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1 Introduction

Transverse momentum distributions (TMDs) have been the subject of many theoretical

and phenomenological studies in recent years. TMD parton distribution functions (TMD-

PDFs), which encode information about the three-dimensional distribution of partons in

the nucleon, are usually studied through the kT -factorization theorems [1–5]. Processes for

which such factorization theorems exist are Drell-Yan and Higgs production [6, 7], semi-

inclusive DIS (SIDIS) [8, 9], and electron-positron annihilation to di-hadrons [10, 11] (see
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also refs. [12–20] for processes involving jets). In these theorems the differential cross sec-

tion is written in terms of various perturbative and non-perturbative functions up to power

corrections. While the perturbative elements can be calculated in a systematic expansion

in the strong coupling, the non-perturbative elements need to be fit from experiments. The

true power of factorization is that non-perturbative matrix elements are universal and thus

can be extracted from one process and used to make predictions for other experiments.

Furthermore, factorization separates different scales appearing in a cross section so that

renormalization group (RG) evolution can be used to resum logarithms of ratios of disparate

scales which is often needed for convergence of the perturbative expansion. RG evolution

is a key procedure for the consistent extraction and use of the universal non-perturbative

matrix elements since different experiments can operate at widely separated scales.

The extraction of non-perturbative TMDs is achieved by parametrizing the form of

these distributions and fitting the transverse momentum differential cross section against

experimental data from various processes that are sensitive to the TMDs of interest. For

example, the Drell-Yan process gives access to the quark TMDPDFs, but is relatively

insensitive to the gluon TMDs. In fact, while unpolarized quark TMDPDFs are extensively

studied both experimentally and theoretically, the gluon TMDPDF is not well constrained.

This is because quarks can interact via electroweak processes which lead to final states that

do not intereact strongly, hence only probing the TMDPDF. Processes in which the final

state contains hadrons (which can absorb or emit collinear and soft radiation) are sensitive

to other TMD distributions, such as TMD fragmentation functions (TMDFFs) and TMD

soft functions. Gluon fusion processes, which potentially can be used to extract the gluon

TMDPDF are dominated by hadronic final states, so that understanding soft final state

radiation is vital. Processes proposed to study gluon TMDs in collider experiments include

inclusive, exclusive, and associated quarkonium production processes [21].

In collider physics, quarkonia are studied within the framework of NRQCD factor-

ization [22–28] where the cross section is written as a sum of products of short distance

matching coefficients and the corresponding long distance matrix elements (LDMEs). The

short distance coefficients (SDCs) describe the production of the QQ̄ pair in a particular

angular momentum and color configuration. In the case of hadronic initial states, SDCs

are expressed as a convolution of the partonic cross section and the collinear PDFs. The

partonic cross section is calculated as an expansion in the strong coupling constant [29–36].

In contrast, LDMEs describe the decay of the QQ̄ pair into the final color-singlet quarko-

nium state, Q, through soft and ultra-soft gluon emissions. LDMEs are fundamentally

non-perturbative objects, they need to be extracted from experiment [36–40], and are

thought to be universal. Although in principle all possible intermediate QQ̄ configurations

contribute to the final quarkonium state, LDMEs scale with powers of the heavy quarks rel-

ative velocity in the quarkonium rest frame, v, and thus at a fixed order in the v expansion

only a finite number of LDME contribute.

Despite many successes, the NRQCD factorization approach is only effective when the

quarkonium is produced with relatively large transverse momenta. Intuitively, in this kine-

matic regime, emissions of soft and ultra-soft gluons from the heavy quark pair cannot alter

the large transverse momentum of the quarkonium state. Ignoring these soft emissions, the
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quarkonium transverse momentum is then determined from the hard process and infrared

(IR) divergences that are present in perturbative calculations of the partonic process are

absorbed into the non-perturbative LDMEs and collinear PDFs. However, when quarkonia

are produced with small transverse momenta, this soft gluon factorization assumption must

be relaxed. In refs. [41–43] the quarkonium photo/lepto-production was studied in the end-

point region which is sensitive to soft radiation where NRQCD factorization breaks down.

It was found that promoting the LDMEs into quarkonium shape functions is necessary for

accurately accounting for soft radiation from the heavy quark pair.

A central point of this paper is to introduce TMD quarkonium shape functions which

will appear generically for TMD observables involving quarkonia.1 For previous studies of

quarkonium production at small transverse momentum and/or small-x, see refs. [45–52].

Although NRQCD already contains many of the necessary elements for deriving factor-

ization involving an heavy quark-antiquark pair, it must be extended to include other

effects. For example, initial or final state collinear modes are not included in NRQCD

but are crucial to describe recoil from collinear radiation. Such collinear modes are ex-

tensively studied in the framework of soft collinear effective theory (SCET) [53–56], and

were combined with NRQCD in ref. [43]. As a matter of fact, a formulation of NRQCD

using the label-momentum formalism [57] (known as vNRQCD) can be easily expanded to

incorporate collinear degrees of freedom.

Recently [58], vNRQCD was formulated in a manifestly soft gauge invariant form by

introducing the soft Wilson-lines in the vNRQCD Lagrangian. These are Wilson-lines along

the time-like direction (in the quarkonium rest frame) constructed from soft gluons. In this

paper we show that the insertion of these Wilson-lines in the quarkonium production/decay

operators — whose vacuum expectation values are the LDMEs — is required for properly

matching NRQCD onto QCD and gives the operators the correct gauge transformation

properties. This is another confirmation that vNRQCD is the correct starting point.

This paper is organized as follows: in section 2 we introduce some of the important

ingredients of SCET and NRQCD. Next, in section 3 we perform a tree level matching

with an arbitrary number of soft gluon emissions from the heavy quark-antiquark lines.

We do this for the process qq̄ → QQ̄ as a simple example. This approach is important for

identifying the various operators relevant at each order of the matching and seeing how

they might be related. In the same section we demonstrate that the resulting operators are

invariant under collinear, soft, and ultra-soft gauge transformations. In section 4 we give

the factorization of the process χJ → qq̄, followed by the fragmentation of the light quarks

to hadrons. We study a TMD dependent observable so that the differential rate involves

the quarkonium TMD shape functions as well as TMDFFs for the final state. Using

the factorization theorem we demonstrate how our approach can be used to obtain the

relevant renormalization group equations and perform a NLL resummation. We conclude

in section 5.

1While this paper was being finished ref. [44] appeared which introduces the color singlet TMD shape

function for ηc production.
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2 SCET and vNRQCD

SCET and vNRQCD are effective field theories that describe the degrees of freedom of

QCD in the soft and collinear, and non-relativistic limits, respectively. Both theories are

well established and address a wide spectrum of physical phenomena. We aim to study a

TMD dependent observable in χJ decaying to light quarks followed by their fragmentation

to light hadrons. vNRQCD is needed for the heavy quarkonium in the initial state and

SCET is needed for the energetic hadrons as well as soft radiation in the final state. Our

aim in this section is not to give a comprehensive review of those EFTs but rather to

introduce the elements and notation necessary for the analysis we pursue.

2.1 Non-relativistic QCD

There are three important scales that appear when studying the dynamics of non-relativistic

heavy quarks: the mass of the heavy quark, m, the size of their momentum in the quarko-

nium rest frame, mv, and their kinetic energy, mv2. The distance r ∼ 1/(mv) gives an

estimate on the size of the quarkonium state and the separation between the heavy quark-

antiquark pair. The non-relativistic kinetic energy ∆E ∼ mv2 is of the same order as the

energy splittings of radial excitations. We refer to mv and mv2 as the soft and ultra-soft

scales respectively. Correspondingly, gluons that have all of their four-momentum compo-

nents scaling as mv and mv2 are called soft and ultra-soft gluons respectively. While the

ultra-soft scale is well within the non-perturbative regime the soft scale is about 1.4 GeV

for bottomonium and about 800 MeV for charmonium.

The effective theory of vNRQCD is a version of non-relativistic QCD introduced in

ref. [57] and recently formulated in a manifestly gauge invariant form in ref. [58]. What we

find appealing about this version of NRQCD is the clear distinction of soft and ultra-soft

degrees of freedom and the use of label-momentum notation. Both aspects are crucial for

this work. We work in the limit where the measurement is sensitive to the kinematics of

the heavy quark-antiquark pair (in the quarkonium rest frame) and therefore it is critical

to separate the various infrared degrees of freedom. Using the four-vector vµ = (1,0), the

four-momenta of the heavy quark, pµQ, can be decomposed as follows,

pµQ = mvµ + kµ , (2.1)

where k0 is the kinetic energy and k is the three momenta of the heavy quark. Since the

heavy quarks we consider are on-shell i.e., p2
Q = m2, then in the non-relativistic limit,

where the three momenta are small compared to the mass, |k| ∼ mv, with v� 1 we have

p2
Q = m2 +mk0 + (k0)2 − k2 = m2 , (2.2)

which has a solution only if k0 ∼ mv2. Thus, the components of kµ scale as

kµ ∼ m(v2, v, v, v) . (2.3)

In the presence of both soft and ultra-soft modes it is important to separate the small

components of the four-momenta, kµ, into soft (label, denoted `µ) and ultra-soft (residual,
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denoted rµ) parts:

pµQ = mvµ + `µ + rµ , (2.4)

where

rµ ∼ m(v2, v2, v2, v2) , `µ ∼ m(0, v, v, v) . (2.5)

The QCD heavy quark field, Ψ, can then be decomposed into the vNRQCD heavy

quark field, ψ`(x), as follows,

Ψ(x) =
∑
`

e−imt−i`·x
1 + v/

2
ψ`(x) . (2.6)

The soft, Aµ` , and ultra-soft, Aµus, gluon fields have momenta which scale (all four compo-

nents) as soft (∼ mv) or ultra-soft (∼ mv2), respectively.

The Lagrangian of the EFT can then be written in terms of those fields in the following

form [57]

LvNRQCD =
∑
p

ψ†p

(
iD0− (P−iD)2

2m

)
ψp+L(n>2)+(ψ→χ,T → T̄ )+Ls(Aµq )+LV (ψ,χ,Aµq ) ,

(2.7)

where χ is the heavy antiquark field and L(n) are higher order terms and the superscript

n denotes the suppression in powers of v of L(n) relative to the leading order Lagrangian.

In eq. (2.7), Ls is the soft gluon and ghost part of the Lagrangian, and LV contains the

potential terms which have the following generic structure,

Double soft gluon emissions:
∑

p,p′,`,`′

ψ†p

(
Aµ` A

ν
`′

)
ψp′Uµν(p,p′, `, `′) ,

Heavy quark-antiquark potential:
∑
p,p′

(
ψ†pT

Aψp′

)(
χ†−pT̄

Aχ−p′

)
V (p,p′) .

The label momentum operator [55], Pµ = (P0,P), is defined such that it projects only

onto the label momentum space,

Pµψ`(x) = `µψ`(x) , PµAν` = `µAν` , (2.8)

and the covariant derivative is: iDµ ≡ i∂µ − gAµus(x).

It is important to note that in the Lagrangian there is no interaction with a heavy

quark/anti-quark and a single soft gluon, since such terms will put the heavy quarks too

far off-shell. At order αs interactions with two soft gluons are allowed and are contained

in the potential part of the Lagrangian. These interaction make it impossible to decouple

the soft gluons form the heavy quarks, which is why they must appear in the same TMD

matrix element. Another important observation is that the first term in the Lagrangian

of eq. (2.7) is the only term in which the ultrasoft gluon couples to the heavy quarks at

leading order. As a result the ultra-soft gluon can be decoupled from the heavy quarks

using a BPS [56, 58] field redefinition,

ψ
(0)
` (x) ≡ Yv(x)ψ`(x) , (2.9)
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where Yv(x) is the ultra-soft gluon time-like Wilson line,

Yv(x) = exp

(
−ig

∫ 0

−∞
dt′A0

us(t+ t′,x)

)
. (2.10)

Of course, this field redefinition will simplify the leading Lagrangian but it will introduce

ultra-soft Wilson lines into Ls and the sub-leading terms L(n>0). We will not be working

with most of those terms but the next-to-leading contribution,

L(1) = −
∑
`

ψ†`(x)
−iD ·P

m
ψ`(x) , (2.11)

is of interest. After the BPS field redefinition this term becomes,

L(1) = −g
∑
`

ψ
(0)
`

†
(x)

Bus ·P
m

ψ
(0)
` (x) , (2.12)

where Bµ
us(x) = −g−1Y †v (x)(iDµ)Yv(x), is the ultra-soft gluon building block.

2.2 Soft collinear effective theory

The soft collinear effective theory has been used successfully in a wide variety of topics

including TMD phenomenology. Particularly, the version of SCET that we are considering

is SCETII which involves the collinear and soft degrees of freedom (in contrast to SCETI

which involves the ultra-soft). The power-counting parameter of SCET is usually denoted

by λ. The scaling of the relevant degrees of freedom, in light-cone coordinates (p+, p−, p⊥),

can be written in terms of λ as

collinear: pµc ∼ Q(λ2, 1, λ)n

soft: pµs ∼ Q(λ, λ, λ)n . (2.13)

Q is the typical hard scale and nµ = (1, 0, 0, 1) is the four-vector along which we expand

in light-cone coordinates,

pµ =
n̄µ

2
p− +

nµ

2
p+ + pµ⊥ , (2.14)

where p− = n · p, p+ = n̄ · p, and n̄µ = (1, 0, 0,−1) such that n2 = n̄2 = 0 and n · n̄ = 2.

We separate the label and residual components of momenta as follows:

pµc = `µ + rµ where `µ ∼ Q(0, 1, λ) , and rµ ∼ Q(λ2, λ2, λ2) . (2.15)

The EFT collinear quark fields ξn,` are then defined as

ξn,`(x) = Pn qn,`(x) , (2.16)

where Pn = /n/̄n/4 and qn,` is the QCD label momentum partitioned field

Ψ(x) =
∑
6̀=0

e−i`·xqn,`(x) . (2.17)
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The collinear (Aµn,`) and soft (Aµs,`) gluons are defined similarly:

Aµ(x) =
∑
` 6=0

e−i`·xAµ` (x) , (2.18)

where Aµ(x) are the full theory bosons and Aµ` = Aµn,` + Aµs,`. The SCET Lagrangian can

be found in refs. [54–56].

Invariance under collinear, soft, and ultra-soft gauge transformations requires that

particular combinations of fields appear (rather than ξn, An, and As):

ξn,`(x)→ Sn(x)χn,`(x) ≡ Sn(x)W †n(x)ξn,`(x) ,

Aµn,`(x)→ Sabn B
bµ
n,⊥(x) ≡ −1

g
Sabn Tr

(
T bW †n(x)(Pµ⊥ − gA

µ
n,⊥)Wn(x)

)
, (2.19)

where Wn and Sn are the collinear and soft Wilson lines respectively, defined as:

Wn(x) = P exp

(
− ig

∫ 0

−∞
dsn̄ ·An(x+ n̄s)

)
,

Sn(x) = P exp

(
− ig

∫ 0

−∞
dsn ·As(x+ ns)

)
. (2.20)

Note that collinear fields cannot directly interact with soft gluons. As a result the leading

SCET Lagrangian does not include interactions of soft and collinear gluons or quarks. On

the other hand in full QCD it is possible to have such interactions through Glauber gluon

exchanges.2 These interactions can be included in the effective theory systematically. This

part of the Lagrangian was extensively studied recently in ref. [64]. In this work we focus

on processes that are not sensitive to Glauber gluon exchanges such us lepton annihilation

to di-hadrons or semi inclusive DIS.

In this section we have introduced two power counting parameters, one for vNRQCD

(v), and one for SCET (λ). Its is natural to ask about the hierarchy between these small

parameters. We are interested in two distinct cases:

• v ∼ λ. The two EFTs overlap in the region of soft dynamics. Particularly the soft

gluon of one theory is the same as in the other. In this case the two EFTs merge into

a single one containing all degrees of freedom. We will refer to this EFT as SCETQ.

• v� λ. There is no overlap and thus we need to work with both EFTs. Factorization

theorems for this region can be achieved by matching from SCETQ onto vNRQCD.

For the rest of this paper we will be assuming v ∼ λ and use SCETQ.

2For Glauber gluon exchanges in SCET see refs. [59–64].
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3 Operators, matching, reparametrization invariance, and gauge

invariance

In this section we consider the operators that appear in the hard sector of the Lagrangian

by performing tree level matching of the QCD diagrams with an arbitrary number of soft

gluon emissions from the heavy quark and antiquark lines. We then study the simple

but non-trivial example of qq̄ → QQ̄ + gluons. We match these QCD diagrams onto

NRQCD operators with soft Wilson lines and the QQ̄ in relative S- and P-waves. We

apply reparameterization invariance (RPI) of the EFT to show that two of the operators

appearing in the P-wave channel are related to the S-wave operator by RPI transformations.

Finally, we discuss gauge invariance in the effective theory and show that our results respect

all gauge symmetries of the EFT.

3.1 Diagrammatic analysis

To keep the discussion as generic as possible, we consider the QCD diagram on the left-

hand side of figure 1, where the vertex with the ⊗ symbol corresponds to an arbitrary color

and spin structure, denoted in the equations below by Γ. We will evaluate a diagram with

n gluons attached to the antiquark line and m to the quark line, then sum over n and m.

The diagram in the full theory is given by

dΓ(m,n) = ū(pQ) (igγµ1T a1)D(pQ + p1) (igγµ2T a2) · · · (igγµmT am)D(pQ + pt(m))

× Γ(pt(m), pQ, p
′
t(n), pQ̄)D(−pQ̄ − p′t(n))

(
igγνnT bn

)
· · ·
(
igγν2T b2

)
×D(−pQ̄ − p′1)

(
igγν1T b1

)
v(pQ̄)×Ab1ν1

(p′1)Ab2ν2
(p′2) · · ·Aa1

µ1
(p1) , (3.1)

where

pµt (k) ≡
k∑
`=1

pµ` , (3.2)

and similarly for the primed gluon momenta p
(′)
i labelled in figure 1. The heavy quark and

anti-quark momenta are

pQ = (P + q)/2 , pQ̄ = (P − q)/2 , (3.3)

where P is the total momentum of the heavy quark and antiquark and q is their relative

momentum. We will calculate these diagrams for S-wave and P-wave QQ̄ states. For the

S-waves we can set q to zero and P-waves are extracted by expanding to linear order in q.

Each coefficient of the q-expansion is further expanded in the small parameter λ and here

we consider only the leading non-trivial terms in the λ-expansion. The leading term in the

q-expansion, O(q0), gives the overlap with the S-wave states where the O(q1) terms give

the overlap with the P-wave states

dΓ(m,n) = d
(0)
Γ (m,n)(1 +O(λ)) + d

(1)
Γ (m,n)(1 +O(λ)) + · · · (3.4)

with dΓ(m,n) the result of evaluating the diagram. Supercripts denote the order in q of

the expansion, and the ellipsis corresponds to terms of order O(q2) or higher. In the q-

expansion we need to consider expanding all elements that could depend on the momenta
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d�(m,n)
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d(0)� (m,n)
<latexit sha1_base64="+Popw1cLUnfZn16ZpryLPCMBLXI=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ARLpQUpiQi6LLjQZQV7gTaGyWTaDp2ZhJmJWEJew71bfQV34ta9b+BjOGmzqK0/DHz855w5h9+PKJHKtr+Nwsrq2vpGcbO0tb2zu2fuH7RlGAuEWyikoej6UGJKOG4poijuRgJD5lPc8cfXWb3ziIUkIb9Xkwi7DA45GRAElbY88yh4SKp2LfWS/g1kDKZVdsZrnlm26/ZU1jI4OZRBrqZn/vSDEMUMc4UolLLn2JFyEygUQRSnpX4scQTRGA5xTyOHDEs3mZ6fWhXtBNYgFPpxZU3d+YkEMiknzNedDKqRXKxl5n+1XqwGV25CeBQrzNFs0SCmlgqtLAsrIAIjRScaIBJE32qhERQQKZ1YqTK/Jvs8Uuwp1dE4i0EsQ/u87mi+uyg3TvOQiuAYnIAqcMAlaIBb0AQtgEACXsAreDOejXfjw/ictRaMfOYQ/JHx9QvnRZ4T</latexit><latexit sha1_base64="+Popw1cLUnfZn16ZpryLPCMBLXI=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ARLpQUpiQi6LLjQZQV7gTaGyWTaDp2ZhJmJWEJew71bfQV34ta9b+BjOGmzqK0/DHz855w5h9+PKJHKtr+Nwsrq2vpGcbO0tb2zu2fuH7RlGAuEWyikoej6UGJKOG4poijuRgJD5lPc8cfXWb3ziIUkIb9Xkwi7DA45GRAElbY88yh4SKp2LfWS/g1kDKZVdsZrnlm26/ZU1jI4OZRBrqZn/vSDEMUMc4UolLLn2JFyEygUQRSnpX4scQTRGA5xTyOHDEs3mZ6fWhXtBNYgFPpxZU3d+YkEMiknzNedDKqRXKxl5n+1XqwGV25CeBQrzNFs0SCmlgqtLAsrIAIjRScaIBJE32qhERQQKZ1YqTK/Jvs8Uuwp1dE4i0EsQ/u87mi+uyg3TvOQiuAYnIAqcMAlaIBb0AQtgEACXsAreDOejXfjw/ictRaMfOYQ/JHx9QvnRZ4T</latexit><latexit sha1_base64="+Popw1cLUnfZn16ZpryLPCMBLXI=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ARLpQUpiQi6LLjQZQV7gTaGyWTaDp2ZhJmJWEJew71bfQV34ta9b+BjOGmzqK0/DHz855w5h9+PKJHKtr+Nwsrq2vpGcbO0tb2zu2fuH7RlGAuEWyikoej6UGJKOG4poijuRgJD5lPc8cfXWb3ziIUkIb9Xkwi7DA45GRAElbY88yh4SKp2LfWS/g1kDKZVdsZrnlm26/ZU1jI4OZRBrqZn/vSDEMUMc4UolLLn2JFyEygUQRSnpX4scQTRGA5xTyOHDEs3mZ6fWhXtBNYgFPpxZU3d+YkEMiknzNedDKqRXKxl5n+1XqwGV25CeBQrzNFs0SCmlgqtLAsrIAIjRScaIBJE32qhERQQKZ1YqTK/Jvs8Uuwp1dE4i0EsQ/u87mi+uyg3TvOQiuAYnIAqcMAlaIBb0AQtgEACXsAreDOejXfjw/ictRaMfOYQ/JHx9QvnRZ4T</latexit><latexit sha1_base64="+Popw1cLUnfZn16ZpryLPCMBLXI=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ARLpQUpiQi6LLjQZQV7gTaGyWTaDp2ZhJmJWEJew71bfQV34ta9b+BjOGmzqK0/DHz855w5h9+PKJHKtr+Nwsrq2vpGcbO0tb2zu2fuH7RlGAuEWyikoej6UGJKOG4poijuRgJD5lPc8cfXWb3ziIUkIb9Xkwi7DA45GRAElbY88yh4SKp2LfWS/g1kDKZVdsZrnlm26/ZU1jI4OZRBrqZn/vSDEMUMc4UolLLn2JFyEygUQRSnpX4scQTRGA5xTyOHDEs3mZ6fWhXtBNYgFPpxZU3d+YkEMiknzNedDKqRXKxl5n+1XqwGV25CeBQrzNFs0SCmlgqtLAsrIAIjRScaIBJE32qhERQQKZ1YqTK/Jvs8Uuwp1dE4i0EsQ/u87mi+uyg3TvOQiuAYnIAqcMAlaIBb0AQtgEACXsAreDOejXfjw/ictRaMfOYQ/JHx9QvnRZ4T</latexit>

d(1)� (m,n)
<latexit sha1_base64="6i9fgoGAFT2aSB22qRkExNVIAGk=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ARLpQUpiQi6LLjQZQV7gTaGyWTaDp2ZhJmJWEJew71bfQV34ta9b+BjOGmzqK0/DHz855w5h9+PKJHKtr+Nwsrq2vpGcbO0tb2zu2fuH7RlGAuEWyikoej6UGJKOG4poijuRgJD5lPc8cfXWb3ziIUkIb9Xkwi7DA45GRAElbY88yh4SKpOLfWS/g1kDKZVdsZrnlm26/ZU1jI4OZRBrqZn/vSDEMUMc4UolLLn2JFyEygUQRSnpX4scQTRGA5xTyOHDEs3mZ6fWhXtBNYgFPpxZU3d+YkEMiknzNedDKqRXKxl5n+1XqwGV25CeBQrzNFs0SCmlgqtLAsrIAIjRScaIBJE32qhERQQKZ1YqTK/Jvs8Uuwp1dE4i0EsQ/u87mi+uyg3TvOQiuAYnIAqcMAlaIBb0AQtgEACXsAreDOejXfjw/ictRaMfOYQ/JHx9Qvo754U</latexit><latexit sha1_base64="6i9fgoGAFT2aSB22qRkExNVIAGk=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ARLpQUpiQi6LLjQZQV7gTaGyWTaDp2ZhJmJWEJew71bfQV34ta9b+BjOGmzqK0/DHz855w5h9+PKJHKtr+Nwsrq2vpGcbO0tb2zu2fuH7RlGAuEWyikoej6UGJKOG4poijuRgJD5lPc8cfXWb3ziIUkIb9Xkwi7DA45GRAElbY88yh4SKpOLfWS/g1kDKZVdsZrnlm26/ZU1jI4OZRBrqZn/vSDEMUMc4UolLLn2JFyEygUQRSnpX4scQTRGA5xTyOHDEs3mZ6fWhXtBNYgFPpxZU3d+YkEMiknzNedDKqRXKxl5n+1XqwGV25CeBQrzNFs0SCmlgqtLAsrIAIjRScaIBJE32qhERQQKZ1YqTK/Jvs8Uuwp1dE4i0EsQ/u87mi+uyg3TvOQiuAYnIAqcMAlaIBb0AQtgEACXsAreDOejXfjw/ictRaMfOYQ/JHx9Qvo754U</latexit><latexit sha1_base64="6i9fgoGAFT2aSB22qRkExNVIAGk=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ARLpQUpiQi6LLjQZQV7gTaGyWTaDp2ZhJmJWEJew71bfQV34ta9b+BjOGmzqK0/DHz855w5h9+PKJHKtr+Nwsrq2vpGcbO0tb2zu2fuH7RlGAuEWyikoej6UGJKOG4poijuRgJD5lPc8cfXWb3ziIUkIb9Xkwi7DA45GRAElbY88yh4SKpOLfWS/g1kDKZVdsZrnlm26/ZU1jI4OZRBrqZn/vSDEMUMc4UolLLn2JFyEygUQRSnpX4scQTRGA5xTyOHDEs3mZ6fWhXtBNYgFPpxZU3d+YkEMiknzNedDKqRXKxl5n+1XqwGV25CeBQrzNFs0SCmlgqtLAsrIAIjRScaIBJE32qhERQQKZ1YqTK/Jvs8Uuwp1dE4i0EsQ/u87mi+uyg3TvOQiuAYnIAqcMAlaIBb0AQtgEACXsAreDOejXfjw/ictRaMfOYQ/JHx9Qvo754U</latexit><latexit sha1_base64="6i9fgoGAFT2aSB22qRkExNVIAGk=">AAACFHicbZDLSsNAFIYn9VbrLSqu3ARLpQUpiQi6LLjQZQV7gTaGyWTaDp2ZhJmJWEJew71bfQV34ta9b+BjOGmzqK0/DHz855w5h9+PKJHKtr+Nwsrq2vpGcbO0tb2zu2fuH7RlGAuEWyikoej6UGJKOG4poijuRgJD5lPc8cfXWb3ziIUkIb9Xkwi7DA45GRAElbY88yh4SKpOLfWS/g1kDKZVdsZrnlm26/ZU1jI4OZRBrqZn/vSDEMUMc4UolLLn2JFyEygUQRSnpX4scQTRGA5xTyOHDEs3mZ6fWhXtBNYgFPpxZU3d+YkEMiknzNedDKqRXKxl5n+1XqwGV25CeBQrzNFs0SCmlgqtLAsrIAIjRScaIBJE32qhERQQKZ1YqTK/Jvs8Uuwp1dE4i0EsQ/u87mi+uyg3TvOQiuAYnIAqcMAlaIBb0AQtgEACXsAreDOejXfjw/ictRaMfOYQ/JHx9Qvo754U</latexit>

p1
<latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit>

pm
<latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit>

p�n
<latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit>

p�1
<latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit>

· · ·<latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit>

· · ·<latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit>

+
<latexit sha1_base64="MsJREdhdLFseihDN3gEkB5Ji0Lc=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYKkIQpkRQZcFNy5bsA9oh5JJM21okhmSjFiGgnu3+gvuxK2/4h/4GWbaWdTWA4HDOfeVE8ScaeO6387a+sbm1nZhp7i7t39wWDo6bukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO8yv/1IlWaRfDCTmPoCDyULGcHGSo3LfqnsVt0Z0CrxclKGHPV+6ac3iEgiqDSEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqsaDaT2eHTlHFKgMURso+adBMXexIsdB6IgJbKbAZ6WUvE//zuokJb/2UyTgxVJL5ojDhyEQo+zUaMEWJ4RNLMFHM3orICCtMjM2mWFlckw2PjXia2mi85SBWSeuq6lneuC7XzvOQCnAKZ3ABHtxADe6hDk0gQOEFXuHNeXbenQ/nc1665uQ9J/AHztcvCrSWHA==</latexit><latexit sha1_base64="MsJREdhdLFseihDN3gEkB5Ji0Lc=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYKkIQpkRQZcFNy5bsA9oh5JJM21okhmSjFiGgnu3+gvuxK2/4h/4GWbaWdTWA4HDOfeVE8ScaeO6387a+sbm1nZhp7i7t39wWDo6bukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO8yv/1IlWaRfDCTmPoCDyULGcHGSo3LfqnsVt0Z0CrxclKGHPV+6ac3iEgiqDSEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqsaDaT2eHTlHFKgMURso+adBMXexIsdB6IgJbKbAZ6WUvE//zuokJb/2UyTgxVJL5ojDhyEQo+zUaMEWJ4RNLMFHM3orICCtMjM2mWFlckw2PjXia2mi85SBWSeuq6lneuC7XzvOQCnAKZ3ABHtxADe6hDk0gQOEFXuHNeXbenQ/nc1665uQ9J/AHztcvCrSWHA==</latexit><latexit sha1_base64="MsJREdhdLFseihDN3gEkB5Ji0Lc=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYKkIQpkRQZcFNy5bsA9oh5JJM21okhmSjFiGgnu3+gvuxK2/4h/4GWbaWdTWA4HDOfeVE8ScaeO6387a+sbm1nZhp7i7t39wWDo6bukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO8yv/1IlWaRfDCTmPoCDyULGcHGSo3LfqnsVt0Z0CrxclKGHPV+6ac3iEgiqDSEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqsaDaT2eHTlHFKgMURso+adBMXexIsdB6IgJbKbAZ6WUvE//zuokJb/2UyTgxVJL5ojDhyEQo+zUaMEWJ4RNLMFHM3orICCtMjM2mWFlckw2PjXia2mi85SBWSeuq6lneuC7XzvOQCnAKZ3ABHtxADe6hDk0gQOEFXuHNeXbenQ/nc1665uQ9J/AHztcvCrSWHA==</latexit><latexit sha1_base64="MsJREdhdLFseihDN3gEkB5Ji0Lc=">AAAB/nicbVDLSgMxFL3js9ZX1aWbYKkIQpkRQZcFNy5bsA9oh5JJM21okhmSjFiGgnu3+gvuxK2/4h/4GWbaWdTWA4HDOfeVE8ScaeO6387a+sbm1nZhp7i7t39wWDo6bukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjO8yv/1IlWaRfDCTmPoCDyULGcHGSo3LfqnsVt0Z0CrxclKGHPV+6ac3iEgiqDSEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqsaDaT2eHTlHFKgMURso+adBMXexIsdB6IgJbKbAZ6WUvE//zuokJb/2UyTgxVJL5ojDhyEQo+zUaMEWJ4RNLMFHM3orICCtMjM2mWFlckw2PjXia2mi85SBWSeuq6lneuC7XzvOQCnAKZ3ABHtxADe6hDk0gQOEFXuHNeXbenQ/nc1665uQ9J/AHztcvCrSWHA==</latexit>

(1 +O(�))
<latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit>

(1 +O(�))
<latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit>

+ · · ·
<latexit sha1_base64="d6Ntj8PDjDPlApk+1hry/ZjYSQQ=">AAACBHicbVDLSgMxFM3UV62vqks3wVIRhDIjgi4LblxWsA9oh5LJpG1oMhmSO2IZunXvVn/Bnbj1P/wDP8NMO4vaeiBwOOe+coJYcAOu++0U1tY3NreK26Wd3b39g/LhUcuoRFPWpEoo3QmIYYJHrAkcBOvEmhEZCNYOxreZ335k2nAVPcAkZr4kw4gPOCVgpfZFj4YKTL9ccWvuDHiVeDmpoByNfvmnFyqaSBYBFcSYrufG4KdEA6eCTUu9xLCY0DEZsq6lEZHM+Ons3CmuWiXEA6XtiwDP1MWOlEhjJjKwlZLAyCx7mfif101gcOOnPIoTYBGdLxokAoPC2d9xyDWjICaWEKq5vRXTEdGEgk2oVF1ckw2PQT5NbTTechCrpHVZ8yy/v6rUz/KQiugEnaJz5KFrVEd3qIGaiKIxekGv6M15dt6dD+dzXlpw8p5j9AfO1y/ljJjR</latexit><latexit sha1_base64="d6Ntj8PDjDPlApk+1hry/ZjYSQQ=">AAACBHicbVDLSgMxFM3UV62vqks3wVIRhDIjgi4LblxWsA9oh5LJpG1oMhmSO2IZunXvVn/Bnbj1P/wDP8NMO4vaeiBwOOe+coJYcAOu++0U1tY3NreK26Wd3b39g/LhUcuoRFPWpEoo3QmIYYJHrAkcBOvEmhEZCNYOxreZ335k2nAVPcAkZr4kw4gPOCVgpfZFj4YKTL9ccWvuDHiVeDmpoByNfvmnFyqaSBYBFcSYrufG4KdEA6eCTUu9xLCY0DEZsq6lEZHM+Ons3CmuWiXEA6XtiwDP1MWOlEhjJjKwlZLAyCx7mfif101gcOOnPIoTYBGdLxokAoPC2d9xyDWjICaWEKq5vRXTEdGEgk2oVF1ckw2PQT5NbTTechCrpHVZ8yy/v6rUz/KQiugEnaJz5KFrVEd3qIGaiKIxekGv6M15dt6dD+dzXlpw8p5j9AfO1y/ljJjR</latexit><latexit sha1_base64="d6Ntj8PDjDPlApk+1hry/ZjYSQQ=">AAACBHicbVDLSgMxFM3UV62vqks3wVIRhDIjgi4LblxWsA9oh5LJpG1oMhmSO2IZunXvVn/Bnbj1P/wDP8NMO4vaeiBwOOe+coJYcAOu++0U1tY3NreK26Wd3b39g/LhUcuoRFPWpEoo3QmIYYJHrAkcBOvEmhEZCNYOxreZ335k2nAVPcAkZr4kw4gPOCVgpfZFj4YKTL9ccWvuDHiVeDmpoByNfvmnFyqaSBYBFcSYrufG4KdEA6eCTUu9xLCY0DEZsq6lEZHM+Ons3CmuWiXEA6XtiwDP1MWOlEhjJjKwlZLAyCx7mfif101gcOOnPIoTYBGdLxokAoPC2d9xyDWjICaWEKq5vRXTEdGEgk2oVF1ckw2PQT5NbTTechCrpHVZ8yy/v6rUz/KQiugEnaJz5KFrVEd3qIGaiKIxekGv6M15dt6dD+dzXlpw8p5j9AfO1y/ljJjR</latexit><latexit sha1_base64="d6Ntj8PDjDPlApk+1hry/ZjYSQQ=">AAACBHicbVDLSgMxFM3UV62vqks3wVIRhDIjgi4LblxWsA9oh5LJpG1oMhmSO2IZunXvVn/Bnbj1P/wDP8NMO4vaeiBwOOe+coJYcAOu++0U1tY3NreK26Wd3b39g/LhUcuoRFPWpEoo3QmIYYJHrAkcBOvEmhEZCNYOxreZ335k2nAVPcAkZr4kw4gPOCVgpfZFj4YKTL9ccWvuDHiVeDmpoByNfvmnFyqaSBYBFcSYrufG4KdEA6eCTUu9xLCY0DEZsq6lEZHM+Ons3CmuWiXEA6XtiwDP1MWOlEhjJjKwlZLAyCx7mfif101gcOOnPIoTYBGdLxokAoPC2d9xyDWjICaWEKq5vRXTEdGEgk2oVF1ckw2PQT5NbTTechCrpHVZ8yy/v6rUz/KQiugEnaJz5KFrVEd3qIGaiKIxekGv6M15dt6dD+dzXlpw8p5j9AfO1y/ljJjR</latexit>

· · ·<latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit> · · ·<latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit>

··· <latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit> <latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit> <latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit> <latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit> ··· <latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit> <latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit> <latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit> <latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit>
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(1 +O(�))
<latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit><latexit sha1_base64="5rGDq+WYp61+oJiU7HdfJOeoX8k=">AAACGHicbVDLSsNAFJ3UV62vqCtxM1gqLUJJRNBlwY07K9gHNKFMJpN26EwSZiZiCcX/cO9Wf8GduHXnH/gZTtosauuBgcO599x753gxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScJoSFqKKka6sSCIe4x0vNF1Vu88ECFpFN6rcUxcjgYhDShGSkt986hqn0GHIzXEiKW3k6rDtNlHtVrfLFt1awq4TOyclEGOZt/8cfwIJ5yECjMkZc+2YuWmSCiKGZmUnESSGOERGpCepiHiRLrp9AsTWNGKD4NI6BcqOFXnHSniUo65pzuzY+ViLRP/q/USFVy5KQ3jRJEQzxYFCYMqglke0KeCYMXGmiAsqL4V4iESCCudWqkyvyYbHiv+ONHR2ItBLJP2ed3W/O6i3DjNQyqCY3ACqsAGl6ABbkATtAAGT+AFvII349l4Nz6Mz1lrwcg9h+APjK9feZyfag==</latexit>

+ · · ·
<latexit sha1_base64="d6Ntj8PDjDPlApk+1hry/ZjYSQQ=">AAACBHicbVDLSgMxFM3UV62vqks3wVIRhDIjgi4LblxWsA9oh5LJpG1oMhmSO2IZunXvVn/Bnbj1P/wDP8NMO4vaeiBwOOe+coJYcAOu++0U1tY3NreK26Wd3b39g/LhUcuoRFPWpEoo3QmIYYJHrAkcBOvEmhEZCNYOxreZ335k2nAVPcAkZr4kw4gPOCVgpfZFj4YKTL9ccWvuDHiVeDmpoByNfvmnFyqaSBYBFcSYrufG4KdEA6eCTUu9xLCY0DEZsq6lEZHM+Ons3CmuWiXEA6XtiwDP1MWOlEhjJjKwlZLAyCx7mfif101gcOOnPIoTYBGdLxokAoPC2d9xyDWjICaWEKq5vRXTEdGEgk2oVF1ckw2PQT5NbTTechCrpHVZ8yy/v6rUz/KQiugEnaJz5KFrVEd3qIGaiKIxekGv6M15dt6dD+dzXlpw8p5j9AfO1y/ljJjR</latexit><latexit sha1_base64="d6Ntj8PDjDPlApk+1hry/ZjYSQQ=">AAACBHicbVDLSgMxFM3UV62vqks3wVIRhDIjgi4LblxWsA9oh5LJpG1oMhmSO2IZunXvVn/Bnbj1P/wDP8NMO4vaeiBwOOe+coJYcAOu++0U1tY3NreK26Wd3b39g/LhUcuoRFPWpEoo3QmIYYJHrAkcBOvEmhEZCNYOxreZ335k2nAVPcAkZr4kw4gPOCVgpfZFj4YKTL9ccWvuDHiVeDmpoByNfvmnFyqaSBYBFcSYrufG4KdEA6eCTUu9xLCY0DEZsq6lEZHM+Ons3CmuWiXEA6XtiwDP1MWOlEhjJjKwlZLAyCx7mfif101gcOOnPIoTYBGdLxokAoPC2d9xyDWjICaWEKq5vRXTEdGEgk2oVF1ckw2PQT5NbTTechCrpHVZ8yy/v6rUz/KQiugEnaJz5KFrVEd3qIGaiKIxekGv6M15dt6dD+dzXlpw8p5j9AfO1y/ljJjR</latexit><latexit sha1_base64="d6Ntj8PDjDPlApk+1hry/ZjYSQQ=">AAACBHicbVDLSgMxFM3UV62vqks3wVIRhDIjgi4LblxWsA9oh5LJpG1oMhmSO2IZunXvVn/Bnbj1P/wDP8NMO4vaeiBwOOe+coJYcAOu++0U1tY3NreK26Wd3b39g/LhUcuoRFPWpEoo3QmIYYJHrAkcBOvEmhEZCNYOxreZ335k2nAVPcAkZr4kw4gPOCVgpfZFj4YKTL9ccWvuDHiVeDmpoByNfvmnFyqaSBYBFcSYrufG4KdEA6eCTUu9xLCY0DEZsq6lEZHM+Ons3CmuWiXEA6XtiwDP1MWOlEhjJjKwlZLAyCx7mfif101gcOOnPIoTYBGdLxokAoPC2d9xyDWjICaWEKq5vRXTEdGEgk2oVF1ckw2PQT5NbTTechCrpHVZ8yy/v6rUz/KQiugEnaJz5KFrVEd3qIGaiKIxekGv6M15dt6dD+dzXlpw8p5j9AfO1y/ljJjR</latexit><latexit sha1_base64="d6Ntj8PDjDPlApk+1hry/ZjYSQQ=">AAACBHicbVDLSgMxFM3UV62vqks3wVIRhDIjgi4LblxWsA9oh5LJpG1oMhmSO2IZunXvVn/Bnbj1P/wDP8NMO4vaeiBwOOe+coJYcAOu++0U1tY3NreK26Wd3b39g/LhUcuoRFPWpEoo3QmIYYJHrAkcBOvEmhEZCNYOxreZ335k2nAVPcAkZr4kw4gPOCVgpfZFj4YKTL9ccWvuDHiVeDmpoByNfvmnFyqaSBYBFcSYrufG4KdEA6eCTUu9xLCY0DEZsq6lEZHM+Ons3CmuWiXEA6XtiwDP1MWOlEhjJjKwlZLAyCx7mfif101gcOOnPIoTYBGdLxokAoPC2d9xyDWjICaWEKq5vRXTEdGEgk2oVF1ckw2PQT5NbTTechCrpHVZ8yy/v6rUz/KQiugEnaJz5KFrVEd3qIGaiKIxekGv6M15dt6dD+dzXlpw8p5j9AfO1y/ljJjR</latexit>

p�1
<latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit>

p�1
<latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit>

p�n
<latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit>

p�n
<latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit><latexit sha1_base64="kqj4tbAOGHVyFXT60WDcAoQm6+k=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHneF/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnt07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQTpFTIxBCB54uihLkmdrOPuwOqCDZsYgnCitpbXTxCCmFj4ylVF9dkw6XhT1Mbjb8cxCppXdZ8y++vKvWzPKQinMApXIAP11CHO2hAEzCM4AVe4c15dt6dD+dzXlpw8p5j+APn6xdxDZdz</latexit>

p1
<latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit>

p1
<latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit><latexit sha1_base64="j4vDrugQ4Zd55dWtMy9dOVZG/QQ=">AAACAHicbVDLSgMxFL1TX7W+qi7dDJaKqzIjgi4LblxWtA9oh5JJM21okglJRixDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOxzeZ334kStNYPJiJJAFHQ0EjipGx0r3s+/1yxat5M7irxM9JBXI0+uWf3iDGCSfCYIa07vqeNEGKlKGYkWmpl2giER6jIelaKhAnOkhnp07dqlUGbhQr+4RxZ+piR4q41hMe2kqOzEgve5n4n9dNTHQdpFTIxBCB54uihLkmdrN/uwOqCDZsYgnCitpbXTxCCmFj0ylVF9dkw6XhT1Mbjb8cxCppXdR8y+8uK/WzPKQinMApnIMPV1CHW2hAEzAM4QVe4c15dt6dD+dzXlpw8p5j+APn6xerGpcF</latexit>

pm
<latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit>

pm
<latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit><latexit sha1_base64="jNmnr+8Avk/twcLcL2msViA5wxQ=">AAACAHicbVDLSgMxFM3UV62vqks3g6XiqsyIoMuCG5cV7QPaoWTSTBuaZEJyRyxDN+7d6i+4E7f+iX/gZ5hpZ1FbDwQO59xXTqg4M+B5305hbX1jc6u4XdrZ3ds/KB8etUycaEKbJOax7oTYUM4kbQIDTjtKUyxCTtvh+Cbz249UGxbLB5goGgg8lCxiBIOV7lVf9MsVr+bN4K4SPycVlKPRL//0BjFJBJVAODam63sKghRrYITTaamXGKowGeMh7VoqsaAmSGenTt2qVQZuFGv7JLgzdbEjxcKYiQhtpcAwMsteJv7ndROIroOUSZUAlWS+KEq4C7Gb/dsdME0J8IklmGhmb3XJCGtMwKZTqi6uyYYrEE9TG42/HMQqaV3UfMvvLiv1szykIjpBp+gc+egK1dEtaqAmImiIXtArenOenXfnw/mclxacvOcY/YHz9QsLQZdB</latexit>

S P
(P + q)/2

<latexit sha1_base64="TH+8INIhzf9XCJO00lufbtSd+F8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRalItTdKuix4MVjBfsB7VKyabYNTbJrkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0e3Ubz1RpVkkH8w4pr7AA8lCRrCxUqtcP388u6j2iiW34s6AlomXkRJkqPeKX91+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+Ojt3gk6s0kdhpGxJg2bq74kUC63HIrCdApuhXvSm4n9eJzHhjZ8yGSeGSjJfFCYcmQhNf0d9pigxfGwJJorZWxEZYoWJsQkVbAje4svLpFmteJeV6v1VqXaaxZGHIziGMnhwDTW4gzo0gMAInuEV3pzYeXHenY95a87JZg7hD5zPH39WjkY=</latexit>

(P � q)/2
<latexit sha1_base64="q5VSUcvDPtmlpnzyYTfIg8WrZBw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRalHqy7VdBjwYvHCvYD2qVk02wbmmTXJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9up33qiSrNIPphxTH2BB5KFjGBjpVa5fv54dlHtFUtuxZ0BLRMvIyXIUO8Vv7r9iCSCSkM41rrjubHxU6wMI5xOCt1E0xiTER7QjqUSC6r9dHbuBJ1YpY/CSNmSBs3U3xMpFlqPRWA7BTZDvehNxf+8TmLCGz9lMk4MlWS+KEw4MhGa/o76TFFi+NgSTBSztyIyxAoTYxMq2BC8xZeXSbNa8S4r1furUu00iyMPR3AMZfDgGmpwB3VoAIERPMMrvDmx8+K8Ox/z1pyTzRzCHzifP4Jmjkg=</latexit>

Figure 1. A diagrammatic illustration of the matching procedure from full QCD onto EFT

operators.

of the heavy quark and antiquark, pQ and pQ̄ respectively. Those are the spinors, u and v,

the propagators, D, and the vertex, Γ. The spinor and propagator expansions in q and λ

are given in appendix A. We use the following notation for the vertex expansion,

Γ(pt(m), pQ, p
′
i(n), pQ̄) = Γ(0)(pt(m), p′t(n))(1+O(λ))+q ·Γ(1)(pt(m), p′t(n))(1+O(λ))+ · · ·

(3.5)

First we consider the projection onto S-wave states

d
(0)
Γ (m,n) =

(
u(0)

)†
(igγµ1T a1)

i(1+/v)

2p0
t (1)

(igγµ2T a2)
i(1+/v)

2p0
t (2)

· · ·(igγµmT am)
i(1+/v)

2p0
t (m)

×Γ(0)(pt(m),p′t(n))
i(1−/v)

2p
′0
t (n)

(
igγνnT bn

)
· · ·
(
igγν2T b2

) i(1−/v)

2p
′0
t (1)

(
igγν1T b1

)
v(0)

×Ab11′,ν1
Ab22′,ν2

· · ·Aa1
1,µ1

, (3.6)

where we use the label-momentum notation also used in the context of vNRQCD:

Aai,µ ≡ Aaµ(pi) , Abi′,ν ≡ Abν(p′i) . (3.7)

Further we use

γµi(1 + /v) = (1− /v)γµi + 2vµi , (1− /v)γνi = γνi(1 + /v)− 2vνi , (3.8)

along with eq. (A.5) to rewrite d
(0)
Γ as follows

d
(0)
Γ (m,n) =

(
u(0)

)† [
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m), p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (3.9)

Since gluons are bosons we can sum over all possible permutations within each product

and normalize with the number of permutations. Furthermore since we are considering an

arbitrary number of soft gluons we need to sum over all possible n and m which gives

d
(0)
Γ =

(
u(0)

)†
S†v Γ(0) Svv

(0) . (3.10)

We have omitted the arguments of Γ(0) which could depend on the total momenta of soft

gluons attached to the heavy quark and antiquark lines. Here Sv is given by

Sv =
∑
n

∑
perms

gn

n!

n∏
s=1

[
A0
n+1−s
p0
t (s)

]
, (3.11)
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which is the momentum space expansion of the time-like Wilson line of soft gluons,

Sv(x,−∞), defined as,

Sv(x,−∞) = P

[
exp

(
− ig

∫ 0

−∞
dτ v ·Asoft(x

µ + vµτ)

)]
. (3.12)

Eq. (3.10) is our final result for the generic treatment of soft gluon emissions from

S-wave quarkonia. For the specific mechanisms of interest, e.g., S
3 (8)

1 , S
1 (1)

0 , . . ., to obtain

the exact operator form we need to specify the hard process and then evaluate the vertex

Γ and its expansion in q and λ. We will do a particular example in the next subsection.

Next we perform a tree-level, diagrammatic analysis for the case where the QQ̄ are in

a P-wave. To achieve this, we need to expand in the relative momenta of the heavy quark-

antiquark pair and keep only the linear terms in q. As mentioned earlier there are three

sources that will contribute: the spinors u and v, the propagators D, and the vertex Γ.

The procedure for the expansion of the vertex is identical to the analysis following eq. (3.6)

d
(1)
V =

(
u(0)

)†
S†v q · Γ(1) Svv

(0) . (3.13)

From the expansion of the propagators, D(pQ + p), we have two contributions, the one

proportional to pi and the other to γi, see eqs. (A.6) and (A.7). We consider the former

independently and the latter along with the contributions from the spinor expansions; we

refer to these terms as d
(1)
D and d

(1)
γ respectively. The term d

(1)
D can be written as the sum

of contributions where the expanded propagators lie along in the quark line d
(1)
D (quark) or

antiquark line d
(1)
D (antiquark)

d
(1)
D = d

(1)
D (quark) + d

(1)
D (antiquark) . (3.14)

Here we demonstrate the calculation for d
(1)
D (quarks) only. For all other terms refer to

appendix C. We begin by expanding the i-th propagator along the quark line at leading

order in q. Then using eq. (3.8) and summing over i we have

d
(1)
D (m,n; quark) =

(
u(0)

)† m∑
i=1

[
(−g)iq · pt(i)

i∏
s=1

A0
s

p0
t (s)

]
1

2mp0
t (i)

[
(−g)m−i

m∏
s=i+1

A0
s

p0
t (s)

]

Γ(0)(pt(m), p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (3.15)

Using eq. (A.8) we get

d
(1)
D (m,n; quark) =

(
u(0)

)† m∑
i=1

m∑
ρ=i

1

2mp0
t (ρ)

[
(−g)iq · pt(i)

i∏
s=1

A0
s

p0
t (s)

]
[
gρ−i

ρ∏
s=i+1

A0
s∑s

`=i+1 p
0
ρ+i+1−`

][
(−g)m−ρ

m∏
s=ρ+1

A0
s∑s

`=ρ+1 p
0
`

]

Γ(0)(pt(m), p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (3.16)
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Now summing over all permutations within each product, using the bosonic nature of

gluons, and considering all values of m and n we have

d
(1)
D (quark) =

(
u(0)

)† [ 1

2mv · P

[
q ·PS†v

]
Sv

]
S†vΓ

(0)Svv
(0)

= −
(
u(0)

)† [ 1

2mv · P
S†v

[
q ·PSv

]]
S†vΓ

(0)Svv
(0) . (3.17)

Here we used the notation where the label momentum operator acts upon fields to the

right which are enclosed within the same square brackets (including sub-brackets). A

similar analysis for the antiquark yields

d
(1)
D (antiquark) = −

(
u(0)

)†
S†vΓ

(0)Sv

[
1

2mv · P
S†v

[
q ·PSv

]]
v(0) . (3.18)

Therefore, the sum in eq. (3.14) gives an anti-commutator in the following form

d
(1)
D =

(
u(0)

)†{
S†vΓ

(0)Sv,

[
−1

2mv · P
S†v

[
q ·PSv

]]}
v(0) . (3.19)

Similarly from eqs. (C.15) and (C.25) we have

d(1)
γ =

(
u(0)

)†{
S†vΓ

(0)Sv,

[
1

2mv · P
S†vq ·ASv

]
− γ · q

}
v(0) . (3.20)

The total contribution to the P-wave QQ̄ states is given by

d
(1)
Γ = d

(1)
V + d

(1)
D + d(1)

γ =
g

2m

(
u(0)

)†{
S†vΓ

(0)Sv,

[
1

v · P
q ·Bs

]}
v(0) (3.21)

+
(
u(0)

)†
S†v q ·

(
Γ(1) − 1

4m

{
Γ(0),γ

})
Svv

(0) ,

where the building block, Bµ
s , is defined as follows

Bµ
s = −1

g
S†v

[
(Pµ − gAµ)Sv

]
(3.22)

and was introduced and studied in the context of vNRQCD in ref. [58]. We demonstrate

its importance for the gauge invariance of the EFT operators later in this section. In the

next subsection, we show how the form of the terms involving Γ(0) can be understood using

reparametrization invariance (RPI).

Eqs. (3.10) and (3.21) are the main results of this section. Using these equations we

can now easily identify the operators that do have nonvanishing matching with the full

theory at any fixed order in the αs expansion. Here we wish to make a few important

observations. In eq. (3.21) there are three distinct contributions, each proportional to one

of: Bs, Γ(1), and γ. We refer to those as Type I, Type II, and Type III contributions.

For a given Γ(0) Type I and Type III will never match onto the same operator due to the

presence of Bs. They will also not contribute to QQ̄ with the same quantum numbers

because the two operators have different spin angular momentum. If Γ(0) is a color-singlet
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then Type I contributions will be color-octets and Type II will be color singlets. Finally,

as will see in a later subsection Type I and Type III are related to the S-wave operators

responsible for eq. (3.10) so their matching will be the same to all orders in perturbation

theory. In section 4 we will see that this has important implications for the IR finiteness

of the EFT matching coefficients.

It should be noted that in the current formulation of the SCETQ operators we cannot

distinguish between the past and future going Wilson lines. Such a distinction is impor-

tant when discussing universality of soft functions and properties of rapidity divergences.

Although this analysis can be done in SCETQ we do not pursue this in this work. Such

an analysis will be useful for discussing cancellation of rapidity divergences to all orders in

perturbation theory, which we leave for future work. In addition, in our results no trans-

verse gauge link is present, contrary to other soft functions such as those in Drell- Yan and

electron-positron annihilation. This is a consequence of working in Feynman gauge (or any

other covariant gauge). For full gauge invariance including axial gauges one should include

the transverse gauge link.

3.2 A simple example

Now we demonstrate how the analysis and results of the previous section can be used in

order to perform the matching for a particular process. As an example we study QQ̄ pair

production(decay) from(to) a light quark-antiquark pair. The relevant QCD diagram is

shown in figure 2. The two on-shell light quarks have momenta with collinear scaling:

pµn ∼ 2m(λ2, 1, λ) pµn̄ ∼ 2m(1, λ2, λ) . (3.23)

This indicates that the collinear approximation is appropriate, and many results from

SCET can be recycled. The full theory diagram gives

d(qq̄→QQ̄) = v̄(pn̄)(γρT
c)u(pn)

ig2

(P+pX)2

ū(pQ)(igγµ1T a1)D(pQ+p1)(igγµ2T a2) · · ·(igγµmT am)D(pQ+pt(m)) γρT c

D(−pQ̄−p′t(n))
(
igγνnT bn

)
· · ·
(
igγν2T b2

)
D(−pQ̄−p′1)

(
igγν1T b1

)
v(pQ̄)

×Ab1ν1
(p′1)Ab2ν2

(p′2) · · ·Aa1
µ1

(p1) , (3.24)

from which we can directly read off the vertex Γ = γρT cig2/s, where s = (P + pX)2 is

the center of mass energy squared. We note that this expression is independent of qµ and

therefore Γ(i>0) = 0. Expanding in λ we find

Γ(0) = γρT c
ig2

4m2
, Γ(1) = 0 . (3.25)

Using this result along with eq. (3.10) we can easily obtain for the overlap with S-wave

states:

d(0)(qq̄ → QQ̄) = iαs
π

m2
v̄n̄(pn̄)

(
γiT c

)
un(pn)(

√
2mξ†)σiS†vT

cSv(
√

2mη†) , (3.26)
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p�1
<latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit><latexit sha1_base64="+8aHEUoRa2nr6DdS+mA8fSrvg3E=">AAACAXicbVDLSgMxFL1TX7W+qi7dDJaqqzIjgi4LblxWsA9oh5JJM21okglJRixDV+7d6i+4E7d+iX/gZ5hpZ1FbDwQO59xXTigZ1cbzvp3C2vrG5lZxu7Szu7d/UD48auk4UZg0ccxi1QmRJowK0jTUMNKRiiAeMtIOx7eZ334kStNYPJiJJAFHQ0EjipHJJHne9/vlilfzZnBXiZ+TCuRo9Ms/vUGME06EwQxp3fU9aYIUKUMxI9NSL9FEIjxGQ9K1VCBOdJDObp26VasM3ChW9gnjztTFjhRxrSc8tJUcmZFe9jLxP6+bmOgmSKmQiSECzxdFCXNN7GYfdwdUEWzYxBKEFbW3uniEFMLGxlOqLq7JhkvDn6Y2Gn85iFXSuqz5lt9fVepneUhFOIFTuAAfrqEOd9CAJmAYwQu8wpvz7Lw7H87nvLTg5D3H8AfO1y8PW5c2</latexit>

· · ·<latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit>

· · ·<latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit><latexit sha1_base64="aIgEQlBE8J8LyLUX6+T1vigeyNE=">AAACA3icbVDLSgMxFM3UV62vqks3wVJxVWZE0GXBjcsK9gFtKZlMpo1NMkNyRyxDl+7d6i+4E7d+iH/gZ5hpZ1FbDwQO59xXjh8LbsB1v53C2vrG5lZxu7Szu7d/UD48apko0ZQ1aSQi3fGJYYIr1gQOgnVizYj0BWv745vMbz8ybXik7mESs74kQ8VDTglYqdWjQQRmUK64NXcGvEq8nFRQjsag/NMLIppIpoAKYkzXc2Pop0QDp4JNS73EsJjQMRmyrqWKSGb66ezaKa5aJcBhpO1TgGfqYkdKpDET6dtKSWBklr1M/M/rJhBe91Ou4gSYovNFYSIwRDj7Og64ZhTExBJCNbe3YjoimlCwAZWqi2uy4THIp6mNxlsOYpW0Lmqe5XeXlfpZHlIRnaBTdI48dIXq6BY1UBNR9IBe0Ct6c56dd+fD+ZyXFpy85xj9gfP1C3qomJw=</latexit>

(pQ + q)/2
<latexit sha1_base64="qsE6tO5Kuj2hKf7PMPCoqXVdZs0=">AAACFnicbVDLSsNAFJ3UV62vqAsXbgZLpSLUpAi6LLhx2YJ9QBvCZDpph84kcWYilpD/cO9Wf8GduHXrH/gZTtosavXAwOGc+5rjRYxKZVlfRmFldW19o7hZ2tre2d0z9w86MowFJm0cslD0PCQJowFpK6oY6UWCIO4x0vUmN5nffSBC0jC4U9OIOByNAupTjJSWXPOoGrnJgCM1xoglrTSF5/D+7KLummWrZs0A/xI7J2WQo+ma34NhiGNOAoUZkrJvW5FyEiQUxYykpUEsSYTwBI1IX9MAcSKdZPaBFFa0MoR+KPQLFJypix0J4lJOuacrs1PlspeJ/3n9WPnXTkKDKFYkwPNFfsygCmGWBhxSQbBiU00QFlTfCvEYCYSVzqxUWVyTDY8Uf0x1NPZyEH9Jp16zNW9dlhuneUhFcAxOQBXY4Ao0wC1ogjbAIAXP4AW8Gk/Gm/FufMxLC0becwh+wfj8AVl5ntI=</latexit><latexit sha1_base64="qsE6tO5Kuj2hKf7PMPCoqXVdZs0=">AAACFnicbVDLSsNAFJ3UV62vqAsXbgZLpSLUpAi6LLhx2YJ9QBvCZDpph84kcWYilpD/cO9Wf8GduHXrH/gZTtosavXAwOGc+5rjRYxKZVlfRmFldW19o7hZ2tre2d0z9w86MowFJm0cslD0PCQJowFpK6oY6UWCIO4x0vUmN5nffSBC0jC4U9OIOByNAupTjJSWXPOoGrnJgCM1xoglrTSF5/D+7KLummWrZs0A/xI7J2WQo+ma34NhiGNOAoUZkrJvW5FyEiQUxYykpUEsSYTwBI1IX9MAcSKdZPaBFFa0MoR+KPQLFJypix0J4lJOuacrs1PlspeJ/3n9WPnXTkKDKFYkwPNFfsygCmGWBhxSQbBiU00QFlTfCvEYCYSVzqxUWVyTDY8Uf0x1NPZyEH9Jp16zNW9dlhuneUhFcAxOQBXY4Ao0wC1ogjbAIAXP4AW8Gk/Gm/FufMxLC0becwh+wfj8AVl5ntI=</latexit><latexit sha1_base64="qsE6tO5Kuj2hKf7PMPCoqXVdZs0=">AAACFnicbVDLSsNAFJ3UV62vqAsXbgZLpSLUpAi6LLhx2YJ9QBvCZDpph84kcWYilpD/cO9Wf8GduHXrH/gZTtosavXAwOGc+5rjRYxKZVlfRmFldW19o7hZ2tre2d0z9w86MowFJm0cslD0PCQJowFpK6oY6UWCIO4x0vUmN5nffSBC0jC4U9OIOByNAupTjJSWXPOoGrnJgCM1xoglrTSF5/D+7KLummWrZs0A/xI7J2WQo+ma34NhiGNOAoUZkrJvW5FyEiQUxYykpUEsSYTwBI1IX9MAcSKdZPaBFFa0MoR+KPQLFJypix0J4lJOuacrs1PlspeJ/3n9WPnXTkKDKFYkwPNFfsygCmGWBhxSQbBiU00QFlTfCvEYCYSVzqxUWVyTDY8Uf0x1NPZyEH9Jp16zNW9dlhuneUhFcAxOQBXY4Ao0wC1ogjbAIAXP4AW8Gk/Gm/FufMxLC0becwh+wfj8AVl5ntI=</latexit><latexit sha1_base64="qsE6tO5Kuj2hKf7PMPCoqXVdZs0=">AAACFnicbVDLSsNAFJ3UV62vqAsXbgZLpSLUpAi6LLhx2YJ9QBvCZDpph84kcWYilpD/cO9Wf8GduHXrH/gZTtosavXAwOGc+5rjRYxKZVlfRmFldW19o7hZ2tre2d0z9w86MowFJm0cslD0PCQJowFpK6oY6UWCIO4x0vUmN5nffSBC0jC4U9OIOByNAupTjJSWXPOoGrnJgCM1xoglrTSF5/D+7KLummWrZs0A/xI7J2WQo+ma34NhiGNOAoUZkrJvW5FyEiQUxYykpUEsSYTwBI1IX9MAcSKdZPaBFFa0MoR+KPQLFJypix0J4lJOuacrs1PlspeJ/3n9WPnXTkKDKFYkwPNFfsygCmGWBhxSQbBiU00QFlTfCvEYCYSVzqxUWVyTDY8Uf0x1NPZyEH9Jp16zNW9dlhuneUhFcAxOQBXY4Ao0wC1ogjbAIAXP4AW8Gk/Gm/FufMxLC0becwh+wfj8AVl5ntI=</latexit>

(pQ � q)/2
<latexit sha1_base64="NZOP2JTxq+zAtOvAtCFUpgesztw=">AAACFnicbVC7TsMwFHXKq5RXgIGBxaIqKgMlqZBgrMTC2Er0IbVR5LhOa9VOgu0gqij/wc4Kv8CGWFn5Az4Dp81QCkeydHTOffl4EaNSWdaXUVhZXVvfKG6WtrZ3dvfM/YOODGOBSRuHLBQ9D0nCaEDaiipGepEgiHuMdL3JTeZ3H4iQNAzu1DQiDkejgPoUI6Ul1zyqRm4y4EiNMWJJK03hObw/u6i7ZtmqWTPAv8TOSRnkaLrm92AY4piTQGGGpOzbVqScBAlFMSNpaRBLEiE8QSPS1zRAnEgnmX0ghRWtDKEfCv0CBWfqYkeCuJRT7unK7FS57GXif14/Vv61k9AgihUJ8HyRHzOoQpilAYdUEKzYVBOEBdW3QjxGAmGlMytVFtdkwyPFH1Mdjb0cxF/SqddszVuX5cZpHlIRHIMTUAU2uAINcAuaoA0wSMEzeAGvxpPxZrwbH/PSgpH3HIJfMD5/AFy3ntQ=</latexit><latexit sha1_base64="NZOP2JTxq+zAtOvAtCFUpgesztw=">AAACFnicbVC7TsMwFHXKq5RXgIGBxaIqKgMlqZBgrMTC2Er0IbVR5LhOa9VOgu0gqij/wc4Kv8CGWFn5Az4Dp81QCkeydHTOffl4EaNSWdaXUVhZXVvfKG6WtrZ3dvfM/YOODGOBSRuHLBQ9D0nCaEDaiipGepEgiHuMdL3JTeZ3H4iQNAzu1DQiDkejgPoUI6Ul1zyqRm4y4EiNMWJJK03hObw/u6i7ZtmqWTPAv8TOSRnkaLrm92AY4piTQGGGpOzbVqScBAlFMSNpaRBLEiE8QSPS1zRAnEgnmX0ghRWtDKEfCv0CBWfqYkeCuJRT7unK7FS57GXif14/Vv61k9AgihUJ8HyRHzOoQpilAYdUEKzYVBOEBdW3QjxGAmGlMytVFtdkwyPFH1Mdjb0cxF/SqddszVuX5cZpHlIRHIMTUAU2uAINcAuaoA0wSMEzeAGvxpPxZrwbH/PSgpH3HIJfMD5/AFy3ntQ=</latexit><latexit sha1_base64="NZOP2JTxq+zAtOvAtCFUpgesztw=">AAACFnicbVC7TsMwFHXKq5RXgIGBxaIqKgMlqZBgrMTC2Er0IbVR5LhOa9VOgu0gqij/wc4Kv8CGWFn5Az4Dp81QCkeydHTOffl4EaNSWdaXUVhZXVvfKG6WtrZ3dvfM/YOODGOBSRuHLBQ9D0nCaEDaiipGepEgiHuMdL3JTeZ3H4iQNAzu1DQiDkejgPoUI6Ul1zyqRm4y4EiNMWJJK03hObw/u6i7ZtmqWTPAv8TOSRnkaLrm92AY4piTQGGGpOzbVqScBAlFMSNpaRBLEiE8QSPS1zRAnEgnmX0ghRWtDKEfCv0CBWfqYkeCuJRT7unK7FS57GXif14/Vv61k9AgihUJ8HyRHzOoQpilAYdUEKzYVBOEBdW3QjxGAmGlMytVFtdkwyPFH1Mdjb0cxF/SqddszVuX5cZpHlIRHIMTUAU2uAINcAuaoA0wSMEzeAGvxpPxZrwbH/PSgpH3HIJfMD5/AFy3ntQ=</latexit><latexit sha1_base64="NZOP2JTxq+zAtOvAtCFUpgesztw=">AAACFnicbVC7TsMwFHXKq5RXgIGBxaIqKgMlqZBgrMTC2Er0IbVR5LhOa9VOgu0gqij/wc4Kv8CGWFn5Az4Dp81QCkeydHTOffl4EaNSWdaXUVhZXVvfKG6WtrZ3dvfM/YOODGOBSRuHLBQ9D0nCaEDaiipGepEgiHuMdL3JTeZ3H4iQNAzu1DQiDkejgPoUI6Ul1zyqRm4y4EiNMWJJK03hObw/u6i7ZtmqWTPAv8TOSRnkaLrm92AY4piTQGGGpOzbVqScBAlFMSNpaRBLEiE8QSPS1zRAnEgnmX0ghRWtDKEfCv0CBWfqYkeCuJRT7unK7FS57GXif14/Vv61k9AgihUJ8HyRHzOoQpilAYdUEKzYVBOEBdW3QjxGAmGlMytVFtdkwyPFH1Mdjb0cxF/SqddszVuX5cZpHlIRHIMTUAU2uAINcAuaoA0wSMEzeAGvxpPxZrwbH/PSgpH3HIJfMD5/AFy3ntQ=</latexit>

Figure 2. QCD diagram for an arbitrary number of soft gluon emissions from the heavy quark-

antiquark pair for the process qq̄ → QQ̄[n].

where we also expanded the collinear spinors in λ. This result is reproduced by the expec-

tation value of a four fermion operator

d(0)(qq̄→QQ̄) = iαs
π

m2
Q

〈
Q(pQ)Q̄(pQ̄)

∣∣∣∣ψ†σiS†vT cSvχ(0) ξ̄n̄γ
iT cξn(0)

∣∣∣∣q(pn)q̄(pn̄)

〉∣∣∣∣
tree-level

.

(3.27)

Until now we have not yet included soft or collinear gluon emissions from the light quark

lines. This task was already tackled in SCET and here we simply use what is already well

known. The collinear gluons along the n direction can be organized in a light-like Wilson

line, W †n, acting on the collinear field ξn. The product is usually denoted with

χn(x) ≡W †nξn(x) . (3.28)

For more details on the collinear Wilson lines refer to section 2 and references therein.

The soft gluon attachments can also be organized into a light-like Wilson line, Sn. The

resulting operator is

Scdv
(
ψ†σiT dχ

)
×
(
χ̄n̄γ

iS†n̄T
cSnχn

)
, (3.29)

where we used

Scdv T d = S†vT
cSv . (3.30)

The tree-level matching coefficient for this operator is

Cqq̄( S
3 [8]

1 ) = αs
π

m2
. (3.31)

We note that the only term that contributes is the projection of the heavy quark-antiquark

pair onto a 3S
[8]
1 configuration. This is to be expected from fixed order calculations in

NRCQD, where the same mechanism is the only S-wave contribution that has leading

logarithmic growth in the small traverse momentum limit at NLO.

We now repeat the same procedure for the projection onto spin triplet P-wave quarko-

nium states. Using eqs. (3.21) and (3.25) we get

d(1)(qq̄ → QQ̄) = iCqq̄( S
3 [8]

1 )
g

2m
Scdv v̄n̄(pn̄)

(
γiT c

)
× un(pn)(

√
2mξ†)σi

{
T d, T e

}
(
√

2mη†)

[
q ·Be

s

v · P

]
, (3.32)
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where we used Bµ
s = Be,µ

s T e [58]. The anti-commutator {T d, T e} = ddefT f + δde/Nc will

generate both color singlet and octet projections of the heavy quark-antiquark pair. For

this reason we break the contributions to this diagram into ones coming from two different

operators: √
2

Nc
× Scdv

[
g Bd,j

s

m v · P

][
ψ†

σi
↔
Pj

2
√

2Nc
χ

]
×
(
χ̄n̄γ

iS†n̄T
cSnχn

)
(3.33)

and

ddefScdv
[
g Be,j

s

m v · P

][
ψ†
σi
↔
Pj

2
T fχ

]
×
(
χ̄n̄γ

iS†n̄T
cSnχn

)
, (3.34)

with

Cqq̄( P
3 [1]

J ) = Cqq̄( P
3 [8]

J ) = Cqq̄( S
3 [8]

1 ) . (3.35)

The left-right label momentum operator is defined such that it acts on the left first,

[ψ†
↔
Pµχ] = [Pµψ]†χ − ψ†[Pµχ],3 and as always the square brackets denote the range

of action for the label momentum operator. Therefore, the leading term contributing to

P-wave states can be written in terms of these two operators:

d(1)(qq̄→QQ̄) = (3.36)

iCqq̄( S
3 [8]

1 )

(〈
Q(pQ)Q̄(pQ̄)

∣∣∣∣√ 2

Nc
×Scdv

[
gBd,js
mv ·P

][
ψ†

σi
↔
Pj

2
√

2Nc
χ

]
×
(
χ̄n̄γ

iS†n̄T
cSnχn

)∣∣∣∣q(pn)q̄(pn̄)

〉
+

〈
Q(pQ)Q̄(pQ̄)

∣∣∣∣ddefScdv [ gBe,jsmv ·P

][
ψ†

σi
↔
Pj

2
T fχ

]
×
(
χ̄n̄γ

iS†n̄T
cSnχn

)∣∣∣∣q(pn)q̄(pn̄)

〉)
tree-level

.

This gives the overlap with color singlet and octet P3 J states which are the only ones

which contribute in the light quark pair annihilation channel. Again, this is consistent with

what is observed in fixed order NRQCD calculations. Note that eq. (3.36) for the case of
3P

[1]
J holds beyond leading order as discussed below eq. (3.21).

3.3 Reparametrization invariance

In this subsection we explain how reparametrization invariance (RPI) [65, 66] relates the

NRQCD operators whose matrix elements give the Type I and Type III terms in eq. (3.21)

to the S-wave operators whose matrix elements give eq. (3.10). The operator which gives

rise to eq. (3.10) is:

ψ†pS
†
v Γ(0) Svχp . (3.37)

In order to match onto a diagram with the QQ̄ in the S-wave we took the four-velocity of

the heavy quark and anti-quark to be vµ = (1,0). In order to match onto P-waves we need

to give the heavy quark and anti-quark residual momentum ±qµ/2 = (0,±q/2). The four

velocities of the heavy quark and antiquark are

vµ± =

(√
1 +

q2

4m2
,± q

2m

)

= vµ +
qµ

2m
+O

(
q2

m2

)
, (3.38)

3Note this is in contrast with past definitions where the action of the derivative is first on the right, see

ref. [23]. With this definition we avoid having a minus sign in-front of the P-wave operator.

– 14 –



J
H
E
P
0
4
(
2
0
2
0
)
1
2
2

so that v2
± = 1. The idea of this section is to match onto an operator like that in eq. (3.37),

but instead of using vµ = (1,0) for the Wilson lines and the heavy quark and antiquark

fields label momentum, we use vµ+(vµ−) for the heavy quark (antiquark) field and then

expand the resulting operator in powers of q. The NRQCD fields obey the constraint

/vψp = ψp (see eq. (2.6)), this constraint is implicit in the notation. We introduce NRQCD

fields that instead obey the constraints

/v±ψp,± = ψp,±

/v±χp,± = −χp,± , (3.39)

as well as Wilson lines, Sv± , along the vµ± directions. Matching in the S-wave is a trivial

generalization of the S-wave matching performed earlier, the operator is

ψ†p,+S
†
v+

Γ(0) Sv−χp,− . (3.40)

Now insert vµ± = vµ±qµ/(2m) into the first equation in eq. (3.39), write ψp,± = ψp+δψp,±
then expanding to O(q) and solving for δψp,±, one obtains

ψp,± = ψp ±
/q

4m
ψp

χp,± = χp ∓
/q

4m
χp . (3.41)

Similarly, writing Sv,+ = Sv + δSv and using the equation of motion, we have(
v +

q

2m

)
· (P − gA)(Sv + δSv) = 0 . (3.42)

Expanding to O(q) and solving for δSv we find

Sv,+ = Sv +
1

2m

1

v · (P − gA)
q · (P − gA)Sv

= Sv +
1

2m
Sv

1

v · P
S†vq · (P − gA)Sv

= Sv −
g

2m
Sv

1

v · P
q ·B . (3.43)

Inserting eqs. (3.41) and eqs. (3.43) into eq. (3.40) we obtain eq. (3.37) plus operators

whose matrix elements give the Type I and Type III terms in eq. (3.21).

The RPI analysis explains the structure of the Type I and III terms in eq. (3.21),

which otherwise seems obscure. Furthermore, since these terms are related to the operator

in eq. (3.37) by RPI, we know now that the matching coefficients have to be the same to

all orders in perturbation theory. That the Type I and III terms can be derived so easily

using RPI does not mean that the rather complicated diagrammatic analysis performed

earlier in this section was an unnecessary effort. It could have been the case that expansion

of the QCD diagrams led to other operators besides those that were related to the S-wave

operator by RPI. The explicit matching calculation shows that, beside the Type II terms

which come from the O(q) terms in the vertex, the only other P-wave operators are related

to the S-wave operators by RPI.
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3.4 Gauge invariance

In this subsection, we investigate the gauge transformation properties of the three oper-

ators that appeared in the explicit matching calculation presented earlier in the example

qq̄ → QQ̄. Within the EFT there are three types of gauge transformation: collinear,

soft, and ultra-soft. We demonstrate that all three operators are invariant under these

transformations. Collinear fields transform only under collinear and ultra-soft gauge trans-

formations and soft fields only under soft and ultra-soft. Potential (heavy quark/antiquark)

and ultra-soft fields transform only under ultra-soft gauge transformations. The exact form

of the transformations for the relevant fields and building blocks are shown in table 1.

We begin with the transformation of the collinear sector, which appears in all three of

the relevant operators:

χ̄n̄γ
iS†n̄T

aSnχn . (3.44)

This term is invariant under the collinear transformations, since the building block χn is

the only operator that contains collinear fields and is invariant by construction. Under soft

and ultra-soft gauge transformations:

χ̄n̄γ
iS†n̄T

aSnχn → χ̄n̄γ
iS†n̄Vs/usT

aV †s/usSnχn = Vabs/usχ̄n̄γ
iS†n̄T

bSnχn , (3.45)

where Vabs/us is the gauge transformation matrix in the adjoint representation. Since the

generators of the adjoint representation, tcab, are related to the structure constants of the

Lie algebra, tcab = ifacb, the following relation is satisfied

Vba = (V−1)ab = (V†)ab . (3.46)

This gauge dependence needs to be cancelled by the heavy quark sector, which we

now consider. Each of the operators contains heavy (potential) fields and soft fields, and

the analysis is simpler if we consider them separately. Obviously since these terms do not

contain any collinear fields, they do not transform under collinear gauge transformations.

The elements that need to be considered are: the adjoint soft Wilson line Sadv , the color-

octet S-wave bilinear ψ†σiT aχ, the soft gluon building block Be,µ
s , and the P-wave color-

singlet and color-octet quark bilinears ψ†σi
↔
Pjχ and ψ†σi

↔
PjT aχ.

• Soft Wilson line. The ultra-soft transformation of the soft Wilson line is:

Sadv T d = S†vT
aSv → VusS

†
vV
†
usT

aVusSvV
†
us = VabusSbcv (V†us)cdT d . (3.47)

The soft transformation is:

Sadv T d = S†vT
aSv → S†vV

†
s T

aVsSv = Vabs Sbdv T d . (3.48)

• Color-octet S-wave bilinear. Since this involves only potential fields it does

not transform under soft gauge transformations. For the ultra-soft transformation

we have:

ψ†σiT aχ→ ψ†σiV †usT
aVusχ = Vabus ψ†σiT bχ . (3.49)
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Operators collinear soft ultra-soft

Sadv G.I. Vabs Sbdv Vabus Sbcv (V†s)cd

Ba,µ
s G.I. G.I. Vabus B

b,µ
s

χ̄n̄γ
iS†n̄T

aSnχn G.I. Vabs χ̄n̄γ
iS†n̄T

aSnχn Vabus χ̄n̄γiS
†
n̄T

aSnχn

ψ†σiT aχ G.I. G.I. Vabus ψ†σiT aχ

ψ†σi
↔
Pjχ G.I. G.I. G.I.

ψ†σi
↔
PjT aχ G.I. G.I. Vabus ψ†σi

↔
PjT aχ

Table 1. Gauge transformation of various operators and building blocks relevant for the light quark

production/decay. Here G.I. stands for gauge invariant.

• The soft gluon building block. The octet Be,µ
s is trivially soft gauge invariant

since Bµ
s = Be,µ

s T e is soft gauge invariant by construction. Under an ultra-soft gauge

transformation

Be,µ
s T e = Bµ

s → VusB
µ
s V
†
us = VefusBf,µ

s T e . (3.50)

• P-wave color-singlet bilinear. The bilinear ψ†σi
↔
Pjχ involves only potential fields

which do not vary under soft gauge transformations, and is thus soft gauge invariant.

It is also ultra-soft gauge invariant since the ultra-soft transformation commutes with

the label momentum operator, [Pµ, Vus] = 0.

• P-wave color-octet bilinear. As for the color-singlet case this bilinear is invariant

under soft gauge transformations. Under ultra-soft transformations

ψ†σi
↔
PjT aχ→ Vabusψ†σi

↔
PjT bχ . (3.51)

We collect these results in table 1. Using them and the identity

ddefVdd′us Vee
′

us Vff
′

us = dd
′e′f ′ (3.52)

it is straightforward to show that the operators in section 3.2 are collinear, soft, and ultra-

soft gauge invariant.

With this we conclude our analysis for the light quark pair annihilation channel. We

showed that at tree level and at leading order in λ there is one relevant mechanism for

S-wave states, S
3 [8]

1 , and two mechanisms for P-wave states, P
3 [1]

J and P
3 [8]

J . We showed

that the corresponding operators, obtained through a diagrammatic analysis, are collinear,

soft, and ultra-soft gauge invariant and satisfy the correct relative velocity scaling. We

also showed how RPI relates different operators. As a last comment for this section notice

that both from the diagrammatic analysis and from gauge invariance the P-wave bilinears

involve the left-right label momentum operator instead of the covariant derivative usually

seen in the NRQCD LDMEs. This is a direct consequence of power counting:

qµ = qµs + qµus ' qµs (1 +O(λ))→ Pµ . (3.53)
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The higher order corrections from qus can be included in the following way

qµ = qµs + qµus → Pµ + i∂µ − gAµus ≡ Dµus , (3.54)

where we included the ultra-soft gluon field from gauge completion.

In the next section we use the results of this section to demonstrate how the rele-

vant operators and the EFT Lagrangian can be used in order to obtain phenomenological

quantities. Particularly how to obtain a factorization theorem, perform perturbative cal-

culations, and resum large logarithmic enhancements that could potentially ruin the per-

turbative expansion. Simultaneously we perform some consistency checks of our approach

and demonstrate with an explicit calculation that up to NLO our factorization holds.

4 P-wave decays to light quarks

In this section we show how our formalism can be applied by considering a specific example:

the semi-inclusive rate for χJ quarkonium decay with two observed hadrons in the final

state. As we will show, this process allows access to the TMD fragmentation function

(TMDFF) of light quarks. Of course the decay rate includes contributions from gluons

as well, however, since we are doing this analysis for illustrative purposes these will not

be included.

The events are chosen to contain two identified distinguishable hadrons, H1 and H2,

and any number of additional particles. The hadrons are required to have large energy of

order of the available center-of-mass energy Mχ. We assign to H1 the role of a trigger,

where a measurement of the energy is carried out, and with the direction of the hadron

fixing the z-axis. With this assignment a unique plane perpendicular to the z-axis can

be chosen which splits the final state into hemispheres. Then H2 is chosen to lie in the

hemisphere not containing H1, and a measurement of the energy and momentum transverse

to the z-axis is carried out.

4.1 Factorization

To begin we consider the kinematics of the proposed process, χJ → H1 +H2 +X. Let pµχ,

pµ1 and pµ2 be the momenta of the χJ , H1 and H2 respectively. Define the dimensionless

variables [67]

zi =
2pi · pχ
M2
χ

, i = 1, 2

u =
2p1 · p2

M2
χz1

. (4.1)

In the center-of-mass frame zi = 2Ei/Mχ are the fraction of the hadron energy relative to

the available energy for a back-to-back event. Neglecting the mass of H1

pµ1 =
1

2
Mχ z1n

µ . (4.2)

In this same frame

u =
1

2
z2

(
1− cos(θ12)

)
, (4.3)
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where θ12 is the angle between p1 and p2. For a back-to-back event θ12 = π, and

u = z2. Treating H2 as massless the magnitudes of the z and transverse components of H2

momenta are

pz2 =
1

2
Mχz2 cos

(
π − θ12

)
p⊥2 =

1

2
Mχz2 sin

(
π − θ12

)
. (4.4)

To access the TMDFF we restrict ourselves to the kinematic region where θ12 ≈ π. To be

specific we take θ12 − π ∼ λ, where λ � 1 is the SCET power counting parameter. Then

pz2 ≈Mχz2/2 +O(λ2), and p⊥2 ∼Mχz2λ. In this regime we can express the H2 momentum

as a light-like vector in a direction approximately opposite to the direction of H1:

pµ2 =
1

2
Mχ un̄

µ + pµ⊥ −
p2

2Mχu
nµ =

1

2
Mχ z2n̄

µ + pµ⊥ + rµ , (4.5)

where the residual momentum rµ is O(λ2). The events picked out by our selection criteria

will have

pµX = pµχ − p
µ
1 − p

µ
2 ≈

1

2
Mχ(1− z1)nµ +

1

2
Mχ(1− z2)n̄µ − pµ⊥ , (4.6)

so p2
X ≈ M2

χ(1 − z1)(1 − z2) + p2
⊥. For z1 , z2 ∼ O(1) (but not too close to one) real

hard emissions with virtuality M2
χ are power-suppressed for qT � M2

χ, and virtual loop

contributions of virtuality M2
χ are integrated out.

Next we derive a factored form for the decay rate. To begin the S-matrix for the QCD

decay amplitude 〈H1(p1)H2(p2) + X|χJ〉 needs to be matched onto an operator matrix

element in the EFT. We did this in section 3.2 for the process in question. The result is:

〈H1(p1)H2(p2) +X|χJ〉 →
∑

n=3S
[8]
1 ,3P

[1]
J

∫
dω1dω2 C

[n]
(
αs(Mχ), ω1, ω2

)
(4.7)

× 〈H1nXn;H2 n̄Xn̄;Xs|J [n]
ω1,ω2

(0)|χJ〉 δ(4)

pχ −∑
fn

pfn −
∑
fn̄

pfn̄ −
∑
fs

pfs

 ,

where there is an implicit sum over the directions of the collinear fields. The relevant

SCETQ currents read

J
3S

[8]
1

ω1,ω2 = Scdv
(
ψ†σiT dχ

)
×
(
χ̄nω1γ

iS†n̄T
cSnχn̄ω2

)
, (4.8)

J
3P

[1]
J

ω1,ω2 =

√
2

Nc
× Scdv

[
g Bd,j

s

m v · P

][
ψ†

σi
↔
Pj

2
√

2Nc
χ

]
×
(
χ̄nω1γ

iS†n̄T
cSnχn̄ω2

)
.

The delta function can be decomposed into light-cone form:

δ(4)

pχ−∑
fn

pfn−
∑
fn̄

pfn̄−
∑
fs

pfs

= 2δ

Mχ−
∑
fn

n̄·pfn

δ
Mχ−

∑
fn̄

n·pfn̄

 (4.9)

×δ(2)

∑
fn

pfn⊥+
∑
fn̄

pfn̄⊥+
∑
fs

pfs⊥

 .
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Squaring the amplitude to obtain the scattering probability, we derive the differential

decay rate in the EFT:

dΓ

dz1dz2d2q⊥
=N

∑
n=3S

[8]
1 ,3P

[1]
J

∫
dω1dω2

∫
dω′1dω

′
2C

[n]
(
αs(Mχ),ω1,ω2

)
C†[n]

(
αs(Mχ),ω′1,ω

′
2

)

×
∑
Xs

∑
Xn 6=H1

∑
Xn̄ 6=H2

δ

Mχ−
∑
fn

n̄·pfn

δ
Mχ−

∑
fn̄

n·pfn̄

δ(2)

∑
fn

pfn⊥+
∑
fn̄

pfn̄⊥+
∑
fs

pfs⊥


×
〈
χJ

∣∣∣∣J†[n]
ω1,ω2

(0)|H1nXn;H2 n̄Xn̄;Xs〉〈H1nXn;H2 n̄Xn̄;Xs|J [n]
ω1,ω2

(0)

∣∣∣∣χJ〉 , (4.10)

where N is a normalization factor which we will fix after factorizing. In the absence

of Glauber interactions the decay rate above can be split into three sectors: n-collinear,

n̄-collinear and soft. The result is a factored form of the differential decay rate:

dΓ

dz1dz2d2q⊥
= Γ0

∑
n=3S

[8]
1 ,3P

[1]
J

H[n](Mχ,µ)

∫
d2kn̄⊥

∫
d2ks⊥

∫
d2kn⊥δ

(2)(kn̄′⊥+kn⊥+ks⊥−q⊥)

×S⊥[n](ks⊥)D⊥q/H1
(z1,kn⊥)D⊥q̄/H2

(z2,kn̄′⊥) , (4.11)

where

q⊥ ≡ −
p2
⊥
z2

∣∣∣∣
w.r.t H1

(4.12)

and Γ0 is the LO tree level partonic decay rate. The direction n̄′ is aligned with the motion

of H2 and appears after an RPI type I transformation. Note because of RPI the hard

function H is the same for 3S
[8]
1 and 3P

[1]
J .

The TMD functions (in d dimensions) are defined next. The quark TMDFF is [2, 12]

D⊥q/H(z,kn⊥) =
z

2Nc
tr

〈
0

∣∣∣∣ /̄n2χn(0)δ(Mχ − n̄ · P)δ(d−2)(kn⊥ −P⊥)a†H(zMχ,0⊥)aH(zMχ,0⊥)χ̄n(0)

∣∣∣∣0〉
(4.13)

where a†H(p+, p−,p⊥) is the creation operator for a hadron H with label momentum

pµ = (p+, p−,p⊥). A similar definition exists for the antiquark TMD fragmentation func-

tion. The definition of the S-wave color-octet quarkonium shape function, which appears

for the first time in this paper4 is

S⊥
χJ→3S

[8]
1

(k⊥) =
d− 2

(d− 1)tF
tr

〈
χJ

∣∣∣∣ψ†σiT aχSbav (S†n̄T
bSn)δ(2)(k⊥ −P⊥)× (S†nT

cSn̄)Sdcv χ†σiT dψ
∣∣∣∣χJ〉 ,
(4.14)

where the trace outside the matrix element refers to fundamental color indices. The

NRQCD bilinears ψ†σiT aχ, are individually traced over color and Dirac indices. The

|χJ〉 state is summed over all possible polarizations. For the P-waves to project onto the

individual J =0,1, and 2 we can use the projection operators discussed in ref. [31] or the

helicity decomposition techniques in ref. [68]. Note this projection is only possible since we

sum over the polarization of the quarkonium state. For polarized quarkonium states inter-

ference terms of the same helicity but different values of J are not excluded although they

4The corresponding color-singlet shape function first appeared in ref. [44].
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might be simplified using approximate heavy quark spin symmetry of NRQCD. Applying

the projection operators at the matrix element level we obtain the P-wave color-singlet

quarkonium shape function

S⊥χJ→3PJ
(k⊥) = (2J + 1)

g2

N2
c tF

AijJ tr

〈
χJ

∣∣∣∣ψ†σ ·↔P χ

[
Ba,i
s

m v · P

]
Sbav (S†n̄T

bSn)

× δ(2)(k⊥ −P⊥)(S†nT
cSn̄)Sdcv

[
Bd,j
s

m v · P

]
χ†σ ·

↔
P ψ

∣∣∣∣χJ〉 , (4.15)

where

Aij0 =
1

d− 1
δij⊥

Aij1 =
1

d− 1
δij − 1

(d− 1)(d− 2)
δij⊥

Aij2 =
1

d+ 1
δij − d− 3

(d+ 1)(d− 1)(d− 2)
δij⊥ , (4.16)

where δij⊥ = δij − δiz. Similarly to the S-wave case the NRQCD bilinears are individu-

ally traced over color and Dirac indices. In the following sub-sections we give the O(αs)

expressions for each of the various functions in eq. (4.11).

4.2 The hard function

The hard function for the quark-antiquark fusion processes can be extracted from eq. (132)

of ref. [31]:

H(µ) = 1−αsCF
2π

{
ln2

(
µ2

M2

)
+3ln

(
µ2

M2

)
+
π2

6
−2B(3S

[8]
1 )

}
−αsCA

2π
ln

(
µ2

M2

)
, (4.17)

B(3S
[8]
1 ) =CF

(
−8+

2

3
π2

)
+CA

(
50

9
+

2

3
ln2−π

2

4

)
− 10

9
nf tF . (4.18)

Note the Coulomb singularities in eq. (132) of ref. [31] need to be dropped as they are

reproduced in the EFT, and the 1/ε divergences are dropped as well, as they cancel against

the combined counterterm of the EFT. The running of the hard function is the “opposite”

of the combined running of the three TMD functions in eq. (4.11), and the combined

counterterm can also be extracted from eq. (132) of ref. [31]:

Z = 1− αsCF
π

{
1

ε2
+

1

ε
ln

(
µ2

M2

)
+

3

2ε

}
− αsCA

2π

1

ε
. (4.19)

Then the anomalous dimension can be determined through standard methods, from which

we infer

γHµ (µ) = −2
αsCF
π

{
ln

(
µ2

M2

)
+

3

2

}
− αsCA

π
. (4.20)

The hard function then satisfies the RGE

d

d lnµ
H(µ) = γHµ (µ)H(µ) . (4.21)
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It is important to note the additional divergence and associated logarithm that is propor-

tional to CA. Since the divergences from the TMDFFs at O(αs) are proportional to CF
and since the total cross section needs to be independent of the renormalization scale, a

corresponding term needs to be generated from the real soft emission diagrams. The only

other element in the factorization theorem that does depend on the production mechanism

is the shape function, S⊥χ→[n]. Thus, it is expected that such a contribution will be present

in the shape function.

4.3 The TMDFF

The TMD functions that appear in the factorization theorem are nonperturbative for

k⊥ ∼ ΛQCD, but for k⊥ � ΛQCD can be expanded in powers of ΛQCD/k⊥. The expansion

can be written as a convolution of short distance matching coefficients and the collinear

fragmentation functions (FF). For quark fragmentation we have [2, 12]

D⊥q/h(x,k⊥;µ, ν) =

∫ 1

x

dz

z
Jq/j(z,k⊥;µ, ν) Dj/h

(
x

z
;µ

)
. (4.22)

The matching coefficient and FF need to be evaluated at the same factorization scale, µ,

before convolving. To this end we evaluate the matching coefficients at their characteristic

scale and the FFs we evolve using the standard DGLAP renormalization group equations.

The additional scale, ν, that appears in the arguments of the unsubtracted TMD fragmen-

tation function and the matching coefficients in eq. (4.22) comes from the η-regulator (see

refs. [69, 70]) which we use to regulate rapidity divergences. Rapidity divergences remain

unregulated in pure dimensional regularization (dim-reg). We refer to this scale as the ra-

pidity scale or simply rapidity. The renormalized matching coefficients at next-to-leading

order (NLO) are given by (see refs. [2, 12]):

J̃q/j(z,k⊥;µ,ν) = δqjδ(1−z)δ(2)(k⊥) (4.23)

+
αsTqj
π

{[
δijδ(1−z) ln

(
ω2

ν2

)
+P̄jq(z)

]
1

2πµ2

(
µ2

k2
⊥

)
+

+cqj(z)δ(2)(k⊥)

}
,

where ω is the minus component of the initiating parton with

P̄qq(z) = Pqq(z)− γ̄qδ(1− z) = (1 + z2)
1

(1− z)+
,

P̄gq(z) = Pgq(z) =
1 + (1− z)2

z
, (4.24)

and

cqq(z) =
1− z

2
, cqg(z) =

z

2
. (4.25)

Here Tqq = Tqg = CF ,, and γ̄q = γ̄q̄ = 3/2. The µ-anomalous dimension for the TMDFF is:

γDµ,q(M,ν) =
αsCF
π

{
ln

(
ν2

M2

)
+ γ̄q

}
. (4.26)
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The rapidity renormalization group (RRG) equation has a convolutional form

d

d ln ν
D⊥i/h(z,k⊥;µ, ν) =

∫
d2k′⊥
(2π)2

γDν,i(k
′
⊥, µ) D⊥i/h(z,k⊥ − k′⊥;µ, ν) (4.27)

where

γDν,k(k⊥, µ) =
αsCF
π

1

πµ2

(
µ2

k2
⊥

)
+

. (4.28)

Eq. (4.27) can be put a multiplicative form by Fourier transform to transverse position

space, b-space. Denoting b-space quantites with a tilde, eq. (4.27) transforms to

d

d ln ν
D̃⊥i/h(z,b;µ, ν) = γ̃Dν,i(b, µ) D̃⊥i/h(z,b;µ, ν) (4.29)

where

γ̃Dν,q(b, µ) =
αsCF
π

{
ln

(
b2µ2

4e−2γE

)
+ γ̄q

}
. (4.30)

4.4 The shape functions

The analysis of the shape function is the main topic of this paper. We calculate the TMD

shape functions arising in the decay to NLO. The calculation is performed within the

EFT approach and we use the EFT Lagrangian and Feynman rules for the calculations

of the corresponding diagrams. At the end of this section our goal is to determine the

RGEs satisfied by the shape functions. As in the case of the TMDFF, in the regime of

interest the shape functions are non-perturbative objects, but for |q⊥| � ΛQCD the soft

modes become perturbative and the TMD shape function can be expressed as a product

of NRQCD LDMEs at the usoft scale and perturbative coefficients at the soft scale. Then

the total shape function defined in eqs. (4.14) and (4.15) can be written as:

S⊥
χJ→2s+1L

[1,8]
J

(k⊥;µ0, ν0) =
∑
n

Cn(k⊥;µ0, ν0, µ)× 〈O[n]〉µχJ . (4.31)

This matching procedure it is essentially the standard NRQCD factorization applied to the

shape function instead of the cross section. For the process we are considering and for each

value of J there are two LDMEs onto which we match:

〈3S[8]
1 〉χJ = 〈χJ |ψ†σT aχ · χ†σT aψ|χJ〉 ,

〈3P [1]
J 〉χJ = (2J + 1)

1

2Nc
〈χJ |ψ†σ ·

↔
P χχ†σ ·

↔
P ψ|χJ〉 . (4.32)

At NLO only these LDMEs appear in the matching but at higher orders there might be

others as well. Note that the integrated shape functions reduce to∫
d2q⊥S

⊥
χJ→3S

[8]
1

(k⊥;µ, ν) =
d− 2

d− 1
〈3S[8]

1 〉χJ ,
∫
d2q⊥S

⊥
χJ→3P

[1]
J

(k⊥;µ, ν) = 〈3P [1]
J 〉

1B
χJ
,

(4.33)

where

〈3P [1]
J 〉

1B
χJ

= (2J + 1)
g2

N2
c

AijJ

〈
χJ

∣∣∣∣ψ†σ ·↔P χ

[
Ba,i
s

m v · P

][
Ba,j
s

m v · P

]
χ†σ ·

↔
P ψ

∣∣∣∣χJ〉 (4.34)
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The color-octet S-wave shape function. The color-octet S-wave shape function at

LO is given by simply evaluating it at gs = 0. Therefore we have

S⊥,LO

χ→3S
[8]
1

(k⊥;µ, ν) =
d− 2

d− 1
δ(2)(k⊥) 4m2η†σiT aξ × ξ†σiT aη , (4.35)

and immediately get

S⊥,LO

χ→3S
[8]
1

(k⊥;µ, ν) =
d− 2

d− 1
δ(2)(k⊥)〈3S[8]

1 〉LO , (4.36)

where

〈3S[8]
1 〉LO = 4m2η†σiT aξ × ξ†σiT aη . (4.37)

At NLO where only diagrams with one soft or ultra-soft gluon are needed, the con-

tributions can be categorized as follows (note we do not show the heavy-quark self energy

contributions as they are well known):

1. Ultra-soft gluon exchanges between heavy quarks and/or antiquarks. After the BPS

field redefinition the interactions of the heavy quarks through ultra-soft gluons are

pushed to the soft sector of the vNRQCD Lagrangian as well as to subleading terms

in the Lagrangian. This induces usoft Wilson lines along the directions v, n and n̄

to appear in operators. We will suppress these Wilson lines in the operators since,

with the exception of the interaction we consider here, usoft interactions only produce

uninteresting scaleless integrals that we drop in our scheme. However, we will consider

one subleading operator, the so-called chromo-electric dipole transition, as it leads

to mixing between the 3P
[J ]
1 and 3P

[J ]
8 channels. After the BPS field redefinition this

operator has the form:∑
p

−gψ†p
Bus ·P
m

ψp + (ψ → χ, T → T̄ ) . (4.38)

The diagrams associated with this contribution are shown in figure 3. Note that the

virtual contributions, diagrams (e) and (f), will mix operators that contribute to χJ
decay only at higher orders in the relative velocity expansion. Thus we only consider

real contributions, diagrams (a)-(d).

2. Ultra-soft gluon exchanges between heavy quarks and ultra-soft Wilson lines. These

contributions involve a single iteration of the interaction term in eq. (4.38) and a single

insertion of an ultra-soft gluon from any of the corresponding Wilson lines. Adding

the corresponding diagrams shown in the first line of figure 4 gives a contribution

that vanishes.

3. Ultra-soft gluon exchanges between ultra-soft Wilson lines. The corresponding dia-

grams are shown in the second line of figure 4. They result in scaleless integrals which

are zero in our scheme. In other schemes these diagrams cancel against the zero-bin

subtraction of the corresponding soft diagrams. Thus, independent of scheme these

diagrams may be set to zero if the corresponding zero-bin subtractions are set to zero

as well.
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Figure 3. NLO diagrams for heavy quark interaction through the chromo-electric dipole operator

from the SCETQ Lagrangian.

4. Coulomb interactions between heavy quarks and antiquarks. This contribution is

generated through the coulomb interaction term in the vNRQCD Lagrangian [57],∑
p,q

4παs
(p− q)2

ψpT
aψ†qχ

†
−pT̄

aχ−q . (4.39)

The associated diagrams are shown in figure 5.

5. Soft gluon exchanges between soft Wilson lines. The real contributions are the only

pieces with non-trivial dependence on transverse momentum. The virtual gluons

contributions only give scaleless integrals that we set to zero in our scheme. The

relevant (real emission) diagrams contributing at this order are shown in figure 6.

Next we calculate each of the contributions we listed. For the regularization of ultravi-

olet and infrared divergences we use dim-reg in d = 4− 2ε dimensions and for the rapidity

divergences we use the so called η-regulator. First we consider ultra-soft gluon exchanges

between heavy quarks and/or antiquarks. We calculate the diagram in figure 3(a), by first

expanding the ultra-soft gluon building block Bµ
us:

Bµ
us = Aµus −

kµA0
us

k0
+O(g) , (4.40)

and obtain the NLO amplitude

da =
d− 2

d− 1

αs
6π2

δ(2)(k⊥) η†σiqkT aT bξ × ξ†σiqkT bT aη
∫
dd−1k

|k|3
. (4.41)
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Figure 4. NLO diagrams that involve ultra-soft Wilson lines. The first row are the real and virtual

contributions from ultra-soft Wilson lines contracted with the heavy quark/antiquark through an

insertion of the chromo-electric dipole operator. In the second row are the diagrams that involve

only contractions of ultra-soft Wilson lines.
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Figure 5. Coulomb interactions at NLO.
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<latexit sha1_base64="HI8Wx++s29b1+zAq+QKjrbmwUEA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuxdSnatpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPAKePiw==</latexit><latexit sha1_base64="HI8Wx++s29b1+zAq+QKjrbmwUEA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuxdSnatpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPAKePiw==</latexit><latexit sha1_base64="HI8Wx++s29b1+zAq+QKjrbmwUEA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuxdSnatpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPAKePiw==</latexit><latexit sha1_base64="HI8Wx++s29b1+zAq+QKjrbmwUEA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuxdSnatpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPAKePiw==</latexit>

v
<latexit sha1_base64="sPHO6F3hNLaqsW3strGAOXwdC6E=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3RRK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwbuY3R6g0T+SDGacYxLQvecQZNVZqjLrlilt15yCrxMtJBXLUu+WvTi9hWYzSMEG1bntuaoIJVYYzgdNSJ9OYUjakfWxbKmmMOpjMD52SM6v0SJQoW9KQufp7YkJjrcdxaDtjagZ62ZuJ/3ntzETXwYTLNDMo2WJRlAliEjL7mvS4QmbE2BLKFLe3EjagijJjsynZELzll1eJf1G9qXqNy0rtNk+jCCdwCufgwRXU4B7q4AMDhGd4hTfnyXlx3p2PRWvByWeO4Q+czx9RmYzO</latexit><latexit sha1_base64="sPHO6F3hNLaqsW3strGAOXwdC6E=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3RRK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwbuY3R6g0T+SDGacYxLQvecQZNVZqjLrlilt15yCrxMtJBXLUu+WvTi9hWYzSMEG1bntuaoIJVYYzgdNSJ9OYUjakfWxbKmmMOpjMD52SM6v0SJQoW9KQufp7YkJjrcdxaDtjagZ62ZuJ/3ntzETXwYTLNDMo2WJRlAliEjL7mvS4QmbE2BLKFLe3EjagijJjsynZELzll1eJf1G9qXqNy0rtNk+jCCdwCufgwRXU4B7q4AMDhGd4hTfnyXlx3p2PRWvByWeO4Q+czx9RmYzO</latexit><latexit sha1_base64="sPHO6F3hNLaqsW3strGAOXwdC6E=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3RRK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwbuY3R6g0T+SDGacYxLQvecQZNVZqjLrlilt15yCrxMtJBXLUu+WvTi9hWYzSMEG1bntuaoIJVYYzgdNSJ9OYUjakfWxbKmmMOpjMD52SM6v0SJQoW9KQufp7YkJjrcdxaDtjagZ62ZuJ/3ntzETXwYTLNDMo2WJRlAliEjL7mvS4QmbE2BLKFLe3EjagijJjsynZELzll1eJf1G9qXqNy0rtNk+jCCdwCufgwRXU4B7q4AMDhGd4hTfnyXlx3p2PRWvByWeO4Q+czx9RmYzO</latexit><latexit sha1_base64="sPHO6F3hNLaqsW3strGAOXwdC6E=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3RRK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwbuY3R6g0T+SDGacYxLQvecQZNVZqjLrlilt15yCrxMtJBXLUu+WvTi9hWYzSMEG1bntuaoIJVYYzgdNSJ9OYUjakfWxbKmmMOpjMD52SM6v0SJQoW9KQufp7YkJjrcdxaDtjagZ62ZuJ/3ntzETXwYTLNDMo2WJRlAliEjL7mvS4QmbE2BLKFLe3EjagijJjsynZELzll1eJf1G9qXqNy0rtNk+jCCdwCufgwRXU4B7q4AMDhGd4hTfnyXlx3p2PRWvByWeO4Q+czx9RmYzO</latexit>

n̄
<latexit sha1_base64="HI8Wx++s29b1+zAq+QKjrbmwUEA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuxdSnatpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPAKePiw==</latexit><latexit sha1_base64="HI8Wx++s29b1+zAq+QKjrbmwUEA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuxdSnatpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPAKePiw==</latexit><latexit sha1_base64="HI8Wx++s29b1+zAq+QKjrbmwUEA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuxdSnatpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPAKePiw==</latexit><latexit sha1_base64="HI8Wx++s29b1+zAq+QKjrbmwUEA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbtqlm03YnQgl9Ed48aDi1f/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fj25nffuLaiEQ94CTlQUyHSkSCUbRSuxdSnatpv1pz6+4cZJV4BalBgVa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV4l/Ur+ve/WWteVOkUYYTOIVz8KABTbiDFvjAYAzP8ApvTuq8OO/Ox6K15BQzx/AHzucPAKePiw==</latexit>

n
<latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit>

n
<latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit><latexit sha1_base64="N5GBF5YiG88OB1uPGI105ir/qU4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaslepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0WBjMY=</latexit>

(i) (j) (k) (l)
+ mirror diagram + mirror diagram

+
X

i
<latexit sha1_base64="QCVu0O1oruWtA5M2I0CAFRqB150=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZFEMquCHosePFYwdZiW0o2zbahSXZJZoWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YSKFRd//9gorq2vrG8XN0tb2zu5eef+gaePUMN5gsYxNK6SWS6F5AwVK3koMpyqU/CEc3Uz9hydurIj1PY4T3lV0oEUkGEUnPZ6Tjk1VLxOTXrniV/0ZyDIJclKBHPVe+avTj1mquEYmqbXtwE+wm1GDgkk+KXVSyxPKRnTA245qqrjtZrOLJ+TEKX0SxcaVRjJTf09kVFk7VqHrVBSHdtGbiv957RSj624mdJIi12y+KEolwZhM3yd9YThDOXaEMiPcrYQNqaEMXUglF0Kw+PIyaV5UA78a3F1Waqd5HEU4gmM4gwCuoAa3UIcGMNDwDK/w5lnvxXv3PuatBS+fOYQ/8D5/ACvEkH4=</latexit><latexit sha1_base64="QCVu0O1oruWtA5M2I0CAFRqB150=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZFEMquCHosePFYwdZiW0o2zbahSXZJZoWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YSKFRd//9gorq2vrG8XN0tb2zu5eef+gaePUMN5gsYxNK6SWS6F5AwVK3koMpyqU/CEc3Uz9hydurIj1PY4T3lV0oEUkGEUnPZ6Tjk1VLxOTXrniV/0ZyDIJclKBHPVe+avTj1mquEYmqbXtwE+wm1GDgkk+KXVSyxPKRnTA245qqrjtZrOLJ+TEKX0SxcaVRjJTf09kVFk7VqHrVBSHdtGbiv957RSj624mdJIi12y+KEolwZhM3yd9YThDOXaEMiPcrYQNqaEMXUglF0Kw+PIyaV5UA78a3F1Waqd5HEU4gmM4gwCuoAa3UIcGMNDwDK/w5lnvxXv3PuatBS+fOYQ/8D5/ACvEkH4=</latexit><latexit sha1_base64="QCVu0O1oruWtA5M2I0CAFRqB150=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZFEMquCHosePFYwdZiW0o2zbahSXZJZoWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YSKFRd//9gorq2vrG8XN0tb2zu5eef+gaePUMN5gsYxNK6SWS6F5AwVK3koMpyqU/CEc3Uz9hydurIj1PY4T3lV0oEUkGEUnPZ6Tjk1VLxOTXrniV/0ZyDIJclKBHPVe+avTj1mquEYmqbXtwE+wm1GDgkk+KXVSyxPKRnTA245qqrjtZrOLJ+TEKX0SxcaVRjJTf09kVFk7VqHrVBSHdtGbiv957RSj624mdJIi12y+KEolwZhM3yd9YThDOXaEMiPcrYQNqaEMXUglF0Kw+PIyaV5UA78a3F1Waqd5HEU4gmM4gwCuoAa3UIcGMNDwDK/w5lnvxXv3PuatBS+fOYQ/8D5/ACvEkH4=</latexit><latexit sha1_base64="QCVu0O1oruWtA5M2I0CAFRqB150=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZFEMquCHosePFYwdZiW0o2zbahSXZJZoWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5YSKFRd//9gorq2vrG8XN0tb2zu5eef+gaePUMN5gsYxNK6SWS6F5AwVK3koMpyqU/CEc3Uz9hydurIj1PY4T3lV0oEUkGEUnPZ6Tjk1VLxOTXrniV/0ZyDIJclKBHPVe+avTj1mquEYmqbXtwE+wm1GDgkk+KXVSyxPKRnTA245qqrjtZrOLJ+TEKX0SxcaVRjJTf09kVFk7VqHrVBSHdtGbiv957RSj624mdJIi12y+KEolwZhM3yd9YThDOXaEMiPcrYQNqaEMXUglF0Kw+PIyaV5UA78a3F1Waqd5HEU4gmM4gwCuoAa3UIcGMNDwDK/w5lnvxXv3PuatBS+fOYQ/8D5/ACvEkH4=</latexit>
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potential  
interactions:  

self-energy  
diagrams: 

(e) (f)+ mirror diagram

Figure 6. The NLO real soft gluon shape function diagrams. At this order real gluon emissions

can only come from soft Wilson lines. We use zigzag lines to indicate soft gluons.

In figure 3 the contributions of diagrams (b), (c), and (d) are

db = da(T aT b ⊗ T bT a → T aT b ⊗ T aT b) , dc = da , dd = db . (4.42)

Adding these results we find that the amplitude for real ultra-soft gluon emission from

heavy quarks and antiquarks, is proportional to the P-wave LO matrix element. However,

the final phase space integral is scaleless. In our scheme we throw this contribution out,

but it is important to appreciate its importance. Thus for now we use the 1/εUV − 1/εIR
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prescription and obtain for the sum of amplitudes:

da+b+c+d =
8αs

9πm2
δ(2)(k⊥)

{
CF
∑
J

〈3P [1]
J 〉LO +BF

∑
J

〈3P [8]
J 〉LO

} (
1

εUV
− 1

εIR

)
, (4.43)

where

BF =
N2
c − 4

4Nc
. (4.44)

We later show how the IR divergence that appears here cancels an IR divergence from

the P-wave shape function, leaving only a UV divergence in this contribution. Clearly

this is equivalent to setting this contribution to zero and interpreting the 1/ε term in

a real emission term of the P-wave shape function as UV. However, keeping this term

momentarily non-zero makes it clear that there is a mixing between the color-octet S-wave

operator and the P-wave operators.

We next consider the coulomb diagrams which involve the LO insertion of the coulomb

interaction term from the vNRQCD Lagrangian, diagrams (g) and (h) in figure 5. For

diagram (g) we obtain:

dg =
2

3
(CF −

1

2
CA) Ig(q0,q) 〈3S[8]

1 〉LO δ(2)(k⊥) (4.45)

where

Ig = −ig2

∫
d4p

(2π)4

1

(p− q/2)2

1

q0 + p0 − p2/(2m)

1

q0 − p0 − p2/(2m)
. (4.46)

This contribution and the corresponding one from diagram (h), are evaluated in refs. [23, 31]

and the total contribution is given by:

dg+h =
2

3
(CF −

1

2
CA)

παs
v
〈3S[8]

1 〉LO δ(2)(k⊥) . (4.47)

This result which scales as v−1 relative to the LO order shape function reproduces the

coulomb singularities that arise in QCD.

Next we discuss the soft gluon contributions. The corresponding diagrams are shown

in figure 6. These diagrams will contribute to the transverse momentum measurement since

they involve a soft real gluon in the final state. The corresponding virtual contributions

yield scaleless integrals and as usual are set to zero. We denote the contribution of each

diagram by

dr =
2

3
〈3S[8]

1 〉LO Cr Ir(k⊥) , (4.48)

where Cr are the color coefficients and Ir the phase space integrals. For the coefficients Cr
and the coefficients of the mirror diagrams Cr̄ we find

Ci = Cī = − 1

2Nc
, Cj = Cj̄ = Ck = Ck̄ =

Nc

2
, Cl = Nc . (4.49)

The integrals Ir are defined and evaluated in appendix A, see eqs. (A.9), (A.10), and (A.12).

Summing all the contributions yields

d(i+ī)+(j+j̄)+(k+k̄)+l =
2

3
〈3S[8]

1 〉LO

(
S⊥DY(k⊥) +

αsCA
2π

{
1

ε
δ(2)(k⊥)− 2L0(k2

⊥, µ
2)

})
, (4.50)
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where

S⊥DY(k⊥) =
αsCF

2π

{
4

η

[
2L0(k2

⊥, µ
2)− 1

ε
δ(2)(k⊥)

]
+

2

ε

[
1

ε
− ln

(
ν2

µ2

)]
δ(2)(k⊥)− π2

6
δ(p⊥)

− 4L1(k2
⊥, µ

2) + 4L0(k2
⊥, µ

2) ln

(
ν2

µ2

)}
(4.51)

is the unsubtracted Drell-Yan TMD soft function. The definition of the distributions is [70]

Ln(µ,k2
⊥;λ) =

1

2πµ2

[
µ2

k2
⊥

lnn
(
µ2

k2
⊥

)]λ
+

. (4.52)

If the domain λ = µ we write Ln(µ,k2
⊥;λ = µ) = Ln(k2

⊥, µ).

Adding all the contributions together we get

S⊥,NLO

χ→3S
[8]
1

(k⊥;µ, ν) =
d− 2

d− 1

{[
S⊥DY(k⊥) +

αsCA
2π

(
1

ε
δ(2)(k⊥)− 2L0(k2

⊥, µ
2)

)]
〈3S[8]

1 〉LO

+ δ(2)(k⊥)

[(
CF −

1

2
CA

)
παs

v
〈3S[8]

1 〉LO (4.53)

+
4αs

3πm2

(
CF
∑
J

〈3P [1]
J 〉LO +BF

∑
J

〈3P [8]
J 〉LO

) (
1

εUV
− 1

εIR

)]}
.

We note that compared to the usual Drell-Yan or lepton fusion to di-hadron processes

the shape function contains an additional divergence and thus an additional logarithmic

scale dependence. The origin of this term is diagram (l) in figure 6 which encodes the gluon

self-exchanges of the QQ̄ state. We discuss this divergence later and how the logarithmic

scale dependence cancels in the fixed order cross section against the virtual contributions

from the hard process.

The P-wave shape function. The contribution of the P-wave starts at order αs because

of the presence of the soft gluon field operator, Ba,k
s in the shape function. Thus, as we

define LO as O(α0
s) this shape function starts at NLO. The diagram corresponding to this

contribution is given in figure 7, and we have:

S⊥, LO

χ→3P
[1/8]
J

= 0 (4.54)

and

S⊥, NLO

χ→3P
[1]
J

(k⊥) =
4CF
m2
AijJ Iij(k⊥)

〈
3P

[1]
J

〉
LO

, (4.55)

where

Iij(k⊥) = g2

(
eγEµ2

4π

)ε ∫ dd`

(2π)3

1

`40
δ(`2)δ(2)(`⊥ − k⊥)(δij`20 − `i`j) . (4.56)

After contracting with Aij the integral can be expressed in terms of Il and Im in eqs. (A.12)

and (A.13). Expanding in ε and keeping the non vanishing terms we get

S⊥,NLO

χ→3P
[1]
J

(k⊥) =
8αsCF
9πm2

∑
J

〈3P [1]
J 〉LO

(
1

ε
δ(2)(k⊥)− 2L0(k2

⊥, µ
2) + cJ

)
, (4.57)
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(m)

Figure 7. The only O(αs) (real) soft gluon diagram contributing to the 3P
[1]
J shape function.

where

c0 = −5

6
, c1 = − 7

12
, c2 = −41

60
. (4.58)

Up to color factors the calculation of the color octet shape function is the same. Reevalu-

ating the color factors using

dabcdabd = 4BF δ
cd (4.59)

we get

S⊥, NLO

χ→3P
[8]
J

(k⊥) =
8αsBF
9πm2

∑
J

〈3P [8]
J 〉LO

(
1

ε
δ(2)(k⊥)− 2L0(k2

⊥, µ
2) + cJ

)
. (4.60)

Matching in the perturbative region at NLO. As discussed before, in the region

where k⊥ � ΛQCD we can match the shape function onto usoft vNRQCD operators. The

matching is performed by expanding the left and right hand side of eq. (4.31) to the same

order. This results in recursive relations

CiLO〈O[i]〉LO = S⊥, LO

CiNLO〈O[i]〉LO = S⊥, NLO − CiLO〈O[i]〉NLO

... (4.61)

From a direct comparison with eqs. (4.36) and (4.54) we find:

C
3S

[8]
1

LO =
2

3
δ(2)(k⊥) , C

3P
[1/8]
J

LO = 0 . (4.62)

Next to obtain the NLO matching coefficients we need the NLO S-wave matrix element.

These diagrams have already been calculated; namely diagrams (a)-(h) in figures 3, 4 and 5.

We find

〈3S[8]
1 〉NLO =

4αs
3πm2

{
CF
∑
J

〈3P [1]
J 〉LO +BF

∑
J

〈3P [8]
J 〉LO

} (
1

εUV
− 1

εIR

)
+

(
CF −

1

2
CA

)
παs

v
〈3S[8]

1 〉LO . (4.63)
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Note that this matrix element introduces a non-trivial dependence on the P-wave matrix

elements at leading order. We discuss the significance of this in the following sections.

Using this result we obtain the matching coefficients at NLO

C
3S

[8]
1

NLO(k⊥;µ, ν) =
2

3

(
S⊥DY(k⊥;µ, ν)− αsCA

π
L0(k2

⊥, µ
2)

)
,

C
3P

[1]
J

NLO (k⊥;µ) =
8αsCF
9πm2

(
− 2L0(k2

⊥, µ
2) + cJ

)
,

C
3P

[8]
J

NLO (k⊥;µ) =
8αsBF
9πm2

(
− 2L0(k2

⊥, µ
2) + cJ

)
. (4.64)

Here we introduce the renormalized Drell-Yan function:

S⊥DY(k⊥;µ, ν) =
αsCF

2π

{
4L0(k2

⊥, µ
2) ln

(
ν2

µ2

)
− 4L1(k2

⊥, µ
2)− π2

6
δ(k⊥)

}
. (4.65)

Next we discuss the form of various divergences and how those cancel or renormalized

in order to obtain finite and meaningful predictions. At the end of this section we describe

the RG evolution properties of the shape function and give the prescription to resum

logarithms in the TMD spectrum of χJ decay.

Treatment of divergences. Before proceeding with renormalization and RG evolution

we wish to point out some salient points regarding divergences in our calculation. First

we discuss the importance of the operator mixing terms arising from diagrams (a)-(d) in

figure 3. This is followed by a discussion of the soft-soft interaction in diagram (l) of

figure 6.

Channel mixing. As mentioned earlier, diagrams (a)-(d) give part of the NLO contribution

of the 3S
[8]
1 LDME and the result has the spinor structure of the P-wave LDME. Although

they give a scaleless contribution and should be set to zero in our scheme, doing so would

lead one to miss the significant role these diagrams play. Specifically, they lead to operator

mixing under renormalization. If we had set this contribution to zero and taken the 1/ε

in eq. (4.60) as a UV divergence needing to be absorbed into the P-wave shape function

we would have missed this mixing. This is why we choose not to discard this particular

contribution.

Non-singlet divergences from diagram (l). As pointed out earlier diagram (l) which de-

scribes soft radiation from the color octet S-wave QQ̄ state results in a divergence in

eq. (4.50) proportional to CA. This divergence is accompanied by ln(q⊥/µ) that needs to

be resummed through RG evolution. The presence of this divergence (and the associated

logarithm) serves also as a non-trivial check of factorization at NLO. The scale indepen-

dence of the cross section requires a corresponding logarithm proportional to CA to be

present in another of the functions in the factorized decay rate. Since the (un-subtracted)

TMDFFs are universal and channel independent this term needs to appear in the corre-

sponding hard function. Indeed, in the virtual cross section calculation (see ref. [31]) we

find such a term.
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Renormalization, evolution, and resummation. The shape function we are consid-

ering here is related to the transverse momentum measurement of the quarkonium state.

As expected the perturbative calculation suffers from rapidity divergences along with the

usual IR and UV divergences. The rapidity scale dependence introduced by the necessary

regulator is described by the rapidity renormalization group evolution (RRGE). In this

section we address both the virtuality and rapidity evolution equations one at a time.

As discussed in section 4.3 running which involves a convolution in k⊥, can be made

multiplicative under a Fourier transform to b-space. In this section, for simplicity we will

work with quantities in b-space, which are denoted by the tilde. Note some quantities like

the LDMEs do not depend on transverse momentum and are unaffected by transforming.

First we consider the virtuality RGE which has non-trivial matrix structure. The RG

equations satisfied by the matching coefficients Cn(k⊥;µ, ν) in eq. (4.31) and the LDMEs

they multiply are:

d

d lnµ
C̃n(b;µ, ν) =

∑
m

(
γ̃Sµ δ

nm + γnmC

)
C̃m(b;µ, ν) ,

d

d lnµ
〈O[n]

χJ
〉(µ) =

∑
m

γnmO 〈O[m]〉(µ)
χJ
,

(4.66)

where by consistency γ̃Sµ = −γ̃H+2D
µ , and γ̃H+2D

µ is the sum of the hard and TMDFF

anomalous dimensions. From consistency of the factorization theorem we also have

γTC = −γO . (4.67)

In this section we calculate the anomalous dimensions in eq. (4.66) and solve the corre-

sponding RG equations. We begin our analysis with the LDMEs and then perform the

analogous analysis for the matching coefficients. At the order we are working we need only

to consider two channels: 3S
[8]
1 and 3P

[1]
0 . These two channels are the leading channels in

the velocity expansion based on the NRQCD power-counting.

We define the renormalized LDMEs, 〈O[n]〉(µ)
χJ as follows,

〈O[n]〉χJ = ZnmO 〈O[m]〉(µ)
χJ
, (4.68)

and the anomalous dimension is given in terms of the renormalization matrix Z:

γnkO ≡ −(Z−1
O )nm

d

d lnµ
ZmkO . (4.69)

Since at this order only 〈O[1]〉χJ ≡ 〈3S
[8]
1 〉χJ needs to be renormalized we have

Z3S
[8]
1

=

(
1 0

0 1

)
+

4αs(µ)CF
3πm2

1

ε

(
0 1

0 0

)
, (4.70)

which gives the LDMEs anomalous dimension matrix:

γ3S
[8]
1

=
8αs(µ)CF

3πm2

(
0 1

0 0

)
. (4.71)
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We can now solve the RG equation to obtain the evolved LDMEs. At next-to-leading-

logarithmic accuracy (NLL or NLL′) we have

〈3S[8]
1 〉

(µ)
χJ

= U1m
3S

[8]
1

(µ, µf )〈O[m]〉(µf )
χJ , (4.72)

where in practice the scale µf is the scale at which the LDMEs are extracted and µ the scale

at which they are evaluated. Most recent extraction use µf = 2mQ ' M . The evolution

kernel U3S
[8]
1

(µ, µf ) is

U3S
[8]
1

(µ, µf ) =

(
1 ω3S

[8]
1

(µ, µf )

0 1

)
, ω3S

[8]
1

(µ, µf ) = − 8CF
3m2β0

ln

(
αs(µ)

αs(µf )

)
. (4.73)

As mentioned already, this is not a new result since the scale dependence of the NRQCD

long distance matrix elements is a well known fact, see for example refs. [23, 31]. Never-

theless it is instructive to reproduce these results here.

To perform the analogous analysis for the matching coefficients Cn(k⊥;µ, ν) in

eq. (4.31) we work in Fourier transform space where the RG equations simplify from con-

volutions to simple multiplications. We use the formulas collected in appendix B. The

renormalized matching coefficients are defined as follows

C̃n(b) = ZnmC (b;µ, ν)C̃m(b;µ, ν) . (4.74)

Since C2 starts at order O(α2
s) the renormalization matrix cannot be determined uniquely

at this accuracy. From the perturbative calculations of the matching coefficients we have

ZC(b;µ, ν) = ZS(b;µ, ν)

(
1 0

0 1

)
− 4αs(µ)CF

3πm2

1

ε

(
0 0

1 0

)
, (4.75)

where

ZS(b;µ, ν) = 1 +
αs(µ)CF

2π

{
− 4

η

[
Lb +

1

ε

]
+

2

ε

[
1

ε
− ln

(
ν2

µ2

)]}
+
αs(µ)CA

2π

1

ε
, (4.76)

with

Lb = ln

(
b2µ2

4e−2γE

)
. (4.77)

The corresponding anomalous dimension is given in terms of the renormalization matrix

γ̃Sµ δ
nk + γ̃nkC ≡ −(ZnmC (b, µ))−1 d

d lnµ
ZmkC (b, µ) . (4.78)

The O(αs) contribution to the ZS renormalization kernel multiplying the leading 3P
[1]
0

shape function will result in O(α2
s) terms which we have not calculated yet. Therfore the

renormalization matrix cannot uniquely be determined at this order and it is easier to

determine the anomalous dimension by simply taking the derivative of the renormalized

matching coefficients. Note that this means that the order O(αs) contribution to the corre-

sponding diagonal term (in this case the one associated with 3P
[1]
0 ) cannot be determined.
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We complete the missing element by consistency of factorization. To show that this is the

correct completion through explicit calculation one needs to perform the NNLO calculation

of the associated shape function. This gives

γSµ = −(γHµ + 2γDµ,q) = −2
αsCF
π

ln

(
ν2

µ2

)
+
αsCA
π

, γC = −8αs(µ)CF
3πm2

(
0 0

1 0

)
. (4.79)

The solution of the RG equation for the matching coefficients is then given by

C̃n(b;µ, ν) = US(µ, µ0, ν)× UnmC (µ, µ0)C̃m(b;µ0, ν) , (4.80)

where

UTC (µ, µ0) = U−1
O (µ, µ0) = UO(µ0, µ) =

(
1 ωO(µ0, µ)

0 1

)
, (4.81)

and US is a function we give in the appendix B. We now have all the ingredients to write

the virtuality evolution of the total shape function

S̃⊥(b;µ, ν) = US(µ, µ0)

[
C̃(b;µ0, ν)UO(µ0, µf )〈O〉(µf )

]
. (4.82)

This is our result for the virtuality evolved shape function. We next consider the

rapidity-RG evolution which is the same as in traditional TMD observables. The rapidity

evolution of the shape function should match the evolution of the unsubtracted TMDFFs.

Furthermore the rapidity scale dependence is isolated in the matching coefficients and

thus we can obtain the corresponding anomalous dimension considering only the diagonal

element of the renormalization matrix ZS . The rapidity scale dependence of the shape

function is described by:

d

dν
S̃⊥(b;µ, ν) = γSν (b, µ, ν)× S̃⊥(b;µ, ν) , γSν (b, µ) = Z−1

S

d

dν
ZS , (4.83)

where

γSν (b, µ) = −2γDν,q(b, µ) = −2
αsCF
π

Lb . (4.84)

The fully evolved and resummed shape function is then given in terms of the rapidity and

virtuality evolution kernels,

S̃⊥(b;µ, ν) = US(µ, µ0, ν)VS(ν, ν0, µ0)

[
C̃(b;µ0, ν0)UO(µ0, µf )〈O〉(µf )

]
, (4.85)

where

VS(ν, ν0, µ) = exp

[
γSν (b, µ) ln

(
ν

ν0

)]
. (4.86)

Note that the rapidity and virtuality evolution are coupled and the order or path we wish

to choose for the two-dimensional evolution changes the form of the evolution kernels. See

ref. [71] on a recent treatment of double scale evolution. The path of evolution we choose

here is (µ0, ν0) → (µ0, ν) → (µ, ν). In the RG and RRG evolution the initiating scales µ0

and ν0 are usually chosen to minimize large logarithms in the Fourier space.
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In the small transverse momentum limit when q⊥ ∼ ΛQCD the expression in the square

brackets of eq. (4.85) is sensitive to non perturbative effects and the matching coefficients

Cn should be convolved with a model function, fn

C̃n(b;µ0, ν0)→ C̃n(b;µ0, ν0)× fn(b) . (4.87)

Since the two shape functions in this process mix under RG evolution we assign the same

model function to the matching coefficient for both shape functions. Thus at the order we

are working (NLL) only one model function is introduced.

4.5 Resummed cross section and numerics

Here we combine the results of the past section to obtain the NLL resummed cross section

for the annihilation of χJ to light quarks which further decay into hadrons. As was already

discussed in the past section, we consider both rapidity and virtuality renormalization

group equations. In order to resum all logarithms up to NLL, the various elements of

factorization need to be evaluated at the same virtuality and rapidity scales. We choose

the final scales of evolution to be µ = µb = 2 Exp(−γE)/b and ν = Mχ, in impact parameter

space. Starting from the factorization theorem and using the results of appendix B we have

1

Γ0

dΓχJ

d2q⊥dz1dz2

=

∫ ∞
0

bdb J0(bq⊥) UH(µb,Mχ)VS(Mχ, µb, µb)Dq/H1
(z1;µb,Mχ)Dq̄/H2

(z2;µb,Mχ)

f3S
[8]
1

(b)×

[
1 +
〈3P [1]

J 〉
〈3S[8]

1 〉
ω3S

[8]
1

(µb,Mχ)

]
. (4.88)

For the discussion that follows the model function f3S
[8]
1

is not implemented. The per-

turbative evolution kernels UH and VS are constructed as described in appendix B. The

non-perturbative part of the rapidity evolution is usually implemented through a model in

the rapidity anomalous dimension:

γSν (b, µ)→ γSν (b, µ) + gK(b) . (4.89)

The model function gK(b) is chosen such that it vanishes in the small b limit so that we

recover the perturbative prediction. Also from the operator product expansion we can

show that at leading order gK(b) is quadratic in b. The model we use here was introduced

in ref. [72] and subsequently used in various phenomenological studies,

gK(b) = −g2b
2 . (4.90)

The parameter g2 is a non-perturbative parameter that needs to be extracted from the

experimental data but is universal among various processes. The effect of this implemen-

tation is to widen and shift the differential spectrum to larger values, see the plot on the

left-hand-side of figure 8.
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Figure 8. Differential cross section for the process χb0 → π+ + π− +X at NLL. We demonstrate

the effect of varying the various non-perturbative parameters such as the LDMEs and the rapidity

anomalous dimension.

The rapidity anomalous dimension is not the only non-perturbative parameter needed

to obtain a prediction. The LDMEs also need to be extracted and are also considered uni-

versal parameters. It is important to notice that for the shape of the spectrum only the ratio

ρ = 〈3S[8]
1 〉m

2/〈3P [1]
J 〉 (4.91)

is needed. The value of this ratio also modifies the shape of the distribution. The smaller

the ratio we use the wider the distribution becomes, see the right-hand-side of figure 8.

To demonstrate the numerical impact of the non-perturbative parameters we show the

differential cross section for various values of these parameters in figure 8. For these plot

we choose H1,2 = π+/− with z1 = z2 = 0.6. The collinear fragmentation functions at

NLO are taken from ref. [73]. It is also important to note that the scale µb becomes non-

perturbative in the region of integration and eventually the integrand diverges as we reach

the Landau pole. For this reason we implement an upper cutoff in the b integral in eq. (4.88)

at bmax = 5 GeV−1. This value is determined by searching where the integral in eq. (4.88)

converges. What we note from these results is that both the rapidity anomalous dimension

and the ratio of LDMEs have significant impact on the distribution. This suggests that

for well constrained LDMEs one can use quarkonium production or decays to access non-

perturbative aspects of TMD distributions.

5 Summary and outlook

The goal of this paper is to study factorization and resummation for transverse momentum

dependent observables involving quarkonium production or decay process. In the first

part of the paper we give a diagrammatic analysis involving an arbitrary number of soft

gluon emissions from a heavy quark pair. We derived the general form of the operators

involving soft Wilson Lines for both S- and P-wave production and decay (see eqs. (3.10)

and (3.21)). We showed how RPI constrains the form of these operators and explains their
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structure. This symmetry constrains the matching coefficients of these operators to be the

same to all orders in perturbation theory. Using this analysis we obtained the operators

and the associated matching coefficients contributing at NLL for the process qq̄ → QQ̄[n].

Finally we showed that the operators are invariant under collinear, soft, and ultra-soft

gauge transformation.

As an application of our methods, we derived the factorization and resummation for

the process χJ → qq̄, followed by fragmentation to identified hadrons H1 and H2. The

cross section studied is differential in the relative transverse momentum of the two hadrons.

This particular process demonstrates some new features one encounters in the studies of

quarkonium with observables that are transverse momentum dependent. We showed that

a new TMD element appears in the place of soft functions. The new functions which we

refer to as quarkonium shape functions encode all the information about soft radiation

from light (collinear) partons but as well as from the heavy quark pair (see also ref. [44]).

The contribution from the heavy quarks can be non-trivial even in the case of color singlet

channels. Mixing between different production mechanisms can be generated by RG evo-

lution. We derive the mixed renormalization group equations satisfied by the quarkonium

shape functions for this particular example and solve those up to NLL accuracy.

At the end of this paper we construct the NLL resummed cross section. An important

result of our analysis is that we find that the differential cross section is sensitive to both

the values of the LDMEs and the non-perturbative model of the rapidity anomalous dimen-

sion. This demonstrates that the LDMEs need to be well-constrained in order to extract

parameters related to the TMDs. This has important implications for phenomenological

studies of transverse momentum dependent observables involving quarkonium. Our anal-

ysis does not include the gluon decay channel but it would be straight forward to include

them and this does not change this qualitative observation.

Extending our analysis to spin-triplet S-wave quarkonia such as Υ(1S) and J/ψ in-

volves one more non-trivial step. For example the process Υ(1S) or J/ψ → gg + X gets

a significant contribution from the color singlet mechanism 3S
[1]
1 . Although this channel

does not contribute at leading power in λ it is enhanced by v−4 compared to the color octet

and λ-leading mechanisms: 1S
[8]
0 and 3P

[8]
0,2. Therefore, in order to obtain reasonable and

consistent results resummation of sub-leading logarithms from the color singlet channel is

necessary.

Expanding this analysis to the deep inelastic scattering process which is relevant for

the proposed electron-ion collider (EIC) is of major importance [49]. The partonic hard

scattering process g+ γ∗ → QQ̄[n] +X which is the dominant mechanism for quarkonium

production at −q2 &M2
Q can give access to gluon TMDs. As we have shown in this paper

quarkonium shape functions are important for this process and need to be included in

future analyses. Resummation of large logarithms similar to what we have performed in

this paper will be important as well. We will study this issue in future work.
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A Definitions, notation, and formulae

We will work in the chiral representation of Dirac matrices:

γµ =

(
0 σµ

σ̄µ 0

)
, where σµ = (1,σ) , σ̄µ = (1,−σ) . (A.1)

The Dirac spinors in this representation then take the form:

u(p) =

(√
p · σ ξ√
p · σ̄ ξ

)
, v(p) =

( √
p · σ η

−
√
p · σ̄ η

)
. (A.2)

Using pQ/Q̄ = (P + /− q)/2, the q and λ expansion of the spinors is given by

u(pQ) =

(
1− q · γ

4m
+ · · ·

)
u(0)(1 +O(λ)) , v(pQ̄) =

(
1− q · γ

4m
+ · · ·

)
v(0)(1 +O(λ)) ,

(A.3)

where the ellipsis denotes terms of order O(q2) or higher. The normalized rest frame spinors

u(0) and v(0) are given by

u(0) =
√
m

(
ξ

ξ

)
, v(0) =

√
m

(
η

−η

)
(A.4)

and satisfy the equation of motion

(1− /v)u(0) = 0 , (1 + /v)v(0) = 0 , (A.5)

with vµ = (1,0).

The expansion of the heavy quark and antiquark propagator when soft momenta is

inserted to the quark line is given by,

D(pQ+psoft) = i
/pQ+/psoft

+m

(pQ+psoft)2−m2
=

[
i

1+/v

2p0
soft

+
i

4mp0
soft

(
1+/v

p0
soft

psoft−γ
)
·q+· · ·

]
(1+O(λ)) .

(A.6)
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Similarly for the antiquark we have

D(−pQ̄ − psoft) = i
−/pQ̄ − /psoft

+m

(pQ + psoft)2 −m2
=

[
i
1− /v
2p0

soft

− i

4mp0
soft

(
1− /v
p0

soft

psoft + γ

)
· q + · · ·

]
(1 +O(λ)) .

(A.7)

A useful formula that we used extensively is

1

p0
t (i)

[
(−g)m−i

m∏
s=i+1

A0(ps)

p0
t (s)

]
=

m∑
ρ=i

1

p0
t (ρ)

[
gρ−i

ρ∏
s=i+1

A0(ps)∑s
`=i+1 p

0
ρ+i+1−`

]

×

[
(−g)m−ρ

m∏
s=ρ+1

A0(ps)∑s
`=ρ+1 p

0
`

]
. (A.8)

A.1 Useful integrals

Here we give all the integrals necessary for the calculation of the real soft emissions of the

shape function. This corresponds to diagrams (i)-(m):

Ii = −g2

(
eγEµ2

4π

)ε ∫ ddk

(2π)d−1

n̄ · n
(n̄ · k)(n · k)

w2νη

|2k3|η
δ(2)(q⊥ − kT (kµ))δ(k2)

= −αsw
2

2π

2eεγE

2η
√
π

Γ(1/2− η/2)Γ(η/2)Γ(1 + η/2 + ε)

Γ(1 + η/2)

(
ν

µ

)η 1

2πµ2

(
µ2

p2
T

)1+ε+η/2

(A.9)

Ij/k = −g2

(
eγEµ2

4π

)ε ∫ ddk

(2π)d−1

v · n
(v · k)(n · k)

w2νη

|2k3|η
δ(2)(q⊥ − kT (kµ))δ(k2)

= −αsw
2

2π

eεγEΓ(1 + η/2 + ε)

Γ(1 + η/2)

2

η

(
ν

µ

)η 1

2πµ2

(
µ2

q2
⊥

)1+ε+η/2

+O(η) (A.10)

where we use the following relation for c > 0∫ +∞

−∞

dx

(x2+c)(
√
x2+c−x) |x|η

=

∫ +∞

−∞

dx

(x2+c)1+η/2(
√
x2+c−x)

+O(η)

=
1

c1+η/2

(
2

η
+2ln(2)+O(η)

)
(A.11)

Il =−g2

(
eγEµ2

4π

)ε∫ ddk

(2π)d−1

v2

(v ·k)2
δ(2)(q⊥−kT (kµ))δ(k2) =αs

eεγE csc(πε)

Γ(−ε)
1

2πµ2

(
µ2

q2
⊥

)1+ε

(A.12)

Im =−g2

(
eγEµ2

4π

)ε∫ ddk

(2π)d−1

v2k2
⊥

(v ·k)4
δ(2)(q⊥−kT (kµ))δ(k2) =

2

3
Il . (A.13)

B Evolution and resummation

In this appendix we discuss both virtuality and rapidity renormalization group equations

and the solutions of those equations. All factorization elements (hard, soft, soft-collinear,

collinear-soft, and jet) satisfy renormalization group equations, but only transverse mo-

mentum dependent quantities have rapidity RGEs.
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B.1 Renormalization group evolution

The RGEs we consider have the following form

d

d lnµ
F (µ) = γFµ (µ, αs)F (µ) =

[
ΓFµ [αS ] ln

(
µ2

m2
F

)
+ ∆γFµ [αS ]

]
F (µ), (B.1)

where γFµ is the virtuality anomalous dimension. We refer to the first term in the square

brackets as the cusp part since ΓFµ [αs] is proportional to the cusp anomalous dimension,

Γcusp, and the second term, ∆γFµ [αS ], as the non-cusp part. Both the cusp and the non-cusp

terms have an expansion in the strong coupling. For the cusp term we have

ΓFµ [αs] = (Γ0
F /Γ

0
cusp)Γcusp = (Γ0

F /Γ
0
cusp)

∞∑
n=0

(αs
4π

)1+n
Γncusp, (B.2)

and similarly the non-cusp part is given by

∆γFµ [αS ] =
∞∑
n=0

(αs
4π

)1+n
γnF . (B.3)

The solution to the RGE in eq. (B.1) is

F (µ) = UF (µ, µ0)F (µ0) , UF (µ, µ0) = exp (KF (µ, µ0))

(
µ0

mF

)2 ωF (µ,µ0)

, (B.4)

with

KF (µ, µ0) = 2

∫ α(µ)

α(µ0)

dα

β[α]
ΓFµ [α]

∫ α

α(µ0)

dα′

β[α′]
+

∫ α(µ)

α(µ0)

dα

β[α]
∆γFµ [α], (B.5)

ωF (µ, µ0) =

∫ α(µ)

α(µ0)

dα

β[α]
ΓFµ [α]. (B.6)

Since in this work we are interested only in the NLL and NLL′ result we keep only the first

two terms in the perturbative expansion of the cusp part (i.e., ΓF0 , Γ0
cusp, and Γ1

cusp) and

only the first term form the non-cusp part (γ0
F ). Performing this expansion we get

KF (µ,µ0) =−
γ0
F

2β0
lnr−

2πΓ0
F

(β0)2

[
r−1−r lnr

αs(µ)
+

(
Γ1

cusp

Γ0
cusp

−β1

β0

)
1−r+lnr

4π
+

β1

8πβ0
ln2 r

]
,

(B.7)

ωF (µ,µ0) =−
Γ0
F

2β0

[
lnr+

(
Γ1

cusp

Γ0
cusp

−β1

β0

)
αs(µ0)

4π
(r−1)

]
, (B.8)

where r = α(µ)/α(µ0) and βn are the coefficients of the QCD β-function

β[αs] = µ
dαs
dµ

= −2αs

∞∑
n=0

(αs
4π

)1+n
βn . (B.9)
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Function H(qq̄ → 3S
[8]
1 ) S⊥ S⊥(⊗D⊥)2

Γ0
F −8CF 8CF 8CF

γ0
F −12CF − 4CA 4CA 12CF + 4CA

mF Q νs Q

ξF n.a. 2 n.a.

∆γFν n.a. O(α2
s) n.a.

Table 2. Anomalous dimensions coefficients up to NLL accuracy.

The expressions for all ingredients necessary to perform the evolution of any function that

appears in the factorization theorems we considered in this paper are given in table 2. The

coefficients for the expansion of the cusp anomalous dimension are

Γ0
cusp = 4CF

Γ1
cusp = 4CF

[(
67

9
− π2

3

)
CA −

20

9
nfTR

]
Γ2

cusp = 4CF

[(
245

6
− 134

27
π2 +

11

45
π4 +

22

3
ζ3

)
C2
A +

(
− 209

108
+

5

27
π2 − 7

3
ζ3

)
8CAnfTR

+

(
16ζ3 −

15

3
CFnfTR −

64

27
T 2
Rn

2
f

)]
. (B.10)

B.2 Rapidity renormalization group evolution

In this section we summarize the solution for the rapidity renormalization group equations

for the soft TMD functions. The RRG equation for transverse momentum measurements

(in Fourier space) of the function S⊥ takes the following form,

d

d ln ν
S̃⊥(µ, ν) = γ̃Sν (µ)× S̃⊥(µ, ν), (B.11)

where

γ̃νS(µ) = 2ΓSν [αs] ln

(
µE
µ

)
+ ∆γSν [αs]. (B.12)

The solution of this equations is

S⊥(µ, ν) = VS(µ, ν, ν0)S⊥(µ, ν0), (B.13)

where

VS(µ, ν; ν0) = exp(κS(µ, ν, ν0))×
(
µE
µ

)ηS(µ,ν,ν0)

(B.14)

and

ηS(µ, ν, ν0) = 2ΓSν [α] ln

(
ν

ν0

)
, κS(µ, ν, ν0) = ∆γsν [α] ln

(
ν

ν0

)
, (B.15)
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with ν0 the characteristic scale from which we start the evolution. This scale is chosen such

that rapidity logarithms are minimized. The first term in the rapidity anomalous dimension

in eq. (B.12) is proportional to the cusp anomalous dimension and the proportionality

constant we denote with ξS , (i.e. ΓSν = ξSΓcusp). The two loop non-cusp part of the soft

rapidity anomalous dimensions which we need for the NNLL resummation is

∆γsν = −
(
αs(µ)

4π

)2

Ci

[(
128

9
− 56ζ3

)
CA +

112

9
β0

]
+O(α3

s) . (B.16)

C Details for the matching calculation

In this section we give some of the details of the calculations for the results presented in

the main sections. We begin with the calculation of d
(1)
D (antiquak) which is presented in

eq. (3.18). We begin by expanding one of the propagators in the antiquary line at leading

order in q and summing over all possible expansions. After some simplifications we have

d
(1)
D (m,n; antiquark) = −

(
u(0)

)† [
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m), p′t(n))

×
n∑
i=1

{[
gi

n∏
s=i+1

A0
(n+i+1−s)′

p
′0
t (s)

]
q · p′t(i)
2mp

′0
t (i)

[
gn−i

i∏
s=1

A0
(i+1−s)′

p
′0
t (s)

]}
v(0) .

(C.1)

Using eq. (A.8) we have

d
(1)
D (m,n;antiquark) =−

(
u(0)

)†[
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m),p′t(n))

n∑
i=1

n∑
ρ=i

{
1

2mp
′0
t (ρ)

×

[
gn−ρ

n∏
s=ρ+1

A0
(n+ρ+1−s)′∑s
`=ρ+1 p

′0
`

][
(−g)n−ρ−i

ρ∏
s=i+1

A0
(ρ+i+1−s)′∑s

`=i+1 p
′0
ρ+i+1−`

]
q·p′t(i)

[
gi

i∏
s=1

A0
(i+1−s)′

p
′0
t (s)

]}
v(0) ,

(C.2)

which after summing over permutations and normalizing correspondingly for each product

and considering all possible values of n and m we have

d
(1)
D (antiquark) = −

(
u(0)

)†
S†vΓ

(0)Sv

[
1

2mv · P
S†v

[
q ·PSv

]]
v(0) . (C.3)

This is the result quoted in eq. (3.18). We now proceed with the evaluation of d
(1)
γ which

as mentioned earlier is the contribution from the terms proportional to q · γ from the

expansion of the propagators and spinors. Similar to the case of d
(1)
D we break down the

calculation into expansions along the quark and antiquark lines:

d(1)
γ = d(1)

γ (quark) + d(1)
γ (antiquark) . (C.4)

Starting with d
(1)
γ (quark) we performed the following decomposition

d(1)
γ (m,n; quark) = d(1)

γ (m,n; quark)

∣∣∣∣
u

+

m∑
i=1

d(1)
γ (m,n; quark)

∣∣∣∣
i

(C.5)
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corresponding to the expansion of the spinor ū(pQ) and the ith propagator. We then

immediately have for the general case i 6= m

d(1)
γ (m,n; quark)

∣∣∣∣
i 6=m

= −(−g)m
(
u(0)

)† [ i−1∏
s=1

A0
s

p0
t (s)

]
/Aiq · γ /Ai+1(1 + /v)

8mp0
t (i)p

0
t (i+ 1)

[
m∏

s=i+2

A0
s

p0
t (s)

]

× Γ(0)(pt(m), p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (C.6)

Then using

γµi γ γµi+1(1 + /v) = (1− /v)γµi γ γµi+1 + 2vµiγ γµi+1 + 2vµi+1γµi γ (C.7)

along with the eq. (A.5) we have

d(1)
γ (m,n; quark)

∣∣∣∣
i 6=m

= −(−g)m
(
u(0)

)† [ i−1∏
s=1

A0
s

p0
t (s)

]
A0
iq · γ /Ai+1 + /Aiq · γA0

i+1

4mp0
t (i)p

0
t (i+ 1)

×

[
m∏

s=i+2

A0
s

p0
t (s)

]
Γ(0)(pt(m), p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (C.8)

For the special case i = m we get

d(1)
γ (m,n; quark)

∣∣∣∣
i=m

= −(−g)m
(
u(0)

)† [m−1∏
s=1

A0
s

p0
t (s)

]
/Amq · γ

4mp0
t (m)

× Γ(0)(pt(m), p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (C.9)

Expanding the spinor we find

d(1)
γ (m,n; quark)

∣∣∣∣
u

= −(−g)m
(
u(0)

)† [q · γ /A1(1 + /v)

8mp0
1

m∏
s=2

A0
s

p0
t (s)

]

× Γ(0)(pt(m), p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) (C.10)

and using

γ γµ(1 + /v) = (1 + /v) γ γµ + 2vµγ ,
(
u(0)

)†
(1 + /v) = 2

(
u(0)

)†
(C.11)

we have

d(1)
γ (m,n; quark)

∣∣∣∣
u

= −(−g)m
(
u(0)

)† [q · γ /A1 + q · γA0
1

4mp0
1

m∏
s=2

A0
s

p0
t (s)

]

× Γ(0)(pt(m), p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (C.12)
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Therefore from eq. (C.5)we have

d(1)
γ (m,n;quark) =−(−g)m

(
u(0)

)† m∑
i=1

{[
i−1∏
s=1

A0
s

p0
t (s)

]
q·Ai

2mp0
t (i)

[
m∏

s=i+1

A0
s

p0
t (s)

]}

×Γ(0)(pt(m),p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0)

−(−g)m
(
u(0)

)†[ m∏
s=1

A0
s

p0
t (s)

]
q·γ
4m

Γ(0)(pt(m),p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) .

(C.13)

Using eq. (A.8):

d(1)
γ (m,n;quark) =

(
u(0)

)† m∑
i=1

m∑
ρ=i

{
g

2mp0
t (ρ)

[
(−g)i−1

i−1∏
s=1

A0
s

p0
t (s)

]
q·Ai

×

[
gρ−i

ρ∏
s=i+1

A0
s∑s

`=i+1 p
0
ρ+i+1−`

][
(−g)m−ρ

m∏
s=ρ+1

A0
s∑s

`=ρ+1 p
0
`

]}
Γ(0)(pt(m),p′t(n))

×

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0)

−
(
u(0)

)†[
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
q·γ
4m

Γ(0)(pt(m),p′t(n))

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (C.14)

After summing over permutations within each product, normalizing with the corresponding

number of permutations and considering all values of n and m we find

d(1)
γ (quark) = +

(
u(0)

)† [ g

2mv · P
S†v q ·ASv

]
S†vΓ

(0)Svv
(0) −

(
u(0)

)†
S†v

q · γ
4m

Γ(0)Svv
(0) .

(C.15)

The last element we calculate in this section is d
(1)
γ (antiquark) which corresponds to the

q · γ proportional terms from the properer and spinor expanding along the antiquark line.

Following similar decomposition as in eq. (C.5) we have

d(1)
γ (m,n; antiquark) = d(1)

γ (m,n; antiquark)

∣∣∣∣
u

+

m∑
i=1

d(1)
γ (m,n; antiquark)

∣∣∣∣
i

(C.16)

where

d(1)
γ (m,n; antiquark)

∣∣∣∣
i

= −gn
(
u(0)

)† [
(−g)m

m∏
s=1

A0
s

p0
t (s)

]

× Γ(0)(pt(m), p′t(n))

n∑
i=1

{[
n∏

s=i+2

A0
(n+i+2−s)′

p
′0
t (s)

]
(1− /v) /A(i+1)′q · γ /Ai′

8mp
′0
t (i)p

′0
t (i+ 1)

[
i−1∏
s=1

A0
(i−s)′

p
′0
t (s)

]}
v(0) .

(C.17)
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Then using eqs. (A.5) and (C.7) we rewrite the above as

d(1)
γ (m,n;antiquark)

∣∣∣∣
i 6=n

= gn
(
u(0)

)†[
(−g)m

m∏
s=1

A0
s

p0
t (s)

]

×Γ(0)(pt(m),p′t(n))

[
n∏

s=i+2

A0
(n+i+2−s)′

p
′0
t (s)

]
/A(i+1)′q·γA0

i′+A
0
(i+1)′q·γ /Ai′

4mp
′0
t (i)p

′0
t (i+1)

[
i−1∏
s=1

A0
(i−s)′

p
′0
t (s)

]
v(0) .

(C.18)

For the special case i = n we have

d(1)
γ (m,n; antiquark)

∣∣∣∣
i 6=n

= gn
(
u(0)

)† [
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m), p′t(n))

× q · γ /An
4mp

′0
t (n)

[
n−1∏
s=1

A0
(n−s)′

p
′0
t (s)

]
v(0) . (C.19)

Expanding the spinor we get

d(1)
γ (m,n; antiquark)

∣∣∣∣
u

= gn
(
u(0)

)† [
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m), p′t(n))

×

[
n∏
s=2

A0
(n+2−s)′

p
′0
t (s)

]
(1− /v) /A1′)q · γ

4mp
′0
1

v(0) (C.20)

and using

(1− /v)γµ γ = γµ γ (1− /v)− 2vν γ , (1− /v)v(0) = 2v(0) (C.21)

we arrive at

d(1)
γ (m,n; antiquark)

∣∣∣∣
u

= gn
(
u(0)

)† [
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m), p′t(n))

[
n∏
s=2

A0
(n+2−s)′

p
′0
t (s)

]

×
/A1′)q · γ −A0

1′q · γ)

4mp
′0
1

v(0) . (C.22)

Adding all contribution from eq. (C.16)

d(1)
γ (m,n; antiquark) = gn

(
u(0)

)† [
(−g)m

m∏
s=1

A0
s

p0
t (s)

]

× Γ(0)(pt(m), p′t(n))
n∑
i=1

{[
n∏

s=i+1

A0
(n+i+1−s)′

p
′0
t (s)

]
q ·Ai′

2mp
′0
t (i)

[
i−1∏
s=1

A0
(i−s)′

p
′0
t (s)

]}
v(0)

−
(
u(0)

)† [
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m), p′t(n))

q · γ
4m

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (C.23)
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Which can be rewritten using eq. (A.8)

d
(1)
D (m,n;antiquark) =

(
u(0)

)†[
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m),p′t(n))

n∑
i=1

n∑
ρ=i

{
g

2mp
′0
t (ρ)[

gn−ρ
n∏

s=ρ+1

A0
(n+ρ+1−s)′∑s
`=ρ+1 p

′0
`

][
(−g)n−ρ−i

ρ∏
s=i+1

A0
(ρ+i+1−s)′∑s

`=i+1 p
′0
ρ+i+1−`

]
q·Ai′

[
gi−1

i−1∏
s=1

A0
(i−s)′

p
′0
t (s)

]}
v(0)

−
(
u(0)

)†[
(−g)m

m∏
s=1

A0
s

p0
t (s)

]
Γ(0)(pt(m),p′t(n))

q·γ
4m

[
gn

n∏
s=1

A0
(n+1−s)′

p
′0
t (s)

]
v(0) . (C.24)

After summing over permutations within each product, normalizing with the corresponding

number of permutations and considering all values of n and m we obtain

d(1)
γ (antiquark) = +

(
u(0)

)†
S†vΓ

(0)Sv

[
g

2mv · P
S†v q ·ASv

]
v(0)−

(
u(0)

)†
S†vΓ

(0) q · γ
4m

Svv
(0) .

(C.25)

From eqs. (C.15) and (C.25) we finally obtain

d(1)
γ =

(
u(0)

)†{
S†vΓ

(0)Sv,

[
1

2mv · P
S†v

[
q ·ASv

]]
− γ

}
v(0) . (C.26)
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