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1 Introduction

Hybrids are hypothesized, beyond-the-quark-model hadrons that exhibit explicit quark,
antiquark, and gluonic degrees of freedom. They are colour singlets and so should be
permissible within quantum chromodynamics (QCD); thus, the question of their existence
provides us with a key test of our characterization of confinement. Despite nearly four
decades of searching, hybrids have not yet been conclusively identified in experiment. There
are, however, a number of noteworthy candidates. For example, the Particle Data Group
(PDG) [1] lists a pair of tentative resonances, the m1(1400) and the 71 (1600), both with ex-
otic J¢ = 17, a combination inaccessible to conventional quark-antiquark mesons [2, 3].
There are several non-exotic hybrid prospects as well. For instance, each of the resonances
¢(2170), X(3872), Y(3940), and Y(4260) has been singled out as a possible hybrid or at
least as a mixed hadron containing a hybrid component [4-9].

Definitively assigning a hybrid interpretation to an observed resonance would be greatly
facilitated by agreement between theory and experiment concerning the candidate hybrid’s
mass. Previous calculations aimed at predicting hybrid masses have been made using a
constituent gluon model [10], the MIT bag model [11, 12], and the flux tube model [13-
15] as well as through the QCD-based approaches of QCD sum-rules [2, 8, 16-27], lattice
QCD [28-31], and Heavy Quark Effective Theory [32]. Unfortunately, as of yet, there is
little consensus concerning hybrid masses.

To date, closed-flavour (hidden-flavour or quarkonium) hybrids have received more
attention than open-flavour hybrids likely because most promising hybrid candidates are
closed. Furthermore, closed-flavour hybrids allow for exotic J©¢ quantum numbers; open-
flavour hybrids, on the other hand, are not eigenstates of C-parity, and so are characterized
by non-exotic J* quantum numbers. However, the recent observation of the fully-open-
flavour X(5568) containing a heavy (bottom) quark [33, 34] may be a precursor to addi-
tional open-flavour discoveries that do not have a simple quark-model explanation (e.g.,



the X(5568) has been studied as a bdsu tetraquark [35]). Hence, computing masses of open
hybrids containing heavy quarks is timely and of phenomenological relevance.

Ground state masses of bottom-charm hybrids were recently computed using QCD
sum-rules in [36]; therefore, we focus on a QCD sum-rules analysis of open-flavour heavy-
light hybrids i.e., hybrids containing one heavy quark (charm or bottom) and one light
quark (up, down, or strange).

The seminal application of QCD Laplace sum-rules to open-flavour hybrids was per-
formed by Govaerts, Reinders, and Weyers [37] (hereafter referred to as GRW). Therein,
they considered four distinct currents covering J € {0, 1} in an effort to compute a com-
prehensive collection of hybrid masses. Their QCD correlator calculations took into ac-
count perturbation theory as well as mass-dimension-three (i.e., 3d) quark and 4d gluon
condensate contributions. Precisely half of the analyses stabilized and yielded viable mass
predictions. However, for all heavy-light hybrids, the ground state hybrid mass was uncom-
fortably close to the continuum threshold (with a typical separation of roughly 10 MeV),
so that even a modest hadron width would result in the resonance essentially merging with
the continuum [37].

In this article, we extend the work of GRW by including both 5d mixed and 6d gluon
condensate contributions in our correlator calculations. As noted in GRW, for open-flavour
heavy-light hybrids, condensates involving light quarks could be enhanced by a heavy
quark mass allowing for the possibility of a numerically significant contribution to the
sum-rules. By this reasoning, the 5d mixed condensate should also be included. As for the
6d gluon condensate, recent sum-rules analyses of closed-flavour heavy hybrids [8, 25-27]
have demonstrated that it is important and can have a stabilizing effect on what were,
in the pioneering work [38, 39], unstable analyses. We also consider the possibility that
conventional quark-antiquark mesons couple to the hybrid current, and demonstrate that
this leads to an increase in the predicted value of the hybrid mass. A methodology is
developed to estimate an upper bound on this mass increase in each channel.

This paper is organized as follows: in section 2, we define the currents that we use to
probe open-flavour heavy-light hybrids and compute corresponding correlation functions; in
section 3, we generate QCD sum-rules for each of the correlators; in section 4, we present our
analysis methodology as well as our mass predictions for those channels which stabilized;
in section 5 we consider the effects of mixing; and, in section 6, we discuss our results and
compare them to GRW and to contemporary predictions made using lattice QCD.

2 Currents and correlators

Following GRW, we define open-flavour heavy-light hybrid interpolating currents
. 9s—~
Ju = ESQFP)\“qup (2.1)

where g5 is the strong coupling and A% are the Gell-Mann matrices. The field @) represents
a heavy charm or bottom quark with mass Mg whereas g represents a light up, down, or
strange quark with mass m,. The Dirac matrix I'” satisfies

I'? e {v*, v"s}, (2.2)



e | gs, JP©)

v | Ge, 0+, 1-(H)
AP ézp 0—(H), 1+(H)
Vs | G2, 0—(), 1)
APys (;Zp 0+t(=), 1)

Table 1. The JP(©) combinations probed through different choices of I'* (2.2) and Gpp (2.3).

and the tensor Ql‘jp satisfies

Gip € {Glip Glio} (2:3)
where G7,, is the gluon field strength and

~a 1 a

GMP = §€PLPVUGVO' (24)

is its dual defined using the totally antisymmetric Levi-Civita symbol €,,u0.
For each of the four currents defined through (2.1)—(2.3), we consider a diagonal cor-
relation function

I (q) = i/d493 QT (2)5(0)|2) (2.5)
_ Q,;;IV H(O)(QQ) + (qi;gu _ guu> o <qQ)7 (2.6)

where II) probes spin-0 states and II(Y) probes spin-1 states. Each of II(® and M
couples to a particular parity value, and, in the case of closed-flavour hybrids, also to a
particular C-parity value; however, as noted in section 1, open-flavour hybrids are not C-
parity eigenstates. Regardless, we will refer to II(9) and II") using the JF¢ assignments
they would have if we were investigating closed- rather than open-flavour hybrids. But, to
stress that the C-value cannot be taken literally, we will enclose it in brackets (a notation
employed in [36, 40]). In table 1, we provide a breakdown of which currents couple to
which JP(©) combinations.

We calculate the correlators (2.5) within the operator product expansion (OPE) in
which perturbation theory is supplemented by a collection of non-perturbative terms, each
of which is the product of a perturbatively computed Wilson coefficient and a non-zero
vacuum expectation value (VEV) corresponding to a QCD condensate. We include con-
densates up to 6d:

(@q) = (@;'qi") (2.7)
(aG?) = (0sGS,G) (2.8)
(gaoGq) = (9780 Mep Gl ) (2.9)
($°G®) = (g f*Gy, GY G5, (2.10)

respectively referred to as the 3d quark condensate, the 4d gluon condensate, the 5d mixed
condensate, and the 6d gluon condensate. Superscripts on light quark fields are colour



indices whereas subscripts are Dirac indices, and o = %['y“, ~¥]. The Wilson coefficients
(including perturbation theory) are computed to leading-order (LO) in g5 using coordinate-
space fixed-point gauge techniques (see [41, 42], for example). Note that LO contributions
to (2.5) associated with 6d quark condensates are O(g?); our calculation is actually O(g?),
and so 6d quark condensates have been excluded from (2.7)-(2.10). (In ref. [26] the nu-
merical effect of the 6d quark condensates has been shown to be small compared to the 6d
gluon condensate). Light quark mass effects are included in perturbation theory through
a next-to-leading-order light quark mass expansion, and at leading-order in all other OPE
terms. The contributing Feynman diagrams are depicted in figure 1' where we follow as
closely as possible the labeling scheme of [19]. (Note that there is no Diagram IV in figure 1
because, in [19], Diagram IV corresponds to an OPE contribution stemming from 6d quark
condensates that is absent in the open-flavour heavy-light systems.) The MS-scheme with
the D = 4 + 2¢ convention is used, and p is the corresponding renormalization scale. We
use the program TARCER [44], which implements the recurrence algorithm of [45, 46], to
express each diagram in terms of a small collection of master integrals, all of which are
well-known. Following [47], we employ a dimensionally regularized s that satisfies 42 = 1
and {75, v} = 0. Note that the imaginary parts of Diagrams I-III were actually first
computed between [38] and GRW; for these three diagrams, we were able to successfully
bench-mark our results against that original work.

Diagram XII, a 5d mixed condensate contribution, generates some complications. Fo-
cusing on the lower portion of the diagram, we see a heavy quark propagator carrying mo-
mentum ¢ multiplied by a divergent, one-loop sub-graph. Correspondingly, Diagram XII
contributes to the correlator a non-local divergence proportional to

1

@) (2.11)

Following [5], this divergence is eliminated by renormalization of the composite opera-
tors (2.1) which induces mixing with either Qv,q or Qv,75g. Specifically, for those opera-
tors with I'” = 4 (recall (2.2)), this mixing results in

] ) Méasi
e e (2.12)
whereas, for those with I'? = y~5, we have
) ) Mc%asi
Ju = Ju+ k—— Q754 (2.13)

where k is an as yet undetermined constant emerging from renormalization. For currents
that mix according to (2.12), the VEV under the integral on the right-hand side of (2.5)
gets modified as follows:

(7, (2)75(0)12) = (Qrs(2)55(0)]€2)
M2a5 — M2Oé5
+ E—2(QrQ()v,a(2) 75 (0)) + K —L(Q7,(2)3(0)7,Q(0)|Q)  (2.14)

e e

! All Feynman diagrams are drawn using JaxoDraw [43].
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Figure 1. The Feynman diagrams calculated for the correlator (2.5). Single solid lines correspond
to light quark propagators whereas double solid lines correspond to heavy quark propagators.
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Figure 2. Renormalization-induced Feynman diagrams. Square insertion represents the mi-
xing current.

with an analogous expression for operators that mix according to (2.13). The first term
on the right-hand side of (2.14) corresponds to the diagrams of figure 1 whereas the last
two terms give rise to new, renormalization-induced contributions to the OPE. Almost all
of these new contributions are sub-leading in g,, however, and so are ignored. The only
exceptions are those containing the 5d mixed condensate (2.9); these give rise to the pair
of diagrams depicted in figure 2. Both of these tree-level diagrams contain a heavy quark
propagator with momentum ¢ and are multiplied by a factor of % in (2.14), precisely what
is needed to cancel the non-local divergence (2.11)

Summing the diagrams from figures 1 and 2, and then determining the constant k
from (2.12) or (2.13) such that all non-local divergences are eliminated, we find for either
1O or I from (2.6) that

MS$a or . ‘
H(QQ) = W [fl(p t) (2:) 10g<1—z)+f2(P t) (Z)LIQ(Z)—I—C(pert)z}
M>mgo m . ‘
L [ A @) log(1—2)+ £ () Lig ()™
Mpas(qq
%ﬂz<2> [f(qq)(z) log(l—z)—i—c(q‘I)z]
M2 (aG?)
4 [FC9 () 1og(1—2)+c(C9;
Mqas{9a0Ga) | ((4cia) (4Gq) 2 Mé (qGq) z
Stz |11 (les(l=2) BT ow | |1 AT )
303
g°G
oprts [0 ) log(1 =) +(09:] (2.15)
where
v (2.16)
z2=— ‘
Mg

and where Lis(z) is the dilogarithm function defined by

Lis(z) = / b ln(lt_t)dt. (2.17)

The remaining quantities in (2.15) are listed in tables 2-7 for the distinct J¥(©) com-
binations under consideration. Also, in table 8, we give the values determined for the



J ) f570(z) e
0 —3+30z+202%2 —602% + 152% — 22° —6022 -3
1 —1 —1402% + 10023 4 452* — 425 602%(1+22) —1

Table 2. The polynomials and constants of perturbation theory.

JP©) () FP() ™
0+ 3(1—62+1822 —102% —32%)  —362° 3
0-(2)  —3(1—62+41822 —102° —32%) 362> -3
0" 3(1—62+1822—102% —32%)  —362° 3
0F(=)  —3(1 — 6241822 —102° — 32z%) 362> -3
1t() 1— 62+ 1822 — 1023 — 32* —122% 1
1= —(1—6241822 —102° —32%) 1228 -1
1-) 1— 62+ 1822 — 1023 — 32* —122% 1
116 (1 —6241822 —102° —32%) 1228 —1

Table 3. The polynomials and constants of the light quark mass correction to perturbation theory.

IR I A
1= L(1-2)3 3
= _ta-2)3 -3
10 La—-2)3 1

Table 4. The polynomials and constants of the 3d quark condensate contribution.

renormalization parameter k. Finally, we note that, for the sake of brevity, we have omit-
ted all polynomials in z corresponding to dispersion-relation subtractions from (2.15) and
tables 2 to 7. As discussed in section 3, these subtraction constants do not contribute to
the Laplace sum-rules.



JP(©) FGA () AGG)
0+ 3(1— 2)2(1 + 22) 3
0-()  3(1—2)%(1 +22) 3
0-h)  —3(1-2)21+22) -3
0t) —3(1—2)2(1+22) -3
1T (1 —2)2(1—42) -1
1) —(1-2)2(1-42) -1
1= (11— 2)2(1 —42) 1
1) (1= 2)2(1 — 42) 1

Table 5. The polynomials and constants of the 4d gluon condensate contribution.

JP(©) f1(qu) (2) fz(qu) (2) éqGQ) (2)

0T 18(1 —2)(13+22)  —36(17 — 2) 9(26 4 27z — 212?)
0~ —18(1 —2)(13+22)  36(17 — 2) —9(26 + 27z — 2122)
0-(F)  —18(1—2)(27+22)  —36(7+2)  —3(162 — 351z + 292?)
0t 18(1 — 2)(27 + 22) 36(7 + 2) 3(162 — 351z + 2922)
17 —6(1—2)(27—382)  12(21+19z)  —(162 + 369z + 2052?)
175 6(1—2)(27-382)  —12(21+19z) 162 + 369z + 20522
1= 6(1—2)(13-382)  12(51 — 192) 78 — 999z + 5692
1) —6(1 - 2)(13 —382) —12(51 —192)  —(78 — 999z + 56922)

Table 6. The polynomials and constants of the 5d mixed condensate contribution.

JP(C) f(GGG)( ) (GGG)
0t () -3 -3
0-() -3 -3
0-(H) 3 3
0+() 3 3
1) 1—22 1
1) 12 1
1= —(1-22) -1
1t —(1-22) -1

Table 7. The polynomials and constants of the 6d gluon condensate contribution.



JP(C) k

0+ () -z
0—() _%
0—(+) f%
0t+) _%
1) _g
1-(=) _g
1-(+) _%
1+(=) _%

Table 8. The renormalization parameter k from (2.12) and (2.13).

3 QCD Laplace sum-rules

Viewed as a function of Euclidean momentum Q2 = —¢?, each of I1(°) and II™") from (2.6)
satisfies a dispersion relation

Q3 /°° ImII(t) 5
Q%) = = ———dt+---, >0 3.1
(@)= o tHE+Q?) @ 3.1)
where - - - represents subtractions constants, collectively a third degree polynomial in Q?,

and tg represents the appropriate physical threshold. The quantity II on the left-hand side
of (3.1) is identified with the OPE result (2.15) while ImlII on the right-hand side of (3.1) is
the hadronic spectral function. To eliminate the (generally unknown) subtraction constants
and enhance the ground state contribution to the integral, the Borel transform

) (=N [ a\Y
=1 —— = 2
B= I Ty a2 (3:2)
T=N/Q?
is applied to (3.1) weighted by (—Q?)* for k > 0 to yield the k*"-order Laplace sum-rule
(LSR) [48]

Re(r) = [ the ™ tmli(e) . Ru(r) = B {(-Q) Q") | (3.3)
to

The Borel transform annihilates polynomials in Q? which eliminates dispersion-relation
subtraction constants and justifies our omission of polynomials (divergent or not)
from (2.15). The exponential kernel on the right-hand side of (3.3) suppresses contributions
from excited resonances and the continuum relative to the ground state.

In a typical QCD sum-rules analysis, the hadronic spectral function is parametrized
using a small number of hadronic quantities, predictions for which are then extracted using
a fitting procedure. We employ the “single narrow resonance plus continuum” model [48]

%Iml’[(t) — F2mSs(t—m?) + 0(t — so)%ImHOPE(t) (3.4)



where mp is the ground state resonance mass, fy is its coupling strength, 6 is a Heaviside
step function, sq is the continuum threshold and ImITOP is the imaginary part of the QCD
expression for II given in (2.15). Substituting (3.4) into (3.3) gives

o0
1
Ri(1) = f?lmlgj%e_m%ﬂ +/ ke ZTmIIOVE (1) dt, (3.5)

S0 ™

and, defining continuum-subtracted LSRs by

> 1
Ru(r 50) = Ry(r) — / et L TioPE gy, (3.6)

S0 ™
we find, between (3.5) and (3.6), the result
Ry(T, so) = f?{m%“ke_m%ﬂ. (3.7)

Finally, using (3.7), we obtain
R1(T, 80) _ m%{,
Ro (7‘ y 80)
the central equation of our analysis methodology.
To develop an OPE expression for Ry(7, s9), we exploit a relationship between the
Borel transform and the inverse Laplace transform £ [48]

1, -
SBA@)} = L7 @)}
1 c+i0o 2 02 ) (3.9)
= |
3 | 1(@)e¥7dQ
where ¢ is chosen such that f(Q?) is analytic to the right of the integration contour in
the complex Q%-plane. Applying definitions (3.3) and (3.6) to (2.15) and using (3.9), it is
straightforward to show that
50

2 1
Ro(T, s0) = Mé /MQ efo%T;ImHOPE(xMé) dz
1

—~M27 313 — 2
e T MPas(ggoGq) M
Q Q
1 1
+ 1037 alog | —2 +b (3.10)
and p
Ri(T, s0) = *%RO(T, s0) (3.11)

where a, b are constants given in table 9 for each J¥(©)

combination under investigation.
Note that the definite integral in (3.10) can be evaluated exactly; however, the result is
rather long and not particularly illuminating, and so is omitted for brevity.
Renormalization-group (RG) improvement [49] dictates that the coupling constant
and quark masses in (3.10) be replaced by their (one-loop, MS) running counterparts. The
running coupling is given by
() = s (M) : (3.12)
1+ L (33 — 2Np) as(Mx) log (ﬁ—%)

~10 -



JPE©) g b
0t —18

0-=) 18 -9
0=t 9 15
0t=) -9 15
1t 15 —23
1= —15 23
1= 12 —11
17 —12 11

Table 9. The constants a and b from (3.10).

where N is the number of active quark flavors and My is a reference scale for experimental
values of a,. In addition, the running heavy quark mass can be expressed as

12
] 33-2N; (3 13)

M () = M(3) [js((ﬂ’“;))

where M is defined by M (M) = M, and the running light quark mass can be expressed as

12
:| 33-2Nj (3 14)

m(p) = m(2 GeV) [a'j;(g&)?\/)

in anticipation of using the ref. [1] light-quark mass values at 2 GeV. For charm systems,
we use the renormalization scale = M = M, while for bottom systems u = M = M,
with PDG values [1]

M, = (1.275 £ 0.025) GeV, M, = (4.18 + 0.03) GeV. (3.15)

We then evaluate oy via (3.12) within the relevant flavour thresholds using appropriate
ref. [1] reference values at the 7 and Z masses

as(M;) = 0.330 £ 0.014, a,(Myz) = 0.1185 = 0.0006. (3.16)

Lastly, we use the following values for the light quark masses [1]

1
mp(2 GeV) = 5 [mu(2 GeV) + mg(2 GeV)] = (3.40 £ 0.25) MeV, (3.17)
ms(2 GeV) = (93.5 +2.5) MeV . (3.18)
The QCD predictions (2.15) have isospin symmetry because (uu) = (dd) = (in) and the

sub-leading effect of nonstrange quark masses is negligible (i.e., we are effectively in the
chiral limit for nonstrange systems).

- 11 -



In addition to specifying expressions for the running coupling and quark masses, we
must also specify the numerical values of the condensates (2.7)-(2.10). Because of the form
of (2.15), for (gq) we consider the product

M(qq) = (Z) (mqq) (3.19)

as both & and (mgq) are RG-invariant quantities. From PCAC [50] (using ref. [51] con-
ventions), we have

(mTin) = —% £2m?2 (3.20)
(mgss) = —%j}%m%{ (3.21)

where PDG values are used for the meson masses [1] and the decay constants are [52]
fr=2922+35 MeV, fr =110.0+4.2 MeV. (3.22)

The quark mass ratios of strange to light and charm to strange quarks are given in [1];
however, in order to consider the RG-invariant product (3.19) for all open-flavor combina-
tions of interest, we must combine results from [1] with bottom-flavoured ratios obtained
on the lattice [53]. The resulting ratios and their errors (treated in quadrature) are

MC MC S MC

— <> <m > — 322.6 4 13.6, € = 11.73 4 0.25, (3.23)
My, Mg Mp mg
M, M, M. M,
2 (b> ( ) = 1460.7 + 64.0, 20 52,55 4 1.30. (3.24)
My M. My, Mg

For the purely gluonic condensates (2.8) and (2.10), we use values from [54, 55]:

(aG?) = (0.075 & 0.020) GeV* (3.25)
(°G®) = ((8.2 £ 1.0) GeV?) (aG?). (3.26)

The 5d mixed condensate can be related to the 3d quark condensate through [18, 56-58]

(9q0Gq)

o = M2 = (0.8 £0.1) GeV2. (3.27)

Because we are using (3.19) to specify the chiral-violating condensates, in the analysis
below, the (Gq) effects are subsumed within dimension-four contributions and (ggoGq)
effects within dimension-six contributions. As noted above, we choose the central value of
the renormalization scale p to be M, for the charm systems and M, for the bottom systems.

4 Analysis methodology and results

In order to extract stable mass predictions from the QCD sum-rule, we require a suitable
range of values for our Borel scale (7) within which our analysis can be considered reliable.

- 12 —



Within this range, we perform a fitting (i.e., minimization) procedure to obtain an opti-
mized value of the continuum onset (s¢) associated with our resulting mass prediction. We
determine the bounds of our Borel scale by examining two conditions: the convergence of
the OPE, and the pole contribution to the overall mass prediction, mirroring our previous
work done in charmonium and bottomonium systems [26]. To enforce OPE convergence
and obtain an upper-bound on our Borel window (7yax), We require that contributions to
the dimension-four condensate be less than one-third that of the perturbative contribution,
and the dimension-six gluon condensate contribute less than one-third of the dimension-
four condensate contributions. (See figure 3 for an example.) To determine a lower bound
for our Borel window, we examine the pole contribution defined as

Iy 2 e TImII(t)dt
fM% e tTImII(¢)dt

PC (sg,7) = (4.1)

The pole contribution constraint can also be understood as a suppression of excited state
contributions. To extract a lower bound for our Borel window (7iin ), we must first provide
a reasonable estimate of the continuum sy as a seed value for the minimization. To do this,
we look for stability in the hadronic mass prediction as a function of sy with variations in
7 (figure 4). We optimize the initial sy and mg predictions by minimizing

2 20 1 Rl(’fi, 80) :
= ; (mH Ro (i, s0) 1> ’ (42)
where we sum over an equally-spaced discretized 7 range inside the Borel window.

Minimizing (4.2) results in an optimized values for the continuum sg. Once sg is found,
we may use (4.1) to determine a lower bound on 7 by requiring a pole contribution of at
least 10%. Note that this procedure involving (4.1) should be iterated to ensure that the
values of sp and 7y, are self-consistent. Once the hadronic mass prediction has been
extracted, we may return to (3.7) to solve for the hybrid coupling from the 7 critical point
of fr using the optimized continuum value and hadronic mass prediction.

We present results for the Borel window, continuum, and predicted hybrid mass and
couplings for open-charm and open-bottom hybrids in tables 10 through 13, and in figures 5
and 6. Channels that do not stabilize have been omitted from the tables. The errors pre-
sented encapsulate contributions added in quadrature from the heavy quark masses, quark
mass ratios, oy reference values, and the condensate values. We also include estimations
of the error due to truncation of the OPE series by comparing mass predictions with and
without 6d contributions and due to variations in the 7 window of 10%. Uncertainties
associated with the renormalization scale follow the methodology established in ref. [59]
which doubled the resulting uncertainty associated with variations in the renormalization
scale of pr = £0.1 GeV (charm systems) and dp = £0.5 GeV (bottom systems).

As a validation of our analysis, we also consider ratios of higher-weight sum-rules which
serve as a generalization of (3.8):

Riy1(7, 80)

Rilrs0) my (4.3)
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Figure 3. OPE convergence for 07(+) charm-nonstrange and bottom-nonstrange channels.

JPC mhin (GeV™2) Tiax (GeV™2) sg £ ds9 (GeV?) my + dmy (GeV) fZ x 10°

o+

0.08 0.25 26.1 £6.0
0.07 0.17 31.8+£4.2
0.09 0.29 24.7+2.5
0.15 0.35 14.7+£1.6

4.55+0.43
5.07+0.31
4.40 £0.19
3.39£0.18

7.47
7.28
12.4
9.87

Table 10. QCD sum-rules analysis results for ground state charm-nonstrange hybrids.
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Figure 4. Plots of hybrid mass my as a function of continuum threshold sy for various values of
the Borel parameter 7 for 07(+) charm-nonstrange and bottom-nonstrange channels.
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Figure 5. Plots illustrating the stability of mass predictions for 01(*) charm-nonstrange and
bottom-nonstrange channels.
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JEC 1 (GeV™2) Tiax (GeV™2) so £ dsg (GeV?) mpy +dmy (GeV) f& x 10°
0+ 0.08 0.24 25.2 £5.2 4.49 +0.40 7.36
0-) 0.07 0.17 30.4+5.2 4.98 +0.39 2.03
1-) 0.10 0.30 231424 4.28 +0.19 11.0
17 0.18 0.34 125+1.1 3.15+0.14 8.45

Table 11. QCD sum-rules analysis results for ground state charm-strange hybrids.

JEC min (GeV™2) Tiax (GeV™2) so £ dsg (GeV?) mpy +dmy (GeV) fZ x 10°
0+ () 0.03 0.12 92.5 4+ 15.6 8.57+0.51 1.28
0—(+) 0.05 0.09 59.1 + 3.9 7.01 +0.21 0.516
1-) 0.03 0.10 94.7+ 7.5 8.74 +£0.25 1.76
17 0.03 0.14 86.7+11.1 8.26 + 0.41 1.66

Table 12. QCD sum-rules analysis results for ground state bottom-nonstrange hybrids.

JPC i (GerQ) Timax (GeVﬁQ) sg + dsp (GeVQ) mp £ ompg (GeV) f12{ x 100
0F+(+) 0.04 0.11 79.9 £ 13.0 8.14+£0.49 0.817
0—(+) 0.06 0.10 55.1 +4.0 6.79 + 0.22 0.434
1-) 0.03 0.10 87.6 + 9.9 8.46 + 0.32 1.24
17 0.04 0.15 81.7+15.7 8.02 + 0.59 1.39

Table 13. QCD sum-rules analysis results for ground state bottom-strange hybrids.

In table 14, table 15 and figure 7 we compare the nonstrange sum-rule ratios for £ =0, 1, 2.
Although the higher-weight ratios have greater sensitivity to the high-energy region of the
spectral function (excited states and QCD continuum), the hadronic mass scales emerging
from the various weights are remarkably consistent, indicating that the sum-rule window
has been well-chosen to emphasize the lightest hybrid state via the pole contribution cri-
terion (4.1).

5 Mixing effects

As noted in section 1, the open-flavor structure of the hybrid systems in question precludes

JPC states. As such, we might expect a degree of mixing

the possibility of explicitly exotic
with conventional mesonic states. In our previous work on heavy quarkonium hybrids [26],
this possibility of mixing was examined through the addition of a conventional meson to
the single narrow resonance model (3.4) such that (3.7) becomes
—m2 2
Ri(7, s0) = fimiy ™™™ + foonemiuy € oo (5.1)

conv
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Figure 6. Summary of mass predictions in charm and bottom systems with uncertainties. The
overlap between the heavy-nonstrange and heavy-strange predictions is denoted by the green tone
in the charm sector and purple in the bottom sector.

"o i i i
0+(+) 454 454 459
0~ 507 507 5.12
1) 440 439  4.45
1t0) 339 339 3.45

Table 14. Charm-Nonstrange Masses from Higher-Weight Sum-Rules (GeV).

o i Vi
0t 857 852 8.60
0~ 701 701 7.06
1-) 874 871 880
1) 826 820 829

Table 15. Bottom-Nonstrange Masses from Higher-Weight Sum-Rules (GeV).
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Figure 7. Plots illustrating higher-weight sum-rule ratios in 0*(*) charm-nonstrange and bottom-

nonstrange channels.

~19 —



where the parameters feony and meony are the coupling constant and mass of the ground
state conventional meson sharing the same J? values. By including these terms, we can
form a sum-rule coupled to the conventional state,

.2
R (7-7 80) — f(?onvm}:gnve MMeonv™

RO(Ta 80) - fgonvmgonveimgoan

m3 = (5.2)
which can be used to investigate the dependence of the hybrid mass on the coupling to
the conventional state by using known values of conventional meson masses to specify
Meonv. We see in the resulting figure 8 that increasing the coupling to the conventional
state tends to increase the hybrid mass prediction, indicating our results presented here
may correspond to a lower bound on the hybrid mass if mixing with conventional states
is substantial. From figure 8, we estimate an upper bound on the increased hybrid mass
by implementing the condition that the coupling of the hybrid current to the conventional
state feony be no more than half the coupling of the hybrid current to the hybrid state
fr (tables 10 to 13). In the simplest mixing scenario this limit on feony corresponds to
a mixing angle of approximately half that of a maximal mixing between conventional and
hybrid mesons. The estimated effect of mixing on the hybrid mass prediction is summarized
in table 16, and shows interesting dependence on JF.

6 Discussion

For each open-flavour heavy-light hybrid combination under consideration, we performed
a LSRs analysis of all eight JP(©) combinations defined according to table 1. As can be
inferred from tables 10-13 as well as figure 6, half of the analyses stabilized; the other
half did not. In particular, the J(©) e {0F(+) 1=(=) 17(5)} analyses were stable while
the JP(©) ¢ {0+(), 11(+) 1=(H)} were unstable. For charm-light hybrids, the 0~(=) sector
stabilized whereas the 0~(*) sector did not. For bottom-light hybrids, this situation was
reversed: the 0~(f) sector stabilized while the 0~() sector did not. This should be con-
trasted with GRW for which the stable channels were JF(©) ¢ {0T(H) 0=(=) 1+(+) 1-(=)}
for all heavy-light flavour hybrids. Comparing to GRW by truncating our additional con-
densate terms, we find that this change in stability originates from the addition of the 5d
and 6d condensate terms. Note that, for all heavy-light quark combinations considered,
we did arrive at a unique mass prediction for each J”. GRW found something similar,
but, as can be seen from tables 17 and 18, the central value of our mass predictions differ
significantly from that of GRW in all channels except the 1T charm-nonstrange. However,
we note that GRW observed a change in the C value for currents that stabilized as the
heavy quark mass increased, a feature shared in our analysis where the charm 0™~ and
bottom 0~ channels stabilized.

In all stable channels, the most significant non-perturbative contribution to the LSRs is
the 4d gluon condensate term of the OPE. At the corresponding optimized value of sy and
over the Borel window indicated in tables 10-13, the 4d gluon condensate term accounts for
roughly 10-30% of the area underneath the R (7, sg) curve. The second most significant
contribution comes from the 3d quark condensate term which accounts for roughly 10% of
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Flavour JP mpy (GeV) PDG State  mcony(GeV)  +dmmix (GeV)

Charm-nonstrange 0% 4.54 Dj; (2400)° 2.318 0.02
0~ 5.07 D° 1.865 0.00

1- 4.40 D* (2007)° 2.007 0.01

1+ 3.39 Dy (2420)° 2.420 0.05

Charm-strange 0% 4.49 D*, (2317)* 2.318 0.02
0~ 4.98 DF 1.969 0.00

1- 4.28 Dr* 2.112 0.02

1+ 3.15 Dy (2460)* 2.460 0.06

Bottom-nonstrange 0% 8.57 — — —
0~ 7.01 By 5.279 0.19

1~ 8.74 B* 5.324 0.32

1+ 8.26 By (5721)° 5.726 0.74

Bottom-strange 0t 8.14 — — —
0~ 6.79 BY 5.367 0.44

1~ 8.46 B 5.416 0.35

1+ 8.02 Bg (5830)" 5.828 0.72

Table 16. Effect on hybrid mass prediction from mixing with conventional meson states. Masses
from tables 10 to 13 are summarized with dmpyix expressing increased mass range with mixing up

feonv

to T

numbers according to PDG [1]. Entries have been omitted where no conventional meson state has

been tabulated.

Table 17.
(¢ ={u,d}).

JP mgrw(GeV) myg (GeV)
0+ 4.0 4.54
0~ 4.5 5.07
1~ 3.6 4.40
1+ 3.4 3.39
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Comparison of central values against GRW mass predictions for ¢¢G hybrids
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Figure 8. Dependence of hybrid mass my defined in (5.2) on the conventional state coupling
constant feony for 1-(7) (a) charm-nonstrange and (b) bottom-nonstrange states taken at the central
7 values from tables 10 and 12. Dashed lines indicate the mass prediction associated with the
channel. An upper bound has been placed on the mixing effect by considering that the coupling of

1
<1

conventional states to the hybrid current is restricted to f“f(’%
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JP marw(GeV)  my (GeV)
0" 6.8 8.57
0~ 7.7 7.01
1~ 6.7 8.74
1+ 6.5 8.26

Table 18. Comparison of central values against GRW mass predictions for bgG hybrids

(¢ = {u,d}).

the area while the 5d mixed and 6d gluon condensate contributions each account for < 5%.
Light quark mass corrections to massless perturbation theory are numerically insignificant
leading to isospin invariance of our results.

The dominant contributions to the error in both the charm and bottom systems come
from the gluon condensates, and the truncation of the OPE. All channels are relatively in-
sensitive to uncertainties in the quark condensate, the heavy quark masses, the quark mass
ratios, the reference values of oy, and variations in the 7 range and renormalization scales.

Within computational uncertainty, we cannot preclude degeneracy between the mass
spectra of the heavy-nonstrange hybrid systems and their heavy-strange counterparts.
(Compare tables 10 and 11 as well as tables 12 and 13. Also, see figure 6.) This can
be attributed to the small size of the light quark mass correction to massless perturbation
theory and to the presence of a heavy quark mass factor as opposed to a light quark mass
factor in the 3d quark and 5d mixed condensate contributions to the OPE.

Apart from the 0~ states, both the charm and bottom cases share a mass hierarchy
pattern for the 1, 1~ and 0T states where the 17 state is lighter than essentially degenerate
17 and 07 states. The 0~ states have different roles in the mass hierarchies in the charm
and bottom sector, which we hypothesize as originating from the differing C' quantum
numbers associated with their currents. Although open-flavour systems do not have a
well-defined C' quantum number, ref. [40] attributes physical meaning to C' in the internal
structures of hybrids and finds that the 0~(7) structure is heavier than the 0~(t) identical
to the pattern we observe in figure 6.

In GRW, for each heavy-light hybrid channel whose LSR analysis was stable, the
authors pointed out that the difference between the square of the predicted resonance
mass and the continuum threshold parameter was small, typically a couple of hundred
MeV which did not seem to allow for much in the way of resonance width. In our updated
analysis, tables 10-13 shows that even a relatively wide resonance would be well-separated
from the continuum.

We can compare our negative parity charm hybrid results to those computed on the
lattice in [30]. In general, our predictions are heavier and show a larger mass splitting
between states.

In summary, we have performed a QCD LSR analysis of spin-0,1, heavy-light open
flavour hybrids. In the OPE, we included condensates up to dimension-six as well as
leading-order light quark mass corrections to massless perturbation theory. For all flavour
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combinations, we extracted a single mass prediction for each J¥ € {0%, 1} (see ta-
bles 10-13). Our results were isospin-invariant and within theoretical uncertainties, we
could not preclude degeneracy under the exchange of light nonstrange and strange quarks.
We find similar mass hierarchy patterns in the charm and bottom sectors for the 1+ and
07" states, and that ref. [40] provides a natural interpretation for our 0~ mass predictions.

Finally, given that open-flavour hybrids cannot take on exotic J*¢

, mixing with conven-
tional mesons could be important; our analysis suggests that such mixing would tend to

increase the hybrid mass predictions, and we have estimated an upper bound on this effect.
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