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1 Introduction

The Jackiw-Teitelboim (JT) model [1, 2] of 2D gravity — see, for example, [3-5] for some
early important work on the model — has attracted wide attention lately [6-54]. This
model captures the behaviour of a class of statistical mechanics models called the SYK
models [55-124] which have similarities with the behaviour of near-extremal black holes.
In fact, it has been shown that the low-temperature and low-frequency behaviour of a wide
class of near-extremal black holes, including rotating ones, is well approximated in a precise
way by the JT model [9, 18, 30, 39, 48].

In this paper we consider the behaviour of 2D theories obtained by coupling the JT
model to IV extra massless scalar fields, ¢;, ¢ = 1,--- N. We work in the semi-classical limit
obtained by taking N — oo and the 2D Newton’s constant G — 0, keeping NG fixed. The
quantum effects of matter are included in this approximation, while the gravity-dilaton
sector behaves classically.

We examine two models here.

In the first model the effect of the IV scalars is replaced by one scalar called x below,
which is non-minimally coupled, with an action

N

I, =——
X 247

/\/—7gd2x [(0x)* + Rx], (1.1)
(and an appropriate boundary term, see eq. (3.3)). Due to the non-minimal coupling
this single field reproduces the conformal anomaly of the v; fields originally present. The
prefactor in eq. (1.1) scaling like N also means that the field x is classical in the large
N limit. The dynamics of the full system is then obtained by coupling this classical field
to the classical gravity-dilaton system. The spacetime we consider has a boundary where
the dilaton takes a fixed value; we also impose vanishing boundary conditions on x at
this boundary.

In the second model we work directly with the N scalar fields ¢;, ¢ = 1,--- N which

are minimally coupled with an action
1 N
2 02
I, = 2/\/ gd-x E_l(a?,bl) , (1.2)

and impose Dirichlet boundary conditions on these scalars.

We find that the two models have interesting differences. In the first model we impose
Dirichlet boundary conditions on the x field and in the second model Dirichlet boundary
conditions on the 1; fields; these are inequivalent.’

In both cases, infalling matter results in the formation of a black hole which evaporates
and eventually settles down to thermal equilibrium. In this equilibrium state, matter is
radiated by the black hole, bounces off the boundary and eventually falls back into the
black hole, with the rate of Hawking evaporation equalling that of the infalling matter

energy-momentum.

Tt is not clear to us in fact if any allowed general boundary conditions imposed on the 1); fields can lead
to the same dynamics as that obtained by imposing Dirichlet boundary condition on the x field.



Quantum corrections result in corrections to the free energy and mass of the black
hole as a function of temperature; these are different for the two systems. The first law of
thermodynamics is obeyed in the presence of these corrections once the entropy is replaced
by the generalised entropy which also includes a contribution coming from entanglement
across the horizon.

For time-dependent situations, we find that once the external sources are turned off,
the system relaxes to thermal equilibrium. In the y system this relaxation is due to a
quasi-normal mode which decays exponentially with an exponent which depends on the
temperature T and GN. In the ¢ system the system relaxes instantaneously.

Finally, we find that in both cases the Second Law of Thermodynamics is obeyed for
the generalised entropy in the presence of additional classical matter which satisfies the
null energy condition. We also analyse the behaviour of future Q-screens, which are an
analogue of the locus swept out by the apparent horizon and find that the generalised
entropy increases along the future Q-screen in both models. See, for instance, [125-137],
and the references therein for some of the relevant literature.

This paper is structured as follows. In section 2 we review the classical behaviour
of the JT model, including the black hole solution and the response to general infalling
matter. The behaviour of the x and v systems is considered in section 3 and 4 respectively.
The results of entropy monotonicity along Q-screen are discussed in section 5. Finally we
end with conclusions in section 6. Appendices A—D contain important additional details.

2 Basic setup

The Jackiw-Teitelboim (JT) model consists of 2D gravity coupled to a scalar, ¢, called the
dilaton, with an action,

1

2
Iy p = ——
T~ 162G

(/d%\/fgqxfz Y T ﬁ¢>. 2.1)
bdy 2 Jbdy

Here As is the 2D cosmological constant given by As = —L%. The last term in the eq. (2.1) is

a counter-term which is required to remove divergences that arise while computing the on-

shell action and related quantities. We shall set the AdSy length Lo = 1 in the calculations

to follow. Let us work in the conformal gauge in which the metric takes the form,

ds? = —e2@ ) qptda (2.2)
The equation of motion by varying the dilaton in the above action is
40,0 _w + e* = 0. (2.3)

It is easy to see that the equation above has a solution in which the spacetime is AdS,,
with the metric in Poincaré coordinates (¢, z) (related to the 2% coordinates as 2% = t £ 2)
given by

1 _
d52 = ;(—dt2 + dZ2) = —mdl’+d$ . (24)



Varying the metric we obtain,

1

%(vuvu(ﬁ - g,ul/v2¢ + gpu¢) =0. (2.5)

This admits, as one of the solutions, a linearly varying dilaton

1
NER
where J is an energy scale. The linear variation of the dilaton breaks the SL(2, R) isome-

tries of AdS> to U(1) [9] and J characterises the scale of this breaking.
The spacetime has a boundary where the dilaton takes a fixed value

o=

¢ =¢p. (2.7)
2.1 Vacuum solutions
The general solution for the dilaton satisfying eq. (2.5) is

a+blzt+z7)+cxta™
Jar—a)

¢ = (2.8)

where a, b, c are arbitrary constants. It is easy to show that when the parameters, a, b, c
meet the following two conditions,

p=0b*—ac>0, (2.9)
65> 2, (210)

the solution describes a black hole. The steps detailing the calculation of mass are shown
in appendix B.2 with the mass given by

“

Doing an appropriate SL(2, R) transformation brings eq. (2.8) to the form eq. (A.2). Fur-
ther coordinate transformations shown in appendix A can be done to bring the metric and
the dilaton to the form eq. (A.7) and eq. (A.8) respectively. It then follows immediately
that the temperature of the black hole is given by

Vi
T=-"1—. 2.12
o (2.12)
As discussed in [8, 9] the mass can be expressed in terms of the Schwarzian action. Let the
proper time along the boundary be? #, the boundary can be described by the function ¢(f)

and the mass is given by,
1

M= _87rGj

Sch(t, ©), (2.13)

21\/[01fe2‘correctly7 in Fefferman-Graham coordinates the metric near the boundary takes the form, ds? =
o(z 52
—(HCE A2 + 45 and ¢ = L.



where

R " f 3/t f 2

Sch(t,t) (A) — < (A)> . (2.14)
() 2\ t(¢)

When the JT model arises from higher dimensional theories, ¢ is related to the area of the

transverse sphere along the additional dimensions and its value at the horizon is propor-

tional to the increase in area when the black hole is made non-extremal. This motivates
the definition of the black hole entropy in the JT model to be

SBH:E

. (2.15)
h
The horizons lies along the loci where (V¢)? = 0. From eq. (2.8) it is easy to see that the
future and past event horizons which correspond to the conditions 9_¢ = 0 and d+¢ =0
respectively lie at

L _ b= ve (2.16)

x; = . ,
and b i
I i

x, = — (2.17)

This leads to entropy, eq. (2.15),

SBH

Vi
= —. 2.18
G T (2.18)
From eq. (2.11) , eq. (2.12) and eq. (2.18) it is easy to see that the first law of thermody-
namics

TdSgy = dM, (2.19)

is obeyed by these black holes.

It is worth noting that our calculation for the mass leading to eq. (2.11) is carried out
using the holographic renormalisation method and as explained in appendix B it is valid
only for small temperatures,

§ < ¢B. (2.20)

In this limit we are dealing with “small” black holes whose horizon radius is deep inside
the boundary and the value of the dilaton at the event horizon ¢p meets the condition,

bn < 9. (2.21)

However the agreement with the first law shows that the above expression for the mass
eq. (2.11) should be valid for bigger black holes, at higher temperatures, as well.

2.2 Infalling matter
Let us next couple the JT model to classical matter. In the presence of matter the metric
equations of motion become,
1
87G

with T}, being the matter stress tensor.

(Vuvuqb - guuv2¢ + guu¢) = T,:Za (2'22)



In the conformal gauge, (2.2), the components of eq. (2.22) become

—e® 0y (e 20, ¢) = 87GTY,, (2.23)
2040_¢ + e* ¢ = 16nGT". (2.24)
We consider the special case of conformally invariant matter, with 77" = 0, which does

not couple to the dilaton but only to the metric. Varying the dilaton in eq. (2.1), we get
once again, eq. (2.3), which leads to the spacetime being AdSsy as before. Let us also take
the matter stress tensor to be purely infalling, i.e., T = 0. In summary,

" =0=TY,. (2.25)
Also we take the T™_ component to satisfy
" > 0. (2.26)
This is true if the matter satisfies the null energy condition (NEC)
Tipkek" > 0, (2.27)

with k% being the future-directed tangent vector for any null geodesic,

dx?®
kK = — 2.28
= (2.28)

where ) is an affine parameter along the geodesic. The ‘++’ equation of (2.23) leads to,

., =)
=d —_ 2.29
b= da)+ o) (229)
Then eq. (2.24) allows d(z™) to be determined in terms of h(z™) leading to
L1, h@)
The remaining ‘——’' component of (2.23) then gives,
1
— Sh" = 8TGT™ (2.31)
Let us note that eq. (2.31) follows from the boundary action
1 R .
I=— dtSch(t,t) + 1™ 2.32
o [ st s (232

where £ is the boundary time and the boundary stress tensor 1;;” is obtained from the

matter action I, when expressed as a functional of t(f) on the boundary, as
m _ orm '

t 5t (t)

(2.33)

This follows from eq. (B.23) as is discussed further in appendix B.2.



Note that for 7 =0, eq. (2.31) has a general solution

ho = }7(& + 2bz™ 4 c(z7)?), (2.34)
for some constants a, b, c. It is easy to see that this, in conjunction with eq. (2.30), agrees
with eq. (2.8) above.

Consider a situation where we start for = < 0 with a solution of the form eq. (2.34)
corresponding to a black hole and then allow matter to fall in. It follows from eq. (2.31)
that the resulting solution is given by

h=hy— 167rG/ / / ™ . (2.35)
r—=0Jz—=0Jz—=0

The initial black hole mass is given in eq. (2.11). The additional matter leads to a
further increase in mass given by?>

AM = g / de hT™ . (2.37)

The total mass is given in terms of h (see appendix B.2) by

J

In the above expression, h is evaluated at z — 0 and prime indicates a derivative with
respect to the Poincaré time ¢, see appendix B for more details. The calculation in ap-
pendix B is justified for black holes which are small, i.e. for which the value of the dilaton
at the horizon meets the condition, eq. (2.21).

As is discussed in appendix B.2 in the more general time dependent case also, M can
be expressed in terms of the Schwarzian derivative as given in eq. (B.24). This is to be
expected, since the Schwarzian term is the simplest one consistent with SL(2, R) symmetry.

From eq. (2.7) and eq. (2.30) we see that the boundary of spacetime can be expressed

as a function of z7,
2h(z™)

2([53 — h/(ﬂj‘f) '

We see from eq. (2.35) and eq. (2.26) that h becomes smaller as ™ increases. Generi-

T =2+ (2.39)

cally h cannot go to zero in finite proper time as measured on the boundary. This follows
from the fact that boundary proper time goes as t ~ da%, and so near a first order zero,
xg, of h,

t~—In(zg—a7). (2.40)

It is therefore enough to only consider the evolution till A hits a zero, since matter cannot
fall in thereafter from the boundary.

3Noting that ¥ = ¢ & z and using eq. (2.25), (B.23), we see that

AM = g/dx*h:ri”_ = g/dt h) T = /df T . (2.36)



2.3 Second law

Here we verify that for infalling matter of the type considered in the previous subsection, the
second law is valid as long as the energy condition eq. (2.26) is satisfied. More specifically,
we show below that the value of the dilaton increases monotonically along the event horizon.
We had mentioned above that the horizon value of the dilaton plays the role of the horizon
area and its monotonic increase is therefore the analogue of the area increase theorem in
this system.

For simplicity we consider situations where the matter falls in for some duration (i.e.
some interval in ™) and then stops. The solution after the matter stops falling is then of
the form, eq. (2.8), eq. (2.34), and has an event horizon (eh) located at eq. (2.16). We can
choose an affine parameter A along the event horizon which meets the condition

dz~ _
T (xf —a7)2 (2.41)

It then follows that the first derivative,

do T
— = — — . 2.42
A el I (2.42)
It is then easy to see that the second derivative satisfies the condition
d2¢ + —\4 + —\4pm
e = (z)f —27)'V_V_¢|, = —87G(z} —a7)'T™ <0, (2.43)
where the second equality is due to the ‘——’ equation of motion (2.23) and the last in-
equality follows from eq. (2.26).
Once the matter stops falling in, at late times,
d
49 =0, (2.44)
dz— |,

since the event horizon is at ™ = x;{ and the value of the dilaton at the event horizon is
independent of z~. From the inequality, eq. (2.43), it then follows that % > 0 along the
event horizon, and thus ¢ monotonically increases.

2.3.1 The apparent horizon

It is interesting to note that in the classical system being analysed in this section the value
of the dilaton at the apparent horizon (ah) also increases monotonically. This will however
turn out not to be necessarily true once we include the quantum effects of matter. At the
apparent horizon,

O—¢lan = 0. (2.45)

From eq. (2.30), this leads to the condition

h' +/h'? —2hh"

i (2.46)

2= —



Requiring the value of the dilaton at the apparent horizon to be non-negative selects the
upper sign for the discriminant, resulting in

W+ Vh?2 —2hh/
h ?

1
Olan = 5 VW2 — 2hI". (2.48)

We can parametrise the trajectory of the apparent horizon by the coordinate xz~ itself.

o |an =2 — (2.47)

We have,
d + —h +
4o 8¢_ L 9¢ ‘%_ - — 85“_ , (2.49)
dz= |4 Ox Oxt 0z~ )|, (xt —2x7)%) 0z~ |,
where we used eq. (2.45) and eq. (2.30). But we also have % = 0 along the apparent
horizon. This gives
0% ¢ 167GT™
O gty = -l | =T 2.50
‘ a+8_¢ ah e2w¢ ah ( )

where we used the equations of motion egs. (2.23), (2.24), along with eq. (2.25) and
eq. (2.45). Therefore using eq. (2.50) and the Poincaré metric eq. (2.4), eq. (2.49) becomes

% =4nCG L =
dz— |, 10}

Now we note that the r.h.s. in this equation is positive, since the energy condition, eq. (2.26)

(2.51)

ah

is met and ¢ and h are positive. It therefore follows that the dilaton increases with
increasing x~, which is along the direction of increasing time. We also mention that while
h decreases with increasing z—, eq. (2.35), it cannot turn negative in a finite duration of
boundary time, see comments above after eq. (2.39). Finally, we also note from eq. (2.50)
that in the presence of infalling matter the apparent horizon is space-like.

3 Semi-classical analysis: the x system

We now turn to studying the effects of the quantum backreaction due to the matter fields.
We will consider a simple system consisting of N massless scalar fields which are minimally
coupled with an the action (1.2). As was discussed in the introduction, we will work in the
semiclassical limit obtained by taking G — 0 and N — oo, keeping their product GN fixed.
In this limit, quantum effects of the matter fields need to be included while those of the
gravity-dilaton fields can be neglected, since they are suppressed by G and not enhanced
by a factor of N. For later convenience, we find it useful to define the parameter

A4GN

(=— (3.1)

Once quantum effects are included it is well known that the free scalar theory has a

conformal anomaly. As a result, for the matter system above we get

N
Tﬁ — ER, (3.2)

where R is the Ricci scalar.



The same value for T}, can be obtained in a classical theory of a single scalar y which
is non-minimally coupled with an action:

N

I, = ——
X 247

< / d?2/=g(0,x"x + XR) + 2 MXK). (3.3)

bdy
Note that the action has a prefactor which goes like V. It is easy to see that the resulting
stress energy tensor gives T}, in agreement with eq. (3.2).

One way to include the quantum effects of the ; fields is therefore to work with the
classical x theory, eq. (3.3), and couple it to the JT model. This system was analysed in [6]
and we will study it first in this section. Following this in the next section, we will return
to studying the system of the 1); fields directly.

To completely specify the dynamics of this system we also need to specify the boundary
condition satisfied by x. We will take x to satisfy Dirichlet boundary conditions (specifi-
cally, xp = 0) at the boundary of spacetime where ¢ = ¢p.

3.1 Thermodynamics

To begin, we briefly review the thermodynamics of the JT model coupled to the matter
theory with action eq. (3.3). This was analysed in detail in [6].

Since the x field does not couple to the dilaton, varying the dilaton again gives eq. (2.3)
and so the geometry still remains AdSs. The black hole solution is conveniently described
by writing the AdSs metric in Schwarzschild coordinates:

dr?
(r?—p)

The parameter p determines the mass etc. of the black hole. The temperature is given by

ds? = —(r? — p)dt? + (3.4)

the expression (2.12) The metric eq. (3.4) is independent of ¢ and therefore a shift of the
ts coordinate is manifestly a symmetry.
To proceed it is convenient to go to conformal coordinates,

et =t,+7,, (3.5)

r*z—/r2d_TM:—2\1/ﬁln<:1£>. (3.6)

In these coordinates the conformal factor, w, which appears in the metric eq. (2.2) is

where

given by
1 2
w=g In(r® — p). (3.7)

The equation of motion for y, from the action eq. (3.3) is,
0+0_(x +w) =0, (3.8)

which gives,
X =—w+ fr(z]) + f-(z;) + co, (3.9)



for some arbitrary functions f, and f_. Here ¢g is a constant. Requiring x to be indepen-
dent of ¢ fixes

J-(a7) = —pas, (3.11)

for some constant p. The components of the stress tensor for the y field are,

N
X
Ty = 5-0+9-x, (3.12)
N
Tiy = Tor (—03x + OxxOrx + 20+ x02w) . (3.13)

Using the solution eq. (3.9), eq. (3.10) and eq. (3.11), the stress tensor components become

N
X
Ty = 1271_84_8_&)7 (3.14)
N N
X 2, 0 2
TY, = Tor (6iw 8iw8iw) + 7127rp ) (3.15)

)

From the equations of motion for the ‘+—’" component of the metric, eq. (2.24) with

T replaced by eq. (3.14), we learn that

_r ¢
¢—7+Z,

where we have used the definition (3.1). Here we have imposed that ¢ is independent of ¢

(3.16)

and regular at the horizon,* which is given by

= \/L (3.17)

J is the energy scale which breaks the scaling symmetry and is same as that appears in
eq. (2.6). The ‘44’ and ‘——" components of the equations of motion (2.23) with 777",
replaced by T'¥, , eq. (3.15), then determines

v (3.18)

p=—"5

Note that with this value of p, the field y is given by

X = —In(r + /i) + co, (3.19)

and is non-singular at the horizon (3.17). Finally demanding that x vanish at the boundary
¢ = ¢p gives,

co =(9pT + Vir). (3.20)
Here ¢p is given by
¢p = dp — % (3:21)

4For ¢ which is independent of ¢, eq. (2.24) reduces to an ordinary second order equation in r which has
only one solution regular at the horizon.

~10 -



We will be working in the limit where eq. (2.20) is met. In this limit

o~ 1n(q33j), (3.22)
so that
x=—In(r+/p) + 1n(¢33j). (3.23)

The ADM mass corresponding to the solution can be calculated as discussed in ap-
pendix B and is given by

1z Nyu
= . 3.24

167G J + 127 ( )
The computation of the ADM mass shows that a counter-term is required to be added to

the action eq. (3.3) to cancel divergences,

Lo =  2Un

/ = (3.25)

We saw in the discussion of the previous section that the value of the dilaton at the
horizon is analogous to the horizon area of higher dimensional gravity systems. Here we
note that the ¢ and yx fields both couple to the curvature R in the action, eq. (2.1) and (3.3).
This motivated a definition of the generalized entropy [6]

1 N
X — - 2
Sgen 4G¢’h 6 X‘hu (3 6)

where ¢|;, and x|, refer to the horizon values of the two fields.
Using eq. (3.16) and eq. (3.23), and noting that event horizon is given by eq. (3.17),
we see that for the black hole solution under consideration,

Sgen:4G<‘§ C(l f+— (¢’92j)>> (3.27)

It is easy to see from eq. (3.27), (3.24) and (2.12) that the system satisfies the first law
of thermodynamics, T'dSgen = dM. Moreover, using eq. (3.24), eq. (3.27) and eq. (2.12),
we see that the temperature dependent part of the quantity SF, where F'= M — T'Sgep is
the free energy and = 1/T, is given by

TV P/ Y
BF =M =8 = — b0 — <5 (3.28)

Comparing this with the result obtained for the genus zero partition function obtained
in [41], we find that the value of SF in eq. (122) in [41] corresponds to N = 9 in eq. (3.28),
noting eq. (3.1).

Let us end with one comment. As mentioned in section 2.1, ¢ can be thought of as
being analogous to the area of the horizon in this model. The extra contribution due to
the y field in Sgen, eq. (3.26), can be thought of as arising due to the entanglement of the
1; matter fields across the horizon. The quantum effects of these fields have been replaced
by the classical y field here and their entanglement is replaced by the value of x at the

horizon. It is also worth noting that both (V)2 and (V(% — %))2 vanish at the horizon.

- 11 -



3.2 Infalling matter

Next we consider adding additional matter of the type considered in section 2.2. The
matter is conformal and taken to be classical. We analyse how the behaviour of the system
changes due to the additional effects of the y field.

The matter does not couple to the dilaton and its stress tensor T}, satisfies the con-
ditions, eq. (2.25) with 7™ being the only non-zero component.

The dilaton equation of motion shows that the metric continues to be AdS,. The stress
tensor for the x field in the conformal gauge eq. (2.2) is given in eq. (3.12), (3.13). The
equation of motion by varying x is given in eq. (3.8) with the solution

X = —w+ [ (@) + f-(a7) + (2T ), (3.29)

where (53 is defined in eq. (3.21), and the last term on r.h.s. is added to simplify the
following discussion. Using eq. (3.29) in egs. (3.12), (3.13) we get

N

X _ _ '
T = 127Ta+8_w’ .
X, — N (3w — Orwiiw) + N (=03 fr + (0xf1)%) (3.31)
++ 1271 + 127 + . .

Here after, in this section, we work in Poincaré coordinates, eq. (2.4). In this case, 8iw —
(0+w)? = 0, leading to

Ty = % (0% fe + (0+f2)%). (3.32)

For simplicity we consider situations where we start with empty AdSs into which the
additional matter begins to fall at x= = 0. Before that, for = < 0, the x field is given by

Y= —w+ 1n(2j¢33), (3.33)

with fy(z7) = f_(z7) = 0 and satisfies the Dirichlet boundary condition. Also, the dilaton
is given by,

1
b=t
2Jz 4
It is easy to see that these solve the equations of motion. The term ‘Poincaré vacuum’

(3.34)

will be used to refer to the initial configuration eq. (3.33) and eq. (3.34) in the discussion
related to x system in the rest of the paper.

Once the additional matter begins to fall in, 7" no longer vanishes. However since
f+(zt) vanishes, TY, = 0 and we learn from eq. (2.25) that

Tiy=T7 +TY, =0, (3.35)

From the equations of motion for the ‘+—’(2.24), ‘++" eq. (2.23) components of the metric

with T}, replaced by )% + T}, and using eq. (3.30), eq. (3.35), we learn that the dilaton

is determined in terms of one function of ™~ coordinate, h(xz™) by,
M=)  h=z7) ¢

0= 2 +:v+—x*+z

(3.36)
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The value for ¢ given by eq. (3.34) corresponds to

1
h=—. 3.37
= (337)

The remaining equation involving T_ _ determines h as
R = -16rGTX_ — 167G T™.. (3.38)

As was discussed above, we impose Dirichlet boundary condition for the field x at the
boundary ¢ = ¢p. From eq. (3.36), it follows that the boundary trajectory is given by

h
ZB "137 _ = 339
=)= 5 (3.39
where ¢ is given in eq. (3.21). As matter falls in, the form of y is given by eq. (3.29) with
f+ = 0. By requiring that x vanish at the boundary, we get

fo=—-In <2¢Bh_h/> ~1n (2657, (3.40)

leading to
x=Inz—In (2(]31;—h’>, (3.41)
where we used w = —1Inz for the Poincaré metric, eq. (2.4). Therefore, from eq. (3.32),

the TX_ component of the stress tensor becomes

_ % (hh'" (2q33 - h’) + B (?hh;’ — B2 44523)) | .
h (h’ - 2¢B)

It is easy to see that eq. (3.38) now becomes a third order non-linear equation for A in

the presence of the source 7™  which is difficult to solve. To proceed we consider only
situations where the infalling matter is varying slowly with x~. More precisely, we take
the frequency associated with this variation w, to satisfy the condition

% < ép. (3.43)

The reader will note that this is analogous to the condition imposed on the temperature T
in the previous section, eq. (2.20). For the kind of situations we consider, in this approx-
imation, only the terms involving the minimum number of derivatives will survive; in the
numerator of eq. (3.42) the surviving term goes like 4¢%h”, while in the denominator it
goes like 4¢~>th. Retaining these and neglecting the others gives,

N h//
T = —— 44
= 12x h’ (3.44)
leading to
"mo_ "’ m
h" = _Cf —167GT™_, (3.45)

where ( is defined in eq. (3.1). This is a much simpler equation to solve.
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In the terms involving additional derivatives in eq. (3.42), each derivative is accompa-
nied by an additional factor of h; we will self-consistently argue in appendix C that the
condition eq. (3.43) is sufficient to suppress them.

We also note that when eq. (3.43) is met,

lenz—ln( h ) (3.46)

20p
The formula for the ADM mass, derived in B.3, is given by
= i(h’z — 2hh" —2CH). (3.47)
647G

From eq. (2.36) one finds that
OM =T, (3.48)

In the absence of infalling matter we see that M is constant. Also for T tTt” > 0, M increases.

3.2.1 Some additional comments

A few comments are in order here.

First, the reader might worry that the value of x we start with at = < 0, before
matter begins to fall in, eq. (3.33), is in fact singular at the past Poincaré horizon. This
follows from noting that

X=-w=Inz+In (2@?)3]), (3.49)

and z — oo at the horizon. It is best to regard this case as the limit of the finite temperature
situation. For the the eternal black hole, in suitable Poincaré coordinates where ¢ is
given by

1—pxta™

(ﬁ:ma

(3.50)

X, €q. (3.19), takes the form

X = ln(aﬁ;x) —In(1+/pzt) —In(1 - /pz~) + 1n<2(¢33j + \/ﬂ)) (3.51)

This gives a finite value for x at the horizon. In the limit © — 0 we then get the value for
X in eq. (3.49).

Second, we can, in fact, start with a black hole of non-zero mass and redo the analysis
of subsection 3.2 above. In this case, for 2~ < 0, x and ¢ are given by eq. (3.51), eq. (3.50)
respectively. In the subsequent evolution

x=Iz—In(1+pz™)+ f-(z7), (3.52)

and ¢ is given by eq. (3.36) since eq. (3.35), (2.25) and eq. (3.30) continue to hold. It also
follows from the Dirichlet boundary condition x satisfies at the boundary that f(z7~) is

f-(@7)=—Inzg(z™) +In(1+ u(z™ +2z5(z7))), (3.53)

— 14 —



and therefore

x=Imz—In(1+puzt) —Inzp(z™)+In(1+ u(z™ + 2zp(z7))). (3.54)

where zp(z7) is given by eq. (3.39). Then the ‘——’ component of Einstein’s equation,
which determines h by eq. (3.38), using eq. (3.53) and eq. (3.32), becomes

i _ <<(4<52B — h'2 4 200")(2uh + (1 + iz~ ) (1 + /e )b — 2@11')))
h(2y/mh + (1+ pz=) (205 — 1))?
- C(hh”’(l + /) (24/h + (14 \/N,Ea:_)(2¢~>3 — 1))
h(2y/ph + (1 + /pz=) (29 — h'))?

) —167GT™ .  (3.55)

We can simplify the above equation by using the approximation eq. (3.43) and also taking

\;’Zl <1, (3.56)

which follows from eq. (2.20) if the initial temperature of the black hole we start with is
small and h < % during the subsequent evolution. This gives, from eq. (3.55),

A N/ 2%
W= - - — 167G T™ . 3.57
C<h 1+ e b (1 Jar)? e (3:57)

It is straightforward to verify that

h(z™) = a1 (1 + /pa™) + az(1 + /pz™)?, (3.58)

is a solution to eq. (3.57), for arbitrary constants a; and as. We will show self-consistently
in appendix C, that starting with a black hole which meets the condition, eq. (2.20) and
with slowly infalling matter, which meets eq. (3.43), eq. (3.56) is also valid and neglecting
the additional terms in eq. (3.55) leading to eq. (3.57) can be justified.

Finally, the mass formula, eq. (3.47) obtained above differs from the classical case,
eq. (2.38). It was mentioned after eq. (2.38) that the expression in the classical system
can be written in terms of the Schwarzian derivative and therefore preserves SL(2, R)
invariance. It seems somewhat surprising at first therefore that an additional term is present
in eq. (3.47), proportional to (h'. In fact this term is not proportional to the Schwarzian
derivative and one might wonder how its presence is consistent with SL(2, R) invariance.

To understand this better we note that the starting forms for ¢ and x, eq. (3.50) and
eq. (3.51) are not invariant under a general SL(2, R) transformation,

+
ret + s

(3.59)

Under such a transformation, while ¢ continues to be given by the same form as eq. (3.36)
with h transforming as

(3.60)
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X assumes the form,
x=z—In(l+ax")+ f_(z7), (3.61)
with
g VHETT (3.62)
P—qVi
More generally starting from x as given in eq. (3.61), we would get y of the same form with

as —r

a — .
p—qa

(3.63)

One can then derive an expression for the mass by repeating the analysis above in the
more general Poincaré coordinates obtained after doing such an SL(2, R) transformation,
the details of which are shown in appendix B.3, to get

_L ” "o I 2ah
M = 6 (h 2hh 2C| h . . (3.64)

We see that there are two additional terms now compared to the classical expression. Using

eq. (B.23) we can rewrite this expression in terms of the Poincaré time ¢ as, eq. (B.37)

. N " 2 /
Sch(t, ) <t _ 2ot > (3.65)

1
M, =——— -\ =
X ItGT ¢ 127\t at+1

where t is the FG time coordinate and primes denote derivatives with respect to .

Under an SL(2, R) transformation it turns out that the two additional terms above
are together also invariant, as discussed in appendix B.3. To summarise some of these
comments, an additional parameter, a, enters in determining the mass for the x system. It
specifies the initial conditions for the y field and enters in the second term on the r.h.s. in
eq. (3.61), In(1 + az™). The presence of this additional parameter allows additional terms
to arise in the mass formula, consistent with SL(2, R) invariance.

We had mentioned above that the equation of motion in the classical case arises
from the Schwarzian action on the boundary coupled to the infalling matter stress ten-
sor, eq. (2.32). We see from eq. (3.57) that due to the effects of the x field there should be
extra terms in the action; these also cannot arise from the Schwarzian derivative term, as
in the case of the mass. We have not fully explored this issue but expect that due to the
dependence on the extra parameter a the resulting action giving rise to eq. (3.57) will also
be SL(2, R) invariant.

3.3 Detailed analysis: quasi normal mode

Let us now return to the case considered in subsection 3.2 where we start with the Poincaré
vacuum and Yy is given in eq. (3.46) leading to the equation of motion, eq. (3.45). While this
is a simpler equation to solve than the general case, since we have made the approximation,
eq. (3.43), it is still quite non-trivial in the presence of general infalling matter.

Consider a situation where matter falls in for some time and then stops. One would
expect that eventually the time dependence dies down and the system settles to a black
hole state. This approach to equilibrium is determined by the quasi-normal modes of the
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system which characterise the final black hole and is independent of the details of the initial
infalling matter. The quasi-normal modes describe the “ring down” of the black hole when
subjected to external perturbations.

It turns out that in this system there is only one quasi-normal mode. Let us start
with a black hole solution given by eq. (3.4), eq. (3.16), eq. (3.23) with mass M given in
eq. (3.24). A coordinate transformation eq. (C.25) now brings the metric in eq. (3.4) to
the Poincaré form, with the dilaton taking the form eq. (3.36) with h(z™) given by

& _
h:hozjl(xo—x ), (3.66)
where
¢ =2\, (3.67)
and 1
T = —. (3.68)

Vi

This coordinate transformation is being chosen with an eye to the discussion which follows.
We note that in these 2, 2~ coordinates the future and past horizons, H*, lie at 21 = g

and x~ = —oo respectively.
Let us denote the dilaton and x perturbations in the quasi-normal mode as d¢, dx
respectively. The quasi-normal mode should be regular at the future horizon, ™ = xg.
In the Poincaré coordinates, the y equation of motion leads to
Sx =0fr () +df_(z7). (3.69)

Requiring that we start with the black hole solution and study its ring down leads to the
condition that at H ™, dx vanish, leading to § f1 = 0.

The ‘+4’ and ‘4+-’ components of the metric equations then lead to the dilaton being
of the form, eq. (3.36), with h satisfying the source free equation,(7"™_ = 0) eq. (3.45),

W = —ghl (3.70)
= (7 .

Expanding
h = hg + 6h, (3.71)
we then get that the perturbation dh satisfies the equation

"
Sh" = —géhi. (3.72)
0

It is easy to see that the solution to this equation for a black hole of mass M eq. (3.24) we
started with is

— 2 _ m)at2
Oh = T(a19) (xg — )", (3.73)
where
a= C—j (3.74)
c1
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and ¢y is an arbitrary constant. From eq. (3.36),(3.46) by considering sufficiently late times
i.e., 7 close to zp, and using the transformation to Schwarzschild coordinates, eq. (C.25)
it then follows that

56 ~ %6_(%+2WT)(753—T*)’ (3.75)
C — Q s s T
5y ~ m (S5 +2rT)(ts—rs) (3.76)

The universal exponent (% + 27T) then characterizes the approach to the black hole
solution. The quasi-normal mode is given by eq. (3.75) and eq. (3.76).

When ¢ — 0 it is easy to see from eq. (3.73) that the solution for dh corresponds to
a black hole solution and therefore no quasi-normal mode exists. The mass corresponding
to the perturbation eq. (3.73) can be computed by the linearized form of eq. (3.47) around
eq. (3.66) and vanishes as expected.

Let us now consider a situation where starting with the Poincaré vacuum matter begins
to fall in at = = 0 and stops after some time. We take T™ > 0 during the infall. At
= =0, =h" =0, since for x~ < 0, h is given by eq. (3.37) It follows from eq. (3.45)
then that h” must be negative for z— > 0, even after the matter stops falling in, and
thus A’ must also be negative for z— > 0 as discussed in appendix C. As a result h will
monotonically decrease and eventually vanish, say at x= = xy . Let us consider a case
where h > 0 when the matter stops falling in. In the subsequent evolution the mass is
conserved and h satisfies the source free equation, eq. (3.45), with 7 = 0. Thus from
eq. (3.66) and (3.73) we know that in the vicinity of xg

C1

h= 7(370 —z7)— 2 )(xo —z7)ot2 (3.77)

J(a+2
and the system will “ring down” to the black hole corresponding to the final mass which
determines ¢; in terms of mass M by eq. (3.67), eq. (3.24).

More details illustrating this behaviour are given in appendix C.

We also note, as was discussed before in section 2.2, that where h — 0 in a generic
way with a first order zero, boundary time f — co. Situations where this happens while
matter is falling in, are less universal and need to be analysed on a case-to-case basis.

Let us end this subsection with some final comments. In the analysis above we took
X to be of the form, eq. (3.41) which is appropriate if we are starting with the Poincaré
vacuum. Instead, if we started with a black hole of non-zero mass, the form x takes is
eq. (3.52). One can then repeat the quasi-normal mode analysis. In this case h satisfies

eq. (3.57), with the solution,

h = ;(1 — p(z7)?). (3.78)

which is obtained for the choice a; = 2 and ag = —1 in eq. (3.58). Denoting this solution
as hy and considering a small fluctuation about it dh, eq. (3.71), we get that dh satisfies
the equation

2 2 / "
5h”’:—<( poOh__2yi oW oh ) (3.79)

(1+pz)2hy 1+ @z~ hy  ho
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General solution of the above equation for éh can be written as a sum of three independent
solutions as:

Oh = k16hq + kodho + k3dohs, (380)
where
oh1 =1+ \//IZL‘_, (381)
She = (1+ /™), (3.82)
IR VAT ST
6hg = (1 — /pa™) Ve~ (14 Jpa™) 2VF (3.83)

and k1, ko, k3 are arbitrary constants. Of these the first term can be shown to change the
black hole mass, see eq. (3.58) and therefore cannot arise at late times. The second term,
although does not alter the mass, can be set to zero by an SL(2, R) transformation. This

leaves only the third solution eq. (3.83) which at late times, = — ﬁ, becomes
ST
Shg ~ (1 — \Juz~)" T2, (3.84)

This is the quasi-normal mode with an exponent which agrees with what was obtained
earlier, eq. (3.73), (3.74). In fact it is easy to see that for this solution, at late time,
only the last term on the r.h.s. of eq. (3.79) contributes so that the perturbation satisfies
eq. (3.72) obtained earlier.

This shows that the exponent (% + 27T") which characterises the quasi-normal mode
appears quite universally, regardless of the initial conditions for x, as would be expected
on physical grounds.

3.4 Second law

In this subsection we show that the entropy Sgen monotonically increases along the event
horizon. The entropy is defined at the event horizon in eq. (3.26), and includes a contri-
bution due to the x field. We saw in section 3.1 that with this definition the First law
is satisfied. Here we consider non-equilibrium situations with infalling matter of the kind
that was considered in section 2.2. We will find that the second law is true as long as the
energy condition, eq. (2.26) is satisfied.

We will restrict ourselves to situations where the matter stops falling in after some time.
We saw that the solution is determined by the function h which at late times = — x,
takes the form, eq. (3.77). The event horizon, where (V)2 = 0, at late times, is given by

T = . (3.85)

From eq. (3.36) and using the form for x eq. (3.41) we see that the entropy is,
o — (@ _Nx
sen 4G 6 ) len

! h Woo¢ (¢ h
St AP R CER G )

(3.86)

eh'
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Note we have not assumed that the infalling matter is slowly varying with eq. (3.43) being
met and our analysis below will apply to the general case.

To examine the second law, we proceed similar to the classical case discussed in sec-
tion 2.3. The affine parameter along the event horizon is given by a relation analogous to
eq. (2.41) given by

da™ —\2 -2
= — =4 “lio .
0 (xo—a7) e (3.87)

From eq. (3.86), we get

KDY = (IO - ) V—Sé(en
C—a Pl bW W (1 W W
N 4G (xo—a7)2 wo—a= 2 2\wo—ax~ h  2p5-N/))
(3.88)
At late time, £~ — xg, h is given by eq. (3.66) and we see that
dSgen
o 0, (3.89)

Let us pause to make one comment here. We took x as given in eq. (3.41) in obtaining
eq. (3.86). More generally, starting with a black hole, instead of the Poincaré vacuum, x
is given by eq. (3.52), with f_(27) in turn being expressed in terms of h by eq. (3.53). In
this case one can show that at late time = — xg, h is given by a quadratic function,

h=ki(1+/pz")(xo —x7), (3.90)

for some constant k. Repeating the analysis above then shows that eq. (3.89) is valid in
this more general situation as well.
Next we compute the second derivative of the entropy,

*Sgen _ 16 20_ (e 2¥0_85X,.) (3.91)
Dz = e _(e ~Sen)| - )
€
From the ‘——" component of the Einstein equation, eq. (2.22) and noting that when the

X field is present, the stress tensor component 7 _, including T*_ eq. (3.13), is given by,

T__ = Tor (—33[)( + 0 xO0+Lx + QGiXBiw) +T1 (3.92)
we get,
eﬁwa<e—%%9(¢-§X{>::—g(aXV-—Swazfz. (3.93)

Using eq. (3.93) in eq. (3.91) we see that

<0, (3.94)

eh

d*Sgen _ de™ (¢
G 2

(0_x)? — 871G TT_>
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where we have used the energy condition eq. (2.26). Since eq. (3.89) is met as 2~ — =,

we conclude that

dA
showing that the generalised entropy monotonically increases along the future event

> 0, (3.95)

horizon.

Let us note here that = — x( corresponds to the “far future” since boundary proper
time # — oo in this limit, eq. (2.40).

Before concluding this section let us note that unlike the classical case considered
in section 2.3.1, in general the analogous statement for the apparent horizon, defined by
eq. (2.45), is not valid here, i.e. Sgen now evaluated at the apparent horizon need not
increase. We show this by considering an explicit example in appendix D. In contrast,
when we consider the future Q-screen, which we will discuss in section 5, the generalised
entropy does increase.

4 Dynamical system with 1 fields

Having analysed the y system in the previous section we now go back to the starting
Lagrangian, eq. (1.2), and consider the system of N scalars directly in the semi-classical
limit, N — oo, G — 0, keeping GN fixed. We take the ; fields to satisfy Dirichtlet
boundary condition

Yilp =0, (4.1)
at the boundary, eq. (2.7), as was mentioned above. Let us consider a boundary described
in conformal coordinates by the trajectory,

zh=at(a7). (4.2)

And consider the 2T modes to be in the vacuum with respect to a coordinate x;f. Then
expanding the ; fields as

o0
a-i-(w) —iwad —
= dw|——e v + f(w,x”) +c.c.|, 4.3
o= [Ta|ml Flw.a7) (43)
and imposing boundary conditions, eq. (4.1) gives

Flw,a™) = —%eiwwi @5), (4.4)

This shows that the £~ modes of 1; fields will be in the vacuum with respect to a coordinate
z, =z} (vh). (4.5)

We also note that the conformal anomaly is given by

N
T_|__ = —m&_@_w. (46)
Substituting in the ‘+—’ component of the metric equation of motion, eq. (2.24) we get that
20,0_¢ +e*¢ =0, (4.7)
where
~ GN
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Figure 1. Entanglement of matter fields across the horizon.

4.1 Entanglement entropy

The entanglement entropy due to the scalar fields 1; can be obtained using the results
in [138, 139]. Consider a single minimally coupled scalar ¢ and a space-like slice denoted
as S in figure 1 which intersects the boundary at the point (). We are interested in the
entanglement entropy of the region extending from a point P to Q along S. We will denote
this region as R below. The entanglement entropy depends on the state of ;. In the
presence of the boundary the state of the left-moving modes (= dependent) is determined
by the state of the right-moving modes (z* dependent) and the location of the boundary,
see eq. (4.5). Therefore it is enough to specify the state of the right-moving modes. We
take this state to be in the vacuum with respect to the x;} coordinate. We will denote
the coordinate of P, as :c]i;, xg below. Now consider an initial null slice C, the state of
the left-movers can be specified on it. The right-moving modes present in region R of &
correspond to right-movers on C that lie in the interval [ZEJIS,CL'CS] . The left-movers in R
correspond to right-movers that lie in the interval [ng,xg(x;)] which after reflecting off
the boundary have turned into left-movers. The entropy in R is therefore the entanglement
in the right-moving modes lying in the region [z}, xg] U [xé, zh(25)] on C.
It follows then from [138] that this entanglement entropy is given by
1 (Ax)?

— =
2" s

SEE + 2pp| . (4.9)

Let us explain the different terms on the r.h.s. above. Az} is the length of the interval

[z h, xg] U [5525, z5(2p)] on C measured in the vacuum coordinate z;7. That is,

Az =z (2}) — ot (xf(2p)). (4.10)
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52 in eq. (4.9)) is an invariant cut-off which needs to be introduced to obtain a finite result.
+

Finally, the metric in the coordinates x;,

is given by
ds? = —e*dzfdxy, (4.11)

and pp is the conformal factor at the point P in the z coordinates

The result eq. (4.9) does not depend on the choice of the initial surface C. Also, the
vacuum state of the system is only specified up to an SL(2, R) transformation, since the
notion of positive frequency modes does not change under such a transformation. It is easy
to check that under such a transformation

+
ax;m +b
+ _, Oy

4y T2 4.12
o cxd +d ( )
with ad — bc = 1, z; given by eq. (4.5) also transforms under the same SL(2,R)
transformation )
_ ary, +
, 4.13
o cxry, +d ( )

and the entanglement entropy eq. (4.9) is invariant.
We will use eq. (4.9) in the discussion below often with the point P lying on the

horizon of black hole. Also, we will take all N scalar fields to be in the same state. The

full entanglement entropy will then be multiplied by a factor of NV and is given by

N (Az;)?

In

SEE = 12 52

+ 2o, (4.14)

where p; denotes the conformal factor at the horizon.

4.2 Thermodynamics

We are now ready to study black holes in this system, our analysis parallels that of sec-
tion 3.1 in the y case. The black hole solution is given by the metric in eq. (3.4) and the
dilaton given in eq. (3.16). We will show that this solution continues to solve the equations
of motion in the 1 system as well, for a suitable choice of vacuum for the matter fields.
We will use both the conformal coordinates, x given in eq. (3.5) and Kruskal coordinates,
Xli( given in eq. (A.10) in the discussion below. We will also sometimes refer to the x 1, 2~
directions as “right-moving and left-moving “ coordinates respectively

We take the v; fields to be in the vacuum with respect to X[i( coordinates. It then
follows that the ‘44’ and ‘——’ components of the stress tensor in the 2 coordinates are
given by (see appendix A),

N
oo + .+
T/, = 247TSCh(.XK,CCS ), (4.15)
N
1/1 _ _ _
T = —24WSCh(XK,a:S ) (4.16)

and agree with the values they take in the yx system, eq. (3.15). This shows that the
solution eq. (3.4) and eq. (3.16) satisfies the equations of motion.
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The temperature for the solution eq. (3.4) is given by eq. (2.12). The mass for the
black hole in the v system can be calculated as discussed in appendix B.4. In the limit
eq. (2.20) the mass is given by

1 ¢
M = 1—= . 4.17
167G J ( 2¢B > 8 (.17
Henceforth, we will work in the region of parameter space where
¢
1-—=—>0. (4.18)
295

We see from eq. (2.11), eq. (2.13) and (4.17) that the effect of the scalar fields can be
incorporated by changing the coefficient of the Schwarzian action. One way to do this is

to take

G — Lﬁ (4.19)

265

in eq. (2.11). In contrast in the x system, the quantum effects result in a contribution
to M which goes like /1, eq. (3.24), and thus here the effects cannot be absorbed into a
renormalisation of the coefficient of the Schwarzian action. Also, comparing the expressions
for the mass in both the systems, eq. (4.17) and eq. (3.24), we see that the shift from the
equilibrium mass is opposite in sign.? It is unclear to us if a more general allowed boundary
condition on the v; fields can reproduce the value for the mass as that obtained in the
X system.
Let us now calculate the generalised entropy at the horizon. This is given by

Sg]en = SBH + SEE, (4.20)

where Spy, defined in eq. (2.15), is the classical contribution and Sgg is the entanglement
in the matter fields outside the horizon.
From eq. (3.16) and noting that the location of the horizon is given by eq. (3.17), we
see that
b = ‘{f + %, (4.21)
so that

S = % (\f + i) (4.22)

In evaluating the entanglement entropy we need to take into account a subtlety. We
took both the left-moving and right-moving modes to be in the Kruskal vacuum above. Let
us, to begin, take the right-moving modes to be in the Kruskal vacuum, then since dilaton
eq. (3.16) results in the boundary ¢ = ¢p satisfying the equation,

XX, =-D, (4.23)

5We acknowledge the referee for highlighting this.
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where

1):(%&7_Vﬁ>, (4.24)
¢ T + /1

it follows from eq. (4.5) and eq. (4.23) that the left-moving modes would be in the vacuum
with respect to the coordinate

D
ch

(4.25)
This is of course related to X by an SL(2, R) transformation and therefore TV will agree
with eq. (4.16) above. However in computing the entanglement entropy one needs the value
of the conformal factor pj, eq. (4.14) in the coordinate system in which the matter fields
are in the vacuum . For the choice we are making here p;, must therefore be computed in
the (X, X,) coordinate system and not in the (X, Xj) coordinate system which would
give a wrong result.

Once we keep this subtlety in mind the rest of the calculation is straightforward. It
is convenient to calculate the entropy at the future (or past) horizon rather than at the
bifurcate horizon. At the future horizon X;; = 0, (see eq. (A.10)), one gets that pp,
eq. (4.11), using eq. (A.11) and noting eq. (4.25), is given by

1+ X:X) 1 D 1 D
Ph = —lnH_—KK)—flni_ =——1In —. (4.26)
2 20 (Xl 2 A(Xg)?
From figure 1 we see that the interval Az, eq. (4.10), is given by
+ + - D
Axv = (XK - Xv )|h = w_- (427)
K
Thus the entanglement entropy for the N fields, using eq. (4.14), becomes
N, (4(¢pT - N
Sgg = ——= In M — —In(¢). (4.28)
12 o5 T + /i 6m

The second term on the r.h.s. above is a constant independent of the temperature,® it can
be absorbed into a redefinition of the dilaton in Spy, when we evaluate the total entropy
given in eq. (4.20). This is an example of the more general observation that UV divergences
in the entanglement entropy can be absorbed in the renormalisation of G [140-142], since
the dilaton which is the coefficient of the Ricci scalar term in the action, eq. (2.1), plays
the role of Newton’s constant in this model.

In the approximation, eq. (2.20), the temperature dependent part of eq. (4.28) becomes,

N
S~ — Y VI (4.29)
6 ¢pJ
As a result, from (4.20),eq. (4.22) and eq. (4.29) the generalised entropy is given by
1 ¢
Sy = — <1 - ) . 4.30

SReinstating AdSs length Ls, the §-dependent logarithmic term becomes ln(%).
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where we have dropped the terms that are independent of temperature. It is easy to see
from eq. (4.30), (4.17) and eq. (2.12) that the first law of thermodynamics is met by the
generalised entropy at the event horizon, i.e.,

TdSY,, = dM. (4.31)

gen

Let us end this discussion of the thermodynamics with some comments. First we see
that in the ¢ system Sg’en is always positive,

SY . >0. (4.32)

gen

In contrast for the y system it follows from eq. (3.27) and eq. (2.12) that the temperature
dependent terms in the entropy are

. aT N (T
Sgen = 5G 7 + 5 1n<jq33>’ (4.33)

and therefore at a sufficiently low T, Sgen becomes negative probably indicating that the

system no longer behaves in a sensible manner.

Second, in the discussion above in the 1 system we started with the right-movers being
in the Kruskal vacuum; instead if we had taken them to be in an SL(2, R) transformed vac-
uum and changed the left-movers’ ground state also consistently under the same SL(2, R)
transformation from the vacuum state we started with above, eq. (4.25), then the entan-
glement and hence generalised entropy would have remained unchanged from our result
above, eq. (4.29). This follows from the comments towards the end of section 4.1. Finally,
one can show that the metric eq. (3.4) and dilaton eq. (3.16) satisfy the equations of motion
even when the approximation eq. (3.43) is not true, as long as the left and right-movers are
in the Kruskal vacuum (or vacua related to them by an SL(2, R) transformation).” This
means that in general Sg’en is given by eq. (4.28). If we now assume the first law, we can
calculate the mass of the system in this more general situation to be

Iz Nop J
M =
167G J + 2472

In (gBZB T u)- (4.34)

4.3 Infalling matter

We now couple the system to an additional classical massless field and consider a situation
where this massless field is purely infalling (left-moving) so that its stress tensor, which
we denote as T/, has only one non-zero component, 7" . Instead of adding this extra
field we could have considered a situation where there was an infalling coherent state made
up of the v; matter fields themselves. This situation can also be analysed along the lines

below, but has some additional complications which we would rather avoid here.

"This follows from the fact that eq. (3.16) can be written in the form eq. (3.36) in Poincaré coordinates,
with h = (1 — u(z7)?), so that k" = 0; it then follows from eq. (4.37) that in Poincaré coordinates
TY_=0.
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We choose the initial state for the 1); fields to be the vacuum in the Poincaré x
coordinate for the right-moving modes. The state for the left-moving modes is then given
by eq. (4.5) to be the vacuum with respect to the coordinate

2h

prmwy (4.35)

T, = —+

Noting that in the Poincaré vacuum, (x|T-_|z), which is the first term on the r.h.s. of
eq. (A.20), vanishes, we see that the stress tensor component TV  in the vacuum state
eq. (4.35) is given by

N _
TV = 5= Seh(y,a7). (4.36)
Using eq. (4.35) we get

N —Gh2h"? + 2hAM (th// — K2 +4¢~SQB) T+ 4p" (h/ + Q;B) <2hh// _ B2 + 4¢~)QB)

TV =——_ )
24x (—2nn + w2 - 433,
(4.37)
Again, we consider the slowly varying limit eq. (3.43). It this limit we get
N h///
Vo (4.38)
247 ¢
It then follows that the equation for h which is
W' = -167GTY_ — 167G T™ , (4.39)
becomes
<1 — § ) " = —167nGT™_, (4.40)
20p

where ( is given by eq. (3.1).

We see in comparison with the classical case, eq. (2.31), that as in the discussion of the
mass in eq. (4.17) above, the quantum effects of matter can be incorporated by changing
the coefficient of the Schwarzian action, or equivalently by rescaling G as given in eq. (4.19).

It then follows that h is given in terms of 7™ by eq. (2.35) and the mass by eq. (2.38)
after rescaling G in subsection 2.2 by eq. (4.19). Starting with the Poincaré vacuum,

consider the situation where matter starts falling in at = = 0 and stops at 2= = xy.
Denoting
87G rf
= ”‘g/ " (z7)dz, (4.41)
— =5 0
( 2¢B>

we find that h, for = > xy, is given by

_ 1 2 [T T _ _ 1 _
h(x ):7—7 ; (/0 wdx )dx :?(l—u(:c )2) (4.42)
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The expression for the dilaton with this h(z™) is given by eq. (A.2). The mass can then
be calculated using eq. (B.46) and is given by eq. (B.45).

Using the coordinate transformations mentioned in appendix A, we find that the met-
ric, eq. (A.1) and the dilaton, eq. (A.2), transform to the form given by eq. (A.7) and
eq. (A.8) respectively. It then follows that the temperature of the black hole corresponding
to eq. (4.42) is given by the expression eq. (2.12), where pu is given by eq. (4.41). Also, the
entropy will be given by the eq. (4.30). It then follows immediately that the system obeys
the first law of thermodynamics, T ngen = dM, which shows that the system equilibriates

instantly after the matter ceases to fall in. It is easy to see from eq. (4.42), that h vanishes
1
ﬁa

at late times, = — as a linear zero, i.e.,

ha™) ~ ;(1 — V). (4.43)

Let us end this subsection with some comments. In the x system we found a quasi-
normal mode by studying small fluctuations around the black hole background. Here
interestingly, it is easy to see from eq. (4.40) that once the matter stops falling in, the
system instantaneously equilibriates to a black hole of the final mass. Thus, there is no
non-trivial ringing down and therefore no quasi-normal mode is present.

If we had started with a black hole one would expect the 2™ modes to be in the Kruskal
vacuum instead of the Poincaré vacuum, which we considered as the initial state above.
However, it is a curious fact that the Kruskal and Poincaré coordinates are related by an
SL(2, R) transformation in this system, and therefore the two vacua are the same.

Finally, we had mentioned in the introduction that the differences in the y and
systems arise due to different boundary conditions. The T _ component of the stress
tensor agree in the two cases by construction. We also see from eq. (3.31), and eq. (3.61)
that for the x system, 7'y, vanishes, which is also true for the 1 system if we start with
the Poincaré or Kruskal vacua. Thus the differences in the two cases arise due to difference
in T__ which in turn differs due to the different boundary conditions.

4.4 Second law

In this subsection we examine the second law for this system. To examine the second law,
we proceed in a manner similar to section 3.4 and consider the first and second derivatives
of the generalised entropy, Sg’en, with respect to the affine parameter \, eq. (2.41), along the
event horizon. We again take the initial state for the v; fields to be in the vacuum in the
Poincaré T coordinate for the right-moving modes. The vacuum for the left-moving modes
is given by eq. (4.35). With this choice of vacuum state, and labelling the intersection point
of the horizon and the spatial slice S as (zg, 2~ ), we find that pp in eq. (4.14) becomes

1
ph = <w— 2lnx;’>

where prime denotes a derivative with = and the horizon is located at z+ = zg. Also,

, (4.44)
h

from fig 1, the interval (4.10) is given by

Azt =29 —x, (z7). (4.45)
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Therefore, the entanglement entropy, (4.14), becomes

N t gz 1
Sep = = (~In( —5— ) = 5 Ina; +m(a* —ay) (4.46)
6 2 2 ,
Consider the first derivative of Sgen along the event horizon, + = x(, given by
dSgen 29S¢ _\2( 9SBu |, OSEE
di = (20— )283%:(900—56 >2<8x—+ 81:—)' (4.47)

Using the forms of Spy, eq. (2.15), (3.36), and Sgg, eq. (4.46), we get
AS%m (xo—:c)2< h N % +h” g< "y - ))

— PR + = —
(xo—x7)? xo—2— 2 2\ 2xy! xpg—xy XTo—T
(4.48)
Using z,, given in eq. (4.35) and the late time form of h, eq. (4.43), we see that at late times,

dA 4G

dSgen
0. 4.49
w7 (4.49)
Consider the second derivative of the entropy along the horizon given by
d”Sgen - -
58— (wg — 2 7). ((xo —g )Qa_sg;n). (4.50)

Using egs. (3.36) and (4.46), we get
& Sgen_ (w0 —27)" (h L% <x‘ L ))

d)\2 8G To— T~ \ 2z,  xo— Ty

_ _ 2 _ _ _
N (xO —x )4C 1 x, " B T, " B (liv /)2 B x, " B 1
8G 2\ z,! 22y (330 - x;) 2 wo—wmy  (x0-— x*)2 '

(4.51)

We can simplify the above expression by using the equation of motion for h, eq. (4.39),
which using 7%_ in the form eq. (4.36), can be written as

—n -1\ 2
= ST 3 (T — 167GT™... (4.52)
2 Ty 2 Ty !

Therefore, using eq. (4.52), the expression eq. (4.51) simplifies to

d®Sgen (w0 —27)! (64G?
axz 8G ¢
which is manifestly negative if the energy condition eq. (2.26) is satisfied. From eq. (4.49)
it then follows that Sgen satisfies the condition

(0_Skg)* + 167G Tm>, (4.53)

dSgen
dX

along the event horizon and asymptotically vanishes as A — oco. This shows that the

>0, (4.54)

generalised entropy satisfies the second law along the future event horizon of the black hole.
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5 Generalised entropy and Q-screens

We saw in subsection 2.3.1 that in the classical theory the area of the apparent horizon
also increases monotonically. More precisely, consider the co-dimension one surface which
is foliated by marginally trapped surfaces (called the future Holographic screen in [131]).
Then it was shown in subsection 2.3.1 that this surface is space-like and the area of the
marginally trapped surface (i.e. the apparent horizon) increases monotonically as one goes
outward, towards the boundary, along it.® We also commented towards the end of sub-
section 3.4 that the area of the apparent horizon in the x system did not grow in such a
monotonic manner.

Here we consider the behaviour of the generalised entropy, instead of the area of the
apparent horizon. A “ future Q-screen” can be defined which is the analogue of the future
holographic screen with the generalised entropy playing the role of the classical area. The
idea is as follows, [132]. In the 2D spacetime we are considering here, we first define the
quantum expansion to be the rate of change of the generalised entropy along a null ray.
The marginally quantum trapped surface is then defined as a point on a Cauchy surface at
which, a) the quantum expansion along the outward directed future null ray vanishes, and
b) the quantum expansion along the inward directed future null ray is negative.? With our
choice of coordinates, this means

O_Sgen = 0, (5.1)

04 Sgen < 0. (5.2)

Finally, the future Q-screen is defined as a surface foliated by marginally quantum
trapped surfaces.

We show below that the generalised entropy is a monotonic function along a future Q
screen. This result follows in a very straightforward manner in 2D from another relation,
called the Quantum Focussing Condition (QFC) which has also been discussed in the
literature, [132].

In 2D the QFC takes the form,

d?Sgen
d\2

<0, (5.3)

where A is an affine parameter along a null geodesic. A related condition is called the
Quantum Null Energy Condition (QNEC) which is given by

i d*Sgg b
TNk 4
ot d)\2 —< ab> ’ (5 )

with (Typ) being the stress tensor which appears on the r.h.s. of Einstein’s equations, and
k® is the tangent vector along a null geodesic, eq. (2.28).

8 As mentioned in subsection 2.1 the horizon value of the dilaton plays the role of the area in the JT
model.
In the 2D case being considered here the marginally quantum trapped surface is a point in spacetime.
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We will show below that eq. (5.3) is true in both the x and 1 systems, when the
additional classical matter we add satisfies the NEC eq. (2.27).

We also show that the QNEC eq. (5.4) holds in both systems when the classical matter
satisfies this condition. This will also allow us to establish that the generalised entropy is
monotonic along a future Q-screen in both systems.

5.1 The x system

We start with the x system and first show that QFC is true. We take the definition of the
generalised entropy in this case to be eq. (3.26)

Next, we take an outward directed null geodesic along increasing values of x~. It then
follows from eq. (3.26), and the discussion in subsection 3.4, see eq. (3.93) and eq. (3.94),
that the QFC eq. (5.3) follows for matter satisfying the NEC, eq. (2.27). The analysis for a
null geodesic along the =™ direction is entirely analogous, as long as the condition 77" > 0
is also met.

The role of the entanglement entropy in the y system is played by

N
SEE — —gx. (5.5)

Therefore QNEC eq. (5.4) takes the form (with 7 set equal to 1):

—N d*x b
O X o kR :
Tor g = Tak"k (5.6)

From eq. (3.26) it follows that QFC eq. (5.3) implies

N d2X> 1 d%¢

127 d)2 ~ §rC dA2 5.7)
From the equations of motion for ¢ it also follows that

d2¢ a1.b

W = —SFGTabk k. (58)

Note here T,y is the full stress tensor including the contribution from the x field. Combining
eq. (5.7) and eq. (5.8) gives the QNEC condition eq. (5.6). We have set h = 1 above, but
it is easily restored as follows. The prefactor N in the x action, eq. (3.3) arises from the
conformal anomaly for the matter fields and should therefore actually be Nh, this gives
exact agreement with the QNEC.!°

We now turn to showing that Sgen increases monotonically along a future Q-screen.
From the QFC it follows that V_V_5%, < 0. Using eq. (3.94) and equation of motion in

the form eq. (3.93), it can be seen that along a future Q-screen, where eq. (5.1) is met,

1 (¢
2 X = —_—— — 2 m
0 Sk =1 (2(8—x) + 871G T> <0. (5.9)

10We also note that our normalisation for the stress tensor is correct; as a check this is the normalisation
which arises after dimensional reduction from 4 dimensions.
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It then follows that no two points on a future Q-screen can have the same value of ™.
For if they did, the two points could be connected by a null ray along the x~ direction,
and since eq. (5.9) is true, 9_Sgen could not vanish at both points. We can therefore use
the coordinate z to parametrise points on the future Q-screen. The monotonicity of Sgen
along the Q-screen then follows simply by noting that eq. (5.2) is satisfied on it.

In fact we can say more about future Q-screens in the y system.

For the system in initial Poincaré vacuum state and infalling null matter of the kind
considered in subsection 3.2 the general solution is given in eq. (3.36), eq. (3.46). It then

follows that
opsx, — (¢ <0 (5.10)
Feen T G\ (@t —2)? T 2@t —a) ’ ’

(since h > 0, as discussed in appendix C ).

This shows that Sgen increases monotonically as one goes along the Q-screen towards
the boundary.

In fact it can be easily seen that the future Q-screen in this case is a space-like surface.
This follows by noting that the ‘+-" equation of motion eq. (2.24), where T7"_ is replaced
by eq. (3.12), imply that

1 2w
(9+3,Sgen = —@ € gb < 0. (511)
Since eq. (5.9) is also true it then follows from eq. (5.1) that, along the Q-screen,
dCC_ 8+875’é<en
= — A2
T s, (5:12)

thereby showing that the future Q-screen is space-like.

5.2 The 9 system

The generalised entropy which we denote by Sgen in this case is defined in eq. (4.20). It
follows from discussion in subsection 4.4, see eq. (4.53), that this generalised entropy also
satisfies the condition
d%Sgen
d\2
for null geodesics along the ™~ direction and classical matter satisfying the energy condition

<0, (5.13)

eq. (2.26). Similarly for null geodesics along the z* direction, one can also show that
eq. (5.13) is true as long as the condition 77" > 0 is met.

It also follows in a straightforward way from eq. (5.13) and the equations of motion
for the dilaton that the QNEC is valid in this case. The reasoning is entirely analogous to
steps eq. (5.6), (5.7), (5.8) in the x system above.

We now turn to the behaviour of generalized entropy along a future Q-screen in this
system. Since eq. (5.1) is met on a future Q-screen, it follows from eq. (5.13) that 6% Sgen <
0. It then follows, in a manner analogous to the discussion in the x system that the Q-
screen can be parametrised by the 2T coordinate and that Sg’en is monotonically varying
along the Q-screen.

It is worth mentioning that, in contrast with the x system, the condition 8+Sgen <0
is not obviously met along a quantum marginal surface where 0_ Sg’en =
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We end with one final comment. One can also examine the existence of quantum
extremal surfaces [143], where both conditions,

0_Sgon = 0 Sgen = 0, (5.14)

are met. In the Kruskal extension of the Schwarzschild geometry (with two boundaries)
one finds that there are additional spacetime points where eq. (5.14) is satisfied. However
the value of Sgen at these points is bigger than that at the bifurcate horizon. Thus the
minimum value for Sgen is obtained at the bifurcate horizon and equals the generalised
entropy for the black hole, eq. (3.27), eq. (4.30), as one would expect on physical grounds.

6 Conclusions

In this paper we have considered the JT model coupled to matter in the semiclassical
approximation. Two different models were analysed, in one case involving a matter field,
X, With a non-minimal coupling, and in the other case NN scalar fields, ¥;, i = 1,--- N,
which are massless and minimally coupled. While in both cases the matter has the same
conformal anomaly, the boundary conditions which are imposed result in differences in
the full matter stress tensor and the resulting behaviour of the two systems is also then
different, see end of subsection 4.3.

In the vy case the effects of matter, in the semiclassical limit, is to renormalise the
coefficient of the Schwarzian action as discussed in section 4.'' As a result the thermo-
dynamics and response to additional infalling matter qualitatively stay the same as in the
classical case. In contrast, for the x system, analysed originally in [6], the effect of matter
cannot be understood in this simple manner, and the thermodynamics and also dynamics
change more appreciably.

Starting with the initial state, which corresponds to the Poincaré vacuum, when addi-
tional matter is thrown in, we find that in both cases a black hole forms, and the system
thermalises. In the x case, a quasi-normal mode characterises the ring-down to the fi-
nal black hole geometry, once the matter stops falling in, while in the v case the system
instantly thermalises.

An interesting feature is that in both cases the second law of thermodynamics is obeyed
in the following non-trivial way. One can define a generalised entropy which includes the
area of the horizon, given in the JT theory by the horizon value of the dilaton, and a
contribution due to the entanglement of matter. In the y system this latter term is given
by the horizon value of the x field, while in the 1 system it is the entanglement due to the N
free scalars across the black hole horizon. We show that this generalised entropy increases
monotonically along the future event horizon of the black hole, if the extra infalling matter
meets the null energy condition.

In earlier work, [134], a future Q-screen was defined which is the analogue of the locus
of an apparent horizon with the generalised entropy now playing the role of the horizon

")\ ore correctly this was shown to be true at small temperature % < ¢p, and small frequency, % < ¢B
in section 4.
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area. Interestingly, we find that in both systems the Quantum Focussing Condition is
satisfied, and as a result the generalised entropy also increases along a future Q-screen.

We have not been able to analyse general time dependent situation here and have
restricted ourselves to cases where eq. (3.43) is met i.e., the additional matter falls in
slowly. It would be interesting to study more general situations as well.

We have worked here in the semi-classical limit where the 2D Newton constant, G — 0,
and N — oo, keeping GN fixed. Going forward it would be interesting to also incorporate
the quantum effects of the gravity-dilaton sector systematically, order by order in G, and
to compare the results with those obtained in [41, 80].

In this context it is worth keeping the following observations in mind. The JT model
can be obtained by dimensional reduction from higher dimensions, as discussed in [18,
30, 48]. The near horizon AdSs geometry obtained in this way is then glued in to the
higher dimensional asymptotically flat or AdS space. It would be worth investigating how
this gluing of the geometry to the higher dimensional asymptotic spacetime affects the
results for the higher loop corrections to the partition function etc. Also, on carrying out
a dimensional reduction extra terms arise in the action; in particular a term quadratic in
the dilaton of the form, [18],

AS = (4 /dzx\/jg¢2. (6.1)

Due to these extra terms, the geometry in the near-horizon region is no longer AdSs and
departs from it, at the same order as ¢, in the parameter 1/7, eq. (2.6). It was already
noted in earlier work that these departures can have significant effects in the semi-classical
limit discussed here [144]. Incorporating them while studying the loop corrections in G
could also be important.

It is worth digressing briefly to remind the reader why the corrections to the action
which arise can lead to significant effects in the semi-classical limit. In general the 2D
metric for a static black hole can be written as

ds® = f(r)(—dt? + dr?), (6.2)
where J
re=— ?;) (6.3)

At extremality, f(r) has a second order zero at the horizon r = r,. If one calculates the

quantum back reaction due to a massless scalar field which is in the vacuum with respect

:t:

5 = ts £y one finds that, at the future event horizon, this is given by

f///
T#VUMUV ~ 7, (64)
where U* is the 4-velocity of a freely infalling observer. In the JT model where the geometry
is exactly AdS, f(r) = (%)2 and thus f”” vanishes, so that the r.h.s. vanishes. However,

more generally once, say, the effects of the ¢? term are incorporated, the metric will not

tox

be AdS5 and in general f” will not vanish as one approaches the horizon. For example for
the 4D extremal RN case we have

rT—rTr 2
fry =T (6.5)

r2
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and f”(rp) does not vanish. It then follows from eq. (6.4) that since f’ will continue to
vanish at the horizon, due to the second order zero at extremality, the r.h.s. of eq. (6.4) will
diverge. This means a freely infalling observer will see a diverging energy density at the
future horizon. This signals the possibility that the back reaction due to quantum effects
will not be small. In fact it was shown in [144] that the quantum effects do significantly
change the behaviour of the geometry near the horizon in the case of the 2D system obtained
after dimensionally reducing the RN black hole from 4D.

Returning to the main thread of our discussion it would clearly then be worth going
beyond the semiclassical limit studied here and incorporating the quantum corrections
order by order in GG, keeping some of the observations above also in mind.

In conclusion, it is remarkable that the JT model, which is a simple model of gravity,
is proving to be such a rich laboratory for studying various aspects of quantum gravity.
Recent developments [41, 50, 145-147], suggest that it can provide interesting insights
both to the information puzzle and towards understanding the Euclidean path integral of
quantum gravity. In addition, it could be an important laboratory for understanding the
different types of bulk entropy associated with different types of horizons and surfaces. We
look forward to these developments with considerable anticipation.
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A Coordinate transformations
In this appendix, for completeness, we give details of the transformations between the

Poincaré, Schwarzschild and Kruskal coordinate systems and also discuss the transforma-
tion properties of the matter stress tensor.
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The Poincaré metric in light cone coordinates is given by (2.4),

B 4dxtdz™

ds? = ———— .
S P

(A1)

Consider the vacuum dilaton solution given in eq. (2.8), with the condition eq. (2.9) being
met. We can do an appropriate SL(2, R) transformation to get the dilaton solution eq. (2.8)

¢:1<1—W_f”+>, (A.2)

J\ zt —z

to the form

The relation between these Poincaré coordinates and Schwarzschild coordinates is given by,
1 xE
et =— tanh<\/ﬁs>, (A.3)
Vi 2
under which the Poincaré metric eq. (A.1) becomes

pdrtde;

a7 = _sinh2 (4 (xd — x;)) ’

(A4)

and the dilaton, eq. (A.2), transforms to
T T -
¢ = \g (zoth<\2r(ac;r -z, )) (A.5)
We can convert the metric eq. (A.4) into static coordinates by writing it in terms of the
coordinates t; and 7., where ¥ = t, & r,. Doing so gives

ds? (—dtZ +dr?), (A.6)

_ M
sinh? VHT

Using the relation eq. (3.6) between r and 7, the metric and the dilaton expressed in the
coordinates t5, r become

ds? = —(r? — p) dt? + dr” (A.7)
— 1) s r2 — 'u,’ .
r
=—. A8
6=~ (A3)
We define the Kruskal coordinates X;g, X to be
Xy =eVPo | Xj=—e VEE (A.9)

The Poincaré coordinates z+ and the Kruskal coordinates X[i( are related as
rt—1
X}t — L 7
Viprt +1

Xy = Gj%_) . (A.10)
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Using the transformation eq. (A.10), the Poincaré metric eq. (A.1) becomes
4dXEdX .
(1+X7Xg)?

Next let us discuss how the stress tensor of a massless free scalar field transforms under a

ds? = — (A.11)

simultaneous change of coordinates and the vacuum. We consider two coordinate systems
denoted by (X', X ™) and (27, 2~) with metric,

ds? = —F(XT,X")dXTdX ", (A.12)
ds? = —f(z", 27 )daTda". (A.13)

The stress tensor in the X* coordinates when the system is in the X* vacuum, i.e. anni-
hilated by positive frequency modes of X ¥, is given by [148-150]

1
(X[Tw|X) = O + @R Guvs (A.14)

1 1 _1

Using eq. (A.15), let us compute the value of the stress tensor in the coordinates .

Comparing eq. (A.12) and eq. (A.13), we see that

dX* dX—
=F . A.16
/ dzt da— ( )
The stress tensor transforms as a rank 2 tensor and so we have
1 dx+ 2 1 1
(KTeror|X) =~ 5= (o ) FHORF
1 _1
B 1<dX+)2< f >2dm+8 dx+a< f )
T 1on + dX+ dX— + 9+ + 9t | dXF dX—
127 \ dz dx - dX- dX+ Ox dX+ Ox 437 dX
(A.17)
Simplifying, we get
1 i o 1 (X+)/// 3 (X+)// 2
X|T, X)y=—— 2 - — - =
X Tt |X) = =50 200 172 = 50 ( Xty 2\ (XY
_ L o1o 1 1 + .t
= m f2 (9x+f 2 % SCh(X , L ), (A18)
where (XT) = ‘zf—:. An analogous relation exists for ‘——’ components by replacing all ‘+’

indices with ‘—’ indices. The first term in the final expression, using eq. (A.14),eq. (A.15),
can be interpreted as value of the stress tensor in the coordinates & with the system also
being in the vacuum with respect to the 2% coordinates, that is

1
([Tt ot la) = 55— f200 2. (A.19)
Combining eq. (A.18) and eq. (A.19), we get
1
(X|Tye 4 1X) = el e ) — 51 Seh(XF, ). (A.20)
s

There is an analogous formula with (X, z") being replaced by (X, x7).
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B ADM mass

In this appendix, we give the details of the computation of the ADM mass. Following
the the standard holographic renormalisation methods (see, for instance, [151-159]), the
ADM mass can be computed from the boundary stress tensor obtained by varying the
action with respect to the boundary metric. The boundary is specified by a fixed value of
dilaton, eq. (2.7). In Poincaré coordinates eq. (2.4), this in general will correspond to some
trajectory (¢, z(t)).

To compute the ADM mass, it is convenient to work in the Fefferman-Graham (FG)
coordinates which we denote by (£, 2). The metric in these coordinates takes the form

dz?

9 N
ds :gﬁdt + ?, (B'l)

Asymptotically, as 2 — 0, the metric and dilation satisfy the conditions,

i = 51+ O(2). (B2
_1 0
¢ = E + O(2Y). (B.3)

B.1 Fefferman-Graham coordinate transformation

Let the coordinate transformation from the Poincaré coordinates to the FG coordinates be
denoted by,

t

H(t) + 22G(E) + -,
SK(E) (14 22T({) +---), (B.4)

z

where H, G, J, K are functions which will be determined by imposing FG gauge and also
by requiring that the boundary, to leading order, corresponds to constant z. For ease of
notation, the arguments of the functions G, H, J, K will not be written explicitly in the
rest of the discussion and it is understood that they are only functions of the time ¢. In
this appendix the derivatives with respect to t will be denoted by primes and derivatives
with respect to ¢ will be denoted by dots. Also, we set Ly = 1.

For the kind of situations we consider, it follows from the equations of motion that the
general form of ¢ near the boundary in Poincaré coordinates is given by

¢ . fo(t)

Qb: Z+?+f2(t)2+0(22). (B.5)

(In the classical case discussed in section 2, the first term on the r.h.s. is absent).
Expanding in FG coordinates, we get
¢ Jo(t) 4 <Gf6(t)<]f0(t)
t=H

O=1T Kz K

+Kﬁ@0‘ +O(52). (B.6)

Requiring that the dilaton goes like ﬁ to leading order fixes K to be

K =7 fo(t). (B.7)
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Note that in egs. (B.6) and (B.7), the coordinate t in fy(t), f2(t) has to be treated as a
function of £, i.e., t = H(#). The metric under the transformation eq. (B.4) becomes,

H?  2JH?+ K?-2GH
2 2
ds® = (—22[(2 + K2 ) dt
1 4G? 2 —4GH +2KK\ . .
+ <22 +4J — 702 > dz (W) dtdz. (B.8)
Imposing the FG gauge, egs. (B.1), (B.2), we obtain
H=K=J7 fot), (B.9)
KK KK’ fofo
G= = 2 B.10
o 2 =J ( )
G? o fe?
J= =0 (B.11)
Using egs. (B.7), (B.9)—(B.11), the dilaton (B.6) and the metric (B.8) become
¢, ! f62 22
6=3+7 +fofa) +O(), (B.12)
dsQ——<—j2< ff) (2)>df2+<;2+0(22)>d + O(2)dz dt.
(B.13)

It is to be noted that ¢t = H(f) in eq. (B.9)-eq. (B.13). We also note that the coordinate
is obtained from ¢ as follows. Using eq. (B.9) we can obtain # in terms of H by solving the

equation
1 dH

J ] fo(H)

From eq. (B.9) we see that this gives £ in terms of ¢.

=t (B.14)

B.2 Classical mass

The ADM mass is defined as,

M

-2z (01
=1 —, B.15
2=z /Y <57tt> ( )

where Zp is the boundary value of 2 eq. (2.7), i.e., ¢p = jliB + O(£%), and ~,,, refers to

the boundary metric. For the classical case, I is the JT action given in eq. (2.1). After
some calculations, this gives

—1
Myp = 3G - lim 2v;; (20:¢ + @) . (B.16)

8 2—Zp

Using the form of the dilaton, eq. (B.12), and the metric eq. (B.13), the mass eq. (B.16)
becomes

Myr = LG ( + fo f) +O(25). (B.17)
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Comparing the general vacuum solution for the dilaton, eq. (2.8), with the form eq. (B.5)
(without the term % ), we get

1 [(a ct? c
=— | z+bt+ — =——. B.18
Jo j<2+ +2>,f2 27 (B.18)
Therefore using eq. (B.17) and eq. (B.18), we get mass for the vacuum solution to be
eq. (2.11).
For a general solution for the dilaton given in eq. (2.30), one can derive an expression
for the ADM mass in terms of the value of h at the boundary. We expand h(z™) in a
Taylor series in z near the boundary to obtain,
h(t)  h"(t)

_ht) Y 2
»= 5, 1 z+ O(z%). (B.19)

By comparing eq. (B.5) and (B.19), we note that

h// (t)

f0:77 f2:_ A

(B.20)

Expressed in terms of FG coordinates, the dilaton near the boundary takes the form (B.12)
(without the term %),
1

_ i 2 " 5
¢—j2+16(h 2hh") T2+ - - (B.21)

From eq. (B.17) and eq. (B.20), we obtain the classical mass in terms of h as

J

e (' —2hh") . (B.22)

From the discussion in section B.1, we have seen that asymptotically ¢ = H(t) and
therefore from eq. (B.9) and eq. (B.4),

dt  Th(t)
— = —. B.23
dt 2 ( )
These observations allow the mass to be expressed as
M = LIS h(t, 1) (B.24)
- 81GT N ’

where the Schwarzian derivative on the r.h.s. is given by eq. (2.14). We also note that £
can be taken to be the proper time along the boundary (after suitably rescaling by zp),
therefore the Schwarzian derivative is with respect to the proper time on the boundary.

It follows from eq. (B.15) that the mass formula derived above has corrections which
are of fractional order ZgT where T" ~ /i is the temperature. These are small when
2T < 1. Using eq. (B.3) this condition can be expressed as eq. (2.20). Similarly the mass
for the x and 1 systems will also be calculated below in the limit eq. (2.20).
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B.3 DMass for the x system

With the general form of the dilaton given in eq. (B.5) and the form of the solution for
X, eq. (3.29), it is straightforward to see that general form of the dilaton and y near the
boundary in FG coordinates is given by,

0‘—}@) —|—£—|—a1(f)2—|—a2(f)22+"'7 (B.25)

0= z 4

2

X =12+ oo(t) + o1(£)2 + oo(H)5% + - -+, (B.26)

for some functions a;(#) and o;(#). For the system with x field, the action I in eq. (B.15)
is given by
I=17+ 1+ L. (B.27)

Here I;7 is the JT action given in eq. (2.1), and I, is the action for the x field defined
in eq. (3.3). I is a counterterm which has to be added to cancel the divergences and is

given by
[ V= (B.28)
ct — U by - .
The mass becomes
1 N 1
M = — lim vy | —— (20: — — (50sy — =
Py el <87rG (20:0+0) — 1o (zazx 2))
ai(t)  Noi(f) .
= — i B.2
( wG 12 ) TOGB) (B:29)

Using this we will now derive the formulae for the mass in the cases of eternal black hole
and infalling matter. For an eternal black hole, the metric in Schwarzschild coordinates is
given by eq. (3.4) and the dilaton is given in eq. (3.16). In Poincaré coordinates, the dilaton
becomes eq. (A.2). Also, the value of x for an eternal black hole is given by eq. (3.51).
Converting the dilaton and x to FG coordinates and Taylor expanding in powers of Z near
the boundary gives

I S P
b=zt Ti T (B.30)
= 1nz+1n(¢§BJ) — At (B.31)

Therefore, from egs. (B.30), (B.31), (B.29), we get the mass of the eternal black hole to be
eq. (3.24).

For the case of an infalling matter pulse in this system , the classical mass eq. (2.38)
gets a correction due to the contribution from the x field. We expand the solution eq. (3.41)
near the boundary in Z coordinate,

(B () (A )sree) e

— 41 —



Using eq. (B.29) and eq. (B.32), and taking the limit eq. (3.43), we obtain the mass to be

J

NJHW
M, = )
X 647G

2 _ AN
(W = 2h1") = =

(B.33)

We can extend the above calculation to the general case where y field is given by eq. (3.61).
The function f_(x7) in eq. (3.61) is determined by imposing Dirichlet boundary condition
on x at the boundary. Doing so gives x as

+ _ - h(z™) _
x=In — _ln(1+a$+)_ln % +In 1+ax_+M .
2 _w b5 W (z—)

0¥z — =5
(B.34)
Expanding the above solution for x in FG Z coordinates near the boundary we get
2Th .
X =1In 5 + go0(t)
h h 1+ at)hh" — 2ah(pp — %) — 2ahh’
n 5 B ; 1a g i ( ) (¢B~ 2 )h, T3+ 0(22)’ (B35)
(1+at) 4(ah+(1+at)(¢3—7>>

where go() is a function which is unimportant for the calculation of mass. Using eq. (B.21)
(with the additional quantum term, % as in (B.5)), eq. (B.35), the expression for the

mass (B.29) in the limit eq. (3.43) becomes

_ T e oy NI (K _ah
MX_647TG (W — 2hA") 127 \ 2 at+1)° (B.36)

Writing the above expression for the mass in terms of the ¢(#) using eq. (B.23), we get

1 N [t 2at
M, = — hit,f) — — (o — =27, B.
x = “grgy SetY) 127r<t’ at+1> (B-37)

The above formula for mass is an SL(2, R) invariant quantity. This can be understood
as follows. Under an SL(2, R) transformation, eq. (3.59) it follows from eq. (B.23) and
eq. (3.60) (along with the fact that ¢ does not transform under SL(2, R) ) that

(B.38)

It is then straightforward to verify that the expression for mass eq. (B.37) is invariant when
t(f) and a also transform as given in eq. (B.38) and eq. (3.63) respectively.

B.4 Mass for @ system

To compute the ADM mass for the v system, we once again use the definition eq. (B.15)
with I given by

I =15+ Ip+ I, (B.39)

— 492 —



where I ;7 is the JT action, eq. (2.1), I, is the action for the matter fields v, eq. (1.2), and
I is the counter term action, which is the same in the x system, eq. (B.28). To obtain
the quantum correction from I, we can examine the conformal anomaly, eq. (4.6), for the
N scalar fields ; but now including the boundary contribution. It is given by [160, 161]

i QJZ (R+2K 8(x 1)), (B.40)

where K is the extrinsic trace of the boundary. Therefore from the definition of the
stress tensor,

2 4,

W _
T, = _ﬁ5QMV7 (B.41)
we can obtain the contribution to the mass from I, as follows,
01y,
5 F (M“) = Jim #Tiluay
N
= — lim 2y K. (B.42)

127‘[‘ 2—2Zp

Therefore using eq. (B.15), (B.39), (B.16), (B.12) (B.42) and eq. (B.28), the expression
for the mass for the v system becomes

My = — lim Z%t<81G (z@z¢+¢)_N<K_;>)

Z—)ZB
42 N 1
—— lim — (K —1). B.43
(f°f2+ ) 127 0, 7 (=) (B.43)
From eq. (B.13) it can be easily shown that the second term on the r.h.s. above is
given by
1 2, [ fo? "
lim (K-1)=7J"%g | —fofy ), (B.44)
2—-ip Z 2

which involves the same function as appears in the first term in eq. (B.43), when expressed
in terms of h using eq. (B.20). Thus we see that the quantum effects simply serve to change
the coefficient in front of the mass compared to the classical case; this can be incorporated
by rescaling G, eq. (4.19).

It follows then from eq. (B.43) that the mass of an eternal black holes is given by

__ 1 ¢
My = o (1 - %B) 1, (B.45)

and the mass in the presence of infalling matter is given by

_ J o ¢ 2 _ "
My = o= (1 2@33) (R —2h10") . (B.46)

From B.2 we see that the mass can be expressed in terms of the Schwarzian, eq. (B.24)
with G rescaled as given in (4.19).
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C Late time behaviour of h

In this appendix, we consider the x system with infalling matter satisfying the condi-
tion (2.26) and show that the late time behaviour, after matter has stopped falling in, is
given by eq. (3.77). We also show by an explicit coordinate transformation that the late
time behaviour eq. (3.66) corresponds to a black hole of the correct mass.

We first present the arguments for the case of system initially being in the Poincaré
vacuum. We start at = = 0 with ¢ given by eq. (3.34) which corresponds to eq. (3.37) in
eq. (3.36), i.e.,

h(0) = } B(0) =0, K"(0) =0, (1)

and x is given by eq. (3.49) We consider situations where the matter starts falling in at
2~ = 0, and stops falling in at say 2~ = Ty We will argue below that while the matter
is falling in h decreases monotonically and consider situations where h continues to be
positive until the instant Ty We then argue that for = > Ty, h continues to decrease and
eventually hits a first order zero at say x, in whose vicinity it takes the form, eq. (3.77).

To show that while the matter is falling in h decreases monotonically we note the
following. At x= = 0, A" < 0, while »’ = A" = 0 from eq. (C.1). This means initially,
near x~ = 0, h’ < 0 and h” < 0. Next it can be argued that the function h’ cannot have
a minimum. We have noted that initially h” < 0, for it to change sign it would have to go
through zero. However we see from eq. (3.45) that when h” = 0, A" < 0, thus even if h”
were to hit zero, it would subsequently only decrease and therefore stay negative. Since
R’ < 0 it follows that h’' stays negative starting from its initially negative value.

Next we will analyse the subsequent behaviour after the matter stops falling in at Ty
Before proceeding however, let us make the following observation. If the infalling matter
falls in over a time scale 7 then since |h| < % the condition eq. (3.43) is met if

o <1 (C.2)

We are taking the infalling matter to obey this condition so that eq. (3.43) is valid.

Once matter stops falling in h satisfies,

ArGM
W2 — onnt — oc = SATEM (C.3)
J
for a constant value of the mass M > 0, see eq. (3.47).
To simplify eq. (C.3) we introduce the variables 7 and y defined by

d d d dh
— =h—o =—Inh=—. A4
dr o YT dz~ (C4)

It can be shown that 7 is proportional to the proper time at the boundary, see appendix B.
Rewriting eq. (C.3) in terms of y and 7 using eq. (C.4), we get

d7 2 Cy ’ ( )
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where we have defined

~ M
M = 327G A (C.6)
The two roots of the equation
y* — 20y — 2M =0, (C.7)
are
y1=C— /(2 +2M, (C.8)

yo = (+ /(2 +2M, (C.9)

we see that y; < 0 and y2 > 0. Initially, since we have argued above that h” < 0, it follows
from eq. (C.4) that right after the matter stops falling in, at = = Ty, Z—Z < 0. Thus the
value y takes at this time which we denote by y; satisfies the condition 11 < yy < yo2. It
then follows from eq. (C.5) that subsequently y decreases and ultimately reaches y; with
the proper time elapsed being proportional to,

Ar(y) / T2y, (C.10)
T(y) = — ——dy. .
y Y2 —2Cy—2M

From egs. (C.4) and (C.10), we can obtain h and =~ in terms of y as

2
h=hoe’ where U = /y~dy, (C.11)
y? —2ny — 2M
9 U
rT =x.+ / ho—eNdy, (C.12)
y? — 2y — 2M

where hg and z. are integration constants which depend on the values of h, A’ and h”
at :EJ?
In the vicinity of y = y; we get from eq. (C.11) that

U=pfo+In(y —y1) + By —vy1) +---, (C.13)
where By, £1 and (B2 are constants independent of ¥,

22 2y1 2y2
Bo=——2L"1n (Y2 — 1), B1= N B, = —%. (C.14)
Y1 — Y2 Y1 — Y2 (y1 —y2)

Using eq. (C.13) in eq. (C.11), eq. (C.12), we get

_—_W_m( ﬁ1<_1>_)
(xo — )—51@2_%)(1/ y1) g7 Ba T (y—w1) ), (C.15)

h=hoe™ (y —y1)" (14 Ba(y — v1) + O((y — 11)?)), (C.16)
where £~ — g when y — y1. Eq. (C.15) and (C.16) give

h=a¢ (.CL‘Q — 1‘7) + 52(560 - :L‘i)2+a, (017)
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where
51 = —Yi, (C18)

and
(C.19)

The form of h in terms of x7,eq. (C.17) and the value of the exponent « in eq. (C.19)
agrees with eq. (3.77) and eq. (3.74) respectively, when ¢ is identified with  in eq. (3.77).
The value of & in eq. (C.17) depends on hy and is unimportant for our discussion.

Let us end this discussion with some comments regarding the case where the system
starts from a black hole configuration which corresponds to taking x as eq. (3.51) and ¢
as in eq. (3.50). The arguments following eq. (C.1) showing the monotonic decrease of h
as matter falls, can be extended to this case in a straightforward manner.

As matter falls in, h satisfies the equation eq. (3.57), with the initial conditions

L, 7 2p
h(0) = 7 h'(0) =0, h"(0) = 7 (C.20)
From eq. (3.57) and eq. (C.20) it can be seen that A" < 0 at = = 0. Therfore A" continues
to decrease starting from the initial value in eq. (C.20). It is straightforward to see from
eq. (3.57) that when h” = 0, h"” < 0 and therefore h” would subsequently decrease as in
the case of Poincaré vacuum initial condition. Thus A’ is always negative and therefore h
decreases monotonically.

In the discussion above we have seen that h monotonically decreases. This self con-
sistently justifies neglecting the terms with additional time derivatives in eq. (3.42). Each
term with an extra derivative in eq. (3.42) is also accompanied with an extra power of h
on dimensional grounds. Since h = % at = = 0, when the matter starts falling in, and de-
creases subsequently, the condition, eq. (3.43) suppresses any term with an extra derivative.
Similarly, we see that given eq. (2.20) the monotonic decrease of h also leads to eq. (3.56)
being valid, and along with eq. (3.43) then leads to eq. (3.55) being well-approximated by
eq. (3.57).

C.1 Late time black hole coordinates

Here, we show that the late time form of h given in eq. (3.66) corresponds to a black hole
2
with mass M, eq. (3.24) with = .
From eq. (3.66) and using eq. (3.36), the dilaton at late times is given by

1 (er(zo—27) 1 ¢
_ 1 _ 5 21
¢ j( T —x~ 2) Ty (C-21)

By taking
— 2/, Tg — Lo, 20 - (C.22)
c , T , T , .
! o B0 NS
the solution eq. (C.21) can be converted to the standard form for the black hole solution
1 (1—pxta™ ¢

— - 2 C.23
¢ J < zt —a~ ) T ( )
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which is obtained by taking
h=—=(1 - pa)?), (C.24)

in eq. (3.36).
The coordinate transformation relating Schwarzschild coordinates tg,r with 2% in
eq. (C.21) is

T et 2%
1
ts = - In((zo — 2~ )(zo — 2T)). (C.25)
1
This gives for the metric,
4 c? dr?
ds? = ——————dada™ = —(r? = 2L )dt? + —. 2
s @ ) r " dx <7‘ 1 s+(r2_‘f) (C.26)

Comparing with eq. (3.4) we see that this is a black hole of mass M, eq. (3.24) with
the identification eq. (3.67). The temperature of the black hole eq. (C.26) is also easily
seen to be

T=9

- = (C.27)

D Second law violation for apparent horizon

In this appendix, we consider the x system and show by taking an explicit example for 77"
corresponding to a delta-function pulse that the generalized second law is violated when
the generalized entropy is computed along the classical apparent horizon, eq. (2.45).

We take the matter stress tensor corresponding to infalling matter to be

T = pd(z~) for > 0. (D.1)

Before the pulse went in, the geometry is pure AdSs, eq. (2.4), and we take the dilaton
to be specified by eq. (3.34), which corresponds to h = % Although the equation for h,
eq. (3.45), can be solved exactly for the matter stress tensor, eq. (D.1), as we saw above in
appendix C, we resort to a perturbative expansion in ¢ for simplicity. The total solution
for h can be written as

h=h 4 ¢ch® 402 (D.2)

The zeroth order solution h(®) is obtained by integrating (3.45) with the stress tensor
eq. (D.1) and setting ¢ = 0 which gives

(1= pu(z7)?), (D.3)

where

w=8rGpnJ. (D.4)
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Expanding eq. (3.45) to O(C), we get the equation for A1) as

h(O)

m _
h =30

Using the solution eq. (D.3), we can solve for (1) to get

R — \F(Q\fx + (1= ) in(l— pz™) — (L+pa ) In (1 + Jpz ™)),
(D.6)

The perturbative solution is a good approximation everywhere except at late times
near - = ﬁ where h(®) goes to zero. The trajectory of the apparent horizon gets
corrected due to the correction in h. From the general form of the trajectory of the
apparent horizon,eq. (2.46), and using eq. (D.3), eq. (D.6), we get the apparent horizon
trajectory to O(() to be

xﬂah—\/lﬁ—(fx _9mn(1 4 iz ). (D.7)

The dilaton, (3.36), and x, eq. (3.41) at the apparent horizon to O((), using the
solutions eq. (D.3), eq. (D.6), become

Bl = f C(1—2fw ) (D.8)
X}ah = —ln<§(1+\/ﬁx)> + O((). (D.9)
Using eq. (D.8) and eq. (D.9), the entropy at the apparent horizon is given by
x (¢ Nx
o= (i~ %),
4G<‘§ ¢ ( — +1n(‘§‘(1+\/ﬁx—)>> +O(<2)>. (D.10)

Ignoring the O(¢?) correction, it is clear from the above expression that entropy is in

fact a monotonically decreasing function of £~ and therefore the generalized second law is
violated at the apparent horizon.

The same conclusion can be reached, without taking recourse to perturbation theory
in ¢, by solving eq. (3.45) numerically for the case of a delta function matter pulse with
initial conditions as given in eq. (C.1).
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