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1 Introduction

What happens when matter collapses to make a black hole? The details of this process are
unclear, and potentially of great importance in obtaining a full understanding of quantum
gravity. In string theory, this gravitational process can be put in a setting where we
have a CFT dual [1-3], and we can try to study the collapse process in its dual field
theory description.

The CFT dual is itself difficult to study, since the gravitational theory is dual to
a strongly coupled CFT. Remarkably, one obtains many interesting results about black
holes by using the CFT at its ‘free’ or ‘orbifold” point [4-19]. At this coupling the CFT is
given by several symmetrized copies of a free CFT. This symmetrizaton introduces twist
operators oy, into the theory. The free theory reproduces the entropy and greybody factors
of near-extremal black holes [20-24], but it cannot describe their formation. The reason is
that black hole formation is expected to be dual to a thermalization in the CFT, and in a
free theory an initial excitation will not in general thermalize.

We are therefore led to explore the deformation of the theory away from the orbifold
point. This deformation is given by the operator

N 1
%Wm%h/WQW)
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The index notations are explained in appendix A, but we note here the general structure of
this operator. There is a twist o9, which takes two copies of the free CFT and joins them
together. If these copies were defined on circles of length 27 R, the twist will give one copy
of the CFT on a circle of length 47 R. In addition to this twist we have the application of
left and right supercharges G.

As explained in [25, 26], the G operators can be removed from the o2 by writing them
as contours surrounding the oy, and then stretching these contours away till they act on
the initial or final states of the process. Thus a core part of the effect of the deformation
operator is given by the action of the ‘bare twist’ o9. In [26] it was found that if we apply
one operator o2(w) to the vacuum |0), the resulting state is a squeezed state, with the

schematic form
eygna_ma_n+wﬂd—rd—s|0> (1.2)



The coefficients vZ, v were computed in [26] for the case where the initial copies of the
CFT lived on singly twisted circles. In [27] they were computed by an alternative method
that made their basic properties manifest. In [28] they were computed for the case where
the initial strings had arbitrary order twists M, N, but where m,n > 1. In [29, 30] they
were computed for arbitary M, N and arbitary m,n. In [31, 32] the mixing of operators
under the twist deformations was analyzed. All of these computations addressed the case of
a single o9 insertion, but it was not clear that thermalization can be observed at this order.

In the present paper we perform a 1-loop computation, where we have two twist in-
sertions: the first twist joins two untwisted copies of the CFT to a copy living on a double
circle, and the second twist returns us to the two untwisted copies. We argue that starting
from the vacuum state |0) we again get a squeezed state of the form (1.2), and we compute
the required vZ,v". We find that these coefficients can be expressed as a finite sum over
a bilinear product of hypergeometric functions.

One apparently puzzling feature of our computations is the role of sectors with new
periodicities for fermions. We start with both copies of the CFT in the Ramond (R) sector.
After the application of both oy factors we are left with a contribution where both CFTs
are in the R sector, but we can also obtain a nonzero result for the amplitude if we let both
the final copies of the CFT be in the NS sector. As we will explain later, we believe that the
NS sectors should not be included as possible final states. We still compute the amplitude
to transition to these sectors, but we will drop this contribution from our final analysis.

The plan of this paper is as follows. In section 2, we introduce the orbifold CFT.
In section 3, we lay out the calculation for determining the state |x(wi,w2)). This state
contains three major components. In section 4 we calculate the coefficients in the bosonic
component. In section 5 we calculate the coefficients for the fermionic component in the NS
sector. In section 6 we calculate the coefficients for the fermionic component in the Ramond
sector. In section 7, we argue that the contribution from the NS sector is nonphysical. In
section 8.2, we perform some numerical analyses on the R sector results to obtain some
simplifying limits.

2 The D1D5 CFT at the orbifold point

In this section we summarize some properties of the D1D5 CFT at the orbifold point and
the deformation operator that we will use to perturb away from the orbifold point. For
more details, see [26].

2.1 The D1D5 CFT
Consider type IIB string theory, compactified as
M971 — M471 X Sl X T4. (21)

Wrap N; D1 branes on S', and N5 D5 branes on S' x 7. We think of the S* as being large
compared to the T%, so that at low energies we look for excitations only in the direction
S'. This low energy limit gives a conformal field theory (CFT) on the circle S*.



We can now vary the moduli of string theory (the string coupling g, the shape and size
of the torus, the values of flat connections for gauge fields etc.). These changes move us to
different points in the moduli space of the CFT. It has been conjectured that we can move
to a point called the ‘orbifold point’ where the CFT is particularly simple [10, 11]. At this
orbifold point the CFT is a 1+1 dimensional sigma model. We will work in the Euclidean
theory, where the base space is a cylinder spanned by the coordinates

T,0: 0<o0<2m, —0<T< (2.2)
The target space of this sigma model is the symmetrized product of Ni N5 copies of T4,

(T4)N1N5/SN1N57 (2'3)

with each copy of T* giving 4 bosonic excitations X!, X2, X3 X*. It also gives 4 fermionic
excitations, which we call ¢!, 42,43, 9* for the left movers, and 1!, )2, )3, 1)* for the right
movers. The central charge of the theory with fields X% ¢%, i =1...4 is ¢ = 6. The total
central charge of the entire system is thus 6 N1 Ns.

In [26] it was noted that we can write the deformation operator as

0 i3(wo) = [1 dwcu(wﬂ []

2700 J g 270 J g,

deB(w)} oy (wo). (2.4)

We will, however, work only with the left-moving part of (2.4). The right-moving sector is
fully analogous.

2.2 NS and R vacua

Consider a single copy of the ¢ = 6 CFT. The lowest energy state of the left-moving sector
is the NS vacuum,

Ons), h=0, m=0 (2.5)

where h denotes the Ly eigenvalue. However, we will for the most part study the CFT in
the R sector. In particular we are interested in the R vacua denoted by!

1
0%), h=1, m==+. (2.6)

We can relate the NS and R sectors using spectral flow [33]. In particular, spectral flow by
« = *£1 in the left-moving sector produces the transformations

a=1: [05) — [Ons), [Ons)— [0F)
a=-—1 :\OE) — |0ns), |Ons) = [0%). (2.7)

!There are two other left-moving R ground states, which may be obtained by acting with fermion zero
modes. Including right-movers then gives a total of 16 R-R ground states. These R-R ground states are
described in detail in appendix B.



3 Outline of the calculations

The deformation operator is composed of a supercharge contour acting on a twist operator.
The action of the supercharge contour can be split off from the main computation, which
involves the effects of the twist operators. In this paper we will focus of the effect of the
twist operators alone.

Since we are looking at deformations to second order, we will have two twist-2 operators
acting on our initial state. If n copies of the CFT are twisted together, we say that we
have an n-times wound ‘component string’. We will start with the simplest case of two
singly wound component strings. The twist from the first deformation operator will change
this to a single component string with winding 2, while the second twist will take this new
component string back to two component strings of winding 1 each. Thus we are looking at
a ‘1-loop’ process in the interacting CFT. This process is depicted in figure 1. We believe
that such second order effects will lead to the thermalization that we seek.

Each of the initial component strings are taken to be in the negative Ramond
vacuum state |05). The final state after the application of two twists will be denoted
by |x(w1)(ws)). Thus:

(Wi, w2)) = o (w2)of (wn)]0)M[05)). (3.1)
Here w is a coordinate on the cylinder, with
w =T+ 10, (3.2)

where ¢ is an angular coordinate for the compact spacial dimension and 7 is a Fuclideanized
time coordinate. In (3.1), we assume that 75 > 7.

In the region 7 < 7 < 7o, the two component strings are joined together to form a
doubly wound componnet string. The bosonic fields are now periodic only after an interval
Ao = 4rn. The fermionic fields, a priori, can be periodic or antiperiodic after Ao = 4.
Outside the above interval of 7 we have two singly wound component strings. We will
now map this configuration to a double cover of the cylinder. To do this, we first map the
cylinder into the complex plain with coordinate z and then map the complex plane to a
double cover of itself.

Around any point z on the plane, a fermionic field can have either periodic or antiperi-
odic boundary conditions. If we insert only local operators at z, then the fermion will be
periodic (i.e. it will have NS boundary conditions). If we wish to have instead the anti-
periodic boundary condition (i.e., the R boundary condition) then we must insert a spin
field S* at the point z. The spin field carries a charge j = i% and has dimension h = %.

The initial state (the ‘in’ state) has two singly wound component strings, each in the
R sector. This brings in two spin fields, one from each component string. We write

05)D105) ) = SW~(r = —00)SP~ (1 = —00) |0 s) V]0ns)P. (3.3)

In addition, the twist operator U;_ contains a spin field:

oy (w) = ST (w)oa(w). (3.4)
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Figure 1. The cylinder with twist insertions at w; and ws. Below the first twist we have the nega-
tive Ramond vacuum on each component string. Above both twists we have the state |x (w1, w2)),
which we will compute. In the intermediate regions we have a single doubly-wound component
string in the state |x (w1, w2)). This state was computed in [25] and is not used here.

We will compute an amplitude by taking the inner product of the state we generate after
the twists with some state of our choosing. This state with which we ‘cap’ the cylinder
may then bring additional spin fields of its own.

Each of the above mentioned spin fields will have some position in our double cover. We
can remove a spin field by performing a spectral flow around that point, since a spectral flow
can map an R sector state to an NS sector state. We will thus perform a series of spectral
flows at various points in the double cover in order to remove these spin field insertions.
Once all the spin fields have been removed, the locations where they were inserted will
have just the local NS vacuum inserted there, and we can close the corresponding puncture
at that location with no insertions. Any contour can then be smoothly deformed through
such a location. It is through these smooth deformations that we will be able to map in
states to out states and determine the nature of |x(wi,ws))

We now divide the remainder of this section into four parts. In the first part, we
outline the coordinate changes used to map the cylinder into a double cover of the complex
plane and identify the images of all critical points. In the second part, we introduce the
mode operators on the cylinder. In the third part, we present the general form of the
state |x(w1,ws2)) in terms of these mode operators. This general form motivates capping
with certain types of states, which allows us to derive expressions for the parameters of
our ansatz. Finally, we determine the spectral flows needed for each type of capping state
based on the images of the spin fields of those states.

3.1 Coordinate maps

The effects of our coordinate maps are illustrated in figure 2. First we map the cylinder to
the complex plane through the map:

z=¢e¥ = T, (3.5)
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Figure 2. The z plane (a) and t plane (b) with all the relevant image points labeled. The
intermediate state |x(w1)) is not depicted. In the z plane the 7 coordinate maps to the radial
coordinate, while the o coordinate maps to the phase. In the ¢ plane there are no simple directions
corresponding to 7 and o.

Here the in states at 7 = —oo map to the origin of the complex plane, while the out states
at 7 = 400 map to z = co. Our fields are still double-valued near these points, as there are
two component strings in both the in and out states. The timelike direction 7 becomes the
radial direction, while the spacelike o becomes the phase of the z plane. Because 75 > 71,
we have:

[22] = €™ > |z| =€ (3.6)

Now we map the z plane into a double cover of itself. We need to ensure that this
map will separate out the two distinct copies of our fields for the in and out states. Thus
we require that z = 0 and z = oo both have two distinct image points. It is also useful to
ensure that near these points we have leading order relations of the form z ~ t*!. Such a
map can in general be written as:

2= (3.7)

Here, the point z = co maps to both ¢t = co and ¢t = 0. Near t = co we have the leading
order behavior z ~ ¢, while near t = 0 we have the behavior z ~ t~!. The point z = 0
also has two images, at ¢t = —a and ¢ = —b. This allows us to split up the images of
the two copies for our in and out states, thus leaving us with only single-valued fields in
the t plane.

At this point, we have some choice of which component strings map to which regions in
the ¢ plane. The in state has images at ¢ = —a and ¢ = —b, but the physics is independent
of which component string we call copy 1 and which we call copy 2. Indeed, the map (3.7)
is symmetric under the interchange a <> b. Similarly, we may choose which component
string of the out state maps to t = oo and which component string maps to ¢ = 0. Here



we present the conventions used in this paper:

Copy 1 In State — ¢t = —a
Copy 2 In State — t = —b
Copy 1 Out State — ¢t = oo
Copy 2 Out State — ¢t = 0. (3.8)

We also need to know the images of the twist insertions at wy and ws. These insertions
create bifurcation points in the double cover, so we find the images by solving for these
bifurcation points.

dz ab
—=1—-—==0. 3.9
dt 12 (3.9)
This relation has two solutions, corresponding to our two twist insertions.
tl = —V ab

to

é

(3.10)

This in turn gives us a relationship between the double cover map parameters a,b and our
twist insertion points wq, ws:

21 =a+b—2Vab=e"
20 = a+b+2Vab = e"2, (3.11)

where we choose the branch of vab so as to maintain |z9| > |z1]. As expected, this
relationship is unaffected by the interchange of a and b.

3.2 Modes on the cylinder

In order to determine the final state |x (w1, w2)) we first introduce the bosonic and fermionic
modes that live on the cylinder in the region 7 > 75. For the bosons, we have:

2w
7 1 i nw
O‘(A)/{,n:g / X (w)e™ dw, (3.12)
o=0

where f stands for final modes, indicating that we are working in the region above both
twists. The commutation relations are
(01 05,] = —neaseis %0nimo (3.13)

For fermions, we can have two different types of modes depending on which sector we
are in, NS or R. In the NS sector, the modes are indexed by half-integers r:

21
dq(j)f,aA _ QL / 1/)(")“‘(10)@’“” dw, (3.14)
T
o=0



with anticommutation relations
{d§i>f,aA’ d(sj)fﬁB} = _BABDU)g, L (3.15)

Similarly, the modes in the Ramond sector are:

21

/ YDA ()™ dw, (3.16)

o=0

dDfeAd — _~
" 27

with integer n. These modes have anticommutation relations
{dg)f,aA, d%wB} — _BABs)g, o (3.17)

In the Ramond sector there are fermion zero modes. While bosonic zero modes anni-
hilate all vacua, the fermionic zero modes do not always annihilate the vaccum. Instead,

one ﬁnds:
Of A A\ ) fi—An—\(i
d(())f |0R>() = d((])f |OR>() =0 (3'18)
Of+A A=\ (G Df—An+\ (G

where the copy index (4) is not summed over. For more details about the behavior of these
zero modes, see appendix B.

One can of course construct modes which live before the two twist insertions, as well
as modes which live between the two twists. Since we begin with the vacuum state as our
in state before the twists and we do not need the state between the two twists in an explicit
way, we will not write the modes in these regions. We do however require modes natural
to the NS vacuum in the ¢ plane. These are

- 1
Cpdn = 5 ]{ 0 X 44()1" A (3.20)
t=0
~ 1 1
oA = — Az dt 21
T 27TZ f w ( ) 2 ) (3 )
t=0
with commutation relations
[dAA,m7dAA,n] = —€ABE4pMIntm,p (3.22)
{J;A,CZ;';A} = —eBeABS o (3.23)

As a final remark, there is a subtle concern that needs to be addressed when we wish
to map the cylinder modes into the t plane. Since we have chosen the final copy 1 to map
to large t, copy 1 modes must always come to the left of copy 2 modes in the ¢ plane. As
such, when we apply annihilation modes to probe the deformed state we will always choose
to place all copy 1 modes to the left of all copy 2 modes. This has no effect on the bosonic
calculation because bosonic annihilators commute, but it is important to account for this
convention when working with fermions.



3.3 The general form

Looking at the SU(2) charges of the twist operators and the initial vacuum state, it is clear
that |x(wy,wsq)) is overall neutral. One may also expect the final state to contain only
pairs of excitations in the form of an exponential similar to the one-twist result of [25].
However, this cursory analysis seems to indicate that part of |x(wi,ws)) could live in the
NS sector, as the vacuum |0ng)M|0xs)® is neutral. We will perform the computations
for both R and NS sectors in the final state, but argue at the end that only the R sector
amplitudes are relevant for the physical system under study.

In [25] it was noted that the state produced after the twist had an exponential form,
and a general argument was given for why this must be the case for the bosons of the
theory. This proof extends trivially to the use of arbitrarily many twists. In appendix C
we present a similar proof for the fermionic contribution, which again extends to arbitrarily
many twists and also applies to both the NS and Ramond sectors. Keeping both sectors
in the final state for the moment, we note that |x(w;,ws)) can be written as:

)

| (wl,wg)) C’Ng(wl,wg exp Z Zf}/kl (_ @ f ka(_j)_{_l—l-agf)i_ka(_ji_f_l)

1),(5) k,I>0
X exp Z Z Ty l)(] (d(l f++d( ) dgzﬂf7+*d(_jgfﬁ+) |0NS>(1)|ONS>(2)
(),(4) >5>0
+CRry— (w1, we)exp Z nykl ( +)Jf ka(])f L+ (z)f Ul,*l)
(i),(5) k>0
X exp Z Z o + < 4O+ g0 == —d%f’Jr_d(_jl)f’_Jr) 10D 07) @

(4),(5) k,1>0
(3.24)

where the sums over the mode indices for the fermions in the Ramond sector include zero
modes only when those modes do not annihilate the vacuum [05)(1]05)?). Note that the
various y coefficients also depend on the twist insertion points w; and ws.

From here it is fairly straightforward to apply particular capping states with only a
single pair of modes so as to pick out each specific v coefficient from |x(wi,wz)). Taking
a ratio of amplitudes, we can isolate these coefficients in a manner that is independent of
other factors, such as the overall coefficients C. We thus find:

f}/ﬂB;gL)( ) _ 1 & <ONS’(2)<ONS|Q++ na(—l)—fm’X(wl’MQ» (325)
mn W{O0ns|@ (Ons|x(wr, w2))
e _ _ L D0l Onsla® 0 () (3.26)
mn W(0ns|@(0ns|x (w1, ws))
ri _ M {0ns|® (Os|di O [ (w, wa)) (3.27)
NSrs W {O0ns|@(Ons]x(wr, ws))



7F(i)(z):_ <0NS\ J(Ows A8 dP T [y (wr, ws)) (3.28)
NSrs M(Ons|P(Ons|x(wr, w2))

W0 @0 _[dDT AT | (wr, ws))

F@@)(1)
_ 3.29
7R+—,mn (1) <OR,+|(2) <OR7,|X(M1,U}2)> ( )
F@)(2) _ f(1)<OR,+’(2) <0R,f|d%)f’77d£z2)f’++|x(w1,w2)> (3.30)
R+—,mn (1)<0R,+|(2) <0R,— X (w1, w2)) 7

where the minus signs in the fourth and sixth lines come from the fact that the fermion
annihilators anticommute. Note that the bosonic coefficients do not depend on the vacuum
the state is built upon. This is because the bosonic modes are unaffected by spectral flow,
so they behave identically in both sectors. Indeed, one can calculate these same bosonic
coefficients by capping with a Ramond state instead.

From these expressions, we must perform the series of coordinate maps outlined in
section 3.1. This procedure removes all of the multivalued regions, though the Ramond
vacua and twist insertions still bring spin fields. We deal with these spin fields in the
next subsection.

3.4 Spectral flows

We have two sectors we wish to cap with, the NS sector and the R sector. The behavior
of the bosonic modes is independent of the sector they act on, and as such we do not have
to worry about which spectral flows we perform when it comes to the bosonic coefficients.
Thus we need only apply the coordinate maps to the right side of (3.25) and (3.26). Doing

so yields:
LB _it<ONS‘a++n o' 0ys): (3.31)
mn mn +(Ons|ONs)
@f
SBOE) _LtmNS‘a__ ma++"|0 s 7 (3.32)
mn mn +(Ons|ONs)

where the primes denote that the modes have been altered by the coordinate shifts.

For the fermionic coefficients, it is important to specify which sector we are building
upon because the Ramond sector brings in additional spin fields. Both cases are illustrated
in figure 3.

When building upon the NS sector, the t-plane contains the following spin fields:

wa). (3.33)

To remove these spin fields we must perform spectral flows at each of these points. We
spectral flow by a = +1 at the locations of the S~ spin fields, and by @ = —1 at the
locations of the S spin fields. Since this combination contains two spectral flows in each

~10 -



Figure 3. Here we illustrate the insertions of all the spin fields in the ¢ plane when capping with
the NS (a) and Ramond (b) sectors.

direction all at finite points, there is no net effect at infinity. This is important as we do not
have any insertions at infinity. After these spectral flows we can close all punctures in the ¢
plane, allowing us to smoothly deform the contours of the fermion modes. Recalling (3.27)
and (3.28), we find:

i _ tO0nslds T T o),

3.34
Nra (Oxs/0xs) (3:34)
F(i)(2) _ _t<ONs!d;(Z)f’__d;(2)f’++|0N5)t (3.35)
NSrs t<ONS‘0NS> 5 .

where here the primes denote that the modes have been altered by both the coordinate
shifts and the four spectral flows given in (3.33).

When building upon the Ramond sector, we also have spin fields from the capping
state 1) (01 |®(0g,_|. Recall that for out states, copy 1 maps to ¢t = oo while copy 2
maps to the origin. Also note that the lower-index charge indicated in the bra denotes that
it is the conjugate of the ket of that charge, and thus has the opposite charge. We now
see that in addition to the spin fields encountered when building upon the NS vacuum, we

also have:
§(00) from M (0g |
SF(0) from P (0g_|. (3.36)
Both of these spin fields can be remove with a single spectral flow by @ = —1 units at the

origin of the ¢ plane. Recalling (3.29) and (3.30), we find:

ro 0nsldDTTEA T 0ws)s

= 3.37
R—mn +(Ons|0ns) (3.87)
F@)2)  _ _t<0NS|Cz7(711)f777J7(12)f7++‘ONS>t (3.39)
ReA—mn +(Ons|Ons) ’

where the hats indicate that we have performed all of the coordinate maps and spectral
flows required by (3.33) along with an additional spectral flow by @ = —1 units at the
origin of the ¢ plane.

- 11 -



We now have useful expressions for the various - coefficients. By applying the required
coordinate shifts and spectral flows to the bosonic and fermionic modes and expanding the
results in terms of modes natural to the ¢ plane, we can use the known commutation
relations to evaluate equations (3.31) through (3.38). We perform these calculations in the

following sections.

4 Computation of fygg)(j)

Here we calculate the bosonic 7 coefficients using the relations (3.31) and (3.32). To use
these expressions, we first need to compute the o/ modes in the ¢ plane. Since the bosonic
modes are unaffected by spectral flow, we need only apply the coordinate maps to the
original modes on the cylinder. We thus organize this section into three parts. In the first
part, we will apply the coordinate maps outlined in section 3.1 to determine the expressions
for the o modes. In the second part, we will expand the o modes in terms of the modes
natural to the ¢ plane. In the final part, we will use these expressions in (3.31) and (3.32)
to compute the bosonic v coefficients.

4.1 Mapping the boson modes to the t plane

We wish to apply the various coordinate maps presented in section 3.1 to the post-twist
modes on the cylinder given in (3.12). Under a general coordinate transformation w — w’,
the bosonic field X tranforms as:

dw’

(4) (@) (0
XAA(w)ﬁ@XAA(w). (4.1)
However, the jacobian brings a factor:
dw\ !
d dw'. 4.2
w — < dw> w (4.2)
Thus the combination of the two behaves as:
(@) @) ¢ /
X (w)dw — X% (w') duw'. (4.3)

We first map the cylinder with coordinate w to the plane with coordinate z via
z=e". (4.4)

Since we do not make use of the initial or intermediate modes in this paper, we just write the
modes after the second twist insertion (|z| > ™). Here we have a contour circling z = oc:

1 1 1 n

01541)4{” — o - ,Eljif(z)z dz (4.5)
2 1 2 n

a;l{n — 5 b Xij‘f(z)z dz. (4.6)

We now proceed to the covering space ¢, where X , ; will be single-valued. Using the

map defined earlier,

NC2IEY) un
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and again only considering the modes after the second twist insertion, we have

mf W (t+a)(t+b)\"
ol = j[ X 44 ( ; dt (4.8)
@)f 2 1 . (t+a)(t+b)\"

Note the minus sign in (4.9). As mentioned earlier, the copy 2 values at z = oo map to
%,
Thus the contour changes direction when we map to the origin of the ¢ plane. This is the

= 0. This map has the leading-order behavior z ~ which means arg(z) ~ —arg(t).

source of the minus sign.

4.2 Expanding the bosonic modes

In order to expand our o/ modes in terms of @, it suffices to expand the integrand of the
former in powers of t. This expansion must be performed in the region where the mode
lives, t ~ oo for the copy 1 modes and ¢t ~ 0 for the copy 2 modes. We perform the relevant
expansions for each copy below.

Copy 1, t ~ c©

<(t + a)t<t + b)>n =t"(1+at™")" (140"

=" Z anan/ajbj/t_j_j/
J,3'>0
= > "Ci"Cyadt) I (4.10)

74’20

Copy 2,t~ 0

<(t + a)t(t + b))n =t"a"" (1 +ta V)" (14107 1)"

=t"a"" Y "Cy"Cya b Tt
7,3'>20
= > "C"Cya" I (4.11)

33’20

Thus (4.8) and (4.9) become

1 k)
oT= N ey 7{ X437
3:3'>0
= > "C"Cralba (4.12)
3:3'>0
2. _ g L 4
o= N e Cha I %?ioo X it de

AAn
7,320

T e T S (4.13)
7,3'20
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4.3 Computing 'yB(i) @)

In this section we compute the ym%)(]) coefficients. From (3.25) and (4.12) we find:

1 /! 0 4 o ! O
’7773;7(’11)(1) _ Z nC ncf mC’kka/a”klﬁ +k t< NS’a++n —J—J a ;m—k— k’ NS> '

G k! >0 t{Ons|Ons)

(4.14)
It is clear that the summand vanishes except when

m4n—j—j—k—kK=0 = kK=m+n—j—j —k
n—j—j3>0 = n—j>7j. (4.15)
Furthermore,
>0 = n>j
>0 = m+n—j7—3j >k (4.16)
We can thus rewrite (4.14) as

n—1n—j—1m+n—j—j’

1 ‘ ‘

73(1)(1 - = Z Z Z (n—j— j/)nCanj/kamCm+n_j_j,_kajJrkbernf]7k_
MY 720 k=0

(4.17)

Following these same steps for the other cases, we find:

e = —% (n—j — §)"C"Cy™ O, Crpppp oy jr— @™ TR IR
=0 j=0 k=0
(4.18)
1 n—1n—j—1m—nitj+j’
T = - (n— 34— 5)"Cj" Cyr ™ Cr™ Coppg o jr ™ —F I HF
=0 j=0 k=0
(4.19)
1 ot n—j—1m+n—j—j’ ' _
T B = — 3" (n = j = §)"C" Compn—jjr— " C; " Cpa™ I ~RpI Tk,

(4.20)

The physics here is symmetric under the interchange a <> b. One can explicitly check that
this symmetry holds in the above expressions, though this fact is not immediately manifest.
Using this symmetry, we find

1 n—1ln—j—1lm+n—j5—j
75%2)(2) _ mz Z Z (n _j _j/)TLCanj,ka Cm+n i ],_kaj-‘rkbm-i-n J— k
—0

(4.21)

and therefore
B(2)(2) _ ,B1)(1) (4.22)

’Ymn - an
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Similarly,
B(2)(1) _ ~B(1)(2) (4.23)

mn - Imn
We will now bring the 'qu(z)u ) coeficients into a form that involves only one summation
over a pair of hypergeometric functions, binomial coefficients, and a and b terms raised

to the appropriate powers. We achieve this through a re-definition of the summation

B(1)(1)

indices. We present the computation for vy, and simply skip to the results for the

remaining cases.

B(1)(1)

For vpn M7, we begin with:
n—1n—j—1m+n—j—j’ ' '
nB;gll)(l — Z (TL —j— j/)anan/kamCern,j,j/,ka]Jrkbm—i_n_]_k.
j=0 ;=0 k=0
(4.24)
We now define a new summation index:
l=n—j—j = j/=n—7j-1, (4.25)
where (4.15) and (4.16) now give
n—j—3>0 = 1>0
>0 = n-1>j
5, >0 = n>1l (4.26)

Applying these constraints, we find:

n—l m+l
B(l = Zlbern ZannCn_j_lan*J <Zm(]kmcm+l_kakbk> . (4.27)

j=0 k=0

The k and j sums can be evaluated in Mathematica,? resulting in:3

75“(11)(1) = 1n ; Z"ClmClalbm+”_lgF1 (—n,l —n;l+1; %) o F (—m,l —m;l+1; %) .

(4.28)
The other vZ@0) coefficients are calculated in the same manner, using the same index
re-definition. We present the results here.

1 — a b
B(1)(2) _ = mon nim - . L - . LY
B( — E_ll " Cra 2F1( m, 1 m,l+1,b>2F1< n, n,l—i—l,a)
1 — b a
B(2)(1) - = meyn min o . LY - . L@
B — ;11 P Cra™b 2F1< m, 1 m,l+1,a>2F1( n,l n,z+1,b)

1 < b b
757(12)(2) - Zl"C’lmC’lam+"_lbl2F1 (—m,l —m;l+1; ) o Fy (—n,l —n;l+1; ) .
mn — a a

(4.29)

2Mathematica sometimes has trouble dealing with the fact that some of the binomial coefficients vanish
when the second argument is negative. It is occasionally necessary to alter the range of the j sum to
explicitly remove these vanishing terms in order to obtain the full result.

3While it is not immediately apparent, these expressions are symmetric under a <> b, as expected.
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In addition to (4.22) and (4.23), the above forms allow us to show the additional
relation:

DD — _\ B0 (4.30)

This relationship is shown explicitly in appendix E. We then have only a single linearly
independent bosonic coefficient.

5 Computation of fyﬁfé),ﬁiﬂb

Here we perform the computation of the non-physical 711\7/(53)7537)1 coefficients, where the NS
indicates that we are capping the squeezed state with the non-physical NS vacuum for
both copy 1 and copy 2. We proceed in a manner identical to the boson case, except that
the fermion modes are affected by the spectral flows which were needed to remove the spin

fields in (3.33).

5.1 Mapping the fermion modes to the ¢t plane

The NS sector fermion modes on the cylinder were given in (3.14). Here we map these
modes to the ¢ plane by way of the z plane.
Under a general coordinate transformation w — w’, the fermion field ¢ transforms as:

1

. dw'\z .

¢(Z),0<A(w) N <dw> ¢(1)7aA(w')7 (5.1)
w

while the Jacobian again brings the factor described in (4.2). Thus the two together

transform as:
/

d}(i),aA(w) dw — (((11’(11,}0 )_2 w(i)@A(w/) dw/. (52)

Thus when mapping to the z plane via z = e, we have

A (w) dw — 272 (2) dz, (5.3)
and the fermionic modes become:
2T
d7(ql)f,aA N 1/ w(l)f,aA(Z)erl/Q dz
21 Jo—g
2T
d@fed P AfeA()r=12 gy, (5.4)
21 Jo—g

We now move to the covering ¢ plane in the same manner, using the map (3.7). We
then find:

dDfeA 2%” / YPEAD V2t + Vab) V2t — Vab) 2t + o) V2 + b) 2 de
t=o0
d@ A —217”/ PPOAR V2t + Vab) 2t — Vab) 2t + a)" V2t + b)" V2 d,
t=0

(5.5)

where again the copy 2 mode gains a minus sign from the reversal of the direction of the
contour as z ~ t7 1.
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5.2 Applying the spectral flows

We now perform the spectral flows required to eliminate the spin fields in the ¢ plane (3.33).
Under a spectral flow by « units at a point tg, the fermion field 1) behaves as:

GEA(L) = (1 — to) T2 (). (5.6)

We perform each of the four spectral flows in turn.

a=1latt=->b

A QL / IRV (4 Vab) 2t — Vab) VAt + a) (¢ b) T de
T Jt=c0
1
dir =4 omi / YPTAO V2t + Vab) 2 (= Vab) At + a)" V2 + b)" dt
™ t=o00
A 21/ I T2 (1 Vab) 2 (= Vab) Y2 (1 4 a) V2 (4 b) e
T Ji=0
aRIA / WIAET Y2 (4 Vab) Y2 (1~ Vab) 2t + a) (4 b dt.
T Ji=0
(5.7)
a=1latt= —a
AT 21/ GIHAR T2 4 Vab) V2 (t — Vab) V2 (t + o) (t + b)T L dt
T Jt=co
dnIA oy / B A@ETV2 (4 Vab) 2 (¢ — Vab) (¢ + a)" (£ + b)Y dt
T Ji=co
dDH+A —QLZ_ / PIFAD T2t 4+ Vab) 2 (¢ — Vab) 2 (t + )" (t 4 b)) dt
™ Jt=0

dDf=A —QLM, W AWETTY2(t + Vab) 2 (t — Vab) 2 (t 4 a) (t +b)" At (5.8)
t=0

a=-—1att=—+ab

1 /t_ YPFAO V2t + Vab) (t — Vab) 2t +a) T HE+ b) T de

df+A o

1
dVf=A 22/ YHAWETTY2 (= Vab) 2 (t + a) (t + b)" dt
T

t=o00

AP o o [ A V)~ V) e+ by
t=0

aRIA / GIAWETY2(— Vab)V2(E + a) (¢ + ) dt. (5.9)
t=0
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a=-—1att=+vVabd

1

dDIHA Ly (D44 — ﬂ / PP (2 — ab)(t + a) T (4 )" dt
7['

dh = it = o / WAV 4 a) (¢ + b dt
s

A d DI = / WA — ab)(t+ a) (4 ) e
t=0

d7(42)f,*A - d;n(Z)fﬁA _ _21/ wf,fA(t)tfrfl/Z(t + a)T(t + b)r dt. (5.10)
t=0

We have now removed all spin field insertions in the ¢-plane and can close all punctures
with the state |[Ong);. This allows us to smoothly deform our contours.

5.3 Expanding the fermion modes

/(1) f,£A

The operators d, (2)f,+A

are given by contour integrals at large ¢ while the operators d,
are given by contour integrals around ¢ = 0. We need to express these operators in terms
of the fermion modes natural to the ¢ plane, which are contour integrals of powers of t.
We thus expand the integrand of each mode in powers of ¢ around its appropriate region
in the t-plane.

A4A
d;(l)f +
o
ETTR(2 — ab) (4 a) T (E+b) T = (2 —ab) Y O T Gt
4,9'>0
=Y o iCpan a2
q,9'>0
_ Z 7“71quflCq,aq+1bql+1tT*Q*q/*5/2. (511)
q,9'>0
d;(l)fa_A
t_r_l/Q(t + a)'r(t + b)r _ 757“—1/2 Z rcqrcq,CLqu’t—q_q/
4,9'>0
= Z TCqTCq/aqbq,tr_q_ql_lﬂ. (5'12)
q,9>0
A
d;(2)f +

t_r_l/Q(tg—ab)(t—i-a)r_l(t‘f'b)r_l _ t—r—1/2(t2_ab)ar—1br—l Z r—qur—lcq,a—Qb—q’t‘H-q/
4,9'>0
— Z 7"71C’q7”71Cq/arqulbT*qlfltq+q'*T+3/2
4,94'>0
o Z TilquilCq/anqufq/tq+q/7T71/2~ (5.13)
q,4'>0
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d/2)f—A

T a) (D) = TPy Y O Cpa b

q,9'>0
S Oy Cparay o e 112, (5.14)
4,9'>0
With these expansions, (5.10) becomes:
dl(l)f,+A _ r— 10 r— 10 qbq - f+A 757"—q—q’—1/2 dt
4 > b o | ¢
q,9'>0
_ Z r=lo r=1c ,aq+1bq'+11/ wf,+A(t)trquq’75/2 dt
e 7 21t Ji— oo
4,920
! 1 !
44 5 N O Calthe 5 / Pl A 12 gt
q,4'>0 t=c0
1 /
d;(Q)f7+A_>_ Z r— lcr IC a1 lbr q—127m/ Q/Jf’+A(t)tq+q —r+3/2dt
4,4'>0 =0
! ]. !
r—1,vr—1 r—qur— f+A q+q —r—1/2
C C p1 t)t dt
+ ) a ami ), 7@
4,9'>0
1 /
df=A _ _ "C, Cpa = / FmA)ypatd —r=1/2 g4, 5.15
! > rCyCra s | e (5.15)
.q9'>

In terms of modes natural to the ¢t-plane, we have:

d;(l)f7+A: Z r— 107« 10 Ladba d;ut] . Z r— 1Cr 1C/aq+1qudj"t] ves
q,9'>0 q,4'>0
d VA = Z "Cy Ca®d, 9—q
q,9'>0
d;,(Q)f’J'_A:_ Z r— lcr IClaT q— lbr q_ld;ffq 7«+2+ Z r— ICT IC/CLT apr— Qd(;fq
q,9'>0 4,9'>0
— r A
d'f—A— Z "C,Cpal "I qdqﬂ (5.16)
q,9'>0
F(3)(5)

5.4 Computing YN S.rs
F(@)(5)

Here we shall compute the v, ¢’ coefficients. We present the computation for v, ( )

explicitly. The other computations are performed in the same way, and we give only the
results. Using (3.34) and (5.16), we find:

’ t<ONS |J:,+q,q/dv;:p,p/ |ONS>t

7]1;;591}(51): Z SO0, C T Cla T PbT (5.17)

P 0,0 >0 +(Ons|ONs)s

(Ons|d, ™ o od 10N

— _ A t
- E STLOSTIC, O, Opad P TP

.p',q,9' >0 <0NS|ONS>
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For the first term, it is clear that the summand vanishes except when:

r+s—p—p —q—¢=0 = p=r+s—q-—qd-p
s—q—¢ >0 = s—q>¢. (5.18)

Furthermore,

¢d>0 = s>¢q
pP>0 = r+s—q—q >p. (5.19)

We can thus rewrite (5.17) as

ls| Ls]—q r+s—q—p
F s— 5— reyr r+s—q—q
nyg}(sl) _ Z Z L0 I, O Cr g gr—padTPB 57070 (5.20)
q=0 ¢'=0 p=0
— > O TIC,TC Cyat e (Onsld, s,y 0Nt
¢ Ya PP +(Ons|ONs)

p:p’,q,94' >0

Applying the same line of reasoning for the second term, we find:

r+s—p—p—q—-q¢-2=0 = p=r+s—q-q¢d-p-2
s—q—q¢ —-2>0 = s—q—2>¢
PP>20 = r+s—q—q-2>p
¢ >0 = s—2>q. (5.21)

So (5.20) becomes

ls] Lsl—a r+s—q—p
NSrs Z Z Z s— lcs IC rC "Cs o paq—i-pbr-‘rs q—q (5.22)

q=0 ¢'=0 p=0
s|—2[s]—q—2 r+s—q—q¢ -2

s—1,v s—1 YT +p+1lpr4+s—p—q—1
+ E : § : E Cy® Cy"Cp Crps—gq—p—2a®™b P,

— q'=0

where the second term is instead zero when the sums’ ranges are invalid (s < %) We shall
adopt this convention generally. Henceforth, all sums are to be treated as zero when the
given range is invalid.

The other cases proceed along the same lines.

s|—2[s]—q—2 r—s+q+q' +2

NSrs - Z Z Z 8= 1Cq871Cq/TCpTCT_S_Fq_i_q/_p_’_QaS*quPf1br+!I*p+1
q'=0
LSJ ls]—q r—s+q+q’
DD T G Co g O (5.23)

q=0 ¢'=0 p=0
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|s]—2|s]—q—2 r—s+q+q'+2

F(2)(1) - _ —gtp—
NE?T(S - Z Z Z o 1CqS 1Cq’rcprcr—s+q+q’—p+2ar+q PHpsmatp
LSJ LSJ—q r—s+q+q’
+Z Z Z SO TICY O Cr gy —pa” TTRO TR (5.24)

q=0 ¢'=0 p=0
ls] [s]—¢ r+s—q—¢’

NSrs Z Z Z ° 105 IC C CT+S q—q Par+s - pbq+p (525)

q=0 ¢'=0 p=0
[s]—2[s]—q—2 r+s—q—q¢'—2
E : 2 E : s—1 s—1 r r r+s—p—q—11q+p+1
+ Cq Cq/ Cp Cr+s_q_q/_p_2a PTa= i pTTPT
/ —

Using the interchange symmetry a <> b, we find:

£(2)(2) F(1)(1)

’YNS,rs = ’YNS,rs (526)
F(1)(2 F(2)(1
L =520 51

Just as in the bosonic case, we shall now bring the WNE;)(] ) coefficients into a form that

involves only one summation over a pair of hypergeometric functions, binomial coefficients,
and a and b terms raised to the appropriate powers. We present the computation for
i = j = 1 and simply give the results for the remaining cases. We start with:

[s] [s]—q r+s—q—¢
NSrs Z Z Z - 105 10 TC CT+S q—q Paq+pbr+s - (528)

q=0 ¢'=0 p=0
ls]—2 [s]—¢—2 r+s—q—q'—2

I S S
We now redefine our summation indices:
Term 1: j=s—q—q¢ = ¢ =s5—q—J
Term 2: j=s—q¢—¢ -2 = ¢ =5—q—7j —2, (5.29)

where in both cases j is a positive half-integer. Since ¢ and ¢’ are both non-negative,
we find:

Term 1: ¢ >0 = ¢<s—j, >0 = j7<s
Term 2: ¢ >0 = ¢<s—j—2, g>0 = j<s—2. (5.30)
This gives:
5—7J r+j
B0 S e [ Yeiee e | (Srerco e | s
j=1/2 q=0 p=0
-2 s—j—2 r+j
+ > ab N T T g 0ath | | Y TG Cry o pa?b P
j=1/2 q=0 p=0
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Evaluating the ¢ and p sums in Mathematica, we find:

S
F —
W) == 2 Cary Ot

1

=3
x 2P (1= 5,5 =553 ) ot (=1 —j =31 = j; 7
s—2
+ Z 8_1/2037]'727‘Cr+jabr+8_1
-l
. . a . . a
X o (1—3,] —S+2;j+2;g)2F1 (—T,—j —r;l—];g). (5.32)

The other Vﬁg)r(g) coeflicients are handled in the same manner. We present the final

result along with the appropriate index redefinition that was made in each case. For

'yffgyl(f) , we find:

VJFVE;L(SQ) _ Z s—le_j_2rCT_ja5—lb7"+1

b
%o Fy (=g =riji g ) 2 <1—s,j—s+2;j+2; a)

s
-1
+ ® Csfjr rfjasbr

1
J=3

b
xo Fy (= j =i+ 157 oF (1 5. s;j;) , (5.33)
a

where in (5.23), we substituted:
Term 1: ¢ =s+j—q—2
Term 2: ¢ =s+j —q. (5.34)

For ’yﬁ;g)r(sl), we find:

F > S— T T1.8
s = D T Coni"Croja’h

1

J=3
. . b . . a
XoFy | =1 j—rij+1— |2k (1 —5,] = 87 5)
a
s—2
o Z s—1087j72rcrijar+1bs—1
=%
. . b . . a
X ol | =r—j —rij+ 1= | oFy (1 —8j—s+2j+2 g) : (5.35)
a
where in (5.24), we substituted:
Term 1: ¢ =s—q—3j
Term 2: ¢ =s—q—j — 2. (5.36)

- 29 —



For ’yﬁg)r(f), we find:

s—2
F(2)(2 — _
A = 00 Oy

.1
J=3

b b
X9 Fy <—r,—j—r;1—j;a> 2 F1 (1—s,j—8+2;j+2;a>
S
_ Zs_lcsfjrcr+ja7“+s

i=3
. . b . . b
Xo Fi | —r,—j—m1—j;— ) oF1 (1 =5, =575~ |, (5.37)
a a
where in (5.25), we substituted:
Term 1: ¢ =s4+j—q—2
Term 2: ¢ =s+j —q. (5.38)

6 Computation of v FOG)

Here we perform the computation of the *)/RJ(F)(] ) coefficients, where the R 4+ — indicates
that we are capping the squeezed state with the positive Ramond vacuum on copy 1 and
the negative Ramond vacuum on copy 2. In order to obtain an empty t-plane from this
capping state we must apply one additional spectral flow beyond those performed in the
NS case. We then expand the resulting modes in terms of modes natural to the ¢ plane in

order to compute 'yggf)_(%n.

6.1 Modes in t-plane from additional spectral flow by a = —1

Here we obtain the t-plane modes after one additional spectral of & = —1 around the point
t = 0. We remind the reader that for the NS sector computation, we performed four
spectral flows:

a=1around t = —b

a=1around t = —a

o =—1around t = —Vab

o = —1 around ¢t = Vab. (6.1)

The resulting modes were given by

QI = Qi [ o e
s

A = L / AWV (4 a) (¢ 4 b)T de
)

AR —% DIV~ ab)(t + a) " (¢t 4+ b)T L dt
t=0

454 = —i S AR TRt + a)" (¢ + )" dt. (6.2)
t=0
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We now apply one additional spectral flow of & = —1 around the point, t = 0. We also
note that the Ramond sector has integer-indexed fermions, so we will switch from the
half-integer mode index 7 to the integer index n.

Under this last spectral flow, the fermion field changes as follows:

YOFEA ) o 512 OFE (1), (6.3)
The modes then become

; 1
At — A = / GPHARET(E? — ab)(t+ )™ (t + b)" 7 dt

; 1
dDS=A  dD)=A o / PO 4 @)™ (t+ b)) dt
d;EQ)ffFA — nglz)ffi’A _ / f+A (t2 _ ab)(t + a)nfl(t 4 b)nfl dt
DA AT = / Bt + )" (¢ + b)" dt. (6.4)

We now expand the modes (6.4) in terms of modes natural to the ¢ plane. Since the
1
additional spectral flow produced a factor of t¥2, the binomials we wish to expand are
identical to the ones found in the NS case. We thus present only the results:

dA7(11)f,+A: Z n— 1Cn lC a]bgd +A

n—j—j'+1/2
7,320
1 1 i+175'4+1 5+A
D D H O A C R AN
4,320
] 1 fy_A — A
dVF=A = N oy d A
7,520
12)f+A n—1, n—1 n—j—1lin—j'—1 j+A
dn B Z C C @ b dJ+J —n+5/2
75’20
n—1 n—1 n—jpn— J T+A
* Z C C/a b dJ+J —n+1/2
7,320
7 2 fa_A — —
dg) - Z "G Cyra” L djﬂ n—1/2° (6.5)
7,320
6.2 Computing 7R(Z)(an

Here we show the computation of the vgg_i)_(j ) coefficients. We shall explicitly show the

computation for the case ¢ = j = 1. The other cases are computed in the same way and
we shall simply state their results. Using (3.37) and (6.5), we find:

F(1)(1) _ nflc nflcr meym ey k+]bk’+j/ t< Ns|dn k— k’+1/2dm —Jj— j_1/2|ONS>t
7R+7,mn - Z k K’ J j'a 0 0
54"k >0 +(Ons|ONs)t
: ! -/
_ Z TL—lckn—lck/mcjmcjlak+]+lbk +5'4+1
Js3’ ks k' >0

y t<0NS|J:jk_k/_3/2d;l:j_j/_1/2’0N5>t (6 6)
t(Ons|Ons)t ' '
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Looking at the first term, it is clear that the summand vanishes except when:
m4n—j—j—k—kK=0 = j=m+n—k—FkK—j
n—k—k’+%>0 = n—-k>k. (6.7)
Furthermore,
>0 = n>k
>0 = m+n—k-—K>j (6.8)
We can thus re-write (6.6) as

n n—k m4n—k—k
R+ mn ZZ Z O O M O g T IR

k=0 k/=
- Z n_lC’k”_lCk/ijij'ak+j+1bk'+j'+1
3,3’ kK’ >0
« t<0NS|d:;j_]€_k/_3/2d;1:j_j/_1/2‘ONS>t (6 9)
+(Ons|Ons) '
Applying the same line of reasoning for the second term, we see:
m4n—j—j—-k-k-2=0 = j/=m+n—-k—-K-j-2
3
n—k—k’—§>0 = n+2—-k>FK
>0 = m4n—k—kK-2>j (6.10)

So (6.9) becomes

n n—k myn—k—k'
T = ZZ Z PO OO o g TR IR (6.11)
k=0k'=
n—2n—k—2 m+n—k—k'—2
+Z Z Z n_lCk:n_lCk’ijmCm+n—k—k’—j—2a]+k+1bm+n_]_k_1-
k=0 k'=

Following these same steps for the other cases, we obtain:

n—3n—k—3 m—n+k+k'+2
F(1)(2) -1 —1 +j—k—1pm—j+k+1
TRt—mn =~ Z Z Z O O O O b — 20" TR
k=0 k'=
n—1n—k—1 m— n+k+k’
+ Z Z Z nilCknilCk’mcjmcm—n-‘rk-i-k’—janJrjikbmi]Jrk (6.12)
k=0 k'=
n n—km— n+k+k’
@) _ _ i a
R+)('rr)bn ZZ Z LT O ™ O O o b — ja™ I TR R
k=0k'=
n—2n—k—2 m—n+k+k’'+2
- Z Z PO T O O g g — 20 TR IR
k=0 k'=
(6.13)
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n—3n—k—3 m+n—k—k'—

F(2)(2) n—1, n—1 meoy m m4n—j—k—17j+k+1
SRS S S S
k=0 k'=
n—1n—k—1 m+n—k—k

-2 Z Z PO T O™ O k@ TR TR (6.14)
k=0 k'=

The physics is symmetric under Copy 1 <> Copy 2. This symmetry manifests in the
following relations:

’Ygsrlz%,o = _’Ygi(i);mpv m>1
Ve = TR s o > 1
RO, <0 s
A, =
Yl =0. (6.15)

The manner in which these relations enforce the copy symmetry is examined in detail
in appendix D. The fact that these relations are satisfied will become evident when we
re-express the coefficients in terms of hypergeometric functions. As usual we present the
computation for ¢ = j = 1 and simply give the results for the remaining cases.

The symmetry requirements of (6.15) suggests that 7£$Z(,2n
for n = 0. Indeed, it is convenient to treat the n = 0 case separately. Setting n = 0

n (6.11), we find:

may behave differently

a
7ll:;_(irl)(ino — Zajbm J MO Cj = —b"oFy (—m, —m, 1, 5) . (6.16)
7=0

When n > 0, we begin:

(RCAI .

n n—k m+n—k—k'

_ 11 +kpmtn—j—k
== Z Z O O O Ok —ja? TR
k=0k'=
n—2n—k—2 m4+n—k—k'—2

+Z Z Z nflCknflCklmcjmcm+n_k_k/_j_gaj+k+1bm+n*jfkfl.
k=0 k'=

We now make the following index redefinitions:

Term 1: p=n—k—kK+1/2 = K =n—k—p+1/2
Term 2: p=n—k—k —3/2 = k'=n—k—p—3/2, (6.18)

where in both cases p is a positive half-integer. We then find:

Term 1: kK >0 = k<n-p+1/2 and kk >0 = p<n+1/2
Term 2: k' >0 = k<n—-p-3/2 and kk >0 = p<n-3/2. (6.19)

— 96 —



This gives:

n+1/2 n—p+1/2
[7552(2”} _ Z pmn Z nflc«knflcnikierl/Qakbfk
, n>0 p=1/2 k=0
m+p—1/2
x > MO Crpgpjo1/207b 7
7=0
n—3/2 n—p—3/2
+ Z abmtn—1 Z n_lckn_lcn_k_p_g/gakb_k
p=1/2 k=0
m+p—1/2
x| D T Crpej1jpa’b | (6.20)
7=0

Careful examination of (6.20) reveals that the p = % terms either independantly vanish or

precisely cancel for all values of n. We thus shift the lower bound of the sums to p = %

Performing the k and j sums in Mathematica, we are left with:

n+%
F(1)(1 — _1 _ 1
PO | =S, e, g heee o
=
1 1 a 1 1 a
1= e Y F _ T o -7
X 2 1( n,p—n 2,29 2’b>2 1(]9 m 0% m,p+2,b>
n-3
-1 1 _p—1
£, G, by
=
3 3 a 1 1 a
F(l-np-n+toptrS)eR(p—m—=, —mp+=:=).
X 2 1( n,p n+27p+2ab)2 1(]9 m 27 map+2ab>

The other cases are performed similarly, and we present only the results along with
the index redefinitions used.

min(m— 1 n— g)

F1)(2) _ -1 -1 1
TRt—mn = Z " Cn_p_ngm_p_%a" bt
=
1 3.a 5 5b
F — p— 22 Vo (1= _ ©. °.7
2 1<p m—l—2, m,p+2,b>2 1( n,p n+2’p+2’a>
m1n(m—§,n—%)
4 Z n—lCn_p_%mCm_p_%anbm
=
1 3.a 1 1b
Filp—m+5,—mip+ 5+ ) oFi (1—np—n+5ip+5;- 22
X2 1<p mt g, map+27b> 2 1( n,p n+2,p+2,a>, (6.22)
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where in (6.12), we substituted:

Term 1: ¥ =n+p—k—

m
F(2)(1 i b
|:’YR—(i-z(,n)m} =0 = ZijmCm—jam Iy = a9 (—’rn7 -m, 1, —
=0
min(m—%,n—i)
F2)(1) .
[VRJF_’T””}WO N Z " Cn*pf%mcmfp*%ambn
)
1 a 1
F 1— _ . . F _ -
X 211 ( n,p n—|—2,p+2, b> ol <p m+2,
min(m—%m_Z)
n—1 m m+1pn—1
N Z Cn—p_§ Cm_p_%a b
_1
p=3

5 5 a 1
F(1-np-n+toipto L) om (p—mt=
X 9 1( n,p n+2,p+2,b>2 1<p m+2,

where in (6.13), we substituted:

1
Term 1: k:’zn_p_k_§
/ )
Term 2: k En—p—k:—i.
n+%
1 1
g—(fz(,ir)m - Z nilCP*%mCmprr%am+n7p+§bp7§
=
1 10 1
F(1=np-n—z;p—=;2 —m—
X 2 1< n,p—n 27p 2a )2 1<pm 2,
1 1
- Z n_ICerlmCm p+%am+n—p—§bp+§
=
3 3 b 1
XoFy {1=n,p—n+5ip+o;— | 2F1 ( p—m—5, —
2 2 a 2

where in (6.14), we substituted:

Term 1: K =n+p—k—5/2
Term 2: k' =n+p—k—1/2.

(6.23)

.

3 b
— . e ‘24
m,p+2,a>, (6.24)

(6.25)

(6.27)

Using the a <> b symmetry, it is clear that the relations (6.15) are satisfied. We also show

in appendix E the additional relationship:

{’YF(l)(l)

R+77mn] = [ F(2)(1)

R+7,mn} m,n>0 .
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Figure 4. (a) An amplitude in the Ising model where we have put o states on two legs and pu
states on the other two. (b) The same amplitude drawn differently, using conformal invariance. (c)
A 1-loop amplitude; only a single set of complete fields should run in the loop..

We thus have only a single linearly independent fermion coefficient for the non-zero modes
(along with coefficients for zero modes).

7 NS vs R sectors in the final state

We have started with two singly wound component strings, both in the R sector. This
sector was chosen because the physical D1D5 black hole has R periodicity for its fermions.
We applied two twists to this initial state, and then tried to determine the final state by
taking an inner product with all possible states.

Here we found the following. We can get a nonzero inner product by taking a final
state which has two singly wound strings, each in the R sector. But we also find a nonzero
inner product if we take a final state which has two singly wound strings, each in the NS
sector. Does this mean that the initial R sector state can evolve to a state in the NS sector?

Such an evolution would be surprising, since it is known that all states of the D1D5
system can be accounted for by the different choices of R sector states. So why are we
finding a nonzero inner product with NS sector states? To understand this, we consider an
analogy: the example of the Ising model.

The Ising model has 3 primary operators: I, o,e. However it has a dual representation
as well, where the operator order parameter o is replaced by the disorder parameter p.

Let us use o as our basic variable; not the dual variable u. Now consider the CFT
amplitude shown in figure 4(a). The initial state has two copies of the CFT on a circle,
each created by the application of a o operator to the identity. The final state again has
two copies of the CF'T on a circle, but each state is generated by the application of u to
the identity state. Is this transition amplitude nonzero?

We can redraw this amplitude in the form shown in figure 4(b). Now it looks like
the amplitude should be nonzero” the two o operators fuse to the identity, and the two
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1 operators do as well. The insertion of two identity operators into the sphere gives a
nonzero amplitude.

So should we conclude that an initial state made of two o operators can evolve to a
state containing two p operators? If this were true, then we would have to allow p operators
to run in loops like the one shown in figure 4(c), along with the o operator that can run
in the loop.

But at this stage we note that this looks like double counting: a complete set of
operators is given by I, 0, e, without the inclusion of u. The operator p does not need to
be included in loops. This shows up in the fact that p is not local with respect to o.

In a similar way we note that the NS and R sectors are different. The R sector state
is created by applying a spin field to the NS sector state, and this spin field is not local
with respect to the fermions in the theory. We can start with the NS sector, and stay in
this sector all along, or we can spectral flow to the R sector, and stay in the R sector. But
we should not include both sectors. The formalism we have used started with the states in
the R sector, thus we should keep only the inner products we computed for transitions to
the R sector, and not the ones for the NS sector.

8 Analysis

In the single twist case, we were able to write down explicit closed form expressions for
7B 4F . In the 2-twist case, we do not have such closed form expressions. In the single
twist case the dependence on the position of the twist was trivial; it was just an overall
phase. In the 2-twist case we expect a nontrivial dependence on the separation between
the two twists Aw. We would also like to see how the v2,  ~vF  fall off for large values
of m,n. While it is not possible to see these features from the form of these functions as
finite sums, numerical analysis turns out to reveal the information we seek. In this section
we will explore the functions 72, 7F by computing them using Mathematica.

8.1 Wick rotation and origin choice

Note that the physical problem of the black hole needs us to do all computations
for Minkowski signature on the cylinder. Thus we first rotate Euclidean time to
Minkowski time.

T—it = w=it+io. (8.1)
Here w is purely imaginary.

Now that we have returned to Minkowski time, we make the convenient choice of
setting our origin midway between w; and wy. We thus have:
At Ao
—, O03=—01=—.
27 72 !

With the choice of coordinates, we make several observations that will simplify our algebra:

to = —t1 = (8'2)

29 =¥ = eiAt;As =a-+b+2Vab
H=eW = e i TE T =g b— 2V ab, (8.3)
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from which we find:

Z9 + 21
b=
a + 5
Vab = zizl, (8.4)
and thus:*
1 At + A
Va= 5 WA+ va) = s (SEE7)
1 At + A
Vb= (/- zl)—zsm< Z ") (8.5)
This gives

b= — sin? <i‘_”> —1—a, (8.6)

eliminating the parameter b. This also makes it clear that our v parameters will be periodic
in Aw, with a period of 4i.

8.2 Numerical analysis

Now that we have reduced our < coefficients to a single spacetime parameter, we can
numerically calculate their values for various choices of m, n, and Aw. We present here
several figures plotting the behavior of the bosonic and fermionic 7 coefficients as we vary
these parameters.

Figures 5 and 6 show the behavior of the bosonic and fermionic 77(7%7)1(1)

as m or n
are varied. The value of Aw is held fixed. By considering a set of such graphs, ranging

over different values of Aw, we can conjecture a simple approximate dependence of the

on m,n:
,yB,(l)(l) -~ 1 I'(m + %)P(” + %)

mn (m+n)T(m+1)T(n+1)

1 Im+HI'(n+3)

A

(m+n) T'(m)I(n+1) (8.7)

This leads us to guess a simple relationship for the magnitudes of the bosonic and fermionic
~ coefficients. Fixing the sign, we have:

Yo = =m0, (8.8)

We prove this relationship analytically in appendix F. The relationship also exists for the
first-order v coefficients, though this was not noted in [25].

4We choose to have b — 0 as Aw — 0 so that the initial and final Copy 2 strands have the same image
in this limit.
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Bosonic, n =m Besonic, n = 12
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Figure 5. Numerical values of ’%1'3;;51)(1)‘ for Aw = in/2. For n = m (left), a fit of the form
I'2(m+3)/[mI'?*(m+1)] is shown. For n = 12 (right), a fit of the form I'(m+ 3)/[['(m+1)(m+12)]
is shown. The coefficient clearly behaves as I'(m + $)I'(n + 1)/[['(m + 1)I'(n + 1)(m + n)]. Both
plots show only m > 4, as these simple fits do not work well for very low values of m and n. The
plot on the right shows only even m, as the coefficient vanishes at Aw = iw/2 when m + n is odd.

Fermionic, n =12 Fermionic, m = 12
vl vl
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0.0120 [
» 0.015
00115
[ 0.010
0.0110 [
r 0.005
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Figure 6. Numerical values of ‘75{7(})(1)‘ for Aw = iw/2. For n = 12 (left), a fit of the form

I'(m+ 3)/[T(m)(m+12) is shown. For m = 12 (right), a fit of the form I'(n+ 3)/[['(n+1)(n+12)]
is shown. The coefficient clearly behaves as I'(m + 3)I'(n + 3)/[['(m)I'(n + 1)(m + n)]. Both plots
show only even m,n > 4, as these simple fits do not work well for very low values of m and n and
this coefficient also vanishes at Aw = iw/2 when m + n is odd.

For large m and n, (8.8) simplifies to:

LED) 1
mn vmn(m +n)
F)) . m_ 1

which is exactly the same behavior as the single-twist «v. Thus for any specific separation,
each two-twist v looks just like a re-scaled single-twist ~.

Next we fix values for m and n while varying Aw. As seen in figure 7, this analysis
reveals that the Aw dependance is an oscillation with a frequency set by m + n. The
amplitude of the oscillations, however does not remain constant over the full range of Aw.
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Bosonic 4,9 and 6,7 Fermionic 4,9 and 6,7

0.03f 0.03
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-0.02f -0.02

—003f -0.03
Figure 7. Numerical values of ’75}(11)(1)‘ for m =4,n =9 (red) and m = 6,n = 7 (blue). The Aw

dependence is clearly an oscillatory function. The number of peaks is determined by m + n.

Combined with the previous result we reach a remarkable conclusion: the two-twist ~
coefficients have the exact same large m,n behavior as their one-twist counterparts, except
for the addition of an oscillation in Aw.

9 Discussion

Our goal is to see thermalization in the D1D5 CFT. This thermalization is expected to be
dual to the process of black hole formation in the gravity theory. Thus if can understand
thermalization in the CFT, we get a window on the some of the deepest questions associated
to black holes.

The free D1D5 CFT itself has been very useful; it gives correctly the extremal and
near-extremal entropies of the black hole, as well as the greybody factors of radiation
from the near-extremal hole. But the free theory cannot show thermalization, since the
excitations on the D1D5 brane system are free fields at the orbifold point. To reach the
supergravity point, we have to consider the deformation operator O that takes us away
from the orbifold point.

In our earlier studies of this problem, we had worked out the effect of one insertion of
the deformation operator. Such an insertion takes two singly wound component strings, for
example, to one doubly wound component string. Though this is a nontrivial interaction,
creating excitations on the doubly wound string, it is hard to see evidence of thermalization
at this level. One reason is that the vacuum state of the doubly wound string is different
from the vacuum state of the two initial singly wound strings, so it is hard to disentangle the
effect of this vacuum change from any changes due to interactions among the excitations on
the string. In the present paper we looked at a 1-loop effect where we have two insertions
of O. The initial state has two singly wound strings. The first twist converts this to a
doubly wound string, and the second twist returns us to two singly wound strings. Thus
the vacuum structure of the initial and final states is the same, and any changes to the
state can be seen as actual excitations that have been generated on the strings.

In the single twist case we learned that the effect of a twist operator generated a
squeezed state, described by Bogoliubov coefficients vZ, 4. We have a similar structure
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for the case of two twists. We have in this paper focused on the effect of the twists O';_ ,

and left out the action of the supercharge contours that surround these twist insertions.
Though these supercharge insertions are essential to the form of the final state after the
deformation, they can be split off from the twist insertions and written as supercharge
actions on the initial and final states. This computation is straightforward but messy, so
we hope to return to it elsewhere and in this paper have focused only on the more essential
physics: the computation of the Bogoliubov coefficients arising from the twists.

In the single twist case one could find closed form expressions for the Bogoliubov
coefficients. In the two twist case the best we could do was write the Bogoliubov coefficients
as a finite sum of hypergeometric functions. This form does not make the properties of
the coefficients obvious. In particular, we expect the coefficients v5  ~vF . to fall at large
values of m,n. This is not obvious from any term in the sums. But numerical work showed
that the coefficients do fall off as desired. Further, there was a very simple relation between
the coefficients with one twist and the coefficients with two twists that can be obtained
as a numerical approximation in the limit of large m,n. The two twist case also brings
in a new feature that was not present in the 1-twist case: the coefficients depend on the
separation Aw between the twists. We found that there was a simple oscillatory behavior
of the coefficients with Aw.

To obtain a complete analysis of the deformed theory at second order, we must use the
Bogoluibov coefficients obtained here, but we must also allow excitations above the vac-
uum in the initial state, and apply the supercharge contours arising from the deformation
operators. We expect to return to this in a future work.

A CFT notation and conventions

We follow the notation of [25, 26], which we record here for convenience. We have 4 real
left moving fermions 11,12, ¥3, 14 which we group into doublets ¥4 as follows:

(e N S A
(w) R <w3+w4> (A
U 1 Y3 — i1y
= ) A.
<¢"> V2 <—(¢1 - ii/}z)) (42
Here a = (4, —) is an index of the subgroup SU(2);, of rotations on S and A = (+, —)

is an index of the subgroup SU(2); from rotations in 7. The reality conditions on the
individual fermions are

(i) = s = (T = —eageany” . (A.3)
One can introduce doublets 1, whose components are given by
(¥h)an = (@4, (A.4)
from which the reality condition is given by
(V1) an = —€apean™?. (A.5)
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The 2-point functions are

<YW an(w) >= §0E——, <P (w) >= —PAP T (A)

where we have:
ea=1, ?=-1, pa=eapy® ¢*=e"Pyp. (A7)

There are 4 real left moving bosons X7, Xo, X3, X4, which can be grouped into a matrix:

1 1 . .
XAA L xe = L X3+ Z.X4 X, ZXQ 7 (A.S)
\/E \/i X1+ 1 X9 —X3+4+1Xy
where 0; = (04,41). The reality condition on the individual bosons is given by
X)t=x;, = (X0 =-"BeBx, .. (A.9)
One can introduce a matrix, X', with components
i 1 ([ X5—iXy X1+1iXs
xhad—(x, ot =— (23 24 71 A.10
( ) ( AA) ﬂ Xl—iXQ —Xg—’iX4 ’ ( )
from which the reality condition is given by
(XT)AA = —EABGABXBB . (A.11)
The 2-point functions are
<UX A (H@XD PP w) > = = 50000,
zZ—w)
1
The chiral algebra is generated by the operators
1
J = —Z(W)aA(UT“)“WﬁA (A.13)
GG = X 4, (GNa = @Naav(XHM (A14)
1 i 1
T = —5@XDMPX 5 = S@Naavy™” (A.15)
(GT)S = _faﬁeABGﬁBa Gj = —€aﬂ€AB<GT)g. (A.16)
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These operators generate the OPE algebra

T(2)J(2") ~ (z — 2/)2 + (z — 2')

3G es
27 A + A

T(Z)Gj('z/) ~ (z—2)2 " (z-2) :

Note that
1 1

22—2

T () ~ (0T)7 507

The above OPE algebra gives the commutation relations

m .
[Je, Jb) = Eaabammo + i€ T 4

a (0% ]' a (0%
[T GA,n] = 5(0 T) 5Gi7m+n

1

(G060 = | (M2 ) oot (m =m0 O+

m (m2

2

_1
[Lma Ln] = 4 6m+n,0 + (m - n)Lm+n

Ly, J%] = —nJ°

m-+n

(L, GY,] = (% - n) G

B Ramond vacua notation

Eaﬁ Lm+n

(A.24)
(A.25)
(A.26)
(A.27)

(A.28)
(A.29)

Here we define our notation for the various Ramond vacua in the untwisted sector. There

are two copies, which are not technically separate Hilbert spaces. We start with the vacuum

0R) M ®107)® = )

(B.1)

and act on it with various fermion zero modes to construct the other Ramond vacua. In

order to be consistent with ACM, we also require something along the lines of

05D = i) o) @,

though we do not actually have states containing only one of the two copies.
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We now present a table defining our notation for the various vacua.

[v) = 07)® @ [05)

dg o) = 0R) V) ® 05)@

dél)++|v> 0R) Y @ 105)@
dél)++dél)+*|v> — ‘OE(I) ® ,01@(2) (B.3)

4P+ |y = 107/ ® |0g)?)

d81)+fdé2)+*| ) =105V & |05)@

d81)++d(2)+ ) = 08D & |05)@
d(1)++dél)+_d( ) = 05)D @ [0z)@ (B.4)

d(()2)++|v> —105,)® ® |0g)@

d81)+_d(()2)++|v) _ |OR>(1) ® |6R>(2)

dél)++d(2)++|v> 10R)® @ [05)®
d(()l)++dél)+_d( ) = |OE>(1) ® [0)@ (B.5)

d( ++d )+—

d(1)+_dé ++d )+—

v) = )

v) = )
d(1)++d(2 ++ 2)+— |’U> ‘OR (1) ® |0§>(2)

v) = )

d(1)++d(1)+—d(2 ++d )+— 2) (B.6)

These relations hold for both the initial (pre-twists) and final (post-twists) sectors.

C Proof of the exponential form

In this section we prove the exponential form of |x(w;,ws)) for the case of fermions in the
NS sector. The other cases may be treated similarly.

The method of the proof is straightforward. We look at capping the state |x(wi,ws2))
with a general femionic NS state QT|0xg)™|0xg)®. This provides the relationship

A ( A> _ W (0ns|P(Ons|Qx(wi,w2)) t<0NS|Q/‘ONS>t. (1)

Q =
W {0ns|@(Ons|x (w1, w2)) +(Ons|Ons)
The rightmost expression can be calculated from the behaior of the fermion modes under
coordinate transformations and spectral flows, while the middle expression can be calcu-
lated from our guess for the form of |y(wi,ws2)). Showing that these two methods are
consistent demonstrates that we have the correct form for |x (w1, ws)).

C.1 Middle expression

Let us begin by taking a close look at the form presented in (3.24). Because we are working
with pairs of fermion creation operators in the exponent, all of the terms in the exponent
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commute. We can thus rewrite the fermion portion in the NS sector as
5 AEDG (O gD _Of @)
F i),(j) s e - - 1 2
X (w1, w2))yg = €D 7e=0 0ns) D |0ns) @

H H . YEO@ d(z)f SR G LB QTR OO +>|0NS>(1)|0NS>(2)

(8),(5) 7>5>0

H I1 11 [1+6 )(a)d( 1A g }’0N5>(1)’0NS>(2)- (C.2)
B (4),(j) r:s>0

From this form, we can see clearly that any state with an odd number of fermion

excitations will have no overlap with |x(wi,wsz)). So let us start with a two-excitation
state. This case is quite simple:

i) f,+A ;) f,—B
A (dr+aq01B) M (0ns] 2 (Ows|di APy (wr, wa))
W (0ns|@(Ons|x(wr, w2))

_ (ACBD, F()(5)
- VNS,TS
AP, (C:3)
AB

where the fact that the coefficient is proportional to €°* simply means that the combina-
tions dt+td~~ and d*~d~ " yield coefficients which differ only by an overall sign.

Now what happens when we cap with a state that contains more fermion excitations?
We know that we must have an even number of excitations, so they come in pairs. We can
thus calculate A in two steps. First, we write out all possible ways to group the fermion
excitations into pairs, accounting for the overal sign required to anticommute the operators
into the appropriate pairings. Then each pairing combination provides a contribution equal
to the product of the amplitude for each individual pair within that combination. Adding
the contributions for each combination then gives us the total amplitude. We can write

this schematically as:

A(dydads . ..) = > o7 | I Atdid)) |, (C.4)

pairing combinations {dsd;}

where p is the number of anticommutations we need to perform to achieve the pairing
configuration.

C.2 Right expression

Let us compare the previous result to the calculation in the ¢ plane. In section 3 we outlined
a series of coordinate maps and spectral flows which bring |y(w;,w2)) to an empty NS
vacuum in the ¢ plane. Under any combination of such transformations, the modes dﬁl)f ol

behave in general as:

1
At o aifed — o f yedmng ) ar (€5)
t=00
1
dpred — d@het = — 7{ WA )by (¢) dt, (C.6)
t=0
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where the function A¢ is identical for each copy but will in general depend on the original
mode number r and the relevant spectral flow charge .

Now we expand the function A% as a polynomial in ¢, which can in general include
negative powers of ¢. It turns out that the function h$ consists of a product of powers
of ¢t and binomials in ¢, which makes such an expansion straightforward. We perform the
expansion with large ¢ for Copy 1 and small ¢ for copy 2. We then find:

Jfa _ Z Oﬁ})"‘m 7{ YA ()P dt (C.7)
p=—00 t=o00

FO e _ Z Cﬁf)a% jq{ YA dt, (C8)
t=0

where the coefficients are not in general equal because we are expanding the function in
two different regions.

Recall that after these coordinate maps and spectral flows, we have removed all inser-
tions in the ¢t plane. We can thus close all punctures with the NS vacuum and smoothly
deform our contours. This allows us to deform the contour around ¢t = oo for the copy 1
mode into a contour around ¢ = 0. We then find that in general:

20Tt~ 3 C;pmm % POA ()P dt (C.9)
p=—00 t=0
1)a JaA
= Y ciedsA. (C.10)
p=—00

From this expression we see that when capping with a two-excitation state, the right
side of (C.1) becomes:

diAd P : |0ns)e

<0Ns|0NS)

A (d( i) AA G~ ) Z c+cw) _+(Ons] :

p,g=—00

: (C.11)

where the colons indicate radial ordering of the contours in the modes, which may not be
the same as the initial 7 ordering on the cylinder, as copy 1 modes always map to contours
at larger radii than copy 2 modes.

The amplitude in the numerator on the right of (C.11) is only nonzero when the two
fermion modes can contract together, with the outer mode annihilating the inner mode.
However, we know the anticommutator is:

{4, 7) = M50, (C.12)

which is proportional to eA8. We thus find that for any fermion pair,
A (dg>f,+Adgj)f,—B> — ABDOG), (C.13)

which matches the result from (C.3).
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Now what happens when we cap with a state that contains more fermion excitations?
In general, we have:

dy dpydy, ..
Aldidads...) = > (C,,lcmcm...)t(o”‘ p1padys - [ONs)e. (C.14)

P1,P2,D35-- t<0NS‘ONS>

It is clear that the right side vanishes when there are an odd number of fermion modes, as
such a case will always leave at least one uncontracted mode to annihilate the vacuum bra
or ket. With an even number of modes, the amplitude can be calculated by performing all
possible combinations of contractions in the expression on the right side and adding each
contribution together. However, we also have the relation

(0N s|dp, dp, dp, dp, | 0N S) ¢ _ 1 (ONS| 2 dpydpy : [0St £ (ONS| = dpsdp, : |ONs)e (C.15)
t(Ons|Ons) +(Ons|Ons) +(Ons|Ons)
We thus find:
Onsl czlcz : 0ng
A(didads . ..) = Z (—=1)P H Z Cpicpjt< pip; * |0NS)t

Ons|O
pairing combinations L{pi;pj} \Pi:Pj t< NS| NS)

= > =7 | I Atdid)) |, (C.16)

pairing combinations {dsd;}

where p is again the number of anticommutations we must perform to reach the particular
pair combination. Since this overall sign depends only on how we group the operators in
Q and not on any of the specifics of the coordinate maps or spectral flows, each p that
appears here takes the same value as in in (C.4). Thus the two relations are identical, and
we see that the claimed form for |x (w1, ws)) is correct.

D Proof of copy 1-copy 2 interchange symmetry

Using the vacua listed in appendix (B), we can look at the effects of 'yg(i)(j ) and check

+—,mn
the desired (1) <> (2) symmetry. We first note that 72(2)(1)

the shorthand

100 = 1. We will also introduce

F F
Yoo = An = Vi) o= —Am. (D.1)

With this notation, we find:
Ix(wr, wr)) = (1 Jrd(()z)f7++dél)f,——> <1 . déQ)f,+—d(()1)f,—+) (1 +Amd(_27)7{’++dél)f’")
x (1= Apd@5 a7 (1= AP

x (14 A d DI af I AP @) o) @), (D.2)

where () now contains no zero modes and the repeated mode indices are summed over
positive integers
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Noting the relations (4.22), (4.23) and (6.15), we see that the operator Q is symmetric
under (1) «+ (2). We must then inqure as to the symmetry of the rest of (D.2). In doing
so, let us write P as the operation which swaps copies (1) and (2). We then note that the
notation outlined in (B) implies:

= (\OR>(1)\OR>(2)> _p (dél)f’+_d82)f’++]0§>(1)\01}>(2))
_ dé2)f,+fdél)f,++‘ol_%>(1)|O§>(2)
1)f, D f—1n— _
_ —d(() )f ++dg )i+ ’0R>(1)’OR>(2)

= —0g)M]0R)?. (D.3)
And since P? = 1, we also have:
P (D) V107)) = ~10g) V[0R)®. (D.4)
On the other hand,
P (10 V107)) = 07}V jof) (D.5)
P (107l @) = 10/ Wj0p) . (D.6)

Using these relations, we find:
) = (L dDH ) (1 ) I 0
= [0 105)) +108) V[08) ) — 102)V108) @ +107) V10) @, (D.7)
which is symmetric under P. We now write:
xwrwn)) = (14 AndEI 077 (1= A d D)
x (1 — ApdM ] "‘) (1 + A dDIH=g0! "*) Q). (D.8)

—n/

At this point it is necessary to make use of an interesting property of the state |v).
When applying zero modes to this state, we notice:

d[()l)f777|v> _ —IOR)(1)|01§>(2) + ‘0§>(1)|OR>(2)

d[()g)f777|v> _ ’0R>(1)’0§>(2) — |01§>(1)!0R>(2)

d[()l)f,,+|v> _ —IGR>(1)|OE>(2) + |O§>(1)|6R>(2)

d(()z)f77+|v> _ !6R>(1)|0§>(2) . |0§>(1)|6R>(2)_ (D.9)

Thus whenever we have a copy (1) zero mode with negative charge acting on |v) we can
substitute a copy (2) zero mode in its place:

ATy = —dPP ). (D.10)
Applying this substitution to the second line of (D.8), we have:
) = (14 Al U (1 )
X (1 n And@j:wg”fv") (1 - An,d(_lgf*‘dg?)f"*) @), (D.11)

which is manifestly symmetric.
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E Proof of vF and ~2 relations

In this section we analytically prove the relations:

T = = PO
) = R (E:1)
E.1 Proof of y2(D(M) = _4B2)(1)
Beginning with 75%)0 ), we have the relation
By 2I0) (©2)

for a # 0. Let us write the expressions for both functions:

1 — a a
B(1)(1) — neym lym+n—I - . e - . L@
vE¢ mn;z CCualb™ oy (—ny =415 2) oFy (—myl-mil41: ), (E3)

and

1 <« b a
B2)(1) mevney ompn T o a
Tmn o ;l C"Cra™b" o Fy ( m,l—m;l+1; a) o Fy ( n,l—n;l+1; b) . (E4)

Let us investigate 722 (1) Considering the first hypergeometric function with the identity:

oF1(a,b,c;z) = L'l —a)I'(c) (—1)@ (1 B 1>C—a—b

F'Ir(c—a—->b+1) \ = z

1
X oF] (lb,cb;cab+1;1z>

I'(1—a)l(c) 1\° 1
- Fy 1 b,b— 1;6 — 1; - E.5
T —arre—p \z) P\bo-etbbmarin), (B)
we find:
b Lm+1I(1+3) [—a\ ™™ ay 2m+1
Bl{-mil-mil+1,-) = — 1-— - E.6
2 1< Myt =M ’a) Tl —m)(2m+2) \ b ( b) (E.6)
X oF) (m—l+l,m+1;2m—|—2;1—%>
Fim+ DI+ 1) fayi-m a
a4 L—m,—m;l+1;2).
F(l+1)F(m+1)(b> 1( m, —mi L+ ’b)
The first term vanishes because
1
— = hen [ —m < E.
T0—m) 0 when m <0, (E.7)

which is always the case. We also note that the ratio of gamma functions for the second
term is one. Using the symmetry relation

2F1(CL, b7 C, Z) - 2F1(b7 a,c, Z)u (E8)
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we find that

oI (lfm, fm;lJrl;%) =9F] (fm,lfm;l+1;%> . (E.9)
Inserting this into (E.4), we obtain:
1 — a a
T = —— lz; IOt By (=il 4+ 152 ) oy (—mid =il + 1)
- _ 5;7(11)(1). (E.10)
E.2 Proof of [ F(1)(1) ] - _ [ F(2)(1) ]
root o ’7R+—,mn n>0 ’7R+—,mn m,;n>0
F(i)(5) :
Here we prove the v, = relation
F(1)() F(2)(1)
|:’7R+—,mn} n>0 B [7R+—,mn] mn>0 (E'll)
for a # 0. Let us first write expressions for both functions. We have:
n+%
{’Yggrlz%n} o — _ Z n—1 Cn,er%me,%api%bernier% (E12)
p=3
1 1 a 1 1l a
X2 1( n,p—n 2ap 27b>2 1<p m 9’ m;p+ 27b>
n-3
+ Z n—1 Cnipigmcpiéaer%bern*p*%
-1
3 3 a 1 1 a
X2 1( n,p n+2ap+2,b>2 1(}7 m 9’ m,p+27b>7
and
min(m—%,n—%)
F(2)(1) _ —1
D (513
p=3
1 1 1 3
X2k (1 —mp-ntoipt Q;Z) 211 (p—m+ 5 TPt 2;>
min(m—%,n—%)
—1 +1zn—1
— 2 n Cn_p_%mcm_p_%am p"
pP=3
5 5 a 1 30
Fil1- — = —i— | oF — -, —m; —— .
X2 1( n,p n+2ap+2ab)2 1(1) m+25 m’p+2,(l>
We shall now investigate 4* @@ First let us make the index shift
p—p—1 (E.14)
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For v this gives

min(er% n+ %)

F(2)(1) — -1
DAy = X T ey g™ 1
P=3
1 1 a 1 16
Xo (1—7%]7—”— 5P 2;b> 2F1 (P—m— o TPt 2;a>
min(er%,nfg)
-1 1pn—1
_ Z n Cn,p,%mcm,er%am—i— pr
_3
P=3
3 3 a 1 1
Xo I (1—n,p—n+2;p+ 2;b) 2F1 (p—m— 5 TPt 2;a> :

Now using the identity given in (E.5) to transform the second hypergeometric function of
each term as well as the interchange symmetry given in (E.8), we obtain:

1 15 1 10
F e Bl I /A O
2 1<p m 27 m,p 2704) 2 1< m,p—m 27p 2)@)

-l (7)) 078"

b
X oYy (m—p+3/2,m; 2m+2; 1—9>

b
T(m+1)D(p+1/2)
T(m+1)D(p+1/2)

a\p—m—1/2 1 1 a
<b> 2 F1 (P—m—2,—m;29+2; > . (E.16)

We see that the first term vanishes because

1
=0 wh < 1/2 E.17

which is always the case. Additionally, the ratio of gamma functions in the second term is
one. Therefore we have

1 15 a\p—m—1/2 1 1 a
Filp—m—=—mp—=;> :<7> Filp—m—= —mp+=:2). (E18
2 1<p m 27 m,p 27@) b 2 1<p m 27 m7p+ 27b) ( )
Inserting this term into (E.15), we obtain:
min(m—&-%,n-ﬁ-%)
[ F(2)(1)

_ nflc mcy p—2pmAn—p+2
- g 1 1aP"2b 2
/YRJrf,mn] mn>0 n—p+s3 m—p+s3

1 1l a 1 1 a
1= e ey . F _ T - -2
X 9 1< n,p n 27p 2ab>2 1<p m 27 m;p + 2’b>

1 1
~ Y mie, ame, i
2

n—p— m—p+3
p=3
3 3 a 1 1 a
X oF} <1 —n,p—"n-+ 2;p+2;b> 2F1 <p—m— 5 TPt 2;b>
_ F(1)(1)
_ [VR +_’mn} . (E.19)
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F ~B®G) and 'yF( )(J) ,, relation

Here we prove the relationship

NAGp—_ 1] (F.1)

We start by applying G({f) to |x(wi,w2)).

ST G Ix(wr,wa)) = " GET o (wa)oy (wn)|05) D]07) P
(p) (p)

N (1. / deiw)a;(wz)) a3 (w1)[0) MV ]07) P

271
1
+oiun) (5 [ auGtwiod ) ) 109105
T S,

N -
+oa(wi)og (wr) Y G5 10R) V]07) )
(4)
=0. (F.2)
where j,p € {1,2}. We have used the fact that GS_A acting on a single o (w;) is zero,” as

well as the fact that G(J)f . annihilates the negative Ramond vacuum. More explicitly:

2717 / dwG* (w)o (w;) = 0

G0 Mo ®@ =o. F.3
R

Using the form of |x(wi,w2)) given in (3.24), where we have excluded the NS sector
states, we find:

0= G [x(wr, wn)) (F.4)
(p)

- TG ey | 357 o (el )
i),(j) k>0

xexp | S Z V +_ < Dfott ga)f == —cl@f’*‘d(_jl)f’_Jr) 105)]07)@)
(4),() k,1>0

= Cri— Y, Z STl [G((f)j, asri)f’_k (_])_f_ +a( i ka(_jzrf’_l}

+ 3 O G G = a O (o, wa)
k,l>0

5This can be seen clearly from mapping to the ¢ plane and performing the appropriate spectral flow,
giving an annihilation operator on the ¢ plane vacuum rather than the creation operator that a G(;A-
contour produces.
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= CRry- Z Z Vkl < +Jf, k [Gézrrv o’ 71} + [Gg‘?f,agf)fﬁk} (ﬁr z)
(0),(4),(p) [ FI>0

+ka el A s (€ A L B (€ L T | ENCTRS)
k>0

We now apply the (anti)commutation relations:

{GA . d BB} “5€AB5(¢)(j)a§)f;7m- (F.5)

This gives:

0=Crie > | 7 >u< o (—il) 60D AP ()@ gD l)
(D).(),(p) [#1>0

+> Y ( I (@)o )(j)o‘fl{—ﬁ(—i)(;( PWa () L d ) X (w1, w2))

k, >0
=—iCri— Y. > (lm oD AP BOOGOF e)
(3),(p) k,1>0
I N T e T G >|X(wl,w2)>

F(i)( i i) f+—
—iCri- 30 3 (0, " PaP a§ T PP al ) (wn,w)), (F6)
(0),(p) 1>0

where we have used the fact that all bosonic zero modes annihilate |x(wi,w2)). The
fermionic zero modes do not annihilate this state, but from (6.15) we know that

|:’}/R_(fl(’(])7l:| >0 = 07 2% € 17 2 (F7)
Thus the last line of (F.6) vanishes, and we are left with
: B(p)(i) (i =
Oy XX (WO 4 00600 g s

(9)(p) k,1>0
N R—(i-)(pk)l Srl ld(l)f,+++ R-(&-)(k)l (_pJ)rf ld(z)f+ ),X(wl,wg».

We now make the following convenient modifications to (F.8):

First Term : k<1
T = ik
(i) < (p)
Fourth Term : (i) <> (p). (F.9)
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This gives

0=—iCri— Y. 3" ol dOH (500 4 1500))
(8),(p) k.10

—iCre >0 > @l (kg0 4 00, (F.10)
(4),(p) k,I>0

which implies

F(p)(i) _ B(p) (@)

Rt—kl — —kY
F i i
R—(fz(,k?l = R—(&-)—(;,ch)h (F.11)

for all k,1 > 0. The second was seen in (6.15). The first is a manifestation of the super-
symmetry in the theory.

We Will note here that we were not required to map to a cover space beyond verifying
that G“L + vanishes. Since this vanishing should be a local property of the operators,
1ndependent of our winding configurations, we expect the relation proved here to extend
to arbitrary twist configurations.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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