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ABSTRACT: In holography, quasinormal spectra of black branes coincide with the poles of
retarded finite-temperature correlation functions of a dual quantum field theory in the limit
of infinite number of relevant degrees of freedom such as colours. For asymptotically anti-
de Sitter backgrounds, the spectra form a characteristic pattern in the complex frequency
plane, colloquially known as the “Christmas tree”. At infinite coupling, the tree has only
one pair of branches. At large but finite coupling, the branches become more dense and
liftt up towards the real axis, consistent with the expectation of forming a branch cut in
the limit of zero coupling. However, it is known that at zero coupling, the corresponding
correlators generically have not one but multiple branch cuts separated by intervals pro-
portional to the Matsubara frequency. This suggests the existence of multiple branches
of the “Christmas tree” spectrum in dual gravity. In this note, we show numerically how
these additional branches of the spectrum can emerge from the dual gravitational action
with higher-derivative terms. This phenomenon appears to be robust, yet, reproducing
the expected weak coupling behaviour of the correlators quantitatively implies the exis-
tence of certain constraints on the coefficients of the higher-derivative terms of the dual
gravity theory.

KeEyworDSs: AdS-CFT Correspondence, Black Holes in String Theory, Gauge-gravity
correspondence, Holography and condensed matter physics (AdS/CMT)

ARX1v EPRINT: 1812.09288

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP04(2019)080


mailto:saso@mit.edu
mailto:andrei.starinets@physics.ox.ac.uk
https://arxiv.org/abs/1812.09288
https://doi.org/10.1007/JHEP04(2019)080

Contents

1 Introduction 1
2 New branches of the quasinormal spectrum in higher-derivative gravity 4
3 Thermal retarded correlators at q =0 8

4 Discussion 9

1 Introduction

Quasinormal spectra of black branes play an important role in studies of strongly in-
teracting thermal quantum field theories (QFTs) via gauge-gravity duality methods. In
the early days of the duality exploration, it was pointed out that small fluctuations of
Einstein-Hilbert gravity backgrounds with event horizons should correspond to thermali-
sation processes in the dual QFTs at infinitely strong coupling [1, 2], and in fact it was
noticed that the spectrum of the BTZ black brane coincides with the location of the poles
of the retarded correlators in a dual (infinitely strongly coupled) two-dimensional CFT [3].
With the recipe for computing the Minkowski space correlators from dual gravity estab-
lished, this connection was shown to be a generic consequence of the gauge-string duality
conjecture [4]. This was further explored in refs. [5-7] and subsequent publications [8].

Quasinormal modes of black branes in five dimensions, dual to four-dimensional ther-
mal QFTs, typically obey differential equations of the Heun type [5], whose generic analytic
solution is unknown. A rare analytic example in 4d is provided by the retarded two-point
correlator function G¥;(w,q) of the R-currents in N = 4 supersymmetric SU(N,) Yang-
Mills (SYM) theory in the limit of infinite N. and infinite ‘t Hooft coupling A = g2 ,,N..
At zero spatial momentum, all components of the correlator are proportional to [9]

GH (v0,q=0) ~ () = NC;T2 {z‘m + tv? [w ((1—21)m) + 1 (_(14;@)\‘0)“ , (11

where v = w/27T, q = ¢/27T, and v¥(z) is the logarithmic derivative of the Gamma

function. The retarded correlator (1.1) is a meromorphic function in the complex w—plane,
with the poles located at

w,=(+l—i)n, n=123.... (1.2)

These are precisely the quasinormal modes of the dual AdS-Schwarzschild black brane
background [6]. At q # 0, the quasinormal spectra with w,, = w,(q) of this and other
correlators, now found numerically, have a similar pattern in the complex to—plane, collo-
quially known as the “Christmas tree” (see figure 1).
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Figure 1. Singularities of a thermal retarded two-point function G®(1v,q) at q # 0 in the complex
frequency plane at zero coupling [10] (left panel) and infinitely large coupling [5] (right panel).

At zero ‘t Hooft coupling, the structure of singularities of retarded thermal correlators
is very different: at q # 0, they are branch points! rather than poles? [10, 15] (see figure 1).
In position space, this corresponds to the qualitatively different late time dependence of
the correlators at weak coupling in comparison to strong coupling. When the coupling is
increased from zero (decreased from infinity), we expect the singularity structures shown in
the left and right panels of figure 1 to transform into each other, respectively. On the strong
coupling side, lowering the coupling from infinity corresponds to taking into account string
theory o corrections to the dual gravity background. However, it was argued in ref. [10]
that perturbative o’ corrections cannot alter the character of the quasinormal spectrum
qualitatively: the singularities remain isolated poles, and the branch points do not appear.
Numerical investigations in ref. [16] of the singularities of thermal energy-momentum ten-
sor correlator via dual gravity with higher-derivative terms treated perturbatively were
consistent with those expectations: the poles in the right panel of figure 1 just move up
slightly and non-uniformly? under the influence of the higher-derivative perturbation.

Perturbative treatment of higher-derivative terms in dual gravity is a necessity for two
reasons. First, only a few such structures out of an infinite series of corrections in increasing
powers of o/ are known explicitly in the low energy string theory actions. Thus, any
result beyond an infinitesimally small leading-order correction is potentially affected by the
contributions coming from the unknown terms. Second, theories with higher derivatives, if
treated non-perturbatively, generically suffer from the Ostrogradsky instability and related
pathologies. The second problem can be alleviated, at least at first sight, for Lovelock
gravity (in particular, for Gauss-Bonnet gravity), where the equations of motion are of
second order. The first problem cannot disappear but can be perceived as less acute if one
is only interested in a qualitative pattern of behaviour, provided such a pattern is stable.
In this case, equations of motion are reduced to second-order ones perturbatively in some

!Correlators at q = 0 are considered in section 3.

2 Analytic structure of thermal correlators at small but finite coupling is poorly understood. For recent
work in this direction, see refs. [11-14].

3Within the perturbative approach of ref. [16], the poles lying deeper in the complex plane are affected
by the perturbation stronger than the poles located closer to the real axis. This picture is altered by the
“resummation” [17].
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Figure 2. Singularities of a thermal retarded two-point function G®(1v,q) at q # 0 in the complex
frequency plane at zero coupling [10] (left panel) and large but finite coupling [18] (right panel).

relevant small dimensionless parameter ~ but their solution is found without assuming
v < 1. Such a “partial resummation” [17] cannot be fully quantitatively correct beyond
the limit of small 7 as it misses potential contributions from terms of order 42 and higher in
the action, and those contributions may be significant [19], but qualitatively, the emerging
pattern of the spectrum appears to be robust. Crucially, this approach allows to uncover
parts of the spectrum hidden at complex infinity in the limit v — 0 [18]. This is very well
illustrated by considering the spectrum of Gauss-Bonnet black branes, where perturbative
and non-perturbative regimes can be reliably compared [20].

The analysis of the quasinormal spectra of black branes in 5d Gauss-Bonnet gravity
and o'-corrected type IIB supergravity [18, 20] revealed a generic qualitative pattern for
the behaviour of the thermal spectrum shown in figure 2 (right panel). At large but finite
coupling (small but finite 7), the two branches of poles lift up towards the real axis; the
real parts of the top-most poles approach the values of +q; the poles of the correlator also
become more dense and interlaced with zeros (this last feature is not shown in figure 2)
which appears to be a characteristic feature consistent with the formation of a branch
cut [11]. In addition, there are extra poles on the imaginary axis coming up from below
as the coupling is lowered from infinity [18]. One may be prepared to believe that with
the coupling decreasing all the way to zero, the dense sequence of poles in the right panel
of figure 2 gradually approaches the top branch cut shown in the left panel. But where
do the other cuts in the left panel of figure 2 come from? And where do the poles on the
imaginary axis go then? Similar questions exist for correlators at ¢ = 0 (see section 3).

In this note, we show that the missing cuts can come from adding more higher-
derivative terms to the gravity action. We find that at large but finite coupling, the
standard “Christmas tree” of the quasinormal spectrum has more than just one pair of
branches (in fact, we expect an infinite number of branches to appear with the full series
of higher-derivative terms taken into account but as a proof of principle, we only con-
sider one additional pair of branches in this paper). The new branches of the “Christmas
tree” emerge as a result of complicated dynamics and collisions of poles on the imaginary
axis. The phenomenon of two poles colliding and splitting off the imaginary axis is known
in holography, mostly in the context of models with finite chemical potential and finite
temperature (see e.g. [21-24]). The same phenomenon is responsible for the breakdown



of the hydrodynamic description at sufficiently large, coupling-dependent spatial momen-
tum [18, 20] (see also [25, 26]).* Here, this mechanism leads to the formation of the extra
branches of the “Christmas tree” spectrum, as we describe below.

2 New branches of the quasinormal spectrum in higher-derivative
gravity

We consider the bulk 5d gravity action with higher-derivative terms organised as a power
series of the Riemann tensor squared, truncated at second order,

1
S = / P/ [R 20 — a1 Rype R — 027 (Rype RV (2.1)

2&5

where |a| < 1 is a book-keeping parameter reminiscent of o’ in string theory. This choice
of the action is partially motivated by simplicity and partially by experience with field
redefinitions and their role in computing thermodynamic and transport coefficients in the-
ories with higher-derivative terms [28-31]. All dimensionful quantities will be measured
in units set by the cosmological constant A = —6/L?. Without loss of generality, we set
1 =1 and L =1 in the following, unless noted otherwise.

The equations of motion corresponding to the action (2.1) possess a black brane back-
ground solution with the metric of the form

d 2
ds® = — f(r)dt* + Wi) + 7% (do? + dy?® + dz?) (2.2)

where f(r) and h(r) can be found perturbatively in the small « expansion:

F(r) = fo(r) + afi(r) + o fa(r), (2.3)
h(r) = fo(r) + ahi(r) + oha(r). (2.4)

The functions entering egs. (2.3) and (2.4) are given by

) = (1-8). (25)

,,44
ord
fi(r) = Jfo(r) (2.6)
( 2’“0) o), 27)
4 4 8
falr) = 24 [(116472 +149) + 6(17d, — 7)— 972 8] folr), (2.8)
{ 907 + 1) + 6(2017 + 37) "0 4 97202y 17)7(2 — 9234 Z] folr), (2.9)

4See ref. [27] for a discussion of the connection between the phenomenon of colliding poles in the quasi-
hydrodynamic regime and the existence of approximately conserved symmetries.



where ro denotes the position of the event horizon. The Hawking temperature of the black
brane is

T= %0 [1 + ga - (4072 + 61085> aQ} . (2.10)

We are interested in computing the quasinormal spectrum of gravitational fluctuations
of the background (2.2) and studying its dependence on the parameters of the action. We
follow the standard procedure of decomposing the metric fluctuations h,, into symmetry
classes [4, 7, 18, 32] and, for simplicity, focus on the scalar channel fluctuations hs,. To
order O(a?), and with the higher-derivative terms eliminated at the expense of generating
O(a?) terms as explained in refs. [18, 33], the equation of motion for the metric fluctuation

—iwt+iqz

component hgy(r) = r2Z(r), represented in terms of Fourier modes ~ e , can be

written as
Z”(u)+AZ’(u)—|—BZ(u) =0, (2.11)

where u = r%/rQ, A = Ay + aA; + a?45 and B = By + aBj + a?By. The functions
appearing in the equation (2.11) are given by

u?+1

Ag(u) = ——— 2.12
0(“) w—ud’ ( )
A1 (u) = 12u, (2.13)
Ag(u) = —8u [1272 (261u” + 278u* — 39) + 437u* — 192q%u — 179] , (2.14)
and
2 (,,2 2
q? (v — 1) + 10
Bo(u) = : 2.15
2 2 2
q% (4 — 18u?) — 4w
Bi(u) = 2.16
1(u) I Y (2.16)
4% [1272 (2799u® — 2289u* + 177u? + 10) — 2829u* + 1275u? + 47
u(u? —1)
4w? [24, (999u* — 102u? — 5) — 837u? — 47|
— : (2.17)
u(u?—1)

At a = 0, the quasinormal spectrum to, of eq. (2.11) (shown in the left panel of
figure 3) coincides with the known spectrum of the AdS-Schwarzschild black brane [5].
Analogously, at a # 0 and o = 0, we recover the spectrum qualitatively similar to the
one found for black branes in Gauss-Bonnet gravity and AdS-Schwarzschild background
corrected by R* terms [18, 20, 33]. This spectrum is shown in the right panel of figure 3
for several values of a. Note the presence of the new modes on the imaginary axis, as
described in the Introduction. The scalar channel has no hydrodynamic modes on the
imaginary axis (or elsewhere), and the new poles can move up unobstructed. The same
modes are responsible for the transport peak in the spectral function of a dual thermal
QFT at large but finite coupling [33].
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Figure 3. The scalar channel quasinormal spectrum at o = 0, ¢ = 0.5 (left panel) and in the
theory truncated at O(«), i.e. at a # 0, 72 = 0, ¢ = 0.5 (right panel), plotted for o = 0.01 (black
dots), o = 0.05 (blue crosses) and « = 0.1 (red circles).

A new phenomenon arises at order O(a?), i.e. when 71 # 0 and 7o # 0 in the ac-
tion (2.1). Here, in addition to the standard “Christmas tree” branches, the spectrum
again exhibits multiple new poles on the imaginary axis (figure 4, top-left panel). The
distance between the new poles depends on the ratio 2 /1. Changing this ratio, one ob-
serves pair-wise collisions of the poles (figure 4, top-right and bottom-left panels), leading
to them “splitting off” the imaginary axis (figure 4, bottom-right panel). These multiple
collisions eventually result in forming a new pair of symmetric branches in the “Christmas
tree” spectrum, as shown in figure 5. This behaviour appears to be robust with respect to
changing the parameters of the action (2.1), as well as changing the value of the spatial
momentum (.

The bottom-right panel of figure 5 is, in a sense, the main result of this paper: it
demonstrates how new branches of poles in the quasinormal spectrum (expected in the dual
QFT at finite coupling) can emerge from the higher-derivative terms in the gravitational
action. We note that tuning the ratio 72/v; should not be thought of as changing the
coupling constant of the dual theory, but rather as changing the strength of subleading
coupling-dependent corrections. From the point of view of supergravity, parameters such
as 1 and o are determined by the graviton scattering amplitudes, while we think of « as
being the analog of o/ in string theory.

We have also observed two other, qualitatively different, regimes that the spectrum
can exhibit. One is shown in figure 6, where we fix the parameter v» at the same value
as in the bottom-right panel of figure 5, 49 = 0.05, and change o at q = 0. Here, for
sufficiently large «, the second pair of branches formed by the same mechanism of the
imaginary axis pole collisions, “goes up and through” the first pair of branches, eventually
crossing into the upper half-plane of complex frequency thus developing a fatal instability.
This simply means that not all ratios of the parameters in the action (2.1) are physically
allowed, assuming the action serves as a dual gravity description of a stable thermal QFT.
Yet another pattern of the quasinormal spectrum following from the action (2.1) is shown in
figure 7. For negative v and q = 0, we observe the emergence of a large number of poles on
the imaginary axis without the formation of the two extra branches of the “Christmas tree”.
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Figure 4. The scalar channel spectrum at q = 0.5, plotted for o = 0.02 and 2 = {0.005, 0.0065,
0.0067, 0.007}, in progression from top-left, top-right to bottom-left and bottom-right.
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Figure 5. The scalar channel spectrum at q = 0.5, plotted for o = 0.02 and v, = {0.01, 0.02, 0.03,
0.05}, from top-left, top-right to bottom-left and bottom-right.
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3 Thermal retarded correlators at q = 0

At zero coupling, finite-temperature retarded two-point functions G (tv,q = 0) in 4d have
poles rather than branch cuts in the complex frequency plane. For example, for bosonic
degrees of freedom, we have [10]

G (1) ~ wiy (—iw/2) + P(w), (3.1)

where 1)(z) is again the logarithmic derivative of the Gamma function and P(z) is a poly-
nomial of degree less than four. Singularities of the correlator (3.1) are simple poles located
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Figure 8. Singularities of a thermal retarded two-point function G®(1v,q) at q¢ = 0 in the complex
frequency plane at zero coupling [10] (left panel) and infinitely large coupling [5] (right panel).

on the imaginary axis with periodicity |w| = 2, as shown in the left panel of figure 8. At
infinite coupling, the same correlator has poles that are still arranged in the “Christmas
tree” pattern, similar, although not identical to the q # 0 spectrum (figure 8, right panel).

When a higher-derivative term is added to the dual gravity action (one may consider
e.g. the action (2.1) with 73 # 0 and 2 = 0), the spectrum changes similarly to what is
shown in the right panel of figure 2: the two branches of poles move up and become more
dense (and interlaced with zeros), and new poles appear on the imaginary axis. Adding
another higher-derivative term to the action with the right coefficients can result in the
spectrum shown in figure 7. We may speculate that in the limit of vanishing coupling,
the two branches of the original “Christmas tree” form a branch cut along the entire
real tv-axis (rather than the two cuts at q # 0 shown in the left panel of figure 1), with
vanishing discontinuity and the only singularity remaining at infinity. Such a branch cut is
a contractible cycle on the Riemann sphere, which can be ignored. Furthermore, the poles
on the imaginary axis are re-arranged to form the pattern shown in the left panel of figure 8.

4 Discussion

We have seen that adding generic, modulo field redefinitions, higher-derivative terms to the
Einstein-Hilbert gravity action can result in the emergence of new branches of quasinormal
modes in the spectrum of black branes. This is qualitatively similar to the expected
behaviour of dual thermal QFTs at finite coupling. Although our discussion has been
necessarily qualitative and descriptive throughout, we believe it is important to point out
that the potential mechanism of reconciling the two panels of figure 1 exists in holography.
The parameter space of the higher-derivative coefficients we are considering in this note
is two-dimensional. Quantitatively, even in this simple case, we seem to have a continuum of
possibilities for the resulting spectrum, yet, qualitatively, we observe only three standard
patterns according to which the poles arrange themselves. If the emerging qualitative
picture is indeed correct, and assuming monotonicity of the coupling dependence, this
implies that the coefficients of the higher derivative terms in the dual action must lie within
certain highly constrained intervals in order for the finite-temperature theory to have an
expected behaviour at weak coupling. This is similar to the constraint on the ratio of shear
viscosity to entropy density emerging from the expected behaviour in kinetic theory [18].



It would be highly desirable to understand the analytic structure of real-time finite-
temperature correlators of composite operators at weak but non-vanishing coupling beyond
the results obtained in refs. [11-14].
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