that the KT transition can happen only for N = 2.

The second homotopy groups imply the existence of two-dimensional Skyrmions (lumps)

extended as strings for N = 3.

5 Summary and discussion

As a generalization of the ordinary magnetism, we have found color magnets in lattices

consisting of non-Abelian vortices with CPN−1 internal orientations. While the case of

N = 2 reduces to Heisenberg (anti-)ferromagnets, rotating dense quark matter provides an

example of color ferromagnets in the N = 3 case.1

For color ferromagnets, we have found color magnons as gapless NG modes propagat-

ing in 3+1 dimensions with the dispersion relation anisotropic in the direction along the

rotating axis and the orthogonal plane, and have estimated the transition temperature in

the mean-field approximation. For color anti-ferromagnets, we have found the OPS and

relevant homotopy groups.

When we take into account the electromagnetic interactions U(1)EM, the CP 2 modes

of a non-Abelian vortex are electrically charged and the interaction between a vortex and

the electromagnetic field is described by a U(1)EM gauged CP 2 model [25]. Hence, the

CP 2 modes affect the electric conductivity in addition to the thermal conductivity. There

should be anisotropy on these conductivities, which may affect evolution of neutron stars

such as the cooling process of the star, etc. As for electric conductivity, it was predicted

1In response to an external magnetic field other vortex solution can be found, where gluons are condensed

due to a chromomagnetic instability [30, 31]. Since the non-Abelian vortex we have discussed here generates

a sponteneous magnetic field if the electromagnetism is introduced [32], investigation of their interplay is

of interest as a future work.
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that electro-magnetic waves along a vortex lattice decay and therefore the CFL phase acts

as a polarizer [25].

Another effect of the electromagnetic interactions is a mixing between U(1)EM and

the λ8 component of strong interaction. This induces a tension difference among the CP 2

degenerated vortices [32]. This effect can be incorporated by an effective potential in the

CP 2 model.

A lattice formulation of the CPN−1 model was proposed by using a U(1) gauge field

on link variables [33, 34]. Our model in eq. (3.1) provides a simpler lattice formulation

without gauge fields.
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A Transition temperature within the mean-field analysis

We start from the system in the discrete layered triangular lattice:

H = −
∑

i∈(x,y,z),A

(

Jdis
xy

∑

j∈NNi(x,y)

SiASjA + Jdis
z

∑

k∈NNi(z)

SiASkA

)

, (A.1)

where SiA ≡ φ†iTAφi, NNi(x, y) is the nearest sites to ith site for the triangular lattice

in the xy-plane, and NNi(z) is the site in the nearest layer perpendicular to the z-axis.

Dividing SiA into the mean field and its fluctuation, i.e., SiA = 〈SA〉+ δSiA and neglecting

the second ordered fluctuation δSiAδSjA, we obtain

H = J̃
∑

A

(

NxyNz〈SA〉2
2

−
∑

i

〈SA〉SiA
)

J̃ ≡ (6Jdis
xy + 2Jdis

z ),

(A.2)

where 6 and 2 in J̃ indicate the number of nearest sites for the triangular lattice in the

xy-plane and the layers perpendicular to the z-axis, and Nxy and Nz are the total number

of the triangular lattice sites and layers respectively. The partition function Z written as

Z = e−βE0

∫

∏

i

(

∏

A

DψiA

)

×δ
(

∑

A

|ψiA|2−1

)

eβJ̃
∑

A〈SA〉SiA ≡e−βE0

∏

i

Zi, (A.3)

E0 =E0(〈SA〉) ≡
NxyNzJ̃

2

∑

A

〈SA〉2, (A.4)
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can be calculated by diagonalizing
∑

A〈SA〉SiA. For CPN−1 case, Zi is formally written as

Zi ≡ ZN (B1, · · · , BN ) where, Bi is the ith eigenvalue for
∑

A〈SA〉SiA satisfying
∑

iBi = 0.

ZN satisfies the following recurrence relation:

βJ̃ZN (B1, · · · , BN ) =
π

BN−1−BN
{ZN−1(B1, BN−2, BN−1)−ZN−1(B1, BN−2, BN )}, (A.5)

βJ̃Z2(B1, B2) =
2π2(eB1 − eB2)

B1 −B2
. (A.6)

For N = 3, eigenvalues B1, B2, B3 = 1 − B1 − B2 further satisfy B2
1 + B2

2 + B2
3 =

2βJ̃
∑

A〈SA〉2. The free energy F becomes

F

NxyNzJ̃
=
B2

1 +B2
2 +B1B2

2

− 1

βJ̃

[

log
{

(B1+2B2)e
βJ̃B1+(B1−B2)e

−βJ̃(B1+B2)−(2B1+B2)e
βJ̃B2

}

− log{(B1 −B2)(B1 + 2B2)(2B1 +B2)}+ log(2π3)− 2 log(βJ̃)
]

≧
3B2

1

2
− 1

βJ̃

[

log
{

1 + e3βJ̃B1(3βJ̃B1 − 1)
}

− 2βJ̃B1 − 2 log(3B1) + log(2π3)− 2 log(βJ̃)
]

= −3 log(π)

βJ̃
+

1

4
(6− βJ̃)B2

1 +
β2J̃2

30
B3

1 +
β3J̃3

160
B4

1 +O(B5
1). (A.7)

In the second line, the equality is hold for B2 = B1, 2B1, or B1/2. With this free energy,

the first ordered phase transition occurs at T order
c ≃ 53J̃/270 = 53(3Jdis

xy + Jdis
z )/135.

Next, we consider the continuum limit of the Hamiltonian (A.1). Defining the distance

between two layers as ∆z = 1/kmax and writing the continuous form as
∑

i∈z ∆z →
∫

dz,

we obtain the Hamiltonian (A.1)

H=
1

∆z

∑

i∈(x,y)

∫

dz

[

− Jdis
xy

∑

j∈NNi(x,y),A

SiASjA+2Jdis
z {∆2

z|∂zψi|2+∆2
z(ψ

†
i ∂zψi)

2+O(∆4
z)}

]

− 4Jdis
z NxyNz. (A.8)

Compared to the original effective Hamiltonian (2.3), we get the coupling constants

Jdis
xy = Jxy∆z =

Jxy
kmax

,

Jdis
z =

K3

2∆z
=
K3kmax

2
,

(A.9)

and the critical temperature

T order
c =

159Jxy
135kmax

+
53K3kmax

270
, (A.10)

which diverges in the continuous limit kmax → ∞.

– 9 –



J
H
E
P
0
6
(
2
0
1
4
)
1
3
0

B OPS of color anti-ferromagnets on a triangular lattice

Here we derive the OPS for color anti-ferromagnets on a triangular lattice by generalizing

that of Heisenberg anti-ferromagnets.

First, we recall the case of N = 2, Heisenberg anti-ferromagnets, in which the target

space is CP 1 ≃ S2. With picking up one point on a triangular lattice, we fix a point on

S2. We then look at two nearest points of a triangle. The degrees of freedom to chose two

points with an angle 2π/3 with the first point of the S2 is S1/Z2. Then the OPS is S1/Z2

fibered over S2:

MN=2
AF ≃ S1/Z2 ⋉ S2 ≃ S3/Z2 ≃ SO(3). (B.1)

The triangular lattice is filled by this set of triangle.

For higher N ≥ 3, it is convenient to use homogeneous coordinates φ (a complex

N -vector) of CPN−1. We have a constraint φ†φ = 1 and the overall phase is redundant.

Let us consider the case of N = 3, CP 2 ≃ SU(3)/[SU(2) × U(1)]. We take φ1 at one

point of a triangular lattice to be φT1 = (1, 0, 0) without loss of generality. Next, we take

φT2 = (0, 1, 0) φT3 = (0, 0, 1) without loss of generality. Since the overall phase is redundant

in each site, the symmetry SU(3) is broken to U(1)2. We then conclude

MN=3
AF ≃ SU(3)/U(1)2. (B.2)

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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