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1 Introduction

Gauge/gravity correspondence has been used to explore many aspects of gauge theories
which cannot be studied using usual perturbation theory techniques. The original cor-
respondence was proposed as a duality between the AdSs x S° background of type IIB
supergravity and the A'=4 SYM in four dimensions [2, 3].

One important feature of this original correspondence is that the duality relates string
theory and a conformal field theory with maximal supersymmetry and all fields transform-
ing in the adjoint representation. To make contact with the real world, we need to extend
these ideas to non-conformal field theories with minimal supersymmetry as well as adding
fields transforming in the fundamental representation.

In particular, for phenomenological applications we need ' = 1 supersymmetry. In [4],
the authors found the gravity dual of a pure N =1 SYM in d = 3 4+ 1 (coupled to extra
modes that could not be decoupled while maintaining calculability). In this particular
solution, called the Maldacena-Nunez solution, we start with N. D5-branes, where the
field theory living on the worldvolume of these branes carries 16 supercharges, and we
wrap them on a sphere S2. In general this breaks supersymmetry. In order to preserve
some fraction of the original supersymmetries, we twist the fields in such a way that we
preserve four supercharges [5, 6], equivalent to A/ = 1 supersymmetry in 3+ 1 dimensions.

As we already mentioned, realistic theories require fields transforming in the funda-
mental representation. To address this, one considers flavor branes in the gravity side,



which is equivalent to adding an open string sector [7]. One can start by studying the
quenched approximation, when probe branes are used in a way that the number of flavor
branes Ny in negligible compared to the number N, of color branes. Then, the next natu-
ral step is to consider the unquenched case, that is the case in which the number of flavor
branes is of the same order as the number color branes [8-10].

Another important development was considered in [1, 11, 12], where it was found a
solution of 5 dimensional supergravity which can be lifted to 7 dimensions and then to 10
dimensions. In this case we have a gravitational solution that holographically describes
D5-branes wrapping a three-cycle inside a G2 manifold. In the IR limit, the theory living
in the worldvolume of these branes was identified as being dual to N'=1 SU(N,) SYM in
three-dimensions with Chern-Simons level k = N, /2.

In [13] the ansatz of [11] was generalized and this allowed one to find a new class
of solutions in which in the UV limit the metric is a product of a Go cone and a three
dimensional Minkowski space, and the dilaton is a constant, in contrast to the original
behaviour of the Maldacena-Nastase solution, where the dilaton diverges as the holographic
coordinate goes to infinity. It is important to realize that this solution corresponds to D5-
branes wrapped on a three-cycle of a G5 cone in which the near-horizon effects of the branes
on the metric become negligible in the UV limit.

Note that Canoura, Merlatti and Ramallo [13] also added massless fundamental flavors
to the Maldacena-Nastase (hereafter MNa) solution in the unquenched case. The authors
found that this system with N; > 2N, dramatically differs from Ny < 2N.. Massive
fundamental flavors were added to the MNa solution in [14] and the author showed that
is is possible to find a solution which interpolates between the deformed unflavored MNa
background and the massless flavored background.

As pointed in [15, 16], we can obtain the UV completion of this solution considering
a Gg-structure rotation [17] which is a solution generating technique analogous to the U-
duality. The rotation procedure is implemented in a type IIA with A/ = 1 and generates a
more general type ITA solution. The important point is that in this rotation procedure we
have an extra warp factor in the metric and this term ensures the finiteness of the cycle
along the energy scale.

The gauge theory analysis of the rotated MNa solution was performed in [15], and
the author showed that the dual field theory is confining and that in the IR limit the
Chern-Simons term dominates the dynamics of the theory.

Another well-known important generating solution technique is T-duality. In [16] a
non-abelian T-duality has been considered along the SU(2) isometry of the deformed MNa
solution [13], and this gave a rather complicated massive type ITA solution, with all fields
in the RR sector and which is dual to a confining Chern-Simons gauge theory.

In this article we consider a T-duality transformation on the MNa solution that defines
also a dual field theory. In section 2 we start with a review of the solution due to Canoura
et al. [13], and which contains the original solution [1] as a special case. Next, in section 3
we start to perform an abelian T-duality in the MNa solution along an U(1) isometry in
the D5-brane solution, which gives a D4-brane solution wrapping a two-cycle. We close
section 3 by computing the Maxwell and Page charges.



In section 4 we consider some aspects of the dual gauge theory, defining it in the process.
In section 4.1 we find the quark-antiquark potential and we see that the requirements for
confinement are satisfied. In such a case we are able to compute the string tension. Next
we follow considering the gauge coupling and the entanglement entropy, which has been
used as a probe of confinement. Finally, we study some conditions in which we can treat
the wrapped D4-branes as a domain wall, so that we induce a Chern-Simons term in the
gauge theory.

2 Wrapped fivebranes on a three-cycle

We start our analysis by considering a short review of the deformed MNa solution [1].
It is a type-1IB supergravity solution that consists of D5-branes wrapping a 3-cycle in a
manifold that supports a Gao-structure. In the IR limit this theory is dual to N'=1 SYM
in three dimensions. In [13] the ansatz was generalized and this solution has the original
solution as a special case. The string frame metric is given by

ds?, = e (d:EiQ + ds%) , (2.1)

and the internal part of the metric, which describes the manifold supporting a Gs-struc-

ture, is

e2h e29 1 N 2
ds? = N, [e¥dr* + —(0")* + — <wz -5+ w)ff’) , (2.2)

4 4 2

where we are using an optimum holographic coordinate defined in [15]. Also, 0% and w® are
two sets of SU(2) Maurer-Cartan forms satisfying

, 1 .
AN, = =i M A XL, (2.3)

where XY = 0% and \j = w’ for i = 1,2,3. These forms can be represented in terms of
Euler angles as

AL = costpadf, + sin 1, sin 0,d¢, (2.4a)
22 = —sinepadf, + cos b, sinudedy (2.4b)
/\2 = dp, + cosO,dop, , (2.4c)

for0 <6, <7, 0< ¢y <2m, 0< 1, < 4.

Also, the MNa solution has a non-trivial RR 3-form

N / -
F3:4C{(al/\02/\03—wlAwQAw3)+zdrAazAw’
2.5
(1+7) TR U T R B (25)
—Teijk[a ANo? ANw® —w' Aw! Ao}



One can easily show that this field strength is generated by the following two-form potential

1 1 No(1
c® = <—4NC cos 91> doy A dipy + <4NC cos 92> dog A dipo + (;wdwl A diy
No(1 o
+ (;7) sin 0 sin(y — a)ddy A dfs
Ng(1 o
+ (8+V)(cos 01 cos O3 + sin 61 sin Oy cos(11 — P2))dp1 A dpo (2.6)

N.(1
+ (8”) cos 1y A dips +

n (_ Nc(18+ 7)

Ne(1
(84_’}/) COS(I/)l — @bg)d@l A dBs

N.(1+47)

sin(i/q — ¢2) sin 92) dfy N dops + ¢ 3 cos Oadipy N dos

so that Fy = dC'®.
Unfortunately, the solution for these equations is known just semi-analytically in the
IR and UV limits. In the IR limit, that is, 7 ~ 0 we have

(90 = 1)(990 +5) »

29 = 2.7
20 — gy (DT E (272)
395 —4g0 +4
2h 2 0 4
_ _ 2.7b
e = gor? - LS, (2.70)
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= Qo 249(2) . .
On the other hand, in the UV limit, where r» ~ 0o, we have
33
€29 = ¢1eh3 1 4 /3 (2.8a)
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3c 9 7
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A T (2.8b)
2
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We write the whole set of components of the string frame metric as
M=A{at 2ty {(n=0,12)(A=rd,a)},

where

{2" = r;2% = 01, 01,915 3% = 0, ¢a, Yo}



Now we have

()2 = dO? + dp? + dip? + 2 cos O, di),do, (2.9)

and

wio® = cos(hy — p)dbdBy — sin(thy — 1) sin Oadf; dey
+ sin(1 — 12) sin O01dp1dOs + [cos(¢1 — 12) sin by sin Oy + cos 01 cos O2]dd1dpa
+ cos O1dpdapg + cos Oadipi1dds + dipidips. (2.10)

Then, we write the string-frame metric as
ds% = gyndaMdz™ = e“”dxiQ + Adr? + 3(6%)? + Qw))? + 2200, (2.11)

where we define

A = e?THN, (2.12a)
¥ 29 ~
2SN (s L) =ers (2.12b)
9129 A
Q=" N.=— 2.12
T Ne=+ (2.12c)
e$t29 Q

for later convenience. Finally, using that M = {u, A} we find the components of the metric
matrix

(guN) = G = €My Gua =0 .
JAu = 0 9gAB

Obviously, we need to find just the components gap and these are

gr=A2  gu=0  gra=0gra =0

996 =956 =955 =% 9y = Ecosh

960 = 9o = Gy = §2 Ggy = 2 cos 02

Gp5 = Ecos(Y1 — 12) 9ps = —E sin(v¢ — 12) sin 6o 9y5 =0

9o5 = Esin(y1 —1py) sin by gd)d;:E[sin 01 sin Oy cos(1p1 —1ha)+cos 0y cos s gW;:E cos 04
9oy =0 gdn/;:Econg 9y =2

3 D4-brane solution

Now we perform a T-duality transformation in a direction along the brane, namely, the
x? = ¢y direction. If we consider the type-IIA solution with NS-NS sector given by



{@, gun, Bun}, the Buscher’s rules [18-21] are

~ 2p 1
20 € ~
S %5 45
fole) fote]
_ 95m948 — BauBin - 1
gun = guy — 222 — acing 9om = ——Bsu
95¢ 95¢
B:i gai Guys
MIN M
Bary = Buy — 2—222N0 Byg=——2.
94é 93¢

3.1 NS-NS sector
Using the transformation rules above, the dilaton is

~ 1 1
2% = iez“" = Ee‘p

and the dual metric is
5 1
33 = e*?Sdat, + Adr® + idqﬁ% + X(db? + sin® O1di)?)
+ 22 [(cos Yrw! — sinw?)dh; — sin @) cos 6y (sin 1w’ + cos iw?)di,
+ sin® Orw’dipr ] + Q(w')?
=2

—

-5 [sin2 1y sin® 91(w1)2 + 2sin )y cos ¢y sin? fw'w?

+ 2sin )y cos 0y sin Ojw'w? + cos? ¢y sin’ 6; (w2)2 + 2 cos 1y sin 0 cos O w3w

+ cos? 6y (w3)2] ,
where we can rewrite the coefficients in terms of the type-IIA dilaton ¢

A = XPTUN, 3

5 = 252
o201+29  _
Q= N
o26+29 _
E= (1 +w)NE.

Also, we define a first rotation
cos Prw! — sinhrw? = cos(Yy — 1y )dby + sin(y — 1) sin adoy

&% = sinrw! 4 cosPw? = — sin(yg — 1h1)db2 + cos(a — 1) sin fado
@0® = w® = dipy + cos adgy

(Z)l

= cos wlal — sin wlaQ

o
52 = sinyio! 4 cos o2
5 =03

(3.1)

(3.2)

(3.3)



We then consider a second rotation

1 1

w =w

&% = cos 0107 — sin 0,0°

&® = sin01&* + cos 610°

ol =a!

6% = cos 0,62 — sin 615>

63 = sin6162 + cos 0162 , (3.5)

obtaining the metric
Ne o5 e 1
ds% = 4C e%? ( hy : (1+w) ) dm%yz + Adr? + id(ﬁ% + X(d#7 + sin® 01dy?)

+25(5"df1 — sin 0 cos 107 dn + sin® r0°der] + Q@)

—_
—

[\

- %[sin 010° + cos 010°)% (3.6)

or reorganizing

Ne s e 1
dss = —e* [ e+ —(1+w)? ) daiy + Adr® + —doi+
4 4 ’ Y
1
n <2 2¢+29(—ZM)N E) (d@% + sin? 91d¢%)
o Nee 1 ? 1 ’
+ 62“"“972 <d)1 — 5(1 + w)d91> + (@2 + 5(1 + w) Sinel‘wl)

(Q — ;) (@)% (3.7)

Finally, the 2-form field, which vanishes in the original solution, is non-trivial after the
T-duality and one can write in the following form

B=— {COS O1dyn N doy + %sinwl — 1b9) sin O1dbs A doy

- _ (3.8)

+§ [sin 0} sin O cos(11 — 12) + cos 01 cos Oa]dpa A dp1 + % cos B1diy N dqbl} .

One important cycle in this background is
Co = {01 = 02 = 0;1)1 = 1p2 = |1, b2, 7, 1,22 = const. } (3.9)
which is the cycle where the metric is wrapped.! The induced metric is given by
=2

dsg, = (¥ + 22+ Q) do” + (Q + ¥ sin? 0 + 2= sin? 0 — % cos? 9> di? (3.10)

and vanishes in the IR limit. The B field vanishes on this cycle.

!This cycle is a restriction for ¢; = ¢o =const. of the U3 cycle {o" = w'} on which D5-branes are
wrapped. Since ¢; is the T-duality direction, after it, the D4-branes are wrapped on C2. Moreover, since
supersymmetry was preserved before the T-duality, it should be preserved afterwards, making it likely the
cycle is supersymmetric.



3.2 R-R sector

Remember that the RR-sector for the type IIA supergravity is {C(l), 0(3)} while the RR-
sector for type IIB supergravity is {C' ), c® ¢ (4)} and in the present case, the non-trivial
field is just C®), whose field strength is given by the Fy in (2.5),

N / -
Fy = 4C{(01/\02/\03—w1/\w2/\w3)+édr/\o”/\wl
1 o . :
- (Zﬁy)eijk[az Aol AWk —wt AWl /\ak]} . (3.11)

Given the T-duality rules for going from type-IIB to type-IIA supergravity,

(2n+1) (2n+2) (2n)
o —C @20+ 1)By, 508

M2TL+1 - M; .. M2n+1¢ M2n+1]

. (3.12a)
n
+2n(2n+1)B[M1|¢3\9M2|<£|CM3 M2n+11<£/ 966

(2n+1) _ CJ(VQIn) "
1 2n

My Mand (3.12b)

2ng[M1\¢| M2 Map] /9¢¢ ’
we can use (2.6) and find the RR potential forms of the type ITA-solution

n = 0. In this case, we have the following components of the dual theory

(1) _ ~(2)
CMl — CMl(i;

Cj;) =00 =9, (3.13)

so we obtain the potential

N.(1 N,
c®) = — {0(84_7)[005 01 cos B2 + sin 0 sin O3 cos(1p1 — P2)]dpa — ZC cos 61dyy
(3.14)
N(1+7)

c . . N,
+T sin(t; — o) sin 01d6s + ?C(l + ) cos 91d¢2} .

n = 1. In this case, we have

(3) _ 4 _
Can oty = CMlMQMsé =0

(3 _ A2 1 @ @
(JMlMN;—CMIMQ—@(QMWCMN~5 911,3Chp ) (3.15)

Therefore we obtain the three-form potential

Ne(1+7)

0(3) — _T Cos(wl — wQ)dgl A d¢1 AN d02
N(1 . .
+ (;_w sin fg sin(y1 — 2)df1 A dpy A dgo

N¢
— sz cos 01 sin 64 Sln(¢1 ¢2) [25 + 2(1 + ’y)] dyy N dpr N\ dbsy



N.(1
c<8+'Y> 080

—i-i\; <E+ (1‘;"7) E) cos 01 [cos 01 cos O +sin 0 sin O3 cos(Y1 —12)] | dipy A dpy A dea
NC(l +’Y) Nc — Z 2
|2l Ne = 2y
[ 8 +42< + 5 +7)>cos 01| dipy A dy A dipy
N
+ 1 cos adpy N dpo N dips. (3.16)

We have generated a type IIA-solution of supergravity wich consists of N, D4-branes
wrapping a two-cycle and with a perpendicular S' manifold. This solution has non-trivial
RR 2 and 4-forms defined by Fy = dC) and Fy = dC'®).

For completeness, starting from a solution of supergravity in eleven dimensions, one can
consider a dimensional reduction on a circle S' to a type-IIA solution. Conversely, given
a solution of the type-IIA supergravity, we can lift it to a solution of eleven dimensional
supergravity. In fact, the eleven dimensional fields corresponding to the type IIA ones are
written as

91(\}111\)/ = e 2Bgyn + 64“5/301(\})01(;) (C)iinp = CE?NP
91(\}[711)1 = 6485/30](\/1[) (C(S))}\}N,n = Bun
9311)1 = et/

Rewriting the dual metric (3.2) as

Ne o5 29 1
ds? = Ze%@) <e2h + %(1 + w)2) dat 5 + Adr?® + id(ﬁ + (d6? + sin? 0, dip?)

+ 2E[COS(@/)1 —¢2)d91 d92 —Sin(l/)l —¢2) sin 92d91 d(ﬁQ —Sin(@bl —¢2) sin 91 COS 01 dwl d92
+ (cos b sin? 0, — cos 0y sin 0y sin O cos(¥1 — 2))d1dde + sin® O1dap1dips]

—2
+ <Q - % sin?(1; — 1)9) sin? 01> de3

=2

+ (Q — %[sin 61 sin 03 cos(1py — 1ha) + cos 0y cos 92]2> d¢%
52
+ (Q -5 cos? 91> d¢%+

—2
+2 <Q cos By — % cos 01 [sin 0 sin 02 cos(1)1 — 1ha) + cos By cos «92]) dgodi)o

—2

— 2% [sin 01 sin 05 cos(1h1 — 12) + cos b1 cos O] sin(1hy — 1)2) sin 61dOadps

=2

— 2% sin(yq — o) sin 61 cos O1db2de)s (3.17)



the eleven dimensional metric becomes
2 —23/3 322
dsiiy =€ dsg;

13/3 (A A1) L A A1) L A1) A1) 1) (1)
+ et (q@ ¢+ Vel + cPe + Py

+ee + el + e el + effel) + eV + cftef)
+ e40/3 (cf;) PV rel v o+ d:clo) dz10. (3.18)

3.3 Brane charges

Superstring theories have massless p-form potentials which may be regarded as general-
izations of the electromagnetic gauge field. The Maxwell equations for the gauge field of
electrodynamics AY) = A,dzt in the presence of sources are

dFy = % T , d* Iy =*T,. (3.19)

It follows that the electric and magnetic charges are given by

6:/ *FQ, g:/ FQ, (320)
S2 52

where S? is a two-sphere surrounding the charges.

In string theory in the presence of n-forms, we can define conserved charges associated
to the gauge potentials and then find the stable branes of given electric charge. For instance,
a Dp-brane in type II superstring theory couples to a (p+1)-form C (#+1) with field strength
Fpio = dC®*+D  The corresponding electric-type charge is

Qb — / «Fpia (3.21)
¥8-p

where C877 is a cycle surrounding the charge.
As an explicit example, consider the original background reviewed in section 2. We
know that this solution corresponds to N, D5branes on an S. Consider then the 3-cycle

53 = {wio! =0}, (3.22)
and integrate the RR three form (2.5) on it, obtaining ([ w! A w? A w3 = 1672)

1

— [ F3=N, 3.23
472 S3 s “ ( )

which means that we have a quantization condition.

In [22], the author showed that there are different types of electric or magnetic charge
associated with a gauge field. Here we collect the main results for D4-branes, which is the
case we are interested in.

In the T-dual solution that we computed above, we have one non trivial RR 1-form
C™ and one 3-form C®, and the Kalb-Ramond field B is also non-vanishing. The 4-form

,10,



gauge field, which is invariant under the abelian gauge transformation C(1) — C(M) 4 dg,
and C®) — CB) — B A d&, is

Fy:=dc® —cM A dB. (3.24)
The Bianchi identity reads now

dFy = —dcW A dB, (3.25)

and if we regard the right hand side of this equation as a kind of Maxwell current .7 Maxwell

we are allowed to define a Maxwell charge, by integration of the 4-form field ﬁ4 on a four
cycle. Another type of charge may be defined when we consider the Bianchi identity as an
exterior derivative of a form, say

d(Fy + CW A dB) = «g72ee, (3.26)

and again we would define the conserved charge by integration. Comparing the two defi-
nitions, we have that
Qpree = Qiaavell 5 cW A dB. (3.27)
One important feature of these charges is that the Maxwell charge is not quantized, while
the Page charge satisfies a quantization condition.
Considering a fixed point in the radial coordinate, the following cycle

C* = {0a, 1, P2, Po|th1 = 61 = 0} (3.28)

is particularly smooth in studying the above quantities. Let us start with the Page charge
for convenience. On this cycle, the equation simplifies to

* jD4 = dF4 s (329)

and the quantized Page charge is the integral of this current in the five dimensional space
whose boundary is the cycle C*. Therefore, using the Stokes theorem and normalizing our
result, we find (C®)|ps = N./4 cosfadpy A dpa A dipo)

1
Page o
bt =5 /64 Fy = N.. (3.30)

Also, we can define the Maxwell charge in this cycle as

1
%ixwell — QD4 o 477r3 . C(l) A dB , (331)

and using the RR forms that we computed, we have

Ne(1+474) =

—CWAdB = 5. sinOadfy N dea A dijy A desy

8
Nc(1 =
= ﬂ—wl Aw? Aw® Adoy (3.32)
8 by
so 1 -
— [ cWAdIB=Z(1+)N, .
3 C4C A dB Z( +7)Ne (3.33)

and we see that the Maxwell charge in not quantized, but it runs along the radial direction.

— 11 —



4 Field theory aspects

The original motivation of the MNa solution was from the gauge/gravity correspondence.
Since we have just found a background by T-duality of the MNa solution, we want to study
properties of the dual gauge field theory to this background.

4.1 Wilson loops

Wilson loop observables are given by (see, e.g., [3, 23-25] for more details)

W(e) = ; Tr Pexp <z 7{ A”dx”) , (4.1)

where the trace is usually taken over the fundamental representation. From the expectation
value of the Wilson loop, we can compute the quark-antiquark (QQ) potential. Choosing
a rectangular loop with sides of length L, in the spatial direction and 7' for the time
direction, with Lys < T', as T — oo we have the behaviour

(W(C)) ~ e VaaT, (4.2)

where V() is the quark-antiquark potential.
In a confining theory, the potential behaves as

where the constant o is called the QCD string tension, so the expectation value of the
Wilson loop (4.2) obeys the area law,

(W(C)) ~e 7%, (4.4)

for the rectangular region considered.
In the case of N =4 SYM, dual to AdS5 x S°, we have a holographic prescription for
a supersymmetric version of the Wilson loop,

W(C) = Ni Tr P exp [j{(iAui’” +0' X! (2)Vi2)dr| | (4.5)

C

where 2#(7) parametrizes the loop and 6! parametrizes the sphere S° and couples to the
scalars X! in N/ =4 SYM.
The holographic prescription for the Wilson loop VEV is [26, 27],

(W(C)) ~ e, (4.6)

where S is the area of a string world-sheet which ends on a curve C at the boundary of the
AdS5 space. Since the area of the worldsheet is divergent, we need to subtract the area of
the string going straight down from U = oo to U = U,

W(C) ~ e (57®), (4.7)

— 12 —



where £ is the perimeter of the Wilson loop contour C and ® = U, — Up. The area of the
worldsheet can be computed using the Nambu-Goto action

1
S= / drdo(det g da X105 X")V2, (4.8)
where g, is the AdSs x S5 metric. In AdSs x S°, we find the behaviour Voo ~ 1/LQQ
determined by conformal invariance, see [26, 27].

We now consider a more general background,

ds?® = —gudt® + gypda® + gppalp2 + g%ltdyidyj , (4.9)

where we assume that the functions (g, gza, gpp) are functions of p only. We do not fix
the internal space, since we consider a probe string that is not excited in these directions;
so the internal space has no role in the present study.

As in AdS space, we consider a string whose ends are fixed at © = 0 and z = Ly at
the boundary of space, p — oo. In addition, we assume that it can extend in the bulk,
so that the radial coordinate of the string assumes its minimum value at pg, and that by
symmetry this occurs at x = LQQ/Z

We choose a configuration such that

t=r x = xz(0) p=plo), (4.10)

and we compute the Nambu-Goto action (4.8) with relation to the metric (4.9). The
induced metric on the worldsheet is Gog = g, 0nx" 952", where

dz\? dp 2
Grr = —9gu, Goo = Gza % + Gpp % ) G;o =0, (4'11)

and the determinant of the worldsheet is

det Gaﬁ = *gttgmz(xlf - gtt.gpp(p,)2
= -2 = ()?, (4.12)

where we have defined the functions f? = ¢ugze and g% = 9it9pp- Hence we write the
Nambu-Goto action as

T 2 T 2
= d 2(x)2 2(p)2 = doL. 4.1
S [ AVPEP AP = 5 [ ae (113)
Its equations of motion give
. -
87_ |:L(f2x/2 +92p12) =0 (414)
Dy 1 f%’_ =0 (4.15)
L -
1 1 1
0o [Lg%’ = 7 (@2 + 99 (4.16)
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The first of these equations is trivially satisfied since we assume our background time
independent. The second, (4.15), is satisfied if we assume that the term inside brackets is
a constant Cjy. That means

1.5, f295/_ 2.2 2 72\1/2
fra=Co = = (f72" +g7p") """, (4.17)
L Co
which implies that
dp dx f dx
Lo L e o2=4W, 4.18
do do Cog / 0 do ( )
thus we write
dp dx dp
L =4W, — = +W.g. 4.19
do~ Tdo 7 dz f (4.19)

Here we wrote Weg just for convenience and one can check that the third equation (4.16)
is satisfied once we assume that the above equation is true.
From the sort of solution we are looking for, one can show that there are two distinct

regions
dp
dp

and we can formally integrate these equations, so that

dp P dp /x /°° dp

— =W = =— [ dor = = ; Lop/2

dx ! 9] Weff 0 ! x(p) o Weff v QQ/
(4.22)

dp > dp /LQ@ /°° dp

L = o = — d = :L A — -, L 5/2.

e fF /p Wor i x z(p) QQ W x> Lo/
(4.23)

The fact that the string must be fixed at p — oo and we must have x(p) finite implies
that the following condition must be satisfied

lim Weg(p) — 0. (4.24)
p—00
Once this equation is satisfied, the string moves to smaller values of the radial coordinate
down to a turning point pg where g—g = 0, namely where Weg(po) = 0. We restrict

Po
ourselves to turning points Cy = f(po).

Now we can compute the quark-antiquark separation pair and its potential energy.
The separation is written as

LQQ/Z 00 dp
Log(po) = 2/0 dx = Q/p Wor (4.25)

0
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In order to compute the potential V55 we need the Nambu-Goto action Sna /T which
diverges, but we need to subtract the W-boson mass given by a string going straight down
on p at x = const., i.e.

M= /0 e / :Og<p>dp, (4.26)

so that the renormalized quark-antiquark potential is given by

270" Vg (o) = (o) Log(po) +2 /p OO dz%; 2) — (o) - 2 /,, °° o()ds, (427)
and one can show that
270/ YR _ f(0). (4.28)
dLgoo

We can now compute the Wilson loops for the T-dual of the MNa solution. In this case,
the solution of the set of equations is not exactly known, but remember that in the UV
limit (where we consider the cutoff r ~ A) we have the asymptotic expansion (2.8a)—(2.8e),
so that

f2 = GttGzx = €2¢oo (429)
9° = gugrr =~ €27 Necy e, (4.30)

therefore, one may check the boundary condition to see that

1

f(ro)ezA/3N1/2cl/2 €20 — f2(ro), (4.31)
c O

lim Weg ~
r—A

where we will take 79 ~ 0, implying f2(rg) = €??. A similar situation occurred in [28],
where the authors found a finite value for the boundary condition lim,_,., Weg and it was
argued that the QFT needs to be UV-completed.? Under this condition, we can calculate
the QCD string tension (see [23, 29, 30]) through

, (4.32)

and therefore
AV 5 e®0

which means that this theory exhibits linear confinement.

20ne possibility is that the QFT is deformed by an irrelevant operator, modifying the UV, and perhaps
one could remove it by using the solution in [17] as a starting point, as opposed to the one in [13]. It was
argued in [34] that the UV behaviour of the solution in [13] is improved this way. We thank the referee for
this observation.
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4.2 (Gauge coupling

We can consider now another important quantity, the gauge coupling. Consider the Dirac-
Born-Infeld action for a generic probe Dp-brane, wrapping an n-cycle ¥, with induced
metric

ds%p = 2 datda” + ds (4.34)

and components given by M = {u,a}, where p =0, ...,p—n are indices in the Minkowski
space and a = 1,...,n are indices of the cycle. We also take the gauge field and the Kalb-
Ramond field with non vanishing components F),, and By,. Therefore, the DBI action
reads

Spet = —1pp / dp+1ae_¢\/— det(Gun + Bun + 21/ Fyn)

= —Tp, /M dp+1—”f\/ —det(Gpy + 27/ F) . d"e?\/— det(Gap + Bap),
(4.35)

where M stands for Minkowski space and d = p + 1 — n is the dimension of the reduced
field theory. Taking an expansion of the first integral in terms of o/, we get

) N2 ,—4A
d"Ye ?/—det(Gap + Bap) / d?zedA <1+(mie Fl Fuv+...> :
" M

SpBI = _TDp/
s

so that we can recognize the gauge coupling as

1
. = Tp,(2ma)? / d"eU=D9=A /_ det(Gap + Bap)- (4.36)
Y M "

Consider first the MNa solution. In this case, the induced metric on the brane is

2 2 Ne (o €% 2 N2
dsing = €* |dziy + T\ T(l —w)” ) ("), (4.37)
therefore neglecting numerical factors, the coupling constant is given by
1 29 3/2
5 ~ (e% + ef(l — U})2> s (438)
9y m 4

and using the asymptotic expansions for these functions, we see that in the IR limit, the
coupling constant diverges gy ps — 0o, whilst in the UV limit the coupling constant vanishes
gym — 0, and this fact is consistent with confinement and asymptotic freedom respectively,
as it should be.

Now, we need to consider the case for the T-dual solution of the MNa. As we know,
we need to consider first the case of the D4-brane wrapping a 2-cycle defined by

C?={py =y =1);0, = 0 = 0} , (4.39)

with ¢ and ¢o fixed. Therefore, the induced metric is given by

=2

52y = e*Pda? , + (S+22+Q)do* + <2 sin? f 4 2Zsin? 0 + Q — % cos? 9) dip? | (4.40)
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and since the Kalb-Ramond field vanishes in this cycle, we can compute the determinant
of the induced metric easily. In fact, up to numerical factors the gauge coupling is

1 = =2 12
-~ \/Ee_¢(2 +22 + Q)2 / (E sin? § 4 22 sin® 6 + Q — — cos? 9) . (4.41)
gYM S2 by

and the bracket inside the integral can be written as

=2 —2
Q—“E+sin29(z+25+“2> : (4.42)
whereas
Y+22+Q =% —wl. (4.43)

All terms, \/Ee‘¢, (D+22+ )2, Q—Z%/% and X + 22+ E2/%, go to infinity at 7 — oo,
SO l/g%,M — o00. At r — 0, \/Ee*¢ goes to a constant, whereas ¥ — wf), Q — =Z2/%
and ¥ + 22 + =2/3 go to 0 as 7%, so 1/ g% u — 0. Therefore we again have confinement

(9%,; — o0 as r — 0) and asymptotic freedom (g%, — 0 as r — 00).?

4.3 Non-locality and entanglement entropy

Another useful quantity is the entanglement entropy (EE), which can be defined as the von
Neumann entropy for a reduced system, in a sense that we will explain below.

Consider a quantum mechanical system (we closely follow the formalisms presented
in [31-33]), described by a pure ground state |¥). The density matrix is

pros = [0 (W] (4.44)
and it is easy to see that the von Neumann entropy

Stot 1= — Tl"(ﬂtot In Ptot)

vanishes. By an imaginary process, we can divide the total systems into two subsystems A
and B, so that, the total Hilbert space is given by the direct product of the corresponding
subsystems Hilbert spaces, that is H = Ha ® Hp.

We may think of the EE as the entropy felt by an observer who has access only to the
subsystem A. Such observer will think that the system is described by the reduced density
matrix

pa = Trp piot, (4.45)

where we have smeared out the information of the subsystem B, by taking the trace over
the Hilbert space Hp. Then the entanglement entropy is defined as the von Neumann
entropy for the reduced system A, that is

Sa:=—Tr(palnpa).

30f course, as usual one would need to see whether other couplings (to KK modes, for instance) go to
zero as well, in order to have real asymptotic freedom.
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In a (d + 1)—dimensional QFT, it has been proved that the entanglement entropy
diverges, but after introducing an ultraviolet cut-off €, the divergence behaves as

Area(0A)

S4
cd—1

+ subleading terms , (4.46)
since the entanglement between the subsystems A and B is more severe at the boundary 0 A.

For our purposes, we can take the QFT defined on R%! with the following inter-
vals? [28, 33, 34],

A=R¥"1 x7,
B=R¥"1 xR\Z (4.47)

where Zy is a line segment of length £. In such a case, the entanglement entropy is

Vol(R41)

Sa cd—1

(4.48)
where Vol(R?4~1) is the volume of the space R?~!, since the boundary of the d—dimensional
region A are two copies of the space R4~! with separation .

The computation of the EE in a QFT is not an easy task for an arbitrary region A, even
if we consider a free theory. If we consider a theory with a gravity dual, we can compute
the EE using the holographic prescription of [31]. In a large N, (d+ 1)—dimensional CFT,
we find the minimal area of the d—dimensional surface v in the (d + 2)-dimensional AdS
space at t = tg, whose boundary of v coincides with the boundary of the region A, that
is 0y = 0A.

The holographic entanglement entropy is given by the area of this surface
1 /(@
Sy = /dda G (4.49)
4G§5+2) v nd
d)

where the Gi(nd is the induced string frame metric on the surface v. Considering a ten-
dimensional metric, we need to take into account the fact that in non-conformal theories
the dilaton and the volume of the internal space are not constant, therefore a natural
generalization is the prescription

1 _ 8)
Sa= / dBoe?\/GE) (4.50)
4G§\1,O) gl

The entropy is obtained by minimizing the action (4.50) above, over all surfaces that
approach the boundary of the entangling region A. Klebanov, Kutasov and Murugan found
in [33] that in a confining background there are two surfaces minimizing the action, the
first one is disconnected which consists of two cigars descending straight down to the IR
cut-off r¢y, separated by a distance ¢, and the second is a connected surface, in which the
cigars are connected by a tube with the width depending on /.

4At fixed time, t = to.
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Consider a gravitational background in the string frame of the form [33]

ds* = a(r)[B(r)dr? + nudztda”] + g%‘tdyidyj (4.51)
where z# (u = 0,1,...,d) parametrize the flat space RI*1 1 is the radial coordinate and
0" (i =d+2,...,9) are internal coordinates. The volume of the internal manifold is

Vvint = /de\/ det[g;;‘ltL (452)

and if we plug the background (4.51), into the prescription (4.50), we get

_ 1 6 int —Qd) d/2 2
. 1z [y fawigy) [ B (/1 F B0 @or)

+0/2
= 1(10) Vol(Rd 1)/ dx 6_2¢Vinta(7")d/2 1+ B(r)(9,r)2
4Gy —£/2
1 d1 +2/2
= —g) VOlR™) / da~/H(r)\/1+ B(r)(0ur)? (4.53)
4G —0/2

where we have denoted by = the direction along which the interval Z; lies, and also we have
defined the useful quantity
H=c¢%V2a. (4.54)

We need to find the solution for the equation of motion in the integral (4.53). Since this
integral does not depend explicitly on x, we argue that the “energy” defined with respect
to it is conserved [35], that is, if we take £ = \/H + Hj(r')?, then

d (dL |

d H(r) B
— ( — Hﬂ(r’)2> —0, (4.55)

and after fixing the constant at the minimum value of the radial coordinate r*, we have

1 (Hr) N\
&= 750 (H(T*) 1> , (4.56)

and integrating between r* and infinity, we obtain

- m[m dr (hm)ﬁ_(%)m . (4.57)

Finally, we insert equation (4.56) into (4.53), and we get the entropy density for the con-

nected solution,
S 1 Troo \/ r)H(
A dr (r) (4.58)

VO](Rdil) - 2G(10 (7“*

implies that

the solution
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where we write the UV cut-off r,. As we already know, the entanglement entropy generally
is UV divergent, but KKM found that the difference between the EE of the connected and
disconnected solutions is finite, and is easily seen to be given by

oG\ ) VBH
o (5 - s VAL

The EE can be used as an order parameter for the confinement/deconfinement phase tran-

sition in a confining theory. In fact, a similar phase transition was found by KKM in [33],
where they showed that depending on the value of ¢, the relevant solutions can be either
the connected or the disconnected solutions and the phase transition between these two
solutions is a characteristic of confining theories.

Moreover, in [34], it was proved that a sufficient condition for the existence of phase
transitions is that the length ¢(r,) has an upper bound, and the non-existence of this
maximum correlates with the absence of the phase transition.

We note that the quantity (4.54) is related to the warp factor we get after a dimensional
reduction on the (8 — d)-dimensional compact manifold.

In our particular case, the metric (3.2) can be written as

52 = e*°Xda? , + eXPB(e N, )dr? + gt dy'dy’, (4.60)
so that we can compute the volume of the internal manifold (4.52) and the warp fac-

tor (4.54) and find H = i«/gim, as well as 3 = e?9NL.
Using the metrics presented in the section 3.1 we can find

l(ry) = 24/ NcH (1)

(4.61)

\/ T*
26"
Vol(Rd-1)

1
S(conn) N S(dlsconn) ~ N. / d?”‘eg\/i ( _ 1)
( VI—H()/H()

—M/(WWE (4.62)
T0

One could in principle compute the volume of the internal manifold (4.52), but this
gives us a very complicated equation. We then would need to do the following: firstly,
evaluate the determinant of the internal metric and then solve the integral.

But we cannot solve analytically the integral, since we just have asymptotic solutions.
We can nevertheless find the behavior of Vjy.

The asymptotic behavior of the determinant is important, so we need to know - at least
qualitatively - its expression. In fact, the metric of the internal manifold is of the form

956 965 950 Yoo Y9os oy

956 956 930 9a0 936 Iau

Gt = | 990 956 950 Gie Yis iy (4.63)
Yoo Y905 Yoy 900 Yoo 90y

gd,é §¢¢~s g@/} 9o 96 G

gwé §¢<5 gwi G0 Gpo Gy
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where the non-vanishing components are

955 = by =yt QMJ = Y sin? 01

R}
s

¢
1

g@@ =0 - EEQ sin2(¢1 — 1/}2) sin2 01

1
Jop = —552 sin(t; — 1bg) sin 01 [sin O sin O cos(1h1 — 13) + cos Oy cos bs]
1
Goy = —EEQ sin(1p1 — 1o sin 6 cos b
1
§¢¢ =0 - EEQ[Sin 01 sin 09 COS(wl - ¢2) + cos 0y cos 92]2

1
Ggyp = Qcos by — EEQ cos 01 [sin 0y sin Oz cos(1h1 — 13) + cos By cos s]

1

Gy = 2 — EEQ cos? 0,

Ggg = Ecos(Y1 — 12) Jgp = —F sin(; — 1h2) sin Oy Jjp = —Esin 61 cos 01 sin(¢; — 1)
gw = E[cos by sin® 6 — cos 6 sin 0y sin 5 cos(Y — )]

Gjy = Esin?6; .

The determinant of this matrix is really laborious to calculate. However, the volume
element acts just in the angular directions, 0 < 0, < 7w, 0 < ¢, < 2w, 0 < ¢, < 4m.
So, we can ignore the expression of the angular directions, since it only gives us numerical
factors, which in the asymptotic limit are not important at all. We are mainly interested
in the radial direction.

In the UV limit r — oo, the determinant is a function of the form

det [gim] ~ e84 4 subleading , (4.64)

where A is a function of the angular directions only, so Viy diverges at r — oo. We also
then find H ~ ¢'%/% and €9 ~ €2"/3 5o I(r*) in (4.61) and S(com) — g(disconn) iy (4 62) are
actually convergent at r — oo.

We also obtain that, modulo possible cancellations, det[gin¢] is finite at » — 0, therefore
both H and g remain finite at » — 0.

Then from (4.61), as r* — 0, I(r*) goes to a constant, whereas at r* — oo,

e?r/3 ea [ dr L [ dz
16r/3 _ ol6r7/3 (™) / SR /1 NE
(4.65)
where 7 = e2"/3 and z = 7/*, so [(r*) goes to infinity. This behaviour (I(r*) increasing to
infinity) already suggests there is no phase transition. Indeed, as was pointed in [28, 34], the
absence of a maximum value for () suggests the absence of a first order phase transition in

Z(T*) ~ 687"*/3

the entanglement entropy (in the cases with phase transition in the entanglement entropy,
we have a maximum for [(r*): [ increases to a maximum, then decreases with r*). To verify

— 21 —



this, we check the sign of S(com) — g(disconn) a4t oo and infinity. At r* — 0,

/ dred(r)/H(r) (\/1 ey - 1) >0, (4.66)

r*—0

since the integrand is positive. At r* — oo,

AS‘T*—H}O ~ /:}: dreg(r) \/ (\/1 — ! - 1) — /OT o dreg(T)H(r)

[e's) 107 r —00 1or
~ dre s dre s

r*—00 1 _ S(T —T)

3 o
= Z(7)° [/ dz 24 < 1> dz z ]
2 1
_ 3 sV () S 400 4.67
2( ) 4or (I) ’ (4.67)
so is not only positive, but goes to infinity. If nothing strange happens in between (at
finite r*), it means that the disconnected solution has always the lower entropy, implying
that there is no phase transition. It is worth mentioning that this behavior is consistent
with [34], where a detailed study of entanglement entropy as a probe of confinement was
considered. In fact, they showed that the UV completion done in [17] provides a consistent
model with phase transitions.

4.4 Domain walls

Our configuration consists of a D4-Brane wrapping a two-cycle defined by C? = {#; =
02,11 = 1o} and for ¢ =const., this cycle vanishes in the IR limit.

We may think of probe D4 branes that wrap the cycle S? = {1,411} at r — 0 and the
remaining angular directions are fixed. This configuration can act as a domain wall if it
has finite tension. This is an useful observable, since even in the presence of singularities,
the tension of the domain wall remains finite. Taking the cycle S?, the induced metric is

N.e*?

d352:C<2h+

4

2
YRR ) da?i 5 + S(d6F + sin® 1dy}). (4.68)

The tension of the domain wall can be computed from the DBI action of the D4-brane

S =—Tpy / dfydir / dBre %G| = —Tug / dz, (4.69)

so that the tension in the IR,

N 2 2g 2 N 3
Tog = dme=?/? (4> <e2h + %(1 + w)2> STy ~ dmwe?0/? <4> geTps  (4.70)
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is finite. We can follow the formalism of [36] (see also [28]) and add a gauge field A;, with
field strength Go = dA; in the Minkowski part of the world volume of the brane, in such
a way that we induce a Wess-Zumino term of the form

Swyz = TD4/C(1) ANGa NGy = —TD4/F2 NGy A Aq, (4.71)

where C'1) is the one-form that we found above, and Fy = dC() its field strength. Using
the cycle S2, in which the field strength is

N. .
FQ’SQ = _T sin 01d0y N\ dyy, (4.72)

we can perform the integral

/ F2 == —27TNC,
S2

and we insert this integral into the Wess-Zumino action (4.71) above, so that
S = 27TNCTD4/G2 A A, (473)

We see that we have induced a Chern-Simons term in the 2 + 1 gauge theory, on the
domain wall.

5 Conclusions

In this paper we have considered a T-duality along an U(1) isometry of a deformation of
the MNa solution in [1], such that the resulting type ITA solution consists of D4-branes
wrapping a two-cycle. We found a solution with non-trivial RR forms, a non-vanishing
Kalb-Ramond field and a complicated metric. We analyzed Maxwell and Page charges
associated to this solution.

We then studied properties of the field theory dual to the T-dual gravitational back-
ground. From a calculation of the Wilson loops, we saw that the dual gauge theory presents
confinement. We also computed the QCD string tension and the gauge coupling of the
gauge theory.

From a calculation of the entanglement entropy, we found that the field theory does
not have a phase transition, despite being a confining theory; this could be due to the
non-locality of the theory, as suggested in [34]. Finally, considering domain walls in the
gravitational background, we generate a Chern-Simons term in the gauge theory.
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