PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: January 27, 2020
ACCEPTED: March 8, 2020
PUBLISHED: April 9, 2020

Dynamical RG and critical phenomena in de Sitter
space

Daniel Green and Akhil Premkumar

Department of Physics, University of California,
San Diego, La Jolla, CA 92093, U.S.A.

E-mail: drgreen@physics.ucsd.edu, akpremku@ucsd.edu

ABSTRACT: Perturbative quantum field theory in de Sitter space is known to give rise to a
variety of contributions that grow with time (secular terms). Despite significant progress,
a complete understanding of the physical origin of this growth remains an outstanding
problem. In this paper, we will study the origin this secular growth in de Sitter space
for interacting theories that are near attractive conformal fixed points. We show that
the secular terms are determined by the anomalous dimensions of the same theory in flat
space and can be re-summed using the dynamical renormalization group. This behavior
is mandatory at the conformal fixed point but we show that it holds away from the fixed
point as well. We analyze this problem in general using conformal perturbation theory and
study conformally coupled scalar fields in four and 4 — € dimensions as examples.

KeEYwoORDS: Conformal Field Theory, Cosmology of Theories beyond the SM, Renormal-
ization Group

ARX1v EPRINT: 2001.05974

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP04(2020)064


mailto:drgreen@physics.ucsd.edu
mailto:akpremku@ucsd.edu
https://arxiv.org/abs/2001.05974
https://doi.org/10.1007/JHEP04(2020)064

Contents

1 Introduction 1
2 Conformal perturbation theory 3
2.1 Definition 3
2.2 Perturbative flow between fixed points 4
2.3 Dynamical RG 6
2.4 Summary 8
3 Scalar field theory 8
3.1 The (¢?¢?) correlator 8
3.2 Implications for A¢?* in four-dimensions 11
4 Yukawa interaction 11
5 Conclusions 13
A Analytic continuation of the in-in formalism 14
B Details of loop integration 14
B.1 Dimensional regularization 15
B.2 De Sitter conformal perturbation theory 15
B.3 Integrals in the A¢* theory 16
B.4 Integrals for the Yukawa calculation 18

1 Introduction

The physics of de Sitter space has posed both conceptual and technical challenges to our
understanding of the universe. Ultimately, the lack of a fixed boundary in the presence
of dynamical gravity is an unavoidable challenge in defining physics in de Sitter space [1-
6]. Yet, there have long been more mundane challenges associated with divergences in
perturbation theory [7-16], with and without dynamical gravity. Resolving the origin of
these divergences is a more tangible problem than quantum gravity in de Sitter itself and
is surely a necessary step towards a complete theory of (quantum) cosmology.

Significant progress has been made in our understanding of perturbation theory in
cosmological spacetimes. In the particular case of cosmological correlators in single-field
inflation, it has been shown to all-loop order that time-dependent contributions from in-
dividual diagrams must vanish when all the diagrams are summed together [17, 18]. In
essence, in the case of single-field inflation, the secular growth is not physical. The ab-
sence of such terms is unique to the metric fluctuations due to the nonlinear symmetries



of these modes [19, 20], which are also responsible for the separate universe description of
cosmology [21] and the single-field consistency conditions [5, 22].

In contrast to the metric fluctuations, the divergences associated with conventional
quantum fields in cosmological backgrounds can be physical [14, 23-33]. In some cases,
these divergences can be re-summed using known techniques from quantum field theory
(QFT) [9, 34-38]. The dynamical renormalization group (DRG) [39-41] is one such ap-
proach that is well-suited for secular growth in cosmology [42-45]. This growth is at most
logarithmic in the scale factor [13, 14] and thus the leading logs can be resummed us-
ing the DRG. Unfortunately, the meaning of this resummation lacks the clear physical
interpretation that we associate to the renormalization group in flat space.

In recent work, a number of non-trivial features of tree-level perturbation theory in
de Sitter space have been connected to conventional physics in flat space. For instance,
the analytic structure of correlations functions has been seen to encode the flat space S-
matrix [46-49]. In addition, these cosmological correlators display the analogues of simple
poles and factorization associated with the exchange of new particles [50, 51]. These types
of observations have helped demystify otherwise peculiar properties of these calculations.

In this work, we will explore the origin of secular growth in de Sitter space and their
relation to physics in flat space. To make the origin of this growth manifest, we will study
theories that flow to perturbative IR fixed points in flat space. At the fixed point, the
theories are conformal and their de Sitter correlators are determined by a Weyl transfor-
mation [52] from flat space to de Sitter,

n
<01(f1, 7'1) PN On(fn, Tn))dS = (H CL(Ti)_Ai> <01(f1, 7'1) PN On(fn, Tn)>ﬂat s (1.1)
i=1

where Kz are the dimensions of the operators at the IR fixed point, 7 is the conformal
time,! a(7) = (—H7)~! is the scale factor and Z are the spatial coordinates. In perturbation
theory, 51 = A;+7; where A; is the dimension at the UV fixed point and ~; is the anomalous
dimension calculated in perturbation theory. Expanding the dS correlator in ~;, one sees
that perturbation theory in de Sitter must contain (y; log a(r;))" terms that are not present
in the flat space calculation. Given only the lowest order term, ~; log a(7;), one can use the
DRG to recover the full power-law in equation (1.1) as required by conformal invariance.

When the coupling is not tuned to be at the IR fixed point, the theory is not conformal
and the de Sitter correlators are not necessarily related to flat space correlators by a Weyl
transformation. Yet, the perturbative calculation does not depend on the precise value of
the coupling and the form of the secular growth remains unchanged. We will show that
these logarithmic terms can still be resummed and the resulting power law is determined
by the (scale-dependent) flat space anomalous dimension, y(u), calculated at the scale of
horizon crossing, u = H.

We will first analyze a general version of this problem using conformal perturbation
theory in de Sitter space. When conformal perturbation theory is applicable in flat space,

LOur eventual interest is in cosmological correlators and therefore our discussion is limited to late-time
correlators in the flat slicing of de Sitter. Additional secular terms can arise in different coordinates and
for different observables [31].



the same expansion can be used in de Sitter space using the map described in equation (1.1).
We show explicitly in conformal perturbation theory that anomalous dimensions in flat
space becomes secular growth in de Sitter. We then show how these terms can be resummed
using the DRG equations. These insights will apply to a wide variety of theories, including
perturbative QFTs involving gauge fields, fermions and/or conformally coupled scalars.
We will show this explicitly in several examples.

The organization of this paper is as follows: in section 2, we demonstrate our main
results using conformal perturbation theory. In sections 3 and 4, we show how these general
results arise in the specific examples of a conformally coupled scalar with a A¢* interaction
in d = 4 — € dimensions and Yukawa interactions in four dimensions. We conclude in
section 5. Details of the calculations are presented in the appendices.

2 Conformal perturbation theory

2.1 Definition

Conformal perturbation theory in flat space is a powerful tool for understanding a defor-
mation around any fixed point, whether weakly or strongly coupled. We imagine that the
fixed point is described in terms of some action, Scpr, that is deformed by one of the
operators in the CFT,

S = Sopr + At / e O(a) (2.1)

where « is a d-vector, pu is the renormalization scale, A is the dimensionless coupling, and
A is the dimension of the operator. From the Euclidean path integral description, it is easy
to see that a correlation function in the perturbed theory can be related to a correlation
function in the CFT via

(Oi(y)...) = (Oi(y)...e W N d%05@)y (2.2)

where (...)cpT means we are calculating a correlation function in the (unperturbed) CFT.
Taylor expanding the exponential then gives the result in terms of correlation functions
CFT,

_ d—Aj;\n n n
Oi(y)...) =) Wn,) (H /ddka) (Oi(y) ... [ Os(=w))crr - (2.3)
k=1 k=1

n

This procedure is very general and is even applicable to theories where Scpr is unknown
(or doesn’t exist). Of course, as a practical tool for calculations, it is limited to cases where
the correlation functions are known and can be integrated.

Given a theory in flat space described by conformal perturbation theory, we can apply
the same procedure to define perturbation theory in de Sitter space, now writing S =
Scrr + Aud=25 [drd?tz/=g O;(x). Using ds? = a(1)?(—dr? + d7?) and /—g = a%(7)

in conformal time, we can write

o\ d-Ajn [0 n
(Oi(y).. )as =a > (Ty)z()\ﬂn!) (H/ddxkad_Aj (Tk)) (Oi(y)... [ 0j(@r))crr
k=1 k=1

n
(2.4)
where (...)cpr is the correlation function at the UV fixed point in flat space.



2.2 Perturbative flow between fixed points

We will consider a CFT in d = 4 dimensions that contains an operator of dimension
A =4 — e. We will first consider the RG flow in flat space and then address the behavior
in de Sitter. In flat space, we deform the theory by S = Scpr + A [ d*z O(z).

The first thing we must determine is what happens under RG flow. At leading order,
the B-function is given? in terms of the dimension of the operator, 8y = ,u% =—(4-A)\=
—eX. We calculate the correction to the 8 function, noticing that a generic correlator of
quadratic order in A takes the form

(... )\QMQE/d4x1d4x2 O(x1)O0(x2)) . (2.5)
We will assume the operator product expansion (OPE) of O contains the term

0(131)0(562) D O(CCQ) R (2.6)

19|42

where x;; = x; — xj, and C # 0 is the OPE coefficient. Using the OPE, our generic
correlator contains the term

(.. —/\2 25/d4:r:1d 25 O(21)O(22)) S (.. ,w?ec/d‘*m|a:12|—4+6/d4x2(9(m2)>

1
v o d
D <...2')\2/L25027T2/M 3;12_/d4332 O(x2))
! 0

‘xm‘l €

D) < .. )\QMSZQC’ /d4l'2 O($2)> , (27)

where p is the normalization scale in units of energy. We have regulated the divergent
integral with a cutoff in position space for clarity, but we will otherwise use dimensional
regularization throughout. This divergence can be absorbed into a counterterm 6y =
+@ by changing the action to S+ (Au€)(1+6,) [ d'z O(z). Differentiating this modified
coupling constant with respect to p, we find

By = —eA+T2CA2 + O(\?). (2.8)

This beta function drives the theory from the UV fixed point at A = 0 to the IR fixed point
at MIR = —5g. Since € < 1, the behavior at the IR (UV) fixed point can be understood
purely from perturbation theory around the UV (IR) fixed point.

Two-point function in flat space. Let us now derive the perturbative correction to the
equal time two point function in flat space, in anticipation of the cosmological calculation.
Expanding to first order in conformal perturbation theory, we have

(O(Z1,710)0(Z2,10)) = (O(Z1,70)O(Z2, 70) )5 — /\u6<0(§:’1,7-0)(’)(33’2,7-0)/d4:c3(’)(a?3)>*,

2,1 is an energy scale which decreases to zero as we flow from the UV fixed point to the IR fixed point.



where (...)x is a correlation function calculated at the UV fixed point. Inserting the
correlation function (A.5) with @ = 1 and using (B.2) to perform the integral, we find

C d73d3a:3
<O(51770)O(f2770)/dT3d396'3 O(Z3,73)) = —x
aty J |xly + TRA 2 |ag, + T[S/
e—0 4’/‘[’20 1
~ —aa (o tlog(pzie) +.o )
1'12 €

where z;; = |Z;j|. Reintroducing the coupling, A, the bare two point correlation function

is then )
- - 1 4r=CA
<O(l’1,7’0)0($2,7‘0)> ~ ,1'27A <1 — (ﬂ$12)6>
12
The % divergence can be removed by introducing a counterterm dz = —2”2% so that the

two-point function of the renormalized operator, O = ZOg, takes the form

(Or(%1,70)OR(T2,70))) = (1 = 202) (O(Z1, 10) O(2, 70)))

1

= & (1- 4O\ log(pxr) + . . ) (2.9)
12

As a result, O acquires the anomalous dimension
d 2
Yo = u@(éz) =21°C\. (2.10)
Notice that at the IR fixed point the dimension of operator O becomes
AR=A4+70=4—c+21°CA\ip =4 +¢, (2.11)

which is consistent with the IR fixed point being attractive. In fact, from the perspective of
the IR fixed point, the RG flow from the deformation of A = A;g 4+ d A should be controlled
by the dimension of the operator at the IR fixed point,

Bsx = —(4 — AR)SA + O (6)?) . (2.12)

Taylor expanding equation (2.8) around the fixed point, one finds f55 = €d\ as required
from equation (2.11).

Two-point function in de Sitter space. Now let us consider what happens to this
theory when we compute late-time correlation functions in dS. At the UV fixed point,
the power spectrum in dS follows from the conformal map from flat space to de Sitter,

equation (1.1),

—2A
(O(F1, 70)0 (s 70)) s = T

12
We will use conformal perturbation theory in de Sitter, equation (2.4), to determine the
leading correction to this two point function. From the outset, we know the theory in
flat space flows to a CFT in the IR where O acquires a non-trivial anomalous dimension.
Therefore, as explained in the introduction, there must be a log a(7y) term associated with



this two-point function in de Sitter space. Our goal is to find this secular term explicitly
and understand the behavior away from the fixed point.

Equal-time in-in correlators are most easily computed using the analytic continuation
to Euclidean time, as explained in appendix A. Applying this formalism at linear order in
A requires that we calculate the quantity

I = —)\Iue/dgib‘g/ dTE a(iTE+T0)4 <O(fl,T0)O(f2,7'0) O(fg,’iTE-i-To»*

a(7’0)_2A /°° / 3 a(itg + 70)¢
N e CLANY (N SNy [ . 9.13
WO )T ) T g v 2B, + 2 (2.13)

A priori, it might seem surprising that the above integral contains a divergence as 19 — 0.
At fixed x3 # x1, 9, the integral in 75 is manifestly convergent. Similarly, at fixed 7 the
integral over T3 convergences. However, we are integrating over both 75 and Z3 and there
are divergences associated with taking ¥s — ¥y, ¥ and 7 — 0 simultaneously. We can
estimate the degree of this divergence by noting that the integral of Zs around either &y or
Ty is regulated by 7g so that [ d3x3 ~ Tg‘. If we then perform the 7g integral, it scales as
Tg_A = 75 which becomes a logarithmic divergence as € — 0.

The integral in equation (2.13) is performed explicitly in appendix B.2 using Fourier
transforms. The resulting log-divergence arises precisely as expected from the above scaling

argument, and leads to

(B.4) a(r) 24 1 W12

Putting it all together, the two point function of O is given by

(O(&1,70)O (T2, 70))ys = ﬁ <1 — 4720\ C + log <J§12> +.. >) (2.15)

D) T0

We see that the coefficient of the log is the anomalous dimension in flat space, 472C\ = 2v0.

2.3 Dynamical RG

The two-point function in de Sitter space contains a number of divergent terms. The first

thing we should do is remove the % divergence. Introducing a counterterm d; = —@,
we get the renormalized two point function:
. . a(t9) 722 2 1 HT12
@) ,70)0 , =—F+— 1—47"CA | - +1 — cee =94
(Or(%1,70)ORr(T2, T0)) 225 m - tlog Hro + z

a(m) 724 2 HT12
=————|1-4 Al —— AU
x%QA 7°CAlog Hro +

The interpretation of the remaining log is more transparent if we separate the two dimen-
sionless ratios as follows,

BT12 K 12
1 — =1 — 1 — . 2.16
0g< HT()) Og(H>+ Og<]7'0|) ( )




The distance must appear in the ratio x12/|7p| in order to remain invariant under the rescal-
ing * — pr and a(r) — p~'a(r) which leaves the metric fixed. Furthermore, additional
interactions are known to give rise to pure log u/H [15] and logx/7 terms and therefore
must be treated separately.

We can easily eliminate log i/ H divergences by choosing 1 = H. Physically, this means
that we should use standard RG to run the effective couplings of the theory to the energy
scale H (or simply define them at the scale H). Since H is fixed in de Sitter, this choice en-
sures that there will be no large logs associated with u. We will define Ay = A(u = H) as a
reminder that we fixed the renormalization scale. This is also a physically sensible result as
H is usually the physical scale where non-trivial (cosmological) correlations are generated.

Renormalization in the conventional sense does not address the logarithmic growth
in conformal time. In fact, the mode is only super horizon when, z12/|79| > 1, and
our log is necessarily large. We can formally resum the large logs in analogy with the
renormalization group via the DRG. Following the procedure in [43, 45|, we introduce a
reference time and distance, 7, and z,. We then add a counter-term to the operator,
8z — 67(1 +272CApg log x,/|7|), to get

—2A

. . a(T()) 2 T12Tx
(Or(Z1,70)ORr(Z2,70)) = T 1 —47"CAp log ( o ﬂ :

Of course the operators of the theory are independent of x, and 7, so that we have a
differential equation for the two point function

9
Olog(7+/|74)

where we have defined

(ORr(Z1,70)ORr(Z2,10)) = 27v(H) (Or(Z1, 10)Or(Z2,70)) (2.17)

B 0
O log(ax/|7x)

Here we make a crucial assumption that all the secular terms can be absorbed with counter-

v(H) 67 pe = 272C Ay + O(NF) . (2.18)

terms such they vanish when 7, = 79 and x4, = x12. We will return to discuss the justifica-
tion for this assumption.

By construction, x,/7, only appears in the ratio x1274/(z+79) so we can rewrite this
equation as

9
0log(w12/|70l)

where we introduced the additional factor of 2A to account for the tree-level power spec-

(Ogr(71,70)Or(T2,70)) = —(2A + 2v(H)) (Or(Z1, 70)Or(%2, 10)) , (2.19)

trum. We can solve this equation to find

1
(7o) 12|24 +27(H)

<OR<f1,T0)OR(fQ,T0)> = (1 +O(/\H)) . (2.20)
where the O(\g) corrections are not logarithmically enhanced. We have used our freedom
to choose the overall normalization of the operator to write the result in terms of a(m) =
—1/(Hro).



An important open question we will not address in this work is the range of applicability
of the DRG for cosmological correlators. Instead, we will use the proximity to a conformal
fixed point ensures that the DRG is accurately resuming our secular terms in the cases of
interest. At the conformal fixed point, the DRG will resum all the secular logs as required
by symmetry. Away from the fixed point, the structure of perturbation theory ensures the
DRG will resum the leading logs as desired. However, for a generic theory in de Sitter
space, the applicability of the DRG is less certain. In would be desirable to have a general
result, like in flat space [53], that characterizes the validity and limitations of the DRG.

2.4 Summary

Using conformal perturbation theory, we have seen that for a theory that flows between
two fixed points, the (leading-log) two-point function in de Sitter space is given by

1
la (7o) 12|2A+20(H)

<OR(51,T0)OR(52,70)> = (2.21)
where v(H) = y(AM(p = H)) is the anomalous dimension calculated in flat space at the
renormalization scale ¢n = H. Since the correlators in de Sitter are invariant under the
group of de Sitter isometries, the higher point correlators must be de Sitter invariant with
an effective scaling dimension of A = A + ~v(H).

The derivation of this result implicitly assumed that we were studying a deformation by
a slightly relevant operator. However, we must also find the same result from the perspec-
tive of the IR fixed point, in which case the deformation would have been slightly irrelevant.

These results will apply to a wide range of interacting theories, including massless
particles with spin and conformally coupled scalars. When these theories are perturbative,
they are close to the Gaussian fixed point and therefore can be understood as being close
to a CFT. Light scalar fields in de Sitter are not captured by this description because
equation (1.1) does not apply when m?/H? # d(d — 2)/4.

3 Scalar field theory

We would like to see how the general behavior described in section 2 arises in explicit
examples. In this section, we will calculate the power spectrum of the ¢ operator in the
A¢* theory in dS. These types of self-interactions are particularly common for inflationary
models and are of broad interest. From flat space, we know an anomalous dimension arises
at one-loop and thus the same should be true in de Sitter. Furthermore, by choosing
d = 4 — ¢, the theory flows to the Wilson-Fisher fixed point and, as a consequence, the
dynamics in de Sitter must approach the behavior of the CFT by construction.

3.1 The (¢p?¢?) correlator

Given a free real scalar field ¢ of mass m in de Sitter space, one expands the fields in modes
according to

di-1k -
o(&, 1) = /(27r)d_16”“'x {vp(r)ag + U};(T)a}%}.
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(a) The tree level diagram. (b) The order A correction.

Figure 1. The Feynman diagrams involved in the calculation of (¢2¢?).

In the Bunch-Davies vacuum, the modes are given by
vp(r) = —z‘ei@*%)SfHT(—T)EIHV(—/W),

where k = |k| and H,, is the Hankel function of the first kind with v = 4/ (dll)Q - E—i The

free field theory in flat space maps to the conformal theory with mass m? = d(d — 2)H? /4

in dS, which means v = % Therefore the mode functions are

— e—zk'r
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These are just the modes for a free massless theory in flat space, scaled by factors of a=¢
as it should be in a conformal field theory.

As explained in appendix A, we can compute equal-time (in-in) correlation functions
as an anti-time-ordered Euclidean correlation function. The anti-time-ordered propagator
for our perturbative calculations is therefore

_ - o 1 e klTEl
(T (¢(k, it + 10)p(—F, To))> = RS (3.1)
Note that 79 < 0 will be fixed throughout the calculation and 75 € (—o00, 00).

We begin by computing the equal-time in-in correlator (¢?¢?) in d = 4 — € dimensions
using the expression [54]
00
dTg Hint(iTE+To)a(i7'E+TO)]>> ;

(3.2)

where Hin(7) = —|—% [ d41z\/=g¢*(r,z). The lowest order term in this expansion cor-
responds to figure 1a and it evaluates to

(@ (F o)X (—F,m)) = (T (¢2<E, w)6(~Fom)expl- [

—00

9, 2, 7 B 1 dPp 1 B c 1—e
(¢~(k,70)" (=K, 70)), = 20" () / @) 1K+ 7p = 2a(7-0)2A¢2 ke, (3.3)

where D = 3 —¢, d = D+ 1 and ¢ ~ —1/(47?) is a constant (see (B.7)). Note that,
Ay = % and Ag2 = d — 2. The computation of the momentum integral is detailed in

appendix B.3.



Now we can calculate the first order correction to (¢2¢?) from the diagram in figure 1b.
Expanding equation (3.2) to first order gives

Aus
4l

T <¢2<E, () [ de a<73>D+1¢4<73>)>

e 2
o0 D —lk+pll7E] o—plTEl
= —)\/f/ dTE ad(Tg) (/ (d P ! € € ) . (3.4)

oo 2m) P a(13)?Rea(ry)?Pe 2|/§ +p  2p

We have used the shorthand 73 = i7g + 79 in the interest of space. The loop integral in the
parentheses is computed in (B.10). Substituting this into (3.4) the first order correction
simplifies to

ki=e 0 a(itTg + 10)¢
—)\EM2/ drg —————" K%, (kltg]|) . 3.5
H a(T0)4A¢ - E |TE‘1_€ 21 ( ’ E|) ( )
Comparing this with (3.3) we see that tree level behavior of the correlation function has
already factorized out.
Finally, we are left with only the time integral to compute. This integral is the source
of the secular growth. In the limit |E7'0| < 1 and € — 0, (3.5) is approximately

Ak (1 "
g (- +log (47 ) — log(—kro) + .. ) | '
+ 64714 a(TO)4A¢ (6 + log H og(—kTo) + > (3.6)
where ... are terms that vanish in the limit ‘E’m’ < 1. The (¢%¢?) correlation function at
order A is then
(¢* (K, 70)$"(—k, 0)) = k1 (1 + log <£) — log(—Fkmo) +
’ ’ 2a() 22 327%c \ ¢ i )]

(3.7)
Removing the divergence in (3.7) and performing a dynamic RG resummation:

(¢2(E, To)¢2(—E, 70)) . S k' Cexp <—>\H log(—k7o) + .. > (1+...)

2a(7p) 2242 327ic
c
= o (k) ) (14 O\
s k) (1 00
c H=200(H) 1—et2
= —¢€ ’7¢2 (H) 2
2a(7_0)2A¢2+2’Y¢2(H) k (1 + O(AH))
where \ \
H H
Vg (H) 64mie +167r2 (38)
Comparing with (3.3) we see that the effective dimension of the ¢? operator is corrected
to: N
Age = Do +yp2(H) =2 — e+ FI;

which is precisely Ag2 + v42(p = H) at one-loop, where y42(u = H) is the anomalous
dimension in flat space at the scale u = H.

~10 -



3.2 Implications for A¢* in four-dimensions

As we discussed in section 2.4, our results don’t crucially require that there is an inter-
acting IR fixed point. As such, we can also view the above calculation as the dimensional
regularization of A\¢* in four-dimensions by taking the ¢ — 0 limit. In that case,

1672

where Ay = A = H) as before. Unlike the ¢ > 0 case, in four-dimensions the theory
flows to the trivial fixed point in the IR, A(x — 0) = 0. Nevertheless, since the anomalous
dimension is fixed at 4 = H we still have a finite Ag. As a result, the power spectrum
of ¢? in de Sitter space will acquire a fixed anomalous scaling with time and space in the
super-horizon limit.

We can similarly conclude that conformally coupled scalars in de Sitter will acquire
anomalous scaling in four-dimensions. The anomalous dimension for ¢ in A¢? is generated
at two-loops and a direct calculation is beyond the scope of this work. Nevertheless, we
can conclude that such a two-loop de Sitter calculation should find that equation (2.21)
holds with \2

Vo(H) = 712(;)4 : (3.10)

in accordance with the anomalous dimension in flat space.

4 Yukawa interaction

As a final example, we will study the RG flow of a scalar field theory in d = 4 dimensions
that is perturbed by a Yukawa coupling Lini = A1), where 1) is a massless Dirac fermion.
In flat space, ¢ acquires an anomalous dimension at one loop and therefore will exhibit
1-loop secular growth in dS. In this sense, the Yukawa coupling is the simplest example
where the power spectrum of a fundamental scalar (as opposed to a composite operator)
exhibits secular growth of the type discussed in this paper.

The calculation of this effect does not require us to discuss the mode functions of
the fermions directly. For the purpose of our calculation, ¢ = O is just an operator of
dimension A = 3 — € in a free CF'T, where we have introduced € as our regulator. We can
therefore use the action

Stol+ e [ d'a/lglo0 (4.1)

and evaluate the correlation functions of © using the same conformal perturbation theory
approach described in equation (2.4).
The two point correlation function for ¢ receives a 1-loop (O(A\?)) correction from the

Yukawa interaction,

. . €\2 0 00
I <¢(k,70)¢(—k,70)>1_100p=(A") / drpa®(r) / drlyat(r') (4.2)

2! —0o0 — 0o

% (T (6(F, 1) (—F. 70)o(~F, ) O (£, 1) (k. ) O(=F, 7))
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where 7 = iTp + 19 and 7' = iT’E + 19. We evaluate this correlator by Fourier transforming
the real-space correlation function of O given in equation (1.1). Using (B.15) and (3.1)
in (B.12), we find

ez e - % d e—k(imsl+Irp ) +ietre—rp)
= ) N[ et [ dnae) [ 52° (K + w?) 1

a(7o)? s o 2T (2k)?
_ (A(’f))jzv /OO ‘;ﬂ T(w, k) T(—w, k) (K + w?)1= (4.3)
al 1o 00 ™

where we have factorized the two time integrals by defining:

0 . e—k|7'E|+inE
I(w,k) —/ dTECLG(ZTE—i-To) T or (4.4)

—00
We could compute this integral explicitly and substitute it back into (4.3) to proceed.
However, the calculations become complicated if we take that route. We will therefore
pursue a simpler strategy: first, we will evaluate (4.4) in flat space-time i.e. we set a(7) = 1.
Next, we will compute (4.4) setting 70 = 0. In each case we substitute the result back
into (4.3) and extract the e — 0 behavior. The final answer for the general 7y # 0 case is
then obtained by requiring that it match with these calculations in the respective limits.
The details are given in appendix B.4; the final results are (see (B.4) and (B.18))

a=1 A2 1 1
I = —— [ -+21 -] - 4.
1672 k <e+ Og(k) e+ ) (4.5)
A2 1 I
= AN (T} — 4.6
16 w2 a(r0)? k (6+ Og(H)+A+ >’ (4.6)

where A is a divergent piece defined in (B.19). Requiring that the general answer must
reduce to these expressions, we find the first order correction (4.3) is

€,70—0 A2 1 M
I —— 2 (24021 — e ) 4.7
16 2 a(19)% k (6 +2log < k‘HTo) + > (47)

Note that setting 79 = 0 in the log will cause it to blow up. This is the origin of the term
A in (4.6). Putting it all together, (¢¢) is

(S(F, 70)b(—F, 70)) = W <1 - 5:2 <1 +2log (—kH“T(]) n >> L @s8)

w22
8e€

We remove the divergence in (4.8) using a counterterm dz; = — and perform a dynam-

ical RG resummation to find

. " H—2v(H)
{0k, 10)¢(=k, 70)) "= 2 a (7o) 2276 (H) 1-2v6(H) ’

where
X
’y¢(H> = +87T2 . (49)
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Comparing with (3.1) we see that the dimension of the ¢? operator is corrected to:

AQ
Ay — A H)=1+ -
As expected, v4(H) is precisely the anomalous dimension found in four-dimensional flat

space from a Yukawa coupling of a scalar to a Dirac fermion.

5 Conclusions

Secular terms present a significant challenge to perturbative calculations of cosmological
correlators. In this paper, we have shown that a certain class of such terms have their
origins as anomalous dimensions in flat space. Like anomalous dimensions, they can be
resummed to give corrections to the power law behavior at late times. This interpretation
of the growth is unambiguous as this resummation is required to match the predictions at
the conformal fixed point.

Our results apply to a wide range of quantum field theories in de Sitter space. Massless
particles with spin are generically conformally coupled and admit a description in terms
of conformal perturbation theory. In contrast, scalar fields with generic masses are not
conformal in de Sitter and thus our treatment is limited to the case m? ~ d(d — 2)H? /4.
Scalar fields of generic masses are far from conformal and display a wider range of IR
phenomena not addressed here. Ultimately, one hopes to have a complete understanding of
secular growth both of quantum fields in de Sitter and in the presence of dynamical gravity.

The main conclusion from this paper is that there is a broad class of secular terms that
are expected in QFT in de Sitter space and has an unambiguous and simple interpretation.
The meaning of IR divergences in de Sitter (particularly in the presence of gravity) has been
the subject of significant ongoing interest and we believe these simple calculable examples
can serve as a useful test-bed for future investigations.

The broader problem of characterizing all possible IR divergences of cosmological cor-
relators remains an outstanding problem. Significant progress has been made recently on
the divergences associated with massless scalars in de Sitter [29, 32, 33] and ultimately
confirm the validity of the stochastic inflation framework [9] for understanding the non-
trivial long distance behavior. While light scalar fields have certainly presented a unique
challenge to perturbative calculations, we have seen here that there are still secular terms
associated with massive fields that arise as an interplay between the short-distance and
late-time behavior. A complete understanding of all such divergences at the same level as
QFT in flat space would be a desirable outcome of a renewed focus on IR effects in de Sitter.
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A Analytic continuation of the in-in formalism

Throughout the paper, we have integrated in Euclidean time to simplify time integration.
In this appendix, we will review this procedure following [54].

We will use the in-in formalism to define equal-time correlations functions in the Bunch-
Davies vacuum. These are most easily calculated using the interaction picture operators

Qint and Hamiltonian Hiy(t) via [13]
(Q(m)) = <Texp i / K Hmt(f)a(r)dT] >
—oo(1—ie)

i/TO Hint(T)a(T)dT] Qint (10)T'exp

—oo(141€)
(A.1)
The Hamiltonian is given in terms of a Hamiltonian density, Hin (7, ), via
Hint (1) = /d3x a® (7)) Hine (1, 2) . (A.2)

The deformation of the contour by a factor of (1 + ie) defines the Bunch-Davies vacuum
of the interacting theory and ensures that the integrals converge as 7 — —oo. We can
make this convergence manifest by Wick rotating the contours on the left and right of
the operator by 7 — +iTg + 79 [54, 55]. The resulting expression for the in-in correlators
becomes an anti-time ordered integral

(Q(10)) = <T (Qint(ro) exp {— / Z Hin (it + 70) a (itp + 70) dTE] ) > (A.3)

This is particularly useful for CFT correlators, where the anti-time order correlators in

Euclidean time are given by
a(itTp + Tg)_Aa(iTjE + To)_A
(75 — 70)% + (& — #)2]°
C a(iTl)_Aa(iTQ)_Aa(iTg)_A

(O(F1, i) O(Fa, i72) O (s, im3)) = (A5)
|23y + TH| A 23y + a5 A2 |23, + 75|/

(O(itg + 710, Z)O(iTp + 70, 7)) = (A.4)

where 7;; = 7; — 7; and Zj; = @; — Z;. We left the 79 dependence in equation (A.5) implicit
in the interest of space. It is important to notice that all correlators are calculated at equal
Lorentzian time, 79, and therefore the 79 dependence cancels in 7;;, as shown explicitly in
equation (A.4).

B Details of loop integration

The explicit calculations of some of the loop integrals in the main text are performed in this
appendix. A number of these integrals are divergent but are made finite with dimensional
regularization and/or analytic continuation. We will therefore explain the regularization
schemes first and then apply it to the integrals needed for the main text.

— 14 —



B.1 Dimensional regularization

Throughout this paper, integrals are regulated by a parameter € that controls the scaling
behavior of the integral. This may or may not be related to the dimension of space-time,
as indicated in each section. In section 2, we have general dimension d and an operator of
dimension A = d — ¢, where d and ¢ are independent parameters. It is therefore useful to
think of the d and A dependence of these integrals as independent.

We will often be interested in d-dimensional radial Fourier transform of the correlation
functions. As a result, we often have to evaluate the following integral

1 4 D¢ —A) [ d 1
— ,2d,2A 2 / ik-x ) B].
@pa =" r@a) ) @t EEe (B

This integral is convergent for 2A < d. We will not be in this regime, but we will define the
integral at other values of A by analytic continuation of the above formula. This is a stan-
dard technique in QFT but is also commonly used as a definition of the Fourier transform.
This choice is justified because the divergent contributions we are neglecting are associated
with d-functions in position space (contact terms) and therefore vanish when x # 0.

For conformal perturbation theory, one is often calculating an integral over a conformal
three-point function. Using equation (B.1) and the convolution theorem, it is straightfor-
ward to show that

day g (TE-8))'TeA-g) 1
/W_ﬂ-z T(A) T(d—2A) gi5d° (B.2)

This result is again defined by analytic continuation, the divergent contributions are contact
terms and vanish when x19 # 0.
B.2 De Sitter conformal perturbation theory

The leading correction to the two point correlation function (OQO) in de Sitter space involves
the integral (see (2.13))

a(rp) %A /°° / 3 a(itp + 79)¢
I = - \uC ——— dTg d’x .
8 %y —o0 ’ |33 + 75|22 |23, + TR[A/2

Shifting ¥s — 23 + &1, we see that the ¥ integral is just a convolution of the function
F(Z,75) = (22 + 73) "2/ with itself,

I A eC a(TO)_QA /OO d ( + )e/d3 1
= — _— TE a(1T T x
AR I 3 @ar — @3)2 + T2A[a3 + T3P

alr) 28 oo . Bk . o~
= -\ C 7( ;%2 /OO drg a(itg + 710)¢ / 7(2@3 ek TP (k)2 .

In the last step, we have applied the convolution theorem,

D o~ -
/ 4Py F(E — )F(f) = / (;ir)’“p eFIF(RY? (B.3)
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and introduced

1—¢

- , g 1 om3/2 k 2
_ 3 —ik-& _
F(k,TE)—/d e (.CCQ—FT%)AM_F(Q—%) (2‘7_]3’) K%Uﬂ’TE‘)

The full expression is therefore

—2A 00
I:—)\MECG(TO)A/ dTECL(Z‘TE-i-T())6

D —o0

Bk p. Ar Eo\'e 2
X/2 36k 21 2 (2 > (Ke—l(k’TED)
(2m) r(2-5)" \2[m&l 2

Computing the k integral,

—2A 472 0
I=-\uC a(TO)A T 5 / drg a(itE + 10)°
o T- ) e

- - 5 €\ 7~ (9 €5 €
e R L o Y R T = )}
E

where o F is the regularized hypergeometric function. Carrying out the integral over 7z
and taking the limits ¢ — 0 and 79 — 0, we get

a(mp) 22 1 KT 12
Iz—)\CW%rz ~+log ) BT ) (B.4)

B.3 Integrals in the A¢? theory
The equal time correlation function for the ¢? operator (see equation (3.3) and figure 1a)
dP 1
/ B (B.5)
(2m)" |k + plp

Usually, one computes loop integrals like this with Feynman parameters. However, there is

involves the loop integral

another way to do this calculation which is particularly useful for unequal times. We notice
that the integral (B.5) is just a convolution of the function k=1 with itself. Therefore, we
can use the convolution theorem in the form

D ~ — ~ 7
/ (;lﬂ)pD F(k - p)F(p) = / APz e FEp (7)) (B.6)

ie. FxFEL P2 IEF (p) is radially symmetric we can change p — —p without changing
the result. Therefore, all we need to do is find the Fourier transform of k! and square it.
Using (B.1) we see that 272k ~! &L 272+ and therefore

dgiek 1 (B.6) 3—¢ —ik-T 1 2 (B.1) 1—e
/ S = /d ze onaz ) — ¢k
2m)3~ |k + plp Tz

A2 (e
_r-3 r(%) z—i—i-O(e). (B.7)

where
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We can use the same strategy to evaluate the loop integral in (3.4)

/ d3—<p e IkHpllmE] —plTE] (B35)
2m)3=¢ 2lk+p 2P '

Notice that the loop integral is a convolution of the function F(E) = el

55— with itself.
Moreover Kira!
e "B * dw iwrs 1 -
= — F(k
2% /_OO iR O

and therefore the Fourier transform of the function F(k) i

quTE—i-zk T
2m)P 2k om0 | 2m w? 4+ k2

.1 T(35%) 1
792 (x2 + ng) =N

. dPk efk\TE|+il—c‘-5c’ dPk dw 1
@)= [ -/

We can now apply the convolution theorem (B.6) to the loop integral in (B.8) to find

/ dgfep €7|k+ﬁ1|TE| efplTE‘ . F2(%)

. = / & x # (B.9)
G af+p 2 @+ 7P

-

This result can be simplified using (B.1) if we turn dPx e~ kT gy =K@ where K
(w, k) and = = (7, 7). To accomplish this we rewrite

1 o0
R dr (T — d dwe wr—mm)____ ~
(a2 +71})% .[m T(r'@%ﬂ+¢2 /‘ T/) ve uﬂ+ﬂﬁe’

so that our integral becomes

—

etk o0 ) e K@
By —— dw eWTE d4—€x
(x2 +72)2 -

where K, (z) is the modified Bessel function of the second kind. Plugging this back into
equation (B.9), the loop integral turns out to be

B-¢p o~ |F+All7E| o—plE| B\
o =M (=) Ke (ke
(2m)37¢ 2k + p

B.10
2p ITE| 2 ( )
where -
r ( 76) e—0 1
M=——2 = +O(e). B.11
25 7T T(2—¢) V12870 © (B-11)
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B.4 Integrals for the Yukawa calculation

In the main text, we found the one-loop correction to the ¢ power spectrum was determined
by the correlation function

I =(\u)? /OO drg a*(7) /00 dry a*(7") (B.12)

—00 —0o0

x (T

where we have shown the contractions required for a connected correlator. To evaluate
this correlation function we need the anti-time-ordered two-point correlation function of O.
However, unlike a generic operator in a CFT, the normalization of © = 1) is determined
by the propagator of the free fermion. With this normalization factor, the power spectrum
of this operator is given by

(T(O(k.7)0 /d?’:” e (T(O(z,7)0(0, 7)) (B.13)
- I ) L
ﬂ-4 3z e @2+ (15 — 7_],5)2)3,6 (B.14)

E;DN/ ;Lw GWTETE) (12 4 W)= (r)"Fa ()3 (B.15)
—oo 4T

where, in the second line, the factor of 7=% arises for matching to a Dirac fermion and
where we have defined

1 T(-146€es0 1 (1
N = = ——(=-=-2 O(e).
2272¢72 T'(3 —¢) st \le P + +0(¢)
We now turn our attention to computing (4.3) in two simple cases: (i) In flat space-time
and (ii) when 79 = 0. Starting with the flat space-time limit,

( )_>1 oo e*k‘TEH*inE B 1
Zw, k) / T R

—00

the first order correction (B.12) is

° dw 1 =0 A2 1 1
Ina = Q2N [ & ~ 2491 (f)— ).
o = () /oo 27 (k2 4 w?)1Fe 1672k <e+ %6 \}) BT >

Next, we return to de Sitter space but set 7p = 0 to find

00 1 € e—k\TE|+inE
Z(w, k) :/ drg (_HTE> %

L(1—€) i(k —iw) =€ + (=4)(k + iw) ¢
He 2k (k2 + w?)' ‘

(B.16)
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This expression can be simplified using exp (2i tan~! (%)) = ktiw

= =5 Then, the integrand
in (4.3) becomes

T(w, k) I(—w, k) (E* + w?)l=e

- Imcos ((1 —€)tan~ ! (%) + %) cos ((1 ~ ) tan~! (%) _ %)
= 143241—wz <1 + (27E —2log H + Q%talf1 (%)) €+ 0(62)) ) (B.17)

We can now substitute (B.17) into (4.3) to obtain

I = ()\ME)QQN/OO dw 1 (1+(27E—210gH+2%tan_1 (8))64—0(6)2)

a(70) o 21 k24 w2 k
e—0 )\2 1 %
N ———— | — + 21 — R B.18
1672 a(m)?k <e+ ()‘%F<H)+AjL ) ( )

In the final step we have used

/°° dw 1 1
oo 2T K2+ w? 2k

and introduced

A ® dw w tan"(w/k) 1 (2

with 6 = tan™! (%) This term is clearly divergent and, as pointed out in the main text, it
is a consequence of setting 7y = 0.
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