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1 Introduction

T T̄ deformed quantum field theories [1, 2] have many remarkable properties (see e.g. [3, 4]
and references therein) — particularly in comparison to generic non-renormalizable theories
— yet their status as well-defined quantum theories remains murky. It is not clear whether
the standard Wilsonian picture of a quantum field theory as a flow between UV and IR
fixed points applies in the case of T T̄ , since the short distance structure of these theories
is not well understood. An optimistic read on the situation is that the solvable nature of
certain observables in T T̄ deformed theories indicates that there is a well-defined underlying
structure, which might turn out to enlarge our understanding of the space of quantum
field theories.
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It has proven to be useful and illuminating to view a T T̄ deformed theory as living on a
different spacetime metric than its undeformed counterpart [5–8]. The simplest context to
appreciate this is at the level of classical field theory, where to define a T T̄ deformed theory
one is instructed to write down a 1-parameter family of actions obeying dSλ

dλ =
∫
d2xOT T̄ ,

where the operator OT T̄ ∼ detTµν is built out of the stress tensor of the deformed theory.
As we review below, the solution to this problem can be obtained by introducing Hubbard-
Stratonovich fields, where these auxiliary fields play the role of the metric which couples to
the undeformed theory. One then solves the equations of motion for these fields and plugs
back in to arrive at the deformed Lagrangian.

The two metrics just discussed are related by a coordinate transformation — in general
supplemented by a Weyl transformation — that depends explicitly on the dynamical fields
of the theory. This notion of a field dependent coordinate (and Weyl) transformation may
turn out to hold a key to a deeper understanding of T T̄ deformation, and so our goal in
this paper is to develop this idea further.

At the quantum level, the appearance of such dynamical coordinate transformations
can be understood from several points of view. One route is via the computation of
correlation functions in the deformed theory. The approach taken by Cardy [6, 9] uses that
OT T̄ can be written as a total derivative away from the insertion of other operators. Using
this, a change in the T T̄ coupling can be absorbed into a change in the operators appearing
in the correlator, and this change turns out to correspond to a coordinate transformation
that depends explicitly on the stress tensor. This coordinate transformation agrees with
the one discussed above at the level of classical actions. It should be noted that this
construction is so far restricted to T T̄ deformed theories defined on flat space; even defining
the OT T̄ operator on curved space is a challenge, as we review in the main text.

As first discussed by [10], it is interesting to view T T̄ deformed theories in the context of
the AdS/CFT correspondence. For one sign of λ various observables such as the deformed
energy spectrum have elegant gravity counterparts in terms of an AdS3 geometry with a
radial cutoff surface, with the position of the cutoff fixed by λ. The defining flow equation,
dSλ
dλ =

∫
d2xOT T̄ , can be reinterpreted as one component of the Einstein equations. See [11–

16] for some further developments and [17–20] for alternative interpretations.
The notion of a dynamical change of coordinates is very natural in the context of

a holographic dual with a sliding cutoff surface [10]. We will derive flow equations by
demanding that the metric on the cutoff surface maintains its form, for instance by choosing
the conformal gauge. In the case of flat cutoff surfaces, the flow equations match those
found by Cardy in his analysis of correlation functions [9], including the modification to
the stress tensor flow required in order to maintain conservation. A new feature is the
appearance of a dynamical Weyl factor; in this context we remark that at the level of a
classical bulk there is no obstacle to introducing a curved metric. Indeed, the complications
mentioned above regarding the definition of the OT T̄ operator in curved space have to do
with a breakdown of factorization, but factorization is automatic in the classical bulk limit
(i.e. the large N limit from the point of view of the boundary field theory).

There are several ways to motivate the relation between the T T̄ deformation and AdS3
gravity with a radial cutoff. We provide a new one which is very direct and illuminates
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previous treatments. Specifically, in [18] it was shown how the dictionary emerges by
applying standard AdS/CFT rules to double trace interactions involving the stress tensor:
adding the double trace interaction changes the variational principle, and the metric that
should be held fixed in the variational principle was identified as the metric on the cutoff
surface. Here we proceed by evaluating the on-shell action of the region between the cutoff
surface and the AdS3 boundary. This action turns out to be simply the double trace
interaction

∫
d2xOT T̄ evaluated on the AdS3 boundary. From this it follows that including

this interaction is equivalent to integrating out the region of the bulk exterior to the cutoff
surface. The holographic dictionary is an immediate consequence.

We should note that the usefulness of a gravity dual for the T T̄ deformation becomes
less clear for observables that are sensitive to bulk matter fields [11, 13, 18], and for this
reason we will restrict attention to pure gravity in the bulk. Our hope is that lessons
learned in this context will turn out to have general validity.

The outline of this paper is as follows. In section 2 we describe some general aspects
of the T T̄ deformation in curved space, putting a special emphasis on the factorization
property of the expectation value of the T T̄ operator. The derivation of the dynamical
change of coordinates and its application to computing deformed Lagrangians is the content
of section 3. We evaluate the annular action in section 4 and show its direct relation to
classical on-shell actions on the field theory side. The dynamical coordinates are recovered
from the cutoff AdS3 setting in section 5. In section 6 we derive the flow equation for the
deformed stress tensor from holography. We conclude in section 7 and discuss potential
future directions.

2 The T T̄ deformation

Starting our discussion in flat space, a T T̄ deformed QFT is defined, at least formally, in
terms of a path integral with respect to a 1-parameter family of actions Sλ that obeys the
flow equation [1, 2]

dSλ
dλ =

∫
d2xO(λ)

T T̄
, (2.1)

where the OT T̄ operator is quadratic in the stress tensor of the deformed theory,

OT T̄ = −1
8εµνερσT

µρT νσ, (2.2)

and the initial condition Sλ=0 = S0 where S0 is the undeformed action. More precisely,
the composite OT T̄ operator is defined by point splitting; as shown by [21] the precise
combination of stress tensors appearing in the definition implies that all divergences en-
countered in the coincident limit are proportional to total derivatives of local operators,
and so

∫
d2xOT T̄ is finite and unambiguous. We shall review in the next section an efficient

algorithm for computing the deformed action Sλ. As we will see, studying the classical
deformed actions are interesting in their own right.1

1When it comes to analysing the quantum theory however, it is far from clear whether the usual
route of defining correlation functions non-perturbatively via the path integral makes sense, given the
non-renormalizable nature of the theory.
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We now discuss what is known about the T T̄ deformation on a curved space with
metric tensor gµν . As a first attempt we can introduce the metric in the obvious way by
writing dSλ

dλ =
∫
d2x
√
gO(λ)

T T̄
where now

OT T̄ = −g8εµνερσT
µρT νσ. (2.3)

We denote the Levi-Civita symbol as εµν = ±1 and write g = | det gµν |. This T T̄ operator
has been considered in [8, 22, 23]. It can be written in several different ways (see e.g. [24,
25]). Using the identity

gεµνερσ = gµρgνσ − gµσgνρ, (2.4)

we can write

OT T̄ = 1
8(TµνTµν − Tµµ T νν ), (2.5)

as well as

OT T̄ = −1
4 detTµν . (2.6)

It will also be useful to work in the first order formalism. Let us introduce the zweibein
eaµ such that

gµν = δabe
a
µe
b
ν , (2.7)

where the frame bundle metric is flat. The stress tensor with flat indices reads

T ab = eaµe
b
νT

µν , (2.8)

and we have

OT T̄ = −1
8εabεcdT

acT bd . (2.9)

As we discuss in the next section, given an action Sλ that satisifies the flat space flow
equation (2.1) it is simple to write down the curved space version. However, the definition
of OT T̄ as a quantum operator is much more difficult. One important property of the OT T̄
operator in flat spacetime is that its expectation value on the cylinder factorizes [21],

εµνερσ〈n|TµρT νσ|n〉 = εµνερσ〈n|Tµρ|n〉〈n|T νσ|n〉, (2.10)

where |n〉 is an energy eigenstate of the Hamiltonian on the cylinder. This property under-
lies the quantum solvability of the T T̄ deformation. It is therefore natural to ask whether
the factorization property holds in curved spacetime. This is a difficult question for a
generic curved metric gµν , but some results are known for maximally symmetric ones such
as the sphere. Consider the vacuum expectation value 〈OT T̄ 〉. The factorization property
of 〈OT T̄ 〉 was studied in [25] where it was shown that factorization does not hold in the
presence of non-zero curvature, except in the large c limit.
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3 Topological gravity and dynamical coordinates

In this section, we review how the T T̄ deformation of QFTs can be interpreted as coupling
the theory to topological 2d gravity. We will then use this formulation to derive the
dynamical change of coordinates. A gravity theory similar to Jackiw-Teitelboim gravity
was employed in [5] and [26] to compute T T̄ deformed S-matrices and the torus partition
functions. Our treatment in this section is at the level of classical field theory, with the
goal being to arrive at a deformed action Sλ that obeys the flow equation and generalize
the formalism to curved spaces.

3.1 General solution of the flow equation

We follow the approach of [8] (see also related discussions in [27, 28]). We start from an
undeformed action S0[gµν , ψ] defined on the metric gµν and where ψ denotes matter fields.
We then introduce a second metric γµν , which will turn out to be the metric on which the
deformed theory lives, and the action

Sλ = Sgrav[gµν , γµν ] + S0[gµν , ψ]. (3.1)

S0[gµν ] is taken to be arbitrary — it need not be conformal — although we will assume for
simplicity that there is no dependence on derivatives of the metric.

It is convenient to introduce zweibeins

gµν = δabe
a
µe
b
ν , γµν = δabf

a
µf

b
ν , (3.2)

where we choose to work in Euclidean signature. The action of the topological gravity
is then2

Sgrav[eaµ, faµ ] = 1
2π2λ

∫
d2x εµνεab(eaµ − faµ)(ebν − f bν) . (3.3)

The deformed action Sλ[faµ , ψ] is obtained by extremizing (3.1) with respect to eaµ and sub-
stituting back. We now verify that this procedure leads to a solution of the flow equation.

The stress tensor of the deformed theory is obtained by varying with respect to faµ

Tµa ≡
2π

det(faµ)
δSλ[e, f, ψ]

δfaµ
= − 2

πλ det(faµ)ε
µνεab(ebν − f bν) . (3.4)

The equations of motion obtained by varying the action (3.1) with respect to eaµ are

1
π2λ

εµνεab(e∗bν − f bν) + δS0[e, ψ]
δe∗aµ

= 0, (3.5)

where we use ∗ to denote the on-shell solution. This equation can be rewritten in terms of
the stress tensor of the undeformed theory (denoted by T0) as

T a0µ = − 2
πλ det(e∗aµ )ε

µνεab(e∗bν − f bν) . (3.6)

2The Levi-Civita symbols have the conventions ε01 = 1 and ε01 = 1.
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We now compute dSλ/dλ. Although e∗aµ depends on λ, since we are extremizing the
action with respect to eaµ we only need to differentiate Sλ with respect to its explicit λ
dependence, which gives

dSλ
dλ

= − 1
2π2λ2

∫
d2x εµνεab(e∗aµ − faµ)(e∗bν − f bν) . (3.7)

Raising and lowering indices on the stress tensor as T bν = f bµf
a
ν T

µ
a , we find from (3.4) the

relation

det(T aµ ) =
( 2
πλ

)2 1
2ε

µνεab(e∗aµ − faµ)(e∗bν − f bν) . (3.8)

The change in the action is given by

dSλ
dλ

= −1
4

∫
d2x det(T aµ ) =

∫
d2x
√
gOT T̄ , (3.9)

which is our desired flow equation. We also note that the on-shell value of Sgrav is

Sgrav[e∗aµ , faµ ] = λ

4

∫
d2x
√
g det(Tµν ) . (3.10)

Finally, we can compute the trace of the deformed stress tensor. From (3.4) we have

Tµµ = faµT
µ
a = − 2

πλ det(faµ)ε
µνεabf

a
µ(e∗bν − f bν)

= Tµ0µ + πλ det(Tµν ), (3.11)

where we used (3.8) and (3.6) to obtain the result in the second line.
Although the action Sgrav considered here is a purely 2d action, we will see later that

the on-shell value (3.10) coincides with the on-shell action of 3d Einstein gravity in the
region contained between a cutoff surface and the AdS3 boundary.

3.2 Dynamical coordinates and dynamical Weyl transformation

Equations (3.4) and (3.6) for the stress tensors may be recast as follows

eaµ = faµ −
πλ

2 εµνε
abT νb ,

faµ = e∗aµ + πλ

2 εµνε
abT ν0b . (3.12)

These relations between the zweibeins describe how the geometry changes in response to the
stress tensor. It is clear that the above construction suffers no significant complications
when the metric is taken to be curved as compared to being flat. More precisely, this
statement relies on our starting assumption that the undeformed action does not depend
on derivatives of the metric.

To facilitate comparison with other results, it is worthwhile to revert momentarily to
the second order/metric formalism to analyse the implications of the dynamical change
of coordinates when the undeformed theory lives in curved space. We start with (3.12),

– 6 –
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in particular take e∗aµ and T ν0b as fixed (independent of λ). Differentiating the second
equation gives

∂λf
a
µ = π

2 εµνε
abT ν0b . (3.13)

Now, on-shell the equivalence of the two equations in (3.12) implies εµνεabT ν0b = εµνε
abT νb .

Therefore we have the flow equation

∂λf
a
µ = π

2 εµνε
abT νb . (3.14)

Let us denote the deformed metric as γµν = δabf
a
µf

b
ν . We can then evaluate the flow of this

deformed metric using the flow of the zweibein above

∂λγµν = δab∂λf
a
µf

b
ν + δabf

a
µ∂λf

b
ν = π

2 δab
(
εµγε

acT γc f
b
ν + ενγε

bcfaµT
γ
c

)
= −πT̂µν (3.15)

where we have defined T̂µν = Tµν − Tαα γµν = −ε γµ ε σν Tγσ. In section 4, it will be shown
that this flow equation will have a precise incarnation in holography.

The change of the metric (3.15) induces a change in the Weyl factor. We can write
the metric in the conformal gauge as, γµνdxµdxν = e2ω(z,z̄)dzdz̄. The net change of metric
due to infinitesimal diffeormorphisms, δxµ = εµ, and infinitesimal Weyl transformations,
δω(x) = σ(x), is

δγαβ = 2σγαβ +∇(αεβ) . (3.16)

Taking the trace of the above equation and using (3.15) for δγαβ , we can extract the
infinitesimal change in the Weyl factor

σ = −e−2ω(∂zεz̄ + ∂z̄εz)−
π

4T
i
i δλ . (3.17)

Here, we used (A.4) to rewrite the covariant derivatives. This shows that the Weyl factor
also becomes dynamical, as it depends on the fields of the theory through the deformed
stress tensor.

Let us now discuss some aspects of the dynamical change of coordinates in the case
when the deformed metric is flat, i.e. faµ = δaµ. This implies that undeformed metric is also
flat on-shell. To see this we consider (3.12),

eaµ = δaµ −
πλ

2 εµνε
abT νb . (3.18)

Flatness of eaµ is equivalent to the statement that we can write eaµ = ∂µX
a, where Xa are

new coordinates that put the line element in the form ds2 = dXadXa. Inserting eaµ = ∂µX
a

in (3.18) the existence of theXa requires that the integrability condition ∂µ∂νXa = ∂ν∂µX
a

be obeyed, which is easily seen to be equivalent to the conservation of the stress tensor.
We conclude that flatness of faµ implies flatness of eaµ, only on-shell, since the stress tensor
is only conserved on-shell. Hence, the Xa’s exist on-shell and the solution is

Xa(x) = −πλ2

∫ x

x0
dx′µεµνε

ab T νb (x′) . (3.19)

– 7 –
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Differentiating the with respect to λ gives the flow equation for the dynamical coordinates

∂λX
a(x) = −π2

∫ x

x0
dx′µεµνε

ab T νb (x′). (3.20)

This change of coordinates will be derived from the cutoff AdS3 setup. As we already
mentioned, the above change of coordinates can be straightforwardly extended for the case
of curved space. This can be demonstrated by deriving deformed actions, which we turn
to next.

3.3 Classical deformed action

We now provide a concrete example to illustrate the topological gravity formulation of
the T T̄ deformation. Before we go into the technical details, let us make some general
comments. From the topological gravity action, there are actually two approaches to
compute the deformed Lagrangian.

The first approach, which is also the most direct, is to fix the zweibein faµ and then
solve the saddle-point equation for eaµ. Denoting the solution as e∗aµ, the T T̄ -deformed
action on the curved background described by faµ is given by Sλ[f, e∗]. For flat spacetime
we simply take faµ = δaµ.

An alternative approach, employed in [23], uses dynamical coordinates. Let us first
recall what happens for the case of flat spacetime. Instead of fixing faµ , one fixes eaµ = δaµ
and then views the saddle-point equation as a definition of the dynamical coordinate Y a

such that faµ = ∂µY
a. Then one performs a change of coordinates from xµ to Y a in the

original action to obtain the deformed action in terms of the new coordinate Y a. However,
there is an important subtlety in this method which deserves clarification. In order to
define the dynamical coordinate Y a by writing faµ = ∂µY

a, one needs to check that the
integrability condition ∂µ∂νY

a = ∂ν∂µY
a holds. However, just as was found in the last

section for Xa, this condition amounts to stress tensor conservation, which only holds when
the matter fields are on-shell. This sounds bad, since we are after an expression for the
deformed action valid for general field configurations.

It turns out that this subtlety doesn’t actually matter in practice. Suppose we do
impose the on-shell condition. Then we will obtain an action which obeys the flow equation
on-shell. However, this action will in fact also obey the flow equation off-shell. For example,
in the case of a scalar field theory the on-shell conditions relate second derivatives of fields to
lower derivatives, but when computing the stress tensor and verifying the flow equation, we
never encounter such second derivatives. Hence it doesn’t matter whether we are on-shell
or off-shell.

Related to this, in the procedure of [23], we do not actually need to compute the
coordinate explicitly, we only need its derivative in order to convert derivatives using the
chain rule. We can think of formally solving for the quantity faµ = ∂µY

a without worrying
about whether Y a exists or not. Our argument in the previous paragraph justifies this
procedure. To summarize, we can think of this approach as a useful method for computing
deformed actions, but it is important to keep in mind that we are not really doing a
well-defined coordinate change at the off-shell level.

– 8 –
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To further illustrate these points we now derive the deformed action for a scalar theory
with a generic potential using both methods. The undeformed action is

S0[e, φ] =
∫
d2x det(eaµ)L0 =

∫
d2x det(eaµ)

(1
2δ

abeµae
ν
b∂µφ∂νφ+ V (φ)

)
, (3.21)

where V (φ) is a generic potential that is independent of eaµ. We do not restrict to flat
metrics. In the rest of this section it is convenient to define λ̂ ≡ π2λ.

Method 1. We fix the zweibein in conformal gauge: faµ = eω(x)δaµ. The saddle-point
equation (3.5) can be solved as

e∗1t = eω

2U

1 + 1− 2λ̂Uφ2
t√

1− 2λ̂UK

 , e∗2t = e∗1x = − λ̂ eωφtφx√
1− 2λ̂UK

,

e∗2x = eω

2U

1 + 1− 2λ̂Uφ2
x√

1− 2λ̂UK

 . (3.22)

where

φt ≡ e−ω∂tφ, φx ≡ e−ω∂xφ, K ≡ (φ2
t + φ2

x), U = (1 + λ̂V ). (3.23)

Plugging into the original action (3.1) and (3.3), we obtain

Sλ̂[f, e∗, φ] =
∫
d2x det(faµ)LT T̄ =

∫
d2x e2ω LT T̄ , (3.24)

where

LT T̄ =
1 + 2λ̂V −

√
1− 2λ(1 + λ̂V )K

2λ(1 + λ̂V )
. (3.25)

This matches the deformed Lagrangian derived earlier in [2, 22] using different approaches.

Method 2. To apply the second approach we first identify the dynamical coordinates.
We start with the equation of motion (3.5) and fix eaµ in conformal gauge eaµ = eωδaµ.
To define the dynamical coordinate we factor out the same conformal factor and write
faµ = eω∂µX

a. This leads to

∂µX
a = δaµ + λ̂

2π e
−ω εµνε

ab det(ebν)T ν0b . (3.26)

We rewrite the derivative of the scalar field by the chain rule

∂µφ = ∂µX
a∂aφ . (3.27)

Plugging in the definition for the dynamical coordinate, we find ∂µX
a in terms of funda-

mental fields. The solution is

∂tX
1 =

φ2
T − (1− 2λ̂UK)φ2

X − (φ2
T − φ2

X)
√

1− 2λ̂UK
λ̂K2

, (3.28)

∂tX
2 = ∂xX

1 =
2φTφX

(
1− λUK −

√
1− 2λ̂UK

)
λ̂K2

,

∂xX
2 =

φ2
X − (1− 2λ̂UK)φ2

T − (φ2
X − φ2

T )
√

1− 2λ̂UK
λ̂K2

,

– 9 –
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where

φT = e−ω∂X1φ, φX = e−ω∂X2φ, K = φ2
T + φ2

X , U = 1 + λ̂V. (3.29)

Computing ∂µφ from (3.27) and inserting this into (3.1), we obtain the same deformed
Lagrangian as in (3.25). This generalizes the approach of [23] to curved spaces.

4 T T̄ in curved space versus cutoff holography

In the following section we will offer a holographic perspective on the T T̄ deformations
in curved space using gravity in AdS3. Within the framework of finite cutoff hologra-
phy [10], we will argue that there is a simple way to understand the bulk realization of T T̄
deformation and its relation to the field theory constructions, shedding light on previous
treatments [10, 11, 18, 19].

First we establish that if we impose a radial cutoff and use the bulk action inside the
cutoff geometry, then the stress tensor defined on that surface obeys the trace flow equation
(which includes the Ricci scalar term). We then write the cutoff AdS action as the full AdS
action minus the action on the annular region between the cutoff and the AdS boundary.
We will show that this way of defining the cutoff action matches the classical field theory
results in previous sections (the match extends to quantum level if ones uses the CFT Weyl
anomaly in (3.11), Tµ0µ = − c

12R ).

4.1 3d gravity in AdS

We start by collecting relevant formulae regarding 3d gravity with a negative cosmological
constant. We follow the convention of [11].3 The action, in Euclidean signature, is

S = − 1
16πG

∫
M
d3x
√
g(R+ 2)− 1

8πG

∫
∂M

d2x
√
h(K − 1) + Sanom . (4.1)

We have set the AdS radius to 1. The Ricci scalars are R(AdS3) = −6 and R(S2) = 2 in
our convention. K is the trace of the extrinsic curvature on the boundary. The boundary
term Sanom, needed for cancellation of divergences associated with the Weyl anomaly, is
coordinate dependent and will be written below after fixing our coordinates. We employ
the Fefferman-Graham coordinates

ds2 = dρ2

4ρ2 + hij(x, ρ)dxidxj = dρ2

4ρ2 + 1
ρ
γij(x, ρ)dxidxj . (4.2)

The AdS3 boundary lies at ρ = 0 and γij(x, 0) is the metric on which the dual CFT lives.
In these coordinates the extrinsic curvature tensor for a surface of constant ρ is

Kij = −ρ∂ρhij , (4.3)

and
Sanom = − ln(ρc)

32πG

∫
∂M

d2x
√
hR(h) . (4.4)

3Henceforth, we shall use Latin indices to denote curved coordinates. These are not to be confused with
the frame bundle coordinates of section 2 and 3.
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Sanom depends explicitly on the coordinate location ρc of the boundary, and hence is not
diffeomorphism invariant. This is a manifestation of the Weyl anomaly in gravity lan-
guage [29, 30].

We place the cutoff surface ∂M at ρ = ρc. The asymptotic AdS boundary corresponds
to ρc → 0. The radial coordinate will lie in the interval ρc ≤ ρ ≤ ρ+. The value of ρ+
could arise either from a smooth endpoint of the geometry, as at a Euclidean black hole
horizon, or from a breakdown of the Fefferman-Graham coordinates. Its precise value will
not play any role in what follows. We emphasize that we do not treat ρ = ρ+ as part of
∂M in the sense that in (4.1) there is no boundary term at ρ = ρ+. We rewrite the action
using the identity

√
g(R+ 2) = 2∂ρ(

√
hK) + 1

2ρ
√
h
(
K2 −KijKij + 2 +R(h)

)
, (4.5)

which gives

S = − 1
16πG

∫ ρ+

ρc

dρ

2ρ

∫
d2x
√
h
(
K2 −KijKij + 2 +R(h)

)
+ 1

8πG

∫
d2x

√
h(ρc)−

1
8πG

∫
d2x

√
h(ρ+)K(ρ+) + Sanom. (4.6)

In this subsection we raise indices with hij , where hikhkj = δij .
Einstein’s equations can then be written as

K2 −KijKij = R(h) + 2 , (4.7)

∇i(Kij −Khij) = 0 , (4.8)

2ρ∂ρ(Kij − hijK) + 2KikK
k
j − 3KKij + 1

2hij
[
KmnKmn +K2

]
− hij = 0 , (4.9)

where ∇i is the covariant derivative with respect to hij .
The general solution of Einstein’s equations can be written as [31]

hij = 1
ρ
γij = 1

ρ

(
g

(0)
ij + ρg

(2)
ij + ρ2

4 (g(2)g−1
(0)g

(2))ij
)
, (4.10)

where g(0)
ij and g(2)

ij are ρ-independent. For a given choice of g(0)
ij , Einstein’s equations fix

the trace and divergence of g(2)
ij . The trace condition is

tr(g−1
(0)g

(2)) = −1
2R(g(0)). (4.11)

The divergence condition is equivalent to conservation of the boundary stress tensor, defined
momentarily. Going back to (4.6), we can read off the boundary stress tensor by varying
the on-shell action with respect to hij [32]

δS = 1
4π

∫
∂M

d2x
√
hT ijδhij = − 1

4π

∫
∂M

d2x
√
hTijδh

ij . (4.12)

– 11 –



J
H
E
P
0
3
(
2
0
2
1
)
1
4
0

It works out to be
Tij = 1

4G(Kij −Khij + hij). (4.13)

Taking its trace,
T ii = 1

4G(2−K), (4.14)

and using equation (4.7) we arrive at the following identity

T ii = 4G detT ij −
1

8GR(h) . (4.15)

The ρ→ 0 limit yields the CFT Weyl anomaly

(g−1
0 )ijTij = − c

12R(g0) , c = 3
2G . (4.16)

For later purposes, it will be useful to write the stress tensor explicitly in terms of the
solution (4.10). For this, it is most convenient to introduce

T̂ij ≡ Tij − T kk hij , (4.17)

for which
T̂ij = 1

4G(Kij − hij) = − 1
4G

(
g

(2)
ij + 1

2ρ(g(2)g−1
(0)g

(2))ij
)
. (4.18)

Finally, the stress tensor at the AdS boundary is obtained by taking the ρ→ 0 limit

T
(0)
ij = − 1

4G
(
g

(2)
ij − tr(g−1

(0)g
(2)) g(0)

ij

)
. (4.19)

4.2 Connection to T T̄ deformation

Everything up to this point was a review of known facts about pure gravity in AdS3
with a finite cutoff. Let us now briefly discuss the connection to the T T̄ deformation of
holographic CFTs.

Referring to (4.2) the deformed theory is thought of as living on the ρ = ρc surface
with metric γij . In this section we will use γij to raise indices, where γikγkj = δij . It is
easy to check that the boundary stress tensor Tij with lower indices is unchanged whether
we use (4.12) or δS = − 1

4π
∫
∂Md

2x
√
γTijδγ

ij . However, (4.15) now takes a slightly differ-
ent form

T ii = 4Gρc detT ij −
1

8GR(γ) . (4.20)

Comparing to the trace flow equation in T T̄ deformed CFT (following conventions
from [11])

T ii = πλ detT ij , (4.21)

we see that we get an agreement if we identify

λ = 4Gρc
π

(4.22)

and use the CFT Weyl anomaly (4.16). This minimal treatment of the holographic dictio-
nary for T T̄ deformation will be sufficient for what follows, the reader can refer to [10, 11]
for further discussions.
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4.3 Annular action

In order to further elucidate the bulk realization of the T T̄ deformation, we compute the
on-shell bulk action for the region between the cutoff surface at ρ = ρc and the AdS3
boundary at ρ = 0. We refer to this as the annular action since the constant time slices are
annuli, at least for global AdS. This computation will reveal a close connection to Sgrav
in (3.1).4

Before turning to the computation there is one issue worth clarifying. We might imag-
ine formulating a boundary value problem in which we solve Einstein’s equations with
specified metrics on the two boundaries. However, it is important to note that Einstein’s
constraint equations do not allow us to freely specify the two boundary metrics indepen-
dently. This is most easily seen from (4.10). Once the AdS boundary metric g(0)

ij is fixed,
g

(2)
ij is subject the trace and divergence conditions, and there is not enough freedom to
specify the metric on the ρ = ρc surface.

Keeping this in mind, we proceed. ∂M now has two components, at ρ = ρc, and at
the (regulated) AdS boundary ρ = ε. We include the boundary terms 1

8πG
∫
d2x
√
h(K−1),

with opposite signs, on the two boundaries. Taking this into account, we define the annular
action as

Sann = − 1
16πG

∫ ρc

ε

dρ

2ρ

∫
d2x
√
h
(
K2 −KijKij + 2 +R(h)

)
+ 1

8πG

∫
d2x

√
h(ε)− 1

8πG

∫
d2x

√
h(ρc) + Sanom, (4.23)

where we take ε→ 0 at the end of the computation. The anomaly term is

Sanom = ln(ρc/ε)
32πG

∫
d2x
√
hR(h) . (4.24)

We have defined Sann such that the total action for the region ε ≤ ρ ≤ ρ+ is given by the
sum of (4.6) and Sann, and consistent with this we see that Sann → 0 as ρc → ε. Using
Einstein’s equations we can write

Sann = − 1
4πG

∫ ρc

ε

dρ

2ρ

∫
d2x
√
h+ 1

8πG

∫
d2x

√
h(ε)− 1

8πG

∫
d2x

√
h(ρc)− Sanom. (4.25)

From the general solution for hij and identities in appendix A, we can write
√
h =

√
det(g(0))

(1
ρ
− 1

4R(g(0)) + 1
4ρ det(g−1

(0)g
(2))
)
. (4.26)

Using this and taking the ε→ 0 limit gives

Sann = − ρc
16πG

∫
d2x

√
g(0) det(g−1

(0)g
(2)) . (4.27)

The above result can be rewritten in various ways. From the expression (4.19) for the
asymptotic AdS stress tensor (identified with the dual CFT stress tensor) we have

det(gik(0)T
(0)
kj ) = 1

16G2 det(g−1
(0)g

(2)) . (4.28)

4P.K. thanks Ben Michel for discussions and collaboration on this topic.
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We therefore have

Sann = λ

∫
d2x

√
g(0)O(0)

T T̄
, (4.29)

where we used λ = 4Gρc/π and wrote

O(0)
T T̄

= −1
4 det(gik(0)T

(0)
kj ) . (4.30)

Alternatively, we can use (4.10) and (4.17) to write

Sann = λ

∫
d2x
√
γOT T̄ , (4.31)

where OT T̄ = −1
4 det(γikTkj). The expressions (4.29) and (4.31) are the main results of

this section.

4.3.1 Example: global AdS3

Starting from AdS3 in standard global coordinates, ds2 = dr2

1+r2 + (1 + r2)dt2 + r2dφ2 we
pass to Fefferman-Graham coordinates by writing

r = 4− ρ
4√ρ (4.32)

which brings the metric to the form

ds2 = dρ2

4ρ2 + 1
ρ

(dt2 + dφ2) + 1
2(dt2 − dφ2) + ρ

16(dt2 + dφ2) , (4.33)

so that g(0)
ij dx

idxj = dt2 + dφ2 and g
(2)
ij dx

idxj = 1
2(dt2 − dφ2). From (4.19) the AdS3

boundary stress tensor has nonzero components

T
(0)
tt = − 1

8G , T
(0)
φφ = 1

8G . (4.34)

In global AdS3 we have the option of shrinking the cutoff surface to zero, so that the annular
region comprises all of AdS. The origin is at r = 0 which translates to ρc = 4, which
from (4.22) translates into λ = 16G/π. However, the annular action with inner surface at
ρc = 4 differs from the standard action we assign to global AdS, as we now discuss.

A straightforward computation of the annular action with ρc = 4 yields Sann = 1
8G∆t,

where we consider a finite coordinate time interval of duration ∆t. We also have O(0)
T T̄

=
−1

4T
(0)
tt T

(0)
φφ = 1

256G2 . This gives

λ

∫
d2x

√
g(0)O(0)

T T̄
=
(16G

π

)( 1
256G2

)
(2π∆t) = 1

8G∆t , (4.35)

which indeed reproduces the value of the annular action.
On the other hand, if we start from (4.1) and compute the action for global AdS we

find SAdS = − 1
8G∆t = − c

12∆t. This result is consistent with the statement that the ground
state energy of a CFT on the cylinder is E0 = − c

12 .
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Sann and SAdS therefore differ by a sign, so that Sann − SAdS = 1
4G∆t. The reason for

the difference is that Sann includes inner boundary terms, while these are absent for SAdS.
Even though the inner boundary shrinks to zero size as ρc → 4, the Gibbons-Hawking term
contributes in the limit. Indeed

√
hK = 16+ρ2

8ρ which is finite at ρ = 4 and gives

SGH = 1
8πG

∫
ρ=4

d2x
√
hK = 1

4G∆t . (4.36)

We see that this accounts for Sann − SAdS.

4.4 Annular action and holographic T T̄ dictionary

The results of the last subsection provide an illuminating way to think about the bulk
dual of T T̄ deformation. The main result is that the on-shell bulk action for the annular
region is equal to the OT T̄ operator integrated over either the inner or the outer bound-
ary, where the OT T̄ operator should be built out of the metric and stress tensor on the
corresponding boundary.

Let us define SAdS to be the action for the full AdS space with no cutoff surface. We
also define Sλ to be the bulk action for the region contained within the cutoff surface. The
result of the last section can be expressed as

Sλ = SAdS − Sann = SAdS − λ
∫
d2x

√
g(0)O(0)

T T̄
. (4.37)

We immediately see the connection to the field theory discussion in section 3.1 where we
wrote Sλ = S0 + Sgrav. Recall that S0 is the CFT action, which corresponds to SAdS,
it follows from (3.9) that Sgrav = −Sann. The two constructions are therefore equivalent
on-shell. There is no simple correspondence off-shell since the functional defining Sgrav is
very different from the 3d Einstein-Hilbert action.

This also provides us a useful perspective on the construction of [18], in which they
arrived at the holographic dictionary by applying the standard rules of AdS/CFT in the
presence of double-trace interactions. Given the above results, we can immediately write

δ

(
SAdS − λ

∫
d2x

√
g(0)O(0)

T T̄

)
= 1

4π

∫
d2x
√
γT ijδγij , (4.38)

where the “deformed stress tensor” T ij obeys the defining trace relation (3.11) of a T T̄
deformed CFT. In our construction the double trace interaction is identified with the
annular action.

An interesting feature is that the annular action is linear in λ when expressed in terms
of the AdS boundary stress tensor, as in (4.31). At first glance, this appears in conflict with
the statement that the T T̄ deformation modifies the action nonlinearly in λ. The point is
that this nonlinearity occurs when we perform the dynamical change of coordinates, which
from the bulk point of view means working on the cutoff surface. This linearization with
respect to λ is one of the main virtues of formulating the theory in terms of two metrics.

We should also emphasize that our simple result for the annular action is a reflection of
the fact that pure 3d gravity has no local degrees of freedom. If we add propagating matters
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to the theory, there would be no way to write the action in terms of local expressions on
the boundary. For this reason, including propagating matters in the bulk will be much
more complicated.

5 Dynamical coordinates from gravity

In this section we derive the dynamical change of coordinates and dynamical Weyl transfor-
mation from gravity. The picture is very simple. Given (4.2), the metric on a given fixed ρ
slice can be brought into the flat form by a combination of a coordinate and Weyl transfor-
mation. These transformations will depend on g(2)

ij and are thus “stress tensor dependent”.
In the following, we work this out in detail. We start with the bulk metric (4.2) with

fixed g
(0)
ij . By definition, g(0)

ij is identified with the ρ → 0 limit of γij . We recall that a
change in the location of the cutoff surface is related to a change in the T T̄ coupling as

δλ = 4G
π
δρ . (5.1)

5.1 Radial fluctuations of the cutoff surface

Consider the variation of γij under a small change of ρ,

δργij = (ρ∂ρhij + hij) δρ = (−Kij + hij) δρ . (5.2)

Let’s express this in terms of the stress tensor on the cutoff surface. From (4.18),

δργij = −4GT̂ijδρ , (5.3)

with
T̂ij = Tij − (hmnTmn)hij = Tij − (γmnTmn)γij . (5.4)

Upon using the identification (5.1), the change of the metric (5.3) matches exactly with
the flow equation (3.15) derived from coupling the field theory to 2d gravity. Under a
coordinate transformation δxi = εi(x) that does not involve ρ we have

δεγij = ∇iεj +∇jεi . (5.5)

Note that here εi = γijε
j . By choosing εi appropriately we can keep γij fixed up to a

possible Weyl factor; i.e. we can find an εi(x) such that δργij + δεγij = −2σγij , for some
infinitesimal Weyl factor σ. Therefore from (5.3) and (5.5), we obtain

∇iεj +∇jεi + 2σγij = 4GT̂ijδρ. (5.6)

Below we show how to solve this, first for the flat metric and then for a general
curved metric.
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5.2 Flat boundary metric

We first consider the simple case of a flat boundary metric γij = δij , where no Weyl factor
appears under radial evolution. Equation (5.6) becomes

∂iεj = π

2 T̂ijδλ. (5.7)

Using T̂ij = −εikεjlT kl we have

∂iεj = −π2 εikεjlT
klδλ. (5.8)

This agrees with Cardy’s result in [9] and is consistent with the flow equation (3.20). We
note that in the above equation (5.8) Tij is defined on the metric of the cutoff surface,
which indeed corresponds to the deformed stress tensor appearing in [9].

5.3 General cutoff metric

We now consider the general situation. We write (5.6) as

∇iεj + σγij = 2GT̂ijδρ . (5.9)

Taking the trace of this equation and using T̂ ii = −T ii leads o

σ = −1
2∇iε

i −GT kk δρ. (5.10)

Plugging this back in (5.9) gives the traceless part

∇iεj −
1
2∇kε

kγij = 2G
(
Tij −

1
2T

k
k γij

)
δρ . (5.11)

We choose to work in conformal gauge by taking

γijdx
idxj = e2ω(z,z̄)dzdz̄. (5.12)

Using the identities in appendix A, we can write the conservation equation for the stress
tensor as

∂z̄Tzz + e2ω∂z(e−2ωTzz̄) = 0, ∂zTz̄z̄ + e2ω∂z̄(e−2ωTzz̄) = 0. (5.13)

The equations in (5.11) become

∂zε
z̄ = 4Ge−2ωTzzδρ, ∂z̄ε

z = 4Ge−2ωTz̄z̄δρ, (5.14)

which can be solved by

εz̄(z, z̄) = 4Gδρ
∫ z

z0
e−2ω(z′,z̄)Tzz(z′, z̄)dz′

εz(z, z̄) = 4Gδρ
∫ z̄

z̄0
e−2ω(z,z̄′)Tz̄z̄(z, z̄′)dz̄′. (5.15)
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Finally, we can compute the Weyl transformation σ from (5.10),

σ = −e−2ω(∂zεz̄ + ∂z̄εz)−GδρT ii . (5.16)

This is in perfect agreement with (3.17) obtained on the field theory side. As σ corresponds
to an infinitesimal change in ω, we can write (5.16) as a flow equation

∂ω

∂ρ
= e−2ω(∂zεz̄ + ∂z̄εz) +GT ii . (5.17)

This is the dynamical Weyl transformation that depends on the trace of the stress tensor.
If we write the coordinate change as xi → vi(x) then (5.15) implies the flow equations

∂vz̄(z, z̄)
∂ρ

= 4G
∫ z

z0
e−2ω(z′,z̄)Tzz(z′, z̄)dz′

∂vz(z, z̄)
∂ρ

= 4G
∫ z̄

z̄0
e−2ω(z,z̄′)Tz̄z̄(z, z̄′)dz̄′ . (5.18)

This describes the dynamical change of coordinates and is consistent with the analysis on
the field theory side. Moreover, Tij also flows due to the coordinate transformation, which
we analyse in the next section. Altogether, we have a set of coupled nonlinear equations
for εi and ω which appear rather difficult to solve in general.

6 Flow equation for the stress tensor from holography

In addition to the utility of deriving deformed Lagrangians, the dynamical coordinates also
offer a route to computing correlation functions of the deformed theory [9]. It was shown
in [9] that the correlators of deformed operators are equivalent to those of the undeformed
operators but in the new dynamical coordinates. This formalism can also be used to analyse
how operators themselves flow under T T̄ . In this section we focus on the stress tensor,
which is universal and has a natural analogue in holography. The deformation of the stress
tensor is given by the following flow equation

DλT
λ
dc(x) = π

2 ε
abεij

∫ X

x
dx′jT

λ
ai(x′)∂bT λdc(x)− π

2T
λa
c(x)T λda(x) . (6.1)

Here, Dλ denotes the infinitesimal difference from λ to λ+ δλ. The first term arises from
the dynamical change of coordinates. The second term is a correction piece that is required
to preserve conservation of the stress tensor along the flow.

Our goal now is to derive the above flow equation from gravity. We consider a flat
boundary metric, since this is assumed in [9]. There are two effects in the bulk that
contribute to the flow of the stress tensor. First, there is a change due to the physical motion
of the cutoff surface and, second, there is a change due to the coordinate transformation
needed to put the metric on the new cutoff surface in standard form ds2 = dzdz̄. These
two effects will combine together to give a result that matches (6.1).

The first step is to rewrite Einstein’s equation (4.9) in terms of the boundary stress
tensor (4.13). For convenience we will work at the point ρ = 1, which involves no loss of
generality due to our freedom to rescale ρ. This procedure leads to the following equations

∂ρTzz = −8GTzz̄Tzz, ∂ρTz̄z̄ = −8GTzz̄Tz̄z̄, ∂ρTzz̄ = 4G
(
(Tzz̄)2 − 3TzzTz̄z̄

)
. (6.2)
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This gives us the flow of the stress tensor before we make any coordinate transformation
to keep the metric γij = ρhij fixed. To implement the latter we refer to the result in (5.8).
Setting γij = δij in (5.8), we have the following relation for the diffeomorphism vector field

∂iεj = −2GεikεjlT klδρ . (6.3)

From (5.14) we have in complex coordinates

∂zε
z̄ = 4GTzzδρ, ∂z̄ε

z = 4GTz̄z̄δρ, ∂iε
i = −8GTzz̄δρ . (6.4)

Now differentiating (6.4) and using the conservation law we have

∂z̄∂zε
z̄ = 4G∂z̄Tzzδρ = −4G∂zTzz̄δρ . (6.5)

These are the necessary ingredients for determining the change of the stress tensor under
diffeomorphisms. Under the coordinate transformation by εi, change in the stress tensor is
given by the Lie derivative

δTij = LεTij = εk(∂kTij) + (∂iεk)Tkj + (∂jεk)Tik . (6.6)

Using (6.4) and (6.5), we have the following changes for the components

δTzz = εk∂kTzz, δTz̄z̄ = εk∂kTz̄z̄, δTzz̄ = εk∂kTzz̄ − 8G(Tzz̄)2 + 8GTzzTz̄z̄ . (6.7)

Finally, we are ready to combine the two effects — the change due to fluctuation of the
cutoff surface, equation (6.2), and due the coordinate change, equation (6.7). The net
change is given by

∆Tij = δTij + ∂ρTijδρ = εk∂kTij −
π

2TikT
k
jδλ , (6.8)

where, we used πδλ = 4Gδρ. This is the main result of this section and it matches precisely
with (6.1) by plugging in the explicit expressions for εk from (5.15), or equivalently by
using (6.3). One can easily check that the flow preserves conservation, which is what
was imposed in [9] by adding the second term above. From the bulk perspective this
conservation is built-in.

7 Conclusions

In this work we illuminated some aspects of T T̄ deformed field theories and their holo-
graphic avatars in terms AdS with a finite radial cutoff. On the field theory side, we
showed how the deformation can be formulated via a dynamical change of coordinates and
generalized this analysis to the situation when the undeformed theory lives on a curved
space. We also provided a more direct means of deriving deformed Lagrangians using this
machinery. The holographic side of our story refines and adds a number of elements to
the cutoff AdS proposal. Firstly, the role of placing a radial cutoff was made manifest
by showing that the action of the annular region between the cutoff and the old AdS
boundary is given by the T T̄ operator (integrated over either of these boundaries). The
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dynamical change of coordinates were also shown to naturally arise in this holographic
setup by analysing radial fluctuations of the cutoff surface. Finally, we also uncovered how
the flow equation for the deformed stress tensor has an exact parallel in the bulk. This
was achieved by studying the change of the holographic stress tensor due to variations of
the cutoff surface and an extra coordinate transformation to keep the metric flat. On the
whole, these precise gravitational manifestations of the field theory T T̄ flows sheds light
on why the cutoff AdS setup works.

There are many important points to be better understood, which constitute interest-
ing future directions. The analysis performed here was entirely classical and we focused
mostly on on-shell physics. However, the real challenges in understanding T T̄ theories
arise at the quantum level. Our hope is that the geometrical structures that appear at
the classical level will survive in some form in the quantum theory, but to develop this we
need to study observables in the quantum regime. Concretely, it remains to be seen how
correlation functions can be reconstructed from the cutoff geometry, both order by order
in the T T̄ deformation parameter λ expansion and non-perturbatively. It is reasonable to
hope that the flow equation for the stress tensor correlators can be reproduced from the
bulk. At leading order in λ, 2-point and 3-point correlations of the stress tensor have been
computed in the cutoff gravity setup, and from conformal perturbation in the deformed
CFT [11]. These were shown to match and can be understood from demanding stress
tensor conservation and the trace relation T ii = πλ detT ij . It would be interesting to study
this at higher orders in λ.

As a parting comment, we cannot resist pointing out the similarity between the de-
formation and QFTs on non-commutative geometries. This is particularly tempting from
the dynamical coordinates point of view. As we have seen, turning on the T T̄ deformation
is equivalent to putting the theory on stress-tensor dependent coordinates. Thinking of
these as operators, these dynamical coordinates then fail to commute. This may provide
a route to decipher the theory’s non-local features. Some similarities with the deformed
S-matrix have been pointed out a while ago in [33, 34]. It would be tantalizing to make a
clear identification.
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A Some useful identities

Matrix identities. Given an arbitrary 2× 2 matrix M we define

M̂ = M − tr(M)I (A.1)
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and note the following relations between the traces, determinants and inverses

tr(M̂) = −tr(M), tr(M̂2) = tr(M2),

det(M̂) = det(M), M−1 = − 1
detM M̂, M̂−1 = − 1

detMM.

Also useful are

det(M) = 1
2
[
(trM)2 − tr(M2)

]
det(I +M) = 1 + tr(M) + det(M). (A.2)

2d conformal gauge. Some of the calculations in the main text were performed in
conformal gauge metric in two dimensions

ds2 = e2ωdzdz̄, (A.3)

The following formulas were also used

R = −2e−2ω∂i∂iω = −8e−2ω∂z∂z̄ω ,

Γzzz = 2∂zω , Γz̄z̄z̄ = 2∂z̄ω ,
∇zεz =e2ω∂z(e−2ωεz) , ∇z̄εz̄ = e2ω∂z̄(e−2ωεz̄) ,
∇zεz̄ = ∂zεz̄ , ∇z̄εz = ∂z̄εz

∇iεi = 2e−2ω(∂zεz̄ + ∂z̄εz) . (A.4)

The other Christoffel symbols vanish.

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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