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ABSTRACT: We showed in a previous publication that there are six independent dimension-
seven operators violating both lepton and baryon numbers (L = —B = 1) and twelve ones
violating lepton but preserving baryon number (L = 2, B = 0) in standard model effective
field theory, and we calculated one-loop renormalization for the former six operators. In
this work we continue our efforts on renormalization of the operators. It turns out this
could become subtle because the operators are connected by nontrivial relations when
fermion flavors are counted. This kind of relations does not appear in lower dimensional
operators. We show how we can extract anomalous dimension matrix for a flavor-specified
basis of operators from counterterms computed for the above flavor-blind operators without
introducing singular inverse Yukawa coupling matrices. As a phenomenological application,
we investigate renormalization group effects on nuclear neutrinoless double S decay. We
also discuss very briefly its analog in the meson sector, K* — 7Fu*pu®, and indicate
potential difficulties to compute its decay width.
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1 Introduction

The standard model effective field theory (SMEFT) is a systematic approach to low energy
effects from unknown high-scale new physics. It has become practically more and more
important due to null results in searching for new particles of mass below the electroweak
scale. In this approach the dynamical degrees of freedom are restricted to those in the
standard model (SM) and the SM interactions are nothing but the leading ones in an
infinite tower of interactions:

Lovprr = Lsu + Y CLOY. (1.1)
d>5,i

Suppressing gauge-fixing related terms the SM Lagrangian is
1 wv T(DH T L ’
Lom = —ZZXWX + (D H)' (D" H) = X HUH = Sv
X
+3 " wipy - [QYuqu + QYydH + LY,eH + h.c.] , (1.2)
v

where X stands for the three gauge field strengths of respective couplings g3 21 for the gauge
group SU(3)c xSU(2), x U(1)y, and ¥ covers all fermions including left-handed quark and
lepton doublets @), L and right-handed quark and lepton singlets u, d, e with appropriate
gauge covariant derivatives D,,. H is the Higgs doublet field with H; = ein;. The Yukawa
couplings Y, 4. are generic complex 3 x 3 matrices with three generations of fermions.
SMEFT is expected to work in the energy range between certain new physics scale
A and the electroweak scale set by the vacuum expectation value v of the Higgs field H.
It thus builds a bridge between unknown new physics above A and physical processes



explored in current experiments below v. New physics effects are organized in a tower of
effective operators Ogl of increasing canonical dimension d > 5 whose impacts are measured
by Wilson coefficients C’Zd of decreasing relevance. These high-dimensional operators are
generated by integrating out heavy degrees of freedom in new physics, and they respect SM
gauge symmetries but not necessarily its accidental symmetries such as lepton and baryon
number conservation. Their coefficients are generally suppressed by the new physics scale
A, Cid ~ A*%  An important task in this endeavor is to establish a correct basis of
operators in each dimension and to work out their renormalization group evolution (RGE)
effects from A to v due to SM interactions. When a type of new physics is specified, this
facilitates direct comparison of new physics with low energy measurements with the help
of matching calculations at the scales A and v.

It has been known for a long time that the dimension-five (dim-5) operator is unique [1]
and generates an effective Majorana neutrino mass. The complete and independent sets
of dim-6 and dim-7 operators have been constructed in refs. [2, 3] and [4, 5] respectively.
These operators have also been examined in an independent approach based on Hilbert
series which counts fermion flavor structures, and further extended to even higher dimen-
sions [6-10]. If the SM is generalized by sterile neutrinos of mass below the electroweak
scale, there will be additional operators at each dimension, see refs. [11-14] for discussions
on operators up to dim-7 that involve sterile neutrinos. The renormalization group running
of effective operators due to SM interactions is important for precision phenomenological
analysis. Currently the 1-loop RGE has been completed for the dim-5 [15] and dim-6 [16—
22] operators. While all dim-7 operators violate lepton number, they are classified into
two subsets: one has 12 baryon number conserving operators and the other has 6 baryon
number violating operators; see table 1. The RGE analysis for the subset that violates
baryon number has been done in ref. [5]. All these 1-loop results for anomalous dimen-
sion matrices follow interesting patterns [23, 24] and simple perturbative power counting
rules [25, 26]. The purpose of this work is to finish the 1-loop RGE analysis of dim-7
operators by completing the subset that conserves baryon number.

As we will discuss in sections 2 and 3 and demonstrate in table 2, rich and nontrivial
flavor relations among operators first appear at dimension seven. This makes analysis of
dim-7 operators very different from dim-5 and dim-6 operators. While the above mentioned
1246 operators are convenient for extracting 1-loop counterterms when renormalizing them,
they cannot be directly employed to do RGE in phenomenological analysis where specific
flavors of fermions have to be discriminated because not all of them are flavor independent.
For brevity we say they are in a flavor-blind basis though this is not a basis in the strict
sense of the word; in contrast we call the set of genuinely independent operators taking into
account flavor relations a flavor-specified basis. The anomalous dimension matrix should be
defined and computed for this latter basis of operators. Since the flavor relations involve
Yukawa coupling matrices whose entries are mostly small, a suitable choice of a flavor-
specified basis should avoid the appearance of inverse Yukawa matrices when expressing
dependent operators in terms of those in the basis. We will show an example of such choices
in section 3. Our result for the anomalous dimension matrix still follows the patterns
explained by non-renormalization theorem [24] and power counting rules [26].
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Table 1. Dim-7 operators in 6 classes are divided into two subsets with L = 2 and B = 0 and
B = —L =1 (in gray) respectively, where (D,H™) should be understood as (D,H)" etc.

Since all dim-7 operators violate lepton number, their effects are presumably small
and can only be explored in high precision measurements. For the purpose of illustration
we will study nuclear neutrinoless double § decays (Ov33) and discuss very briefly lepton-
number violating decays of the charged kaons K* — 7F¢*¢* We will find that these
processes generally involve new low-energy mechanisms for lepton number violation beyond
the widely studied neutrino mass insertion. As these new mechanisms contain hadronic
matrix elements that have not yet been well investigated for kaon decays in the literature,
we defer an appropriate phenomenological analysis to our future work.

2 Dimension 7 operators and their flavor structure

For convenience we reproduce in table 1 the 12+ 6 dim-7 operators finally fixed in ref. [5].
These operators are complete and independent when fermion flavors are not counted, and
form the so-called flavor-blind basis introduced above. They include two subsets according
to their lepton L and baryon B numbers, 12 operators with L = 2 and B = 0 and 6 ones
with B = —L = 1. They are all non-Hermitian and will be multiplied by generally complex
Wilson coefficients.

We denote fermion flavors (p,r,s,t,...) of an operator in the same order that fermion
fields appear in the operator, and all repeated indices are implied to be summed over

. . t
unless otherwise stated. For instance, OF; = €jj€mn (L}, CL™HJH"(H'H) and OsriLD =

€ij (cipfyuur)(LiCiD“Lg). It is easy to understand that operators involving two or three like-
charge fermions may be related. With two like-charge fermions the relations are simply

prst
symmetric or antisymmetric, as is the case with the operators 07}, O}, 5, and O_QddH
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Table 2. Flavor relations for dim-7 operators. The symbol x indicates lack of such a relation.

With three like-charge fermions the relations generally have a mixed symmetry, and these

prst prst cos . .
cover the operators Ogyy;  and O o .. Nontrivial flavor relations exist for operators that

involve at least one derivative, including OIETHDl, (’)’}Z{Dz, ngLtLD’ O%Z ap and OQQZZD.
This explains why this feature appears first at dimension seven but not lower dimensions,
and it is expected to prevail at higher dimensions. We list all flavor relations in table 2, in

which a shortcut is used,

K = (Ya)owOget 1 = (V) owOrery 1y = (Y O iy (2.1)
The derivation of flavor relations involves judicious applications of equations of motion
(EoM) in SM, integration by parts (IBP), and Fierz identities (FI) for fermion bilinears

and SU(2) group generators. As an example, we derive the relation for operators OEZ‘ZtL I
in class-1*D:

prst o
Ogurrp — 5t

= € (Jpvﬂur)(LéCiD“Lg) — st

e i 7 i T
= —eij(dyi Durn)(LLCLY) — e55(dyi Puy ) (LLCLY)
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FI vrs SV

T | = D wO83 s + VDOt ] =5 1, (2.2)

where the total derivative term is neglected in the second equality, EoM’s for quark fields
d and u are implemented in the third, and finally the Fierz identities are applied to cast
the operators thus obtained into the ones listed in table 1.

All of the above independent flavor relations must be applied to remove redundant
operators before a flavor-specified basis is achieved. We have checked that the dimension
of such a basis coincides with counting of independent operators in the Hilbert series
approach [9]; for instance, with one (three) generation(s) of fermions there are in total
30 (1542) independent operators in the basis when Hermitian conjugates of the operators
are also counted. In principle the choice of a basis is arbitrary for RGE analysis [27]. In
practice however, since the above nontrivial relations involve Yukawa coupling matrices
whose entries are generally small, one should avoid using their inverse when removing
redundant operators. Note that even if one deletes redundant operators from a basis at the
start they can reappear by renormalization of chosen basis operators. It is thus important
to choose a suitable basis so that no singular relations would be appealed to when recasting
those redundant operators in terms of basis operators. Inspection of the relations suggests
the following priority of reserving operators in the flavor-specified basis: first the operators
without a derivative, then the ones with one derivative and finally the ones with two
derivatives. In each step we exploit the relations to remove redundant operators. For
instance, one appropriate choice would be as follows. We include the following operators
in the basis: for the subset L =2, B =0,

1 1 1 1
5 (OTr+0u). Olenp: 5 (01 +O%p1), 5 (O 2 +Olp2), 3 (Orus—O%us)
1
T prst prst prst prst prst prst
(QLHVV7 Od_LQLHl’ OJLQLHZ’ OJLueH’ OQuLLH’ 5 (Od_uLLD + OJuLLD) ’

1
1 (Oé’ZSLtLH + O OPT OQZTLSLH) (with at least two of 7, s,t being equal),

prst pris psrt pstr
Ocrrrms Oerrrms Oerrrms Oerprm (for r<s<t), (2.3)

and for the subset B=—-L =1,

1 1
prst - prst o pris prst - gjrst grts
OZdudH’ 9 (OéQddH OéQddH)’ Of,dQQH’ 9 (OLQddD + OLQddD)’

1 t t . :
§(Og;dH — OIE)?:i;dH) (with at least two of r, s, ¢ being equal),

1
O%ZdH’ Oli)ztgdH (for r < s <), g(oggflgD + 5 permutations of (r, s,t)), (2.4)

where the indices p,r, s,t take values 1,2,3 with three generations of fermions. All other
operators in the flavor-blind basis are redundant ones and can be expressed by nonsingular
flavor relations as a linear sum of the above operators in the flavor-specified basis.



3 Renormalization of operators and extraction of anomalous dimension
matrix

The effective interaction involving a high-dimensional operator is typically induced at a
high energy scale. When it is applied to a process or matched to an effective field theory
at a low energy scale, naive perturbation theory could be spoiled by large logarithms of
the ratio of the two scales. Renormalization group equation offers a systematic approach
to improving perturbation theory by summing the logarithms to all orders. In doing so the
correct choice of a basis of operators is a prerequisite.

We recall that we introduced two bases. The flavor-blind basis (FBB) includes all of
12 4 6 operators listed in table 1 without referring to fermion flavors. This is not a genuine
basis of operators, but is very convenient for computing counterterms to effective inter-
actions when the latter are dressed by SM interactions. Once this is achieved, we forget
about it and move on to the flavor-specified basis (FSB) to extract anomalous dimension
matrix for physical applications. This is a genuine basis of operators in which all redun-
dancy in FBB due to fermion flavor relations has been removed. But the choice of an FSB
is not unique; our suggestion is that we should avoid artificial flaws such as inverse Yukawa
coupling matrices when recasting redundant operators in terms of those included in the
FSB. This is indeed possible according to our discussion in the last section.

Now we formulate how the above procedure is implemented. Suppose we choose an FSB
(index b). All operators in FBB are either included in the FSB or redundant (index r), and
they appear in the effective Lagrangian in the form C,Op + C,.O, where Cy, C, are Wilson
coefficients and summation over b, r is implied. We stress again that the C,.O, term is not
necessary for either matching calculation or RGE and that its appearance only facilitates
computing counterterms using the 12+ 6 operators without specifying fermion flavors. The
counterterms in D = 4 — 2¢ dimensions with minimal subtraction are denoted as

ct. = _(<Cb0b> + <C,«O7~>), (3.1)

where (CO) stands for the one-loop contribution with an insertion of the effective inter-
action CO dressed by SM interactions. Our results for all operators in FBB computed in
R¢ gauge are listed in appendix A. Once this is achieved, we only need to manipulate the
(CyOp) part further to extract the anomalous dimension matrix in the chosen FSB. Noting
that this part generically induces both O, and O, operators, we write it in matrix form

1 T
where the dots stand for the dropped (C,O,) part and P, R are matrices appropriate for
1-column matrices Cp, Op, O, which can be read off from appendix A. Next we employ
flavor relations to replace O, by O, = MO, where M is a matrix obtained from the flavor
relations, so that the above counterterms become

1
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Table 3. The structure and perturbative power counting of the anomalous dimension matrix -;;
for the subset of dim-7 operators with L = 2, B = 0. Also shown are holomorphic (w) and
antiholomorphic () weights and perturbative power counting () of the operators. The entries
with >~ — 0 indicate that Yukawa coupling terms happen to cancel each other.

Now we define operators O, at scale p and associate renormalization effects to the Wilson

coefficients

1
om dln p

and the anomalous dimension matrix in the chosen FSB is computed as
0
N = —Zpagag(P—i—RM), (3.5)
a (0%

where go = 9123, Yeau, A, and po = 2 for g, = A and p, = 1 otherwise.

We conclude this section with a brief discussion of the structure in the anomalous
dimension matrix. The structure at one loop can be understood in terms of a nonrenor-
malization theorem [24] and perturbative power counting rules [26]. For the subset of
dim-7 operators with B = —L = 1 this was studied in detail in ref. [26], and we thus
concentrate on the other subset with L = 2, B = 0 whose result is shown in table 3.
According to ref. [24] each operator O is assigned with a holomorphic weight w(Q) and
an antiholomorphic weight w(Q), and the nonrenormalization theorem asserts that up to
nonholomorphic Yukawa couplings an operator O; can only be renormalized by an operator
O; if w(0;) > w(0;) and w(0;) > w(0O;) are both true, or to put it in another way, v;; = 0
when w(0;) < w(0;) or @w(O;) < w(O;). This explains the zeros in gray up to Yukawa
couplings in table 3. The other zeros in the table reflect the simple fact that there happens
to be no one-loop diagrams. We stress that flavor relations shown in tabel 2 do not spoil
the nonrenormalization theorem. For simple relations without involving Yukawa couplings
this is obvious. For nontrivial relations involving Yukawa couplings which are brought
about by EoMs, there is no theorem at all in the first place. The perturbative orders of the
remaining entries in 7 can be determined by power counting rules [26]. The basic idea is
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Figure 1. Quark-level Feynman diagram for O3 from dim-7 (and dim-5 in (e)) operators (heavy
dots) in SMEFT.

that all terms in the SM Lagrangian Lgy\; are treated as same order in perturbation theory.
This fixes the perturbative order of each building block and thus that of each operator,
X[O;], up to a common additive constant. The perturbative order of 7 is then determined
at one loop to be x[vij] = 2 + x[O;] — x[O;]. In this counting we treat all of the couplings
91,23, Yeud V' as the same order g. We note again that flavor relations are automatically
consistent with power counting since none of manipulations in establishing the relations
would change perturbative order of an operator.

4 Phenomenology of dim-7 operators

We studied in a previous work [5] the proton decay p — 7 v induced by the subset of dim-7
operators with B = —L = 41. In this section we study some phenomenology of the other
subset of operators with L = +2 and B = 0. We will improve a previous analysis [28, 29]
on nuclear neutrinoless double 5 decay by incorporating complete one-loop SM RGE effects
from a high scale to the electroweak scale. We will also discuss briefly its counterpart in the
meson sector, i.e., the rare decays K* — 7T¢=¢* which have been severely constrained
for the muon-pair final state to be Br(K* — pFpu*nT) < 8.6 x 1071 (90% CL) [30].
Nuclear neutrinoless double 5 decay (Ovf3/3) has been so far the most extensively
studied process searching for lepton number violation; see, e.g., ref. [31] for a review.
Attributing its source to a mechanism responsible for light Majorana neutrino mass, the
current experimental limit on the process translates to a bound on the effective neutrino
mass mgg < 0.1 eV [32, 33], and this bound is expected to be pushed down further to



mgp < 0.015 eV [34] in the near future. In the framework of SMEFT there are additional
mechanisms that are not directly related to the light neutrino masses as shown in figure 1.
The heavy dot in the figure represents dim-7 effective interactions studied in previous
sections (and also the dim-5 effective mass operator in subgraph (e)) that are obtained
from the 12 operators in table 1 upon sending H to its vacuum expectation value v/v/2.
As we go down further to lower energy scale at which the weak gauge bosons are integrated
out, the diagrams in the left panel will be matched to those in the right where the box
stands for the SM four-Fermi weak interactions. It is clear that there are three classes
of contributions: short-range (or contact) interaction, long-range interaction, and light
neutrino mass insertion, which we will study one by one below. To simplify the matter
a bit, we assume that all quark and lepton mixing matrix elements have already been
incorporated in the Wilson coefficients.

The short-range interaction amounts to the following dim-9 operators which are gener-
ated from dim-7 operators O’ZE D> (’)TLP;IW, and O™ together with the SM four-Fermi

duLLD
weak interactions:

Ls = (uy"Prd) [Cs1(wy, Prd) + Csa (W, Prd)] (€Pge®), (4.1)
where
(Cst1, Csa) = —2V2GF (CLyy py +4CT iy, UL Y, (4.2)

and G is the Fermi constant. Neutrinoless double 8 decay has been studied in EFT below
the weak scale in refs. [35-37]. Relations to the e parameters in ref. [37] are

(€Ll HC iy i) = ~Y2E8 i, o) (143)
where m,, is the proton mass. The constraints on the e parameters at the proton mass
scale from experiments using elements 4¥Ca,’® Ge,32 Se,!30 Te, 136 Xe were worked out in
ref. [37], and those relevant to our analysis are reproduced in table 4. As a matter of fact,
translating experimental limits on half lives to those on the € or C' parameters defined
at 1 ~ 2 GeV is afflicted with hadronic and nuclear level uncertainties which we cannot
improve in this work. These uncertainties can be order one according to the most recent
estimates in refs. [29, 37]. We refer the interested reader to ref. [29] and references cited
therein for a comprehensive account of the issue.

The long-range interaction is mediated by a neutrino propagator connecting the SM

four-Fermi weak interaction and the effective interactions induced by the dim-7 operators

pri prstt prstt prstt prstf |
OLerip: Ogpuer OJLQLHl’ Od‘LQLHz’ and OQuLLH'

5
Ly =) CrnOp, (4.4)
n=0

where the SM effective interaction is

O = (uy*Prd)(ev, Prv), Cro = —2V2Gp, (4.5)



48Ca 76Ge 8286 130Te 136Xe
|eZEE] | 3.8 %1077 | 89 %1072 | 6.7x 1075 | 2.0 x 1078 | 4.1 x 107
|eZBE| 163 x1077 | 1.4%x 1078 | 1.1 x 1077 | 3.2x 1078 | 6.7 x 107°
e 4] | 11x 1077 | 22x 1072 | 1.7x 1078 | 51x 1079 | 1.1 x 107°
e 4l | 1.3x 1075 | 43x 1077 | 22x 1070 | 9.3 x 1077 | 2.0 x 1077
€alb] [34x1077 | 7.9x107° [ 6.1x 107 | 1.4x 1078 | 2.9 x 107°
eXB] 1 1.8x1078 | 7.9x 10710 | 59 x107% | 2.0 x 1072 | 4.2 x 10710

Table 4. Upper bounds on some |e| at the proton mass scale 1 ~ m,, derived for various nuclei
and assuming one operator is active at a time. Reproduced from ref. [37].

and the new ones are

= (uy" Prd)(&y,Prv©),
02 = (@y"Pgrd)(ey, Prv°),
(ﬂPLd)(ePRV ),
= (uPgd)(ePrv°),
05 = (uo" Prd)(€0,, Prv°),

with coeflicients

S

v
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Note that Fierz identities have been employed to reach the above form.

(Cr2, CLa) =

Crs = _1_2011111 }

dLQLH? (4.7)

Again, relations
to the e parameters in [37] are

114 mit \ 4G V4A  S+P
(CLeHD’ CQuLLH> T <_6V+A7 €S+P)
PLEEEL PR EEEL _ 8GF VAA S+P
dLueH’> “dLQLH1) — —, \V+4» €s+p
4G
1111 F s
CJLQ2H2 = [46% ESLP;} (4.8)

and upper bounds on their magnitudes are also reproduced in table 4.
Finally the decay may be induced by insertion of a light Majorana neutrino mass in
the neutrino propagator that transmits lepton number violation:
1
Ly = —5 (CpH5 + QCLH)(VPPRZ/ )+ h.c., (4.9)

where C’ﬁqf) is the Wilson coefficient of the dim-5 Weinberg operator. Since this mechanism
has been extensively studied in the literature, we will concentrate on the other two. From

~10 -



(100 TeV)~3 BCa Ge 82Ge 130T 136X e
[ein s 4.124 x 103 | 0.097 x 10% | 0.727 x 10® | 0.217 x 103 | 0.046 x 103
- . X . X . X . X . X
CcolU L] 12:36 % 10° | 0.274 x 10° | 2.149 x 10° | 0.625 x 10° | 0.131 x 10°
icit ol ] 0.021 x 103 0.4 3.2 1.0 0.2
[CIUT | ] 4.927 x 10 | 0.163 x 10° | 0.834 x 10% | 0.352 x 10° | 0.076 x 10°
|ICHUT 1 0.043 x 103 1.0 0.008 x 103 1.8 0.4
QuLLH
11L1L1]L 3 3
Clrorm| | 0:086 % 10 2.0 0.015 x 10 3.5 0.7
1111¢ 3
Clrorms! | 0:068 % 10 1.3 9.9 1.7 0.3
(e 1.031 x 10% | 0.024 x 10% | 0.182 x 10% | 0.054 x 10 | 0.012 x 10?

Table 5. Upper bounds on Wilson coefficients of dim-7 operators at the weak scale p ~ my, using
RGE formulas in ref. [28] and table 4 as initial values [37].

naive dimensional analysis they are important only when the dim-5 Weinberg operator is
suppressed for one reason or another.

Now we evolve the above bounds at the proton mass scale y ~ m, to those at the
electroweak scale p =~ myy using RGE formulas in ref. [28]. We adopt the physical constants
recommended by the Particle Data Group [38]; for instance, m, = 0.938 GeV, Gp =
1.166 x 107® GeV~2, and v = 246.22 GeV. The results are shown in table 5. As we can
see from the table, data from the nucleus ®®Xe sets the most severe constraints for all
Wilson coefficients under consideration. This offers the starting point for our further RGE
analysis to a higher energy scale of new physics.

To evolve from the electroweak scale to a higher scale at which dim-7 operators are
generated, we first derive RGE equations relevant to Ov(4 decay using egs. (3.5) and (A.2)—
(A.13):

dli/i Lo = 417r<_19()al+1210‘2—’_60‘75)0;%1)1“‘;(—;(?;041—29042—2(1,\>CE}D27
d ung _ L1 1 11114

dlny duLLD 47r<10a1_2a2> CauLLp:

iy Chtnn = (g +6r 900) Ll

T

IOt = 1 (g foa—Saa+3a )OI,

T Citatin = 1 (g + oe—Soa+3a0 ) CRULL + - (602)CHEY

dliu oL = 417r<_1;olo‘1_fa2+§a3+3at) Cirabms

+;(_§a1+1§a3>c;;3;m,
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d a1 1 /12 1 1 "
dinp Liips = 47r<5a1+3a2+4aA+60‘t> CLI}D2+E(_8042>CLI}D17
d 11t 1 6 13 11t
dlnp  FHW = i —§a1+?a2+4ax+6at Craw

1 /5 11 1 9 11 11
T <80‘2> CLI}D1+47T<_80041+160‘2> ClLips: (4.10)

Note that we have kept the couplings g1 23, A and the dominant top Yukawa coupling
yr = (Y,)33 in the above equations and switched to the grand unification convention for
the g1 coupling, i.e., g1 — g11/3/5. Our «; convention is standard

2 2
91,2,3 A Yt
_ 91, _ A _ Y 411
0617273 477' ) Q) 47'(" (073 477, ( )
which satisfy the RGE equations at one loop (for a clear exposition see ref. [39]):
dog _ 1(1 .4 N,
= —|—=+z-ng|a
dlnpg  2x\10 ' 3 ¢)°0
day _ 1 ( 43 4 )
=—|(——+zng |
dlnp 27\ 6 3 ¢)°%
dag 1 4 2
= (1142
dlnp 27r< —|—3ng>a3,
doy 1 17 9 3 +9
= —| —=a1—-am—8az+-at |
dlnp — 2r\ 20 1 4 2o oT )R
day 1/ 9 1721 , 9 9 ,
= —( = Za1—9as+ 1204 +24 (22 ° 4.12
dlnp 47r< g1 Tt i O‘A>O‘A+8w(1ooo‘1+100‘10‘2+4O‘2  (412)

where ng is the number of fermion generations. We adopt the MS values of a; at the
Z-pole mz [39] as our initial values

a1(mz) = 0.0169225 + 0.0000039, as(mz) = 0.033735 + 0.00020,
ag(myz) = 0.1173 £ 0.00069, ay(my) = 0.07514, ay = 0.13/4m, (4.13)

where a, is calculated by 4may = m?%/(2v).

Now we solve our RGE equations (4.10) and (4.12) numerically using the last column
of table 5 and eq. (4.13) as initial conditions. Since the operator O?I} po does not appear in
the Feynman diagrams for the decay, we assume C}j} po(mz) = 0. Our results for the eight
Wilson coefficients are shown in figure 2. As we can see from the figure that the running
effect from 100 GeV to about 100 TeV is mild for C’;—ilgD and C;EETH but significant for
other coefficients, and the lower limit on new physics scale estimated naively from |C’,-|_1/ 3
is around 100 TeV depending on the operator under consideration. Our result improves
the analysis in ref. [28] where only QCD interactions were considered in RGE of dim-7
operators in SMEFT, while both results agree in the order of magnitude.

Now we discuss briefly the rare decay K™ — u"p*tn~ which can be considered an
analog of the nuclear Ov33 decay in the meson sector. The Feynman diagrams at the
quark level are also classified into three classes: short-range, long-range interactions and
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Figure 2. RGE of the Wilson coefficients relevant to Ov33 decay. The black solid line indicates
p = |C;|~/3, and roughly speaking SMEFT applies to its left region.

insertion of light Majorana neutrino masses. Since a pair of quark currents are involved,
the hard core problem is to evaluate their matrix elements between the initial and final
meson states of opposite charge. In quark-level Feynman diagrams the two mesons can be
formed in two different manners according to whether the W+ gauge bosons are exchanged
in the s or t channel. In the classes of long-range interaction and mass insertion the
pair of quark charged currents are defined at different points that are connected by a
light neutrino propagator. This pseudoscalar level problem should be less difficult to cope
with than the hadronic problem in Or83 decay which involves nucleons as well. We note
that a similar process m~n~ — ee entering Ov33 decay has recently been worked out by
lattice methods, that is due to a short-range interaction [40] or a long-range interaction
by a neutrino propagator [41]. This result could be helpful for the evaluation of the rare
K™ decay by flavor SU(3) symmetry. We would like to reserve for our future efforts the
phenomenological analysis of the decay and related processes for the D and B mesons.

5 Conclusion

We have studied systematically the fermion flavor relations of the (12 + 6) dim-7 operators
of different Lorentz structures and field contents in SMEFT. These operators would be com-
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plete and independent without counting flavors. Some nontrivial types of flavor relations
first appear at dimension seven and involve Yukawa coupling matrices. In phenomenolog-
ical analysis it is necessary to choose a genuine basis for operators which must take into
account individual flavor degrees of freedom. While in principle one can choose any basis,
an improper choice however may bring about artefact such as inverse Yukawa coupling ma-
trices that are almost singular in SM. We suggest a recipe to choose a proper basis: reserve
priority to operators with less derivatives and along the way remove redundant operators
by flavor relations.

Then we discussed how to renormalize these operators that are constrained by flavor
relations. The issue is that while the (12 4 6) operators without counting flavors are easier
to work with when computing their counterterms ‘blindly’, anomalous dimension can only
be defined consistently for a set of complete and independent operators. We formulated
how to form the anomalous dimension matrix for the latter from counterterms computed
for the former, and listed counterterms in appendix A. Our one-loop results follow the
patterns heralded by nonrenormalization theorem and perturbative power counting rules.
As a first phenomenological application we studied renormalization group effects on nuclear
neutrinoless double £ decay from the electroweak scale to certain high scale at which dim-7
operators are generated. Requiring the inverse cubic root of the Wilson coefficients to be
no lower than the high scale, the running effects can still be significant for some operators.
And the current experimental bound on the decay implies the inverse cubic root of the
Wilson coefficients to be larger than about 100 TeV. We also very briefly touched upon
the lepton-number violating decay K+ — 77 pu* u* and pointed out its potential difficulties.
We wish to come back to this process in the near future.
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A One-loop contribution with an insertion of effective interactions

We collect our results for the ultraviolet divergent terms in one-loop diagrams with one
insertion of effective interactions due to dim-7 operators that is dressed by SM interac-
tions. Our calculations are done in dimensional regularization (D = 4 — 2¢) with minimal
subtraction and in R¢ gauge. The results can be used to extract the anomalous dimension
matrix v once a flavor-specified basis is chosen as described in the main text.
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We adopt the following shortcuts:

§ = 1677,
Wi = Te[3(Y].) +3(]Ya)+ (V] Y),

1
Wplr -3 [(49% - 39%)CZLID1 - (49% - 159%)021;{D1 +4(YeYéT)vpC£1}{D1 +2(Ye Y )orClp1 >
1
Wp27" = Z [(9% +3gg)C£SLID2 _Q%CZIEJD2 + ((Yve}/eT)vrC%}[DQ +pr T‘):| ) (Al)

where Wy originates from the Higgs field wavefunction renormalization due to Yukawa
couplings and Wplr (Wz?'r) appears in insertion of the operator Orgp1 (Orpmgp2). In the
following formulas, (CO) on the left-hand side stands for an insertion of the effective
interaction C'O with the dim-7 operator O and its Wilson coeflicient C', which yields the
one-loop result on the right-hand side due to SM interactions. A subscript x on the right
implies the same field labels as in the left ((CO)x).

The results for the operators with L =2, B =0 are:

(CO)Lu)s = 4{ 392+ 1592 —80A— SWH)CPT+3[(YY YopCY +p<—>r]}@ X=LH, (A.2)
(CO) Lerp)d = 1{[ 393 —4\) (V) or 200 YY) | CF 4p o fOR,

1 r i vr vw v s
5 [ (897 122 6Wi ) OF = (VoY) OF —2(Ye) o (V) OX” = 8(¥I Vo) OF | OX

_ 1 T pU _ pr 1
TG [(Ye )v'l'CX p(—)’f’] OLHB 4(

X = LeHD, (A.3)
(CO)rp1)s = é{ 34K + ANV Y D yurt (VoY IYY Do) O -2 | 4pir bOT,

Y1) CB O +3(Y Y s O OPTS

dLueH’

4{ 2) [391 4g§)C§”+(3gf+29§)C§f]
[ (Vo) ur (20K = CX°) 440V YY) CF | YOV o = (Vi) W OGS
+i{[Q(gf729572WH)C§T+(9%7793)0;13}
=~ [0Y D) (TCK = CR) 46y )0r CF | JOX = (VI Va)pe (V) ue CX OB,
15 [B K 40+ (50Y Dy OF 20V )or O )| O~ (W Vi ORL O,

_6714{ [9930§T+2(YEYJ)W(20;;2(;;5)] _pHT}O;L,THB

116 [gg (7CpT_20TP)+2( (YEYJ)UPC}?“F(Y;Y'J)U,«C%U)](’)ZI’Z_IW
~ {30 (X4 CR) R [0 (O =) =200 (X X))

TS 1 T T TS
4(YT erte}OgLffLH 2 (YT)ps [95 (CXt —Cé() _2(ert+Wt1?“)] OZLC;LHl

Vs [ (07 ~303) O3+ (63 +363)OX +12WA Ot X=LHDI, (A.4)

(COYLup2)6 = %{[ (92 +20303+363) O +8(2A (Yo Y or+ (Yo Y YV )0 ) OFF — AW,E,.] +p<—>'r}(’)’L'TH
1 [ (868 1763 -83) (V0)0r OF ~ 4 (0¥ V) CF + (VX Yo (Vo) R | OB
+é{ [(7g%+11g§+8A) cfg"+4(gf+29'5’)c;g’]

[ (CF = CX) = (VoY) or CF ] } O
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(CO)LuEB)d

(597 — g3 +8\+4AWx ) CY + (397 +795) O 3[(YY YopCX + (Yo Y )WCP”]}og’{

1 r rs 3 r 7 r
(VYo (97 —963) O +12W2 ) OBt L+ &) (cr —cyor,

_ 1 2 (g
12 128 W1
1 T T v T
+§{ [(3gf—7g§)0§ —4930;?} —4[(1@5@T)m-0§ +p<—>r} }Oin

3 {300 [0 O — (e (OF — %) |~V W2 L OF

5 (Vs [ (97 ~993) (5 cé:pm(wfﬁwﬁ)]omt

dLQLH1

YY) (Ve OF OB = (V) WEOGEL =5 (Vi Ya)r CROWS

LHD2, (A.5)
i{(g%+lOg§—8A—4WH)C§{+3 [(EYJ)WC’}J{—])HT} }(91”— S GCY Oy

g1 (YT)PSc OZZZLHl

—39% [(YJ)WC?"' (YeT)ptC;(s _4(YET)PSC§;] ngsLtLH + g
2 TS
~ 39 (V])psOX O 1y X=LHB, (A.6)

3 r v I I T Id
5 = 23 {[BOF +200Y D) O 051} OFy — 23 (CF ~CF) O

((CO)erLLLu)d =

<(CO)JLuEH>6 =

<(CO)JLQLH1>5 =

+% { (897 — 992 —16A—8 Wi ) O} —17g3C'7F

+2[(Y6YJ)W(BC —4CR) =Y. wc”“]}opr
1 TSs ST T T TS
593 { (V) (5CK +0X) —4(YD)p (CK ~CX) JOL1
1,

—2g3(Y))ps (CX — cﬁ;‘)ogggLH1+Qgg( )pg(5CX+CX)(’)§ZgLH2,X:LHW, (A.7)

S PO vy [ow ey per] ot
3 wpvr wrv T
+176(Y8)vw (CXP _CX p)OZL)/HB

+% { (997 +79g5 — AWy ) O =893 (CR** — O +20%°")
—4(Y )pr(Yd)vw (zcwvst +Cw5vt +Cw5tv C}u{)ts’v) -9 [G(KTYe)pv C:l))(rst
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For completeness, we reproduce the results for the operators with B = —L = 1 that were

obtained in ref.

<(CO)Ldudﬁ>5 =

<(CO)EdddH>5 =

<(CO)andil>5 =

<(CO)EQddD>5 =

X =

((CO)edaaap)d = —=
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Figure 3. One-loop Feynman diagrams with an insertion of the effective interaction (CO)jryem-

=3(VY) s o+ (Y Vs (V] ) CF
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X = edddD. (A.19)

As an illustration of our detailed calculation, we show the one-loop correction with
an insertion of the effective interaction (CO)gr ;- All one particle irreducible divergent
Feynman diagrams are shown figure 3. We verified that diagrams (q) and (r) contain a
derivative that combines with additional diagrams obtained by attaching a gauge field to
an internal propagator of those two diagrams to form a gauge covariant derivative. The
result is, diagram by diagram,

<(CO)JLueH>(a)5 = (& + 3)ydng%CngeHogfvfeH’
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c 4 TS TS
<(CO)JLueH>( )6 = <3§39§ + &ydyugf) CgLuteHOgLuteH’

(CO)apuern) Vs = —E1yryegiChy ,OFS
(CO)iruer)?d = E1yayegiChL, O L
(COipuern) N = —E1yryugiChL O
<(CO)JLueH>(g)5 = glydyHg%ngffeHngZeH’

3 rs rs
<(CO)JLueH> (h)(S = <4§29§ - glyLyHg%) CqufeHOSqueH’

(CO) dpuer) V8 = ~E1yuyngiC 0TSt

(COVipuer)Vd = ~&1ueyn gt Cl 1 Of ey
1 TS
<(CO) 7LueH> (k)5 - 5 (Yd)PU (Y-eT)WSCZﬁZgHOgLJEH’
~ l - TV 7St TS5t
(€O i) V6 = (VDo VDwnCy 2 (O — Ohiowna):

1

<(CO)JLueH> (Mg = — 9 (n>vt(nT)wrchZT:HO§ZSJeH’

(CO) druer) ™ = —(V]Yg)poCist O

(CO)ruerm)\ 6 = (YY) O O

(COVapuer) ™8 = (YY)rCBt OW!

(CO) i) V6 = 5 (VYO OB

<(CO)JLueH>(T)5 = 3(YJYd)vangZHOﬁHD7 (A.20)

where ;23 are the gauge parameters for the SM gauge group and yr, c Q.u.qd,n are hyper-
charges. Including the term due to wavefunction renormalization

s 8 3 37 9, 3 V.
(CO)gpuer) Vo=~ (3§3Q§ + 5529% + E&Q% - 193 - 19% + WH> CgLJeHOgLJeH (A.21)
1

- <(YJYd)pUC§£§eH + 5 (KKT)UTCngeH + (YJYU)USCgZZteH + <Y6Tn)vtcg£iUeH> Oéll;futeH’

the complete one-loop correction is

r

<(CO>JLueH>5 = Z((CO)JLueH>(a)5 + %<(CO)JLueH>(S)5' (A.22)

a=a
Plugging in the values of hypercharges returns the final answer shown in eq. (A.9). As
cross checks of our calculation we note that the final answer does not depend on gauge
parameters, is consistent with perturbative power counting [26], and conforms to nonrenor-
malization theorem [24] when nonholomorphic Yukawa couplings are discarded.
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