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ABSTRACT: We perform a series of dimensional reductions of the 6d, N' = (2,0) SCFT
on 2 x ¥ x I x S! down to 2d on . The reductions are performed in three steps: (i) a
reduction on S' (accompanied by a topological twist along ¥) leading to a supersymmetric
Yang-Mills theory on S? x ¥ x I, (ii) a further reduction on S? resulting in a complex
Chern-Simons theory defined on ¥ x I, with the real part of the complex Chern-Simons
level being zero, and the imaginary part being proportional to the ratio of the radii of S?
and S!, and (iii) a final reduction to the boundary modes of complex Chern-Simons theory
with the Nahm pole boundary condition at both ends of the interval I, which gives rise to
a complex Toda CFT on the Riemann surface ¥. As the reduction of the 6d theory on X
would give rise to an N = 2 supersymmetric theory on S? x I x S', our results imply a
4d-2d duality between four-dimensional N' = 2 supersymmetric theory with boundary and
two-dimensional complex Toda theory.

KEYWORDS: Chern-Simons Theories, Duality in Gauge Field Theories, Field Theories in
Higher Dimensions, Supersymmetric Gauge Theory

ARrRX1v EPRINT: 1701.03298

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP05(2017)121


mailto:tongxueluo@gmail.com
mailto:mctan@nus.edu.sg
mailto:petr.vasko@fuw.edu.pl
mailto:zhaoqin@nus.edu.sg
https://arxiv.org/abs/1701.03298
http://dx.doi.org/10.1007/JHEP05(2017)121

Contents

1 Introduction, summary of results and relevant works 1
2 Supergravity background fields on §? x ¥ x I 4
3 Solving the generalized Killing spinor equations 6
3.1 Form of GKSE (3.2) for M5 = S? x R? x [ 8
3.2 Solving for the D background field from GKSE 11
4 Reduction to 3d theory 13
4.1 Gauge fields 14
4.2 Scalar fields 16
4.3 Fermions 16
4.4 Interaction terms 19
4.5 Complex Chern-Simons theory as 3d effective theory 19
5 Reduction to 2d theory and 4d-2d duality 22
5.1 Complex Toda 22
5.2 4d-2d duality 24
A Conventions 25
B 5d gamma matrices and operations on spinors 25
C Five-dimensional SYM in supergravity background 26

1 Introduction, summary of results and relevant works

The two main classes of dualities that can be derived from dimensional reductions of the
6d, N' = (2,0) theory come under the names of 4d-2d [1] and 3d-3d [2] dualities. The
state of the art in this area of research is nicely summarized in [3, Introduction|, which
also comes with a comprehensive list of references. In this paper, we would like to derive
a 4d-2d duality that has not yet been listed in [3, Introduction].

To this end, note that in [4], a supersymmetric theory was constructed on S? x 2,
and its partition function was computed using the technique of localization. The authors
observed that the building blocks of the partition function contained three-point functions
and conformal blocks of Liouville gravity [5, 6], and so they conjectured a novel AGT-like
correspondence between the 4d supersymmetric theory on S? x S? and 2d Liouville gravity.

To obtain a proof of this conjecture, one will need to consider two physically equivalent
reductions of the N' = (2,0) SCFT on Mg = S? x ¥ x S%. The first reduction on X



presumably gives us a 4d supersymmetric theory on S? x §2, while the second reduction on
S? x S? ought to give us Liouville gravity on . Our original goal was to explicitly carry
out the second reduction along the lines of [7].

However, it seems that the geometry of Mg = S? x £ x S? does not satisfy the con-
straints imposed by integrability conditions of the generalized Killing spinor equations, i.e.
there are no preserved supersymmetries on Mg. (What we can say is that a rather general
ansatz motivated by group theory considerations did not pass the test, although we have
to emphasize that we do not have a no-go theorem, since it is quite involved to handle a
full ansatz for the self-dual three form 7" from the six dimensional viewpoint, especially
due to the appearance of non-linear terms.)

That being said, note that the metric of Mg = S? x ¥ x §? can be written as

ds? = R? (d6? + sin(0)?d¢?) + eV (dz? + dy?) + R (d§2 + sin(§)2d¢72) . (L)

where A(z,y) is a local conformal factor of the metric on the Riemann surface ¥ with
coordinates x,y; in the cylinder limit sin(f) — const, we have Mg = S? x ¥ x I x S, and
in this case, we have preserved supersymmetries. As such, we shall, in this paper, consider

the reduction of the N' = (2,0) SCFT in this cylinder limit.

Summary of results. This paper is devoted to dimensionally reducing the 6d, N = (2,0)
superconformal field theory (SCFT) on the manifold Mg = S? x ¥ x I x S! (where we
topologically twist along 3, a Riemann surface) over S? x I x S! down to 3. The reduction
is performed in three steps, and the main results of this work can be summarized as follows:

(i) We first reduce on S! to obtain a five-dimensional supersymmetric Yang-Mills (SYM)
theory defined on My = S? x ¥ x I, which retains all the original sixteen supersym-
metries. It is specified by the action provided in (4.2)—(4.5). (The corresponding
sixteen supercharges explicitly form a superconformal algebra, and can be regarded
as a conformal extension of eight supercharges. This point will be further elaborated
at the end of section 3.1.)

(ii) Next, we dimensionally reduce the obtained 5d SYM on S? to get a complex Chern-
Simons theory on M3 = ¥ x I, with the quantized real part of the level £ = 0 and
the imaginary part of the level s = i% (where R [R] is the radius of S? [S']). The
action is given in (4.47).

(iii) Lastly, we study the boundary modes of the complex Chern-Simons theory. They turn
out to describe a complex Toda CFT on ¥ with coupling constant (k =0,s = i%).
The action is given in (5.4).

Then, by our results listed above, we will conclude the paper by showing that there ex-
ists a 4d-2d duality between four-dimensional N' = 2 supersymmetric theory with boundary
on S% x I x S' and two-dimensional complex Toda theory on X.



Relevant works. Since the 6d A/ = (2,0) SCFT has no known Lagrangian description,
step (i) is essential in the sense that only after which, we have a Lagrangian theory to
which we can apply standard field theory methods. The appropriate framework for this
dimensional reduction was developed in [8]. It is applicable whenever the six dimensional
manifold Mg contains a (possibly non-trivial) circle fibration, S* — Mg — Mj. In such a
case, the authors of [8] showed that the resulting theory defined on Mj5 is a supersymmetric
Yang-Mills theory in general supergravity background; they provided explicit expressions
determining this theory, in particular, its Lagrangian. It depends on bosonic supergrav-
ity fields, and these are either fixed by geometry of the fibration S* — Mg — Mj5 or
have to be derived by solving the generalized Killing spinor equations. These equations
are indeed the central object of the whole reduction procedure, since (I) they allow to
solve for bosonic supergravity fields that are not already fixed by geometry, and (II) they
provide generalized Killing spinors parameterizing supersymmetry transformations of the
SYM theory, i.e. supersymmetry is preserved only if they admit non-trivial solutions or
equivalently when integrability conditions are fulfilled, which in turn imposes constraints
on the geometry of Ms.

We should state that conclusions similar to that obtained in step (ii) were derived
earlier in [9] and [10] using different methods.! The authors used a bottom-up approach
(based partly on trial and error methods) to construct 5d SYM on Mj5, and then applied
supersymmetric localization to get the Chern-Simons theory with level & = 0 on Ms.
Nonetheless, it is still useful to rederive their results from our top-down approach — this
way, we can exploit the power of the formalism introduced in [8] and test its validity.

In fact, the formalism in [8] has been already applied in [7, 12] and [3]. These works
study reductions of the 6d N' = (2,0) SCFT formulated on different six-manifolds Mg,
and all are related to topics investigated in this paper. For instance, [3] explains how to
properly take care of (Nahm pole) boundary conditions — this is precisely what we need,
since our geometry contains a boundary almost identical to theirs. In [12] and [7], the
authors considered N' = (2,0) SCFT on S3/Z; x M3, where k € Z~g, and reduced it to
complex Chern-Simons theory on M3 with quantized level £ — thus, our result in step (ii)
is parallel to theirs where we obtain complex Chern-Simons theory at level £ = 0 instead
because we consider S? x S! and not S3/Zy.

The appropriate objects suited to capture the general situation are lens spaces L(k, 1).
Consider the N' = (2,0) SCFT on Mg = L(k,1) x M3. Dimensional reduction on L(k, 1)
results in complex Chern-Simons theory on Ms at level (k,s). The quantized real part k
is fixed by the geometric invariant specifying the lens space, while the imaginary part s is
also fixed by geometric considerations, although it depends on the details of the fibration
S1 — Mg — M5 whence it cannot be described uniformly. Setting & = 0 reduces to the

geometry we are dealing with in this paper, since L(0,1) ~ S? x S!, and one gets s = i%.

n these references, a complex Chern-Simons theory with level k = 0 and s = 87r26%, where e? o }~2,
was obtained. The geometric dependence of the imaginary part of the level s on the radii of the sphere and
the circle is consistent with our result s = i% However, note that our level s is purely imaginary while
theirs is real. Nevertheless, both cases correspond to a unitary branch of complex Chern-Simons theory as

discussed in [11].



For k > 1, the lens space L(k,1) is isomorphic to S®/Zj, and s = 0 for the non-squashed
space, while for the squashed one, SE/Zk, s=+/1—/2

Although [7] provided the generalization to k& > 1, the main corollary of that paper
was to explain how Toda CFT emerges in the AGT correspondence [13]. This was done
by considering dimensional reduction on S* (regarded as a nontrivial product of S and
I) of the N' = (2,0) SCFT defined on S* x ¥, and explicitly showing that it leads to
real Toda theory on Y. The essence of this analysis was a careful treatment of boundary
modes of complex Chern-Simons theory and their reduction to Toda fields caused by Nahm
pole boundary conditions. In this sense, the conclusions obtained in step (iii) are just a
specialization of the more general results gathered in [7]. As the reduction of complex
Chern-Simons theory on M3 = ¥ x I to complex Toda theory on X holds for all k, all that
is needed in our case is to consider a k£ = 0 complex Chern-Simons theory in place of a
k > 1 one. It is only when one tries to relate the complex Toda theory to a real Toda
theory plus (possibly) a decoupled CFT, as was done in [7], that the k = 0 case, unlike the
k > 1 case, encounters an obstruction that we will elaborate upon in section 5.

Plan of the paper. The plan of the paper is as follows. In section 2 we consider the
6d N = (2,0) SCFT on Mg = S? x ¥ x I x St fully describe the geometry of the base
Ms = S? x ¥ x I of the circle fibration, and provide an ansatz for bosonic supergravity
background fields based on group theory methods. In section 3, we use this ansatz to
simplify and solve the generalized Killing spinor equations. Finishing this step completely
determines the 5d SYM theory. In section 4, we move on to examine the dimensional
reduction of the 5d SYM on S2. This analysis culminates by recognizing that the three
dimensional effective theory is a complex Chern-Simons theory. Finally, in section 5, we
briefly discuss that the theory living on the boundaries of ¥ x I with Nahm pole boundary
conditions for the complexified Chern-Simons connection at both ends of the interval, can
be obtained along the lines of [7] in an unaltered way. The result is a complex Toda theory
defined on 3.

Index conventions, gamma matrices and technical expressions displaying results of
dimensional reductions are summarized in three short appendices.

2 Supergravity background fields on §% x ¥ x I

In this section, we introduce the space-time structure of six-dimensional (2,0) supergravity
and discuss the transformation properties of the supergravity background fields under the
Lorentz symmetry and R-symmetry.

To begin with, the 6d metric on S? x ¥ x I x S! is given by

ds® = R*(d6? + sin® 0d¢?) + e @Y (dz? + dy?) + du® + R?d¢?, (2.1)

where A(z,y) is a conformal factor of the metric on ¥ while R and R are the radii of
the S? and the S, respectively. In a general six-dimensional (2,0) supersymmetric theory,
the Lorentz and R-symmetry group is SO(6)r, x Sp(4)r. To describe our background, it
is natural to split the Lorentz group as SO(2)g2 x SO(2)x x SO(2)g1;. However, since



there is no Lagrangian for six-dimensional SCFT, our strategy is to first construct the five-
dimensional SYM on S? x ¥ x I in a supergravity background by dimensional reduction
of the six-dimensional theory on the S'. Hence, the remaining Lorentz group is SO(2) g2 x
SO(2)x.2 Correspondingly, we split the R-symmetry group Sp(4)r as SO(2)r x SO(2)g.

Given the decompositions of the symmetry groups, we now provide the transformation
properties of the background fields under these decomposed groups, which can guide us
to choose the correct ansatz for the background fields and simplify the Killing spinor
equations further in the next section. First, a summary of the background fields for the
six-dimensional off-shell gravity multiplet is shown in table 1, where the conventions for
indices are summarized in appendix A.

From the line element ds? = § Ale%efdxﬁdxﬂ given in (2.1) we extract the coframe
eﬁ. Since we will be using the framework of [8], we need to compare to their more general

coframe EEA (adapted to a circle fibration over a five dimensional manifold), in order to
identify some of the supergravity background fields already at this stage. The coframes read

eﬁ = diag <R, Rsind, e%A(x’y), G%A(x’y), 1, R) ) E&A = (

E}  El=a7'C,=0
Eé4 =0El=a"! 7
(2.2)
from where we conclude that the supergravity background fields — the scalar field « and
the five-dimensional gauge field C), (called the dilaton and graviphoton, respectively) —

take the values
a=R"1' C,=0. (2.3)

Therefore, the dilaton is a constant field and the field strength G = dC' for the gravipho-
ton vanishes, which simplifies the generalized Killing spinor equations studied later. The
remaining bosons are reduced as

Voo
ABC
Vape — {szsM :
6BC BC (2.4)
Tipop = Tiges = Tipe:
Diagy — Dy

Under the Lorentz symmetry group before and after the splitting we performed, the
background fields transform as

SO(6), — SO(2)s2 x SO(2)s;

A: 6 — (£2,0) @ (0,£2) ®2 x (0,0) 05
[BCD]™) . 10 — 2 x (0,0) & (£2,42) ® (£2,0) @ (0, £2) (25)
[BC] : 15 — 3% (0,0) ® (£2,£2) ®2 x (£2,0) B 2 x (0,+2)

2One may note that in the bulk of the three-dimensional manifold ¥ x I, Lorentz symmetry SO(3) can
be restored, and only the boundary of the interval I breaks the Lorentz symmetry, which results in the
residual Lorentz symmetry SO(2) on X.



Label Field Properties s0(6)r | sp(4)r
eﬁ Coframe — 6 1
o Dilaton — 1 1
VABC‘ R-symmetry gauge field VABC = _VAOB 6 10
TABCJ] Auxiliary 3-form = —*T; 10 )
D(AB’) Auxiliary scalar D,z =Dgj, Dg =0 1 14

Table 1. The bosonic gauge fields of the 6d (2,0) conformal supergravity.

and under the R-symmetry group as

SO(5)R — SO(?)R X 80(2)3
A 5 — (£2,0) @ (0,£2) @ (0,0)
[f} 10 — 2 x (0,0) ® (£2,£2) ® (£2,0) @ (0, £2)

(2.6)
]:
(AB) : 14 — (£4,0) ® (0, £4) & (£2, £2) & (£2,0) @ (0,£2) ® 2 x (0,0).

Now, we twist our theory on ¥ by defining the new Lorentz group SO(2)% as the diag-

onal subgroup of SO(2)x; x SO(2)g. Then, under the residual symmetry group SO(2)g2 X
SO(2)r x SO(2)’, the background fields Tjiipep) Vapes and D 5 transform respectively as

SO(6)r, x SO(5)gr — SO(2)g2 x SO(2)r x SO(2)’
TAM : (10,5) = (2,42, +£2) B (£2,0,£4) & 2 x (+2,0,£2) B (£2,4+2,0)
®(0,£2,+2) & (0,0,+4) & 3 x (£2,0,0) & 3 x (0,0, +£2)
@2 x (0,+2,0) &4 x (0,0,0)
(6,10) — (£2,+2,+2) ¢ (0,+2,+4) $ 3 x (0,£2,£2) § (£2,£2,0) (2.7)
@(£2,0,+2) & (0,0,+4) &4 x (0,£2,0) &4 x (0,0,+£2)
@2 x (£2,0,0) &6 x (0,0,0)
(1,14) — (0,£2,£2) & (0,£4,0) & (0,0, +4)
®(0,0,4+2) & (0,£2,0) ® 2 x (0,0,0).

Vage

(AB) -

Based on the fact that the background fields should be singlets in 5d theory, we summarize
the possible non-vanishing background fields as follows:

Vaje = w Tyys = T
Sis =s Vigg=w Tigs =T (2.8)
Sy =5 Vsizg = v Ty =t

Vigg =0 Ty =1,

3 Solving the generalized Killing spinor equations

The generalized Killing spinor equations (GKSE) of six dimensional N = (2, 0) supergravity
reduced to five dimensions were obtained in [8]. We briefly review the logic behind their



derivation. In order to construct a quantum field theory defined on a rather general® five
dimensional manifold M5 that is invariant under rigid supersymmetry, we use supergravity
as a tool to achieve it [14]. Concretely, the (2,0) abelian tensor multiplet in six dimensions
was coupled to (2,0) conformal supergravity [15, 16] in six dimensions. Finally, this coupled
system was dimensionally reduced to five dimensions and generalized to a non-abelian
setting, obtaining thus a non-abelian supersymmetric Yang-Mills theory defined on Mj5
that admits solutions to GKSE (otherwise supersymmetry of the resulting theory would
be broken) [8].

The above construction especially implies that bosonic supergravity fields are non-
dynamical, i.e. should be treated as background fields. In general, they are functions on
Ms. However, it happens quite often that they actually take constant values related to
geometrical invariants of the five dimensional (pseudo)-Riemannian manifold (for example
they can be proportional to the scalar curvature). As we already emphasized the bosonic
supergravity fields are fixed and therefore, their variation under local supersymmetry trans-
formations (proportional to fermions in the supergravity theory) has to vanish, implying
that all fermion fields have to take zero values. Thus, applying a local supersymmetry
transformation ¢ to all the fermion fields has to give a vanishing result to keep them at
zero value

0 (fermions) = 0. (3.1)

These conditions are the generalized Killing spinor equations for spinors parameterizing
rigid supersymmetry variations in the 5d SYM theory. They take the form (note that the
spinor index of Spin(5) is suppressed)
0=0y7 =DaC™ + i [GABQWL - aSm”nAB] r5¢,
- 8% [GBCQ””‘" — 4a (Tm")BC] T apcn, (3.2)
mn mn 1 mn 1 E ¢[m gn] mnFE
0= 07" = | THETenrs — —ThEGopQs + 75 (DESI"0N + D™ 20, ) epapen
5
x TABCD s 4 [hTXﬁgGACQm — AT A, + 2THES s — SUTREQ,

1
—RRmom 4+ §DaTDmngsADEBC

1
rBees + [aT;{}gGABQTS — 2T AB

—145D,’3§"} ¢® — (traces). (3.3)
In the above formulae, ¥ and x are fermion fields in (2,0) conformal supergravity, ¢ is a
five dimensional spinor parameterizing rigid supersymmetry transformations, i.e. the gen-
eralized Killing spinor, while {G, a} are descendants of the six dimensional frame field and
are therefore fixed. The remaining bosonic background fields of supergravity {7, S, R, D}
are unknown at this stage and need to be solved for. For definitions of covariant derivatives

3Constraints on the geometry of the manifold come from integrability conditions for the system of
generalized Killing spinor equations.



as well as explanation of the (traces) factor in the last line of (3.3), see equations (2.3) and
(2.17) in [8, v1].

The above system of equations has twofold consequences. First of all, it is a system of
partial differential equations for the generalized Killing spinor . The number of indepen-
dent solutions to this system then gives the number of preserved rigid supersymmetries of
the theory defined on M5. At the same time it also provides constraints allowing to fix the
values of bosonic background fields {7, S, R, D}.

Our strategy for solving the system of equations (3.2) and (3.3) consists first of spe-
cializing (3.2) to our specific supergravity background Ms = S? x R? x I.* This amounts to
inserting concrete values for the supergravity fields G and «, which emerged from reduction
of the frame field in six dimensions. Then we solve this equation. By doing so, we get the
generalized Killing spinors as well as a subset of supergravity background fields {7, S, R},
i.e. all of them except for D. Only after finishing this first step we move to the second
equation (3.3) and plug in all the previously obtained background fields. This simplifies
the computation, since as we will see some terms vanish. Finally, we solve for D from such
simplified version of (3.3).

3.1 Form of GKSE (3.2) for M5 = S? x R?2 x I

Let us specialize equation (3.2) to the geometry under consideration M5 = S? x R? x I.
We convert the frame index to a coordinate one and write

by = {0y, 69", 0uy”, 5y, 6t = 0 (3.4)

as a system of equations for each coordinate component. To present this system in a concise
form we need to introduce some notation first, that makes manifest the representation
decomposition of the spinor on M;. Since the spin group of M5 factorizes as Spin(5) —
Spin(2)g2 x Spin(2)g2, it is natural to assume the decomposition®

= Gg ® 7757 (3.5)

where € is a spinor on R? while 7 is a spinor on S2. The crucial assumption that we make
about the spinors € and n are

€ = const, n=n(0, o). (3.6)

Action of an operator O on (" (the action is intended on both the spinor index A and the
R-symmetry index m) will then be represented in shorthand notation as

0-¢= ([A@fq ~e)®({X®)?}~n) = {A@Z} {X@)?}(e@n). (3.7)

So here we have two rules:

4Remember, that we performed a twist on %, so we may treat it as flat space. Furthermore, the 5d
spinor will be taken in a special factorized form with the component along R? assumed to be constant.
See (3.5) and discussion below.

Before twisting the indices { &/Z | @ﬁ } correspond to {s0(2)g2,50(2) g2 | 50(2)a,50(2)s}. Twisting

Lorentz R—symm. Lorentz R—symm.

restricts 50(2)p2 ® 50(2)4 to its diagonal subalgebra so(2)’, therefore after twisting a, & transform under
this s0(2)" while 0,6 do not participate in the twisting procedure.



e operators in brackets act on spinors on R? while those in braces act on spinors on S2,

e unhatted operators act on spinor indices while hatted operators act on R-symmetry

indices.

Now we arrived at a point when we can write the system of equations (3.2) in a
compact form. Plugging in our ansatz for the bosonic supergravity background fields (2.8)
(all components that are not listed in (2.8) vanish up to symmetry relations among different
components that are implicitly assumed) and substituting explicit expressions for gamma
matrices summarized in (B.1) we get the first GKSE in the form outlined in (3.4), in
particular the order of the equations is as indicated there

0= (@froi]{1at)+r(s[tei]{ or}+sed { =1}
_T[ ® " H,@ ®H}+TV[/{1®EI}{K1®E}-{—?[H@E}{Iil@?ﬁ\}))(, (3.8)
= (s101]{1e1}+ %cos@[ﬂ@ﬂ]{n@f}

+Rsin9<s[ { }+s[n®ﬁ}{m2®i}

+§|:I€®7€\:|{/€®i} +t[m®RHﬂ ®R} +§[ﬂ®ﬁ]{n®ﬁ})g. (3.12)

Note that (3.8) and (3.9) are partial differential equations for the spinor 7 on S2,
while (3.10)—(3.12) are constraints for the supergravity background fields and for the spinor
€ on R2,

To proceed we take a linear combination® [{x}(3.9) — isiné (3.8)] resulting in
{m@i}8¢+{1®i} <;cost9—isin¢989>}n:0. (3.13)
The differential operator acts as identity on the R-symmetry index and produces thus two

identical equations for two columns of the matrix n labeled by R-symmetry. We pick one
and call it 7. Let us choose anti-periodic boundary conditions under ¢ — ¢ + 27 for 7, i.e.

SWe thank the referee for pointing this out to us, making thus the solution more compact.



we are working in the Neveu-Schwarz sector. Then the Fourier expansion has the form

7= > cm(0)e™m? (3.14)

mezZ+i

and from (3.13) we get ordinary differential equations for the coefficients ¢, ()
d [cn(0) An(0) 0 cm(0)
= = (3.15)
9 \ ey (0) 0 Au(®)) \en(®)

1\ 1 0 1\ 1 0
+ _ e v -\ - 7
A (0) = <:l:m 2) 5 tan 5 + <im+ 2> 5 cot 5 (3.16)

where

The solution to this system of equations reads

[NIES

K+ <0 er% 9\ —m+ '
m (SIHQ) (COSQ) e’m¢. (317)

ﬁ: Z Q)—m+%

1
mez+3 \K,, (sin$ )m+2

(COS g

Requiring regularity forces us to restrict the range of modes to m = :I:% only (otherwise
vanishing denominators appear at poles of 52).

We have a linear four-dimensional space of solutions spanned by {K*t, K7,

+377 41

K ir; , K, }. Therefore the final expression for 7 can be written in the form
2 2

n=B%;; i,j==, (3.18)

where 3% are constants and ni; is a basis of solutions (rows are labeled by spinor index
while columns by R-symmetry index)

0 singeéqs —singe%¢’ 0
N+t = ==
0 cos gei¢ cosge§¢ 0
0 —cos gefé‘i’ (:osgef%‘i5 0
N+ = i | n—=1 o . | (3.19)
0 sin 5675(# sin §€7§¢> 0

The columns of the above matrices form individual Killing spinors and so we see four of
them being independent. Let us group them as follows

g cosg B ig sing ig —cosg B i —sing
771:6 2 ) ”[71262 0 ’[7226 2 ) 7’[’]2262 0
Sin 5 COSs 3 S1n 5 COS 5

(3.20)
in order to facilitate comparison with [17] or [18]. Indeed, (m1,7;) and (n2,7,) precisely

agree with the two pairs of conformal Killing spinors given in [17] parameterizing N' = (2, 2)

superconformal symmetry on S2.

~10 -



Now we move to fixing the supergravity background fields using the constraints (3.10)—
(3.12). The matrices in braces on the right hand side of these equations act on the nontrivial
spinor 7, producing thus independent images of it. We require that the coefficient of each
such term vanishes separately, which fixes the supergravity background fields and moreover
imposes a constraint on the spinor e¢. This leads to

(3.10)=  w=t=35=0 sl @1 +T[1®R] =0
(3.11) = D=t=3=0 s[Ze1] -T[1eRY =0
(3.12) = v=0=t=5=0 sk@l] +t[l®&] =0 (3.21)

From the last column above we see that in order to find a solution (s =t =T = T =0is
not a consistent solution) we need € to be antisymmetric. Then the factors in the tensor
product can be swapped with a change of sign and (3.10)—(3.12) are solved by setting

r=T=-T=—1=—s. (3.22)

To fix 7 we come back to (3.8) and (3.9). After substituting the values for supergravity
background fields found so far they can be presented in the form (here 7+ means the
R-symmetry doublet of spinors forming the columns of 7)

Vo =203, Vo = —2ry PPy (3.23)

Taking the commutator of either of these equations yields the integrability condition

1 _ _
Zszm’Y(Zzp)’YE}éD) = —47? [,YgzD),,y&zD)} . (3-24)

Multiplying by 7€2D)721§D) from the left results in a relation between 7 and the scalar
curvature of S? (s
R
— % = 1672, (3.25)
which immediately gives 7 = :I:ﬁz. We will pick the plus sign in the following.

From 5d point of view, the spinor (3.5) is the product of spinor € on R? and 1 on S,
which have four and eight components, respectively. Therefore, there are 32 supercharges.
(Note that the 6d (2,0) SCFT has 16 supercharges which can be extended to 32 supercharges
forming the superconformal algebra explicitly, and the reduction on S' to 5d SYM should
not break these supercharges. This is consistent with the number of the supercharges we
get here.) After we consider general manifold ¥, we need to perform the topological twist
on Y discussed in section 2, which turns two components of the spinor € into two scalars.
Hence 16 supercharges — which are scalars on ¥ — are preserved in the 5d theory.

3.2 Solving for the D background field from GKSE

It is an appropriate place here to summarize the list of bosonic supergravity background
fields, which were obtained in previous subsection and are needed to simplify the second
GKSE (3.3). The table (2.8) completes to

' i

G =0, a = éfl, SAB = VABC’ =0, TABC = _ﬁgdbc' (3.26)

{2
IR
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In such a background (3.3) simplifies: terms that manifestly vanish are those containing
G, the field strength R for the R-symmetry gauge field V and also terms with covariant
derivatives, either DT or DS. Without using yet the explicit form for 7" and S the simplified
version reads

0= (SX'/T'nn = TXgTCDrsFABCDCS + |:_4T174n£ ACrs + 2T§LC7’L rs Sz[vag}gQTS FBCCS

4
+ {-2T}§T,@B - 15DZ?;”] % — (traces). (3.27)

It is straightforward to show that the first term vanishes, indeed the T 4T p term has at

[ABCD is completely

least one pair of common frame indices from the set {3,4,5} while
anti-symmetric. Somewhat more involved is to see that the last term in first line vanishes

as well. We have

mam ? s\ 7 A\ P
[Sp Tpe — (m <> ”)] = [ <_4R) Eay (F y)p <_4R) €dbe (F ) —(m n)]
1 d i
= —@Engdbc |:F ,F y:| (328)
and the commutator {I‘dA, I’@} vanishes, since d € {3,4,5} while z,9 € {1,2}. Therefore
the only surviving terms in (3.27) are
4

15DTS ¢% — (traces).

0= 6" = | ATRET o, + 21885, | 00+ | —2mppTA” -
—_— —

@ ©) ®

(3.29)

Now, we are going to provide the (traces) part for the individual numbered terms (the
D field is already traceless). For some examples of these computations see (A.9) in [15,
v2]. The results of this little calculation are

4 1
@ : - 4FBC{TXL£TACT~S - gév[‘nTZ%qTACqs + 5anTAquTACqs} (3'30)
4 1
2): 2r5¢ {T{;”g s — gé,L"T;”quqs + 5Qm”TBCTquS} (3.31)
4 1
(3): — Q{Tngﬁ;B —~ gainTquT;;B + Ty 5 TP } (3.32)

The ansatz proposed for the D field has the form
D ;p = diag (di, du; da, d2; —2(d1 + d2)) (3.33)

which in turn induces

= ()" () + (%) (09), e 09)" ), () (),

—(dy + dy) (Fg) " (ré)m . (3.34)
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Substituting (3.30)—(3.32) together with (3.34) into (3.29) gives the final matrix equa-
tion needed to fix the unknown coefficients d; and do entering the ansatz for the D
field (3.34). Perhaps the most efficient way how to get and solve a system of equations for
these two coefficients is to use a computer algebra software. We performed the computation
in Mathematica with the result

9 3

d1 == —@, d2 = —. (335)

4 Reduction to 3d theory
The 5d Super-Yang-Mills action consists of four terms
S =84+ 84+ S, + Sint- (4.1)

They are constructed by substituting the bosonic background fields given in (3.26) into the
general formulae (C.2)—(C.5). To keep compact notation we switch between so(5)/sp(4)
notation as appropriate. (Note that in the following we define ¢nn = ¢ 7 (FA)mn. And our
conventions for the indices and gamma matrices are summarized in appendix A and B.)
We list the four terms below:

1
Sa = ~/ Te(F A <F), 4.2
A= oo ( ) (4.2)
1 s
Sy = _ / d’x\/g Tr (’D DA — _—¢be aF) 4.3
] 8n2it Jus, \/§ M¢A ¢ R Pal ( )
ot 5 m L -z a\"™" Hbe
Sp = 297210 /M5 d x\/ﬁ Tr <Pm¢ﬂ 8Rpm [Ezw (F ) €abe <F ) r } pn) )
(4.4)
w= s [ a5 T (6™ )= (b 67 B, i 00 61,6
int — 327‘(‘2§ M g Pm » Pn A mns TSy 3R a [Pby Pc .
(4.5)

Spinor indices are implicit in these expressions and the covariant derivatives are defined as

D¢z = Oudz+ [Auv¢2] ) (4.6)
1
Dyp™ = (8“ + 4wﬁBFAB> P+ [Au, P (4.7)

Observe that mass terms for the scalar fields ¢ ; induced by supergravity canceled among
each other, leaving thus all these fields massless in the 5d SYM.

With the five-dimensional action we obtained, we are now proceeding to do the reduc-
tion on the sphere. We will see that after the reduction, the massless modes of the fields on
the sphere give rise to the complex Chern-Simons theory. Let us analyze the four terms’
reduction in (4.1) to three dimensions respectively.
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4.1 Gauge fields

The purpose of this section is to study the structure of massless modes of the gauge field
A, which emerges after dimensional reduction on S2. The result we are going to establish
here is

zero modes of Ay : massless

1
higher modes of Ay : mass = = decoupled

all modes of Ag : mass o % = decoupled, (4.8)
where b denote the indices on ¥ x 1,7 and © = {6, ¢} denote the Lorentz vector indices on
52, and the precise definition of the zero modes will be given in a moment. The proof of
this statement will be based on harmonic analysis on S2.

Effective masses for Kaluza-Klein modes of the gauge field originate purely from the
five dimensional Yang-Mills kinetic term, so we may concentrate just on this piece of the
whole action

1 1
_ Tr (F AxF) = ~/ d°x\/q TrF,, F*
8T2R /M5 ( ) 16m2R Jass Vo TrEy
1
= / d’z\/g TrA, [V, VP g" — Ricc™] A,
8m2R J s

+ (cubic and quartic interaction terms for non-abelian YM) .
(4.9)

Here we used the gauge fixing condition V,A* = 0 together with careful integration by
parts to arrive at the second line, and as discussed above extracted just the kinetic term.
The operator in brackets will generate the effective masses after dimensional reduction on
5?2, hence let us focus our attention to it:

. uw 1
A, [V,VPg" — Ricc™] A, = ApAn, A® + Ao (AM5 — R2> A®

= Ay (Ang, + {Age}) A + Ao (AM3 + {A(S’?ﬂ}) A®. (4.10)

In the above equation we split the Laplace-Beltrami operator Az, in accordance with
dimensional reduction on S?, i.e. into Ay, leading to kinetic terms in the effective action
on M3 =¥ x I and into Ag2 producing effective mass terms (highlighted by braces). Here
Ag;[);l is the Hodge Laplacian (Laplace-de Rham operator) on one-forms and its relation
to the connection Laplacian (Laplace-Beltrami operator) is given as

1

H);
AT = (4.11)

"Note that after the topological twist, ¥ is taken to be flat and thus its coframe vector indices coincide
with the curved vector indices.
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Now, we expand individual components of the gauge connection to eigenmodes of the
operators denoted by braces in (4.10), i.e. harmonic functions on S?

=3 Ay (M) Y (S?) (4.12)

1>0 |m|<I

=33 (M) Vg (82, (4.13)

I>1 |m|<I

where Aé’m (one-forms on M3) and "™ (scalars on M3) represent Kaluza-Klein modes of
the five dimensional gauge connection while Y™ and yé’)m are scalar and vector spherical
harmonics, respectively. Their spectrum with respect to the Laplace-Beltrami operator on
S? takes the form [19, Section II1]

Age Yl = \Eybm. () _ —ﬁl(l +1), 1=0,1,2,...
dys)(l) =21+1 (4.14)

{ —ﬁ [[(I+1) — 1] (transverse) } dyv)y =20+1

A Vg =AVVEm A =
© Loe ! — L [1(1+1) = 1] (longitudinal) 1=1,2,....

(4.15)

In these expressions d) (/) denotes the multiplicity of the corresponding eigenvalue A and
note that for vector harmonics the case I = 0 is omitted.

Using orthonormality of spherical harmonics together with formulae (4.14), (4.15) one
can easily integrate the kinetic term in (4.9) over S? to get the effective action for Kaluza-
Klein modes

5 5 [ o [av - {0

1>0 |m|<l
+;|2|2l /M o™ (Ms) [AMS — {Z(ZRJ;D H Pl (M) (4.16)

Therefore we can conclude that the scalar Kaluza-Klein modes ¢"™ (originating from
components on S? of the five dimensional connection) all decouple, since their masses are
proportional to % and tend to infinity in the reduction limit R — 0.2 The same is true for
all [ > 0 modes Aé’m. There is a single massless mode A(b)’o (Ms3), which was referred to as
the zero mode in (4.8).

With this analysis at our disposal it is straightforward to perform the dimensional
reduction on S? in (4.9). The final outcome is the effective action for this single massless
mode (the superscript (0,0) will be dropped from now on)

R2

Sy=—= | dx/gar, Tr(FpF®). (4.17)
A7 R M3

8Indeed, this was evident already from (4.10), since the operator producing effective masses for <pl’m is

the Hodge Laplacian A(Sg);l. However, it is a well known result that b (52) = 0, i.e. there are no harmonic

one forms, Agg)ﬂA@ = 0, on the sphere and thus all modes must be massive with the mass scale set to %.
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4.2 Scalar fields

The plan of the reduction process is similar as for the gauge fields, thus we will be brief.
As a first step the kinetic term has to be isolated from (4.3). Afterward one integrates by
parts to obtain

67 (D +{Ag2}) 6, (4.18)

where Ay, leads to kinetic terms in the effective theory on Mz, while Ag2 assigns effec-
tive masses to the Kaluza-Klein modes. Again, we may expand ¢ 7 into scalar spherical
harmonics, which are eigenfunctions of A g2 with eigenvalues —%l(l +1), 1 > 0. Their mul-
tiplicity is 21 4 1, hence we see that there is a single massless mode corresponding to | = 0,
i.e. a constant zero mode. All other modes have masses proportional to %, thus become
infinitely massive in the limit R — 0 and decouple from the low energy effective theory.

Keeping only the massless modes collected so far, we compute the low energy effective
action by integrating (4.3) over S2. Since all these modes are constant on the sphere it is
a straightforward calculation leading to

R2

So=—= [ /o Tr <Db¢éDb¢£ + DypaD9" — ée&“%Fbc) : (4.19)
2R Ms

4.3 Fermions

In the five-dimensional Super-Yang-Mills theory, the kinetic and mass action for the

fermions is
1

T 3972R

A
p /S2><M d°x\/g Tr (PmA’L]ﬁHPmH + PmAM;'ﬁnAPE> . (4.20)
3

Here we have

D =THVu+[Au ),

1 1 1 . .
M;Tln — §Smn _ §Tmn _ _@ [Eéw (sz)mn ~ane (Fa)mn Fbc:| ’

where the background fields S and T defined in appendix A are solved in section 2 and 3.
And note that with all the massive modes decoupled, we have the gauge field components
on the sphere A, = 0, which leads to

Dg =Yg =T7V,. (4.21)

In order to do the dimensional reduction on S?, we need to decompose the fermions
according to their profile on the sphere. To do so, we first decompose the fermions with
respect to their representation under the symmetry group SO(2)r x SO(2)r x SO(2)r, x
SO(2).:"

pmA — 60164)\0& + (Kja>o¢d§g67 (4'22)

9Here in the reduction down to the three-dimensional theory on I x ¥, we actually perform the decom-
position under the symmetry group SO(2)r X SO(3)r x SO(2)z x SO(3)r following the prescription in [8].
This is because the Lorentz group is a priori SO(3) for M3 = I x ¥. However, due to the boundaries of M3
— on which we will obtain a complex Toda theory after furture reduction — the symmetry group SO(3)
reduces to SO(2).
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where A7 and £79 are Grassmann fields dependent on all coordinates of Mj manifestly
taking the indices of the symmetry group SO(2);, x SO(2)g (attached to S?). After the
topological twist, A7 transform as scalars under the left over unbroken diagonal subgroup
of the complementary SO(2) g x SO(2)r,, while £7° as vectors on ¥ x I. The next step is to
take the modes decomposition on the sphere. Here following [12], we choose a convenient
basis of modes which are eigenfunctions of the operator KV g2:

(k- Ys2)? O7 = %@U, n € Zo, (4.23)

with k defined in appendix B. The modes satisfy the orthogonality condition:
~ 1 ~ 1
/ d*1/g0° 0" Byr x —08(n + 7)), / d?2\/gO° O  kiyr X —d(n — 7). (4.24)
52 R 52 R

To proceed the reduction, let’s first consider taking n = 41 and defining the associated
modes as'? aj and b7:

1 1
(H‘WSQ)ZC%’T = Eaf, (/{-Wsz):biT: —Ebf, (4.25)
where i = £ (also denoted ¢ = 1, 2) label two types of distinct solutions to the above
equations. Explicitly, they take the following form:

o e [isin(9/2) ,  emio/2 [ cos(0/2)

= VATR | cos(6/2) ] 7 © ViR _isin(@/Z)] 7 20
ci9/2 [ —isin(0/2) , €792 [ cos(0/2)

Y= UEE | oo ] V= —— __isin(9/2>] : (4.27)

Integrating over the sphere, the non-vanishing pairs between the above modes are given by

R
. d*x\/ga7b] Bor = 7 Bij,

R
/ d2x\/§a§7a;em :/ d2$\/§bgb}'—607 =~
52 52

Restricted to the sector of these first order modes with n = 41, we can expand the
Grassmann fields defined in (4.22) as

(4.28)

27 = €407 (] +ib7) + 6707 (af — D), (429)
A7T = XO§ (af + ibT) 4+ A7 (af — ibT).

075 be specific, the modes a,b satisfy a stronger equation than (4.25). They are Killing spinors on
the punctured sphere (to avoid multi-valuedness at poles), related to (3.23) by appearance of the chirality
matrix x on the right-hand sides. Their normalization is chosen for later convenience. Being Killing spinors
is fully equivalent to (4.25) together with the additional requirement of being conformal Killing spinors
(known as twistor spinors in math literature). In equations

_1 _ 1

"Ve = e < V.a = L D) ka; WV = wt &V b=—i D) kp

T.oa— L~2D) o _ T oRT M 1 (2D) s _ TTTeRE
20— 572 DPa=0 Vzb—§’yz pPb=0
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Here &7, fo, A and A% are Grassmann fields depending only on the coordinates of M3 =
¥ x I. And we will shortly see that four independent fields among them will turn out to
be massless in the three-dimensional action after reduction.

With the fields expanded according to the above recipe, we can now do the dimensional
reduction on S? for the fermion action. First, note that the Lagrangian can be written in
three parts:

P (¥ 528 0™ + prni( By 3™ + pun - S (S =)™ P (4.30)

After integrating over S? the first and the last terms become mass terms in the three-
dimensional Lagrangian on M3, while the second term turns into the kinetic part.

To evaluate the action we decompose the spinor p™* as a linear combination (coefhi-
cients being Grassmann fields on M3) of Killing spinors a, b on S? using definitions (4.22)
and (4.29). Further, we use the fact that the spinors a, b are eigenfunctions of kY g2 as
shown in (4.25). Finally, to integrate over S?, we apply the scalar product formulae (4.28)
for the spinors a, b. For the first and last term in (4.30) this leads to an action

i

e /az; Tr[Bujeij (AN + XMT) — Bijei (69767 + €°€)))
M3

32m2R oo (4.31)
+ EijBij()\”)\” — )\“)\”)],
while the second term becomes a kinetic term
iR - . S
3272R &’z \/gaz; Tr[~2Byjeii€* DaN? — 2Bijeij € DaX¥). (4.32)

Combining the above results, we finally reduce (4.30) to be
iR
32m2R

Sy = d3x\/gar; Tr [ — 2B;5¢1;6" DN — 2 Byse; € D N
1 N s 4 PO 1A ~ad
— EBijGij (5‘”’5&] + fauf(]lj) + E(Bﬁ@g/\ll)\m + 321612/\12)\21) .
(4.33)

We can see that there are four massless field components which are )\1?, )\2i, A and 222,

Therefore, we find that in the lowest energy sector with eigenvalues equal to £1/R,
there are massless three-dimensional fields contained. But for the higher modes, by (4.23),
the massive terms given by the Yg. term take a coefficient n with |n| > 1, whilst the
last term of (4.30) still takes the same coefficient of the lowest energy sector, so there is
no cancellation between the first and the last terms of (4.30). Then higher modes with
eigenvalues > 1/R are massive of order 1/R and thus decoupled from the low-energy
effective action when we take R — 0. This leads us to concluding that the low-energy
effective three-dimensional action is given by (4.33).

Here, we should point out that though the fermions /\lé, /\21, A and 222 are massless,
they couple to the massive fermions £ and é in the kinetic terms; moreover, in the following
we will see that massless and massive components of A and A couple to each other through
Yukawa coupling. Consequently, we have to keep all the massive fermions in the action
instead of just simply dropping them.

~ 18 —



4.4 Interaction terms

Now, to complete our reduction to the three-dimensional action, we continue to discuss the
non-abelian interaction terms in the action. In our 5d Super-Yang-Mills theory, they take
the form

1 1 2

Sint = 27 /d5$\/§ Tr <pmA [¢mn7 Pﬁ] - 7[¢mn) ¢)nr”¢'f‘87 ¢sm] - *Smnqur [¢n37 ¢rs]> .
327°R 4 3

(4.34)

After integrating over the sphere, keeping only those terms that directly couple to the

massless fermions, this term reduces to
Sint :32;22]% /M3 & /Gar Tr { + 2ik7: BioA [62, A21] + 2inZ; B A2 (6., A12)
— 2i%; BiaA2 (9., N2] — 2%, By A2 g, M)
+ i1y Bor§™ (B0, A'?] + Zicg B1og™? (9, A
— ieg; B¢, A] — 2ieiy B! (¢, A7)
+ 8T R[¢q; ¢v][Pa; Pb] + 8TR[Dz, duw][¢2: Pu)

16
167 B[z, 6u] 02, ] + i3 Buldy ]|

(4.35)

4.5 Complex Chern-Simons theory as 3d effective theory

With the three-dimensional actions we obtained in sections 4.1-4.4 for the massless modes
by reduction, we are now ready to derive the 3d effective theory, which is a complex Chern-
Simons theory, as we shall shortly see.

To get the final form of the fermion action, the next step is to integrate out the massive
modes (that directly couple to the massless modes). First, note that the fermion mass
terms are proportional to 1/R in the action (4.33), therefore their quantum fluctuations
are suppressed in the path integral when we take the dimensional reduction limit R — 0.
Thus integrating out the massive modes can be done by replacing the massive fermions
with solutions of their equations of motion:

£ = — RD,A™, & = — Rlpa, N7,

R I €1 = — RD A",

)\11 - _ §[¢Z7 /\12]/{52621, )\22 — _ §[¢Z7)\21]Hf16127 (436)
a2 g[@’:\n]/ﬁilem’ 32l §[¢Z,5\22]/€§2621,

where for making the notation more transparent, we use ii to denote indexes 11 and 22,
and if to denote 12 and 21 in the equation (i.e. i # 7). And note that in obtaining the
above solutions, we have already decoupled the terms that do not directly couple to the
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massless fermions. Plugging this solution into the fermion action, we get
_iR?
32m2R

S / d3x\/gar; Tr | 2B1a€a1 Do A DN2 4+ 2 Byaegy D, A2 DN
M3

+ 2Bs1€19[da; N2[6%, A2 + 2Bajera[¢a, A [0%, A2

- Bl?“ilﬁ%em [wa, )‘12] [¢Zv )‘21]
— Biawiyiye! oo, N gu, A2,

By defining {5\11, A2 N2 5\22} = 9", the above action can be rewritten as

iR @ na, i @ a1
- 32712 R /M3 d%\/m Tr[eijBijDaTﬁ D)2 + ;5 Byj|da, "] [¢7, 7]

Sy
(4.37)

1 2W . Zw 7 i7
- 5(—5 €ijBi; + i€”€ije5) [0, V"] [Pw), 1/1”]}7
while the action for bosons is

2

2

_ d3x/gar; Tr [FabFab + 2D, ¢* D%, 4 2D "Dy, — i— €y Fiye
A7 R J My R

+ [da, $)[07, 8] + 2[da, 6:][6% ¢7] + (62, bul[%, 0"

+ iéeabc(ba [(Zsbv ¢c] .

Sp

(4.38)
The above action is invariant under the following supersymmetric transformation:
6Aq = ("e; By Dt
8a = (€ Byl da, 7],
¢a C i zy[¢a 711 ] (439)

5w = (", W] (—0"eij By + i€ ejerz),
S’ = 16mie"* K. B¢, u),
where (% is the Grassmann coefficient of supersymmetry transformation.

At the end of this section, we will see that the action defined above can eventually give
rise to the (imaginary part of the) complex Chern-Simons theory.

Q-exact terms. As elaborated in the introduction, we focus on the supersymmetric
invariant sector of the supersymmetric theory, whereby we consider only the ()-invariant
observables. Under this restriction, the @Q-exact term in the action can be freely subtracted
without affecting the physics, i.e. without affecting the expectation value of the @-invariant
observables [20].
Let us define
B = Tr(Yighi[dz: dule™). (4.40)
Then, by (4.39), we have
(5ﬁEﬁ = (—(5zw€ijBij + iezweijeij) [(ﬁz, wﬁ] [(Z)w, l/)Jj] + 167Ti[¢z, (Z)w][¢z, (ﬁw] (4.41)
Here we find that the above Q-exact terms are just the non-linear terms for fields ¢, and

1 in our action. And by the Q-exact property, we subtract them from the action freely for
simplifying our following discussion.
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Ghost terms. As our purpose is to obtain a 3d theory depending only on A, and ¢,,
we need to integrate out the terms containing the fields 1" and ¢, in the action. After
subtracting the Q-exact terms (4.41) in the action, these terms — which we denote as S ¢
— are left to be

RZ
© 32m2R

Sy / d*x\/gaz, Tr| 167D, Db, + Bijeij Dot D)7
M3 . N
+ 167T[¢a7 sz] [¢a7 ¢Z] + B’ZjEZ] [Qba’ Q;Z)“] [¢a7 1/])]] :

(4.42)

In the following we can see that the above fermions can be reinterpreted as Faddeev-Popov
ghosts of gauge fixing an emergent non-compact gauge symmetry.

As the above action is quadratic, by performing the path integral, up to a normalization
factor, we get

/ D¢, Dipe %9 = det(D?2 + (adg,)?), (4.43)

where adg, denotes the operator of ¢, in the adjoint representation acting on fields. And
note that to get this result, we used the fact that the functional integral over two real
boson fields ¢, just cancels out the functional integral over two of the fermions fields %,
since the action forms for the bosons and fermions are identical.

Next, we shall see that the above path integral determinant (4.43) — together with
one gauge fixing term in the action — manifestly gauge fixes the non-compact part of the
complex gauge symmetry which is defined in the following.

Complex Chern-Simons theory. Up to this point, we can summarize our result as

/ DA, Dpodet(D? 4 (adg,)?)e™5(Pada), (4.44)
with
R2 3 ab a b . 2 abc
S(¢a7 Aa) = = d Tr/GM3 Tr | Fop ' + 2Da¢bD (b — 1€ ¢anc
AnR R (4.45)

o2
+ [0, 90][0%, 8] + i Baldy, ]|
Then, by defining the complex gauge field as

Aa = Aa + i¢a; (4'46)

the above action can be rewritten as

R2 3 ~ab R2 3 2
S(6a. Ay) = Scs + ~/da:}"a]-"a—~/dea“, ith
(¢a> Aa) = Scs onF b o F (Dao™)*, w

™

Scg = — RN/Tr<A/\dA+2A/\A/\A>+ R~/Tr<AAdA+2AAAAA>.
4R 3 47 R 3
(4.47)
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Since under the complexified gauge transformation gc, the divergence term (D,¢%)?
is not invariant, thus it can manifest itself as a gauge fixing term. Under the non-compact
part of the g¢ gauge transformations, the fields ¢ and A transform as

5g¢a = Daga 6gAa = [97 ¢a]' (4.48)

By these transformations, we have
Jg(Dad”) = D?g + (ady)’g. (4.49)

The above equation indicates that the Faddeev-Popov determinant for this gauge fixing
term is exactly the determinant in the modified measure (4.44). Therefore the non-compact
part of the gauge group is nicely gauge fixed. Furthermore, in the limit R — 0, the second
Yang-Mills term in (4.47) is negligible and can be simply dropped. We then recognize our

action to be the imaginary part of the complex Chern-Simons theory, where the real part
B
R

of the level k£ = 0 and the imaginary part s =

5 Reduction to 2d theory and 4d-2d duality

5.1 Complex Toda

Since the complex Chern-Simons theory we got is on the manifold M3 = 3 x I, we can
further reduce the complex Chern-Simons to a two-dimensional theory of edges modes on X.
Here we follow the discussion in [21]. On the boundary, (denoting p and p as the
complex coordinates on ¥, while u the coordinate on I,) the gauge field Ap can serve as
a Lagrange multiplier, and integrating it out in the path integral leads to the constraint
§(Fpu), 1.e. Fpy being flat. Under this condition, the gauge fields A = (A,, A,) take

the form:
A=G71daG, (5.1)

where G depends on p, p,u and d is the exterior derivative on (p,u). Similarly, for their
complex conjugate fields, we have A = G~1dG. Then in terms of the group fields G and
G, the complex Chern-Simons theory reduces to the WZW model

_k+is k—is

S 9 Iwzw(G) + 5 Iwzw(é), (5.2)

with

Twzw (G) = S / Tr(G10,GG19;G) + S / Tr(G1dG A G7HG A GTHG).
27 Jx 6T Jyixr

Here, the coupling constant (k,is) is the same as the coupling constant of the complex
Chern-Simons theory. So in the above WZW action, £k = 0 and s = i%.

Next, we will see that on the boundary, besides the flatness constraint F,, = 0, the
gauge fields are actually further constrained by additional boundary conditions.

Our Chern-Simons theory is deduced from the six-dimensional (2,0) theory which is
the low-energy description of the world-volume theory of multiple M5-branes and hence
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the boundary conditions imposed on Chern-Simons theory should be also inherited from
those imposed on the latter theory. Considering the dimensional reduction of the S' circle
as the collapse of the eleventh-dimensional circle in M-theory, the M5-brane reduces to
the D4 brane [22, 23]. This reduction is consistent with our Chern-Simons theory where
the complex gauge field A = A + i¢ is composed of the world-volume gauge field and a
triplet of twisted scalars of the D4 brane theory. Hence, the boundary conditions imposed
on Mb-brane are analogous to those on D4-brane ending on D6-brane. Since the Nahm
pole bondary condition — which has been studied in detail in [24, 25] in the context of the
D3 — D5 system — is a general property of the Dp — D(p + 2) system [26] for any p, we
should further impose the Nahm pole boundary conditions on our complex Chern-Simons
theory. Therefore, the flat connections should be further restricted to [7]

n—1
du dp o
A= UH + ;TJF + E 1 X (w)(T-)’w dp, (5.3)
j:

where H is the Cartan generator and 7%, T are the raising and lowering operators as intro-
duced in [7]. Given the Nahm pole boundary condition, the WZW model can subsequently
reduce to the complex Toda theory [7]:

k+i . b - )

S = Iﬂ_ﬁS / <C’ijaCI)18(I>] + Z eXp(Cij(I)j)> +?ZS / (Oijaq)la@] i Z eXp(Cij(I)j)>,
(5.4)

where @ is related to the WZW group field G by an exponential change of variables and

contains r components where 7 is the rank of Lie group algebra g; C;; is the Cartan matrix
of g. The complex Toda theory is equivalent to a complex WZW model with an additional
constraint on the currents imposed by the Nahm pole boundary conditions. Note that in
our case k = 0.

The major property of both our complex 3d and 2d theories is that the real part of
the complex coupling constant, k, is zero. Following the discussion of [27] by Dimofte et
al., we first note that the Chern-Simons path integral on M is related to a wavefunction
in a boundary Hilbert space Hgyr. And Hyas is given by the quantization of the classical
phase space associated to the boundary:

n—1
d d o
Porr = {ﬂat connections A = — H + —UT+ + g xj(u)(T_)]ajdu}. (5.5)
o o
j=1

In the above equation the Nahm pole boundary condition is imposed. Notably, this quan-
tization depends critically on the relative values of k£ and s, which determine the real
symplectic structure of the phase space. The quantization for the £ = 0 case is elaborated
in [27].

Next, to discuss the two dimensional complex Toda theory with & = 0, we first note
that for the & > 1 cases, the previous work by Cordova and Jafferis [7] showed that
the complex Toda theory is dual to the para-Toda theory plus a decoupled coset model.
In [7] the authors considered the six-dimensional (2,0) theory on S}'/Zj x £ (k > 1), then
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they showed that its reduction to two-dimensional ¥ gives rise to a complex Toda theory.
However, in their derivation from the complex Toda to the para-Toda theory, k can never
be zero; and the useful hint guiding them to the final result is the known generalized AGT
correspondence stating that the su(n) (2,0) theory on S;'/Zj can be described in terms
of a para-Toda theory plus a decoupled coset model [28], where S;!/Zj, also can not be
generalized to include the & = 0 case. Therefore, we can not do a simple analogue in
our case, thus for now the relation between the complex Toda theory of £ = 0 (i.e. the
imaginary part of the complex Toda theory) and the real Toda theory is not yet clear to us.

5.2 4d-2d duality

In our discussion hitherto, we have shown that by the reductions on S! and S?, the 6d
(2,0) SCFT on S? x ¥ x I x S* results in a complex Chern-Simons theory on ¥ x I, and
then by the reduction on I under the Nahm pole boundary condition, this 3d complex
Chern-Simons gives rise to a complex Toda theory of £ =0 on X.

Here, we notice the following three facts — (I) the complex Toda CFT is conformal
on X, so we can freely resize ¥ without altering the theory; (II) the complex Toda CFT is
obtained by reducing the 6d (2,0) SCFT, in a certain supersymmetric low energy sector,
down to ¥; and (III) we topologically twist along 3. Because of (I) and (II), the afore-
mentioned supersymmetric low energy sector is insensitive to rescalings of . Hence, with
respect to this supersymmetric low energy sector, our reduction of the 6d theory down
to ¥ — which can be regarded as scaling ¥ up to be much larger than S? x I x St —
would be equivalent to a reduction of the 6d theory down to S? x I x S' — which can be
regarded as scaling ¥ down to be much smaller than S? x I x S'. Furthermore, because
of (IIT), we would not break any of the eight (conformally-extended) supercharges when
we scale ¥ down — in other words, the reduction of the 6d theory down to S% x I x S*
should result in a 4d N = 2 supersymmetric theory. Altogether, this means that with re-
spect to this supersymmetric low energy sector, our results imply a 4d-2d duality between
four-dimensional A/ = 2 supersymmetric theory with boundary on S? x I x S* (where the
N = 2 supersymmetries are broken to N' = 1 at the boundary by the Nahm pole boundary
condition'!) and two-dimensional complex Toda theory on .
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A Conventions

Our index conventions are shown as follows:

Lorentz indices  6d 5d S Y x I

wy v 0,0 Ty w
Vector (frame) A,B A,B zw (a,b)
Spinor — Al o7 o8 —

Vector (curved)

R-symmetry group SO(5) Sp(4)

R-symmetry indices fl, B m,n

Following the above index conventions, the background fields in SO(5)g representation
convert to Sp(4)r representation as follows:

TES = Tipe (T4) VI = Vype (TP) (A1)

§™" = Spe (12)™ D = g (T4)(PB)TL (a2)

B 5d gamma matrices and operations on spinors

5d gamma matrices. Here we list explicit formulae that we use for gamma matrices in

five dimensions with Euclidean signature
MNM=1ox, IMP=1ox? IP=klokr, M=ok IP=kok (B

where {k!, k2, Kk} are the standard Pauli matrices:

(1) <= (1h): (3 0) wa

They satisfy the Clifford algebra
{4, I} =2gaplaxa. (B.3)

The same set of gamma matrices is used for both the Lorentz group SO(5); and the
R-symmetry group SO(5)g.
The symmetric B matrices appearing in the text take the form

57 01
Byr = B°T = By = BT .= k% = (1 0). (B.4)
Raising and lowering spinor indices. All five dimensional spinors in the text are
elements of the spinor representation Spin(5), as well as of the defining C* representation of
Sp(4). The latter is the R-symmetry representation inherited from the six dimensional (2, 0)
theory (as it survives the dimensional reduction unbroken). To make the representation
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content manifest, we write the spinor as p™, where A labels the elements of the spinor
representation of Spin(5) while m labels those of the defining representation of Sp(4).
However, Spin(5) ~ Sp(4) (in particular the spinor representation of Spin(5) is isomorphic
to the defining representation of Sp(4)), so we may treat both indices at equal footing
and we adopt this convention throughout the paper. Having said that, let us present the
following discussion just for one of the two equivalent indices, for instance m of Sp(4).
The elements of 4 (p™) are isomorphic to elements of the dual representation 4" (p,,) via
the pairing

m—qmnp, (B.5)

where we choose Q™" in accordance with the R-symmetry breaking Sp(4) — Sp(2) X

Sp(2) as
A 4 5 01 01
Qmn — Q(aa)(ﬁr) — 08 o BOT — . B.
€« ® “10) %10 (B.6)

C Five-dimensional SYM in supergravity background

The action for the vector multiplet in the supergravity background consists of four terms

S=84+S8,+5,+ Sint, (C.1)
which are given as
1
S4 = 8W2/Tr(aF/\*F+C/\F/\F) (C.2)
1
So= gpms | PoVIgla’Tr (Dag™ DY — 4™ FanT A = ™ (O, )ipr) . (C3
1 oA
5= g [ ErvIgla T (uaiPho™ + pua ML) (C.4)
1 1
Sint = 397 902 /d5$ V ‘g aTr (pmA [(pmn7 pﬁ] - Z[‘Pmnv (PnTH‘prsa Spsm]
2
~3 mn@mr[()@nsa @rs])a (C5>

where the covariant derivatives act on ¢ and p as

Dyomn = (8u - 8u10g(oz)) Pmn — Vur[m@n]r + [Aua Omn),

Dup™ = (8u - iauk’g(o‘) 4 Wy I‘BC> P - §Vpn:0 + [Ap, ™).
And the supergravity induced mass matrices are
s R T S 1 T S S
(M) n = |: <20 - > OO, ( [m*n] — Sy S[m n])
o 7D'rs o TABT
Lop, 5, (@)

(™ = [ 35768 + o Gan(T AP - ST
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Here, R is the Ricci scalar curvature of the five-dimensional metric. This holds if the

dilaton is constant, which is true for our geometry. Then w/‘?B is just the usual torsion-free

spin connection of Riemannian geometry
R = ehely (20,00} + 2(iCwE ). (C.8)
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