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ABSTRACT: We study the radiative process of two entangled two-level atoms uniformly ac-
celerated in a thermal bath, coupled to a massless scalar field. First, by using the positive
frequency Wightman function from the Minkowski modes with a Rindler transformation we
provide the transition probabilities for the transitions from maximally entangled symmetric
and anti-symmetric Bell states to the collective excited or ground state in (141) and (1+3)
dimensions. We observe a possible case of anti-Unruh-like event in these transition proba-
bilities, though the (141) and (1+43) dimensional results are not completely equivalent. We
infer that thermal bath plays a major role in the occurrence of the anti-Unruh-like effect,
as it is also present in the transition probabilities corresponding to a single detector in this
case. Second, we have considered the Green’s functions in terms of the Rindler modes with
the vacuum of Unruh modes for estimating the same. Here the anti-Unruh effect appears
only for the transition from the anti-symmetric state to the collective excited or ground
state. It is noticed that here the (14 1) and (14 3) dimensional results are equivalent, and
for a single detector, we do not observe any anti-Unruh effect. This suggests that the en-
tanglement between the states of the atoms is the main cause for the observed anti-Unruh
effect in this case. In going through the investigation, we find that the transition proba-
bility for a single detector case is symmetric under the interchange between the thermal
bath’s temperature and the Unruh temperature for Rindler mode analysis; whereas this is
not the case for Minkowski mode. We further comment on whether this observation may
shed light on the analogy between an accelerated observer and a real thermal bath. An
elaborate investigation for the classifications of our observed anti-Unruh effects, i.e., either
weak or strong anti-Unruh effect, is also thoroughly demonstrated.
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1 Introduction

Quantum entanglement is one of the most distinguishing features that differentiates quan-
tum physics from the classical. The fact that an entangled state of a collective system
cannot be separated into the product states of the subsystems, acts as the essence of en-
tanglement. It ensures that measurements of a physical observable on entangled particles
are not independent of each other. The existence of quantum entanglement is experimen-
tally verified in systems with photons, electrons, etc., see [1, 2]. Moreover, the application
of quantum entanglement in quantum communications, cryptography, and computing [3, 4]
has made it a more active and desirable field to venture further.

Furthermore, the realization and application of entanglement in flat and curved space-
times through the usage of quantum field theory is considered to be the most enthralling
recent outcomes, and there has been a growing interest in studying these relativistic quan-
tum entanglement effects in recent times, see [5-16]. Another interesting phenomena is
harvesting vacuum entanglement [6, 11, 17-19], i.e., quantum fields can be source for
entanglement for atoms interacting with it. The degradation of entanglement due to un-
controlled coupling to the external field, resulting from the influence of the field-atom
interaction, is also an actual physical problem in a realistic experimental situation. Then
it becomes imperative to understand the reasons of these degradation, so that sincere pre-
dictions can be provided. All these reasonings motivated the developments on studying
the transition rates between different states of entangled atoms in different trajectories,
which are thriving with many new ideas and possibilities, see [20-35]. In this purpose the
concept of two-level atomic Unruh-deWitt detectors are essential. These point-like atomic
detectors, whose internal states are coupled to the external field, were conceptualized to
understand the Unruh effect [36, 37].! To be specific, the Unruh effect proclaims that
the Minkowski vacuum as perceived by a uniformly accelerated observer will present a
Planckian distribution of particles, with the temperature proportional to the acceleration

!The Unruh-deWitt detector setup has been used to investigate whether a freely falling observer can
detect particles in Boulware vacuum, both for black hole [38, 39] as well as Friedmann-Lamaitre-Robertson-
Walker [39] spacetimes. Moreover, Unruh effect has also been used to verify the quantum memory of the
spacetime [40, 41].



of the observer. There are plenty of works predicting the possibility of generating entangled
states in systems of these two-level atoms interacting with bosonic and other fields [42-44],
further enriching the plausibility of these experiments. It is to be noted that there are
articles discussing the transition probabilities of entangled atoms in different scenarios for
the static or accelerated observers. Like, in [24] the radiative process of the static atoms are
discussed in the presence of mirrors. While in [20] the finite time effects of acceleration are
analyzed. These studies motivates one to study the similar radiative process for entangled
atoms accelerated in thermal bath, which is not there in literature up to our knowledge.
In this work we are going to study the radiative process of two entangled accelerated
atoms, coupled to a background scalar field, in a thermal bath. The transition probability
corresponding to single accelerated observers in thermal bath are estimated in [45, 46],
considering two-level Unruh-deWitt detectors (where in [47] the scenario for a rotating
detector in thermal bath is considered). In the derivation of [46] the Green’s function, which
is essential for the calculation, is constructed from the Minkowski modes with a Rindler
coordinate transformation. These Green’s functions are not time translation invariant and
one cannot provide the notion of transition probability per unit time out of them. However,
one can get the idea about the transition probability for certain field mode frequency from
these estimations. We have considered this particular procedure to study the transition
probability of entangled atoms accelerated in thermal bath in (141) and (1+3) dimensions.
On the other hand, we have also constructed the Green’s functions out of the
Rindler modes with the Unruh operators, i.e., with vacuum for Unruh modes(which is
the Minkowski vacuum here), corresponding to accelerated observers in thermal bath, in
both (1 4 1) and (1 + 3) dimensions. These Green’s functions are time translational in-
variant and one can get the notion of transition probability per unit time out of them. In
both of the cases with the Minkowski and Rindler modes we considered studying the tran-
sition probabilities for the transitions form the symmetric and anti-symmetric Bell states
to the collective excited or ground state. We observed that these transition probabilities
decreases with increasing detector acceleration in certain cases, the so called anti-Unruh(-
like) effect? [48, 49] (this will be discussed later elaborately). We have further provided a
thorough study about this effect in this work and tried to understand the source of this
effect in our case. For the case with the Minkowski modes we inferred that the presence
of the thermal bath, not the entanglement between the detectors, has a significant contri-
bution in the occurrence of this anti-Unruh-like effect. On the other hand, for the case
with the Rindler modes, where the anti-Unruh effect arises only for the transition from
the anti-symmetric Bell state to the collective excited or ground state, the investigations
suggest that the entanglement has the major role in the occurrence of the anti-Unruh phe-
nomenon. Interestingly, while for the Minkowski mode case features of the results in (1+1)

2We mention that one cannot provide the notion of transition probability per unit time here for the
case with the Minkowski modes as the Wightman function is not time translational invariant. On the other
hand, the Unruh or anti-Unruh effect notion is always associated with a transition rate. Therefore, for
Minkowski modes, we term them as Unruh-like and anti-Unruh-like effects to make a distinction from the
usual notion. Whereas, for Rindler modes, as we will see later, one can provide transition rate expressions.
Therefore, for this later discussion we reserve the phrases Unruh and anti-Unruh.



and (1 + 3) dimensions are not completely identical with each other, in the Rindler mode
case the features are common in both dimensions. The consideration of these particular
Rindler modes then provides further insights into the picture.

On the other hand, it is well known that the Minkowski vacuum fluctuations as seen
by an uniformly accelerated observer has striking resemblance with that of the thermal
fluctuations of a static observer in thermal bath. In this regard, there are many works
in the direction of understanding the distinguishability and indistinguishability between
them, see [46, 50-55]. In [52] the analogy between the two was pointed out by show-
ing the satisfaction of the fluctuation dissipation theorem by the force due to radiation
as measured by the accelerated frame (see [53] for this analogy in de-Sitter, Friedmann-
Lamaitre-Robertson-Walker background and [56] for the consideration of anomalous stress
tensor). Furthermore, in [46, 50, 51] the indistinguishability is proclaimed in certain sce-
narios. In particular, two different observers one accelerated in thermal bath and another
with double acceleration, i.e., in the Rindler-Rindler frame, are shown to be analogous by
studying the spectrum of observed particles. Here Bogoliubov transformation is utilized
to obtain the spectrum of particles seen by a Rindler-Rindler observer in the Minkowski
vacuum state and the detector response is studied to get spectrum of particles for an ob-
server accelerated in a thermal bath. In [54] some significant dintinguishabilities between
the observer static in thermal bath and the one with uniform acceleration are provided
by studying different components of the renormalized stress energy tensor, and comparing
them for Rindler-Rindler to Thermal-Rindler cases. All these analysis suggest the absence
of a straight resolution out of this issue. We expected our analysis to shed some light on
this matter too. In particular, we observed that in the calculation of obtaining the tran-
sition probabilities corresponding to the two-atom system there are also quantities that
resemble the situation signifying the case of a single two-level detector accelerated in a
thermal bath interacting with a scalar field. Namely we shall be denoting these quantities
by the transition coefficients F71 for the Minkowski mode case and Rj; for the Rindler
mode case. We observed that the quantity JFj; is not symmetric under the interchange
between the temperature of the thermal bath and the Unruh temperature. However, for
the case with the Rindler modes with the vacuum of Unruh modes Rp; is symmetric under
the same interchange. Thus suggesting this particular case may be the ideal representation
for an accelerated observer, where the analogy with a thermal bath is prominent.

In section 2 we begin with a brief discussion of our model set-up, the two entangled
two-level atoms coupled with the vacuum scalar field. In this section by perturbatively
expanding the time evolution operator up to first order in the coupling constant the ex-
pression of the transition amplitude is provided. From the expression of these transition
amplitudes and subsequently from the transition probabilities the role of the Green’s func-
tions corresponding to the detectors will be evident. Next, in section 3 the expressions of
the Green’s functions corresponding to uniformly accelerated observers in thermal bath are
given considering the Minkowski modes. In section 4 the expressions of Green’s functions
for the same systems, considering the Rindler modes (with Unruh creation and annihila-
tion operators), are given. In section 5 we have estimated the transition probabilities for
the transitions from the entangled states to the collective excited state in the two-atom



system considering the Green’s functions of section 3. Subsequently, in section 6 we have
considered the Green’s functions from section 4 and estimated the transition probabilities
for the same transitions. In section 7 we have studied the anti-Unruh(-like) effect resulting
in the transition probabilities from the both cases considering the Minkowski and Rindler
modes. We have concluded this article with a discussion of our results in section 8.

2 Radiative process of two entangled atoms: a model set-up

We begin our analysis elucidating on the radiative process of two entangled Unruh-DeWitt
detectors. This model has been taken up earlier in several situations [20, 24, 25]. Since
we need this, a brief review of it will be presented here in order to make the discussion
self-sufficient. Also this will help us to have a clear picture of the notations which we will
introduce in order to define different quantities in the analysis.

The detectors are composed of point like two-level atoms, which are interacting with a
massless, minimally coupled scalar field ®(X) through monopole interaction. The Hamilto-
nian of this system of two two-level detectors interacting with the scalar field is expressed as

H=Hjs+ Hpr+ Hint, (21)

where, H4 denotes the atomic Hamiltonian free of any interaction, Hg is the free scalar
field Hamiltonian, and Hi,; is the interaction between the atoms and the scalar field. As
provided by Dicke [20, 57] one may express the two-atom Hamiltonian corresponding to

the proper time as
dr dry

dr dr ]’
where, S = (1/2) (ej)(e;| —[g5)(gj|) denotes the energy operator, with |g;) and |e;)

Hjp=wg Sf@:ﬂ.Q +11®S§ (22)

respectively representing the ground and excited states of the j* atom with j = 1,2 here.
In eq. (2.2), 1; denote identity matrices, and wp the transition frequency corresponding
to the collective two atom system. In particular for two identical atomic detectors the
two-atom system has energy eigenvalues and the corresponding eigenstates, see [24], as

E. = wp, le) = le1)|ea);

B, =0, 15} = j§(|e1>|gz> +lgn)le))

E.—0, lay = \}5(|€1>|g2> —lgn)lea)) s

Ey=—uwo, l9) = |g1)]92) ; (2.3)

where, |g) and |e) respectively correspond to the ground and excited states of the collective
system and |s), |a) denote the symmetric and anti-symmetric maximally entangled Bell
states. A pictorial representation of them is shown in figure 1.

In (2.2), 71 and 7 are proper times corresponding to the frames attached with the first
and second atomic detectors, respectively while 7 denotes that for our observer who will

measure the transition amplitudes.
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Figure 1. The energy levels corresponding to the eigenstates of the collective two-level two-atom
system is depicted in this diagram. This figure has been taken from [25]. The contributions from
the monopole moment for each transition are also noted.

In Minkowski spacetime the free Hamiltonian of the massless scalar field is
1 . 2
Hp = 5/d3X [(@(X)) + \V@(X)F] : (2.4)

where, the overhead dot denotes differentiation with respect to the time coordinate, and V
denotes the vector differential operator. The monopole interaction Hamiltonian is given by

: : dry(7)
Hint (1) = > e (m5(7))m? (5(7)) @ (X (75(7))) 0 (2.5)
j=1

where, p; denote the individual coupling between the detectors and the scalar field. On
the other hand, x;(7;(7)) and m?(7;(7)) respectively denote the switching function, and
the detector monopole operators. For identical atomic detectors the coupling constants
between different detectors and the scalar field can be assumed to be the same, i.e.,
w1 = po = . With this consideration the time evolution operator can be expressed as

dri(7)
dr

U=T exp {—i / * dru {m(ﬁ(f))ml(ﬁ(f))@ (X1(r1 (7)) (2.6)

—0o0

+ ma(nr) P m()e (Kan(m) T2

where T signifies that time ordering is done.

We consider |w) to be some collective initial state of the two detector system, and |2)
some collective final state. It is also considered that the initial state |w) is prepared in the
Minkowski vacuum state |0ps) of the scalar field, and the final state |Q2) evolves to some



field state |©). Then the transition amplitude from the state |w;0x7) to |$2; ©), at the first
order perturbation level of the coupling constant u, will be

Awioar)»120) = (€ O[U|w; 0nr) (2.7)
dry

~ —iu(); O LOO dr {mm1<1> (X1) % + rem?® (X3) T lw; 0pr) -

From this transition amplitude one can obtain the transition probability for all possible
field states {|©)} as

2
Loty = D Aloyolee) Awonsie) & 1 Y mg ma, Fi(AE) ,  (28)
{le)} gl=1
where AE = Eq — E,, and m{lw = (Qm?(0)|w). The monopole moment operator is
defined as
m’(0) = lej){g;| + 195 {e;l (2.9)

and one can utilize this expression to acquire the contributions due to individual transi-
tions through the monopole moments in the expression of the transition probability. In
particular one can find out m!, = m2, =1/v/2, ml, = —m2, = —1/4/2, which respectively
denote the contributions from the monopole moments due to the transitions from the
symmetric and anti-symmetric states to the collective excited state. On the other hand,
the contributions due to the transitions from the symmetric and anti-symmetric states
to the collective ground state are ml, = m2, = 1/v?2, and m2, = —m}, = —1/v2. It
can be observed that the transition from the collective excited to the ground state or

reverse is not possible as in that case ml, = 0 = mJ,. One can look into figure 1, taken
from [25], for a diagramatic representation of the energy levels and for the monopole
operator expectation values corresponding to different transitions.

Let us now shift our attention to the transition coefficients in eq. (2.8), the explicit
form of which is given by
drj dm

— K 2.1
dr dT’Hjm’ (2.10)

(o] . ,
F;i (AFE) = /_Oo drdr' e~ mi(r)—m(r ))AEG*;rl (3 (7), 7 (7))
where, the positive frequency Wightman function is defined as

G (m5(7), i (1")) = (Oar|® [ X (5(T)] @ [Xi((7"))] |0nr) - (2.11)

Later we shall evaluate these transition coefficients specifically considering the first detector
to be the place where our observer is located, i.e., then 7 shall become 71. It will result
in a factor of dm(71)/dr when one considers the contribution of the second detector,
see [20, 25]. Now we shall proceed to evaluate the transition probabilities for the detectors,
uniformly accelerating with different accelerations, in a thermal bath. For this the explicit
expression for the Wightman function is required which we will discuss in the next couple
of sections. Since the field mode functions with respect to uniformly accelerated frame can
be represented by using Minkowski as well as Rindler decomposition, below both will be
discussed. We also mention that in our subsequent analysis we are going to consider the
switching function k; = 1.



3 Thermal Wightman function corresponding to Minkowski mode

In this section we first consider a quantum statistical system of finite temperature and
evaluate the Wightman function corresponding to positive frequency mode of free massless
real scalar field with respect to Minkowski coordinates. We call these modes as Minkowski
modes and with respect to them the vacuum is the usual Minkowski vacuum. Then we
discuss about the Rindler spacetime, which corresponds to a uniformly accelerated object.
We complete the section with consideration of the accelerated detectors in a thermal bath
and by constructing the required form of Wightman functions, necessary for the evaluation
of the transition probability in these trajectories.

3.1 An observer in a thermal bath

We take an observer to be in equilibrium with a thermal bath characterized by the param-
eter 8 = 1/(kgT), with kp being the Boltzmann constant and T the temperature of the
thermal bath. In this background we further consider a massless minimally coupled scalar
field ®(X) = ®(7,X). Then one can obtain the thermal Green’s (Wightman) function by
taking Gibbs ensemble average of the operator ®(X2)®(X;) as

G (X X0) = (@(X2) (X)) =  Tr [e” R ()2 (X)) @)

where, X; and Xy are two events in the spacetime and Z = Trlexp(—SH)| denotes the
partition function. Here H is the Hamiltonian of free massless scalar field (earlier we de-
noted this as Hp in (2.4)). In Minkowski spacetime, using the standard Fock quantization,
the scalar field can be expressed in terms of the annihilation and creation operators ay, aj,
and the positive and negative frequency mode functions as

o

In Fourier domain the scalar field Hamiltonian acts as a sum of infinitely many sim-

ple Harmonic oscillators. Then one can consider Hj = azakwk as the Hamiltonian

P(X) = Z fk;fk) (ake_i“’“T + a,tew’“T> . (3.2)
k

operator corresponding to the k* excitation, and express the partition function to be
—1

Z="Tr [e—ﬁH ] - (1 - e—ﬁw) . Furthermore, the thermal Wightman function [54, 58, 59

from eq. (3.1) can be expressed as

(3.3)

GE(XQ;Xl) = ; fk(Xz)fg(Xl) leﬁwk -1 + 1 — e Pk

oWk AT oWk AT
2w, ’
where, AT = T5 — Ty, and T5 > T is considered. From this expression the notion of
positive frequency Green’s function is implicit.
In a (1+ 1) dimensional spacetime the mode functions are f,(X) = (1/v/27)e*X and
taking the discrete to continuous momentum limit one can express the thermal Green’s
function as

=+ . —
Gi(X2; X)) = R (3.4)

dk 6ikAX+ikaT eikAX—ikaT
4wy,



One can explicitly perform the momentum integration in the expression of this Green’s
function, see [54] (we give this in appendix A; see eq. (A.1)).

Similarly, in (14 3) dimensions the mode functions are f,,(X) = (1/1/(27)3)e’*X, and
taking the discrete to continuous momentum limit the thermal Green’s function becomes

G5 (Xo; X1) = / (3.5)

efor — 1 1 — e Pwr

d3k eik.AX—i—iwk AT ez‘k.AX—z‘wk AT
+
(271)32wk

Here also the momentum integration can be explicitly carried out to provide a position
space representation of the (1 4 3) dimensional thermal Green’s function, see [54] (see
eq. (A.2) of appendix A). Below we shall express this in the frame of an uniformly accel-
erated observer. Since the Wightman functions are scalar quantities, one needs to just use
coordinate transformations in order to obtain the same in accelerated frame.

3.2 An accelerated observer in a thermal bath

The coordinates of a uniformly accelerated object are confined to specific regions in
Minkowski spacetime. These specific regions constitute the Rindler wedges [60] in a
Minkowski spacetime. Like Minkowski spacetime these Rindler wedges also make up for
static globally hyperbolic spacetimes. The motion of a uniformly accelerated observer is
studied considering these Rindler frames.

Let us first consider a (1 + 1)-dimensional Minkowski spacetime denoted by the coor-
dinates (7', X'), with the line element

ds* = —dT? +dX?. (3.6)

The transformation to the coordinates (n,&) in the right Rindler wedge (RRW), i.e., the
region |T| < X in the Minkowski spacetime, is

e
T = —sinhan
a
e
X = —coshan. (3.7)
a

In a similar manner one can also define a coordinate transformation suitable to the left
Rindler wedge (LRW), confined in a region |T'| < —X of the Minkowski spacetime. The
line-elements corresponding to both of the right and left Rindler wedges are expressed as

ds® = 2% [—dn2 n dgﬂ . (3.8)

It should be noted that the generalization of this (1 + 1) dimensional Rindler transfor-
mation (3.7) and (3.8) to (1 + 3) dimensions, when the observer is accelerating along
X-direction, is quite simple. The Minkowski Y and Z coordinates remain the same for an
observer accelerated in the X direction.

In Rindler spacetime the proper time can be estimated to be 7 = e*n and proper
acceleration b = ae~%. One can express the coordinate transformation from eq. (3.8) in



terms of the proper time and proper acceleration as

T = %sinh br

X = %cosh br. (3.9)

As one considers £ = 0, then 1 and a respectively denote the proper time and acceleration
of an accelerated observer.

Now we are going to consider accelerated observers in thermal background. The ac-
celerated observers will be described by the Rindler coordinates. We begin by looking into
the Green’s function in this case. It can be seen that one can just use the Rindler transfor-
mation from eq. (3.9) and put the expressions of AT, AX in eq. (A.1) and eq. (A.2) to get
the Green’s function in (14 1) and (1 + 3) dimensions for accelerated observers in thermal
background. However, up to our knowledge, these forms of Green’s functions, as not time
translation invariant in accelerated frame, are not suitable to compute the transition coef-
ficients of eq. (2.10). To circumvent this issue the Green’s functions (3.4) and (3.5), where
the momentum integration are not yet carried out, are considered (see e.g. [46], where this
trick has been used).

In a (1 + 1)-dimensional thermal background one can express the thermal two-point
function (3.4) in a different form with the consideration wy = |k| for a massless scalar field,
which will be convenient for our calculations, as

(o) de- eiwk(Ale_Ale) + eiwk(Ale-‘y—Ale)
+ . —
Gs (X5 %) = 0o Amrwg [ efuor — 1 (3.10)
efiwk(AlefAle) _~_€7iwk(Ale+Ale)
* 1 — e Fuwr
From eq. (3.9) one can obtain
1 1
ATy — AXj = ——e T 4 —e~bim
b; b
1 b'T' 1 blTl
AT]Z "‘ AX]l = K@ 7 — ge s (311)
] I

where, AT); = Tj2—1Tj1 and AX;; = X2~ X; 1. Here j, [ are the notations corresponding
to different detectors and the subscript 1, 2 denote different spacetime points. On the other
hand, one can also consider the (1 4 3) dimensional thermal Green’s function as given in

eq. (3.5) and get
T % W dwy, eiwk (AXj; cos 0+ATy;) eiwn (AXjy cos 0—ATy;)
G (X); X :/ 9d9/ 312
5 (X5 X1) | sinddd | S0 e + (3.12)

where, ATy and AXj; are given by the previously mentioned expressions, and we have

taken AYj; = 0 = AZj as the detectors are considered to be moving on the same X — T
plane. In particular, using the coordinate transformation from eq. (3.9) one can obtain

1 - .

chostQ—i-TjZQ—bj(éle“—ége Jf)

Xjcos0 —T; = L (—52 T 4 5y e_bﬂfT'f) (3.13)
J 77 2b; ’



where, 61 = 1 4 cos@ and d3 = 1 — cosf. One can put these expressions in eq. (3.12)
to get the Green’s function corresponding to accelerated observers in (1 + 3) dimensional
thermal bath. These expressions (eq. (3.10) and (3.12)) will be used for our later purpose.
It should be mentioned that the (1 + 1) dimensional Green’s function of eq. (3.10) after
the transformations (3.11) and the (1 4 3) dimensional Green’s function of eq. (3.12) with
the transformations (3.13) do not remain time translation invariant. In the next section
we are going to discuss about the Green’s function for accelerating observers in thermal
bath constructed considering the Rindler modes.

4 Thermal Wightman function corresponding to Rindler modes

The field can also be decomposed with respect to modes, defined in Rindler coordinates.
The Rindler vacuum is the vacuum for these Rindler modes. Below we will find the thermal
positive frequency Wightman function corresponding these modes in vacuum of the Unruh
modes which is here Minkowski vacuum.

4.1 (14 1) dimensions

Let us start our discussion in (1 4+ 1) dimensions. In terms of the Rindler coordinates
the equation of motion for a minimally coupled, massless free scalar field ® is ¢ =
6_2(15(—8%(1) + 8£2<I>) = 0. The solution of this equation suggests a set of modes each in the
right and left Rindler wedge as [61, 62]

1 .
Ry = eFE=n iy RRW
4w
=0 in LRW
Ly = #eikéﬂ'w" in LRW
4w
=0 in RRW. (4.1)

In terms of these Rindler modes the scalar field can be expressed, see [61], as
K t t
O(X) = > [off Pup + b Fu 4 of Fuy + b ] (4.2)

k=—o00
where, superscript L and R denote modes and the operators corresponding to the left and
the right Rindler wedges respectively. The operators correspond to Rindler vacuum |0g),
i.e. bf|0g) = 0 = bF|0g). In particular, in the right Rindler wedge where the field modes
Lug = 0 the scalar field takes the form

— t
OR(X) = 3 [bfF Pug+ b Fup] (4.3)
k=—0o0

We shall use this scalar field decomposition to obtain the Green’s function with respect
to the Minkowski vacuum for an accelerated observer described in the RRW. However,
it should be noted that the operators ka and bfT in eq. (4.3) correspond to the Rindler
vacuum |0Og). To circumvent this issue and to obtain the desired Green’s function we seek
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help of a prescription provided by Unruh [36]. In the following discussions we are going to
delineate this prescription namely the Unruh modes and the operators.

As defined in eq. (4.1) the field modes are separately non-vanishing in the two different
Rindler wedges of the Minkowski spacetime. Unruh in 1976 provided a prescription out
of these different modes which are valid in the whole region of the Minkowski spacetime.

They are obtained from the combination of the Rindler modes Fuy + e~™/@ Lu*_k and
Ry, + €™/ Ly Tn terms of these modes the scalar field can be expressed as [61]
- 1 1 ¥ R e P
P(X) = —_—— [dk (e 2a up + e 2a u_k) (4.4)

k;m A /2 sinh %

+ &7 (e—% Ry, +e2a Luk)} + h.c..

Here h.c. stands for Hermitian conjugate. It is observed that the Unruh modes have the
positive frequency analyticity property corresponding to the Minkowski time, same as the
Minkowski modes. Then the annihilation operators from the two sets of Unruh operators
(dl,d,lj) and (d?, d%T) annihilate the Minkowski vacuum

di|0ar) = di|0ar) = 0. (4.5)

Because of this particular feature of eq. (4.5) it is now quite less cumbersome to obtain
any Minkowski state expectation value. This can be achieved by transforming Rindler
operators in terms of these Unruh operators, see [61], using the relations

bl = — S;hm |52 d} + e 5 dl ]
V a
b = ——— [eF al + B (4.6)

\/2sinh 72

which is similar to the Bogoliubov transformation. Then putting this transformation
in eq. (4.3) one can get the expression of the field in the RRW in terms of the Unruh
operators as
> 1 e mw
(X)) = Z —_— {di e2a By +d2 e % Ruik] + h.c.. (4.7)

k=—oo {/2sinh T¥

This expression of the scalar field in RRW is the same as the representation of eq. (4.4)
with “uy, taken to be zero.

First let us evaluate the Green’s function for a single accelerated detector, without
any thermal bath, considering the scalar field in RRW, i.e., the field decomposition from
eq. (4.3) with Unruh operators. The field modes are expressed by eq. (4.7). Then one can
obtain the Green’s function, with w = wy, = |k| considering the massless scalar field, for an
accelerated observer with respect to the Rindler modes as

(4.8)

© dk eik’AE—iwk An eik’AE-{—iwk An
G (Mg, An) = [

—2mwy + 2wy,
1 — € a e a — 1

oo 4wy,
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In the above vacuum has been chosen to be that of Unruh mode, which is Minkowski
vacuum here. For a derivation of this expression one can consider looking into appendix B.
Comparing this expression (4.8) with that of the thermal Green’s function (3.4), we notice
that they are exactly the same with 8 is now identified as 27/a, and A¢ and An resemble
AT and AX. Therefore, one can clearly proclaim that an accelerated observer with the
Rindler modes in RRW mimics the thermal background.

On the other hand, one can obtain the Green’s function corresponding to accelerated
observers, with respect to Rindler modes, in a thermal bath in a similar manner. We
consider the Hamiltonian corresponding to the k" excitation to be Hj, = (d,lfT d,lC + d%T d%)wk
(as the vacuum under study is that of Unruh mode) to evaluate the Green’s function,
defined by eq. (3.1) in a thermal background. This turns out to be

o0 dk
G, (Mg dny) = [

—oco 8wy, \/Sinh Tk ginh Tk
aj a;

1 it L+L
X eikAgjlfikanjl e 2 aj ' ap
1 — e Bwk

. . _mep (11
+€ZkA£jl+lka’r7jl e 2 aj " ap
Twp (1, 1
1 {e_z‘k;Agﬂ_;-ikanﬂ e T(ajJral)

+ Bor —1
TWE 1 1
—ikAE —iwpAn; T3 (F"'?)
et Ej1—iwr Anjy e i ,

where, A& = &2 — &1 and Anj; = n;2 — 1. For a derivation of this expression one can
look into appendix C. It should be noted that eq. (4.8) corresponds to the Green’s function
of a single accelerated observer expressed in terms of the Rindler modes. Whereas, eq. (4.9)
corresponds to accelerated observers, generally considered to be of different accelerations, in
thermal bath expressed in terms of the Rindler modes. In particular, when a; = a; = a and
 — oo we get back the expression of eq. (4.8). Furthermore, one may consider §; = 0 then
the proper accelerations of the observers are b; = a; and the proper times 7; = 7;. Then
one may also notice the clear difference of eq. (4.9) from its counter part eq. (3.10) after
the transformation (3.11) corresponding to the Minkowski mode. The Green’s function,
coming from Rindler mode, is time translation invariant, whereas for the Minkowski modes
it was not. We are going to use eq. (4.9) also to obtain the transition probabilities later.

4.2 (1 + 3) dimensions
In this subsection we talk about Rindler mode decomposition of the massless real scalar field

in (1 + 3) dimensions. The positive frequency mode solutions of the scalar field equation
of motion 0® = 0 in (1 4 3) dimensions in terms of the Rindler coordinates in the right

- 12 —



and the left Rindler wedges are

= i sinh (%) K E ’kp|ea£ e—iwn—l-ik;.f in RRW
e o2 a a’ a
=0 in LRW
1 /sinh (%« liw 1kole®€] . .~ .
P g, = By} a( il K %, [fple™ plle elwntiky @ in LRW
=0 in RRW, (4.10)

where, K [n, z] denotes the modified Bessel function of the second kind of order n, and &
is perpendicular to the direction of acceleration, i.e., in the Y — Z plane, see [41, 60, 63].
Here k:; denotes the transverse wave vector in the Y — Z plane. Like the (14 1) dimensional
case here also one can decompose the scalar field confined to the right Rindler wedge as

ohx)=Y 3 [bjjjkp Bty + 002, Ruwk} . (4.11)

w=0kp=—00

where, the operators correspond to Rindler vacuum |0g), i.e. bﬁ k:p|0 r) = 0. Here also our
main aim is to obtain the Green’s function using the field decomposition of eq. (4.11) with
respect to the Minkowski vacuum, which corresponds to an accelerating observer. In this

regard, similar to the (1 + 1) dimensional case one can utilize the concepts of the Unruh

modes and operators. In particular, one can obtain the modes Ruwkp + e~™/a Luz —ky
and Ru:} —k, + em™/a Lu%kp in terms of the Rindler modes which are valid in the whole
Minkowski spacetime and have the positive frequency analyticity property with respect to

the Minkowski time. In terms of these modes the scalar field is

(e.0] o0 1
P(X) = —_
(%) Q;Jkpz_oo \/2sinh 72

[, (€3 Fug g, + e 8 Bul, ) (4.12)

2 —I¥ R x L
+d (e 20 Tul ez Uw,kp>] + h.c..

Here also the lowering operators from the two sets of Unruh annihilation and creation

2

t o . .
ooy di,k:p)> annihilate the Minkowski vacuum

operators (dl,kp7d£kp) and (d

w
d y, |0ar) = d2 5. [Oar) = 0. (4.13)

Then it will be helpful to express the scalar field in the RRW from eq. (4.11), using a
relation analogous to eq. (4.6), in form

o0 o0 1
(X)) = S
(X) wz::okp;oo,/Qsinh“;J

in terms of the Unruh operators. It should be mentioned that like the (1 4 1) dimensional

[di,kpe% P b, + di,kpe_% Ruz}_kp] +he, (4.14)

case here also this field decomposition is exactly same as the Unruh field decomposition
from eq. (4.12) with the Rindler mode corresponding to the left Rindler wedge Luw’kp con-
sidered to be zero. Like before we evaluate the Green’s function for accelerated detectors
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considering the field decomposition of eq. (4.14), where the accelerating observer is con-
sidered to be in the right Rindler wedge. Then the Green’s function for an accelerated
observer without thermal bath with respect to the Rindler modes is obtained as

© wdw e—iwA'r] eiwAn
GF (A€, A :/ | 4.15
R ( g 77) 0 (271')2 [1 e 2a €2T _ ( )

In deriving this expression in (1 + 3) dimensions we have considered that the accelerated
detector to be positioned at a fixed Rindler ¢ coordinate, £ = &g.

In a similar manner, one can obtain the Green’s function corresponding to accelerated
observers, with respect to Rindler modes in a thermal bath in (1 4+ 3) dimensions. We
use the RRW field decomposition from eq. (4.14) and take the Hamiltonian to be H,, x, =
(dolJT ey dij, Ky T dfj ky di, k,)w to evaluate the Green’s function, defined by eq. (3.1) in a thermal
background. This Green’s function is

Gt (A 4)—/Oodw/d2kp 2
Br i) = 0 (27r)4,/ajal

) mw (141 ) s
e~ WA o 2 \ a5 ' +GZWA77jl e 2\% @
X
1 —e B
w14 1 _mw(( 1 1
eiwAnjl e 2 (ﬂj+al> _|_6—iwA”7jl e 2 <aj+“l>
. ePv —1
iw |ky|e®si iw ke
<K 7’| pl K 77| p| , (4.16)
a; a; a a

where, Anj; = nj2 — m,1 and ; is the fixed Rindler spatial coordinate corresponding to
the j** detector. Note again that the above one is time translational invariant. We are
going to utilize these above mentioned considerations to obtain the transition probabilities
of eq. (2.8) for two accelerated atoms immersed in a thermal bath considering the Rindler
modes in (1 + 3) dimensions.

5 Transition probability for accelerated atoms in thermal bath with re-
spect to Minkowski modes

In this section we are going to estimate the transition probability from eq. (2.8) for two
entangled atoms accelerated in a thermal bath. We shall consider here the (1 + 1) and
(1 4+ 3) dimensional Green’s functions (3.10) and (3.12) with the coordinate transforma-
tions (3.11) and (3.13), which correspond to accelerated detectors in thermal background
with respect to the Minkowski modes. Our observer is considered to be co-moving with the
first accelerated detector, and we perform all of our evaluations with respect to this first
frame. The proper time of the first atom 7 = 7 will be used to carry out the integration
in eq. (2.10) to evaluate the transition coefficients. We consider for both of the atoms the
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Rindler parameter a to be the same. Then for different atoms with different constant & the
proper accelerations b; and by will be different with different proper times. This provides
a spatial separation between them in the X-direction. Now if one considers both of the
observers with respect to the same Rindler time 7 one can obtain a relation between the

proper times as

Ty = —T1. (5.1)

See [20] and appendix D for details. We shall use this relation to evaluate the transition
coefficients.

5.1 (14 1) dimensions

To evaluate the transition coefficients in (1 + 1) dimensions for two entangled atoms ac-
celerated in a thermal bath considering the Minkowski modes we consider the Green’s
function (3.10) and put it in eq. (2.10) with the coordinate transformation (3.11). Let us
denote a;; = (b1/ by)%2i, where 0;; denotes the Kronecker delta with detector’s indices
and j. Then the proper time of the j/* atom, by eq. (5.1), is given by 7; = a;71. One can
then express the coefficient functions Fj; (AE) as

F; (AF) = j 5.2
]l( ) 0 47ka Qi |: eﬂwk _ 1 ( )
Z3(bj) Z3(be) + Za(by) I4(bz)]
+ - 5
1 — e Bk
where
Il( / dre” iIAET; exp ( Zwk —b TJ>
To( / drye BB exp (2 kb r]>
Z3(bj) :/ drie”2ETi exp (Zwk b >
oo b;
Zu(bj) = drie T exp (—wakebﬂj> . (5.3)
—00 '
To simplify these integral expressions one can make change of variables e %7 = y and

e = z, and we also use of the relation Tj = ;71 between the proper times corresponding

to two differently accelerated observers. Then the integrals become

IAE
1 i _14IAE _fwp 1 Tb  nAE iAE
Z1(bj) = 7/0 dz 2 0 e :<Cljk> T F(Zb‘ )ZIS(bj)
j j

bja; bjaj
1 ogooLgpme s 1 (g \ T _mae AR\

To perform the above integration we have used the formula

/ dr x5 te™0 = 750t (s) | (5.5)
0
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with the conditions Re(b) > 0 and Re(s) > 0. To ensure the convergence of our integrals the
standard prescription has been adopted here (see e.g. [64] for details). Using these results
one can express the coefficient functions in eq. (5.2) as Fj; (AE) = [;° dwi, Fji (AE, wy).
Here Fj; (AE,wy) denote the transition coefficients corresponding to each mode with wave
number k. These transition coeflicients are given by

TAE (1 , 1 _mAE( 1, 1
Re [Cl(bj,bl)] e ? (ijrbl) n e ? <b1+bl)
27wb;by ebor — 1 1 — e Bk ’

.7:]'1 (AE,wk) = (56)

where

- S [iAE AE
Wk J WE\ b ) )
Ci(by by) = % (> r r(_ ) 5.7

From (5.6) and (5.7) one can obtain the expression of the transition coefficient F11(AE, wy)
as

1 1 1 1 1
Fii (AE = 5.8
n W) wrAEb; [eﬁwk -1 1— 672;1AE + 1 — e—Bwr 627;’?}3 _ 1] ’ ( )

where, we have used the Gamma function identity I'(iz)['(—iz) = 7/(zsinh7z). Also
eq. (5.6) and (5.7) shows that for equal acceleration by = b; all the transition coefficients
Fii (AE,wy) become equal to Fi1 (AE,wy). It should be mentioned that for a single
detector, accelerated in thermal background, Fi; (AE,wy) corresponds to the required
transition probability. The same has been obtained earlier in [46]. Note that it is not
symmetric under the exchange 8 <+ (27)/b; due to the over all multiplicative factor (1/by).
This originates in our calculation as it is based on the Minkowski mode. Later we will
notice that Rindler modes do not give rise to this asymmetric property.

Now we shall evaluate the transition probability between different states of the two-
atom system using eq. (2.8). For instance the transition probability from the symmetric

entangled state |s) to the collective excited state |e) comes out to be I'ye = [5° dwy Yoe,

where the expression of v, is given by,

Vse = 'u; {F11(wo, wk) + Fooa(wo,wr) } + {Fiz(wo, wr) + For(wo), wi }] - (5.9)

Whereas the same between the anti-symmetric state |a) to the excited state |e) is provided

by
2

Yoo = % [{Fi1(wo, wie) + Faa(wo, wi) } — {Fra(wo, wi) + For(wo, wie)}] - (5.10)

It should be noted that in both of the above cases the change in energy level of the collec-
tive system is AF = wg—0 = wqg. Furthermore, for the transitions from the symmetric and
anti-symmetric states to the ground state one has AE = 0 — (—wp) = wp. Then one can
find out the transition probabilities from the symmetric and anti-symmetric states to the
ground state, also provided by the 7. and v, respectively. Also note that for equal proper
acceleration of the two atoms the transition probability from the anti-symmetric state to
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the collective excited state or to the collective ground state becomes zero. The transi-
tion probability corresponding to the transition from the symmetric and anti-symmetric
entangled states to the collective excited state as a function of by are depicted in figure 2.
It should be noted that in this figure we have plotted the quantities from eq. (5.9)
and (5.10) per unit p?/2. Furthermore, in the subsequent studies also we shall take the
same consideration. Here since the observer is attached with the first atom, we show the
variation with respect to first atom’s proper acceleration b;. For the symmetric case, the
entanglement between the states of atoms, acts as enhancement in the transition probabil-
ity (the cross terms, e.g. Fio and Fa; are added), whereas in the anti-symmetric situation
entanglement provides decrease of transition probability. Interesting point to be noted from
the figure that in both of the cases the transition coefficients at first tend to decrease with in-
creasing acceleration by of the first observer, giving rise to a possible case of the anti-Unruh-
like effect, and then increases with it. Later, before providing our concluding remarks, we
shall elaborately discuss about this phenomena of anti-Unruh-like effect in this scenario.

5.2 (14 3) dimensions

To estimate the transition coefficients between different states of a collective system of
two entangled atoms accelerated in a thermal bath in (1 + 3) dimensions one can put the
expression of the Green’s function (3.12) in eq. (2.10). With this and the substitution of
coordinate transformations (3.13) one obtains

Wk s1n9 IlgD (b]) Iing (bl) I23D (bJ) IéksD (bl)
jl AE / dwk/ 2 271' OdjOél l oBor — 1 + 1= o—Buwx . (5.11)

The integrals Zy,,,(b;) can be evaluated to be

TAE

2b. ZAE .
T = [ dm e imE gansyemorty L 2T () [AEW]
bjoj 01 b b;
(5.12)
and integrals 7o, (b;) as
Il3D( / dT e —iT; AE zwk(X cos 60— T) 67 <51) j . iAE ka
(5.13)

where, 01 = 1+ cosf, o = 1 — cosf, and K [n, z] denotes the modified Bessel function
of the second kind of order n. Then one express the coefficient functions like before as
Fj (AE) = [y° dwi Fji (AE, wy), where

AE | AE
(b R

)o@,

Jrjl (AE,wk) = /0 sin 6 df 2b bl CQ(Q,bj,bl) W
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Figure 2. (1 4 1) dimensions: (a) The transition probability from the symmetric state to the
collective excited state denoted by the solid blue line. (b) The transition probability from the
anti-symmetric state to the collective excited state denoted by the solid red line. In both of the
plots the sum of the transition coefficients (Fj; + Fa2) for the transitions from the symmetric or
anti-symmetric states to the excited state are denoted by orange dashed lines. The sum of the
transition coefficients (Fyo + Fo1) for the transitions from the symmetric or anti-symmetric states
to the excited state are denoted by gray dotted lines. In all of the above cases by = 1 is kept fixed
and by is varied. The value of the other parameters are AE = 0.1, wy = 0.1 and § = 27.
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and the quantity Co(6, b;,b;) is given by

iAE w,ﬂ/al(sg} (/c [iAE wk\/(sl(sgD*'

b b b b

Ca(0,b5,b) =K [ (5.15)
We found it to be suitable to perform this 6 integration numerically and then to plot the
resulting transition probabilities. However, for equal proper accelerations one can perform
this 0 integral analytically to express the transition coefficient Fi1 (AE, wy) as

AFE =
F11 (AE,wy) o

W 1 1 1 1
[eﬁwk -1 —5raE + 1 — e—Buwk 627127?E 1 C3(b1), (5.16)

l—e =
where the expression of C3(by) is given by

by <1 3 . iAFE iAE w,%)
F3 ;

C3(b1) == E2 1 +].

S T 2k 1
27 727 bl ) bl ) b% (5 7)

. 2iAE
+2 cosh (WAE> Im (T (—2ZAE - 1) (L%) "
by by by

. . . 2
1 Fy <1AE 1'1AE § 21AE ‘wk>1 ‘

b2 h 2w

Here ,F, (m;n;z) denotes the generalized hypergeometric function. Note again that the
above expression is not symmetric under the interchange 5 <+ (27)/b; and as we mentioned
earlier, it is due to our choice of mode which is Minkowski here.

One can get the transition probability for the transitions from the symmetric and anti-
symmetric states to the excited and ground states in this case as well. The expressions
will be given by (5.9) and (5.10) again, but in this case F}; are determined by (5.14). The
Transition probabilities are depicted in figure 3.

Note again that the entanglement provides enhancement in transition for the symmetric
case whereas decrement to that for anti-symmetric situation. Here also the anti-Unruh-like
effects are evident and we shall properly discuss about it later in this paper. But there is a
distinct difference in the features of transition coefficients compared to (14 1) dimensional
case. Here 7. shows anti-Unruh-like phenomenon for all values of b; while this is not true
in (14 1) dimensions in same parameter range. It should also be noted that all of the
transition coefficients become equal to F11 (AE,wy) in the equal acceleration case by = by
and the transition probabilities from the anti-symmetric state to the collective excited or
ground states become zero.

6 Transition probability for accelerated atoms with the Rindler modes
in a thermal background

The scalar field in terms of the Rindler modes in RRW are meant to resemble the thermal
characteristics with respect to Minkowski vacuum for an accelerated observer. From the
(1 4+ 1) and (1 + 3) dimensional field decompositions (4.4) and (4.12), and the Green’s
functions (4.8), (4.9) and (4.15), (4.16) it can be observed that they are all represented in
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Figure 3. (1 + 3) dimensions: (a) The transition probability from the symmetric state to the
collective excited state denoted by the solid blue line. (b) The transition probability from the
anti-symmetric state to the collective excited state denoted by the solid red line. In both of the
cases by = 1 is kept fixed and by is varied. The orange dashed and gray dotted lines denote the
contributions from (Fi1 + Fa2) and (Fi2 + Fa1) respectively. We have considered the values of the
other parameters to be AE = 0.1, wx = 0.1 and 8 = 27.
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terms of the Rindler parameters a; and the Rindler coordinates n;, §;. To evaluate the
transition coefficients using these Green’s functions one has to move to the proper time and
proper acceleration which will be quite convoluted in this case. On the other hand, one
can approach this issue in a more straight forward manner, where the convenient way is to
keep these quantities in terms of a;, 775, and {; as they are. Then consider the same system
of two accelerated observers in a different manner so that the transformation from these
coordinates to the proper time and acceleration follows easily. In this regard we consider
the parameters are different a; # as corresponding to the two observers. The proper
accelerations and proper times are given by b; = aje*“fgi and 7; = njeaﬂfj, respectively.
Now as one considers §; = 0 the proper accelerations and proper times become b; = a;
and 7; = n;. Then for observers with equal Rindler time, the proper times are also equal
(a discussion on this has been presented in appendix D). We have seen from our previous
analysis that the exact form of the proportionality constant in the relation between the
proper times has no role in the transition probabilities. Therefore, it should not be absurd
to take the previous consideration of equal proper time.

We are going to utilize these above mentioned considerations to obtain the transition
probabilities of eq. (2.8) for two accelerated atoms immersed in a thermal bath considering
the Rindler modes. Then one can use A{;; = 0 and An;; = A7y = 7j2 — 771 in the
Green’s function of eq. (4.9) and (4.16). It should be noted that these Green’s functions
here are time translation invariant. Then one may perform the integration in eq. (2.10)
by switching to the coordinates, uj = 7j2 — 71 and vy = 72 + 7,1. After dividing the
transition coefficients by, (u? [0, dvji) one can get the response functions, which signify
the transition probabilities per unit time, as

Ru(AE) = [ dug e A G (u). (6.1)

In the subsequent analysis we shall use the above one here to find the transition probabil-
ities.
6.1 (1+ 1) dimensions

In (1+ 1) dimensions using the Green’s function from eq. (4.9) we evaluate these response
functions (6.1) and get

7 2 (N S TR L, 1
dwy, e 2 (ajJral) e 2 (ajJr“l)

O(wp — AE +
4wy, \/sinh % sinh Wa—“;’“ ( ) 1 — e Bwe ebwr — 1

Tk (L4 L _ TR (L1
e 2 (aj+a,l) e 2 (a,j+al)

= + T . (6.2)

Ry(aB) = [*

+i(wr + AE)

Here §(z — a) denotes the Dirac delta distribution. In both of our considered transitions
from the symmetric and anti-symmetric entangled states to the collective excited or the
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ground state the transition energy AE > 0. In the previous equation wy could only take
positive values. Then from eq. (6.2) considering AE > 0 we get

_mAE( 1 , 1 TAE [ 1 , 1
1 e 2 (aj+al) e 2 (aj+al)

Ry (AF) = 6.3
]l( ) AAE, [sinh TAE ginh TAE 1 — e PAE " ePAE — 1 (6:3)
aj a;
For j =1 =1 we get the expression of the response function R11(AF) to be
1 1 1 1 1
Rll(AE) = [ AL —aE T _BAE 21AE ] . (6'4)
2AFE 66 _1].—6 a1 1—66 e a1 —1

Note that, contrary to Minkowski mode analysis, here R;;, which is regarded as the single
detector’s response function, is symmetric under the exchange /5 <+ (27)/a;. This probably
provides a justification in replacing thermal bath by a uniformly accelerated observer with
respect to Rindler mode (with Unruh operators), rather than Minkowski mode.

With the help of these response functions one can obtain the transition probabilities
per unit time % and v, between different atomic states in a similar manner as done in
eq. (5.9) and (5.10), as

Y8 = [{R11(wo, wi) + Roz(wo, wi)} + {Ri2(wo, wi) + Rai(wo), wi}]

and

Y& = [{Ri1(wo, wk) + Roz(wo, wi)} — {Ri2(wo, wi) + Rai (wo, wi)}] - (6.5)

These have been depicted in figure 4.

It should be noted that we have ignored the 1/2 factor coming from the expectation
value of the monopole moments, as it will not affect any qualitative prediction. It should
also be mentioned that these transition probabilities (6.5) are qualitatively different from
the previous ones (5.9) and (5.10). In the previous case the transition probability corre-
sponded to certain mode frequency whereas here it corresponds to unit time.

From this figure, one can observe that the transition probability for the transition
from the symmetric state to the collective excited state has no anti-Unruh effect for the
considered values of the fixed parameters. For the transition from the anti-symmetric state
to the collective excited state, there is a visible occurrence of the anti-Unruh effect for the
same considered values of the fixed parameters. We will again take up this issue in the
next section.

6.2 (1+ 3) dimensions

In a similar fashion as done in the (1+1) dimensional case we consider the Green’s function
from eq. (4.16), which corresponds to two accelerated atoms in a thermal bath described
with respect to the Rindler modes. Using this Green’s function we evaluate the response
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Figure 4. (1 + 1) dimensions: (a) The transition probability from the symmetric state to the
collective excited state for two observers with the Rindler modes, immersed in a thermal bath. The
transition probability is denoted by solid blue line. (b) The transition probability from the anti-
symmetric state to the collective excited state for two observers with the Rindler modes, immersed
in a thermal bath, denoted by solid red line. In both of the cases as = 1 is kept fixed and a; is
varied. The other parameters are AE = 0.1, and § = 2w. The orange dashed and gray dotted lines
denote the contributions from (R1; + Re2) and (R12 + Ra1) respectively.
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functions of eq. (6.1) and get

(e’ d2kp 2 B . 4
le(AE)—/O dw /W’\/W dw—ABE) T T o

<K [“" “"IJ'] |2 ""pq , (6.6)

9y
a; Gy a

where, we have considered §; = 0 for both of the observers. Here 6(z — a) denotes the
Dirac delta distribution. From this eq. (6.6) considering AE > 0 we get

TAE 1 1 TAE 1 1
R (AE 2 eiT(‘TjJr‘Tl) eT (qu?l)
Jl( ) - (271')2 a;a; 1 — ¢—BAE + eBPAE _ 1
o0 AE |k AE |k
x/ oy K [Z, ’p’] K [Z,’p'] . (6.7)
0 7 a; ap aj
The expression of the response function Rji(AFE) is obtained from this equation with
j=1l=1as
AFE 1 1 1 1
R (AE) = l AE —oraE T —_BAE 21AE 1 ) (6.8)
27 | P -1,_ .~ L —e=fAE 208

which signifies the contribution of a single detector accelerated in a thermal bath described
in terms of the Rindler modes. This also exhibits the 5 <> (27)/a; symmetry.

With the help of the response functions of eq. (6.7) and using eq. (6.5), one can obtain
the transition probabilities per unit time vZ and 72, between different atomic states in
(14 3) dimensions. These have been depicted in figure 5.

Note that the features of the transition probabilities are identical to (1+1) dimensional
case. For both dimensions, 7% shows no anti-Unruh effect while v2 contains anti-Unruh
phenomenon. This similarity was not there in Minkowski mode analysis. Furthermore,
the expressions of the response functions (6.4) and (6.8) corresponding to a single detector
with Rindler modes correctly provides those for an accelerated detector [61] in a zero
temperature (i.e., f — oo limit) Minkowski background. Whereas that is not apparent in
the case with the Minkowski modes (see eq. (5.8) and (5.16)). Such consistency probably
indicates a preference of choosing Rindler modes (with Unruh operators) over Minkowski
ones in mimicking thermal behaviour by accelerated observer. But to be concrete, further
investigations are needed.

7 Detailed investigation of observed anti-Unruh(-like) phenomenon

In our previous discussions we observed that several transition probabilities are decreasing
with the increase of acceleration of the observer within a particular range. It is usually,
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Figure 5. (1 + 3) dimensions: (a) The transition probability from the symmetric state to the
collective excited state denoted by the solid blue line. (b) The transition probability from the anti-
symmetric state to the collective excited state denoted by the solid red line. In both of the cases
the Rindler modes are considered. In both of the cases ao = 1 is kept fixed and a; is varied. The
value of the other parameters are AE = 0.1, and § = 27.
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as observed earlier in [48, 49] for a different situation, called as anti-Unruh effect. In this
section, the observed anti-Unruh(-like) effect for our model in the previous sections, will
be further investigated in the light of required conditions for the same. In particular, we
observed that for accelerated detectors in thermal bath considering the Minkowski modes
there are anti-Unruh-like effects in (1 + 1) and (1 4 3) dimensions for both transitions
from the symmetric and anti-symmetric states to the collective excited state. On the other
hand, considering the same setup in terms of the Rindler modes with Unruh operators
in (1 +1) and (1 + 3) dimensions we observed that there is no anti-Unruh effect for the
transition from the symmetric state to the collective excited state for the similar set of
fixed parameters as the Minkowski modes. However, we observed that there is anti-Unruh
effect for the transition from the anti-symmetric state to the collective excited state for
the same values of the fixed parameters. Below we study them thoroughly and balustrade
these facts by verifying the consistency with the required anti-Unruh conditions.

7.1 Anti-Unruh effect: the conditions

Let us first briefly summarise the conditions of anti-Unruh effect. In article [48] it was first
shown that for short times the transition probability of an accelerated particle detector
decreases with increasing acceleration, a phenomena better known as the anti-Unruh effect
from then. In subsequent article [49] by the same authors the existence of the anti-Unruh
effect for infinite time was also confirmed. The statement of the anti-Unruh effect goes
like, “a uniformly accelerated particle detector coupled to the vacuum can cool down as its
acceleration increases.” To mathematically realize the existence of the anti-Unruh effect,
done in [49], there are two particular conditions which have to be satisfied. These conditions
are first mentioned below corresponding to our system of analysis.

7.1.1 Weak anti-Unruh effect

In our case the weak anti-Unruh effect is defined by the condition when the transition
coefficients (Fj;), transition probabilities (y,0) or response functions (Rj) decrease with
increasing acceleration of the atoms with all other parameters of the system fixed [49], i.e.,

851]:]‘1 <0; (31,1’wa <0; GalRﬂ <0. (7.1)

Note that here we have also considered taking the differentiation of the transition coeffi-
cients and response functions rather than only the transition probabilities, because these
particular coefficients F1; and Ri; signify the transition probability of the single accel-
erated detector in thermal background. We also specify that the differentiation is taken
with respect to the proper acceleration of the first detector as we have performed all of our
calculations with respect to this particular frame.

7.1.2 Strong anti-Unruh effect

To talk about this condition a definition of excitation to de-excitation ratio (EDR) for the
transition coefficients, transition probabilities and response functions is needed. The EDR
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corresponding to the transition coefficient F;;(AFE), the transition probability vyo.(AE)
and the response function R;;(AFE) are defined as [49]

Rr(AE) = ]f_j ;é(_AAE% ;
Ri(a8) = TS0
Rr(AFE) = R}jljé(—AAEE)') (7.2)
The corresponding EDR inverse temperature can be defined as [49]
B, — —& In(R). (7.3)

The condition for strong anti-Unruh effect is met when the EDR temperature decreases
with increasing detector acceleration. The mathematical representation of the strong anti-
Unruh effect is characterized by the condition of

8blBEDR(AE, bg,wk) >0. (74)

Below we shall check whether our observed phenomena are consistent with these men-
tioned conditions. This will not only provide a verification of our aforesaid claim, but
also provide a classification of the anti-Unruh(-like) phenomenon. Before proceeding fur-
ther, it may be noted that satisfaction of strong anti-Unruh condition implies automatic
satisfaction of weak condition; while the reverse is may not be true (see [49] for details).
The strong anti-Unruh effect always refers to the occurrence of the weak anti-Unruh effect
unless the conditions

Op F(—AFE) >0, and 0, F(AE) > 0; (7.5)

are satisfied simultaneously, see [49]. Here F(AFE) can be considered to be any of the
Fi(AE), vuo(AE) or Rj(AE), while for Rjj(AFE) the derivative is taken with respect to
a1. The occurrence of strong anti-Unruh effect, when one of these conditions or both of
them are violated signifies the definite satisfaction of the weak condition. On the other
hand, when both of these conditions (7.5) are simultaneously satisfied, the satisfaction
of the strong condition will not imply the satisfaction of the weak condition and in that
case one cannot comment about the nature of this phenomena. We shall check both the
conditions from eq. (7.1) and (7.4), and accordingly categorise the phenomenon as either
weak or strong anti-Unruh effect.

7.2 Case I: Minkowski mode
7.2.1 (1 + 1)-dimensions

We have seen from our analysis that in the system of two entangled atoms accelerated
in a thermal background, considering the (1 + 1) dimensions and Minkowski modes, as
one estimates the transition probability between different states one first gets a decreasing
probability with increasing proper acceleration by, signifying anti-Unruh-like effect. Then
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Figure 6. The quantity Oy, 7se is plotted with respect to varying b, for accelerated atoms in thermal
background in (14 1) dimensions, depicted by dash-dotted blue line. The quantity Op, V4. is plotted
with respect to varying by for accelerated atoms in thermal background in (1 4+ 1) dimensions,
depicted by red line.

one gets an increasing transition probability with increasing acceleration b; signifying the
Unruh-like effect. These phenomena can be understood from figure 2. Here we are going
to check whether the transition coefficients and transition probabilities satisfies the weak
and strong conditions of the so called anti-Unruh effect. After analyzing the results we
shall like to predict some possible source of origin behind it.

First, to check the weak condition for certain values of the parameters w, = 0.1,
AE = 0.1, and by = 1 we plot Oy, vwo VS b1 in figure 6 corresponding to transitions from
the symmetric and anti-symmetric states to the collective excited state (here we take the
same values of parameters as taken in figure 2 in order to have a proper comparison).

These plots are meant to provide confirmation in support of the existence of the weak
anti-Unruh effect when the functions have negative values. We observe that this is the case
in the lower regimes of the proper acceleration by — in the case of 4 for by less than 0.5
and in the case of 44 for by less than 1. Note that these are the values of b; up to which
the transition probabilities were decreasing (see figure 2).

Now to check whether this is complied with strong condition, in figure 7 we have plotted
the differentiation of EDR inverse temperature with respect to by for the same two transi-
tions. Note that for both the cases 0y, B, 5
and so it does not satisfy the strong condition. Hence here we have weak anti-Unruh effect.

are always negative throughout the range of by

Now the question arises what is the origin of this anti-Unruh-like phenomena in these
transition probabilities s and 74?7 Is it happening solely because of the entanglement
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Figure 7. The quantity 0y, 3., is plotted with respect to varying b;, depicted by dash-dotted blue
line. The quantity 0y, 8,,. is plotted with respect to varying b, depicted by red line.
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Figure 8. The transition coefficient F;1(AFE) with respect to varying by for accelerated atoms
in thermal background considering Minkowski modes. The solid violet line with the left vertical
axis denotes this particular case. The transition coefficient F11(AF) in the same scenario with the
temperature of the thermal bath now zero denoted by the dotted green line with right vertical axis.

between the atoms? In this regard, we want to mention that this phenomena is not only
visualized in 7. and ~,¢, but also in the transition coefficient F11(AE), figure 8.

It is to be noted that the transition coefficient Fi;(AFE) signifies the situation when
a single detector is accelerated in a thermal bath. In that case the entanglement do not

~ 99 —



15[ . ]
] I\‘ Oy, F11 — = -
10 ]
S ' \ 8blBEDR
S 5| . |
.o N
=) 1 S —
© T e e e .
R ] S — —
TS
5 —5 U A _
Q
_10 | | | \
0 2 4 6 8 10

Figure 9. Differentiation of the transition coefficient F1;(AFE) with respect to b plotted against
varying b; for accelerated atoms in thermal background, denoted by the dash-dotted green line. The
negative value of this quantity dy, F11(AFE) gives the condition for weak anti-Unruh effect. Here
the quantity Oy, Br,, is also plotted with respect to varying b; and it is denoted by the solid violet
line. The positive value of this quantity gives the strong condition for the anti-Unruh-like effect.

play any role into the picture and one can assert that the source of the anti-Unruh-like
effect is not from entanglement, at least in this case. Then the attention is bound to be
shifted towards the effects of the thermal bath as a possible origin of the anti-Unruh-like
phenomena. In this regard, in the same figure 8 we have also plotted the Fi1(AFE) in the
limit of 8 — oo or for zero temperature of the thermal bath. Interestingly it shows no
anti-Unruh-like effect, which suggests one reason behind the anti-Unruh-like effect to be
the non zero temperature of the thermal bath in which the atoms are accelerating.

Subsequently, we have studied the nature of the anti-Unruh-like phenomenon arising in
F11(AE). We can observe that the transition coefficient F11(AE) satisfies the condition for
the weak anti-Unruh effect, but do not agree with the condition for the strong anti-Unruh
effect (see figure 9).

7.2.2 (1 + 3)-dimensions

Next we consider the case for entangled atoms accelerated in a thermal bath as seen with
respect to the Minkowski modes in a (1 4+ 3) dimensional spacetime. For the same set
of values of the parameters wp = 0.1, AE = 0.1, and by = 1 as taken in figure 3 we
have plotted, see figure 10, the O, 7vse and O, Yqe With respect to by, which respectively
correspond to transitions from the symmetric and anti-symmetric states to the collective
excited state. For symmetric case, Op, Vse is negative for all selected values of b; while for
other case it is negative till by = 1. These exactly comply with figure 3 and thereby provide
confirmation in support of the satisfaction of the weak anti-Unruh condition.
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Figure 10. The quantity 0y, vse is plotted with respect to varying b; for accelerated atoms in
thermal background in (1+3) dimensions, depicted by dash-dotted blue line. The quantity d,Vqe is
plotted with respect to varying b; for accelerated atoms in thermal background in (1+3) dimensions,
depicted by solid red line.

In figure 11 we have plotted the differentiation of EDR inverse temperature with respect
to by for the same two transitions, which provide the condition for the occurrence of the
strong anti-Unruh effect for positive values. We observed that for the transition from the
symmetric entangled state to the collective excited state the quantity 9y, B = has negative
value up to around b; = 3 and then it gets a small positive value and tends to decrease
to zero for further increase in b;. On the other hand, for the transition from the anti-
symmetric entangled state to the collective excited state the quantity 9y, B} = has positive
value around b; = 0.25 and then it becomes negative and remains so for further increase in
b1. These analysis suggest that while the condition for weak anti-Unruh effect is satisfied
for a wide range of the parameter by, the condition for strong anti-Unruh effect is satisfied
in a much smaller range residing inside that of the weak case. Therefore, for the parameter
values of b; when strong anti-Unruh effect is satisfied the weak anti-Unruh effect is always
satisfied, consistent with our previous assertions.

Here also like the previous (1 4+ 1) dimensional case we have tried to understand the
origin of the anti-Unruh-like effect. In this direction in figure 12 we have plotted the
transition coefficient F11 in (1+3) dimensions considering the same sets of parameters. This
particular transition coefficient signifies the situation if there were only one two-level atomic
detector accelerating in the thermal bath. Like the (141) dimensional case here also we have
observed the anti-Unruh-like phenomenon, discarding any possibility of entanglement being
the sole origin of this effect. Furthermore, in figure 13 we have studied whether the anti-
Unruh-like effect for Fi; is of weak or strong origin. From this figure we observed that in
(14-3) dimensions it satisfies the condition for weak anti-Unruh effect but not the strong one.
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Figure 11. (a) The quantity 0y, B%¢ _ is plotted with respect to varying by for accelerated atoms

EDR
in thermal background in (1 + 3) dimensions, depicted by dash-dotted blue line. The quantity
Oy, B . is plotted with respect to varying b; for accelerated atoms in thermal background in

(1 + 3) dimensions, depicted by solid red line. (b) The same plot as depicted in the previous sub-
figure with the x— range in the initial region now emphasized.
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Figure 12. The transition coefficient F11(AFE), plotted with respect to varying by for accelerated
atoms in thermal background considering Minkowski modes and (1 + 3) dimensions.
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Figure 13. The derivative of the transition coefficient F11(AFE), plotted with respect to varying by
for accelerated atoms in thermal background considering Minkowski modes and (1 + 3) dimensions,

denoted by dash-dotted green line. In this figure the quantity 0, B

denoted by the solid line.
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Figure 14. The quantity d,,77 is plotted with respect to varying a; for accelerated atoms in
thermal background considering Rindler modes, depicted by dash-dotted blue line. The quantity
Da,vE is plotted with respect to varying a; for accelerated atoms in thermal background considering
Rindler modes, depicted by solid red line.

7.3 Case II: Rindler mode

7.3.1 (1 + 1)-dimensions

To understand the anti-Unruh effect for the transition probabilities considering the Rindler
modes, we have plotted 9,,7E and 0,,7f with respect to varying a; in figure 14. In
obtaining this figure we have kept the other parameters fixed AE = 0.1, as = 1, same as
in the figure 4. We observed that for transitions from the symmetric entangled state to the
collective excited state there is no weak anti-Unruh effect, confirmed from figure 14. On
the other hand, for transition from the anti-symmetric state to the collective excited state
there is weak anti-Unruh affect up to the value of a; = 1, complied from figure 14.

In figure 15 we have plotted the quantity 0,, B, . and 0, By . with respect to the
acceleration a; considering the Rindler modes. These quantities correspond to the variation
of the inverse EDR temperature for transitions from the symmetric and anti-symmetric
states to the collective excited state with respect to a;. These plots are meant to provide
confirmation in support of occurrence of any strong anti-Unruh effect. We mention that

while for the transition from the symmetric to excited state 0,, B}, . is always negative

and there is no sign of strong anti-Unruh effect, the case for anti—symm}gtric to excited state
is different. In that case 0, B% . is positive in the whole region compared to a smaller
region where weak condition is valid. From figure 16 and figure 14 one can observe that
O, VE(—AE) and 0,,vE(AE) are both positive for values of a; above a; = 1, and from

eq. (7.5) it is to be noted that in that case strong anti-Unruh effect does not refer to the
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Figure 15. The quantity 0,,B%¢  is plotted with respect to varying a, for accelerated atoms

EDR

in thermal background considering Rindler modes, depicted by dash-dotted blue line. The quan-

tity Oq, BYS . is plotted with respect to varying a; for accelerated atoms in thermal background

considering Rindler modes, depicted by solid red line.

satisfaction of weak condition. Therefore, there is no shortcomings in the analysis. Then
we note that the anti-Unruh effect occurring in this case is of both strong and weak nature
below the value a; = 1, and above it there is no anti-Unruh effect.

Like the Minkowski mode case here also we have tried to understand the origin of the
anti-Unruh effect. As discussed earlier the particular response function R11(AFE) signifies
the contribution of a single two-level atomic detector, accelerated in a thermal background.
Therefore, we consider the contribution from the response function Ry; for AF > 0 from
eq. (6.4) and observe

2TAE

s (eBAE + 1) e “

2mAE 27
a? (efAE — 1) (e o — 1>

Oay R11 (AE) = (7.6)

which is positive for all positive values of AFE, thus giving no anti-Unruh effect.

This response function R;;(AFE) in (1 + 1) dimensions considering the Rindler modes
is plotted in figure 17, where we observed that there is no visible case of anti-Unruh effect
for the same set of values of the parameters. It should be noted that this is in contrary to
the case considering the Minkowski modes. Therefore, in this case entanglement must have
played a significant role to provide this outcome. In fact one may plot the differentiation of
the transition probability 8(11756 with respect to a1 in the  — oo limit, the zero tempera-
ture case, to check that the anti-Unruh effect is present there too. Furthermore, in figure 18
we have checked the conditions for weak and strong anti-Unruh effect for Ri1(AFE) and
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Figure 16. The quantity d,,72(—AE) corresponding to the transition from the anti-symmetric
state to the collective excited state is plotted with respect to varying a; for accelerated atoms in
thermal background with Rindler modes. This quantity is positive for values above a; = 1, like the
0, 7E (AE) previously depicted in figure 14.
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Figure 17. The response function Ry;(AFE), plotted with respect to varying a; for accelerated
atoms in thermal background considering the Rindler modes in (1 4 1) dimensions.
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Figure 18. The differentiation of the response function R11(AFE), plotted with respect to varying
ay for accelerated atoms in thermal background considering the Rindler modes in (1 + 1) dimen-
sions, denoted by dash-dotted green line. In this figure the quantity 0,, B, corresponding to the
response function is also plotted, which is denoted by the solid line.

we confirm the absence of any anti-Unruh effect in that parameter range. This reconfirms
that entanglement is crucial for anti-Unruh phenomenon in case of Rindler mode analysis.

7.3.2 (1 + 3)-dimensions

In figure 19 we have plotted d,,7% and 9,,7%%, i.e., the derivatives of the transition prob-
abilities corresponding to transitions from the symmetric and anti-symmetric states to the
collective excited state considering the Rindler modes, with respect to varying a;. The other
parameters are kept fixed AE = 0.1, as = 1, same as in the figure 5. Like earlier these plots
denote the conditions for weak anti-Unruh effect. In particular, we observed that for tran-
sition from the symmetric entangled state to the collective excited state there is no weak
anti-Unruh effect for these particular parameter values, see figure 19. However, for the same
parameter values for the transition from the anti-symmetric state to the collective excited
state there is weak anti-Unruh affect up to the value of a; = 1 also seen from figure 19.
In figure 20 we have plotted the quantity 0y, B;;, . and 0, By . with respect to the
acceleration a; to understand the strong anti-Unruh effect in this case. These quantities cor-
respond to the variation of the inverse EDR temperature for transitions from the symmetric
and anti-symmetric states to the collective excited state with respect to a;. These plots are
meant to provide confirmation in support of the occurrence of any strong anti-Unruh effect.
From this figure we observed that for both the transitions from the symmetric and anti-
symmetric states to the collective excited state there is no sign of strong anti-Unruh effect.
Like the previous cases here also we have tried to understand the origin of these anti-
Unruh effect. In this regard, we have plotted the response function Rq1(AFE) in (1 4+ 3)
dimensions considering the Rindler modes in figure 21. Here also we observed that there
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Figure 19. The quantity d,,72 is plotted with respect to varying a; for accelerated atoms in
thermal background considering Rindler modes, depicted by dash-dotted blue line. The quantity
0a,vE is plotted with respect to varying a; for accelerated atoms in thermal background considering
Rindler modes in (1 + 3) dimensions, depicted by solid red line.
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Figure 20. The quantity 0., B, is plotted with respect to varying a; for accelerated atoms in
thermal background considering Rindler modes in (1 + 3) dimensions. For the transition from the
symmetric state to the collective excited state the curve is given by the dash-dotted blue line. On
the other hand, for the transition from the anti-symmetric state to the collective excited state the
curve is given by the solid red line. The positivity of these curves are expected to provide the

condition for strong anti-Unruh effect.
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Figure 21. The response function Ry1(AFE), plotted with respect to varying a; for accelerated
atoms in thermal background considering the Rindler modes in (1 4 3) dimensions.

is no visible case of anti-Unruh effect for the selected set of values of the parameters, thus
discarding the effects of the thermal bath in the occurrence of this anti-Unruh effect. It is in
contrary to the case considering the Minkowski modes. Therefore, here also entanglement
should be considered to be the significant contributor to the origin of the perceived anti-
Unruh phenomena, which can also be observed by plotting the 8(1175; in the § — oo limit.
In figure 22 we have further checked the conditions for weak and strong anti-Unruh effect
for R11(AFE), and found the absence of the same in the considered parameter range.

7.4 Summarizing the outcomes regarding the anti-Unruh(-like) effect

In this part we summarize the results that we have arrived on, while studying the anti-
Unruh effect considering two entangled atoms accelerated in a thermal bath. For the
convenience of understanding the results will be tabulated below in a case by case manner.
We shall first tabulate the results for the case with the Minkowski modes. Then we shall
tabulate the results corresponding to the case with the Rindler modes.

In table 1 we have tabulated the results corresponding to the case with the Minkowski
modes. On the other hand, in table 2 we have tabulated the results for the case with the
Rindler modes.

In both of the cases the set of parameters signify the similar scenarios and are consid-

ered to be in the same range.

8 Discussion

In this work we have attempted to understand the radiative process of two entangled
accelerated atoms interacting with a massless scalar field in a thermal bath. In particular,
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Figure 22. (a) The derivative of the response function R11(AE), plotted with respect to varying
acceleration a; for accelerated atoms in thermal background considering the Rindler modes in
(1 + 3) dimensions, denoted by dash-dotted green line. (b) In this figure the quantity 04, B,
corresponding to the response function is also plotted, which is denoted by the solid line.
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Transitions | Anti-Unruh-like effect | Nature

(1+ 1) dimensions | vse Yes Entirely weak
Yae Yes Entirely weak
Fi1 Yes Entirely weak

(1+ 3) dimensions | vse Yes Mostly weak, strong in some region
Yae Yes Mostly weak, strong in some region
Fi1 Yes Entirely weak

Table 1. The case with the Minkowski modes.

Transitions | Anti-Unruh effect | Nature
(14 1) dimensions | v% No —
7R Yes Both strong and weak
Rll No —
(1+ 3) dimensions | v2 No —
Var Yes Entirely weak
Rll No —

Table 2. The case with the Rindler modes.

the transitions form the symmetric and anti-symmetric entangled states to the collective
excited or ground states are studied. It is to be noted that vacuum fluctuations effects acts
as the cause for these transitions. In section 5 we have provided the estimations of the
transition probabilities considering the Green’s function, constructed from the Minkowski
modes with a Rindler coordinate transformation, in both (1 + 1) and (1 + 3) dimensions.
These transition probabilities correspond to certain frequencies of the field modes and they
do not resemble the transition probabilities for unit time. In this case we observed that
for both (1 + 1) and (1 + 3) dimensions there are visible cases of anti-Unruh-like effect
in the transition probabilities. However, the (1 + 1) dimensional results are qualitatively
different from the (1 + 3) dimensional one. For the transition from the symmetric state
to the collective excited state we observed that in (1 + 1) dimensions there is first anti-
Unruh-like effect and then Unruh-like effect, see from figure 2. However, for the same
transition in (1 + 3) dimensions there is only anti-Unruh-like effect in the same parameter
range, see figure 3. Therefore, there is a bit of difference between the (1 + 1) and (1 + 3)
dimensional results. Another evidence of this mismatch is observed when the nature of
the anti-Unruh-like effect is studied. In section 7 we observed that in (1 + 1) dimensions
the anti-Unruh-like effect is of purely weak nature in the considered parameter range. On
the other hand, in (1 + 3) dimensions in the same parameter range we observed that there
are also some regions where strong condition is satisfied. The regions where the strong
condition is satisfied are always contained inside the regions for the weak condition. We
have further plotted the quantities /11 and observed the anti-Unruh-like effect here also,
suggesting that in the Minkowski mode case entanglement do not play a significant role in
the occurrence of the anti-Unruh-like effect, i.e., thermal background plays the major role.

— 41 —



Furthermore, in section 6 we have considered the Green’s functions in terms of the
Rindler modes, obtained using the Unruh operators in the Unruh Vacuum, for the esti-
mation of the transition probabilities. These transition probabilities are time translation
invariant and a unit time prescription can be provided for them. Unlike the Minkowski
mode case here the (1+1) and (1+3) dimensional results are in agreement with each other,
see figure 4 and 5. For this case the occurrence of the anti-Unruh effect is confirmed only
for the transition from the anti-symmetric state to the collective excited state, section 7.
However, the quantities R11, which signify the contribution if a single detector were accel-
erated in the thermal bath, do not show any anti-Unruh effect in the selected parameter
range. Thus suggesting that here entanglement has a significant role in the occurrence of
the anti-Unruh effect.

Subsequently, the transition coefficients F71 considering the Minkowski modes are not
symmetric under the interchange between the temperature of the thermal bath and the
Unruh temperature, i.e., under § <> 27w /b. However, for the case with the Rindler modes
with Unruh operators Ry is symmetric under the interchange 8 <> 27/b (see appendix. A
for qualitative difference in terms of time translation invariance, between the Green’s func-
tions considering the Minkowski and Rindler modes). Then the later case of Rindler modes
with Unruh operators give a much more suitable representation for an accelerated observer,
where the analogy with a thermal bath is concerned.

In summary through this work we have not only studied the radiative process of en-
tangled atoms accelerated in a thermal bath but also provided understandings as to when
an accelerated observer is invariably comparable to a static observer in thermal bath.
These calculations and understandings motivate one to pursue other entanglement related
studies [21, 22, 26] such as entanglement dynamics, which includes rate of variation of the
atomic energy, generation and decay of entangled states due to the contributions of vacuum
fluctuations and radiation reaction, etc., for accelerated atoms in thermal bath.
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A Different Green’s functions and the consequence of their consideration

The fact that an accelerated observer in a Minkowski spacetime resembles an inertial
observer in a thermal background is widely debated in literature. There are some stud-
ies [46, 50, 51] in favour of this resemblance and there also articles pointing out some very
crucial contradictions [54]. The discourse is still open and here we are going to provide
some insightful results in this regard. Here we are going to point out the similarities and
dissimilarities between observers in a thermal bath or in a non-inertial motion with uniform
acceleration at the Green’s function level.
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A.1 Analogy between Green’s functions of uniformly accelerated and static
in thermal bath observers

We mention that the momentum integral in eq. (3.4) can be explicitly carried out to provide
a position space representation of the (1 + 1) dimensional thermal Green’s function as

GE(XQ;Xl) = 7% (ln {1 - e_%r(AT_AX)} +1In [1 - e_%(AT'FAX)D . (A.1)

Similarly in (143) dimensions also the thermal Green’s function of eq. (3.5) can be explicitly
evaluated in position space, see [54], as

T T
B B

In the following discussions we are going to study these Green’s functions in different limits

GE(XZ;Xl) == L [coth(

= SHIAX] (AT + |AX|)) — coth <

(AT — \AX))] C(A2)

and scenarios.

(1+1) dimensions. One can take the expression of thermal Green’s function in (1+1)
dimensions from eq. (A.1) and represent it in a more suitable manner for the subsequent
analysis as

+ . - i -
Gj(Xoy Xn) = i In <£>2 o In 3 e
B
(A.3)

From this expression of the Green’s function one can arrive at the (1 4+ 1) dimensional

1 sinh (%(AT — AX)) sinh (%(AT + AX)) 1 (Qﬂ _TF%T> .

Minkowski Green’s function as the limit 8§ — oo is taken. The corresponding expression is
1

G (X2 X1) = - [(AT — AX)(AT + AX)]. (A.4)
0

However, it should be mentioned that this entire expression comes from the first term
on the right hand side of eq. (A.3). The second term provides an infinite contribution,
which is neglected out of convenience. Then neglecting this second term of eq. (A.3) one
can observe that as one takes the limit AX — 0 the (1 + 1) dimensional thermal Green’s
function reduces to

G} (X X1) = —5 I [isinh (” ?T)] , (A.5)

which gives the Green’s function corresponding to a static observer in thermal bath in
(141) dimensions. On the other hand, from the expression of (1+1) dimensional Minkowski
Green’s function from eq. (A.4), and using the Rindler transformation of eq. (3.9) one can
get the Green’s function for an accelerated observer in (1 + 1) dimensions as

1 2 A
G (X2 X1) = —%ln {b sinh (b 5 Tﬂ . (A.6)

It can be observed that the Green’s functions from eq. (A.5) and eq. (A.6) are the same
with AT and g replaced by A7 and 27/b.
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(1 + 3) dimensions. We note that in eq. (A.2) as one takes |[AX| — 0, one shall get

1 1

+ . — _
G (Xai X0) = 4 B2 sinh? (m AT/B) "

(A7)

On the other hand, as one takes 1/8 — 0 in the expression of the Green’s function from
the same eq. (A.2), one can obtain the Minkowski Green’s function

1 1
472 (—AT? + |AX]2)’

G (Xo; X1) = (A.8)
which for an accelerated observer in terms of the Rindler proper time (3.9) can be
expressed as

b? 1

_ . A9
1672 sinh? (b AT/2) (A4.9)

G (Xg; X1) =

It should be noted that this Green’s function and the thermal Green’s function from
eq. (A.7) have the exact same expression with AT and 8 now replaced by A7 and 27 /b.
We have tabulated characteristics of these different Green’s functions corresponding
to static observer in thermal bath or uniformly accelerated observer in non-thermal
background in table 3.

A.2 Analogy between Green’s functions of accelerated atoms in thermal bath
considering the Minkowski or Rindler modes, and atoms with double
acceleration

Accelerated observer in thermal bath. From eq. (3.10) with the coordinate transfor-
mation of eq. (3.11) one can find out the Green’s function corresponding to an accelerated
observer in a thermal bath in (1 4+ 1) dimensions with respect to the Minkowski modes.
Similarly, in (1 + 3) dimensions the Green’s function corresponding to an accelerated ob-
server in thermal bath with respect to the Minkowski modes is given by the expression of
eq. (3.12) with the coordinate transformation of eq. eq. (3.13). It should be noted that
none of these Green’s functions are time translation invariant with respect to the proper
time of the accelerated observer.

On the other hand, the (1+1) and (14 3) dimensional Green’s functions corresponding
to accelerated observers in thermal bath with respect to the Rindler modes are given by
eq. (4.9) and (4.16). It is to be noted that these Green’s functions are time translation
invariant. We further briefly discuss about the Green’s function in a Rindler-Rindler frame.

Rindler-Rindler. In the first Rindler spacetime defined by the coordinate transforma-
tion of eq. (3.7) if one considers another analogous coordinate transformation, one can form
the so called Rindler-Rindler spacetime. This coordinate transformation is

a'x

. /
n=— sinh a't

e(l/:lf
£ = = cosha't, (A.10)
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Green’s function Time Analogous Green’s
translation | function
invariance
(1+1) dimensions | Thermal static Yes Uniformly accelerated
with Minkowski modes
Uniformly accelerated
with Rindler modes
Uniformly accelerated | Yes Uniformly accelerated
with Minkowski modes with Rindler modes
Thermal static
Uniformly accelerated | Yes Uniformly accelerated
with Rindler modes with Minkowski modes
Thermal static
(14 3) dimensions | Thermal static Yes Uniformly accelerated
with Minkowski modes
Uniformly accelerated
with Rindler modes
Uniformly accelerated | Yes Uniformly accelerated
with Minkowski modes with Rindler modes
Thermal static
Uniformly accelerated | Yes Uniformly accelerated
with Rindler modes with Minkowski modes
Thermal static

Table 3. Characteristics of different Green’s functions (observers with uniform acceleration or
static in thermal bath).

which enables one to express the line element as
2 2a’x 2a a'z / 2 2
ds” = e** " exp ¢ —e"“cosha't {fdt +dz } . (A.11)
a
It should be mentioned that here a and a’ denote the acceleration parameters corresponding

to the first and the second Rindler transformations. The relation between the Minkowski
coordinates (7', X') and thees Rindler-Rindler coordinates (¢,z) is

X _p—ajd , /
T = — sinhT6 5 {exp [a/ea (z+t)| _ exp {a/e“ (:ct):| }

a a a a

X ~ —a/a’ ) ,
X = a cosh T' = - {eXP Lj,ea @+ 4 exp {Z,ea (I_t)}} : (A.12)

Here X = exp %e“/m cosha’ t} and T = %ea/‘” sinh a’t. Then we have the expression of

T+X = e exp {a,ea,(xﬂ)
a
eia/al a a’(az—t)
T—-X=— L exp | e , (A.13)
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Green’s function Time translation | Analogous Green’s
invariance function

(1+ 1) dimensions | Accelerated in | No —
thermal bath with
Minkowski modes

Accelerated in | Yes —
thermal bath with
Rindler modes

Double acceleration | — —

(14 3) dimensions | Accelerated in | No —
thermal bath with
Minkowski modes

Accelerated in | Yes —
thermal bath with
Rindler modes

Double acceleration | — —

Table 4. Characteristics of different Green’s functions (observers with uniform acceleration in
thermal bath or with double acceleration).

which can be used to obtain the (1 + 1) and (1 + 3) dimensional Green’s functions from
eq. (A.4) and (A.8) corresponding to an observer in a Rindler-Rindler frame with respect
to the Minkowski modes. It should be mentioned that in a Rindler-Rindler frame the exact
expression of the proper time is not yet known up to our knowledge. Then it is not readily
possible to comment about the time translational invariance for this Green’s function.
However, structure wise it can be observed that it is different than the thermal-Rindler
case. We have tabulated characteristics of different Green’s functions, corresponding to
accelerated observers in thermal bath or observer in Rindler-Rindler frame, and the analogy
between them in table 4.

B Green’s function of accelerated observer considering Rindler modes

To obtain the Green’s function of an accelerated observer considering the Rindler modes
we first take the definition of the Green’s function

GH(X2, X1) = (00|®F(X2) @ (X1)|0ar) - (B.1)

In this expression we put the expression of the scalar field from eq. (4.7), which denotes
the scalar field decomposition in the right Rindler wedge. We also assume that for both
of the spacetime points acceleration is the same a. Then the above Green’s function (B.1)
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becomes

> 1

GE:(OM| Z —
ke k' =—o0 2\/smh ok sinh

W, 1
k

a
Tk T t Tk t T
X {(d}ﬁe 2 Py + die Ru*_k> (d}c,e 2o ks + de 2 Ru_k/)} |0as)

> 1

_ Wy R R | mwg R R :|
= ————|e"a Tug tup+e o ulp tu_p|, B.2
Z 2sinh Tk [ BTk k K (B-2)
k=—o00 a
where, we have used the commutation relation [dJ, d;,] = 0, /- Now by putting the ex-

pression of the modes #uy, from eq. (4.1) one can obtain the Green’s function to be

GE = Z —2mwy + 2rwy, (B3)

szoo%-wk l1—e"a e a —1

00 1 [eikAE—iwk An etk AE+iw, An ‘|
)

which, in the continuum momentum limit yields the desired expression of the Green’s
function for an accelerated observer in terms of the Rindler modes as given in eq. (4.8).
Note that this evaluation is done for (141) dimensions. A similar evaluation can be done in
the (1 + 3) dimensions also considering the scalar field expansion in RRW from eq. (4.14)
and putting it in eq. (B.1) and then using the expressions of the mode from eq. (4.10)
to evaluate the Green’s function corresponding to an accelerated observer in terms of the
Rindler modes, the expression of which is given in eq. (4.15).

Next we construct the Green’s function in the Minkowski vacuum considering the field
decomposition given by eq. (4.4), i.e., in terms of the Unruh modes and Unruh operators
in (1 + 1) dimensions. This Green’s function is obtained as

G (X2, X1) = (O] ®(X2)(X1)|00r) = GR(X2, X1) +GF (X2, X1) +Gpp (X2, X1), (B4)

where the expressions GE(XQ,Xl)and G}:(XQ, X1)correspond to accelerated observers in
the right and in left Rindler wedges respectively, and GEL (X2, X1)denotes the cross term.
The expression of G (X2, X1)is already given in eq. (B.2) and the other two quantities are
given by

(oo}
1 T _mep
GE(Xe, X1) = Y g oo P Pup e Pty Pusy (B.5)
k=—o00 a
e 1
. yoo T
it 2 sinh Tk

R, L L R L, R R L
G (X2, Xy) = [uku_k+ uty Cup 4+ up o+ uly, uﬂ

One can use the explicit expressions of the Rindler field modes #uy and “uy, from eq. (4.1)
and obtain the expression of GE(XQ, X1)same as given in eq. (B.3) and other expressions
of Gf (X2, X1)and G}, (X2, X1)in a similar manner. A (1 + 3) dimensional representation
of this Green’s function can be obtained in a similar manner.
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C Green’s function of accelerated observer in thermal bath considering
Rindler modes

Considering Gibbs ensemble average definition from eq. (3.1), and Rindler mode decom-
position of the scalar field from eq. (4.7) we obtain the Green’s function of an accelerated
observer in a thermal bath as

> 1
G5 (X2, X11)= >

(C.1)
fk = oo 2\/sinh % sinh

W, 1
k

ap

wk/

11T£<ﬂ+i)R'Rl 1T1£<ﬂ“’L )R'*Rl
X (|dpdge* % ) Ry T S dy dyg e N ) P T

k

w w
k

w / afw /
22T*§(TE+T]§)Rj*Rl 2T2*§(T'?+al)Rj Rl *
+dkdk/e J Uik_ ufk/—i_dk dk/e J Uik_ Uik/ .

B

A

Here (O)g denotes the Gibbs ensemble average and the superscript j(or I) denotes the
j™(or I detector) which corresponds to the second(or first) spacetime point. We mention
that the observer is considered to be confined in the right Rindler wedge. Furthermore,
we consider the Hamiltonian corresponding to the k™ excitation to be Hj = (d,lgT di +
d? d?)wg.Then the Gibbs ensemble average of the operators (did;, g =04 /(1 —e Awk)and

<d{: di, )8 =0y 1/ (eP“ —1).These results can be used along with the expression of the modes
Ruy from eq. (4.1) to obtain the desired expression of the Green’s function from eq. (4.9).
Here also this evaluation is provided for (1 4 1) dimensions. One can evaluate the Green’s
function corresponding to accelerated detectors in thermal bath for (1 + 3) dimensions
considering the Rindler modes as given in eq. (4.16) in a similar manner. However, in the
later case the scalar field expansion in RRW and the expression of the Rindler modes are
taken from eq. (4.7) and (4.10).

Next we consider the Gibbs ensemble average definition from eq. (3.1) to obtain the
Green’s function in a thermal bath taking the field decomposition given by eq. (4.4), i.e.,
in terms of the Unruh modes and Unruh operators in (1 4+ 1) dimensions. This Green’s
function looks like

GEU (ijQ,XlJ) = GER(XJ'Q’lel) + GEL (Xj,g, Xl,l) + GERL (Xj72,Xl71) . (C.2)

Here the expressions GER(Xj,g,Xl,l)and GEL (Xj,2, X 1)correspond to accelerated ob-

servers in thermal bath in the right and in left Rindler wedges respectively, and

Gt (Xj2,X;1)denotes the cross term. The expression of G (X2, X;1)can be obtained
5RL 75 ) BR s )
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from eq. (C.1) and the other two quantities are given by

> 1
Gh (Xj2, X11) = )

k=—00

2. /sinh T ginh ™%k
ag a

TR (1,1 TR (1, 1 .
1 {6 2 ("‘j+al> L ] L l*+e 2 (”‘j+a’l) Lui* Lul k}

X —
1—eBur koo
1 m(;JrL) m(;jLL)
+65Wk_1 62 a; ' ap Lj*L l+€ 2 a; ' ap L]kLul_ﬂkz ,
= 1
GY (Xj2,X11) = Y,
Brr 5211 . TWE o TWg
k—=—o00 2 Slnh ? Slnh Tl
1 M(L,L> R ,m(g,g) LR
- 2 aj ap J 2 a; ap J * *
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One can use the explicit expressions of the Rindler field modes fuy and “uy, from eq. (4.1)
and further express the quantities GER (X9, X1), GEL (X2,X1), and GERL (X2, X1)in terms
of Rindler coordinates. Here also a (1 4+ 3) dimensional representation of this Green’s

function can be provided in a similar manner.

D Relation between the detector proper times

We take the Minkowski to Rindler coordinate transformation from eq. (3.7) to express the
two accelerated observers. In particular the coordinate transformation corresponding to
our first accelerated observer is

161
T1 = sinh aitm
ai
161
X = coshain , (D.1)
ai

and a similar coordinate transformation corresponding to the second accelerated observer is

282
T = sinh asno
az
e02§
Xy = , cosh asns . (D.2)
2
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e@1&1 /al
@282 /az

n =const. - - -

Figure 23. Here the trajectories of two observers with two different proper accelerations are
depicted in the right Rindler wedge.

From these coordinate transformations one can observe that n; = (1/a;)tanh™(T;/X;)
and e%% Ja; = (X F— Tjg)*l/ 2. Tt means constant Rindler times signify straight lines in the
Minkowski T' — X plane, see figure 23. On the other hand observers with constant proper
accelerations b; = a; e~ %% follow the hyperbolic trajectories, also depicted in the figure 23.
Now the scenario of constant proper acceleration can be achieved in a few different ways.
One can take two accelerated observers with the same Rindler parameter a; = a9 and
keep them in two different Rindler spatial points & # &. On the other, hand one can
also take the a; # ao from the beginning with the consideration of & = &. In both of
the cases the observers have different proper acceleration, i.e., they signify two different
hyperbolic trajectories in the Minkowski T'— X plane. Interestingly in both of the cases
these trajectories can be cut by a single n = const. line. It is noticed that if one considers
both of the observers to be described by equal Rindler time 7 then a relation between the
proper times of the two different observers can be obtained.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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