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1 Introduction

Supersymmetric quantum field theories have proven invaluable for probing strong cou-

pling physics due to non-renormalization theorems and supersymmetric localization tech-

niques [1–4]. They also play a pivotal role in holographic dualities and beyond the Standard

Model phenomenology. Given the enormous utility of supersymmetry, it is rather surprising

that the question of whether it is anomalous at the quantum level is still not conclusively

answered, despite the extensive literature addressing this question in various contexts. The

consensus seems to be that standard supersymmetry (often termed Q-supersymmetry) is

not anomalous. However, we demonstrate in this paper that the Wess-Zumino consis-

tency conditions [5] imply that Q-supersymmetry is necessarily anomalous in theories with

an anomalous R-symmetry. The same conclusion is reached in the companion paper [6]

by means of an one loop calculation in the free Wess-Zumino model. A related observa-

tion was made using the R-multiplet in the recent paper [7]. These results confirm the

Q-supersymmetry anomaly discovered in the context of supersymmetric theories with a

holographic dual in [8], and the related anomalies in rigid supersymmetry [8–10].

Global anomalies do not render the theory inconsistent — they are a property of

the theory and affect physical observables, such as decay channels [11, 12] and transport

coefficients (see [13] for a recent review and [14] for an observation of the mixed chiral-

gravitational anomaly in tabletop experiments). They do mean, however, that the theory

cannot be coupled consistently to dynamical gauge fields for the anomalous global sym-

metry. Specifically, a quantum anomaly in global supersymmetry implies that the theory

cannot be coupled consistently to dynamical supergravity at the quantum level. It may also

mean that certain conditions necessary to prove non-perturbative results are in fact not met.
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In flat space, global — or rigid — anomalies are typically visible only in higher-point

functions as contact terms that violate the classical Ward identities. For example, the

lowest correlation functions where the Q-supersymmetry anomaly is visible in flat space are

four-point functions involving two supercurrents and either two R-currents or one R-current

and one stress tensor [6]. However, global anomalies become manifest at the level of the

quantum effective action and in one-point functions when arbitrary sources for the current

operators are turned on (i.e. when the theory is coupled to background gauge fields for the

global symmetries), or when the theory is put on a curved background admitting Killing

symmetries. In particular, global supersymmetry anomalies are related to supersymmetric

index theorems and may affect observables such as partition functions, the Casimir energy,

and Wilson loop expectation values of supersymmetric theories on curved backgrounds

admitting rigid supersymmetry.

Following the recent advances in supersymmetric localization techniques [4] (see [15] for

a comprehensive review), supersymmetric quantum field theories on curved backgrounds

have attracted considerable interest. A systematic procedure for placing a supersymmetric

theory on a curved background was proposed in [16]. The first step is coupling the theory to

a given off-shell background supergravity, which corresponds to turning on arbitrary sources

for the current multiplet operators and promoting the global symmetries — including

supersymmetry — to local ones. The Killing spinor equations obtained by setting the

supersymmetry variations of the fermionic background fields to zero determine the curved

backgrounds that admit a notion of rigid supersymmetry. Such backgrounds have been

largely classified for a number of off-shell supergravity theories and for various spacetime

dimensions [17–27] (see also [28, 29] for earlier work). However, this procedure is classical

and does not account for possible quantum anomalies.

It was in that context that the anomalies in Q-supersymmetry [8] and rigid supersym-

metry [8, 9] were discovered, providing a resolution to an apparent tension between the

field theory analysis of [30–32] and the holographic result of [33]. Based on the classical su-

persymmetry algebra on curved backgrounds that admit a certain number of supercharges,

the authors of [30–32] demonstrated that the supersymmetric partition function on such

backgrounds should be independent of specific deformations of the supersymmetric back-

ground. However, an explicit evaluation of the on-shell action of minimal N = 2 gauged

supergravity on supersymmetric asymptotically locally AdS5 solutions using holographic

renormalization [34, 35] in [33] demonstrated that the holographic partition function on the

same supersymmetric backgrounds does in fact depend on the deformation parameters. The

resolution to this apparent contradiction was provided in [8], where both the bosonic and

fermionic superconformal Ward identities were derived holographically, including the corre-

sponding superconformal anomalies. It was then shown that the anomalies in the fermionic

Ward identities (the ones in the divergence and the gamma-trace of the supercurrent) lead

to a deformed superconformal algebra on backgrounds admitting Killing spinors. Repeat-

ing the argument of [30–32] using this deformed supersymmetry algebra reproduced exactly

the dependence on the deformations of the supersymmetric background seen in [33].1

1At least for theories with a = c on supersymmetric backgrounds of the form S1×M3 with M3 a Seifert

manifold it is possible to remove the rigid supersymmetry anomaly at the expense of breaking certain

diffeomorphisms using the local but non-covariant counterterm found in [33]. We will elaborate on this

point in section 5.
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The Ward identities and quantum anomalies of four dimensional superconformal the-

ories have been studied extensively over the years [36–47]. They are usually discussed in

superspace language and can be written compactly in the form (see e.g. appendix A of [40])

∇α̇Jαα̇ = ∇αJ, (1.1)

where the supertrace superfield J is given by

J =
1

24π2

(
cW2 − aE

)
, (1.2)

and

W2 =
1

2
WαβγW

αβγ , E =W2 + (∇2
+R)(G2 + 2RR), (1.3)

are respectively the square of the superWeyl tensor and the chirally projected superEuler

density. The chiral superfields Wαβγ and R and the vector superfield Gαα̇ are the three

superspace curvatures [48] and in the conventions of [40] G2 = 1
2G

αα̇Gαα̇. The components

of the supertrace superfield J contain the trace of the stress tensor, the gamma-trace of the

supercurrent, and the divergence of the R-current. The divergence of the stress tensor and

of the supercurrent appear as components of the superspace conservation equation (1.1).

The superspace analyses of [37, 44] and [39] seem especially related to our results in

this paper. In particular, the anomalies in the divergence and in the gamma-trace of the

supercurrent we derive are likely related to the fermionic components of the superspace

cocycles found in [37, 39, 44], even though none of these earlier works concerns N = 1

conformal supergravity and so the field content is somewhat different. Moreover, to the

best of our knowledge these fermionic components have not been written explicitly in

the literature before and so a direct comparison with our results is not straightforward.

Another result that may be related to the anomalies we find here is [47], where it was shown

that in the presence of anomalous Abelian flavor symmetries the Wess-Zumino consistency

conditions require additional — non holomorphic — terms to the supertrace anomaly.

These terms seem related to terms we find here in the case of an anomalous R-symmetry.

Finally, we should mention that there is an extensive body of literature discussing

supersymmetry anomalies in the presence of gauge anomalies in supersymmetric gauge

theories, reviewed in [49]. Such anomalies involve the dynamical fields in the Lagrangian

description of the gauge theory in flat space and are distinct from the supersymmetry

anomalies we identify in the present paper, which involve the background supergravity

fields. However, the mathematical structure underlying the descent equations that relates

the R-symmetry and supersymmetry anomalies is identical to that relating gauge anomalies

to supersymmetry anomalies [50] (see also [51, 52]).

In this paper we consider N = 1 off-shell conformal supergravity in four dimen-

sions [53–56], which provides a suitable background for superconformal theories via the

construction of [16]. We determine the algebra of local symmetry transformations and

derive the corresponding classical Ward identities. The main result of the paper is the so-

lution of the Wess-Zumino consistency conditions [5] associated with the N = 1 conformal

supergravity algebra from which we obtain the general form of the superconformal anoma-

lies to leading non trivial order in the gravitino for arbitrary a and c anomaly coefficients.
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Our analysis is carried out in components and we explicitly determine the fermionic Ward

identities corresponding to the divergence and the gamma-trace of the supercurrent, includ-

ing their anomalies. To the best of our knowledge these have not appeared in the literature

before, at least explicitly. The bosonic Ward identities and anomalies reproduce well known

results [40] (corrected in [46]). We find that the divergence of the supercurrent, which cor-

responds to the Ward identity associated with Q-supersymmetry, is anomalous whenever

R-symmetry is anomalous. Moreover, the N = 1 supergravity algebra dictates that the

Q-supersymmetry anomaly cannot be removed by a local counterterm without breaking dif-

feomorphisms and/or local Lorentz transformations. The Ward identities and the supercon-

formal anomalies we obtain by solving the Wess-Zumino conditions reproduce those found

holographically in [8] in the special case when the a and c anomaly coefficients are equal.

The paper is organized as follows. In section 2 we review relevant aspects of N = 1

off-shell conformal supergravity and determine the algebra of its local symmetry transfor-

mations. These transformations are used in section 3 to derive the corresponding classical

Ward identities. The main result is presented in section 4, where we obtain the general

form of the superconformal anomalies by solving the Wess-Zumino consistency conditions

associated with the N = 1 conformal supergravity algebra. The actual calculation is shown

in considerable detail in appendix B. In section 5 we determine the anomalous transforma-

tion of the supercurrent under local supersymmetry and discuss the implications for the

rigid supersymmetry algebra on curved backgrounds admitting Killing spinors of confor-

mal supergravity. We conclude in section 6 and collect our conventions and several gamma

matrix identities in appendix A.

2 The local symmetry algebra of N = 1 conformal supergravity

In this section we review relevant aspects of N = 1 off-shell conformal supergravity in

four dimensions and determine its local off-shell symmetry algebra as a preparatory step

for solving the Wess-Zumino consistency conditions. N = 1 conformal supergravity can

be constructed as a gauge theory of the superconformal algebra [53–56] (see [57–60] and

chapter 16 of [61] for pedagogical reviews). Its field content consists of the vielbein eaµ, an

Abelian gauge field Aµ, and a Majorana gravitino ψµ, which comprise 5+3 bosonic and 8

fermionic off-shell degrees of freedom.

The reason for focusing on N = 1 conformal supergravity here is threefold. Firstly,

background conformal supergravity is relevant for describing the Ward identities of super-

conformal theories and their quantum anomalies. Moreover, other supergravity theories

can be obtained from conformal supergravity by coupling it to compensator multiplets

and gauge fixing via the so called tensor or multiplet calculus [59, 62, 63]. When applied

to background supergravity, this procedure may be thought of as the process of turning

on local relevant couplings at the ultraviolet superconformal fixed point. Finally, off-shell

N = 1 conformal supergravity in four dimensions is induced on the conformal boundary

of five dimensional anti de Sitter space by minimal N = 2 on-shell gauged supergravity in

the bulk [64]. This means that the Wess-Zumino consistency conditions for N = 1 confor-
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mal supergravity should reproduce the superconformal anomalies obtained holographically

in [8] for the case a = c. We will see in the subsequent sections that this is indeed the case.

In the construction of N = 1 conformal supergravity as a gauge theory of the super-

conformal algebra, Q- and S-supersymmetry are on the same footing before the curvature

constraints are imposed, each having its own independent gauge field, respectively ψµ and

φµ. The covariant derivative acts on these gauge fields as

Dµψν ≡
(
∂µ +

1

4
ωµ

ab(e, ψ)γab + iγ5Aµ

)
ψν − Γρµνψρ ≡

(
Dµ + iγ5Aµ

)
ψν ,

Dµφν =
(
∂µ +

1

4
ωµ

ab(e, ψ)γab − iγ5Aµ

)
φν − Γρµνφρ =

(
Dµ − iγ5Aµ

)
φν , (2.1)

where ωµ
ab(e, ψ) denotes the torsion-full spin connection2

ωµ
ab(e, ψ) ≡ ωµab(e) +

1

4

(
ψaγµψb + ψµγaψb − ψµγbψa

)
. (2.2)

Once the curvature constraints are imposed, however, the gauge field φµ ceases to be an

independent field and it is expressed locally in terms of the physical fields as

φµ ≡
1

3
γν
(
Dνψµ −Dµψν −

i

2
γ5ενµ

ρσDρψσ
)

= −1

6

(
4δ[ρ
µ δ

σ]
ν + iγ5εµν

ρσ
)
γνDρψσ. (2.3)

As we will see shortly, this quantity appears in the supersymmetry transformation of the

gauge field Aµ as well as in the fermionic superconformal anomalies.

Our spinor conventions are given in appendix A and follow those of [61]. Compared

to [60], we use Lorentzian signature instead of Euclidean and we have rescaled the gauge

field Aµ according to −3
4A

FT
µ → Aµ in order for its coefficient in the covariant deriva-

tives (2.1) to be unity, as is standard in the field theory literature.

Local symmetry transformations. The local symmetries of N = 1 conformal super-

gravity are diffeomorphisms ξµ(x), Weyl transformations σ(x), local frame rotations λab(x),

U(1) gauge transformations θ(x), as well as Q- and S-supersymmetry, parameterized re-

spectively by the local spinors ε(x) and η(x). The covariant derivative acts on the spinor

parameters ε and η as

Dµε ≡
(
∂µ +

1

4
ωµ

ab(e, ψ)γab + iγ5Aµ

)
ε ≡

(
Dµ + iγ5Aµ

)
ε,

Dµη ≡
(
∂µ +

1

4
ωµ

ab(e, ψ)γab − iγ5Aµ

)
η ≡

(
Dµ − iγ5Aµ

)
η. (2.4)

Under these local transformations the fields of N = 1 conformal supergravity trans-

form as

δeaµ = ξλ∂λe
a
µ + eaλ∂µξ

λ − λabebµ + σeaµ −
1

2
ψµγ

aε,

δψµ = ξλ∂λψµ + ψλ∂µξ
λ − 1

4
λabγ

abψµ +
1

2
σψµ +Dµε− γµη − iγ5θψµ,

δAµ = ξλ∂λAµ +Aλ∂µξ
λ +

3i

4
φµγ

5ε− 3i

4
ψµγ

5η + ∂µθ. (2.5)

2The purely bosonic part of the spin connection, ωµ
ab(e), is torsion-free. For most part of the subsequent

analysis we will work to leading non trivial order in the gravitino, in which case the torsion-free part of the

spin connection suffices. However, the full spin connection is necessary in order to determine e.g. the local

symmetry algebra.
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These transformations imply that the quantity φµ in (2.3) transforms as

δφµ = ξλ∂λφµ+φλ∂µξ
λ− 1

4
λabγ

abφµ−
1

2
σφµ+

1

2

(
Pµν+

2i

3
Fµνγ

5− 1

3
F̃µν

)
γνε+Dµη+iγ5θφµ,

(2.6)

where

Pµν ≡
1

2

(
Rµν −

1

6
Rgµν

)
, (2.7)

is the Schouten tensor in four dimensions and the dual fieldstrength is defined as

F̃µν ≡
1

2
εµν

ρσFρσ. (2.8)

Notice that the transformations (2.5) coincide with those induced on the boundary

of five dimensional anti de Sitter space by minimal N = 2 gauged supergravity in the

bulk [8, 64]. In order to compare with the results of [8] one should take into account that

we have rescaled the gauge field and the local symmetry parameters according to

√
3Athere

µ /`→ Aµ, (2.9)

and

σthere/`→ σ, εthere
+ /`→ ε, εthere

− /`→ η,
√

3 θthere/`→ θ, (2.10)

where “there” refers to the variables used in [8]. Moreover, we use the Majorana formulation

of N = 1 conformal supergravity here instead of the Weyl formulation used in [8].

Local symmetry algebra. The local transformations (2.5) determine the algebra of

local symmetries, i.e. the commutators [δΩ, δΩ′ ], where Ω and Ω′ denote any of the local

parameters σ, ξ, λ, θ, ε, η. Off-shell closure of the algebra requires that the parameters

transform under the local symmetries as

δξµ = ξ′ν∂νξ
µ−ξν∂νξ′µ, δλab = ξµ∂µλ

a
b, δσ= ξµ∂µσ, δθ= ξµ∂µθ, (2.11)

δε= ξµ∂µε+
1

2
σε− 1

4
λabγ

abε−iθγ5ε, δη= ξµ∂µη−
1

2
ση− 1

4
λabγ

abη+iθγ5η.

Applying the transformations (2.5) repeatedly we then find that (to leading order in the

gravitino) the only non vanishing commutators and the corresponding composite symmetry

parameters are:

[δξ, δξ′ ] = δξ′′ , ξ′′µ = ξν∂νξ
′µ − ξ′ν∂νξµ, (2.12)

[δλ, δλ′ ] = δλ′′ , λ′′ab = λ′acλ
c
b − λacλ′cb,

[δε, δη] = δσ + δλ + δθ, σ =
1

2
εη, λab = −1

2
εγabη, θ = −3i

4
εγ5η,

[δε, δε′ ] = δξ + δλ + δθ, ξµ =
1

2
ε′γµε, λab = −1

2
(ε′γνε)ων

a
b, θ = −1

2
(ε′γνε)Aν .

Notice that the composite parameters resulting from the commutator of two

Q-supersymmetry transformations are field dependent, which means that the structure

– 6 –
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constants of the gauge algebra are field dependent. Such algebras are often termed soft

algebras (see [65] for a recent discussion of soft algebras and their BRST cohomology) and

supergravity theories are typically based on soft algebras. The commutation relations (2.12)

form the basis for the Wess-Zumino consistency condition analysis to determine the super-

conformal anomalies in N = 1 conformal supergravity.

3 Classical Ward identities

We now turn to the derivation of the classical Ward identities of a local quantum field theory

coupled to background N = 1 conformal supergravity. These identities can be thought of

as Noether’s conservation laws following from the local symmetry transformations (2.5).

Since these depend only on the structure of the background supergravity, the resulting Ward

identities are independent of the specific field theory Lagrangian, provided the coupling of

the theory to background supergravity preserves the local supergravity symmetries at the

classical level.

The classical Ward identities can be expressed in the compact form

δΩW [e,A, ψ] = 0, (3.1)

where Ω = (ξ, σ, λ, θ, ε, η) denotes any of the local transformations (2.5) and W [e,A, ψ]

is the generating functional of connected correlation functions of local current operators

associated with the background supergravity fields, namely

T µa = e−1 δW

δeaµ
, J µ = e−1 δW

δAµ
, Sµ = e−1 δW

δψµ
, (3.2)

where e ≡ det(eaµ). These definitions do not rely on a Lagrangian description of the quan-

tum field theory, but if such a description exists, then the generating functional W [e,A, ψ]

is expressed as

W [e,A, ψ] = −i log Z [e,A, ψ], (3.3)

where Z [e,A, ψ] is obtained from the path integral

Z [e,A, ψ] =

∫
[dΦ]eiS[Φ;e,A,ψ], (3.4)

over the microscopic fields Φ. At the classical level, therefore, the generating function

W [e,A, ψ] corresponds to the classical action S[Φ; e,A, ψ], with the microscopic fields Φ

evaluated on-shell.

Given the definition of the current operators (3.2) and the local symmetry transforma-

tions of the background supergravity fields (2.5), classical invariance of W [e,A, ψ] leads to a

conservation law — or Ward identity — for each local symmetry, which we will now derive.

– 7 –
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Diffeomorphisms. The transformation of the generating functional under diffeomor-

phisms is given by

δξW =

∫
d4x e

(
δξe

a
µT µa + δξAµJ µ + δξψµSµ

)
=

∫
d4x e

(
∇µ(ξνeaν)T µa − ξνωνabebµT µa +

(
ξνFνµ + ∂µ(Aνξ

ν)
)
J µ

+ ξν(ψµ
←−
D ν − ψν

←−
Dµ)Sµ + (ξνψν)

←−
DµSµ − iξνAνψµγ5Sµ +

1

4
ξνωνabψµγ

abSµ
)

=

∫
d4x e ξν

(
− eaν∇µT µa −∇µ(ψνSµ) + (ψµ

←−
D ν)Sµ + FνµJ µ

−Aν
(
∇µJ µ + iψµγ

5Sµ
)

+ ων
ab

(
eµ[aT

µ
b] +

1

4
ψµγabSµ

))
. (3.5)

Setting this quantity to zero for arbitrary ξν(x) gives the classical diffeomorphism Ward

identity

eaµ∇νT νa +∇ν(ψµSν)− ψν
←−
DµSν − FµνJ ν

+Aµ
(
∇νJ ν + iψνγ

5Sν
)
− ωµab

(
eν[aT νb] +

1

4
ψνγabSν

)
= 0.

(3.6)

We will see shortly that the terms in the second line correspond to the classical Ward

identities for U(1)R gauge transformations and local frame rotations respectively.

Weyl symmetry. Under local Weyl rescalings the generating function transforms as

δσW =

∫
d4x e

(
δσe

a
µT µa + δσAµJ µ + δσψµSµ

)
=

∫
d4x e σ

(
eaµT µa +

1

2
ψµSµ

)
, (3.7)

and, hence, the classical trace Ward identity takes the form

eaµT µa +
1

2
ψµSµ = 0. (3.8)

R-symmetry. The transformation of the generating function under U(1)R gauge trans-

formations is given by

δθW =

∫
d4x e

(
δθe

a
µT µa + δθAµJ µ + δθψµSµ

)
=

∫
d4x e

(
∂µθJ µ − iθψµγ5Sµ

)
=

∫
d4x e θ

(
−∇µJ µ − iψµγ5Sµ

)
. (3.9)

Hence, the classical R-symmetry Ward identity takes the form

∇µJ µ + iψµγ
5Sµ = 0. (3.10)

– 8 –
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Local frame rotations. Under local frame rotations the generating function transforms

according to

δλW =

∫
d4x e

(
δλe

a
µT µa + δλAµJ µ + δλψµSµ

)
= −

∫
d4x eλab

(
eµ[bT

µ
a] +

1

4
ψµγbaSµ

)
. (3.11)

Hence, the corresponding classical Ward identity is

eµ[aT
µ
b] +

1

4
ψµγabSµ = 0. (3.12)

Q-supersymmetry. The Q-supersymmetry transformation of the generating function is

δεW =

∫
d4x e

(
δεe

a
µT µa + δεAµJ µ + δεψµSµ

)
=

∫
d4x e

(
−1

2
ψµγ

aεT µa +
3i

4
φµγ

5εJ µ + ε
←−
DµSµ

)
=

∫
d4x e ε

(
1

2
γaψµT µa +

3i

4
γ5φµJ µ −DµSµ

)
. (3.13)

Therefore, the classical Q-supersymmetry Ward identity takes the from

DµSµ =
1

2
γaψµT µa +

3i

4
γ5φµJ µ. (3.14)

S-supersymmetry. Finally, the transformation of the generating function under S-

supersymmetry is given by

δηW =

∫
d4x e

(
δηe

a
µT µa + δηAµJ µ + δηψµSµ

)
=

∫
d4x e

(
−3i

4
ψµγ

5ηJ µ + ηγµSµ
)

=

∫
d4x e η

(
−3i

4
γ5ψµJ µ + γµSµ

)
, (3.15)

and hence the classical Ward identity for S-supersymmetry is

γµSµ −
3i

4
γ5ψµJ µ = 0. (3.16)

4 Superconformal anomalies from the Wess-Zumino consistency

conditions

At the quantum level the generating function W may not be invariant under all local

symmetries of background conformal supergravity, i.e.

δΩW 6= 0. (4.1)

The non-invariance of the generating function of four dimensional theories can be param-

eterized as

δΩW =

∫
d4x
√
−g
(
σAW − θAR − εAQ + ηAS

)
, (4.2)

– 9 –



J
H
E
P
0
4
(
2
0
1
9
)
0
4
0

where AW , AR, AQ and AS are possible quantum anomalies under Weyl, R-symmetry,

Q- and S-supersymmetry transformations, respectively. Recall that the gravitational and

Lorentz (frame rotation) anomalies are related by a local counterterm [66] and exist only in

4k+ 2 dimensions, with k = 0, 1, . . .. Moreover, the mixed anomaly can be moved entirely

to the conservation of the R-current by a choice of local counterterms (that is setting α = 0

in eq. (2.43) of [67]). In this scheme diffeomorphisms remain a symmetry at the quantum

level and the transformation of the generating function under all local symmetries can be

parameterized as in (4.2).

Repeating the exercise of the previous section with the anomalous transformation (4.2)

results in the same diffeomorphism and Lorentz Ward identities as those obtained respec-

tively in (3.6) and (3.12), but the remaining Ward identities become

eaµT µa +
1

2
ψµSµ = AW ,

∇µJ µ + iψµγ
5Sµ = AR,

DµSµ −
1

2
γaψµT µa −

3i

4
γ5φµJ µ = AQ,

γµSµ −
3i

4
γ5ψµJ µ = AS . (4.3)

The objective of this section is to determine the general form of the quantum anomalies

AW , AR, AQ and AS by solving the Wess-Zumino consistency conditions [5] associated

with the N = 1 conformal supergravity algebra (2.12).

The Wess-Zumino consistency conditions amount to the requirement that the local

symmetry algebra (2.12) is realized when successive infinitesimal local symmetry variations

δΩ (also known as Ward operators) act on the generating functional W and read

[δΩ, δΩ′ ]W = δ[Ω,Ω′]W , (4.4)

for any pair of local symmetries Ω = (ξ, σ, λ, θ, ε, η) and Ω′ = (ξ′, σ′, λ′, θ′, ε′, η′).

In appendix B we determine general non trivial solution of the Wess-Zumino consis-

tency conditions (4.4) for the N = 1 conformal supergravity algebra (2.12) in the scheme

where diffeomorphisms and local Lorentz transformations are non anomalous. There are

two non trivial solutions related respectively to the a and c coefficients of the Weyl anomaly

and they take the form

AW =
c

16π2

(
W 2− 8

3
F 2

)
− a

16π2
E+O(ψ2), (4.5)

AR =
(5a−3c)

27π2
F̃F+

(c−a)

24π2
P,

AQ =−(5a−3c)i

9π2
F̃µνAµγ

5φν+
(a−c)
6π2

∇µ
(
AρR̃

ρσµν
)
γ(νψσ)−

(a−c)
24π2

FµνR̃
µνρσγρψσ+O(ψ3),

AS =
(5a−3c)

6π2
F̃µν

(
Dµ−

2i

3
Aµγ

5

)
ψν+

ic

6π2
Fµν

(
γµ

[σδρ]
ν −δ[σ

µ δ
ρ]
ν

)
γ5Dρψσ

+
3(2a−c)

4π2
Pµνg

µ[νγρσ]Dρψσ+
(a−c)
8π2

(
Rµνρσγµν−

1

2
Rgµνg

µ[νγρσ]

)
Dρψσ+O(ψ3),
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where W 2 is the square of the Weyl tensor, E is the Euler density and P is the Pontryagin

density. Their expressions in terms of the Riemann tensor are

W 2 ≡WµνρσW
µνρσ = RµνρσR

µνρσ − 2RµνR
µν +

1

3
R2,

E = RµνρσR
µνρσ − 4RµνR

µν +R2,

P ≡ 1

2
εκλµνRκλρσRµν

ρσ = R̃µνρσRµνρσ, (4.6)

where the dual Riemann tensor is defined in analogy with the dual U(1)R fieldstrength

in (2.8) as3

R̃µνρσ ≡
1

2
εµν

κλRκλρσ. (4.7)

Moreover, Pµν is the Schouten tensor defined in (2.7) and we have introduced the shorthand

notation

F 2 ≡ FµνFµν , F F̃ ≡ 1

2
εµνρσFµνFρσ. (4.8)

Finally, we have used the normalization of the central charges adopted in [40], according

to which the a and c anomaly coefficients for free chiral and vector multiplets are given

respectively by

a =
1

48
(Nχ + 9Nv), c =

1

24
(Nχ + 3Nv). (4.9)

Several comments are in order here. Firstly, we should point out that the anoma-

lies (4.5), as well as the current operators defined in (3.2), are the consistent ones. The

corresponding covariant quantities can be obtained by adding the appropriate Bardeen-

Zumino terms [66]. Secondly, the bosonic Ward identities and anomalies we obtain re-

produce well known results [40] (corrected in [46]), but the fermionic Ward identities and

anomalies have not appeared — at least explicitly — in the literature before. Moreover,

the Ward identities (3.6), (3.12) and (4.3) derived above, including the anomalies (4.5), are

in complete agreement with the results of [8] for theories with a holographic dual that have

a = c =
π`3

8G5
, (4.10)

where G5 is the Newton constant in five dimensions and ` is the AdS5 radius. Of

course, such an agreement was expected since minimal N = 2 gauged supergravity

induces off-shell N = 1 conformal supergravity on the four dimensional boundary of

AdS5 [64] and the anomalies can be computed through holographic renormalization [34]

(see also [9, 10, 46, 68]).

An interesting question is whether there exists a local counterterm Wct that removes

the Q-supersymmetry anomaly, i.e. such that δε(W + Wct) = 0. Closure of the algebra

requires that

[δε, δε′ ](W + Wct) = (δξ + δλ + δθ)(W + Wct), (4.11)

with the composite parameters for the bosonic transformations given in (2.12). It follows

that if such a counterterm exists, then it must also satisfy

(δξ + δλ + δθ)(W + Wct) = 0. (4.12)

3In contrast to the Riemann tensor, R̃µνρσ is not symmetric under exchange of the first and second pair

of indices.
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Hence, either Wct removes also the R-symmetry anomaly, or it breaks diffeomorphisms

and/or local frame rotations. This means that for theories with an R-symmetry anomaly,

either Q-supersymmetry or diffeomorphisms/Lorentz transformations are anomalous as

well. The identification of a possible local counterterm that moves the Q-anomaly to

diffeomorphisms/Lorentz transformations is a problem we hope to address in future work.

5 Anomalous supercurrent transformation under Q- and

S-supersymmetry

The superconformal anomalies (4.5) lead to anomalous transformations for the current

operators under the corresponding local symmetries. In particular, the fermionic anomalies

AQ and AS contribute to the transformation of the supercurrent under respectively Q- and

S-supersymmetry [8]. When restricted to rigid symmetries of a specific background, the

anomalous terms in the transformations of the currents result in a deformed superalgebra.

The classical (non-anomalous) part of the current transformations can be deduced di-

rectly from the supergravity transformations (2.5) and the definition of the currents in (3.2).

For example, (2.5) imply that the functional derivative with respect to the gravitino trans-

forms according to

δε

(
δ

δψµ

)
=

1

2
γaε

δ

δeaµ
+
i

8

(
4δ[µ
ν δ

ρ]
σ + iγ5εµν

ρ
σ

)
γνγ5Dρ

(
ε
δ

δAσ

)
,

δη

(
δ

δψµ

)
=

3i

4
γ5η

δ

δAµ
. (5.1)

It follows that the Q- and S-supersymmetry transformations of the supercurrent are

given by4

δεSµ = e−1δε

(
δ

δψµ

)
W +e−1 δ

δψµ
δεW

=
1

2
γaεT µa +

i

8

(
4δ[µ
ν δ

ρ]
σ +iγ5εµν

ρ
σ

)
γνγ5Dρ

[
ε

(
J σ+

4(5a−3c)

27π2
F̃ σκAκ

)]
+

(a−c)
6π2

∇ρ
(
AσR̃

σλρκ
)
δµ(κγλ)ε+

(a−c)
24π2

FρσR̃
ρσµνγνε, (5.2)

δηSµ = e−1δη

(
δ

δψµ

)
W +e−1 δ

δψµ
δηW

=
3i

4
γ5η

(
J µ+

4(5a−3c)

27π2
F̃µνAν

)
+

(5a−3c)

6π2
Dν(F̃µνη)

− ic

6π2

(
γ[µ

ρδ
ν]
σ −δ[µ

ρ δ
ν]
σ

)
γ5Dν(F ρση)− 3(2a−c)

4π2
Dν
(
Pρσg

ρ[σγµν]η
)

− (a−c)
8π2

Dν
[(
Rµνρσγρσ−

1

2
Rgρσg

ρ[σγµν]

)
η

]
. (5.3)

4An equivalent but more formal way to determine how the currents transform under the local symme-

tries is to utilize the symplectic structure underlying the space of couplings and local operators [69]. The

Ward identities correspond to first class constraints on this space, generating the local symmetry transfor-

mations under the Poisson bracket. In appendix B.1 of [8] this approach is used to obtain the anomalous

transformation of the supercurrent under Q- and S-supersymmetry in the case a = c.
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Notice that these transformations coincide with those in eq. (5.9) of [8] in the special

case a = c.

The anomalous transformations of the supercurrent in (5.2) and (5.3) are essentially a

rewriting of the two fermionic Ward identities in (4.3) and are useful for e.g. determining the

effect of the superconformal anomalies in correlation functions [6]. They also determine

the rigid superalgebra on curved backgrounds that admit Killing spinors of conformal

supergravity. Namely, when the local spinor parameters ε and η are restricted to solutions

(εo, ηo) of the Killing spinor equation

δεo,ηoψµ = Dµεo − γµηo = 0, (5.4)

on a fixed bosonic background specified by gµν and Aµ, the corresponding transformation

of the supercurrent under rigid supersymmetry is given by5

δ(εo,ηo)S
µ = {Q[εo, ηo],Sµ} = (δεo + δηo)Sµ, (5.5)

where Q[εo, ηo] is the conserved supercharge associated with the Killing spinor (εo, ηo) and

all bosonic fields in the transformations (5.2) and (5.3) are evaluated on the specific back-

ground. In [8, 9] it was shown that even though the Weyl and R-symmetry anomalies

are numerically zero for a class of N = 1 conformal supergravity backgrounds admitting

two real supercharges of opposite R-charge [18, 19], the anomalous terms in the trans-

formations of the supercurrent under rigid supersymmetry do not vanish, leading to a

deformed rigid superalgebra on such backgrounds. As reviewed in the Introduction, this

observation was the key to resolving the apparent tension between the field theory results

of [30–32] that used the classical superalgebra and the holographic computation of [33].

Besides the dependence of the supersymmetric partition function on the background, how-

ever, the transformation of the supercurrent determines also the spectrum of BPS states.

The anomalous transformation of the supercurrent results in a shifted spectrum [8, 9].

Although it may not be desirable — or even possible — to eliminate the Q-anomaly by

a local counterterm that breaks diffeomorphisms and/or local Lorentz transformations as

discussed in the previous section, it is plausible that the anomaly in rigid supersymmetry

may be removed by a local counterterm that breaks certain (large) diffeomorphisms, but

preserves the underlying structure of the supersymmetric background. An example of a

somewhat analogous situation was discussed in [70], where supersymmetric gauge theories

in three dimensions with both Maxwell and Chern-Simons terms coupled to background

topological gravity were considered. The partition function of such theories on Seifert

manifolds, which admit two supercharges of opposite R-charge, can be computed via su-

persymmetric localization and depends explicitly on the Seifert structure modulus b. In

principle, this dependence could be explained by the presence of a framing anomaly, which

implies that the partition function does indeed depend on the metric at the quantum level.

The puzzle, however, is that for Seifert manifolds specifically the framing anomaly is nu-

merically zero. The authors of [70] resolve the puzzle by arguing that in order to make the

5Note that (εo, ηo) are c-number parameters, while (ε, η) are Grassmann valued local parameters that

transform non trivially under the local symmetries according to (2.11).
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quantum theory invariant under Seifert reparameterizations and Seifert-topological (i.e.

independent of metric deformations that preserve the Seifert structure) they need to add

a local but non fully covariant counterterm. This counterterm does depend on the Seifert

structure modulus b, which resolves the paradox.

It is plausible that similarly the rigid supersymmetry anomaly in four dimensions can

be removed by a local counterterm that breaks those large diffeomorphisms that are not

compatible with the structure of the supersymmetric background. In fact, for holographic

theories (i.e. a = c at large N) defined on trivial circle fibrations over Seifert manifolds such

a local counterterm was found in [33]. It would be interesting to generalize this counterterm

to non holographic theories with arbitrary a and c using the general form of the fermionic

anomalies we obtained in this paper.

6 Concluding remarks

In this paper we determined the local symmetry algebra of N = 1 off-shell conformal super-

gravity in four dimensions and obtained the general form of the superconformal anomalies

by solving the associated Wess-Zumino consistency conditions. To the best of our knowl-

edge, the explicit form of the fermionic Ward identities and their anomalies have not

appeared in the literature before. We find that the divergence of the supercurrent, which

is associated with Q-supersymmetry, is anomalous whenever R-symmetry is anomalous.

This anomaly cannot be removed by a local counterterm without breaking diffeomorphisms

and/or local Lorentz transformations.

Several open questions remain. Our result that Q-supersymmetry is anomalous in any

theory with an anomalous R-symmetry does not seem to depend on the specific supergravity

theory we used in this paper. Indeed, we expect this result to hold in non-superconformal

theories with an anomalous R-symmetry as well. This expectation is supported by the

recent analysis of [7]. Another interesting question is whether there exists a local coun-

terterm that eliminates the Q-supersymmetry anomaly. As we saw in section 4, such a

counterterm would necessarily break diffeomorphisms and/or local Lorentz rotations. The

related question for rigid supersymmetry on backgrounds that admit Killing spinors is rel-

evant for the validity of supersymmetric localization computations on four-manifolds. An

important example is the computation of generalized supersymmetric indices that count

the microstates of supersymmetric AdS5 black holes [71–75]. We hope to return to these

questions in future work.
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A Spinor conventions and identities

Throughout this paper we follow the conventions of [61]. In particular, the tangent space

metric is η = diag (−1, 1, 1, 1) and the Levi-Civita symbol εµνρσ = ±1 satisfies ε0123 = 1.

The Levi-Civita tensor is defined as usual as εµνρσ =
√
−g εµνρσ = e εµνρσ. Moreover, the

chirality matrix in four dimensions is given by

γ5 = iγ0γ1γ2γ3, (A.1)

and we define the antisymmetrized products of gamma matrices as

γµ1µ2...µn ≡ γ[µ1γµ2 · · · γµn], (A.2)

where antisymmetrization is done with weight one.

In the conventions we use here the gravitino ψµ is a Majorana spinor (see section 3.3

of [61] for the definition) and we make extensive use of the spinor bilinear identity in four

dimensions

λγµ1γµ2 · · · γµpχ = (−1)pχγµp · · · γµ2γµ1λ, [eq. (3.53) in [61]]. (A.3)

For Majorana fermions we also have that

(χγµ1...µrλ)∗ = χγµ1...µrλ, [eq. (3.82) in [61]]. (A.4)

It is convenient to collect several identities involving antisymmetrized products of

gamma matrices in d dimensions, most of which can be found in section 3 of [61]:

γµνρ =
1

2
{γµ, γνρ},

γµνρσ =
1

2
[γµ, γνρσ],

γµνγρσ = γµνρσ + 4γ[µ
[σδ

ν]
ρ] + 2δ[µ

[σδ
ν]
ρ],

γµγ
ν1...νp = γµ

ν1...νp + pδ[ν1
µ γν2...νp],

γν1...νpγµ = γν1...νpµ + pγ[ν1...νp−1δ
νp]
µ ,

γµνργστ = γµνρστ + 6γ[µν
[τδ

ρ]
σ] + 6γ[µδν [τδ

ρ]
σ],

γµνρσγτλ = γµνρστλ + 8γ[µνρ
[λδ

σ]
τ ] + 12γ[µνδρ[λδ

σ]
τ ],

γµνργστλ = γµνρστλ + 9γ[µν
[τλδ

ρ]
σ] + 18γ[µ

[λδ
ν
τδ
ρ]
σ] + 6δ[µ

[λδ
ν
τδ
ρ]
σ],

γµ1...µrν1...νsγνs...ν1 =
(d− r)!

(d− r − s)!
γµ1...µr ,

γµργρν = (d− 2)γµν + (d− 1)δµν ,

γµνργρσ = (d− 3)γµνσ + 2(d− 2)γ[µδν]
σ,

γµνγ
νρσ = (d− 3)γµ

ρσ + 2(d− 2)δ[ρ
µ γ

σ],

γµνλγλρσ = (d− 4)γµνρσ + 4(d− 3)γ[µ
[σδ

ν]
ρ] + 2(d− 2)δ[µ

[σδ
ν]
ρ],

γµργ
ρστγτν = (d− 4)2γµ

σ
ν + (d− 4)(d− 3) (γµδ

σ
ν − γσgµν)

+ (d− 3)(d− 2)δσµγν − (d− 3)γσγµν ,

γργ
µ1µ2...µpγρ = (−1)p(d− 2p)γµ1µ2...µp . (A.5)
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In particular, the following identities apply specifically to d = 4 and are used

extensively:

γργµγσ + γσγµγρ = 2(gµργσ + gµσγρ − gρσγµ),

γργµγσ − γσγµγρ = 2γρµσ,

γργµγσ = gµργσ + gµσγρ − gρσγµ + γρµσ

γµργσ = γµρσ + γµgρσ − γρgµσ

γµρσ = iεµρσνγνγ
5,

γµν =
i

2
εµνρσγρσγ

5. (A.6)

Finally, the following three identities in four dimensions help compare the superconformal

Ward identities (4.3) and the anomalies (4.5) with the corresponding results obtained in [8]:

(γµν − 2gµν)γνκλ = 4δµ
[κγλ] − γµκλ

= 4δµ
[κγλ] − i εµνρσγσγ5,

γµγνκλ = γµνκλ + 3gµ[νγκλ],

(2γνκγµ − 3γνκµ) γµρσ = 2γνκγµγµρσ − 3γνκµγµρσ

= 4γνκγρσ − 12
(
γ[ν

[σδ
κ]
ρ] + δ[ν

[σδ
κ]
ρ]

)
= 4
(
γνκρσ + γ[ν

[σδ
κ]
ρ] − δ[ν

[σδ
κ]
ρ]

)
. (A.7)

B Solving the Wess-Zumino consistency conditions

In this appendix we provide the details of the proof that the superconformal anomalies (4.5)

satisfy the Wess-Zumino consistency conditions (4.4) associated with the local symmetry

algebra (2.12) of N = 1 conformal supergravity. Only a subset of the algebra relations need

be checked explicitly since all commutators between any two non-anomalous symmetries

are trivially satisfied. Moreover, the Wess-Zumino conditions for purely bosonic symmetries

are known to hold [76] and are straightforward to check. We shall therefore focus on the

commutation relations involving at least one fermionic symmetry transformation, except

for the four commutators

[δξ, δε]W = 0, [δξ, δη]W = 0, [δλ, δε]W = 0, [δλ, δη]W = 0, (B.1)

which hold trivially. All computations in this appendix assume either a compact spacetime

manifold or that the fields go to zero at infinity so that total derivative terms can be

dropped. Moreover, we only keep the leading non trivial terms in the gravitino ψµ.
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[δσ, δε]W = 0 and [δσ, δη]W = 0. Let us first consider the two commutation relations

[δσ, δε]W , [δσ, δη]W . (B.2)

Taking into account the Weyl transformation of the supersymmetry parameters in (2.11),

it is straightforward to check that both the Q- and S-supersymmetry anomalies are Weyl

invariant, i.e.

δσδεW = 0, δσδηW = 0. (B.3)

Moreover, the O(ψ2) terms in the Weyl anomaly in (4.5) ensure that the Weyl anomaly

density is invariant under both Q- and S-supersymmetry, i.e.6

δε(e AW ) = 0, δη(e AW ) = 0. (B.4)

Combining these results we conclude that these two commutators satisfy the Wess-Zumino

consistency conditions compatible with the local symmetry algebra, namely

[δσ, δε]W = 0, [δσ, δη]W = 0. (B.5)

[δε, δθ]W = 0. The only remaining commutation relations involving a bosonic symmetry

are those between local gauge transformations and either Q- or S-supersymmetry trans-

formations. Staring with Q-supersymmetry, the anomalies in (4.5) determine

δεδθW =−δε
∫
d4x e θAR

=−(5a−3c)

54π2

∫
d4x e θ εµνρσδε(FµνFρσ)+

(c−a)

48π2

∫
d4x e θ εκλµνδε(R

ρ
σκλR

σ
ρµν)

=−2(5a−3c)

27π2

∫
d4x e θ εµνρσFµν∂ρδεAσ+

(c−a)

12π2

∫
d4x e θ εκλµνRρσκλ∇µδεΓσρν

=
(5a−3c)i

18π2

∫
d4x e ∂ρθ ε

µνρσFµνεγ
5φσ−

(c−a)

12π2

∫
d4x e ∂µθ ε

κλµνRρσκλ∇ρδεgσν ,

=
(5a−3c)i

18π2

∫
d4x e ∂ρθ ε

µνρσFµνεγ
5φσ+

(c−a)

12π2

∫
d4x e∇ρ

(
∂µθ ε

κλµνRρσκλ
)
εγ(σψν),

(B.6)

δθδεW =−δθ
∫
d4x e εAQ

=
(5a−3c)i

18π2

∫
d4x e ∂ρθ ε

µνρσFµνεγ
5φσ+

(c−a)

12π2

∫
d4x e εµνρσ∇κ

(
∂ρθ R

κλ
µν

)
εγ(λψσ).

(B.7)

Hence,

[δε, δθ]W = 0, (B.8)

as required by the Wess-Zumino conditions.

6For the case a = c the O(ψ2) terms in the Weyl anomaly can be found in [8]. For generic a and c the

conditions (B.4) can be used to derive the fermionic terms in the Weyl anomaly.

– 17 –



J
H
E
P
0
4
(
2
0
1
9
)
0
4
0

[δη, δθ]W = 0. For S-supersymmetry we have similarly

δηδθW = −δη
∫
d4x e θAR (B.9)

= −(5a− 3c)

54π2

∫
d4x e θ εµνρσδη(FµνFρσ)

= −2(5a− 3c)

27π2

∫
d4x e θ εµνρσFµν∂ρδηAσ

= −(5a− 3c)i

18π2

∫
d4x e ∂ρθ ε

µνρσFµνηγ
5ψσ, (B.10)

δθδηW = δθ

∫
d4x e ηAS

= −(5a− 3c)i

18π2

∫
d4x e ∂ρθ ε

µνρσFµνηγ
5ψσ, (B.11)

and hence,

[δη, δθ]W = 0. (B.12)

[δε, δε′]W = δθW , with θ = −1
2
(ε′γλε)Aλ. There remain only the four commutators

among fermionic symmetries. Applying two successive Q-supersymmetry transformations

on the generating function W gives

δε′δεW =−δε′
∫
d4x e εAQ

=
(5a−3c)

18π2
i

∫
d4xeεµνρσFµνAρεγ

5δε′φσ+
(c−a)

12π2

∫
d4xeεµνρσ∇κ

(
AρR

κλ
µν

)
εγ(λδε′ψσ)

+
(a−c)
48π2

∫
d4xeεµνρσFρσR

κλ
µνεγκδε′ψλ

=
(5a−3c)

18π2
i

∫
d4xeεµνρσFµνAρεγ

5

(
1

2
Pσλ+

i

3
Fσλγ

5− 1

12
εσλ

κτFκτ

)
γλε′

− (c−a)

12π2

∫
d4xeεµνρσAρR

κλ
µν∇κ(εγ(λDσ)ε

′)

+
(a−c)
48π2

∫
d4xeεµνρσFρσR

κλ
µνεγκDλε′, (B.13)

and hence

[δε, δε′ ]W = −(5a− 3c)

27π2

∫
d4x e εµνρσFµνAρFσλε

′γλε

− (c− a)

48π2

∫
d4x e εµνρσAρR

κλ
µνRκλστ (ε′γτε)

− (c− a)

24π2

∫
d4x e εµνρσAρR

κλ
µν∇κ∇σ(ε′γλε)

+
(a− c)
48π2

∫
d4x e εµνρσFρσR

κλ
µν∇λ(ε′γκε). (B.14)
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The last two terms can be rearranged as

εµνρσAρR
κλ
µν∇κ∇σ(ε′γλε)−

1

2
εµνρσFρσR

κλ
µν∇κ(ε′γλε)

= εµνρσAρR
κ
λµν [∇κ,∇σ](ε′γλε) +∇σ

(
εµνρσAρR

κλ
µν∇κ(ε′γλε)

)
= ∇σ

(
εµνρσAρR

κλ
µν∇κ(ε′γλε)

)
+ εµνρσAρR

κλ
µνRκσλτ (ε′γτε)

= ∇σ
(
εµνρσAρR

κλ
µν∇κ(ε′γλε)

)
+

1

2
εµνρσAρR

κλ
µνRκλστ (ε′γτε), (B.15)

so that

[δε, δε′ ]W = −(5a− 3c)

27π2

∫
d4x e εµνρσFµνAρFσλε

′γλε

− (c− a)

24π2

∫
d4x e εµνρσAρR

κλ
µνRκλστ (ε′γτε). (B.16)

Moreover, the fact that F[λσFµνAρ] = 0 and Rκλ[µνR
κλ
στAρ] = 0 in four dimensions leads

to the two identities

εµνρσFµνFσλAρ = −1

4
εµνρσFµνFρσAλ,

εµνρσRµνκλRστ
κλAρ = −1

4
εµνρσRµνκλRρσ

κλAτ . (B.17)

Therefore, we finally get

[δε, δε′ ]W =
(5a−3c)

108π2

∫
d4x e εµνρσFµνFρσ(Aλε

′γλε)

+
(c−a)

96π2

∫
d4x e εµνρσRκλµνRκλρσ(Aτε

′γτε)

=−
∫
d4x e θAR, (B.18)

with

θ = −1

2
(ε′γλε)Aλ, (B.19)

as required by the Wess-Zumino consistency conditions.

[δη, δη′]W = 0. Two successive S-supersymmetry transformations on the generating

function W give

δη′δηW

=−(5a−3c)i

18π2

∫
d4xeεµνρσFµνAρηγ

5δη′ψσ+
(5a−3c)

12π2

∫
d4xeεµν

ρσFµνηDρδη′ψσ

+
ic

6π2

∫
d4xeF µνη

(
γµ

[σδρ]
ν −δ[σ

µ δ
ρ]
ν

)
γ5Dρδη′ψσ+

3(2a−c)
4π2

∫
d4xePµνg

µ[νηγρσ]Dρδη′ψσ

+
(a−c)
8π2

∫
d4xeη

(
Rµνρσγµν−

1

2
Rgµνg

µ[νγρσ]

)
Dρδη′ψσ

=
(5a−3c)i

18π2

∫
d4xeεµνρσFµνAρηγ

5γση
′− (5a−3c)

12π2

∫
d4xeεµν

ρσFµνηγσDρη′

− ic

6π2

∫
d4xeF µνη

(
γµ

[σδρ]
ν −δ[σ

µ δ
ρ]
ν

)
γ5γσDρη′−

3(2a−c)
4π2

∫
d4xePµνg

µ[νηγρσ]γσDρη′

− (a−c)
8π2

∫
d4xeη

(
Rµνρσγµν−

1

2
Rgµνg

µ[νγρσ]

)
γσDρη′. (B.20)
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We will now show that each of these terms vanishes once the corresponding expression with

η and η′ interchanged is subtracted.

The first term in the second equality in (B.20) vanishes trivially since

ηγ5γση
′ = η′γ5γση. (B.21)

For the second term we have

ηγσDρη′ − η′γσDρη = ∇ρ(ηγση′). (B.22)

Integrating by parts and using the Bianchi identity εµνρσ∂ρFµν = 0 we find that the second

term vanishes as well.

The third term can be simplified as

F νκη
(
γν

[σδκ
ρ] − δν [σδκ

ρ]
)
γ5γσDρη′

= −1

2
F νκη

(
γν
σgρκ − γνρgσκ − 2gσν g

ρ
κ

)
γσγ

5Dρη′

= −1

2
F νκη

(
3γνg

ρ
κ − γνρκ − γνgρκ + γρ���*

0
gνκ − 2gρκγν

)
γ5Dρη′

= −1

2
F νκηγρνκγ

5Dρη′. (B.23)

Hence, subtracting the same quantity with η and η′ interchanged we obtain

− 1

2
F νκηγρνκγ

5Dρη′ +
1

2
F νκη′γρνκγ

5Dρη

= −1

2
F νκηγρνκγ

5Dρη′ +
1

2
F νκ∇ρ

(
η′γρνκγ

5η
)

+
1

2
F νκηγ5γκν

ρDρη′

=
1

2
F νκ∇ρ

(
η′γρνκγ

5η
)
, (B.24)

which again vanishes up to a total derivative term due to the Bianchi identity εµνρσ∂ρFµν =0.

In order to evaluate the term proportional to the Schouten tensor Pµν we note that

ηγµνγλDκη′ − η′γµνγλDκη
= η{γµν , γλ}Dκη′ −∇κ(η′γµνγλη)

= 2ηγµνλDκη′ −∇κ
(
η′(γµνλ + γµgνλ − γνg

µ
λ)η
)
. (B.25)

Hence,

Pµν
(
ηgµ[νγκλ]γλDκη′ − η′gµ[νγκλ]γλDκη

)
=

1

3
Pµν

(
gµνηγκλγλDκη′ + gµληγνκγλDκη′ + gµκηγλνγλDκη′ − η′ ↔ η

)
= −1

3
Pµν∇κ

(
gµνη′(γκgλλ − γλgκλ)η + gµλη′(γνgκλ − γκgνλ)η + gµκη′(γλgνλ − γνgλλ)η

)
= −1

3
Pµν∇κ

(
3gµνη′γκη + η′(γνgµκ − γκgµν)η − 3gµκη′γνη

)
= −2

3
Pµν∇κ

(
gµνη′γκη − gµκη′γνη

)
= −1

6
R∇µ(η′γµη) +

1

3
Rµν∇µ(η′γνη) =

1

3
∇µ
[(
Rµν −

1

2
Rgµν

)
(η′γνη)

]
, (B.26)
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where in the last equality we have used the Bianchi identity

∇µ
(
Rµν −

1

2
Rgµν

)
= 0. (B.27)

It follows that the term proportional to the Schouten tensor Pµν in (B.20) also vanishes.

Finally, for the last term in (B.20) we have

RµνρσηγµνγσDρη′ = Rµνρση(���:
0γµνσ + γµgνσ − γνgµσ)Dρη′ = 2RµρηγµDρη′, (B.28)

with

RµνηγµDνη′ −Rµνη′γµDνη = Rµν∇ν(ηγµη
′). (B.29)

Hence,

RµνρσηγµνγσDρη′ −Rµνρση′γµνγσDρη −
1

2
Rgµν

(
ηgµ[νγκλ]γλDκη′ − η′gµ[νγκλ]γλDκη

)
= 2Rµν∇ν(ηγµη

′) +R∇µ(η′γµη) = 2∇µ
[(
Rµν −

1

2
Rgµν

)
(ηγνη′)

]
, (B.30)

where we have again used the Bianchi identity (B.27) in the last equality.

To summarize, all terms in (B.20) vanish upon subtracting the same quantities with η

and η′ interchanged, leading to the commutator

[δη, δη′ ]W = 0, (B.31)

in agreement with the Wess-Zumino consistency conditions.

[δε, δη]W = δσW + δθW , with σ = 1
2
εη and θ = −3i

4
εγ5η. The final commutator

we need to consider is the one between Q- and S-supersymmetry transformations. We

start with the contribution of the AQ anomaly to the commutator, namely

δηδεW =−δη
∫
d4xeεAQ

=
(5a−3c)i

18π2

∫
d4xeεµνρσFµνAρεγ

5δηφσ−
(a−c)
12π2

∫
d4xeεµνρσ∇κ

(
AρR

κλ
µν

)
εγ(λδηψσ)

+
(a−c)
48π2

∫
d4xeεµνρσFρσR

κλ
µνεγκδηψλ

=
(5a−3c)i

18π2

∫
d4xeεµνρσFµνAρεγ

5Dση+
(a−c)
12π2

∫
d4xe

��
���

��
���:

0

εµνρσ∇κ
(
AρR

κ
σµν

)
εη

− (a−c)
48π2

∫
d4xeεµνρσFρσR

κλ
µνεγκλη

=
(5a−3c)i

18π2

∫
d4xeεµνρσFµνAρεγ

5Dση−
(a−c)
48π2

∫
d4xeεµνρσFρσR

κλ
µνεγκλη.

(B.32)

– 21 –



J
H
E
P
0
4
(
2
0
1
9
)
0
4
0

The last term in this expression can be simplified further using the last identity in (A.6)

and the product of two Levi-Civita tensors

− εµνρσεκλτφ

= gµκgνλgρτgσφ +
(
gµλgνκgρφgστ + gµτgνφgρκgσλ + gµφgντgρλgσκ

)
−
(
gµλgνκgρτgσφ

+ gµτgνλgρκgσφ + gµφgνλgρτgσκ + gµκgντgρλgσφ + gµκgνφgρτgσλ + gµκgνλgρφgστ
)

+
(
gµτgνκgρλgσφ + gµλgντgρκgσφ + gµφgνκgρτgσλ + gµλgνφgρτgσκ + gµφgνλgρκgστ

+ gµτgνλgρφgσκ + gµκgνφgρλgστ + gµκgντgρφgσλ
)
−
(
gµφgνκgρλgστ + gµτgνκgρφgσλ

+ gµφgντgρκgσλ + gµλgνφgρκgστ + gµτgνφgρλgσκ + gµλgντgρφgσκ
)
, (B.33)

where we have grouped terms according to the conjugacy classes of the symmetric group

S4 and terms of a given color give the same result when contracted with FµνRρσκληγτφγ
5ε.

In particular,

− εµνρσεκλτφFµνRρσκληγτφγ5ε

= 4FµνRµνρσηγ
ρσγ5ε− 4Fµ

νRνρηγ
µργ5ε+ 4Fµ

νRρνηγ
ρµγ5ε

+ 4F νµRνρηγ
µργ5ε− 4F νµRρνηγ

ρµγ5ε+ 4FµνRηγ
µνγ5ε

= 4
(
FµνRµνρσηγ

ρσγ5ε− 4Fµ
νRνρηγ

µργ5ε+ FµνRηγ
µνγ5ε

)
, (B.34)

and so

εµνρσFρσR
κλ
µνηγκλε =

i

2
εµνρσεκλτφFµνRρσκληγτφγ

5ε

= −2i
(
FµνRµνρσηγ

ρσγ5ε− 4Fµ
νRνρηγ

µργ5ε+ FµνRηγ
µνγ5ε

)
.

(B.35)

The contribution of the AS anomaly to the commutator is

δεδηW

= δε

∫
d4x e ηAS

=−(5a−3c)

18π2
i

∫
d4x e εµνρσFµνAρηγ

5δεψσ+
(5a−3c)

12π2

∫
d4x e εµνρσFµνηDρδεψσ

+
ic

6π2

∫
d4x eF µνη

(
γµ

[σδν
ρ]−δµ[σδν

ρ]
)
γ5Dρδεψσ+

3(2a−c)
4π2

∫
d4x ePµνg

µ[νηγρσ]Dρδεψσ

+
(a−c)
8π2

∫
d4x e η

(
Rµνρσγµν−

1

2
Rgµνg

µ[νγρσ]

)
Dρδεψσ

=−(5a−3c)

18π2
i

∫
d4x e εµνρσFµνAρηγ

5Dσε+
(5a−3c)

12π2

∫
d4x e εµνρσFµνηDρDσε

+
ic

6π2

∫
d4x eF µνη

(
γµ

[σδν
ρ]−δµ[σδν

ρ]
)
γ5DρDσε+

3(2a−c)
4π2

∫
d4x ePµνg

µ[νηγρσ]DρDσε

+
(a−c)
8π2

∫
d4x e η

(
Rµνρσγµν−

1

2
Rgµνg

µ[νγρσ]

)
DρDσε. (B.36)
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Using the identity,

2D[µDν]ε =

(
1

4
Rµνρσγ

ρσ + iγ5Fµν

)
ε, (B.37)

we now evaluate the four terms involving two covariant derivatives on the spinor parameter

ε. The easiest term to evaluate is

iFµνη
(
γµ

[σδν
ρ] − δµ[σδν

ρ]
)
γ5DρDσε

=
i

2
Fµνη

(
γµ

σδν
ρ − δµσδνρ

)
γ5
(1

4
Rρσκλγ

κλ + iγ5Fρσ

)
ε

= −1

2
FµνF

µνηε+
i

8
Fµ

νRνσκληγ
µσγκλγ5ε+

i

8
FµνRµνκληγ

κλγ5ε

= −1

2
FµνF

µνηε+
i

8
FµνRµνκληγ

κλγ5ε

+
i

8
Fµ

νRνσκλη
(
− i���

��:0
εµσκλγ5 + 2γµλgσκ − 2γσλgµκ +���

�:0
gµλgσκ −����:

0
gσλgµκ

)
γ5ε

= −1

2
FµνF

µνηε+
i

8
Fµν(Rµνρσ + 2Rµρνσ − 2gµρRνσ)ηγρσγ5ε

= −1

2
FµνF

µνηε+
i

4
Fµν(Rµνρσ − gµρRνσ)ηγρσγ5ε. (B.38)

We next consider the term

εµνρσFµνηDρDσε

=
i

2
εµνρσFµνFρσηγ

5ε+
1

8
εµνρσFµνRρσκληγ

κλε

=
i

2
εµνρσFµνFρσηγ

5ε− i

4

(
FµνRµνρσηγ

ρσγ5ε− 4Fµ
νRνρηγ

µργ5ε+ FµνRηγ
µνγ5ε

)
,

(B.39)

where in the last line we have utilized the identity (B.35).

Next we evaluate the term

Pµνg
µ[νηγκλ]DκDλε

=
1

6
Pµνη

(
gµνγκλ+gµλγνκ+gµκγλν

)(1

4
Rκλρσγ

ρσ+iγ5Fκλ

)
ε

=
1

6
Pµνη(gµνγκλ−2gµκγνλ)

(
1

4
Rκλρσγ

ρσ+iγ5Fκλ

)
ε

=
1

36
R

(
1

4
Rκλρσηγ

κλγρσε+iηγκλγ5εFκλ

)
− 1

3
Pµν

(
1

4
Rµλρσηγ

νλγρσε+iηγνλγ5εFµλ

)
=−1

6

(
Rµν−

1

3
Rgµν

)
×(

iFµληγ
νλγ5ε+

1

4
Rµλρση

(
−i��

�*0
ενλρσγ5+2���

�:0
γνσgλρ−2���

�:0
γλσgνρ+gνσgλρ−gλσgνρ

)
ε

)
=−1

6

(
Rµν−

1

3
Rgµν

)
iFµληγ

νλγ5ε+
1

12

(
RµνR

µν− 1

3
R2

)
ηε. (B.40)
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Finally, the last term gives(
Rµνρσγµν−

1

2
Rgµνg

µ[νγρσ]

)
DρDσε

=
1

2

(
Rµνρσγµν−

1

2
Rgµνg

µ[νγρσ]

)(
1

4
Rρσκλγ

κλ+iγ5Fρσ

)
ε

=
1

8
RµνρσRκλρσ

(
−iεµνκλγ5+4��

��*
0

γµ
λgκν +2gλµg

κ
ν

)
ε

+
i

2
RµνρσFρσγµνγ

5ε− 1

12

(
2iRFµνηγ

µνγ5ε−R2ηε
)

=− i
4
Pγ5ε− 1

4
RµνρσR

µνρσε+
i

2
RµνρσFρσγµνγ

5ε− 1

12

(
2iRFµνηγ

µνγ5ε−R2ηε
)
, (B.41)

where P = 1
2ε
µνρσRµνκλRρσ

κλ is the Pontryagin density.

Substituting (B.35) in (B.32), and (B.38), (B.39), (B.40) and (B.41) in (B.36) we finally

obtain

[δε, δη]W =
(5a− 3c)i

72π2

∫
d4x e εµνρσFµνFρσηγ

5ε− c

12π2

∫
d4x e FµνF

µνηε

+
(2a− c)

16π2

∫
d4x e

(
RµνR

µν − 1

3
R2

)
ηε

− (a− c)
32π2

∫
d4x e

(
iPηγ5ε+RµνρσR

µνρσηε− 1

3
R2ηε

)
=

∫
d4x e (−θAR + σAW ), (B.42)

with

θ = −3

4
iεγ5η, σ =

1

2
εη, (B.43)

as required by the Wess-Zumino consistency conditions.
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