
J
H
E
P
0
5
(
2
0
1
6
)
0
2
1

Published for SISSA by Springer

Received: February 24, 2016

Accepted: April 25, 2016

Published: May 4, 2016

Mirror symmetry & supersymmetry on

SU(4)-structure backgrounds

Ruben Minasiana,b and Daniël Prinsa,c
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1 Introduction and discussion

Mirror symmetry relating compactifications of string theory on two very different internal

geometries has proven to be extremely powerful in the study of Calabi-Yau compactifi-

cations. The SYZ approach [1] provides an intrinsic construction of the mirror pairs by

asserting that every Calabi-Yau X with a mirror X̌ is a T 3 special Lagrangian fibration

over a three-dimensional base, and the mirror symmetry is T-duality along the three cir-

cles of the T 3. The mirror manifold X̌ is the moduli space of the space of the special
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Lagrangian torus, making the exchange of complex and symplectic properties of X and X̌

natural. It also provides the most promising way of extending the mirror program beyond

Calabi-Yau manifolds.

In spite of much recent progress in our ability to describe flux backgrounds with gen-

erally non-Ricci flat internal geometries, our understanding of mirror symmetry in a this

more general setting is rather limited. While it is generally believed that the string (flux)

backgrounds should display mirror symmetry, precise definitions are generally missing and

the question on how practical this mirror transform can be is still open. There is some

progress in extending the SYZ approach to Kähler manifolds (see e.g. [2, 3]) and generalized

Calabi-Yau manifolds [4], and the immediate questions are which geometries admit mirrors

and how to construct a mirror map. One immediate place to look for generalizations is in

the supersymmetric geometries, i.e. internal manifolds that can lead to string compactifica-

tions preserving supersymmetry. Moreover since the backgrounds are not purely geometric

and involve fluxes, so should the mirror map. Hence it might be natural to try to look for

mirrors in the generalized geometric context.

Generalized complex geometry provides a convenient framework for describing the

supersymmetric backgrounds with six internal dimensions [5, 6]. One of the necessary

conditions of preservation of supersymetry is that the internal manifold admits a generalized

Calabi-Yau structure, i.e. a closed pure spinor of Spin(6, 6). The parity of the closed pure

spinor changes depending on whether one is in type IIA (even) or in IIB (odd). This means

in particular that when the supersymmetry of the internal manifold is related to an SU(3)-

structure, the supersymmetric geometries suitable for IIA compactifications are symplectic

and for IIB-complex. So using some loose definition of mirror map as an exchange of

complex and symplectic properties, one can declare that IIA and IIB four-dimensional

compactifications are mirror to each other. Unfortunately there are no good examples

of actual pairs of mirror backgrounds. And of course there is no general proof that any

supersymmetric background with a mirror should have an internal space given by a torus

fibration.

Working in a semi-flat torus bundle setting and assuming that there are commuting

(local) isometries is often a useful approach as this allows to construct explicit maps using

the Fourier-Mukai transform. Notably one could start form a particularly simple case of

the prototypical non-Kähler background of type IIB with a RR three-form F3, which is

constrained by supersymmetry to be

F3 = −i(∂ − ∂̄)J ≡ dcJ , (1.1)

where J is a positive real two-form (the fundamental form), and study its image under

the Fourier-Mukai transform. Without being concerned for now about the supersymmetry

equations including (1.1), being compatible with T 3 fibrations one can find such an im-

age.1 Note that one has to take special care to stay within the class of SU(3)-structure

1For an S-dual system involving NSNS three-form only, often referred to as Strominger system [7], mirror

symmetry relates two different backgrounds of the same type [8]. The RR forms necessarily change parity

under three T-dualities.
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solutions here (for us, T-duality has to be “maximally type-changing” with respect to the

generalized almost complex structures). One could think of several generalizations, such

as the inclusion of other fluxes, in particular the NSNS three-form flux H. Examples of

various T-dualities in compact string backgrounds, e.g. involving nilmanifolds have been

considered in literature [9–11], though most of the T-duals one would be very reluctant to

call mirrors as the number of T-dualities is less than three.

In addition to considering the non-Calabi-Yau setting, the extension of the procedure

to higher dimension is another interesting direction, and it was pursued in [12]. The first

step of the approach there was to write the special case of the four-dimensional IIA and

IIB supersymmetry constraints (without NSNS-flux, but with RR-flux) in terms of a set of

geometrical equations, which we shall refer to as the LTY 2A system and LTY 2B system

respectively. The LTY 2B is a more familiar system as it involves complex manifolds

with balanced metrics, and can be seen as the type II analogue of the Strominger system.

The LTY 2A system in the case of four (external) dimensions involves symplectic half-flat

manifolds, i.e., dJ = dRe(Ω) = 0. Provided the manifolds of the 2A and 2B system admit a

T 3-fibration, it is then possible to show that the Fourier-Mukai transform relates the LTY

2B system to the LTY 2A system, and hence defines a mirror map. The second step of

the construction of [12] generalizes the LTY 2A and 2B systems to manifolds of arbitrary

real dimension 2n, along with the Fourier-Mukai transform, in such a way that, given dual

Tn-fibrations, the 2B system is still mapped to the 2A system. The LTY 2B system still

requires a complex balanced manifold, but the half-flatness condition of the LTY 2A system

is replaced by a more convoluted condition which depends on the fibration structure.

Although this procedure yields a notion of higher dimensional non-Calabi-Yau mir-

ror symmetry, it is not clear to what extent the LTY 2A/2B systems correspond to the

constraints of supersymmetry in dimensions other than four. An obstacle here is that a

generalization of the simple description of supersymmetry in terms of generalized complex

geometry to higher-dimensional internal manifolds has proven to be non-trivial.2 In two

external dimensions, the main case of interest for us, such a description exists under cer-

tain caveats, which will be reviewed shortly. In zero external dimensions, the system of

polyform equations does not fully capture the supersymmetry equations [14, 15].

We shall revisit a class of type IIB supersymmetric solutions on eight-manifolds of

SU(4)-structure and examine how the LTY 2A and 2B systems are related to such super-

symmetric solutions.3 We shall also re-examine the Fourier-Mukai and T-duality transfor-

mations that relate the mirror backgrounds.

One problem that one has to face in passing from six to eight internal dimensions is

that generic (Weyl) spinors on the internal manifold are no longer pure. As a consequence,

repackaging the supersymmetry equations into nice pure spinor equations, while still pos-

sible, is not in general one-to-one. One can still have nice and compact equations written

in terms of pure spinors which however do not capture the full content of supersymmetry

conditions (and the difference is far from being pretty!). Fortunately, the situation can

2In addition to four, the full analysis of supersymmetry exists in six external dimensions [13].
3See [16] for a discussion of mirror symmetry in the context of N = (2, 2) type IIA on Calabi-Yau

fourfolds.
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be ameliorated by making two assumptions; first, that the internal manifold admits an

SU(4)-structure, and second, that the internal components of the Killing spinors are pure.

In this case, solving the system (4.9) is equivalent to preserving supersymmetry. The sec-

ond problem is the complexity of the internal equations, and here we shall deal with the

two simplest cases. The SU(4)-structure implies existence of two chiral nowhere vanishing

spinors. The two simplest constructions used here assume that either the second spinor is

proportional to the first, or to its complex conjugate. In fact, the first case, labeled as the

strict SU(4) ansatz, has been discussed in [17] and as we shall see here is related to the

LTY 2B system. We shall refer to this case as the complex supersymmetric system. As we

shall show, the second case yields a different supersymmetric system which is related to

the LTY 2A system. We shall refer to this case as the symplectic supersymmetric system.

We shall briefly review the SU(4)-structure supersymmetry conditions (and similarities

and differences with the six-dimensional case). As mentioned already, the most important

fact is that for SU(4)-structure internal manifolds, supersymmetry is fully captured by the

pure spinor equations. The pure spinors are respectively

Φ+ = −e−iϑe−φeB−iJ

Φ− = −eiϑe−φeBΩ .
(1.2)

Both Φ+ and Φ− are even (type 0 and 4 respectively), but we borrow here from SU(3)

nomenclature. Just like for six-dimensional internal spaces, the conformal closure of one of

the two is a necessary condition for supersymmetry preservation. Depending on which pure

spinor is closed, we shall label the resulting systems as symplectic (closed e2AΦ+, where

A is the warp factor) or complex (closed e2AΦ−). The roles played by Φ+ and Φ− are

swapped upon going from one spinorial ansatz to the other. For both systems we consider

compactifications of type IIB strings and both reductions yield two-dimensional N = (2, 0)

theories.4

The closed pure spinor, lets call it Φ2 will define an integrable generalized almost

complex structure (even more, in fact - a generalized Calabi-Yau structure), which we shall

denote as J2. The imaginary part of the compatible pure spinor Φ1 then yields a pair

of equations that determine the sources and impose further geometric constrains. These

equations are more conveniently written using polyforms Ψi (i = 1, 2) defined in (4.10),

(Φi = e−φeBΨi):

dHdJ2
H

(

e−φImΨ1

)

= ρ

dJ2
H

(

e−φImΨ1

)

= −e−2Aσ ⋆ dH

(

e2A−φReΨ1

) (1.3)

where dH ≡ d + H∧, dJ ≡ [d,J ], and σ flips some of the individual signs of k-forms

in the expansion of a polyform, σΨ(k) = (−1)
1
2
k(k−1)Ψ(k) . We have obtained the above

by rewriting (4.9) in order to facilitate comparison with the LTY system. ρ is a source

4For type IIA one again expects a pair of pure spinors of the same parity. Due to RR fluxes being even,

the pure spinors should be odd (type 1 and 3) and a (local) vector field is needed in the construction. We

shall not consider type IIA compactifications here.
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term or current (for non-compact sourceless backgrounds, ρ = 0). The first equation is

familiar from the four dimensionsional supersymmetry conditions. The second equation is

a constraint that does not appear in the four-dimensional case, where instead one has a

conformal closure of of ReΨ1.

The similarity with the (internal) six-dimensional case will be strongest if one considers

the complex supersymmetric system (see section 4.1) and takes H = 0, F = F3 (all other

RR fluxes vanishing), constant warp factor A, vanishing dilaton φ, and ϑ = 0, where ϑ is

some parameter related to the precise ansatz for the Killing spinor. One will then recover

dΩ = 0

dJ3 = 0

2i∂∂̄J ≡ ρ

(1.4)

and an extra constraint

dcJ =
1

2
⋆ dJ2. (1.5)

As we shall see (1.4) corresponds to LTY 2B system. Since the constraint (1.5) is missing

in six-dimensions it is not guessed when generalizing the six-dimensional equations to

higher dimensions and is hence missing from LTY 2B conditions. Actually for the case

under consideration, the constraint is automatically satisfied on any solution of (1.4). It is

however non-trivial in general. The relations between complex/symplectic supersymmetric

systems and LTY 2B/2A systems will be discussed in detail in section 5, where in particular

we shall show that LTY 2B system is a proper subset of the supersymmetry constraints

with strict Killing spinor ansatz (and the story is much more complicated for the symplectic

case). Very roughly the differences between the two sets of systems boil down to the missing

constraints like (1.5) on one hand, and to imposing some constraints based on the necessity

of a fibration structure on the other.

Once we understand the relations of supersymmetry equations to LTY systems, we

can also discuss the map between the two supersymmetric systems. Here we find some

variation from the map presented in [12]. The Fourier-Mukai map as discussed in [12] is

constructed in such a way that it maps symplectic geometry to complex geometry and vice

versa. From the point of supersymmetry, this seems to be not the most natural approach.

Instead, one should consider a map that relates generalized complex geometry induced by

a complex structure to generalized complex geometry induced by a symplectic structure.

In particular, the situation can best be described by the following diagram:

(

Ω•
B(MB), ∂, ∂̄

)

P
��

FT

))❚❚
❚❚

❚❚
❚❚

❚❚
❚❚

❚❚

(

Ω•
B(MB),

i
2d

c, i
2d

) T
//
(

Ω•
B(MA),

i
2d

Λ, i
2d

)

(1.6)
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This diagram should be understood as follows.5 The Fourier-Mukai transform FT is con-

structed to give an isomorphism between the following differential complexes:

(

Ω•
B(MB), ∂, ∂̄

)

≃

(

Ω•
B(MA),

i

2
dΛ,

i

2
d

)

. (1.7)

On the other hand, the map T gives an isomorphism such that the generalized Dolbeault

operator with respect to the generalized complex structures is preserved:

(Ω•
B(M̌), ∂J̌ , ∂̄J̌ ) ≃ (Ω•

B(M), ∂J , ∂̄J ) . (1.8)

This map is the T-duality map as discussed in [18–20]. In particular, T is an isomorphism

in the case where we take J̌ = J̌I to be induced by a complex structure I and J = JJ to

be induced by a symplectic structure J . Then dJ̌I = dc and dJJ = dΛ ≡ [d,Λ],6 with Λ,

the adjoint of the Lefschetz operator J∧, defined as contraction with J−1. Furthermore,

P is the polarity switch operator defined in (6.3), B is the base of the T 4 fibration, and

Ω•
B(M) ⊂ Ω•(M) is the sheaf of fiber-invariant differential forms.

The bottom line is that the T-duality map is the one which correctly maps the complex

supersymmetric system to the symplectic supersymmetric system. In fact, the T-duality

map not only maps supersymmetric solutions to supersymmetric solutions, it also maps

backgrounds to backgrounds, i.e., it preserves the supersymmetric integrability conditions.

The structure of the paper is as follows. In section 2, we review the LTY 2A and 2B

systems. In section 3, we discuss the geometry of torus bundles, the particularities of which

will be necessary when comparing the LTY 2A system to the symplectic supersymmetric

system and when considering the details of the Fourier-Mukai and T-duality maps. A brief

overview on supersymmetry is given in section 4, where we then proceed to review the

complex supersymmetric system which was found in [17] by taking a strict Killing spinor

ansatz. We then discuss the symplectic supersymmetric system, which is a new solution to

the supersymmetry equations, in section 4.2. Next, we compare the LTY 2B system to the

complex supersymmetric system and the LTY 2A system to the symplectic supersymmetric

system in section 5. We find that the 2B system is missing a number of constraints captured

by the complex supersymmetric system, whereas the situation is more convoluted in the

2A/symplectic case. We discuss mirror symmetry and T-duality in section 6. First, we

review the Fourier-Mukai map and discuss in what sense the LTY 2A and 2B systems are

mirror. Then we revisit the T-duality map and demonstrate in what sense the complex and

symplectic supersymmetric systems are T-dual. Finally, in section 7, we consider a special

case of the complex supersymmetric system that involves conformally Calabi-Yau fourfolds

and admits F-theory lift. In appendix A, we review details of the integrability of the

complex supersymmetric solution and give some simple examples of backgrounds. We then

proceed to do the same for the symplectic supersymmetric solution. The other appendices

give some technical details necessary for the computation of the supersymmetric systems.

5Note that the definition of the Fourier-Mukai transform (6.6) is defined for the situation without

NSNS fluxes H, Ȟ, and hence this diagram technically only holds true in that situation. However, the

generalization to include these fluxes is straightforward.
6Note that dΛ : Ωk(M) → Ωk−1(M) lowers the degree of a form.
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A word on notation: We shall use I to denote almost complex structures, J to denote

almost symplectic structures (i.e., positive-definite real two-forms), Ω to denote a volume

form of the canonical line bundle, and J to denote generalized almost complex structures.

Furthermore, we denote the external dimension by d and the complex internal dimension

by n. We use the word ‘background’ to refer to solutions of the equations of motion in D =

10, whereas the term ‘supersymmetric solution’ refers to solutions of the supersymmetry

equations (specifically, (4.1)).

2 The LTY systems

In this section, we review the supersymmetric SU(n)-structures of [12]. These consist of a

number of tensors (J,Ω,K, ρ), which are supposed to encode the geometry and RR fluxes,

and a number of constraints, which should capture the requirements of supersymmetry (for

some unspecified N ) in arbitrary dimension. There are two kinds of such supersymmetric

SU(n)-structures, the 2A and 2B system, with the difference being the kind of constraints

imposed. They describe symplectic and complex geometries respectively, and the two

systems are mirror to one another in some fashion that will be discussed in section 6. For

n = 3 (d = 4), these systems are equivalent to supersymmetry preservation conditions

(in absence of NSNS three-form flux H). The relation of these systems to preservation

of supersymmetry in higher dimensions (specifically, n = 4) will be discussed in detail

in section 5.

We shall consider 2n-dimensional internal manifolds which admit an SU(n)-structure.

Definition 2.1. An SU(n)-structure (J,Ω) on a manifold M of real dimension 2n consists

of a real positive-definite two-form J , the almost symplectic structure, and a complex

nowhere vanishing decomposable n-form Ω, satisfying

J ∧ Ω = 0

1

2n
Ω ∧ Ω∗ =

in

n!
KJn = voln

(2.1)

The nowhere vanishing function K is known as the conformal factor of the SU(n)-structure.

Ω determines an almost complex structure with respect to which Ω = Ω(4,0), J = J (1,1).

Calabi-Yau manifolds are particular cases of SU(n)-structure spaces, which require the

additional constraint dJ = dΩ = 0 and K constant. Generically, a manifold carrying an

SU(n)-structure need neither be complex nor symplectic. A proposal to geometrize the

type IIB supersymmetry constraints on an SU(n)-structure manifold was given in [12].

Definition 2.2. A supersymmetric SU(n)-structure of type 2B on M is given by an SU(n)-

structure (JB,ΩB) satisfying

1

2n
ΩB ∧ Ω∗

B =
in

n!
KBJ

n
B

dJn−1
B = 0

dΩB = 0

2i∂∂̄
(

K−1
B JB

)

≡ ρB .

(2.2)
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In particular, (M,JB,ΩB) is complex and balanced. We will also refer to (2.2) as the LTY

2B system.

In the case of n = 3, these equations reduce to the polyform equations of [5, 6] withH =

0 imposed. These polyform equations determine solutions to the N = 1 supersymmetry

equations of type IIB on R1,3 ×M6. From this point of view, ρB determines a source for

the RR Bianchi identities. However, note that the equation involving ρB is not so much a

restriction on the system as it is a definition of ρB as long as we do not provide an explicit

definition of ρB in terms of the RR fluxes.

Similar to the LTY 2B system, there is a 2A system that determines solutions to the

N = 1 supersymmetry equations of type IIA on R1,3 ×M6. It turns out that, in order to

ensure that the generalization to arbitrary dimensions has certain desired properties, we

will need to introduce the following.

Definition 2.3. Let M be equipped with an SU(n)-structure. Let U ⊂ M be open and

dense. Then a special real polarization D is an integrable distribution that is 1) Lagrangian

with respect to J , and 2) special with respect to Ω. In other words, ∀p ∈ U , Dp ⊂ TpM is

a dimension n subspace that satisfies J |Dp = 0 and Ω|Dp ∈ eiϕR+ for some phase ϕ.

The notion that U should be dense but need not be M has to do with the possibility

of degenerations which we will specify more clearly later on. We will not take such degen-

erations into account. Therefore, for all intents and purposes, we will consider U = M .

Given a special real polarization and a metric (or a connection) the tangent bundle

splits as T = D ⊕ D⊥. Hence this induces a decomposition of the exterior algebra and

differential forms,

Ωk(M) =
⊕

a+b=k

Ω(a,b)D(M) , (2.3)

analogous to how the presence of an almost complex structure decomposes k-forms into

(p, q)-forms. In particular, an (a, b)-form has a D∗ directions (or ‘legs’). By making use of

the associated projection operators, we define the following.

Definition 2.4. A supersymmetric SU(n)-structure of type 2A on M is given by an SU(n)-

structure (JA,ΩA) satisfying

1

2n
ΩA ∧ Ω∗

A =
in

n!
KAJ

n
A

dJA = 0

d
(

π0,n
D + πn−1,1

D

)

ΩA = 0

−iddΛ
(

KA

(

π1,n−1
D + πn,0

D

)

ΩA

)

≡ ρA

(2.4)

In particular, (M,JA,ΩA) is symplectic.7

7Note that we have switched the definition of all projection operators from π
a,b
D

to π
b,a
D

with respect to

the definitions of [12]. As in section 3 of [12], we define D∗ as spanned by {dr1, . . . , drn}. Then π
k,n−k
D

maps onto forms with k directions drj .

– 8 –
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For a certain phase in the definition of the real polarization, the projection operators are

such that for n = 3,
(

π0,n
D + πn−1,1

D

)

ΩA = Re ΩA while
(

πn−1,1
D + πn,0

D

)

ΩA = Im ΩA, thus

reducing these equations to the polyform equations of [5, 6] for type IIA supersymmetry.

On the other hand, for n = 4, instead one finds that

Re ΩA = (π4,0
D + π2,2

D + π0,4
D )ΩA

Im ΩA = (π3,1
D + π1,3

D )ΩA .
(2.5)

We will return to this decomposition in section 5.2.

3 Torus fibrations

In order to discuss the mirror relation between the 2A and 2B systems, it will be necessary

to restrict the geometry to the case of torus bundles. In particular, the natural habitat

of the 2A system is a Lagrangian fibration, which comes with an induced special real

polarization. The 2B system then naturally lives on the dual torus fibration, which is

complex. The picture one should keep in mind is as follows:

MA ×MB

p

yyss
ss
ss
ss
ss p̌

%%❑
❑❑

❑❑
❑❑

❑❑
❑

MA

π
%%▲

▲▲
▲▲

▲▲
▲▲

▲▲
MB

π̌
yyrr
rr
rr
rr
rr
r

B

where the correspondence space MA ×MB is defined as

MA ×MB = {(x, y) ∈ (MA,MB) | π(x) = π̌(y) ∈ B} . (3.1)

Here, MA is symplectic whereas MB is complex; both are of real dimension 2n, with B of

real dimension n. Note, however, that when we are just comparing the supersymmetric

solutions to the 2A and 2B system in section 5, it is only the 2A system for which this

fibration structure plays a significant role. The fibration structure on the 2B side will only

be relevant when considering the actual mirror mapping in section 6.

In this section, we will discuss the geometrical aspects of torus fibrations which can be

equipped with SU(n)-structures. Given a torus bundle with local coordinates {r1, . . . , rn}

on the base and {θ1, . . . , θn} on the fibers, we define the following:

Definition 3.1. A fiber-invariant form α is a form that can locally be written as

α = αj1...jak1...kb(r)dr
j1 ∧ . . . ∧ drja ∧ dθk1 ∧ . . . ∧ dθkb . (3.2)

Specifically, the restriction is that the coefficients do not depend on the coordinates θj .

The sheaf of all fiber-invariant forms on a fibration M → B is denoted by Ω•
B(M).

Definition 3.2. Let M → B be a Lagrangian torus bundle with SU(n)-structure (J,Ω).

The SU(n)-structure is said to be semi-flat if J,Ω ∈ Ω•
B(M).

– 9 –



J
H
E
P
0
5
(
2
0
1
6
)
0
2
1

We will restrict ourselves to such semi-flat SU(n)-structures. Furthermore, we will also

neglect singular fibers. We follow mostly along the lines of [21], section 5, which we adapt

here to discuss the not-necessarily Calabi-Yau case.

3.1 Lagrangian fibrations

Consider the symplectic manifold (MA, JA), which is a fibration π : MA → B over the base

space B with Lagrangian toroidal fibers. By the Arnold-Liouville theorem, locally there

exist action-angle coordinates (θj , rj) such that r1, . . . , rn are coordinates on the base and

θ1, . . . , θn are coordinates on the toroidal fibers. The action-angle coordinates define a

tropical affine structure. That is to say, under a change of coordinates (rj , θj) → (r̃j , θ̃j),

one has that

rj = Bj
kr̃

k + cj , (3.3)

with B ∈ GL(n,Z), c ∈ Rn. As a consequence, we can conclude that we can define an

integrable distribution D locally spanned by {∂r1 , . . . , ∂rn}. In order to ensure existence of a

complex decomposable n-form ΩA, we assume that B defined in (3.3) satisfies B ∈ SL(n,Z).

Hence Lagrangian torus fibrations satisfying this assumption are special cases of SU(n)-

structure manifolds with a polarization. By choosing ΩA correctly, the polarization is real,

hence such a space satisfies the necessary requirements to admit an LTY 2A system.

Let us investigate the properties of the SU(n)-structure. First, note that the SU(n)-

structure defines an almost complex structure. Locally, we can define a frame of holomor-

phic one-forms as

ζ̃j ≡ Ãj
k(r)dθ

k + B̃j
k(r)dr

k , (3.4)

with j ∈ {1, . . . , n}, and Ã, B̃ invertible; they are fiber-invariant since the almost complex

structure is fiber-invariant. As the almost complex structure is invariant under GL(n,C),

we can change frame to

ζj ≡ dθj + βj
kdr

k , β ≡ Ã−1B̃

≡ dθj +Aj
kdr

k + iρjkdr
k .

(3.5)

Here, A ∈ End(n,R), ρ ∈ GL(n,R) are the real and imaginary components of β. Since ζj

are holomorphic, β encodes the almost complex structure. The local frame

δθj ≡ dθj +Aj
kdr

k =
1

2
(ζj + ζ̄j)

ρj ≡ ρjkdr
k =

1

2i
(ζj − ζ̄j)

(3.6)

is such that the almost complex structure I acts as

I(δθj) = −ρj

I(ρj) = δθj .
(3.7)
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Since ρjk is invertible, locally the special real polarization is given by

D∗ ≡ span{dr1, . . . , drn} = span{ρ1, . . . , ρn} , (3.8)

and we define

D∗⊥ = span{δθ1, . . . , δθn} , (3.9)

such that T ∗ = D∗ ⊕D∗⊥. Thus, given both D∗ and D∗⊥, it is now possible to make sense

of the projection operators used in (2.4).

We will return to the interpretation of A, ρ momentarily, but first, let us discuss

(JA,ΩA). We start with the properties of the symplectic form JA. By definition of the

action-angle coordinates, the fact that JA is a (1,1)-form with respect to the almost complex

structure and the fact that JA is real and positive-definite, we find the following (see [21]):

• First of all, J can be written in terms of various coordinate systems as

JA = dθj ∧ drj

=
i

2
hjkζ

j ∧ ζ̄k

= hjkdθ
j ∧ ρk

= hjkδθ
j ∧ ρk .

(3.10)

• By equating the first two, it follows that h is real and symmetric and satisfies

hjkρ
k
l = δjl . (3.11)

In other words, ρ = h−1. As a consequence, ρ is also symmetric.

• Viewed as a matrix, A is also symmetric. However, perhaps a more intuitive way

to view A is as a (Lie-algebra valued) connection one-form, A ∈ Ω1(B; t), where the

Lie algebra t is isomorphic to the tangent space of the fibers of MA. Thus, the real

part of the integrability constraint (3.13) is the demand that the connection is flat:

dAj = 0 (or equivalently, dδθj = 0).

Next, let us consider ΩA. As ΩA is a decomposable (4,0)-form, it follows that

ΩA = S(r)ζ1 ∧ ζ2 ∧ ζ3 ∧ ζ4 , (3.12)

It can be shown that (see [21] Thm 5.7) in the semi-flat case, integrability of the almost

complex structure is equivalent to

∂[jβ
l
k] = 0 . (3.13)

Due to (3.10), it follows that

1

2n
in(−1)

1
2
n(n−1)ΩA ∧ Ω∗

A =
1

n!

∣

∣

∣
S
√

det(ρ)
∣

∣

∣

2
Jn
A . (3.14)

Thus, if we are interested in having trivial conformal factor, we should take

S−1 = ei(ϑ+ϑ̌)
√

det(ρ) , (3.15)

with the notation for the angle chosen for later convenience.
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3.2 Complex torus fibrations

Given a Lagrangian torus fibration MA, locally one has the isomorphism that for U ⊂ B,

π−1(U) ≃ T ∗U/D∗, with D∗ defined in (3.8). On the other hand, one can construct another

fibration MB over B, with as fibers of MB the duals of the toroidal fibers of MA. We shall

refer to MB as the mirror of MA. For the mirror, one has that for U ⊂ B, π̌−1(U) ≃ TU/D.

Given a semi-flat SU(n)-structure on MA, there is a canonical decomposable n-form ΩB

on MB associated to JA, which determines a complex structure. Furthermore, there is no

obstruction to the existence of a real positive-definite (1, 1)-form JB such that (JB,ΩB)

form an SU(n)-structure on MB. We denote the fiber coordinates on MB by {θ̌1, . . . , θ̌n}.

The complex coordinates {zj} are then such that

dzj = dθ̌j + idrj , (3.16)

and

ΩB = Še−i(ϑ+ϑ̌)dz1 ∧ . . . ∧ dzn . (3.17)

Here, Š is a nowhere-vanishing real function on B, which for our purposes will be determined

by supersymmetry, and we have chosen a convenient notation for the phase. We can write

the almost symplectic structure as

JB =
i

2
ȟjkdz

j ∧ dzk , (3.18)

with ȟjk = ȟkj . From this, we conclude that the conformal factor K of the SU(n)-structure

is trivial when

√

det(ȟ) = Š . (3.19)

4 Supersymmetry

In order to check to what extent the LTY 2A and 2B systems correspond to solutions to the

supersymmetry equations in various dimensions, we examine the case of d = 2, N = (2, 0)

with SU(4)-structure. As it turns out, the LTY 2B system corresponds in some sense to a

known IIB solution described in [17], which we will refer to as the complex supersymmetric

solution. The LTY 2A on the other hand, corresponds to a previously unknown solution

which we have found. It is, unlike what one may have expected, another IIB solution,

which we shall refer to as the symplectic supersymmetric solution.

In this section, we shall describe our setup to solve the supersymmetry equations of type

II supergravity, review the reformulation of supersymmetry in terms of polyform equations

in the language of generalized complex geometry, and review the complex supersymmetric

solution. We then proceed to discuss the new symplectic supersymmetric solution.

In order to find (bosonic) flux backgrounds of type II supergravity, the most convenient

way to proceed is to insist that all fields are trivial under supersymmetry transformations,
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and then check what additional conditions must be met for such fields to satisfy the equa-

tions of motions. The vanishing of the supersymmetry transformations of the fermions

then leads to the supersymmetry solutions, which in our conventions are given by

0 =

(

∂φ+
1

2
H

)

ǫ1 +

(

1

16
eφΓMFΓMΓ11

)

ǫ2

0 =

(

∂φ−
1

2
H

)

ǫ2 −

(

1

16
eφΓMσ(F)ΓMΓ11

)

ǫ1

0 =

(

∇M +
1

4
HM

)

ǫ1 +

(

1

16
eφFΓMΓ11

)

ǫ2

0 =

(

∇M −
1

4
HM

)

ǫ2 −

(

1

16
eφσ(F)ΓMΓ11

)

ǫ1 .

(4.1)

Here, underlining is defined by contraction with gamma matrices, ǫ1,2 are the Killing

spinors, φ is the dilaton, H the NSNS flux, F the total RR flux. We work in the democratic

formalism, where the RR flux, given by

F =
∑

k

F(k) , k ∈

{

{0, 2, 4, 6, 8, 10} IIA

{1, 3, 5, 7, 9} IIB
(4.2)

needs to be supplemented with the additional selfduality constraint

F = ⋆10σF , (4.3)

with σF(k) = (−1)
1
2
k(k−1)F(k). Let us now reduce the most general case to the case we are

interested in. First, we are interested in the case where d = 2, i.e., M10 = R
1,1 ×M8 with

warped metric

ds2(M10) = e2Ads2(R1,1) + ds2(M8) , (4.4)

with A ∈ C∞(M8,R) the warp factor and ds2(R1,1) the two-dimensional Minkowski metric.

As a consequence, Poincaré invariance combined with the selfduality constraint (4.3) allows

us to decompose the fluxes as

F = vol2 ∧ e2A ⋆8 σF + F . (4.5)

A further simplifcation follows from specifying the supersymmetry. We are interested in

the case N = (2, 0), i.e., there are two positive chirality (external) supercharges, which

can be denoted by a complex valued Weyl spinor ζ. For such solutions the most general

decomposition of the Killing spinors is given by

ǫ1 = ζ ⊗ η1 + c.c.

ǫ2 = ζ ⊗ η2 + c.c. ,
(4.6)

with η1,2 Weyl spinors of Spin(8) with equivalent norms and with the chirality of ηj the

same as that of ǫj . We assume that both are nowhere vanshing. Furthermore, we assume
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that M8 can be equipped with an SU(4)-structure, which is equivalent to the existence of

a pure spinor η. Given such a spinor η, transitivity of the Clifford algebra ensures that

pointwise, any spinor can be expressed as

ξ+ = aη + bηc + cmnγ
mnηc

ξ− = dmγmη + emγmηc ,
(4.7)

as can be verified by a quick dof counting (in fact this is true regardless of whether or not

η is pure). For simplicity, we will restrict our attention to the case where η1,2 are also pure;

this is equivalent to demanding they satisfy8

η̃1η1 = η̃2η2 = 0 . (4.8)

With this setup, it has been shown [17, 22] that the supersymmetry equations (4.1) can be

recast in the framework of generalized complex geometry as

dH

(

e2A−φReΨ1

)

= e2A ⋆ σF

dH

(

e2A−φΨ2

)

= 0

dJ2
H

(

e−φImΨ1

)

= F .

(4.9)

These equations are both necessary and sufficient. This recasting is analogous to the

R

1,3×M6 scenario discussed in [5, 6]. The main difference is that on M6, any Weyl spinor

is pure. On M8, purity of a Weyl spinor is in fact an additional constraint, and there is a

topological obstruction to the existence of pure spinors.9

The polyforms Ψ1,2 are defined as

Ψ1 = −
24

|η1|2
η1 ⊗ η̃c2

Ψ2 = −
24

|η1|2
η1 ⊗ η̃2

(4.10)

and can be considered as spinors of Spin(8, 8). By purity of η1,2, Ψ1,2 are also pure and

hence correspond to generalized almost complex structures.

It should be stressed that solutions to the supersymmetry equations are not automat-

ically solutions to the equations of motions. In fact, for this to be the case, two additional

constraints need to be satisfied. Firstly, the Bianchi identities

dHF = dH = 0 (4.11)

should be satisfied. Secondly, the external part of the equations of motions for B should be

checked by hand. This second constraints is particular to d = 2; in d = 4, this is automatic

by demanding Poincaré invariance of the background.

8See the appendix of [17] for our spinor conventions (or in fact most other conventions).
9An equation involving dJ can be used in d = 4 to describe supersymmetry, see [23].
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4.1 Complex supersymmetric system

Let us restrict our attention to type IIB. Without loss of generality we can consider η

unimodular. Given such a unimodular pure spinor, one can construct an SU(4)-structure

by taking

Jmn = −iη̃cγmnη

Ωmnpq = η̃γmnpqη .
(4.12)

Then (J,Ω) satisfies (2.1) with K = 1. In order to construct supersymmetry solutions,

let us fix η1 = αη without loss of generality. The strict SU(4)-ansatz now entails taking

η2 ∼ η1 and hence, since their norms ought to be equivalent,

η2 = αeiϑη , (4.13)

with α, ϑ ∈ C∞(M8,R). This has been worked out in [17]. The polyforms are given by

Ψ1 = −e−iϑe−iJ

Ψ2 = −eiϑΩ ,
(4.14)

and hence, the generalized almost complex structures are of type (0,4). After decomposing

the fluxes into SU(4)-irreps (see appendix B), the solution to the supersymmetry equations

is then given by

W1 = W2 = 0

W3 = ieφ(cosϑf
(2,1)
3 − i sinϑf

(2,1)
5 )

W4 =
2

3
∂(φ−A)

W5 = ∂(φ− 2A+ iϑ)

α = e
1
2
A

f̃
(1,0)
3 = f̃

(1,0)
5 = h̃

(1,0)
3 = 0

h
(1,0)
1 = 0

h
(1,0)
3 =

2

3
∂ϑ

f
(1,0)
1 = −i∂(e−φ sinϑ)

f
(1,0)
3 = −

i

3
e2A∂(e−2A−φ cosϑ)

f
(1,0)
5 =

1

3
e−4A∂(e4A−φ sinϑ)

f
(1,0)
7 = e−2A∂(e2A−φ cosϑ)

h(2,1) = eφ(− cosϑf
(2,1)
5 + i sinϑf

(2,1)
3 ) .

(4.15)

The free parameters of the solution are the warp factor, dilaton and an internal Killing

spinor parameter, A, φ, ϑ ∈ C∞(M8,R), as well as the primitive parts of the RR flux

f
(2,1)
3,5 ∈ Ω(2,1)(M8). Note in particular that the solution enforces M8 to be complex. For

this reason, we shall refer to this solution as the complex susy system.
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4.2 Symplectic supersymmetric system

In this rather brief section we present a new solution to the supersymmetry equations,

which is one of the main results of this paper. It is similar to the complex supersymmetric

system of the previous section, in that it is a solution for IIB, d = 2, N = (2, 0), with an

SU(4)-structure on M8. The entire setup is the same, except for the ansatz for the internal

part of the Killing spinor. Instead of considering the strict case (4.13), we take the ansatz

η2 = αe−iϑηc . (4.16)

Note that obviously, η2 is pure. With this Killing spinor, one finds that

Ψ1 = −eiϑΩ

Ψ2 = −e−iϑe−iJ .
(4.17)

As one can see, the result is interchanging of the polyforms, and hence, the associated

generalized almost complex structures are of type (4,0) instead. Solving the supersym-

metry equations (either in the guise of (4.1) or (4.9)) for this case leads to the following

supersymmetric solution:

W1 = W3 = W4 = 0

W2 = −2ieφ−iϑf
(2,1)
3

W5m = ∂mA =
1

2
∂mφ = 2∂m logα = 2eφ+iϑf̃

(1,0)
3|m

F1 = F5 = F7 = H = 0

f
(1,0)
3|m = 0

∂mϑ = 0

(4.18)

Since any such solution is automatically symplectic, we will refer to (4.18) as the symplectic

susy system.

5 Comparison of d = 2 supersymmetry with the LTY systems

The LTY systems were inspired by considering solutions to supersymmetry for d = 4

(n = 3),10 and then generalized to arbitrary (even) dimension to investigate mirror sym-

metry. However, it is not clear from this point of view whether or not the LTY 2A and 2B

systems actually have anything to do with supersymmetric solutions in dimensions other

than four. We will consider the case of d = 2 on manifolds with SU(4)-structure. In this

case, as it turns out, both the LTY 2A and 2B systems are related to supersymmetric

solutions of type IIB, rather than 2A to IIA and 2B to IIB as was the case in d = 4.11 The

reason for this is that for SU(4), both e−iJ and Ω are even polyforms (or in the language of

10Specifically, they describe the so called SU(3) case described by [5, 6], with type (0,3) and type (3,0)

generalized almost complex structures.
11We shall nevertheless keep the “LTY 2A” and “LTY 2B” nomenclature for the respective systems, and

hopefully this will not lead to confusion.
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Spin(2n, 2n), both have the same chirality), which is contrary to the case n = 3. Another

way to view this is to note that mirror symmetry should be something akin to T-duality,

and for n = 4, there is an even number of T-dualities, thus a IIB solution gets mapped to

a IIB solution, rather than a IIA solution.

5.1 LTY 2B system =⇒ complex supersymmetric system

We find that solutions to the complex supersymmetric system (4.15) are solutions to the

LTY 2B system (2.2), but the converse is not true. Equivalently, at the level of the

constraints, the LTY 2B constraints are a proper subset of the supersymmetry constraints

with strict Killing spinor ansatz.

Let (M8, F,H, φ, g) satisfy (4.15), with SU(4)-structure given by (J,Ω). In order

to prove our claim, we must construct (JB,ΩB,KB, ρB) that satisfy (2.2). These are

given by12

ΩB = e−φ+2A+iϑΩ

JB = e
2
3
(−φ+A)J

KB = e
2
3
(φ+2A) .

(5.2)

Note that, as mentioned before, the last equation of (2.2) can be taken as definition of

ρB. Verifying that (JB,ΩB,KB) indeed satsifies (2.2) is a simple matter of plugging in the

torsion classes of (J,Ω) and noting the shifts caused by this rescaling.

The reason why this does not fully capture supersymmetry is two-fold. Even though

NSNS flux is neglected in [12], non-trivial H is in fact not incompatible with the LTY 2B

system. However, it is not obvious how to add it by hand to (2.2).

Secondly, ρB cannot fully capture the RR fluxes. Roughly speaking, the second equa-

tion of (2.2) gives a constraint for W4, the third for W1,2,5, and the fourth equation gives a

constraint for W3 as well as an additional constraint for W4, and separately, the vanishing

of f̃
(1,0)
3,5 . If one imagines also demanding H = 0, then there are three constraints missing

on (1, 0)-fluxes.

In heretoric strings for n = 3, the equation i∂∂̄J = α′

4 (trR
2 − trF2) imposes stringent

local and global constraints on the solution.13 In type II theories, its importance is also

great, as ensuring that it corresponds to negative tension sources is often the only way

around the no-go theorems for the compact flux backgrounds. Note that in general (dif-

ferently from the dH = 0 case), ρB is not exact. The knowledge of how to explicitly relate

ρB to RR fluxes is however important for the construction of string backgrounds.

12Technically, the most general solution is

ΩB = k1e
−φ+2A+iϑ+ik3Ω

JB = k
−1
2 e

−i

4
k4e

2

3
(−φ+A)

J

KB = k
2
1k

4
2e

ik4e
2

3
(φ+2A)

,

(5.1)

with k1,2,3,4 ∈ R. We do not expect these constants to be significant in any way and hence take them to

be trivial.
13Formally, supersymmetry conditions for n = 3 Strominger system are of the form (2.2).
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5.2 LTY 2A system compared to the symplectic supersymmetric system

The case of the LTY 2A system is somewhat similar in the sense that, roughly speaking,

solutions to the symplectic supersymmetric system (4.18) should be related to solutions to

the LTY system 2A system. However, this case is extremely more convoluted due to the

necessity of introducing the real polarization. Clearly, the existence of a real polarization

is necessary for being able to define the projection operators πa,b
D , and hence the LTY

2A system. The 2B case did not have to rely on existence of any such external factors;

any supersymmetry solution simply induces a LTY 2B solution. Furthermore, there is an

additional constraint on the complex structure for the LTY 2A system, which is not present

in the symplectic supersymmetric system. We will demonstrate the precise relationship that

holds for the 2A solution, and leave the explanation for this latter constraint to section 6.3.

The precise relation between the LTY 2A system and the symplectic susy system is

as follows:

Theorem 5.1. Let M8 → B4 be a Lagrangian torus bundle. Let (J,Ω), as determined

by the pure spinor η in (4.12), be a semi-flat SU(4)-structure. Let (M8, F,H, φ, g) sat-

isfy (4.18). Let the almost complex structure, defined in terms of β introduced in (3.5),

satisfy

∂[jA
l
k] = 0 , (5.3)

i.e., the connection is flat. Then there exists (JA,ΩA,KA, ρA) satisfying (2.4).

Proof. Let us first note that ρA is again whatever it is by definition, that J is symplectic

and hence we can take JA = J , and that KA is fixed as soon as one has defined both JA
and ΩA. So the problem is reduced to constructing ΩA satisfying

dπ0,4
Λ ΩA = dπ3,1

Λ ΩA = 0 . (5.4)

We will show that ΩA is given exactly by S = 1 as defined in (3.12), i.e.,

ΩA ≡ ei(ϑ+ϑ̌)
√

det(ρ)Ω = ζ1 ∧ ζ2 ∧ ζ3 ∧ ζ4 . (5.5)

In order to show this, we first examine how the exterior derivative acts on Ω, then consider

how this changes under the above rescaling.

First, note that on fiber-invariant forms the exterior derivative acts as d = drj ∂
∂rj

. As

a consequence, d acts with respect to the polarization as d : Ω
(a,b)D

B (M8) → Ω
(a,b+1)D

B (M8).

The result is that

dπ
(0,4)
D Ω = π

(1,4)
D dΩ

dπ
(3,1)
D Ω = π

(4,1)
D dΩ .

(5.6)

Let us decompose the r.h.s. of

dΩ = W2 ∧ J +W ∗
5 ∧ Ω (5.7)
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with respect to the real polarization as defined by (3.8), (3.9). Taking

W2 =
1

2!
W2[jk]lζ

j ∧ ζk ∧ ζ̄ l (5.8)

and using (3.10), (3.12), this yields

π
(1,4)
D dΩ =

1

4!

(

6W2[jklhm]n − iSǫjklmW ∗
5n + 4iSǫn[jklW

∗
5m]

)

δθj ∧ δθk ∧ δθl ∧ δθm ∧ ρn

π
(4,1)
D dΩ = −

1

4!
i
(

6W2[jklhm]n + iSǫjklmW ∗
5n − 4iSǫn[jklW

∗
5m]

)

ρj ∧ ρk ∧ ρl ∧ ρm ∧ δθn .

(5.9)

For the first equation, the r.h.s. vanishes if and only if W2[jkl] = W5 = 0; this follows

by noting that the first term is symmetric in m,n whereas the last two terms are not.14

Similarly, the second equation is trivial if and only if W2[jkl] = W5 = 0. Hence dπ
(0,4)
D Ω =

0 ⇐⇒ dπ
(3,1)
D Ω = 0. Constructing an ΩA which satisfies this condition is equivalent

to choosing the correct scaling factor S, which enters in the above equations not just

manifestly, but also via W2,5.

We are now ready to show that this scaling factor is S = 1. Indeed, by construc-

tion, (5.5) leads to

π0,4
D ΩA = δθ1 ∧ δθ2 ∧ δθ3 ∧ δθ4 . (5.10)

The constraint (5.3) is exactly dδθj = 0. Hence, ΩA satisfies

dπ0,4
D ΩA = 0 . (5.11)

But then, due to (5.9), it follows that also

dπ3,1
D ΩA = 0 (5.12)

and hence the theorem is proven.

Some thoughts on the constraint (5.3). The reason this issue does not arise in [12], is

because there, ΩA is constructed by mirror symmetry and automatically satisfies Aj
k = 0.

In a sense, the trivial connection is related to the fact that the NSNS-form Ȟ on the 2B

side (not the 2A side!) is trivialized in their case. This can be seen from the definition of

T-duality, which will be examined in the next section; see the discussion below (6.11). The

constraint can be rewritten in terms of torsion classes, specifically, W2 and perhaps W1 as

well, by means of a long and tedious computation that we have not undertaken.

14Note that W2[jkl] can be considered as π3,0
D

W2 and has 4 degrees of freedom, compared to the total 20

of W2.
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6 Mirror symmetry

So far, we have simply discussed the LTY 2A and 2B systems, and compared them with

certain supersymmetric solutions. The LTY 2B system captured some, but not all the con-

straints of the complex supersymmetric system, whereas on the other hand, the LTY 2A

system captures some of the symplectic supersymmetric system, but additionally also im-

poses some constraints which are not present in supersymmetry, in particular, the necessity

of a special real polarization and (5.3). The LTY 2A and 2B systems are mirror systems in

a sense that we will make precise. Similarly, the complex and symplectic supersymmetric

systems are mirror symmetric in another sense that is to be made precise. Thus, a natural

question would be: why is the LTY 2A system not simply a subset of the symplectic su-

persymmetry constraints? The answer has to do with the fact that the LTY mirror map

is constructed in such a way that complex geometry is mapped to symplectic geometry.

However, this is not quite the natural framework of supersymmetry. Instead, the correct

framework is that of generalized complex geometry; in particular, the cases we have been

considering are those where the the generalized complex structure is induced either by a

complex or symplectic structure. There is a map which preserves the generalized complex

structures instead, namely T-duality, which has been discussed in this context in [18–20].

In this section, we will discuss the particularities of mirror symmetry a la LTY and

discuss how the 2A and 2B system are miror symmetric. We then discuss T-duality,

compare it with the LTY mirror map, and demonstrate how T-duality relates the complex

and symplectic supersymmetric solutions to one another, whereas the LTY mirror map

does not.

Following [12] we denote the relation between the LTY systems as ‘mirror symmetry’,

whereas we use ‘T-duality’ to denote the relation between the supersymmetric systems.

6.1 LTY mirror symmetry

We begin by discussing in what sense LTY 2A and LTY 2B are mirror symmetric to each

other, as discussed in [12]. We consider the setup as discussed in section 3, with (MA, JA)

a Lagrangian torus fibration over B and (MB,ΩB) the complex dual torus bundle with

complex structure induced by ΩB.

Definition 6.1. MB is equipped with complex and real polarities, induced by the complex

structure and fibration respectively. We define the polarity switch operator

P : Ω•
B(MB) → Ω•

B(MB) (6.1)

as follows. For any fiber-invariant form

α = αj1...jpk1...kq(r)dz
j1 ∧ . . . ∧ dzjp ∧ dz̄k1 . . . ∧ dz̄kq (6.2)

we set

P (α) ≡ αj1...jpk1...kq(r)dθ̌
j1 ∧ . . . ∧ dθ̌jp ∧ drk1 . . . ∧ drkq , (6.3)

with θ̌j the fiber coordinates of MB.
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Note that, as can be shown by making use of (3.16), the polarity switch operator is in

fact an isomorphism between differential complexes:

(Ω•
B(MB), ∂, ∂̄) ≃

(

Ω•
B(MB),

i

2
dc,

i

2
d

)

. (6.4)

This will play an important role in section 6.3. By making use of the polarity switch

operator, we can define the Fourier-Mukai transformation which maps forms on MA to MB.

Definition 6.2. Let

f̃ ≡ dθ̌j ∧ dθj (6.5)

be the ‘curvature of the universal connection’ (up to prefactor) on the correspondence space

MA ×MB. Then the Fourier-Mukai transform is defined as

FT : Ω•(MB) → Ω•(MA)

FT (α) = π̌∗

(

P (α) ∧ exp f̃
)

.
(6.6)

Here, π̌∗ is defined as integration over the fibers of MB, which are locally parametrized by

the coordinates θ̌j .

Using this definition, the Fourier-Mukai transform is invertible. In fact, it is an iso-

morphism of the differential complexes of MA and MB:

(Ω•
B(MB), ∂, ∂̄) ≃

(

Ω•
B(MA), (−1)n

i

2
dΛ, (−1)n

i

2
d

)

. (6.7)

This isomorphism is why the polarity switch operator is used in order to define the Fourier-

Mukai transform; it translates the natural derivatives of complex and symplectic geometry

into each other. Making use of this definition of the Fourier-Mukai transform, the LTY 2A

and 2B systems are related as follows.

Theorem 6.1. Let JB be a fiber-invariant real positive-definite (1,1)-form on MB and

ΩA = FT (exp(2JB)). Then we have the following:

1. (MB, JB,ΩB) is an SU(n)-structure manifold ⇐⇒ (MA, JA,ΩA) is an SU(n)-

structure manifold. If so, KB = K−1
A .

2. Moreover, (MB, JB,ΩB) satisfies (2.2) if and only if (MA, JA,ΩA) satisfies (2.4).

3. In case 2. holds, ∃k ∈ C such that ρA = k FT (ρB).

In this sense, the LTY 2A and 2B systems are mirror symmetric.
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6.2 Mirror symmetry for the supersymmetric systems

We have now seen how the LTY 2A and 2B systems are mirror symmetric to each other.

Next, let us investigate in what sense the complex and supersymmetric systems are mirror

symmetric to each other.

Both the complex and symplectic supersymmetric systems are described by (4.9). The

difference is that for complex supersymmetry, one has that

Ψ̌2 = −e−iϑ̌e−iJ̌

Ψ̌1 = −eiϑ̌Ω̌
(6.8)

whereas in the symplectic case, one has

Ψ1 = −eiϑΩ

Ψ2 = −e−iϑJ
(6.9)

with checks added for clarity on the complex side. Thus, ‘mirror symmetry’ between these

systems should (very roughly) be given by Ψ̌j ↔ Ψj i.e., interchanging the polyforms,

which determine the profiles for the fluxes. Note that no restriction whatsoever is placed

on the geometry at this point, other than admitting an SU(4)-structure in the first place.

To be more precise, we are looking for some non-trivial map T acting on polyforms,

such that the constraints (4.9) are mapped to themselves. Generically, the outcome need

not be the supersymmetry constraints manifestly, but we will limit ourselves to looking for

a map T which satisfies

T
[

dȞ

(

e2Ǎ−φ̌ReΨ̌1

)]

= dH

(

e2A−φReΨ1

)

T
[

dȞ

(

e2Ǎ−φ̌Ψ̌2

)]

= dH

(

e2A−φΨ2

)

T
[

dJ̌2

Ȟ

(

e−φ̌ImΨ̌1

)]

= dJ2
H

(

e−φImΨ1

)

.

(6.10)

This map will be given by the T-duality map, which will be defined by (6.15), provided

we take Ǎ = A and assume that the complex system lives on MB, whereas the symplectic

system lives on MA, with the appropriate torus bundle structures on MA,MB. Provided

this is satisfied, the T-duality transformation of the fluxes follows, analogously to the d = 4

case in [25].

6.3 T-duality

In this section, we discuss the T-duality map that provides the correct notion of mir-

ror symmetry with respect to the supersymmetric systems. We mostly follow along the

lines of [20].

We start by considering two manifolds M , M̌ which are two torus fibrations over B.

Generically, T-duality can be defined without the need to specify symplectic or complex

structures on M , M̌ , and their fibers need not be dual.
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Definition 6.3. Let M, M̌ be equipped with fiber-invariant three-forms H, Ȟ. Suppose

df = p∗H − p̌∗Ȟ , (6.11)

with p : M×M̌ → M the natural projection operator, and f ∈ Ω2
B(M×M̌) non-degenerate

when acting on the tangent space to the fibers.15 Then (M,H) will be called T-dual

to (M̌, Ȟ).

This definition restricts H, Ȟ as follows. Given fiber coordinates {θj}, {θ̌j}, we can

locally set

f = (dθj +Aj
l(r)dr

l) ∧ (dθ̌k + Ǎk
m(r)drk)

≡ δθj ∧ δθ̌j .
(6.12)

Thus, we see that

Ȟ = Ȟ+H(B)

H = H+H(B) ,
(6.13)

with H ∈ Ω2(B; t∗), Ȟ ∈ Ω2(B; ť∗) locally given by

Ȟ = −dδθj ∧ δθ̌j = Ȟjklδθ̌
j ∧ drk ∧ drl

H = −δθj ∧ dδθ̌j = Hjklδθ
j ∧ drk ∧ drl ,

(6.14)

and H(B) a basic form, i.e., a form on B. In the case of dual fibers, the connections satisfy

δθj ∈ Ω1(M ; t), δθ̌j ∈ Ω1(M̌ ; t∗), hence the sum over j should be considered as the natural

pairing of t∗ with t.

Given two such T-dual spaces, we can define the following map

Definition 6.4. The T-duality map is defined as

T : Ω•
B(M̌) → Ω•

B(M)

T (α) ≡ π̌⋆ (α ∧ exp f) .
(6.15)

The definition of f and the resulting constraints on H, Ȟ are constructed exactly

such that

T (dȞα) = dHT (α) ∀α ∈ Ω•
B(M̌) . (6.16)

Comparing the definitions for the T-duality map and the Fourier-Mukai transform (6.6) for

the case H = Ȟ = 0, we see that the difference is exactly the polarization switch operator,

that is,16

FT = T ◦ P . (6.17)

15In particular, f̃ is such a map, but we will have to generalize f̃ to incorporate the non-triviality of Ȟ.
16Up to a conventional sign difference between f , f̃ .
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The Fourier-Mukai map gives the isomorphism

(

Ω•
B(MB), ∂, ∂̄

)

≃

(

Ω•
B(MA), (−1)n

i

2
d, (−1)n

i

2
dΛ

)

, (6.18)

as noted in (6.7). This is not the case for this T-duality map. Instead, the T-duality map

induces a map between Courant algebroids, such that, given generalized complex structures

on M̌ , these are mapped to generalized complex structures onM . As a result, the T-duality

map gives an isomorphism between the complexes

(Ω•
B(M̌), ∂J̌ , ∂̄J̌ ) ≃ (Ω•

B(M), ∂J , ∂̄J ) , (6.19)

as shown by Thm (4.1, 4.2) of [20].

Let us investigate this in more detail. Consider now the setup of 6.1 with M = MA

a Lagrangian torus fibration and M̌ = MB the complex dual torus fibration. In this case,

both M and M̌ come with an integrable generalized almost complex structure, and a non-

integrable generalized almost complex structure. Since the generalized complex structure

of M is associated to the symplectic structure (J = JJ), and the generalized complex

structure of M̌ is associated to the complex structure (J̌ = J̌I), it follows that T-duality

gives us the isomorphism

(Ω•
B(M̌), ∂, ∂̄) ≃ (Ω•

B(M), ∂JJ , ∂JJ ) . (6.20)

We see that on the lefthand side, the differentials reduce to the ordinary Dolbeault operator

and its conjugate, i.e., ∂ = ∂JI . However, the differentials on the righthand side are not

the d and dΛ. Instead, the generalized Dolbeault operator associated to the symplectic

generalized complex structure is a more complicated thing, as described in [24]. Thus, one

has the following commutative diagram:

(

Ω•
B(MB), ∂, ∂̄

)

P
��

FT

))❚❚
❚❚

❚❚
❚❚

❚❚
❚❚

❚❚
❚

T
//
(

Ω•
B(MA), ∂

JJ , ∂̄JJ
)

Q

��
(

Ω•
B(MB),

i
2d

c, i
2d

) T
//
(

Ω•
B(MA),

i
2d

Λ, i
2d

)

(6.21)

The isomorphism Q was found in [24] but does not play an important role for us.

Let us consider this from a different angle by examining how the polyforms given

in (4.14) behave under Fourier-Mukai and T-duality maps. Up to a rescaling of the po-

larization switch operator, we have that the polyform associated to the non-integrable

generalized almost complex structure satisfies

FT (Ψ̌1) = Ψ1 . (6.22)

What about the other polyform? Up to a scalar factor, Ψ̌2 is given by

Ψ̌2 ∼ ΩB ∼ dz1 ∧ dz2 ∧ dz3 ∧ dz4 , (6.23)
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with holomorphic one-forms given by (3.16). Thus, we can explicitly compute

FT (Ψ̌2) ∼ 1 . (6.24)

This pure spinor is associated to the subbundle L = T ⊗ C ⊂ (T ⊕ T ∗) ⊗ C, which is

maximal and isotropic, but does not satisfy L ∩ L̄ = {0} and hence, is not an (almost)

Dirac bundle. In other words, the image of Ψ̌2 is not associated to a generalized almost

complex structure.

Now let us now see how the polyforms behave under T-duality. We restrict to the

relevant case, where the polyforms are determined by the Killing spinors and satisfy the

supersymmetry equations (4.9). The Killing spinors yield (6.8) and the (complex) fibration

structure of MB yields (3.17), (3.18). Noting that the scale factor Š of ΩB is determined

by W5 given in (4.15), that A = Ǎ, and that ∂ϑ = 0, we find that

Ψ̌1 = −e−iϑeφ̌−2Adz1 ∧ dz2 ∧ dz3 ∧ dz4

Ψ̌2 = −e−iϑ̌ exp

(

1

2
ȟjkdz

j ∧ dz̄k
)

.
(6.25)

Furthermore, triviality of the conformal factor (3.19) gives us a link between the fields and

the geometry:

√

detȟ = eφ̌−2A . (6.26)

Triviality of H of the symplectic supersymmetry solution (4.18) determines that we should

consider17

f = dθj ∧ dθ̌j . (6.27)

Making use of (3.10), (3.12), (6.9), we then find that

T (Ψ̌1) =
√

detȟΨ1

T (Ψ̌2) =
√

detȟΨ2 ,
(6.28)

where we have identified

δjlρ
l
k = ȟjk . (6.29)

Inserting (6.26) and noting that the symplectic supersymmetry systems (4.18) requires

A = 1
2φ, we thus have that

T (Ψ̌1) = eφ̌−φΨ1

T (Ψ̌2) = eφ̌−φΨ2 ,
(6.30)

which is exactly the result that maps the complex supersymmetric system into the sym-

plectic supersymmetric system. Note that the non-constant prefactors came about through

17Actually, we could consider any δθ̌j satisfying dδθ̌j = 0, but we will neglect this for convenience.
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an intricate interplay between the fibration structures and supersymmetry; up to constant

scalars, we did not put the ‘correct’ result in by hand. Furthermore, note that the general-

ized almost complex structure associated to Ψ1 gets mapped to another generalized almost

complex structure, despite non-integrability.

Note also that the restrictions on H, Ȟ coming from the fibration structure,

namely (6.13), (6.14) are compatible with the demands on H, Ȟ from supersymme-

try for both the symplectic and complex case. For the symplectic supersymmetric sys-

tem (4.2), H = 0, so this statement is evident. For the complex supersymmetric system,

Ȟ = h(2,1) + h(1,2). By making use of the holomorphic one-forms (3.16) on MB, it follows

from (6.14) that Ȟ ∈ Ω(2,1)(MB) ⊕ Ω(2,1)(MB), whereas H(B) needs to be trivial due to

vanishing of H. Primitivity of Ȟ then comes down to

(

ȟ−1
)jk

∂[lȟj]k = 0 , (6.31)

which can be considered a constraint on the fibration structure (noting that ȟ is related to

ρ) from supersymmetry.

To summarize, we have found the following. By construction of the T-duality map, dH
is preserved, and by assumption the warp factor is equivalent on both sides. Furthermore,

we have seen that the polyforms Ψj associated to the generalized almost complex structures

are mapped into each other with the correct prefactor, i.e., (6.30). Thus, looking at the

supersymmetry equations (4.9), we conclude that

T
(

dȞ

(

e2Ǎ−φ̌ReΨ̌1

))

= dH

(

e2A−φReΨ1

)

T
(

dȞ

(

e2Ǎ−φ̌Ψ̌2

))

= dH

(

e2A−φΨ2

)

T
(

dJ̌2

Ȟ

(

e−φ̌ImΨ̌1

))

= dJ2
H

(

e−φImΨ1

)

(6.32)

exactly as desired. In other words, this definition of T-duality is the one that correctly

maps complex supersymmetric solutions onto symplectic supersymmetric solutions.

In fact, the relation is deeper. Not only do supersymmetric solutions get mapped to

supersymmetric solutions, but backgrounds are mapped to backgrounds as well. Let us

recall that the supergravity equations of motion are satisfied by a supersymmetric solution if

this solution satisfies the integrability conditions: the Bianchi identities are satisfied and the

external B-field equation is satisfied. For both the complex and symplectic supersymmetric

solutions, these are studied more in-depth in appendix A. In both cases, the external B-

field equation is trivial. Let us show that satisfaction of the Bianchi identities is preserved

under the T-duality map.

The Bianchi identities in our conventions are given by (4.11). Let us first consider the

NSNS Bianchi identity. Making use of (6.11), (6.12) and (6.13), it is straightforward to

verify that dH = 0 if and only if dȞ = 0. In fact, since the symplectic supersymmetry

solution requires H = 0, we immediately see that both NSNS Bianchi identities are satisfied

automatically in our setup. Next, let us consider the RR Bianchi. Using the decomposition

into electric and magnetic components as given by (4.5), the Bianchi identity for the RR
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fluxes reduces to

dHe2A ⋆8 σF = dHF = 0 . (6.33)

The NSNS Bianchi identity is satisfied and hence d2H = 0. Then the supersymmetry

equations (4.9) imply that dH ⋆8 σF = 0 holds automatically, whereas dHF = 0 can be

translated to the purely geometrical constraint

dHdJ2
H

(

e−φIm Ψ1

)

= 0 . (6.34)

Since the T-duality map preserves the generalized almost complex structures, the NSNS

flux, and the polyform e−φ̌Ψ̌1, we find that

dȞdJ̌2

Ȟ

(

e−φ̌Im Ψ̌1

)

= 0

⇐⇒

dHdJ2
H

(

e−φIm Ψ1

)

= T
[

dȞdJ̌2

Ȟ

(

e−φ̌Im Ψ̌1

) ]

= 0 .

(6.35)

This shows that indeed, the integrability conditions for one supersymmetric solution are

satisfied if and only if they are satisfied for the mirror.

7 F-theory backgrounds

The solution of section 4.1 is specified by a relatively large number of parameters, and

is subject to tadpole conditions. One way of fixing a number of parameters is to enforce

integrability in the absence of sources. As discussed in appendix A, such solutions involve

conformally Calabi-Yau fourfold manifolds with NS three-form and RR five-form internal

fluxes. In this section, we shall briefly consider solutions that admit F-theory lifts. As

we shall see they are also related to a special choice of parameters and involve conformal

Calabi-Yau fourfolds. The discussion of tadpoles is much more convenient in M/F-theory

language.

F-theory on Calabi-Yau fivefolds is not much studied (see [27, 28] however). While we

do not directly analyse supersymmetry conditions of M-theory, we show that it is possible

to restrict the complex supersymmetric system in such a way that the lift is possible in a

fashion very similar to the more familiar case of IIB backgrounds with primitive self-dual

three-form flux on confomally Calabi-Yau threefolds.

The familiar case of F-theory on an elliptically fibered Calabi-Yau fourfold Y4 → B3 is

related to type IIB on the base space B3 of the elliptic fibration in the presence of D7-branes.

The base space B3 is a Kähler manifold which does not admit an SU(3)-structure and in

general is not even a spin manifold. However, considering its double cover, branched along

the divisor wrapped by an O7-plane, yields a Calabi-Yau threefold Z3 and yields a good

weakly-coupled description of IIB compactifications [29, 30]. Such backgrounds satisfy the

following conditions: the metric is given by

ds2(M10) = e2Ads2(R1,3) + e−2Ads2(Z3) , (7.1)

– 27 –



J
H
E
P
0
5
(
2
0
1
6
)
0
2
1

where ds2(Z3) is the Ricci-flat Calabi-Yau metric. The axio-dilaton τ = C0 + ie−φ is

holomorphic and the three-form flux G3 = F3 − τH is primitive (2,1) and imaginary

selfdual. O7 panes are needed for allowing compact Z3, and D3/O3 sources are allowed.

In M/F-theory language, the primitivity of G3 flux translates into the familiar primitivity

of the internal component of the four-form-flux G4 [31, 32], and the tadpole condition in

the absence of M2/D3-branes becomes

1

8π2

∫

Y4

F ∧ F =
χ(Y4)

24
, (7.2)

where F is the internal component of G4 and χ the Euler number.

The complex supersymmetric system (4.15) has a special case that is a direct analogue

of this solution. Considering

ϑ = −
π

2

eφ = gse
−2A

f
(2,1)
5 = 0

(7.3)

yields the following intrinsic torsions:

W1 = W2 = W3 = 0

W4 =
1

2
W5 = ∂φ .

(7.4)

Hence the ten-dimensional metric is given by

ds2(M10) = e−φds2(R1,1) + eφds2(Z4) (7.5)

for some Calabi-Yau fourfold Z4, and the fluxes reduce to

F1 = −dce−φ

F3 = f
(2,1)
3 + c.c

F5 =
1

2
dce−φ ∧ J2 − vol2 ∧ de−φ ∧ e−φJ

H = −ieφf
(2,1)
3 + c.c.

(7.6)

Therefore, it follows that

∂̄
(

C0 + ie−φ
)

= 0

G3 = iC0e
φ
(

f
(2,1)
3 − f

(1,2)
3

)

.
(7.7)

In particular, we see that τ is holomorphic and that G3 is primitive (2,1) and not invariant

under SL(2,Z) transformations, exactly as desired. f
(2,1)
3 is not fixed by supersymmetry,

but subject to tadpole cancellation constraints.
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Once more thinking of Z4 as the double cover of a Kähler manifold B4, branched along

the divisor wrapped by an O7-plane, we can lift this solution to a compactification of M/F-

theory on (conformally) elliptically fibered fivefold Y5 → B4 with the internal part of the

four-from flux that is (2, 2) and primitive:

F ∧ JY ∧ JY = 0 . (7.8)

As follows from the M-theory flux equation of motion, the eight-form given by

η =
1

8π2
F ∧ F −X8 (7.9)

is trivial in cohomology in absence of sources and should integrate to zero on any complex

four-cycle in Y5. Here, X8 is a higher order correction, given in terms of the the Pontryagin

classes as [33]

X8 =
1

48

(

p2 −
1

4
p21

)

. (7.10)

Note that the external Einstein equation will follow once the tadpole conditions are satis-

fied, since in absence of sources it reads:

1

8π2

∫

Y

F ∧ F ∧ JY =

∫

Y

X8 ∧ JY . (7.11)

It will be of some interest to study the existence of compact string backgrounds correspond-

ing to generic complex and symplectic systems, given by (4.15) and (4.18) respectively.
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A Integrability

In order to solve the equations of motions, a supersymmetric solution needs to satisfy the

integrability conditions.18 In this section we give a number of simple examples that do so.

The example for the complex supersymmetric solution was derived in [26], the ones for the

symplectic solution are new.

A.1 Backgrounds from the complex supersymmetric solution

Consider the complex supersymmetry solution (4.15) and set

ϑ =π

eφ = gse
−2A

f
(2,1)
3 =0 .

(A.1)

18Not to be confused with integrability of any geometrical structure.
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As a consequence, the torsion classes are given by

W1 = W2 = W3 = 0

W4 =
1

2
W5 = −2∂A ,

(A.2)

which gives us a conformal Calabi-Yau structure, with the conformal metric g8 related to

a Calabi-Yau metric gCY by

g8 = e−2AgCY ; . (A.3)

The NSNS three-form is given by

H = h(2,1) + h(1,2) , (A.4)

in particular, H is internal and primitive. The non-vanishing RR fluxes are given by

gsF3 = vol2 ∧ de4A

gsF5 = e4Avol2 ∧H − e2A ⋆8 H

gsF7 = ⋆10σF3 .

(A.5)

In this case, the vanishing of the external B-field eom is automatic. The Bianchi identities

lead to a constraint on the warp factor. The non-trivial Bianchi identies are given by

dH = 0

dF5 +H ∧ F3 = 0

dF7 +H ∧ F5 = 0 .

(A.6)

The second line implies

dH = de2A ⋆8 H = 0 (A.7)

while the third implies

d ⋆8 de
2A +

1

2
H ∧ e2A ⋆8 H = 0 . (A.8)

In terms of the Calabi-Yau metric, these can be rewritten as respectively

dH = d ⋆CY H = 0 (A.9)

and

−d ⋆CY de−4A +H ∧ ⋆CY H = 0 . (A.10)

The background is parametrized by h(2,1) and A. One can consider an even simpler yet

still non-trivial subcase by taking h(2,1) = 0.
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A.2 Backgrounds from the symplectic supersymmetric solution

In the case of the sympletic supersymmetric solution, the integrability conditions are as

follows. Firstly, we again find that the vanishing of the external part of the B-field equation

of motion is automatic. Hence the only integrability condition is the Bianchi identity for

the fluxes. Taking into account the vanishing of H,F1,5,7, these reduce to

dF3 = de2A ⋆8 F3 = 0 , (A.11)

with

F3 = f̃
(0,1)
3 yΩ+ f

(2,1)
3 + c.c. (A.12)

We will give two simple solutions to this constraint.

The first is obtained by setting

f̃
(1,0)
3 = df (2,1) = dA = 0 . (A.13)

As a result the dilaton andW5 are trivial. The geometry of the background is nearly Calabi-

Yau, i.e., the manifold is symplectic but not complex, with W1 = W3 = W4 = W5 = 0.

The background is fully parametrized by a single closed primitive (2,1)-form flux f
(2,1)
3 .

The second solution is given by

f
(2,1)
3 = 0 . (A.14)

In this case, the Bianchi identity can be rewritten as

d
(

f̃
(0,1)
3 yΩ

)

= 0

(2dA ∧ f̃
(0,1)
3 + df̃

(0,1)
3 ) ∧ Ω = 0

(A.15)

Noting that dΩ ∼ ∂̄A ∧ Ω, f̃
(0,1)
3 ∼ ∂̄ logA, the second equation follows immediately. The

first one follows due to the fact that

0 = d
(

∂̄AyΩ
)

⇐⇒

0 = d
(

∂̄AyΩ ∧ J
)

∼ d
(

∂̄A ∧ Ω
)

∼ d2Ω .

(A.16)

The resulting background is Kähler and fully parametrized by the single real scalar func-

tion A.

A.3 On conformal Calabi-Yau backgrounds

In this section, we discuss a curious feature exhibited by the conformal Calabi-Yau back-

ground discussed in A.1. The conformal Calabi-Yau background was obtained by imposing

certain conditions on the complex supersymmetric system of section 4.1, which are such
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that the integrability conditions are satisfied. In particular, the Bianchi identities are

satisfied and hence

dHF = 0 =⇒ dHF ≡ ρB = 0 . (A.17)

By theorem 6.1, it follows that the mirror of such a conformal Calabi-Yau background

satisfies ρA = 0. But in the case that ρA = 0, one might hope to find an SU(4)-structure

(JA,ΩA,KA) satisfying the LTY 2A system (2.4) such that

dΩA = dKA = 0 , (A.18)

in which case the entire story of section 5.2 is simplified greatly; one no longer needs the

fibration structure and can simply compare the LTY 2A system to the supersymmetric

system directly, just like the case for the complex supersymmetric system/LTY 2B com-

parison. Strangely enough, it turns out that such a supersymmetric system is exactly the

conformal Calabi-Yau itself! More concretely, the conformal Calabi-Yau, which is a partic-

ular complex supersymmetric system, yields both a solution to the LTY 2B and to the LTY

2A system. That the conformal Calabi-Yau leads to a set (JB,ΩB,KB, ρB) satisfying (2.2)

is clear, as this is just the story of section 5.1. Given the conformal Calabi-Yau solution, a

set (JA,ΩA,KA, ρA) satisfying (2.4) is given by

JA = e
2
3
(φ−A)

ΩA = e−
1
3
(5φ−2A)+iϑΩ

KA = e−
2
3
(φ+2A)

ρA = 0 .

(A.19)

These were constructed as follows. First, one notes that for the conformal Calabi-Yau,

W1 = W3 = 0, and hence, in order to construct the symplectic form JA, all one needs to

do is rescale J such that W4 vanishes. But this is exactly the balanced condition that was

needed when constructing JB, so we just take JA = JB. Next, recalling that KA = K−1
B

was a result of the Fourier-Mukai map, we take this as definition for the conformal factor

KA and then see what the resulting rescaling of Ω is which leads to the definition of ΩA.

Plugging in the constraint

d(φ+ 2A) = 0 (A.20)

which determines the conformal Calabi-Yau solution, it then follows that (A.18) is satisfied.

As a consequence, (2.4) is satisfied.

There are two straightforward and probably rather useless generalizations of this con-

struction. Firstly, note that similar to the situation for the complex/2B comparison, (A.19)

can be generalized somewhat by including a number of constant factors. Secondly, note

that we have identified φ,A with φ̌, Ǎ; by allowing these to be independent, one may

construct a slightly more convoluted (JA,ΩA,KA) satisfying (2.4).
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B SU(4)-structures

In this section we discuss the decomposition of forms with respect to SU(4)-structures,

which is essential to acquire the supersymmetric solutions discussed in section 4.

Given an SU(4)-structure, any form can be decomposed into irreps of SU(4). From a

more geometric point of view, this is equivalent to Lefschetz and Hodge decomposition of

k-forms into primitive (p, q)-forms. Concretely, we have that one-, two-, three-, selfdual

four-, and anti-selfdual four-forms can be globally decomposed as

Fm = f (1,0)
m + c.c

Fmn = f
(1,1)
2|mn

+ f2Jmn +
(

f
(2,0)
2|mn

+ c.c.
)

Fmnp = f
(2,1)
3|mnp

+ 3f
(1,0)
3|[m Jnp] + f̃

(1,0)
3|s Ωs∗

mnp + c.c.

F+
mnpq = f

(2,2)
4|mnpq

+ 6f4J[mnJpq] +
(

6f
(2,0)
4|[mn

Jpq] + f̃4Ωmnps + c.c.
)

F−
mnpq = 6f

(1,1)
4|[mn

Jpq] +
(

f
(3,1)
4|mnpq

+ c.c.
)

.

(B.1)

All forms f (p,q) in these expresions are primitive, that is to say, they satisfy

f (p,q)
m1...mp+q

Jm1m2 = 0 . (B.2)

For any form of degree k > 4, we take the Hodge dual and decompose in similar fashion. In

particular, we can apply this procedure to the exterior derivatives of the SU(4)-structure

itself, leading to

dJ = W1yΩ
∗ +W3 +W4 ∧ J + c.c.

dΩ =
8i

3
W1 ∧ J ∧ J +W2 ∧ J +W ∗

5 ∧ Ω ,
(B.3)

with W1,4,5 (1, 0)-forms and W2,3 primitive (2, 1)-forms. The Wj are known as the torsion

classes, and are obstructions to integrability of the SU(4)-structure on M8. In particular,

we have the following table:19

Geometry of M8 Torsion classes

Complex W1 = W2 = 0

Symplectic W1 = W3 = W4 = 0

Kähler W1 = W2 = W3 = W4 = 0

Nearly Calabi-Yau W1 = W3 = W4 = W5 = 0

Conformal Calabi-Yau W1 = W2 = W3 = 0, 2W4 = W5 exact

Calabi-Yau Wj = 0 ∀j

19Manifolds with trivial canonical class (i.e. of SU(4)-structure) and integrable complex or symplectic

structure are sometimes labeled in the literature as “complex Calabi-Yau” or “symplectic Calabi-Yau”

respectively. We shall not use such terminology; in our definition, only manifolds with torsion-free SU(4)-

structure are labeled as Calabi-Yau.
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In order to construct the supersymmetric SU(4)-structures of the 2A and 2B systems, it will

be necessary to know how the torsion classes transform under conformal transformations

g → e2ωg. It follows from (2.1) that J → e2ωJ , Ω → e4ωΩ, thus the torsion classes

transform as

W1 → W1

W2 → e2χW2

W3 → e2χW3

W4 → W4 + 2∂+χ

W5 → W5 + 4∂+χ ,

(B.4)

with ∂+χ ≡ π1,0
I (dχ).

C Useful formulae

The following formulae were used to compute (4.18):

⋆8F1 =
1

6
i
(

f
(1,0)
1 − f

(0,1)
1

)

∧ J ∧ J ∧ J

⋆8F3 =
1

2
if

(1,0)
3 ∧ J ∧ J + f̃

(0,1)
3 yΩ− if

(2,1)
3 ∧ J + c.c.

(h̃
(1,0)
3 yΩ∗) ∧ Ω = −

8

3
ih̃

(1,0)
3 ∧ J ∧ J ∧ J .

(C.1)
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