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1 Introduction

The light-like boundary of asymptotically flat spacetimes, Z = Z+ U Z~, is a null cone
with a (possibly singular) vertex at spatial infinity. Massless excitations propagating in
such a spacetime pass through 7 at isolated points on the celestial sphere. Guided by
the holographic principle, one might hope that the S-matrix for the scattering of massless
particles in asymptotically flat spacetimes in (d + 2)-dimensions might be reexpressed as a
collection of correlation functions of local operators on the celestial sphere S? at null infinity,
with operator insertions at the points where the particles enter or exit the spacetime. The
Lorentz group would then be realized as the group of conformal motions of the celestial
sphere, and the Lorentz covariance of the S-matrix would guarantee that the local operators
have well-defined transformation laws under the action of the Euclidean conformal group
SO(d+1,1). On these general grounds one expects the massless S-matrix to display some
of the features of a d-dimensional Euclidean conformal field theory (CFTy).

It has recently become possible to make some of these statements more precise in four
dimensions, due in large part to Strominger’s infrared triangle that relates soft theorems,
asymptotic symmetry groups and memory effects [1-40]. While the specific details of a
putative holographic formulation are expected to be model dependent, it should be possible
to make robust statements (primarily regarding symmetries) based on universal properties
of the S-matrix. One interesting class of universal statements about the S-matrix concerns
the so-called soft-limits [41-48] of scattering amplitudes. In the limit when the wavelength
of an external gauge boson or graviton becomes much larger than any scale in the scattering
process, the S-matrix factorizes into a universal soft operator (controlled by the soft particle



and the quantum numbers of the hard particles) acting on the amplitude without the soft
insertion. This sort of factorization is reminiscent of a Ward identity, and indeed in four
dimensions the soft-photon, soft-gluon, and soft-graviton theorems have been recast in the
form of Ward identities for conserved operators in a putative CFTy [2, 16, 28, 31, 34, 49,
50]. Most importantly for the present work, in [28, 31, 50] an operator was constructed
from the subleading soft-graviton theorem whose insertion into the four dimensional S-
matrix reproduces the Virasoro Ward identities of a CFT9 energy momentum tensor. The
subleading soft-graviton theorem holds in all dimensions [51-57], so it should be possible
to construct an analogous operator in any dimension. We will see that this is indeed the
case, and that the construction is essentially fixed by Lorentz (conformal) invariance.

The organization of this paper is as follows. In section 2 we establish our conventions for
massless particle kinematics and describe the map from the (d 4 2)-dimensional S-matrix
to a set of d-dimensional “celestial correlators” defined on a space-like cut of the null
momentum cone. Section 3 describes the realization of the Euclidean conformal group on
these correlation functions in terms of the embedding space formalism. Section 4 outlines
the construction of conserved currents — namely the conserved U(1) current and the
stress tensor — in the boundary theory and their relations to the leading soft-photon and
subleading soft-graviton theorems. Section 5 concludes with a series of open questions. In
appendix A, we briefly discuss the bulk space-time interpretation of our results and their
relations to previous work.

2 Massless particle kinematics

The basic observable in asymptotically flat quantum gravity is the S-matrix element
S = (out|in) (2.1)

between an incoming state on past null infinity (Z7) and an outgoing state on future
null infinity (Z). The perturbative scattering states in asymptotically flat spacetimes are

I Each massless

characterized by collections of well separated, non-interacting particles.
particle is characterized by a null momentum p* and a representation of the little group
SO(d), as well as a collection of other quantum numbers such as charge, flavor, etc. Null
momenta are constrained to lie on the future light cone C* of the origin in momentum
space RItL1

ct={p' e R p? =0,p" > 0}. (2.2)

A convenient parametrization for the momentum, familiar from the embedding space for-
malism in conformal field theories [58, 59], is given by

PHw,z) = wQ(@)p(x),  p(z) =

1 2 1— 2
(Zx ,x°, 2x>7 w>0, % e RY,

(2.3)

'In four dimensions, the probability to scatter into a state with a finite number of gauge bosons or
gravitons is zero due to infrared divergences [41]. In higher dimensions, infrared divergences are absent and
one can safely consider the usual Fock space basis of scattering states.
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where 22 = 2%z, = dgpx®2?. The metric on this null cone is degenerate and is given by

ds? = dptdp, = 0dw? + w*Q(z)?dz"dz,, . (2.4)

For a fixed w, this parametrization specifies a d-dimensional space-like cut My of the
future light cone with a conformally flat metric induced from the flat Lorentzian metric
on R&+1LL:

ds%\/td = Q(z)%dz"dz, . (2.5)

Q(x) defines the conformal factor on M. In most of what follows we will choose Q(z) =1
for computational simplicity, although the generalization to an arbitrary conformally flat
Euclidean cut is straightforward.? The (d+2)-dimensional Lorentz-invariant measure takes

dd+1
/ pop = /ddx/dwwdl, (2.6)

while the Lorentzian inner product is given by

the form

— 2]3(.%1) . ]3(3:2) = (:L’l - 372)2 . (27)

Massless particles of spin s can be described by symmetric traceless fields
dd+1 £a1--0s ip- X T —ip- X
B X) =3 [ gy 2w £ 5 () | Oy, (D)™ + Ol (e (2.8)

satisfying the equations
Ox®py..pu (X) =0, Oy @ 1y s (X) = 0. (2.9)
Under gauge transformations,
Ppuepts (X)) = Ppiyp (X)) + Oy Ay i) (X) - (2.10)
We will work in the gauge
e, . (X)=0, nt =(1,0% -1). (2.11)

A natural basis for the vector representation of the little group SO(d) is given in terms of
the d polarization vectors

el(x) = OpM(x) = (xa,ég, —,) - (2.12)
These are orthogonal to both n and p and satisfy

ga() - ep(x) = Ogp en(@)eq(z) =y (z) = 6, + nyup”(x) + n"pu(z) . (2.13)

20Other choices of Q(z) have also proved useful in previous analyses. In particular, the authors of [3, 4,
8, 18] choose Q(z) = 2(1 + z*)~*, yielding the round metric on S¢. For non-constant Q(z), d-dimensional
partial derivatives are simply promoted to covariant derivatives, and powers of the Laplacian are replaced

by their conformally covariant counterparts, the GJMS operators [60].



We also note the property

B(z) - cald’) = w0 — . (2.14)

The polarization tensors for higher spin representations of the little group can be con-
structed from the spin-1 polarization forms. For instance, the graviton’s polarization tensor

is given by
1
d

The Fock space of massless scattering states is generated by the algebra of single

(b (x) = ¢ [ea @) (@) + b @)es(a)

e 5 |k 0T () . (2.15)

particle creation and annihilation operators satisfying the standard commutation relations
[0a(p), Ob(P)T] = (2m) 60 (20°)8 V(5 - ) . (2.16)

We can rewrite this relation in terms of our parametrization (2.3) of the momentum
light cone

[O4(w, z), Op(', x')T] =2(2m) 6w 4 (w — W) D (z — o). (2.17)

Note that in terms of the commutation relations of local operators defined on the light cone,
the energy direction actually appears space-like rather than time-like.> The creation and
annihilation operators can be viewed as operators inserted at specific points of M carrying
an additional quantum number w, so that the S-matrix takes the form of a conformal
correlator of primary operators. In other words, the amplitude with m incoming and
n — m outgoing particles?

An,m: <pm+17---7pn|pla~-apm> (218)

can be equivalently represented as a correlation function on My

An = (01(p1) .. On(pn) )M, = (O1(w1,21) ... On(wn, Tn) ) M, - (2.19)

In this representation, outgoing states have w > 0 and ingoing states have w < 0. In the
rest of this paper, we will freely interchange the notation p; < (wj,x;) to describe the
insertion of local operators.

In appendix A, we demonstrate that the space-like cut My of the momentum cone is
naturally identified with the cross sectional cuts of Z+. We construct the bulk coordinates
whose limiting metric on future null infinity is that of a null cone with cross-sectional
metric (2.5). This provides a holographic interpretation of our construction, recasting
scattering amplitudes in asymptotically flat spacetimes in terms of a “boundary” theory
that lives on Z7.

3This is also the case for the null direction on Z in asymptotic quantization.
“Here, we have suppressed all other quantum numbers that label the one-particle states, such as the
polarization vectors, flavor indices, or charge quantum numbers.



3 Lorentz transformations and the conformal group

In this section, we make explicit the map from (d + 2)-dimensional momentum space S-
matrix elements to conformal correlators on the Euclidean manifold My. The setup is
mathematically similar to the embedding space formalism, although in this case the (d+2)-
dimensional “embedding space” is the physical momentum space rather than merely an
auxiliary ambient construction. The Lorentz group SO(d + 1,1) with generators M, acts
linearly on momentum space vectors p* € R4TL1 The isomorphism with the conformal
group of M, is given by the identifications

Jap = M(lb7 T, = MO,a - Md+1,a7 D= Md+1,0 ) K, = MO,a + Md—l—l,a . (31)

The J,;, generate SO(d) rotations, D is the dilation operator, and T, and K, are the gener-
ators of translations and special conformal transformations, respectively. These operators
satisfy the familiar conformal algebra

[ ab’ (5ac<]bd + 6bd<]ac 5chad - 5ad<]bc) ’

ed] =
[ abs ] ( ach 5bc a)y
[ ab ] = (6ach 5cha)a (3‘2)
(D, Ta] =
(D, K] =
[Ta, Kb] —22( bD + Jab)

Equation (3.1) describes the precise map between the linear action of Lorentz transfor-
mations on p* and nonlinear conformal transformations on (w,x). The latter amount to
transformations  — 2/(z) for which

or'c ax/d

%W(Scd = ’y(m)zéab (33)
along with
w—ow = % . (3.4)

Using (3.1), the conformal properties of the operators O(w, ) (we suppress spin labels
for convenience) follow from their Lorentz transformations,

[O(p), M| = L OPp) + S - O(p),  [O(p), Pu] = —puO(p) , (3.5)

where

. 0 0
ﬁuu = -1 <pué7ﬂ’ _pyﬁpﬂ> (3.6)

and S, denotes the spin-s representation of the Lorentz group. We would like to rewrite
these relations in a way that manifests the action on My . First, we note that

ow 2xq Oz o 2x% Ow 2 Ox? 2z

A T T3 W =0 — = w = - :

op®  1+a?’ apt P 1+4a?’ OpHl T 14a?’ optt T 1+ a?
(3.7)



It follows that

Log = 1Tq[w0,y — :cb@b] + 1(1 + 1:2)3a , Log+1 = i[wdy, — x%04] ,
I 2 ’
. (3.8)
Ladi1 = —iza[wdy, — 2°8y] + %(1 — 228, , Lap = —iladh — 230a)]

The action of the spin matrix S,,, can be conveniently expressed in terms of the polarization
vectors (2.12). For instance, the action on a spin-1 state is given by

[Suvla’ = —i[euatl, — evach] + e Luneb. (3.9)

In general one finds
So,d+1 =10, Soa = Sat1,0 = 2"Sap (3.10)

where S is the representation of the massless little group SO(d). The action of the
conformal group on the creation and annihilation operators is then given by

[O(w,x),T,] = i0,0(w,x),
[Ow,2), Jap) = ~i(2aDy — 2304)Ow, ) + Sap - Ow, ), (3.11)
[O(w, ), D] = i(2%8, — w8, )O(w, x)

ol =

[O(w, ), K, i(220y — 2242°0) + 224w, O(w, ) + 22°Sap - O(w, ) .

We recognize these commutation relations as the defining properties of a spin-s conformal
primary operator, with a non-standard dilation eigenvalue

A=—wd,. (3.12)

The fact that A is realized as a derivative simply reflects the fact that the energy eigenstates
do not diagonalize the dilation operator, which simply translates the space-like cut My of

the momentum cone along its null direction.”

4 Conserved currents and soft theorems

The operator content and correlation functions of the theory living on M, are highly de-
pendent on the spectrum and interactions of the (d+2)-dimensional theory under consider-
ation. However, the universal properties of the (d + 2)-dimensional S-matrix are expected
to translate into general, model independent features of the “boundary theory”. In this
section, we explore the consequences of the universal soft factorization properties of S-
matrix elements. Soft factorization formulas closely resemble Ward identities, and indeed
many soft theorems are known to be intimately related to symmetries of the S-matrix. The
existence of the soft theorems should therefore enable one to construct associated conserved
currents for the theory living on My. The appropriate currents were constructed for d = 2
in [2, 16, 28, 31, 34, 50]. Here, we generalize these results to d > 2.

°Tt is possible to obtain standard conformal primary operators via a Mellin transform, O(A,z) =
fcg dwwAfl(’)(w, z) for some contour € in the complex w plane.



4.1 Leading soft-photon theorem and the conserved U(1) current

The leading soft-photon theorem is a universal statement about the behavior of S-matrix
elements in the limit that an external photon’s momentum tends to zero. It is model
independent, exists in any dimension, and states that

950 N~ - Ea Pk
(Oa(@)O1(p1) - On(pn)) 5 > Qu o (LD Onlpn)) s (4
k=1
where O, (w, z) creates an outgoing photon of momentum p(w,x) and polarization i (z),
and Qg is the charge of the k-th particle. We will first define the “leading soft-photon
operator”

Se(z) = lim wOq(w, ) . (4.2)

w—0
Insertions of this operator are controlled by the leading soft-photon theorem (4.1) and take
the form

(Sa ()01 (w1, 1) ... On(wn,xn) ) = 04 Z Qrlog [(z — 2£)?]( O1 (w1, 21) . .. Op(wn, zn) ).
k=1

(4.3)
From (4.3), we see that S,(z) is a conformal primary operator with (A,s) = (1,1). Note
also that S,(x) satisfies

0aSy — OpSq = 0 (4.4)

identically, without contact terms. In even dimensions,® the leading soft-photon theorem
is known [8, 12, 13, 17, 18] to be completely equivalent to the invariance of the S-matrix
under a group of angle dependent U(1) gauge transformations with non-compact support.
In d = 2, this symmetry is generated by the action of a holomorphic boundary current
J, satisfying the appropriate Kac-Moody Ward identities (see [16]). In higher dimensions,
one consequently expects to encounter a conformal primary operator J,(z) with (A, s) =
(d — 1,1) satisfying the Ward identity

(0" To(y)Or(wi, 1) - .. On(wn, 2n) ) = D Q6 Dy — 1) ( O1(wr,21) ... Op(wn, ) ) -
k=1

(4.5)

Our goal is to construct the conserved current J,(x) from the soft operator S, (z). The
inverse problem — constructing S,(z) from an operator J,(x) satisfying (4.5) — is easily
solved. Multiplying both sides of (4.5) by [ d%yd, log[(z — y)?], we find

/ddyaa log[(x — y)2]<8be(y)(91(w1, 1) ... Op(Wn, o))

=0, > Qulogl(x — )2 O(wi,z1) - .. On(wn, 7)) (4.6)
k=1

= (Sa(2)O01(w1,21) . .. Op(wn,n) ) -

SFrom this point on, we will consider only the even dimensional case in order to avoid discussion of
fractional powers of the Laplacian.



We therefore identify”

Sa(x) = / dydalog|(x — )*]0° Jy(y) = 2 / ddwa "(y), (4.7)
where Zy,(z — y) is the conformally covariant tensor
_ (= y)alz —y)p
Zap(z —y) = ap — 2 @) . (4.8)

This nonlocal relationship between the A = 1 primary S, and the A = d — 1 primary J, is
known as a shadow transform. For a spin-s operator of dimension A, the shadow operator
is given by [5§]

Ouonlo) =t [yl @Woeeny) (1)

Here, 62% Zs is the invariant identity tensor in the spin-s representation,

ghwbe = glligha gl

ai...as {a1 “Tas}?

where the notation {, } denotes the symmetric traceless projection on the indicated indices.

(4.10)

The shadow transform is the unique integral transform that maps conformal primary op-
erators with (A, s) onto conformal primary operators with (d — A, s). Given that S, has
(A,s) = (1,1) while J, has (A,s) = (d — 1,1) it seems natural to expect the appearance
of the shadow transform.

The shadow transform is, up to normalization [58, 61], its own inverse®

= (A -1)d—A-1I'($-A)T (A

)
Ouar.an (@) = (A, 8)Ouy. 0, (1), (A, s) = :

(A—1+4+s)(d—A—-1+s)(A)(d —_Ai) )
(4.11)

Using this, we can immediately write

~ 1 ~

Sale) = 20a(@), al) = 5oy Sale). (4.12)

Interestingly, the property (4.4) allows one to obtain a local relation between J,(x)
and S, ()

1

W(—D)%*&z(m) . (4.13)

Jo(z) =

It is straightforward to verify that insertions of J,(x) are given by

(Ta(@)O1(w1, 1) - On (s ) = 2711//22 ZQk (01(w1,x1) O )

(4.14)
and satisfy (4.5).

"Note that this integral expression is insensitive to improvement terms of the form J, — J, + 8bK[ba]
which do not affect the Ward identity (4.5).
8The spatial integrals involved here are formally divergent and are regulated by the ie-prescription.



In summary, we find that the leading soft-photon theorem in any dimension implies
the existence of a conserved current J,(z) on the spatial cut M,. This current is con-
structed as the shadow transform of the soft-photon operator S,(x). This correspondence
is reminiscent of a similar construction in AdS/CFT, where again the presence of a massless
bulk gauge field produces a dual conserved boundary current. There have been attempts
to make this analogy more precise using a so-called “holographic reduction” of Minkowski
space [50, 62]. The (d + 2) dimensional Minkowski space can be foliated by hyperboloids
(and a null cone), each of which is invariant under the action of the Lorentz group. Inside
the light cone, this amounts to a foliation using a family of Euclidean AdS4;1, all sharing
an asymptotic boundary given by the celestial sphere.? Performing a Kaluza-Klein reduc-
tion on the (time-like, non-compact) direction transverse to the AdSy.1 slices decomposes
the gauge field A(X) in Minkowski space into a continuum of AdS;4, gauge fields A, ()
with masses ~ w (w is the so-called Milne energy). The w — 0 gauge field — equivalent
to the soft limit — is massless in AdS;4; and therefore induces a conserved current on the
d-dimensional boundary. The holographic dictionary suggests that in the boundary theory,
one has a coupling of the form

/ 8% (2) T (). (4.15)

The discussion here suggests that a deeper holographic connection (beyond the sim-
ple existence of conserved currents) may exist between the theory on My and dynamics
in Minkowski space. While intriguing, much remains to be done in order to elucidate
this relationship. The hypothetical boundary theory is expected to have many peculiar
properties, one of which we discuss in section 4.3.

4.2 Subleading soft-graviton theorem and the stress tensor

In the previous section, we demonstrated that the presence of gauge fields in Minkowski
space controls the global symmetry structure of the putative theory on M. As in AdS/
CFT, more interesting features arise when we couple the bulk theory to gravity and con-
sider gravitational perturbations. Flat space graviton scattering amplitudes also display
universal behavior in the infrared that is model independent and holds in any dimension.
Of particular interest here is the subleading soft-graviton theorem, which states!'?

i (160, ) O @)O1(p1) - Onlpn)) = —i 3 L 70210, 1) .0, () . (1.16)
w— =1 Pk -q

Here Ou(q) creates a graviton with momentum ¢ and polarization EZI,’,(q), and Jjy is the

total angular momentum operator for the k-th particle. The operator (1 4+ wd,,) projects
out the Weinberg pole [45], yielding a finite w — 0 limit.

9This construction seems more natural in momentum space, where it is only the interior of the light
cone which is physically relevant, and one never needs to discuss the time-like de Sitter hyperboloids lying
outside the light cone.

10We work in units such that v87G = 1.



Returning to the analogy with AdS;y1/CFTy, one might expect that the bulk soft-
graviton is associated to a boundary stress tensor, just as the bulk soft-photon is related to
a boundary U(1) current. In a quantum field theory, the stress tensor generates the action
of spacetime (conformal) isometries on local operators. As we saw in (3.11), the angular
momentum operator J,, generates these transformations on the local operators on My.
Therefore, it is natural to suspect that the bulk subleading soft-graviton operator

Bay(z) = lir%(l + w0y)Ogp(w, ) (4.17)
w—

is related to the boundary stress tensor. Such a relationship was derived in four dimensions
(d =2) in [28, 31, 50]. In this section, we generalize the construction to d > 2.

Insertions of Bgp(z) are controlled by the subleading soft-graviton theorem (4.16) and
take the form (see (3.8) and (3.10) for the explicit forms of the orbital and spin angular
momentum operators)

n

1
(Bay(@)O1 (w1, 21) .. On(wm ) = 3 [pcab(x Y LR
k=1

—%3[077'1]@(90 - iUk)Skcd] (O1(wi,21) - .. On(wn, T0))
(4.18)

where

1
Plap(x) = B zq05 + Tpoy +

4
d$c5ab —T xaxb] . (4.19)

From (4.18), we see that Bg(x) is a conformal primary operator with (A, s) = (0,2). One
can also check that

Ot Payan(T) = Lyate(x)Laypy () - (4.20)

As in section 4.1, it is easiest to first determine B, in terms of T,;. Recall that the
Ward identities for the energy momentum tensor of a CFT, take the form [63]

(0T 4o () O (wr, 1) - .. Op (wWny ) ZW Y — 2) 0z (O1(w1,71) ... On(wn, @) )

(4.21)

(T(y)O1(w1,21) ... On(wn, 7)) = kzngé(d) (¥ — 21wk, ( O1(w1,21) ... On(wn, Tn) )
(4.22)
(T () Oy (w1, 1) . .. Oplwn, xn) ) = —% :1 5D (y — 2)SEH Oy (w1, 21) - . . O (Wny 1) ) -
(4.23)

~10 -



Multiplying (4.21) by — [ d4yPu(z — y), (4.22) by 3 [ d?y0.PCu(z — y), (4.23) by
i dyo°P(x — y), and taking the sum, one finds

Bab(m) = _/ddya{cpd}ab(x - y)TCd(y)

= — /ddyI{a{c(CE — y)Zayy (v — )T (y) (4.24)

= _f{ab} (1’) .

Once again, the soft operator appears as the shadow transform of a conserved current.
The relationship could have been guessed from the outset based on the dimensions of B
and T{ab}.ll

Having derived (4.24), we can now invert the shadow transform to find

1 ~

Tiapy(z) = _MBab(x) : (4.25)

The shadow relationship between the soft operator B, and the energy momentum
tensor is again suggestive of a coupling

/ d4z B ()T () (4.26)

in some hypothetical dual formulation of asymptotically flat gravity: the soft-graviton
creates an infinitesimal change in the boundary metric, sourcing the operator Ty. In [28],
it was viewed as a puzzle that the energy momentum tensor appears non-local when written
in terms of the soft-modes of the four dimensional gravitational field. Here we see that this
is essentially the consequence of a linear response calculation, and that the non-locality is
actually the only one allowed by conformal symmetry.

As in [28], it is possible to derive a local differential equation for T4y in even dimen-
sions. We first define the following derivative operator

1
(47)420(d/2 + 1)

d
d—1

DO = 5 (—0)Y20%04p + ()29 04| . (4.27)

One can check that
DYPC, = 656 () . (4.28)

Then, acting on the first equation of (4.24) with D%, we find

DaBab(x) = aajj{ab} (y) : (429)

"Note that only the symmetric traceless part of the stress tensor appears in this dictionary since the
graviton lies in the symmetric traceless representation of the little group. The trace term may be related
to soft-dilaton theorems.

- 11 -



4.3 Leading soft-graviton theorem and momentum conservation

In the previous two subsections, we have avoided the discussion of currents related to the
leading soft-graviton theorem. This soft theorem is associated to spacetime translational
invariance (and more generally to BMS supertranslations [3, 4, 15, 20]). For scattering
amplitudes in the usual plane wave basis, this symmetry is naturally enforced by a mo-
mentum conserving Dirac delta function. In our discussion above, we have chosen to make
manifest the Lorentz transformation properties of the scattering amplitude. Consequently,
translation invariance, or global momentum conservation, is unwieldy in our formalism. In
fact, it must somehow appear as a non-local constraint on the correlation functions on My,
since arbitrary operator insertions corresponding to arbitrary configurations of incoming
and outgoing momenta will in general violate momentum conservation. The difficulty can
also be seen at the level of the symmetry algebra. Momentum conservation cannot arise
simply as a global R4 symmetry of the CFTy, since the associated conserved charges
do not commute with the conformal (Lorentz) group. In light of this it is not clear that
our construction can really be viewed as a local conformal field theory living on Mg.'? We
have tried, unsuccessfully, to find a natural set of operators whose shadow reproduces the

leading soft-graviton theorem'3
. L e phpy
lim w(Oap(9)O1(p1) - - - Onlpn)) = w > m«')l(m) .- On(pn)) - (4.30)
k=1
The soft operator
Gap(z) = lin% WO ap(w, ) (4.31)
w—

has insertions given by

(Gap(2)O1(w1,21) - - - Op(wny n)) = 3 ZwkIC(L‘Z) (x — xp)(O1(w1, 1) - .. Op(wn, xn)) ,
k=1

(4.32)
where
d Laqlp
Iy (@) = 0y — d=25 (4.33)
One finds that the operator
1
Uy = (~0) 710G (4.34)

(4m)4/2T (d/2) (d — 1)
satisfies
(0Ua(2)O1(w1,21) ... Op(wn, 7)) = = > wpd D (@ — 23)(O1 (w1, 21) ... Op(wn, 7)) -
k=1

(4.35)

2However, it is also not clear that we should expect a local QFT dual to asymptotically flat quantum
gravity. The flat space Bekenstein-Hawking entropy is always super-Hagedorn in d > 4. The high energy
density of states grows faster than in any local theory.

13Tt has also been suggested [64] that translational invariance of the S-matrix is realized through null
state relations of boundary correlators rather than through local current operators, since the former are
typically non-local constraints on CFT correlation functions.
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Thus, U,(z) satisfies the current Ward identity corresponding to “energy” conservation.
However, since w is not a scalar charge, the current U, (z) is not a primary operator (though
it has a well-defined scaling dimension A = d). Acting on (4.35) with —2 [ ddxlég) (y—x),
one finds

Galw) =~ [ ¢T3 @~ 9 U(w). (1.36)

Unlike the U(1) current and the stress tensor, the leading soft-graviton “current” is not
related to the soft operator G, through a shadow transform. It may be possible to inter-
pret (4.36) as some other (conformally) natural non-local transform of U.(x), but we do

not pursue this here.'*

5 Conclusion

In this paper we have taken steps to recast the (d+ 2)-dimensional S-matrix as a collection
of celestial correlators, but many open questions remain. Our analysis relied on symmetry
together with the universal behavior of the S-matrix in certain kinematic regimes. It would
be interesting to analyze the consequences of other universal properties of the S-matrix
for the celestial correlators. The analytic structure and unitarity of the S-matrix should
be encoded in properties of these correlation functions, although the mechanism may be
subtle. It seems likely that the collinear factorization of the S-matrix could be used to
define some variant of the operator product expansion for local operators on the light cone.
Although this paper only addressed single soft insertions, double soft limits, appropriately
defined, could be used to define OPE’s between the conserved currents and stress tensors.
We expect supergravity soft theorems to yield a variety of interesting operators, including
a supercurrent. Finally, the interplay of momentum conservation with the CFT; structure
requires further clarification. We leave these questions to future work.
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A Spacetime picture

In this appendix we construct coordinates for Minkg o whose limiting metric on Z has
cross sectional cuts given by M. Consider the coordinate transformation from the flat

! The shadow transform (A, s) — (d — A, s) is related to the Zs symmetry of the quadratic and quartic
Casimirs of the conformal group c2 = A(d—A)+s2—-d—5),ca=—-s2—-d—s)(A-1)(d—A—-1). 2
and ¢4 are also invariant under another Z, symmetry under which (A, s) — (1 —s,1— A). Equation (4.36)
may be the integral representation of a shadow transform followed by the second Zs transform which maps
(d+1,0) = (-1,0) — (1,2).
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Cartesian coordinates X* to the coordinates (u,r,x®) given by
XM (u,ryx®) = rpt(z®) + ukt(z?), (A.1)
where p*(z) is given by (2.3) with w set to one. We have
dp*dp,, = Q*(z)dz"dz,, . (A.2)
If the vector k*(z) is chosen to satisfy
0ok =0, kHOupy =0, (A.3)

then one finds
dX*dX, = k*du® + 2(p - k)dudr + r2dp"dp,, . (A.4)

Since neither p* nor k* scales with r, the limit »r — oo with u fixed yields a degenerate
metric on ZT with cross-sectional metric

ds® = r?*Q%(z)dgpdadab = r2ds.2Md . (A.5)
For instance, the flat metric on M, corresponds to the choice

1422

1 — a2 1
p“<z>=< s 29”), B = e 1), (A.6)

which yields the familiar coordinate transformation

1+ 22 1—2%) -
XH*(u,r,z%) = utrl+e ),m““, ril—a%) —u (A7)
2 2
and a metric of the form
ds? = —dudr + r*5gpdz®da’ . (A.8)
In order to achieve cross sectional cuts of ZT which are metrically S?, one chooses
2 1+ a2 1—a?
Y — a H = 1 @ . A
P = s (g 5T o (A9)
The coordinate transformation is then
2z, 1—az2
XH*(u,r,x®) = [u—i—r,l_’_mz,rl_’_xz] (A.10)
and the spacetime metric is
ds® = —du® — 2dudr + L(S pda®da® (A.11)
(14 x2)2°° ' '

In order to make the relationship between M, and ZT even more explicit, consider the flat
coordinate system (A.7). A massless field in the plane wave basis takes the form

dd+1 gat--a % —1q-
B0 =5 | Gt i @) [ O (@ 4 Ol (e Y] L (a1
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To perform an asymptotic analysis near Z*, one considers the limit » — oo with u fixed,
so that X — rpt(z®). In this limit, the argument of the exponential

irweq(Ya) - p(xa) = —%rwq(a: —y)? (A.13)

is large so that the exponential is rapidly oscillating. At leading order in %, the only
momenta that contribute to the integral are those for which the phase is stationary, i.e. for
which x = y. Therefore in the large-r light-like limit, one effectively trades the transverse
coordinates on Z* for the momentum coordinates on M,.

Armed with this knowledge we can further elaborate on the results of section 4. The
soft-photon operator S,(x) is related to the boundary current J,(x) through a differential
equation of the form

(~0)2 " 1Sa(2) = (4m)Y2T(d/2) Ju(x) (A.14)

The physical picture is clear: charged particles passing through Z act as a source J,(x)
for the soft radiation S,(x) (see [12] for relevant expressions relating (A.14) to the soft
charge for large U(1) gauge transformations). Similar statements apply to the gravitational
case [15]. Energetic particles passing through Z* act as an effective source (the boundary
energy momentum tensor Ty;) for soft-graviton radiation By (x).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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