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1 Introduction

The computation of the vacuum expectation value (vev) of a circular Wilson loop (WL)

and the correlators of such WL with chiral primary operators (CPOs) attract interest in

the light of the AdS/CFT correspondence [1]. Especially interesting is the possibility to

perform exact computations for the vev of a WL in N = 4 supersymmetric gauge theories

(SYM) exploiting the fact that only planar graphs contribute and that the propagators

on the circle are constant [2]. The problem is thus reduced to the computation of the

number of planar graphs, a task which is efficiently performed with the help of the matrix

models [3, 4]. From this point of view, the matrix model is just a convenient tool for

the computation. A direct computation of the vev of the WL leading to a matrix model

was fulfilled in [5]. In this paper the partition function of the N = 2∗ SYM on S4 was

computed and, as a byproduct, it was shown that the instanton corrections vanish when the

mass of the hypermultiplet is sent to zero and the N = 4 SYM recovers. This establishes
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a solid link between the computations performed in N = 4 SYM and the matrix model.

Furthering this line of research, in [6] the coefficients of the OPE of the WL were computed

in the framework of the AdS/CFT correspondence using supergravity and string theory.

This computation was later refined with a conjecture for the OPE of correlators of a WL

with CPOs of arbitrary conformal dimension [7]. Finally in [8] D3 and D5 branes were

included in the computation. These results were all obtained in the limit of a large number

of colors.

Following a somewhat different path, the results of [5] were extended in [9] by inserting

arbitrary powers of the vector superfield into the classical prepotential. The general corre-

lator can then be extracted from a deformed partition function given in terms of a U(N)

deformed matrix model replacing the Gaussian matrix model underlying the N = 4 theory.

The same type of interacting matrix model arises in the studies of N = 2 theories [5, 10],

where now the interactions account for higher loop corrections and mass deformations. In

this paper, we study the WL in the deformed matrix model and discuss applications to

N = 2, 4 superconformal gauge theories.

The paper is structured as follows: in section 2 we study the WL in the fundamental

representation, deformed in different ways. In section 3 the WL in N = 2 theory is

considered. In section 4 we calculate the correlators between the WL and CPOs in the

fundamental and in symmetric representations.

2 Deformed matrix models

We generally follow the notation of [9] and consider deformed N = 4 SYM theory on S4

in terms of N = 2 SYM theory with one vector multiplet and one adjoint hypermultiplet

of matter. The action of the vector multiplet is

Svec =
1

4π2

∫
dx4 dθ4Fclass(Φ) + h.c. , (2.1)

where the classical prepotential Fclass has the form

Fclass =

p∑
n=1

3πiτn
n!

tr Φn (2.2)

and Φ is a vector superfield.

The WL we are interested in is of the following form

WR =
1

N

〈
tr R e

C〉
vev

=
1

N

〈
tr R e

i
∫
C(Amẋm+|ẋ|ϕ1ds)

〉
vev

, (2.3)

where R denotes a representation of the WL, ϕ1 = 1
2(ϕ−ϕ†), ϕ is the scalar of Φ and Am

are taken to be anti-hermitian matrices. We also choose the contour such that |ẋ| = 1.

As it was shown in [9], the vev of a WL in the fundamental representation in this case

can be written as a U(N) matrix model average

W =
1

N

〈
tr eC

〉
vev

=
1

N
〈tr ea〉def . (2.4)

– 2 –



J
H
E
P
0
3
(
2
0
1
8
)
1
5
5

The averages in the matrix model are defined as

〈f(a)〉def =
1

Z

∫
d[a]f(a) e−NV (a) =

1

Z

∫
da∆(a) f(a) e−NV (a) , (2.5)

where

Z =

∫
d[a] e−NV (a) =

∫
da∆(a) e−NV (a) (2.6)

with d[a] being the Lebesgue measure in the space of Hermitian N × N matrices, da =∏N
i=1 dai being the Lebesgue measure in the space of eigenvalues absorbing numerical co-

efficient irrelevant for the calculation of averages and ∆(a)
1
2 being the Vandermonde de-

terminant

∆(a) =
N∏

u<v=1

(au − av)2 . (2.7)

The coefficients in the potential V (a) =
∑

n gntr an are defined by the parameters τn of

the classical prepotential (2.2) by the rule

gn =


4π(−1)

n+2
2

ε2Nn!
Im (τn) , n | 2

4π(−1)
n+1
2

ε2Nn!
Re (τn) , n - 2

(2.8)

where ε is the reversed sphere radius.

In the following subsections we consider different types of the potential V (a).

2.1 Even potentials

Let us start with a potential

V (a) = gn tr an (2.9)

with even n.

In the large N limit the integrals like (2.5) have been evaluated by saddle point meth-

ods [3, 4].

The resolvent defined as

ω(x) =
1

N

〈
tr

1

x− a

〉
def

=
1

x

∞∑
k=0

ωk
xk

(2.10)

contains all the averages of the type ωk = 1
N

〈
tr ak

〉
def

.

Under the assumption of a single cut it can be represented in the form

ω(x) =
1

2
V ′(x)−Qn−2(x)

√
x2 − b2 , (2.11)

where Qn−2(x) is an even polynomial of order n − 2. The coefficients of the polynomial

as well as the coefficient b are determined by the condition ω(x) ≈ 1
x at large |x|. This

condition generates a system of n
2 linear equations for the coefficients of the polynomial

Qn−2 and one equation for the coefficient b.
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Solving the system one gets

ω(x) =
n gn x

n−1

2

1−

n
2
−1∑

k=0

1

22k

(2k)!

(k!)2

(
b

x

)2k
√

1− b2

x2

 , (2.12)

where b is a solution of an equation

gnb
n

2n
n!

(n2 )!(n2 − 1)!
− 1 = 0 . (2.13)

Expanding
√

1− b2

x2
in a series one finds the resolvent in a form

ω(x) =
1

x
+

2 gn n!

2n(n2 − 1)!2

∞∑
p=1

1

22p

(2p)!

(n+ 2p)p!2
bn+2p

x2p+1
. (2.14)

The WL can be written in terms of the resolvent1

W =
1

2πi

∮
dz ω(z) ezdz =

1

2πi

∮
dz

(
1

z

∞∑
k=0

ω2k

z2k

)( ∞∑
t=0

zt

t!

)
=
∞∑
m=0

ω2k

(2k)!
. (2.15)

From (2.10), (2.14) and (2.15) one finds

W = 1 +
2 gn n!

2n(n2 − 1)!2

∞∑
p=1

1

22p

bn+2p

(n+ 2p)p!p!
. (2.16)

Evaluating the sums one gets

W = 21−n gn n!

(n2 − 1)!2
bn
(

1

b

d

db

)n
2
−1

b
n
2
−2In

2
(b) , (2.17)

where In(b) is the modified Bessel function of the first kind defined as

In(b) =
∞∑
m=0

(b/2)2m+n

m!(m+ n)!
.

Since the resolvent ω(x) is linear in gn (except for the implicit dependence on gn in b), the

results can be easily generalized to the case of an even potential

V (a) =
∑
n

gntr an . (2.18)

One has simply to sum over n.

W =
∑
n

21−n gn n!

(n2 − 1)!2
bn
(

1

b

d

db

)n
2
−1

b
n
2
−2In

2
(b) (2.19)

1The WL can be also found as W =
∫ b
−b ρ(λ)e

λdλ, where ρ(λ) is density of eigenvalues, which is clearly

equivalent to (2.15) since ω(z) =
∫ b
−b

ρ(λ)
z−λdλ.
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with b now satisfying the equation∑
n

gnb
n

2n
n!

(n2 )!(n2 − 1)!
− 1 = 0 . (2.20)

In particular, for the case considered in [9]2

V (a) =
2

λ
tr a2 + gntr an (2.21)

one gets

ω(x) =
1

x
+

2 b2

λx

∞∑
p=1

1

22p

(2p)!

(n+ 2p)p!2
b2p

x2p
+

2 gn n!

2n(n2 − 1)!2

∞∑
p=1

1

22p

(2p)!

(n+ 2p)p!2
bn+2p

x2p+1
, (2.22)

W =
2 b

λ
I1(b) + 21−n gn n!

(n2 − 1)!2
bn
(

1

b

d

db

)n
2
−1

b
n
2
−2In

2
(b) (2.23)

with b being a solution of

gnb
n

2n
n!

(n2 )!(n2 − 1)!
+
b2

λ
− 1 = 0 . (2.24)

Although the equation (2.24) for b cannot be solved for general n, it can be treated in

perturbation theory in terms of small gn.

At the zeroth order one finds the well-known expectation value of the non-deformed WL

W (0) =
2b

λ
I1(b), b2 = λ . (2.25)

It can be noticed that for the non-deformed WL, W (0) ∼ e
√
λ at large λ while in the

deformed case W ∼ eb at large b, so b2 can be considered as an effective coupling constant

λeff . But unlike the non-deformed case λeff is limited. In fact (2.24) implies that

λ =
λeff

1− λ
n
2
eff

gn
2n

n!
(n
2

)!(n
2
−1)!

and since λ > 0 one gets a constraint for λeff

λeff ≤ λ∗eff = 4

(
(n2 )!(n2 − 1)!

g n!

) 2
n

.

In the limit of λ� λ∗eff the WL stops depending on λ and turns into a constant W (λ∗eff).

Basing on the first two orders of a perturbation expansion one can conjecture the

general term of the resolvent

ω(x) =
1

x
+

∞∑
m=1

∞∑
k=0

(−C(n)gn
(
λ
4

)n
2 )k
(
λ
4

)m
(2m)!(n2k +m− 1)!

x2m+1m!(m− 1)!k!((n2 − 1)k +m+ 1)!
, (2.26)

2Unlike [9] we choose the parameters of the deformed background as ε1 = ε2 = 2π, not ε1 = ε2 = 4π.
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where

C(n) =
(n)!

(n2 )!(n2 − 1)!
.

For the WL under this conjecture one gets

W = 1 +

∞∑
m=1

∞∑
k=0

(−C(n)gn
(
λ
4

)n
2 )k(λ4 )m(n2k +m− 1)!

m!(m− 1)!k!((n2 − 1)k +m+ 1)!
. (2.27)

For n = 4, 6, 8 the equation (2.24) for b can be solved exactly. Substituting b

into (2.22), (2.23) one finds the result coinciding with (2.26), (2.27). For larger n (2.24)

cannot be solved for algebraic reasons.

2.2 Potentials with odd terms

In the case of the potential containing both odd and even deformations

V (a) =

∞∑
l=1

gl tr a
l (2.28)

the resolvent has an asymmetric cut

ω(x) =
1

2
V ′(x)−

∞∑
l=1

Pl−2(x− c)
√

(x− c)2 − b2 , (2.29)

where the polynomial Pl−2 contains now both even and odd powers of (x− c) and c stands

for the center of the cut. Demanding the resolvent to behave as 1
x at large |x| one gets two

separate systems of linear equations for the coefficients of Pl−2 with odd and even powers

of (x− c), with the same invertible matrices as in the previous case. This requirement also

leads to the equations

∞∑
l=2

glc
l−2b2

[ l2 ]−1∑
k=0

1

22k+2

l!

(l − 2− 2k)!

(b/c)2k

k!(k + 1)!
− 1 = 0 , (2.30)

∞∑
l=1

glc
l−1

[ l+1
2 ]−1∑
k=0

1

22k

l!

(l − 1− 2k)!

(b/c)2k

k!2
= 0 . (2.31)

If there are only even powers in the deformation then c = 0 and the second equation is

missing (but c can be equal to 0 even if there are odd deformations in the potential).

The resolvent can now be written as

ω(x) =
1

x− c
+

∞∑
l=2

∞∑
k=1

1

22k+2

glc
l−2b l!

(l − 2)!

(2k)!

(k + 1)!k!

b2k+1

(x− c)2k+1

+

∞∑
l=3

[ l+1
2 ]−2∑
k=0

1

22k+2

glc
l−3b2l!

(l − 2k − 3)!

(b/c)2k

k!(k + 1)!

∞∑
p=1

1

22p+1

(2p)!

(k + 1 + p)p!2

·
(
x− c
b

+
1

2

b

c

(k + 1 + p)

(k + 2 + p)

)
b2p+1

(x− c)2p+1
. (2.32)
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For the WL one gets

W =
ec

2πi

∮
dz ω(z)ez−cdz

=
1

2
ec
∞∑
l=2

glc
l−2b l!

(l − 2)!
I1(b) (2.33)

+
1

4
ec
∞∑
l=3

[ l+1
2 ]−2∑
k=0

glc
l−3b2 l!

(l−3−2k)!

(b/c)2k

k!(k + 1)!

(
1 +

1

2

b

c

(l−3−2k)

(k + 1)

d

db

)(
1

b

d

db

)k
bkIk+2(b) .

2.3 Double-trace potential terms

Let us now consider a potential involving double trace terms

V (a) =
2

λ
tr a2 +

g

N
tr antr am (2.34)

which will be used in the section 3.

Considering the averages in this theory as integrals over the eigenvalues (2.5) one gets

an equation for the saddle point [3]

2
N∑

i 6=j=1

1

ai − aj
− 4

N

λ
ai − g n an−1

i

N∑
j=1

amj + gmam−1
i

N∑
j=1

anj = 0 (2.35)

which coincides with an equation for the saddle point in the effective potential

Veff =
2

λ
tr a2 + g ωmtr an + g ωntr am (2.36)

with ωk being the coefficients in the series expansion of the resolvent (2.10).

Thereby the potential (2.34) can be replaced by an effective potential (2.36) and the

results from the previous section can be applied also to this case.

An explicit form of equations for the coefficients ωm, ωn in the simplest case of even

m, n follows directly from the resolvent

2m
ωm
bm

=
b2

λ
h(m) +

g ωnb
m

2m
f(m,m) +

g ωmb
n

2n
f(n,m) , (2.37)

2n
ωn
bn

=
b2

λ
h(n) +

g ωnb
m

2m
f(m,n) +

g ωmb
m

2n
f(n, n) , (2.38)

where

h(n) =
n!

(n2 + 1)!(n2 )!
, f(n,m) =

n2

2(m+ n)

n!
n
2 !n2 !

m!
m
2 !m2 !

.

If m or n is odd, one should be careful since ωk is a coefficient in the expansion of the

resolvent (2.32) in terms of 1
x , not in terms of 1

x−c .

It can be noticed that there is a difference in the diagrammatic interpretation of a WL

in the deformed potentials (2.28) and (2.34). In the first case every cycle brings a factor N ,

every propagator brings a factor N−1 and every vertex brings again a factor N , so the total

power of N is equal to the Euler characteristic of the surfaces, i.e. all planar diagrams make

– 7 –
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a contribution in the deformed WL. In the second case every cycle still brings N and every

propagator brings N−1 while the vertices don’t bring a factor N anymore. Therefore not

all of the planar diagrams make a contribution. Indeed, in every double vertex appearing

in the perturbative treatment of the potential (2.34) only one vertex can be connected

with the WL, while the second one should belong to a part separated from the WL and

can be interpreted as an effective factor ωk in the first vertex. This fact is reflected by a

replacement of the potential by the effective one.

2.4 Examples

• V (a) = 2
λ + g4 tr a4

This potential was considered in [9].

The WL in this case is

W =
2 b

λ
I1(b) + 3 g4 b

3 d

db
I2(b) , (2.39)

where b is a solution of the equation

3

4
g4b

4 +
b2

λ
− 1 = 0, b2 =

−1 +
√

1 + 3g4λ2

3
2g4λ

. (2.40)

The result coincides with [9].

• V (a) = 2
λ + g3 tr a3

In this case the WL is given by

W = ec
2 b

λ
I1(b) + 3 ecg3 b

(
c I1(b) +

1

2
I2(b)

)
, (2.41)

where c is

c =
2

3 g3 b2

(
1− b2

λ

)
(2.42)

and b2 is the real positive solution of the cubic equation

9 b6g2
3 −

b4

λ2
+ 1 = 0 . (2.43)

• V (a) = 2
λ + g

N tr (a3)tr (a3)

The corresponding effective potential is

Veff =
2

λ
+ 2ω3 g tr a3 . (2.44)

Re-expanding the resolvent (2.32) in terms of 1
x one finds the equation for ω3

ω3

b2
=
b2c

λ

(
3

4
+
c2

b2

)
+

3

16
b4g3 ω3

(
1 + 18

c2

b2

)
. (2.45)
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Together with the equation for c

c

λ
+

3

4
b2 g3ω3 +

3

2
c2g3ω3 = 0 (2.46)

it gives the simple solution c = 0, ω3 = 0, so the effective potential does not contain

a deformed term at all.

One could immediately see that ω3 = 0 in this case since the initial potential is even,

so all the averages of odd functions of a disappear including

ω2k+1 =
1

N

〈
tr a2k+1

〉
def

=
1

N

∫
d[a] tr a2k+1e−N V (a) = 0 . (2.47)

Therefore the WL is just

W =
2b

λ
I1(b), b2 = λ . (2.48)

• V (a) = 2
λ + g

N tr (a2)tr (a4)

The effective potential in this case is

Veff =
2

λ
+ ω4 g tr a2 + ω2 g tr a4 . (2.49)

The coefficients ω2, ω4 are given by the equations (2.37), (2.38)

ω2

b2
=

4

16− b6g
,
ω4

b4
=

2 + 1
16 b

6g

16− b6g
. (2.50)

The WL is

W =
2 b

λ
I1(b) + g b5

2 + 1
16 b

6g

16− b6g
I1(b) + 12 g b5

1

16− b6g
d

db
I2(b) (2.51)

and b is the real positive root of the equation

1

512
b12 g2 λ− 1

16
b8 g +

5

16
b6 g λ+ b2 − λ = 0 . (2.52)

3 Wilson loop in the N = 2 theory

As it is shown in [10]3 the partition function of the N = 2 super Yang-Mills theory with

U(N) gauge group and Nf massless fundamental matter multiplets defined on a four-sphere

S4 in the weak-coupling limit gYM =
√
λ√
N
� 1 can be written as

ZN=2 =

∫
d[a]e−

N
2λ

tr a2e−S(a) . (3.1)

Here a is a Hermitian N ×N matrices and

S(a) = −2

N∑
u<v=1

logH

(
i (au − av)

2π

)
+Nf

N∑
u=1

logH

(
i au
2π

)
, (3.2)

3In [10] the parameters of deformed background were chosen as ε1 = ε2 = 1 and we stick to our previous

choice ε1 = ε2 = 2π.

– 9 –



J
H
E
P
0
3
(
2
0
1
8
)
1
5
5

where

logH(x) = −(1 + γ)x2 −
∞∑
i=2

ζ(2i− 1)
x2i

i
(3.3)

with ζ(i) being the Riemann zeta-function and γ being the Euler-Mascheroni constant.

The vev of the circular WL in this theory is

WN=2 =
1

ZN=2

∫
d[a]tr ea e−

N
2λ

tr a2 e−S(a) , (3.4)

where S(a) can be written as a sum S(a) =
∑∞

i=n S2n of homogeneous polynomials S2i(a)

of order 2i.

S2(a) = −(1 + γ)

(2π)2

(
(2N −Nf )tr a2 − 2(tr a)2

)
, (3.5)

S2n(a) = (−1)n
ζ(2n− 1)

n (2π)2n

(
(2N −Nf )tr a2n +

2n−1∑
k=1

Ck2ntr aktr a2n−k

)
, (3.6)

where Ckn are the binomial coefficients.

Let us consider a conformal case with Nf = 2N .

S(a) can be interpreted as a deformation in N = 4 theory of the form considered in the

previous section. Since S(a) is an even function of a, all ω2i+1 = 1
N

〈
tr a2i+1

〉
def

= 0 and

only the terms of the form tr amtr an with even m, n in S(a) actually deform the averages.

Therefore the effective potential has the form

Veff = 2

∞∑
n=2

(−1)n
ζ(2n− 1)

n (2π)2n

i−1∑
k=1

C2k
2n tr a2kω2(n−k) =

∞∑
k=1

g2k tr a2k (3.7)

with

g2k = 2

∞∑
n=k+1

(−1)n
ζ(2n− 1)

n (2π)2n
C2k

2n tr a2kω2(n−k) . (3.8)

The system of equations for ω2n following from the resolvent can be written as

∞∑
n=1

(δk,n −Ak,n)
22nω2n

b2n(2n)!
=
b2

λ

1

k!(k + 1)!
(3.9)

with the matrix Ak,i defined as

Ak,n = 2
∞∑
l=1

(−1)l+nb2(l+n)(2(1l + n))!

(k + l)(l − 1)!2k!2(n+ k)

ζ(2(n+ l)− 1)

(4π)2(n+l)
. (3.10)

It seems that the infinite system (3.9) cannot be solved in the general case, but since

b, a ∼
√
λ, the system can be treated in perturbation theory in terms of a small λ.

For example up to λ5 in the WL one will find the effective potential as

Veff =
tr a2

λ

(
3

25

ζ(3)

π4
b4 − 5

28

ζ(5)

π6
b6 +

9

211

ζ(3)2

π8
b8 +

35

213

ζ(7)

π8
b8
)

+
tr a4

λ

(
− 5

27

ζ(5)

π6
b4 +

35

211

ζ(7)

π8
b6
)

+
tr a6

λ

7

29

ζ(7)

π8
b4 +O

(
λ5
)
, (3.11)
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where b should be found perturbatively from the equation

b4

λ

[
1 +

3

26

ζ(3)

π4
b4 − 5

29

ζ(5)

π6
b6 − 15

29

ζ(5)

π6
b8 +

9

212

ζ(3)2

π8
b8 +

35

214

ζ(7)

π8
b8
]

+O(λ6) = 1 .

(3.12)

The WL one will get in the following form

WN=2 = W (0) − 3

2

ζ(3)

(4π)4
λ3 +

(
−1

8

ζ(3)

(4π)4
+ 15

ζ(5)

(4π)6

)
λ4

+

(
− 1

256

ζ(3)

(4π)4
+

65

48

ζ(5)

(4π)6
+ 36

ζ(3)2

(4π)8
− 140

ζ(7)

(4π)8

)
λ5 +O(λ6) , (3.13)

where W (0) stands for the non-perturbed WL in N = 4 theory (2.25).

This expansion has a simple diagrammatic interpretation. For example, the terms

proportional to (ζ(3))1 come from a diagrams with one double-vertex of the form(
−3 ζ(3)

(2π)4
(tr a2)2

)
, i.e. from the diagrams with two single two-pointed vertices, where

one vertex is connected with the WL and one is disconnected (self-contracted). A self-

contracted two-pointed vertex brings a factor λ
4 and the two-pointed vertex connected

with the WL brings a factor of λ
2 I2(
√
λ) (see (4.13)). There is also a multiplicative factor

of 2 due to the two possible ways to pick up a vertex to connect with the WL. Therefore

all the terms proportional to (ζ(3))1 come from the expansion of
(
−12 ζ(3)

(4π)4
λ2I2(

√
λ)
)

in

any order of λ including the ones in (3.13).

4 Correlators between the WL and chiral operators

It was shown in [9] that the correlators between the WL and the powers of chiral operators

in the fundamental representation of the non-deformed N = 4 SYM theory can also be

written as U(N) matrix model averages〈
trϕn tr R e

C〉
vev

= 〈tr (i a)n tr R e
a〉 , (4.1)

where 〈 〉 stands for the averages defined in (2.5) with quadratic potential V (a) = 2
λtr a2.

In the following subsection we are going to compare such correlators calculated on

S4 against the classical result [7] observed on R4. In [11] the authors showed that both

in N = 2 and N = 4 theories CPOs on a sphere have non-zero averages. In order to

compare the average value of the CPO with the results of the gauge theory on R4 one should

construct new operator by subtracting from the CPO all CPOs with lower dimensions with

such coefficients that all products of the new operator with anti-CPO of lower dimensions

would vanish.

In [10] the authors compared the correlators between CPOs and anti-CPOs found in

the gauge N = 2 theory on R4 with the correlators observed from the matrix model on S4.

To get rid of non-zero matrix model averages the authors used the Wick product, i.e. they

subtracted from the matrix trace tr an all matrix traces and products of matrix traces of

lower total dimensions in such a way, that an average of the construction : tr an : turned

to zero as well as
〈
: tr an : tr ak1 . . . tr akm

〉
whenever

∑m
i=1 ki < n.
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In the following subsections we will also use that the Wick product on the matrix

model side corresponds to the unmixing procedure for CPOs in the N = 4 theory and

denote it as 〈
: trϕn : tr R e

C〉
vev

= 〈: tr (i a)n : tr R e
a〉 , (4.2)

where : tr an : stands for the n-th Wick product and : trϕn : stands for the unmixed CPO.

We will use a definition of the Wick product equivalent to the one used in [10].

: tr an := tr an − tr an1 + tr an2 − . . .+ (−1)[
n
2 ]tr an[n2 ] , (4.3)

where tr anl denotes tr an with l self-contractions.

4.1 Fundamental representation

As it is clear from (2.4), the expectation value of the deformed WL with the potential (2.21)

appears to be a generating function of connected correlators of non-normal ordered chiral

primary operators with the WL in the undeformed gauge theory, in particular,

W = W (0) − gW (1)(n) + . . . , (4.4)

W (1)(n) = 〈tr antr ea〉c = 〈tr an tr ea〉 − 〈tr an〉 〈tr ea〉 . (4.5)

W (1) counts all diagrams with one n-point vertex generated by the WL. As it follows

from (4.3), in order to calculate the average 〈: tr an : tr ea〉, one needs to subtract from

W (1) all contributions given by the diagrams where some of the legs coming out of the n-

point vertex are contracted among themselves and leave only the diagrams with propagators

starting from the n-point vertex and ending on the WL.

Taking into account that every propagator gives a factor λ/4, one can write

〈tr ea : tr an :〉c = W̃ (1)(n) = W (1)(n)−

n
2
−1∑
l=1

Bn
l

(
λ

4

)l
W̃ (1)(n− 2l) (4.6)

The coefficients Bn
l are the ratios of the number of planar diagrams with l self-contractions

in the n-point vertex and (n− 2l) legs connecting the vertex with the WL to the number

of planar diagrams with a (n− 2l)-point vertex without self-contractions.

In order to find the coefficients Bn
l let us introduce the quantities Kr(m) standing for

the number of ways in which the legs of a (2m+r)-point vertex can have m self-contractions

and leave r external legs (staying planar). With the help of appendix A one finds

Kr(m) =
(r + 2m)!(r + 1)

(r +m+ 1)!m!
. (4.7)

So for the coefficients Bn
l one finds then

Bn
l =

nKn−2l−1(l)

(n− 2l)
=

n!

(n− l)!l!
= C ln , (4.8)

where C ln are the binomial coefficients. Therefore

W (1)(n) =

n
2
−1∑
l=0

C ln

(
λ

4

)l
W̃ (1)(n− 2l) . (4.9)
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Eq. (4.9) can be inverted (see appendix A), which leads to

W̃ (1)(n) =

n
2
−1∑
l=0

(−1)lAnl

(
λ

4

)l
W (1)(n− 2l) , (4.10)

where

Anl =
n(n− l − 1)!

l!(n− 2l)!
. (4.11)

Using (4.10) and the first term of (2.27)

W (1)(n) =
∞∑
m=1

C(n) (λ4 )
n
2

+m

m! (m− 1)! (n2 +m)
(4.12)

one can check that

W̃ (1)(n) =
n

2n
λ
n
2 In(
√
λ) (4.13)

which is in the agreement with the result [7] and with the conjecture that the radiative

corrections cancel to all orders and the sum of planar rainbow diagrams is enough to

calculate the correlators. This result was also obtained in [13], but the general form for

the coefficients Anl was not proven.

4.2 K-symmetric representation, K/N → 0 limit

In the K-symmetric representation the expectation value of a WL written as the matrix

model integral, is

WK =
1

N

〈
trK e

C〉
vev

=
1

N
〈trK e

a〉def , (4.14)

where trK e
a stands for the WL in the K-symmetric representation.

In the large t’Hooft coupling constant limit λ � 1 the WL (4.14) can be written up

to exponentially suppressed terms as [14, 15]

WK =
1

Z

∫ ∞
−∞

da∆(a) e−NV (a)+Ka1 . (4.15)

One can write then

WK =
1

N

1

Z

∫ ∞
−∞

da∆(a) e−NV (a)
N∑
i=1

eKai =
1

N

1

Z

∫
d[a]tr eKae−NV (a) , (4.16)

where tr eKa stands for the trace in the fundamental representation.

It implies that the WL in the K-symmetric representation has the same diagrammatic

interpretation as the WL in the fundamental representation up to a factor K for every line

coming to the WL.

In particular, in the case of the potential (2.21) in the planar limit N →∞,K/N → 0

WK =
1

N

∞∑
m=0

K2m
〈
tr a2m

〉
4m(2m)!

= 1 +

∞∑
m=1

∞∑
k=0

(−C(n)gn(λ4 )
n
2 )k(λK

2

4 )m(n2k +m− 1)!

m!(m− 1)!k!((n2 − 1)k +m+ 1)!
(4.17)
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can be reduced to the WL in the fundamental representation by introducing

λnew = λK2, gnewn =
gn
Kn

. (4.18)

So

WK(λ, gn) = W

(
λK2,

gn
Kn

)
. (4.19)

At the zeroth order it gives

W
(0)
K (λ) = W (0)(λK2) =

2I1(
√
λK)√

λK
(4.20)

which recovers the known result [12] and in the first order

W
(1)
K (n, λ) =

1

Kn
W (1)(n, λK2) . (4.21)

Using (4.21) and (4.9) one can write that

W
(1)
K (n, λ) =

1

Kn

n
2
−1∑
l=0

C ln

(
λ

4

)l
K2lW̃ (1)(n− 2l, λK2)

=

n
2
−1∑
l=0

C2l
n

(
λ

4

)l W̃ (1)(n− 2l, λK2)

Kn−2l
=

n
2
−1∑
l=0

C ln

(
λ

4

)l
W̃

(1)
K (n− 2l, λ) , (4.22)

so the recurrent expression (4.9) holds.

An explicit expression for W̃
(1)
K (n, λ) is

W̃
(1)
K (λ) =

n

2n
λ
n
2 In(K

√
λ) . (4.23)

4.3 K-symmetric representation, finite K/N limit

In the case of the K-symmetric representation with K behaving as N the expectation value

of the WL or its correlators with primary operators can be no more directly expressed in

terms of planar diagrams since these quantities grow exponentially with N and so their

expansion in large-N series makes no sense [16].

Eqs. (4.9), (4.10) were derived by a direct counting of planar diagrams but never-

theless it can be shown that they still hold! In order to do that a planar diagrammatic

interpretation can be restored (see appendix B).

To prove (4.10) in the limit of K ∼ N let us look at the definition of the n-th Wick

product (4.3).

The key point of the proof is that as it is shown in the appendix B both for K � N

and K ∼ N one can write in the highest order of the large-N expansion

〈tr an1 . . . tr anltrK e
a〉c = λ

n1+...+nl
2 N l−1

l∑
i=1

αi
〈tr anitrK e

a〉c
λ
ni
2

, (4.24)

where αi are numerical coefficients not depending on N , K or λ.
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Furthermore, using the relations for the generators of an U(N) group one sees that the

quantity 〈tr anl trK e
a〉c can be expressed as a sum of correlators of the WL with products of

traces of lower order 〈tr an1 . . . tr anmtrK e
a〉c, n1 + . . . nm = n−2l, m ∈ [1, l+1]. According

to (4.24) at the highest order in N only terms with maximal number of traces m = l + 1

contribute in 〈tr anl trK e
a〉c, so one can write

〈tr anl trK e
a〉c =

λl

N l

∑
k1+...+kl+1=n−2l

β(k1, . . . , kl+1)
〈

tr ak1 . . . tr akl+1trK e
a
〉
c
, (4.25)

where β(k1, . . . , kl+1) are combinatoric coefficients not depending on λ, K or N .

From (4.24) and (4.25) one gets

〈tr anl trK e
a〉c =

λl

N l
λ
n
2
−l

∑
k1+...+kl+1=n−2l

β(k1, . . . , kl+1)N l
l+1∑
i=1

αi

〈
tr akitrK e

a
〉
c

λ
ki
2

= λ
n
2

∑
γki

〈
tr akitrK e

a
〉
c

λ
ki
2

, (4.26)

where γki are coefficients not depending on λ, K or N . From (4.3) and (4.26) the expres-

sion (4.10) follows

〈: tr an : trK e
a〉c =

n
2
−1∑
l=0

(−1)l
(
λ

4

)l
Anl

〈
trK e

a tr an−2l
〉
c
.

The coefficients Anl were found earlier for the case K � N . From the reasoning above it is

clear that (4.10) holds in the case K ∼ N as well with the same coefficients Anl .

Beside this in the appendix B with the help of restored planar diagrammatic approach

it is shown that

1

N

W
(1)
K

W
(0)
K

=
〈tr an trK e

a〉c
〈trK ea〉

= λ
n
2 (1 + y2)

n
2 − λ

n
2

2n
n!

(n2 )!(n2 )!

−λ
n
2

2n
(n)!

(n2 )!(n2 − 1)!

∞∑
m=1

1

m22m(1 + y2)m
(2m)!

m!(m− 1)!

1
n
2 +m

, (4.27)

where y = K
√
λ/4N .

Applying now (4.10) to (4.27) one finds that for an arbitrary n

1

N

W̃
(1)
K

W
(0)
K

= 21−n sinh(n sinh−1(y)) (4.28)

which is in the agreement with [8] up to a normalization.

It should be remarked that the results from previous subsection cannot be found as

the K/N → 0 limit of (4.27), (4.28), since in the derivation we have crucially used the fact

that K/N is finite.
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5 Short summary

In this paper we explored the connection between the vev of Wilson loops and its correlators

with primary fields in the deformed SYM field theory leading to a deformed U(N) matrix

model. We treated the latter in the limit of large number of colours N .

For the potential of the form

V =

∞∑
l=1

gltr a
l

we found the WL as

W =
ec

2πi

∮
dz ω(z)ez−cdz

=
1

2
ec
∞∑
l=2

glc
l−2b l!

(l − 2)!
I1(b)

+
1

4
ec
∞∑
l=3

[ l+1
2 ]−2∑
k=0

glc
l−3b2 l!

(l−3−2k)!

(b/c)2k

k!(k + 1)!

(
1 +

1

2

b

c

(l−3−2k)

(k + 1)

d

db

)(
1

b

d

db

)k
bkIk+2(b) ,

where the parameters b and c are real roots of the equations

∞∑
l=2

glc
l−2b2

[ l2 ]−1∑
k=0

1

22k+2

l!

(l − 2− 2k)!

(b/c)2k

k!(k + 1)!
− 1 = 0 ,

∞∑
l=1

glc
l−1

[ l+1
2 ]−1∑
k=0

1

22k

l!

(l − 1− 2k)!

(b/c)2k

k!2
= 0 .

We showed that the case of the potentials of the form

V (a) =
2

λ
tr a2 +

g

N
tr antr am

can be reduced to the previous one with the effective potential

Veff =
2

λ
tr a2 + g ωmtr an + g ωntr am ,

where the parameters ωm, ωn are defined by the resolvent (2.32).

We considered also the WL in the N = 2 SYM theory as the deformed WL in the

N = 4 theory and found that

WN=2 = W (0) − 3

2

ζ(3)

(4π)4
λ3 +

(
−1

8

ζ(3)

(4π)4
+ 15

ζ(5)

(4π)6

)
λ4

+

(
− 1

256

ζ(3)

(4π)4
+

65

48

ζ(5)

(4π)6
+ 36

ζ(3)2

(4π)8
− 140

ζ(7)

(4π)8

)
λ5 +O(λ6) ,

where W (0) stands for the non-perturbed WL in N = 4 theory (2.25).
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In the last section we considered the correlators of a WL with CPOs and found the

connection between the correlators W (1)(n) obtained from the matrix model and the cor-

relators with unmixed operators W̃ (1)(n).

W (1)(n) =

n
2
−1∑
l=0

C ln

(
λ

4

)l
W̃ (1)(n− 2l) ,

W̃ (1)(n) =

n
2
−1∑
l=0

(−1)lAnl

(
λ

4

)l
W (1)(n− 2l), Anl =

n(n− l − 1)!

l!(n− 2l)!
.

We showed that these relations hold not only in the fundamental representation, but also

in a symmetric one. These relations were found by counting planar diagrams, although

the latter are not enough to describe the WL and its correlators in the K-symmetric

representation with K behaving as N .
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A Some combinatoric calculations

A.1 Coefficients P (n)

Let us introduce a quantity P (n) giving the number of ways to couple in a planar way 2n

lines which start at the same 2n-point vertex staying in one half-plane.

Summing over all possible ways to couple the very left leg one can notice that

P (n) =

n
2
−1∑

k=0

P (k)P (n− 1− k) . (A.1)

It implies an equation for the generating function f(p) =
∑∞

m=0 p
mP (m)

pf(p)2 − f(p) + 1 = 0 , (A.2)

so

f(p) =
1−
√

1− 4p

2p
(A.3)

and therefore

P (m) =
(2m)!

m!(m+ 1)!
. (A.4)
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A.2 Coefficients Kr(m)

To find Kr(m) which is the number of ways to do m couplings and leave r external legs in a

planar way in a (2m+r)-point vertex staying in the half-plan one can sum over all possible

positions of the very left coupled leg and then over the number of pairs of leg isolated by

the loop formed with this first leg and write that

Kr(m) =

r∑
t=0

m−1∑
l=0

P (l)Kr−t(m− 1− l) . (A.5)

Hence the generating function g(p, q) =
∑∞

m,r=0 p
mqrKr(m) has the following form

g(p, q) =
1

1− q − pf(p)
=

2

1− 2q +
√

1− 4p
. (A.6)

Expanding it in a series over q

g(p, q) = f(p) + qf(p)2 + q2f(p)3 + . . . (A.7)

one sees that

f(p)r+1 =

∞∑
m=0

Kr(m)pm . (A.8)

So the needed quantities can be expressed as

Kr(m) =
1

2πi

∮
dζζ2m−1f

(
1

ζ2

)r+1

=
(r + 2m)!(r + 1)

(r +m+ 1)!m!
(A.9)

A.3 Coefficients An
l

To find the coefficients Anl in (4.10) one can substitute W (1)(n) from (4.9) into (4.10) and

observe that
s∑

k=0

(−1)kAns−kC
k
n−2s+2k = δs,0 . (A.10)

One can write then
n
2
−1∑
s=0

(xs + xn−s)

s∑
k=0

(−1)kAns−kC
k
n−2s+2k = (1 + xn) . (A.11)

Using that one derives an equation for the generating polynomial h(x) =
∑n

2
−1

k=0 A
n
ky

k

h

(
x

(1− x)2

)
(1− x)n − x

n
2 ζ = 1 + xn , (A.12)

where ζ =
∑n

2
−1

δ=0 Anδ (−1)δ+
n
2C

n
2
−δ

n−2δ is a quantity not depending on x.

Taking into account that An0 = 1 one gets for the generating polynomial

h(y) = y
n
2 ζ + ynjn(y) + j−n(y) , (A.13)

where y = x
(1−x)2

and j(y) = −1+
√

1+4y
2y . The first two terms cancel against the higher

orders in the polynomial h(y), so all the information about Anl is in the third term. Finally

one can find the needed coefficients by contour integration

Ank =
1

2πi

∮
z2k−1(−1)kj−n

(
− 1

z2

)
dz =

n(n− k − 1)!

k!(n− 2k)!
. (A.14)
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A.4 Coefficients S(n, m)

Another combinatoric coefficient which we use in appendix B is the number of two-vertices

planar diagrams with one n-point vertex and one k-point vertex S(n, k).

To find S(n, k) one can notice that the first leg starting in the n-point vertex either

couples with a leg starting in the k-point vertex or returns to the same vertex. Hence one

can write a relation

S(n, m) = mP

(
n+m− 2

2

)
+ 2

n−3
2∑

δ=0

P (δ)S(n− 2(1 + δ), m) (A.15)

and for the generating function km(x) =
∑∞

t=1 x
tS(t, m) one gets

km(x) =
mx2

xm (1− 2x2f(x2))

f(x2)−

k−3
2∑
t=0

x2tP (t)

 . (A.16)

Using that S(n, m) = 1
2πi

∮
dz
zn+1km(z) and some algebra one can find S(n, m) in a sym-

metric form

S(n, m) =
n!m![

n
2

]
!
[
n−1

2

]
!
[
m
2

]
!
[
m−1

2

]
!

1(
n+m

2

) . (A.17)

B Proof of (4.24)

In order to get back the planar diagrammatic interpretation of the WL and the corre-

lators and prove (4.24) in the case K ∼ N let’s consider the WL in the K-symmetric

representation as an integral over hermitian matrices

W
(0)
K =

1

N

∫
d[a]trK e

ae−
2N
λ

tr a2∫
d[a]e−

2N
λ

tr a2
=

1

N

∫
dµ[v]trK e

v
√
λ

2
√
N , (B.1)

where d[a] is the Lebesgue measure in the space of hermitian N × N matrices, v =
√
N√
λ
a

and dµ[v] is the Gaussian measure in the space of hermitian matrices of size N ×N

dµ[v] = 2
N2−N

2 (2π)−
N2

2 e−
1
2
trv2d[v],

∫
dµ[v] = 1 .

In the large λ limit one can rewrite WL as [15, 18]

W
(0)
K =

1

N
cN

∫ N−1∏
i=0

dµ[vi]

N−1∏
u<w=0

(vu − vw)2Ne
Kv0
2

√
λ√
N , (B.2)

where dµ[vi] is the Gaussian measure in the space of real eigenvalues

dµ[vi] =
1√
2π
e−

v2i
2 dvi

and

cN =
vol (U(N))

N ! (2π)
N2+N

2

=
1

N !
∏N−1
k=1 k!

.
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Now one can separate an integral over v0 with the large exponent e
Kv0
2

√
λ√
N .

W
(0)
K = cN

∫
dµ[v0]e

Kv0
2

√
λ√
N

∫ N−1∏
i=1

dµ[vi]

N−1∏
u<w=1

(vu − vw)2
N−1∏
k=1

(v0 − vk)2

= cN

∫
dµ[v0]e

Kv0
2

√
λ√
N

∫ N−1∏
i=1

dµ[vi]

N−1∏
u<w=1

(vu − vw)2e2
∑N−1
k=1 ln(v0−vk)

=
cN
cN−1

∫
dµ[v0]e

Kv0
2

√
λ√
N

∫
dµ[ṽ]e2 tr (ln(v0−ṽ)) ,

where ṽ is a hermitian (N − 1)× (N − 1) matrix.

W
(0)
K =

1

N !

∫
dµ[v0]e

Kv0
2

√
λ√
N

∫
dµ[ṽ]e2 tr (ln(v0−ṽ))

=
1

N !

∫
dµ[v0]e

Kv0
2

√
λ√
N v

2(N−1)
0

∫
dµ[ṽ]e

2 tr
(

ln(1− ṽ
v0

)
)
. (B.3)

Let us now take an internal integral and consider the exponent as a new interaction. Let

us also assume for now that v0 is greater than any eigenvalue of ṽ.

C =

∫
dµ[ṽ]e

−2 tr
∑N−1
k=1

ṽk

vk0

1
k

(B.4)

Perturbation theory shows that every propagator gives a factor 1 and the k-point Vander-

monde vertex gives a factor

−2
1

vk0k

One needs to take into account both connected and disconnected diagrams. Both contribu-

tions can be expressed as an exponent of the sum over connected diagrams. To recover the

correct exponential behavior in the large N limit only one vertex diagrams can be taken in

the sum. Indeed, in this case every cycle brings the factor (N − 1) ≈ N and propagators

and the vertices don’t bring the factor N , so the total power of N is proportional to the

number of faces of the planar diagram F = 2 + L − V and we need to take the minimal

nontrivial number of vertices V for every number of lines L. Therefore

C = exp

(
−
∞∑
k=1

P (k)

k

Nk+1

v2k
0

+O(1)

)
. (B.5)

Taking the sum one gets

ln(C) = −v
2
0

2

(√
1− 4N

v2
0

− 1

)
−N (1 + ln 4) + 2N ln

(
1 +

√
1− 4N

v2
0

)
+O(1) . (B.6)

Substituting now (B.6) into (B.3) one can take the integral over v0 in the large N limit

with the saddle point method getting

v0 = 2
√
N
√

1 + y2 , (B.7)
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where y = K
√
λ

4N . The saddle point is greater than any eigenvalue of the matrix ṽ belonging

to the interval [−2
√
N, 2
√
N ] if y > 0. So the approach doesn’t work for K/N → 0, but

only for finite K/N .

Hence we get

W
(0)
K ≈ 1√

2πN

(
y2

1 + y2

) 1
4 1

N
(

2
√

1 + y2
)2 e

−Ne
2N
(
y
√

1+y2+sinh−1(y)
)

+O(1)
. (B.8)

The non-deformed WL in K-symmetric representation with finite N can be written as [16]

W
(0)
K =

1

N
e
K2λ
8N L1

N−1

(
−K

2λ

4N

)
(B.9)

and the large N limit of it is

W
(0)
K ≈ 1√

2πN

(
y2

1 + y2

) 1
4 1

N (2y)2 e
−Ne

2N
(
y
√

1+y2+sinh−1(y)
)
·
(

1 +O
(

1

N

))
. (B.10)

Which coincide with (B.8) up to a pre-exponential factor. To recover it one needs to

calculate the next order in the large-N expansion in the power of the exponent in (B.8).

Let us do so. There are two different contributions at the next order in N . The first

contribution arises from the factor N − 1 brought by every cycle. This factor cannot be

simply replaced with N anymore, but with (N − 1)n ≈ Nn − nNn−1 for n cycles. The

second contribution is given by the two vertices planar diagrams. It should be noted that

at this order in the large-N expansion there is no need to take into account non-planar

diagrams since 1 is the Euler characteristic of a non-orientable surface.

Therefore one gets the following power of the exponent (B.5) in the two highest orders

in the large-N expansion

ln(C) = −
∞∑
k=1

P (k)

k

Nk+1

v2k
0

+

∞∑
k=1

(k + 1)

k
P (k)

Nk

v2k
0

(B.11)

+
1

2

∞∑
l=1

∞∑
m=1

S(2m, 2l)

l m

N l+m

v
2(l+m)
0

+
1

2

∞∑
l=0

∞∑
m=0

S(2m+1, 2l+1)(
l + 1

2

) (
m+ 1

2

) N l+m+1

v
2(l+m+1)
0

+O
(

1

N

)
,

where S(n, k) is the number of two-vertices planar diagrams with one n-point vertex and

one k-point vertex (see appendix A).

S(n, k) =
n!k![

n
2

]
!
[
n−1

2

]
!
[
k
2

]
!
[
k−1

2

]
!
(
n+k

2

) , (B.12)

The double sums in (B.11) can be rewritten as a derivative of a product of two separate

sums, which in their turn can be calculated. So it can be checked that in the saddle

point (B.7) three terms of the sub-leading order give

ln(C) = −
∞∑
k=1

P (k)

k

Nk+1

v2k
0

+ ln

(
1 + y2

y2

)
+O

(
1

N

)
(B.13)

which brings exactly the necessary factor to (B.8).
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In order to calculate the connected correlators
〈

trKe
a
2 tr an

〉
c

acting in the same way

as described above one can write that

W
(1)
K = 〈trK e

a tr an〉c = 〈trK e
a (an0 + tr ãn)〉 − 〈trK e

a〉 〈tr an〉
= 〈trK e

a an0 〉+ 〈trK e
a tr ãn〉 − 〈trK e

a〉 〈tr an〉 .

It can be noticed that in the large N limit only diagrams without or with one Vandermonde

vertex connected with the n-point vertex should be taken into account for the same reason

as above, so

〈trK e
atr an〉c = 〈trK e

aan0 〉+ 〈trK e
atr ãn〉′ + 〈trK e

a〉 〈tr ãn〉 − 〈trK e
a〉 〈tr an〉 ,

where 〈trK e
atr ãn〉′ stands for the diagrams where only one Vandermonde vertex is con-

nected with the n-point vertex.

In the large N limit

〈tr an〉 = Nλ
n
2 P
(n

2

)
, 〈tr ãn〉 =

(N − 1)
n
2

+1

N
n
2

λ
n
2 P
(n

2

)
,

so

〈tr ãn〉 ≈
(

1−
n
2 + 1

N

)
〈tr an〉 .

Therefore after the change of variables a =
√
λ√
N
v one can see that an additional factor

comparing with (B.3) appears in the integral over v0 which has the form

1

N

W
(1)
K

W
(0)
K

= λ
n
2
vn0
N

n
2

+ λ
n
2

∞∑
m=1

(−1)Nm

mv2m
0

M(n,m)− λ
n
2

(n
2

+ 1
)
P
(n

2

)
, (B.14)

where M(n,m) is a number of planar diagrams with 2m lines connecting the n-point vertex

and one Vandermonde vertex and can be taken from the resolvent (2.26).

M(n,m) =
C(n)(2m)!

m!(m− 1)!

1
n
2 +m

.

Substituting the saddle point (B.7) into (B.14) one will find the ratio of the correlator and

the WL (4.27).

Finally, to calculate 〈tr an1 . . . tr anltrK e
a〉c in the highest order of N one can write

〈tr an1 . . . tr anltrK e
a〉c = 〈(an1

0 + tr ãn1) . . . (anl0 + tr ãnl)trK e
a〉c

=

l∑
i=1

l∏
j=1

j 6=i

〈tr anj 〉
(
〈trK e

aani0 〉+〈trK e
atr ãni〉′−

(
n

2
+ 1

)
〈tr ani〉

)

=

l∑
i=1

〈trK e
atr ani〉c

l∏
j=1

j 6=i

〈tr anj 〉

= λ
n1+...+nl

2 N l−1
l∑

i=1

l∏
j=1

j 6=i

P
(nj

2

) 〈tr anitrK e
a〉c

λ
ni
2

. (B.15)

In the case of K � N the planar diagrammatic interpretation is applicable to the WL and

its correlators, so one can write (B.15) immediately. The statement (4.24) is proven.
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