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1 Introduction

As it is well-known, the effective theory on D3-branes in flat space-time becomes N =

4 supersymmetric Yang-Mills (SYM) theory in the field theory limit (α′ → 0). If the

background has non-trivial fluxes, the effective theory on the D3-branes will be deformed

accordingly. This is one of the useful ways to obtain 4 dimensional gauge theories with

less (or no) supersymmetry (SUSY). In fact, various deformations realized in this way have

been investigated, for instance, in [3–6] in the context of flux compactifications. In these

works, because the main motivation was to obtain a model beyond the Standard Model,

the deformations were assumed to preserve 4 dimensional Poincaré symmetry ISO(1, 3).

One of the main purposes of this paper is to generalize the deformations to the cases where

ISO(1, 3) is explicitly broken. In particular, the couplings1 in the action may depend on

the space-time coordinates.

1In this paper, all the parameters, such as gauge couplings, Yukawa couplings, theta parameter, masses,

etc., in the action are called “couplings”.
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In our recent paper [2], we wrote down the conditions to preserve part of the super-

symmetry in deformed N = 4 SYM with varying couplings and found various non-trivial

solutions.2 Though the motivation was in string theory, the analyses in [2] were purely field

theoretical. In this paper, we try to realize such systems in string theory by putting probe

D3-branes in supergravity backgrounds with fluxes and find a map between the couplings

in the action of the deformed N = 4 SYM and the fluxes in the background.

One way to obtain a theory with varying couplings is to consider a background corre-

sponding to D-branes (or other branes) intersecting with the probe D3-branes. A typical

example is a system with D3-branes embedded in a background with [p, q] 7-branes that

appear as codimension 2 defects in the D3-brane world-volume [10–12].3 In this system, it

is known that the complex coupling (2.9) is not a constant but depends holomorphically on

a complex coordinate which is a complex combination of 2 spatial coordinates transverse

to the 7-branes. Our results for the D3-brane effective action can be applied to this system

as well as various other intersecting brane systems. We demonstrate it in two explicit

examples; intersecting D3-(p, q)5-brane and D3-D3 systems. In the former example, we

show that the effective action on the probe D3-branes precisely reproduces the action for

the supersymmetric Janus configuration found in [1]. The latter example reproduces one

of the supersymmetric solutions with ISO(1, 1)× SO(2)× SO(4) symmetry obtained in [2].

The contents of the paper is as follows. In section 2, we review the deformations of

N = 4 SYM with varying couplings that were studied in [2]. In particular, we summarize

the SUSY conditions and a few explicit solutions that will be used in section 4. In section 3,

we study the effective action of a stack of D3-branes in curved backgrounds with fluxes.

Upon the leading order expansion with respect to α′, we establish a map between the

background fields and the deformation parameters of the theory in section 2. In section 4,

we apply the results of the previous section to study two cases: backgrounds with (p, q) 5-

branes and those with D3-branes. These two examples correspond to the realization of the

deformed N = 4 SYM studied in [1] and [2] in string theory. In section 5, we conclude the

paper with various discussions on the present work and further applications. In addition,

two appendices are included. In appendix A, we summarize our conventions used for the

supergravity fields. In appendix B, we show the explicit calculations to obtain the effective

action of D3-branes given in section 3.

2 Deformations of N = 4 SYM with varying couplings

In this section, we review some of the results obtained in [2]. Following [2], we use a

10-dimensional notation, in which N = 4 SYM is regarded as a dimensional reduction of

10-dimensional N = 1 SYM. The 10-dimensional gauge field AI (I = 0, . . . , 9) is reduced

to a 4-dimensional gauge field Aµ (µ = 0, . . . , 3) and 6 scalar fields AA (A = 4, . . . , 9),

and the 10-dimensional Majorana-Weyl spinor field Ψ describes 4 Weyl fermion fields in

2See, e.g., [1, 7–9] for closely related works.
3See also [2, 13–15] for recent related works.
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4-dimensions. Ψ is a 32-component Majorana spinor satisfying the Weyl condition

Γ(10)Ψ = +Ψ , (2.1)

where Γ(10) ≡ Γ0̂ . . .Γ9̂ is the 10-dimensional chirality operator.4 The gamma matrices ΓÎ

(Î = 0, . . . , 9) are 10-dimensional gamma matrices which are realized as 32 × 32 real ma-

trices satisfying {ΓÎ ,ΓĴ} = 2ηÎ Ĵ , where ηÎ Ĵ = diag(−1,+1, . . . ,+1) is the 10-dimensional

Minkowski metric.

Let us consider the following deformation of the N = 4 SU(N) supersymmetric Yang-

Mills theory:

S =

∫
d4x

√−g a tr

{
− 1

2
gII

′

gJJ
′

FIJFI′J ′ + iΨΓIDIΨ+
c

4
ǫµνρσFµνFρσ

− dIJAFIJAA − mAB

2
AAAB − iΨMΨ

}
, (2.2)

where I, J = 0, . . . , 9; µ, ν = 0, . . . , 3; A,B = 4, . . . , 9. FIJ is defined as

Fµν ≡ ∂µAν − ∂νAµ + i[Aµ, Aν ] , (2.3)

FµA = −FAµ ≡ ∂µAA + i[Aµ, AA] ≡ DµAA , (2.4)

FAB ≡ i[AA, AB] . (2.5)

The covariant derivatives on the fermion field Ψ are defined as

DµΨ ≡ ∂µΨ+ i[Aµ,Ψ] +
1

4
ω ν̂ρ̂
µ Γν̂ρ̂Ψ , DAΨ ≡ i[AA,Ψ] , (2.6)

where the indices µ̂, ν̂ = 0, . . . , 3 are flat indices, Γν̂ρ̂ ≡ 1
2(Γν̂Γρ̂ − Γρ̂Γν̂) and ω ν̂ρ̂

µ is the

spin connection. We assume that the metric gIJ has the form

ds2 = gIJdx
IdxJ = gµν(x

ρ)dxµdxν + δABdx
AdxB , (2.7)

and gIJ denotes its inverse. The 4-dimensional Levi-Civita symbol ǫµνρσ is defined such

that ǫ0123 = 1/
√−g, where

√−g ≡
√

− det(gµν). We also introduce a vielbein eÎI satisfying

eÎIe
Ĵ
JηÎĴ = gIJ and its inverse eI

Î
. The gamma matrices with the curved indices are defined

by ΓI = eI
Î
ΓÎ .

The quantities a, c, dIJA, mAB are real parameters and M is a 32 × 32 real anti-

symmetric matrix. All of them may depend on the space-time coordinates xµ. In this

paper, we call these parameters as “couplings”, though mAB and M are related to masses.

The couplings a and c are related to the gauge coupling gYM and the theta parameter θ as

follows:

a =
1

g2YM

, c =
g2YMθ

8π2
. (2.8)

4In [2], the fermions are chosen to have negative chirality (minus sign in the right hand side of (2.1)).

Here, we choose the chirality to be positive, in order to match the convention used in [16]. One way to relate

our convention here and that in [2] is to use a transformation x9 → −x9, which induces Ψhere = Γ9̂Ψthere,

Ahere
9 = −Athere

9 , Ahere
I′ = Athere

I′ for I ′ 6= 9, and similar sign changes for the parameters dIJA, mAB

and mIJK .
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It is useful to define the complex coupling τ in terms of these quantities:

τ ≡ θ

2π
+ i

4π

g2YM

= 4πa(c+ i) . (2.9)

The parameters dIJA and mAB exhibit the following symmetries

dIJA = −dJIA , dµAB = −dµBA , dABC = d[ABC] , mAB = mBA , (2.10)

whereas the most general form for M is given by

M = mIJKΓIJK , (2.11)

where mIJK is a real rank-3 anti-symmetric tensor and

ΓIJK ≡ Γ[IΓJΓK]

≡ 1

3!
(ΓIΓJΓK + ΓJΓKΓI + ΓKΓIΓJ − ΓJΓIΓK − ΓIΓKΓJ − ΓKΓJΓI) . (2.12)

The ansatz for the SUSY transformation is

δǫAI = iǫΓIΨ , δǫΨ =
1

2
ǫ (−FIJΓ

IJ +AAB
A
) , (2.13)

where ǫ is the SUSY parameter represented as a 10-dimensional Majorana-Weyl spinor and

B
A
is a 32× 32 real matrix. Both ǫ and B

A
may depend on space-time.

Then, the invariance of the action (2.2) under this SUSY transformation implies the

following equations:

0 = ǫ eI
′J ′K′

ΓK′

(
1

72
ΓI′J ′ΓIJ +

1

4
Γ[I′Γ

[Iδ
J ]
J ′] − δII′δ

J
J ′

)
, (2.14)

0 = ǫ

(
1

72
eIJKΓIJK − 1

2
Γµ∂µ log a−

(
1

16
eµJK − 3mµJK

)
ΓµJK−M

)
, (2.15)

ǫB
A
= ǫ

(
FΓA +

(
−1

4
eAJK + 12mAJK

)
ΓJK

)
, (2.16)

∂µǫ = − 1

4
ǫ

(
FΓµ +

(
−1

4
eµĴK̂ + 12mµĴK̂ − ωµĴK̂

)
ΓĴK̂

)
, (2.17)

Dµ(ǫB
A
)Γµ = ǫ

(
−2a−1ΓIDµ(a d

IµA)−mABΓB −B
A
(
M +

1

2
Γµ∂µ log a

))
, (2.18)

where F is a real 32× 32 matrix acting on the spinor indices and

eIJK ≡ a−1∂ν(ac) ǫ
νIJK + 3 d[IJK] + 24mIJK . (2.19)

The condition (2.14) has a trivial solution, eIJK = 0, which is equivalent to

0 = a−1∂µ(ac) ǫ
µνρσ + 24mνρσ , (2.20)

0 = d[IJA] + 8mIJA . (2.21)

Using the symmetries of the deformation parameters (2.10), the latter is written as

dµνA = −24mµνA , dµAB = −12mµAB , dABC = −8mABC . (2.22)

Further discussions on the nature of these equations and their solutions, we refer to [2].

Let us summarize a few explicit solutions that are relevant for our discussion.
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1. ISO(1, 2)× SO(3)× SO(3)

The case with ISO(1, 2)×SO(3)×SO(3) symmetry is analyzed by Gaiotto and Witten

in [1]. (See also section 3.4 in [2]) It is a solution of the SUSY conditions (2.14)–(2.18)

with the parameters depending only on x3. ISO(1, 2) is the Poincaré group acting on

x0,1,2 and SO(3) × SO(3) acts on x4,5,6 and x7,8,9. The metric is assumed to be flat

and the non-trivial components of the couplings in the action are given as follows:5

τ = 4πa(c+ i) = τ0 + 4πD ei2ψ , (2.23)

mab = 2
(
ψ′2 − (ψ′ cotψ)′

)
δab , (a, b = 4, 5, 6)

mpq = 2
(
ψ′2 + (ψ′ tanψ)′

)
δpq , (p, q = 7, 8, 9) (2.24)

d456 =
2

3

ψ′

sinψ
, d789 =

2

3

ψ′

cosψ
, (2.25)

M =
ψ′

2
Γ012 − ψ′

2 sinψ
Γ456 − ψ′

2 cosψ
Γ789 , (2.26)

where τ0 and D are real constants and ψ is an arbitrary real function of x3 with

0 < ψ < π/2 assuming D > 0.

2. ISO(1, 1)× SO(2)× SO(4)

The case with ISO(1, 1) × SO(2) × SO(4) symmetry is given in section 4.1 in [2].

Here, ISO(1, 1), SO(2) and SO(4) act on x0,1, x4,5 and x6,7,8,9, respectively, and the

couplings in the action may depend on x2,3. The metric (2.7) is assumed to be

ds2 = ηαβdx
αdxβ + eϕδmndx

mdxn + δabdx
adxb + δpqdx

pdxq , (2.27)

where the indices are α, β = 0, 1; m,n = 2, 3; a, b = 4, 5 and p, q = 6, 7, 8, 9. In

this case, the complex coupling (2.9) turns out to be an arbitrary holomorphic (or

anti-holomorphic) function of a complex coordinate z ≡ 1√
2
(x2 + ix3) with Im τ > 0

and ϕ in the metric (2.27) is an arbitrary real function of x2,3. M is of the form:

M = αmΓ01m + βmΓm45 , (2.28)

and αm and βm are determined by τ and ϕ as

αm =
1

4
∂m log Im τ =

1

4
(Im τ)−1∂n(Re τ) ǫ

n
m , (2.29)

βm =
s

4
ǫnm∂n (ϕ− log Im τ) + ∂mΛ , (2.30)

5Our convention is slightly different from that in [1]. The solution shown here is taken from section 3.4

in [2] with b0 = 2 and l(z) = −iz/
√
2. We also made a transformation x9 → −x9. (See the footnote in p.3.)
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where s = ±, ǫnm = ǫnm′gm
′m is the Levi-Civita symbol for the x2,3-plane and Λ is

an arbitrary real function.6 The non-trivial components of dIJA and mAB are

dnab = −danb = −2βnǫab , (2.31)

mab =

(
−1

2
gmnqmqn − gmn∂mqn + 8gmnβmβn − 4s∂mβnǫ

mn

)
δab , (2.32)

mpq =

(
−1

2
gmnqmqn − gmn∂mqn

)
δpq , (2.33)

where

qm ≡ ∂m log Im τ = ∂m log a . (2.34)

3. ISO(1, 1)× SO(6)

When βm = 0 in the previous example, the symmetry is enhanced to ISO(1, 1) ×
SO(6). In this case, (ϕ− log Im τ) is a harmonic function on x2,3-plane satisfying

gmn∂m∂n (ϕ− log Im τ) = 0 . (2.35)

This is the case studied in [10–12]. (See also section 3.3 in [2]) It is related to the

effective theory on the D3-branes embedded in a 7-brane background as mentioned

in the introduction.

3 D3-branes in curved backgrounds with fluxes

In this section, we study the effective action of D3-branes in curved backgrounds with fluxes

and try to relate the couplings in the action (2.2) with the supergravity fields. As reviewed

in appendix B.1, the effective action of Dp-branes in general backgrounds is known, at

least, to the extent needed for our purpose. (See (B.1) and (B.13) for the bosonic and

fermionic parts, respectively.) However, the expression of the effective action reviewed in

appendix B.1 is not convenient for a direct comparison with the action (2.2) used in the

field theoretical analysis.

To find a relations between couplings in (2.2) and the fluxes in the supergravity back-

ground, we expand the D3-brane effective action with respect to α′ = l2s and keep only the

terms that survive in the α′ → 0 limit, assuming that the background fields are of O(α′0).

We consider N D3-branes embedded in a 10 dimensional space-time parametrized by

(xµ, xi) with µ = 0, 1, 2, 3 and i = 4, . . . , 9. We use the static gauge, in which the world-

volume of the D3-branes is parametrized by xµ (µ = 0, 1, 2, 3). The scalar fields, which are

related to AA (A = 4, . . . , 9) in the previous section, are denoted here as Φi (i = 4, . . . , 9).

The scalar field Φi describes the position of the D3-branes in the xi direction. Assuming

that the D3-branes are placed at xi = 0 when Φi = 0, the relation between the position

of D3-branes and the value of scalar fields is given by Φi = λxi with λ ≡ 2πα′ = 2πl2s .

(See (B.9) for the precise meaning of this identification for N > 1.)

6Λ can be absorbed by a local SO(2) rotation of the x4,5-plane. See appendix C.2 in [2].
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To simplify the analysis, we assume that (µ, i) components of the metric gµi vanish

everywhere, and all the components of the Kalb-Ramond 2-form fields and all the R-R

fields, except the R-R 0-form C0, vanish at xi = 0 (i = 4, . . . , 9):7

gµi = 0 , B2

∣∣
xi=0

= 0 , Cn

∣∣
xi=0

= 0 , (n 6= 0) . (3.1)

Note that unlike in (2.7), the (i, j) component of the metric gij may have non-trivial xµ

dependence.

Here, we simply state our results on the D3-brane effective action and leave the details

to appendix B. Neglecting the O(α′) terms in the action (B.1) and (B.13), we obtain:

Sboson
D3 =

T3λ
2

2

∫
d4x

√−g tr

{
− e−φ

2
gµνgρσFµρFνσ ± C0

4
ǫµνρσFµνFρσ

− e−φgµνgijDµΦ
iDνΦ

j +
e−φ

2
gii′gjj′ [Φ

i,Φj ][Φi′ ,Φj′ ]− 2V (Φi)

± (GR
±)

µν
i ΦiFµν ∓

i

3
(GR

±)ijkΦ
i[Φj ,Φk]∓ (∗4F̃5)

µ
ijΦ

iDµΦ
j

}
, (3.2)

Sfermi
D3 =

T3λ
2

2

∫
d4x

√−g e−φ tr

{
i
(
ΨΓµDµΨ+ΨΓki[Φ

k,Ψ]
)
− iΨ

(
M± − 1

4
ωµîĵΓ

µîĵ

)
Ψ

}
,

(3.3)

where the upper (lower) signs correspond to the case of D3- (D3-) branes, Dµ denotes

the 4 dimensional covariant derivative defined in (2.6) and (B.10), and ωµîĵ is the (µ, î, ĵ)

component of the spin connection8 related to the vielbein ei
ĵ
as

ωµîĵ =
1

2
(ek

î
∂µekĵ − ek

ĵ
∂µekî) . (3.4)

The fluxes (GR
±)

µν
i , (GR

±)ijk and (∗4F̃5)
µ
ij in (3.2) are defined in (B.59), (B.60)

and (B.54). See also appendix A for our conventions for the supergravity fields.

The quantity M± in (3.3) is given by

M± ≡ ∓eφ

8

(
1

3
(∗4F1)µνρΓ

µνρ − (GR
±)iµνΓ

iµν +
1

3
(GR

±)ijkΓ
ijk − (∗4F̃5)µijΓ

µij

)
, (3.5)

where (∗4F1)νρσ is defined in (B.74).

The potential V (Φi) in (3.2) has two contributions:

V (Φi) ≡ λ−2(VDBI(Φ
i)± VCS(Φ

i)) , (3.6)

where

VDBI(Φ
i) ≡ e−φ

(
1 + λvDBI

i Φi +
λ2

2
mDBI

ij ΦiΦj

)
, (3.7)

VCS(Φ
i) ≡ λvCS

i Φi +
λ2

2
mCS

ij ΦiΦj , (3.8)

7It is generically possible to choose a gauge such that B2|xi=0 = 0 and Cn|xi=0 = 0 (n 6= 0) (at least

locally) provided the components Hµνρ and Fµνρ vanish at xi = 0. Obviously, the reason for considering a

non-vanishing C0 is that we want to capture the theta parameter θ in the SYM action (2.2).
8The hatted indices are the flat indices as in the previous section. We assume eiµ̂ = 0 and eµ

î
= 0 without

loss of generality under the assumption (3.1).
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with

vDBI
i ≡ − ∂iφ+

1

2
gµν∂igµν = ∂i log

(√−g e−φ
)
, (3.9)

mDBI
ij ≡ vDBI

i vDBI
j − ∂i∂jφ+

1

2

(
gµν∂i∂jgνµ − gµµ

′

∂igµ′ν′g
ν′ν∂jgνµ − gµµ

′

gνν
′

Hiµ′ν′Hjνµ

)

=
1√−g e−φ

∂i∂j

(√−g e−φ
)
+

1

2
H µν

i Hjµν , (3.10)

vCS
i ≡ − (∗4F̃5)i , (3.11)

mCS
ij ≡ − 1

2

(
∂i(∗4F̃5)j +

1

2
(∗4F̃3)

µν
j Hµνi + (i ↔ j)

)
, (3.12)

and (∗4F̃5)j and (∗4F̃3)
µν
j are defined in (B.54).

All the supergravity fields and their derivatives in the action (3.2) and (3.3) are eval-

uated at xi = 0. The first term in VDBI (3.7) can be discarded in the comparison with the

field theory results, because it doesn’t depend on Φi. If we require Φi = 0 and Aµ = 0 to

be a solution of the equations of motion, the linear term in (3.6) has to vanish:

0 = e−φvDBI
i ± vCS

i , (3.13)

which is the condition that the force due to NS-NS and R-R fields cancel each other. In

this case, we can safely take the ls → 0 limit.

Since the metric used in the action (2.2) is assumed to be of the form (2.7), we introduce

a new metric

ḡµν ≡ e2ωgµν , ḡAB ≡ δAB , ḡµA ≡ 0 , (3.14)

where µ, ν = 0, . . . , 3; A,B = 4, . . . , 9 and ω is a real function. Here, we put a factor e2ω in

the 4-dimensional metric, because it is often convenient to make a Weyl transformation to

get a metric ḡIJ that can be identified with gIJ used in the previous section.9 In addition,

we redefine the scalar fields as

AA ≡ e−ωeAi Φ
i , (3.15)

where eAi is the vielbein for the transverse space eîi with the identification A = î = 4, . . . , 9.

so that the kinetic term can be written as in (2.2) with the metric ḡIJ defined in (3.14).

Then, discarding the total derivative terms, the bosonic part of the D3 brane ac-

tion (3.2) becomes

Sboson
D3 =

T3λ
2

2

∫
d4x

√−ḡ tr

{
− e−φ

2
ḡIJ ḡKLFIKFJL±

C0

4
ǭµνρσFµνFρσ± e−3ω(GR

±)
µν
A AAFµν

∓ i

3
e−ω(GR

±)ABCA
A[AB, AC ] +

(
∓(∗4F̃5)µAB + 2e−φωµAB

)
ḡµνAADνA

B

− m̂ABA
AAB − 2e−4ωV (Φi)

}
, (3.16)

9See appendix C.1 in [2] for useful formulas for the Weyl transformation.
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where ǫµνρσ is the Levi-Civita symbol with ǫ0123 = 1/
√−ḡ, supergravity fields with indices

A,B,C are defined as (GR
±)ABC ≡ (GR

±)ijke
i
Ae

j
Be

k
C , etc., and m̂AB is defined as

m̂AB ≡ 1

2

(
e−φḡµνEµA′AE

A′

ν B − 1√−ḡ
∂ν

(√−ḡ e−φḡµνEµAB

)
± e−2ω(∗4F̃5)

µ
AA′E

A′

µ B

)

+ (A ↔ B) (3.17)

with

EµAB ≡ e−ωeiA∂µ(e
ωeiB) =

1

2
∂µg

ijeiAejB + ∂µωδAB + ωµAB . (3.18)

The fermionic part (3.3) is rewritten as

Sfermi
D3 =

T3λ
2

2

∫
d4x

√−ḡ e−φ tr

{
i(Ψ̂Γ̂µDµΨ̂ + Ψ̂Γ̂Ai[A

A, Ψ̂])− iΨ̂

(
M̂±−

1

4
ωµABΓ̂

µAB

)
Ψ̂

}
,

(3.19)

where we have defined

M̂±≡ e−ωM±

=∓ eφ

8

(
e2ω

3
(∗4F1)µνρΓ̂

µνρ−eω(GR
±)Aµν Γ̂

Aµν+
e−ω

3
(GR

±)ABC Γ̂
ABC−(∗4F̃5)µABΓ̂

µAB

)
,

(3.20)

and

Γ̂µ ≡ e−ωΓµ , Γ̂A ≡ eAi Γ
i , Ψ̂ ≡ e−

3

2
ωΨ . (3.21)

Here, Γ̂I (I = 0, 1, . . . , 9) are the gamma matrices satisfying

{Γ̂I , Γ̂J} = 2ḡIJ . (3.22)

Now, we can readily find the correspondence between the couplings and the super-

gravity fields. By comparing the action (2.2) with (3.16) and (3.19), assuming (3.13),

we obtain

a =
T3λ

2

2
e−φ , c = ±eφC0 , dµνA = ∓e−3ω+φ(GR

±)
Aµν , (3.23)

dµAB = ∓eφ

2
(∗4F̃5)µAB + ωµAB , dABC = ±e−ω+φ

3
(GR

±)ABC , (3.24)

mµνρ = ∓e2ω+φ

24
(∗4F1)µνρ , mµνA = ±eω+φ

24
(GR

±)Aµν , (3.25)

mµAB = ±eφ

24
(∗4F̃5)µAB − 1

12
ωµAB , mABC = ∓e−ω+φ

24
(GR

±)ABC , (3.26)

and

mAB = 2(m̂AB + e−2ωmDBI
AB ± e−2ω+φmCS

AB) . (3.27)
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Note that the first equation of (3.25) can be written as

mµνρ = ∓e2ω+φ

24
ǫµνρσ∂µC0 = ∓eφ

24
ǭµνρσ∂µC0 . (3.28)

Then, the relations (3.23)–(3.27) imply (2.20) and (2.22), which is equivalent to the con-

dition eIJK = 0 that solves one of the SUSY condition (2.14) as discussed in the previous

section.

In the following section, we are going to check these identifications by explicitly insert-

ing some particular backgrounds in the effective action for the D3-branes and comparing

with the supersymmetric deformations of the N = 4 SYM reviewed in section 2.

4 Examples

4.1 (p, q) 5-branes and Gaiotto-Witten solution

In this subsection, we consider D3-branes embedded in a background with (p, q) 5-branes.10

The brane configuration is summarized as

0 1 2 3 4 5 6 7 8 9

(probe) D3 o o o o

(p, q) 5 o o o o o o

(4.1)

The effective action on the D3-brane world-volume can be written down by using (3.2)

and (3.3). As we will soon see, because the (p, q) 5-branes are not extended along the

x3-direction, the gauge coupling and the theta parameter of the D3-brane action depend

on the coordinate x3. This brane configuration is related to the supersymmetric Janus

configurations considered in [1]. We will show that the action obtained by using (3.2)

and (3.3) is indeed consistent with that obtained in [1], which provides a consistency check

of our results in section 3.

In this subsection, the letters for the indices are chosen as α, β = 0, 1, 2; a, b, c = 4, 5, 6

and p, q, r = 7, 8, 9. Let us consider n (p, q) 5-branes placed at x3 = 0, xp = xp0 (p = 7, 8, 9).

The supergravity solution corresponding to the (p, q) 5-branes can be obtained by applying

SL(2,Z) duality to the D5-brane solution. Its explicit form is11

ds2E = h(r)−
1

4 (ηαβdx
αdxβ + δabdx

adxb) + h(r)
3

4 ((dx3)2 + δpqdx
pdxq) , (4.2)

e−φ =
ρ

p2g−1
s h(r)1/2 + (q + pχ0)2gsh(r)−1/2

, C0 =
pq(1− h(r)) + ρχ0gs

p2g−1
s h(r) + (q + pχ0)2gs

, (4.3)

H3 = 2np l2sǫ3 , F3 = 2nq gsl
2
sǫ3 , (4.4)

where ds2E denotes the line element in the Einstein frame, χ0 is a constant,

h(r) ≡ 1 +
n
√
ρgs l

2
s

r2
, ρ ≡ p2g−1

s + (q + pχ0)
2gs , r2 ≡ (x3)2 +

∑

p=7,8,9

(xp − xp0)
2 . (4.5)

10Here, p and q are relativley prime integers and a (p, q) 5-brane is a bound state of p NS5-brane and q

D5-brane.
11See, e.g., [17–19].
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ǫ3 in (4.4) is the volume form of the unit S3 embedded in the R
4 parametrized by x3,7,8,9

with its center at the position of the (p, q) 5-brane. ǫ3 can be written explicitly as

ǫ3 = sin2 θ sinφ1dθ ∧ dφ1 ∧ dφ2 , (4.6)

where (θ, φ1, φ2) are the coordinates on the unit S3 with 0 ≤ θ ≤ π, 0 ≤ φ1 ≤ π and

0 ≤ φ2 ≤ 2π, related to x3,7,8,9 as

x3 = r cos θ ,

x7 − x70 = r sin θ cosφ1 ,

x8 − x80 = r sin θ sinφ1 cosφ2 ,

x9 − x90 = r sin θ sinφ1 sinφ2 . (4.7)

Note that H3 and F3 in (4.4) can be written as

Hp′q′r′ =
p√
ρgs

ε s′

p′q′r′ ∂s′h(r) , Fp′q′r′ = q

√
gs
ρ
ε s′

p′q′r′ ∂s′h(r) , (4.8)

where p′, q′, r′, s′ = 3, 7, 8, 9 and ε s′

p′q′r′ = εp′q′r′t′δ
t′s′ is the Levi-Civita symbol for the flat

R
4 parametrized by x3,7,8,9 with ε3789 = +1.12 In the the expressions (4.2), (4.3) and (4.8),

the function h(r) can be replaced with an arbitrary positive harmonic function on R
4,

which corresponds to a supergravity solution describing parallel multiple (p, q) 5-branes

distributed in R
4.

The dilaton and R-R 0-from combined into a complex scalar field τ ≡ g−1
s (C0 + ie−φ)

can be written as

τ = τ0 + 4πD ei2ψ , (4.9)

where

τ0 ≡ −q

p
+ 4πD , 4πD ≡ ρ

2p(q + pχ0)gs
, (4.10)

are real constants and ψ(r) is a real function satisfying

tanψ(r) =
p h(r)1/2

(q + pχ0)gs
. (4.11)

Here, we have assumed p, q, χ0 are all positive and 0 < ψ < π
2 . The complex scalar

field (4.9) evaluated at xi = 0 corresponds to the complex coupling (2.9). In fact, the

expression in (4.9) agrees with the complex coupling obtained in [1]. (See (2.23).) Note

here that ψ|xi=0 can be chosen to be a generic real function of x3, because as mentioned

above, h(r) in (4.11) can be replaced with an arbitrary positive harmonic function on R
4

transverse to the (p, q) 5-branes.

12One can easily recover the expressions of H3 and F3 in (4.4) from (4.8) by using the polar coordi-

nates (4.7) with metric of R4: ds2 = dr2+r2(dθ2+sin2θdφ2
1+sin2θ sin2φ1dφ

2
2) and εrθφ1φ2

= r3 sin2θ sinφ1.
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The metric in the string frame is given by

ds2string = e
1

2
φds2E (4.12)

=
p√

ρgs sinψ

[
(ηαβdx

αdxβ + δabdx
adxb)+

(
ρ

8πDp2
tanψ

)2(
(dx3)2 + δpqdx

pdxq
) ]

.

It is easy to show that both VDBI and VCS in the potential (3.6) are flat (i.e. Φi

independent), because F5 = 0, Hiµν = Fiµν = 0, Bµν = 0 and LDBI defined in (B.31) is a

constant:

LDBI = e−φ
√
− det(gµν) = 1 . (4.13)

Next, consider N probe D3-branes placed at xi = 0 (i = 4, . . . , 9) in this background. The

metric (4.12) evaluated at xi = 0 is written as

ds2string
∣∣
xi=0

= eξ
[
ηµνdy

µdyν + δabdx
adxb + e2ηδpqdx

pdxq
]
, (4.14)

where we have defined

eξ ≡ p√
ρgs sinψ(r)

∣∣∣∣
xi=0

, eη ≡ h(r)1/2
∣∣∣
xi=0

=
ρ

8πDp2
tanψ(r)

∣∣∣∣
xi=0

, (4.15)

and introduced new coordinates yµ (µ = 0, 1, 2, 3) satisfying

y0 = x0 , y1 = x1 , y2 = x2 , dy3 = eηdx3 . (4.16)

Then, using the coordinates yµ, the bosonic part of the effective action (3.2) becomes

Sboson
D3 =

T3λ
2

2

∫
d4y e−φ tr

(
− 1

2
ηµνηρσFµρFνσ ± eφC0

4
ǫµνρσFµνFρσ

+ e2ξηµνδabDµΦ
aDνΦ

b + e2(ξ+η)ηµνδpqDµΦ
pDνΦ

q

+
1

2
e4ξδabδa′b′ [Φ

a,Φb][Φa′ ,Φb′ ] +
1

2
e4(ξ+η)δpqδp′q′ [Φ

p,Φq][Φp′ ,Φq′ ]

+ e4ξ+2ηδabδpq[Φ
a,Φb][Φp,Φq]∓ i

3
e2ξ+φ(GR

±)ijkΦ
i[Φj ,Φk]

)
. (4.17)

In order to compare with the action (2.2), it is convenient to rescale the scalar fields as

Aa ≡ eξΦa , Ap ≡ eξ+ηΦp . (4.18)

Then, the kinetic term of the scalar fields can be rewritten as

e−φtr
(
e2ξηµνδabDµΦ

aDνΦ
b + e2(ξ+η)ηµνδpqDµΦ

pDνΦ
q
)

= e−φtr

(
ηµνδABDµAADνAB +

1

2
mABAAAB

)
+ (total derivative) , (4.19)

where A,B = 4, . . . , 9 and the non-zero components of mAB are

mab = 2
(
ξ′2 + ξ′′ − φ′ξ′

)
δab = 2

(
ψ′2 − (ψ′ cotψ)′

)
δab ,

mpq = 2
(
(ξ′ + η′)2 + ξ′′ + η′′ − φ′(ξ′ + η′)

)
δpq = 2

(
ψ′2 + (ψ′ tanψ)′

)
δpq . (4.20)
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Here, the prime denotes the derivative with respect to y3, e.g., ξ′ = ∂y3ξ. These expressions

precisely agree with (2.24)

Note that the non-zero components of (GR
±)ijk are

(GR
±)456 = −e−3η(F789 + C0H789) = 2

√
gs
ρ
(q + g−1

s C0p)η
′ , (4.21)

(GR
±)789 = ∓e−φH789 = ±e−φ 2p√

ρgs
e3ηη′ , (4.22)

and one can show the following relations:

eφ−ξ(GR
±)456 =

2ψ′

sinψ
, eφ−ξ−3η(GR

±)789 = ± 2ψ′

cosψ
. (4.23)

Using these, the last term of (4.17) can be written as

∓ i

3
e2ξ+φ(GR

±)ijkΦ
i[Φj ,Φk] = ∓2i

(
eφ−ξ(GR

±)456A4[A5, A6] + eφ−ξ−3η(GR
±)789A7[A8, A9]

)

= 4i

(
∓ ψ′

sinψ
A4[A5, A6]−

ψ′

cosψ
A7[A8, A9]

)
. (4.24)

These terms (with the upper sign) agree with (2.25). (The lower sign is obtained, e.g., by

a transformation (x1, x4) → (−x1,−x4).)

In summary, the bosonic part is written as

Sboson
D3 =

T3λ
2

2

∫
d4y e−φ tr

(
− 1

2
ηII

′

ηJJ
′

FIJFI′J ′ ± eφC0

4
ǫµνρσFµνFρσ

+ 4i

(
∓ ψ′

sinψ
A4[A5, A6]−

ψ′

cosψ
A7[A8, A9]

)

− (ψ′2 − (ψ′ cotψ)′))δabAaAb − (ψ′2 + (ψ′ tanψ)′))δpqApAq

)
(4.25)

with φ and C0 given by (4.9).

Let us next consider to the fermionic part. The action (3.3) in the back-

ground (4.2)–(4.4) is

Sfermi
D3 =

T3λ
2

2

∫
d4y e2ξ e−φ tr

{
i(ΨΓµDµΨ+ΨΓki[Φ

k,Ψ])− iΨM±Ψ
}

(4.26)

with

M± ≡ ∓eφ

4

(
(∗4F1)012Γ

012 + (GR
±)456Γ

456 + (GR
±)789Γ

789
)
. (4.27)

Rescaling Ψ, M± and the gamma matrices as

Ψ̂ ≡ e
3

4
ξΨ , M̂± ≡ eξ/2M± , (4.28)

Γ̂µ ≡ eξ/2Γµ , Γ̂a ≡ Γ̂a ≡ eξ/2+ηΓa = e−(ξ/2+η)Γa , Γ̂p ≡ Γ̂p ≡ eξ/2Γp = e−ξ/2Γp ,
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we obtain

Sfermi
D3 =

T3λ
2

2

∫
d4y e−φ tr

{
i(Ψ̂Γ̂µDµΨ̂ + Ψ̂Γ̂Ai[AA,Ψ])− iΨ̂M̂±Ψ̂

}
. (4.29)

Here, the rescaled gamma matrices Γ̂I (I = 0, 1, . . . , 9) satisfy the anti-commutation rela-

tions with the flat metric {Γ̂I , Γ̂J} = ηIJ , and we have used ΨΓµ(∂µξ)Ψ = 0, which follows

because Γ0Γµ is a symmetric matrix.

Again, using (4.23), we obtain

M̂± = ∓1

4

(
eφ∂3C0Γ̂

012 + eφ−ξ(GR
±)456Γ̂

456 + eφ−ξ−3η(GR
±)789Γ̂

789
)

=
1

2

(
±ψ′ Γ̂012 ∓ ψ′

sinψ
Γ̂456 − ψ′

cosψ
Γ̂789

)
, (4.30)

which reproduces (2.26). (Again, the lower sign is obtained by the transformation

(x1, x4) → (−x1,−x4).)

4.2 Backgrounds with D3-branes

Let us next consider probe D3-branes extended along x0,1,2,3 directions in a background

corresponding to n D3-branes extended along x0,1,4,5 directions:

0 1 2 3 4 5 6 7 8 9

(probe) D3 o o o o

D3 o o o o

(4.31)

In this subsection, we use the letters for the indices as α, β = 0, 1; m,n = 2, 3; a, b = 4, 5

and p, q = 6, 7, 8, 9.

The supergravity solution corresponding to n D3-branes placed at xm = 0 and xp = xp0,

in the string frame, is

eφ = 1 , C0 = constant , (4.32)

ds2string = h(r)−
1

2 (ηαβdx
αdxβ + δabdx

adxb) + h(r)
1

2 (δmndx
mdxn + δpqdx

pdxq) , (4.33)

F5 = f5 + ∗f5 , f5 ≡ dh(r)−1 ∧ dx0 ∧ dx1 ∧ dx4 ∧ dx5, (4.34)

where gs is a constant and h(r) is given as

h(r) ≡ 1 +
Q3

r4
, Q3 ≡ 4πgsnl

4
s , r2 ≡

∑

m=2,3

(xm)2 +

9∑

p=6

(xp − xp0)
2 . (4.35)

As in the previous subsection, the function h(r) can be replaced with an arbitrary positive

harmonic function on the R
6 parametrized by x2,3,6,7,8,9.

The metric evaluated at the position of the probe D3-branes, i.e. xi = 0 (i = 4, . . . , 9), is

ds2string
∣∣
xi=0

= e−
1

2
ϕ(ḡµνdx

µdxν + δabdx
adxb + eϕδpqdx

pdxq) , (4.36)

where we have defined

eϕ(x
m) ≡ h(r)|xi=0 , (4.37)

– 14 –



J
H
E
P
0
3
(
2
0
1
8
)
1
2
8

and

ḡµνdx
µdxν ≡ ηαβdx

αdxβ + eϕδmndx
mdxn . (4.38)

This metric (4.36) has ISO(1, 1)×SO(2)×SO(4) isometry, where ISO(1, 1) is the Poincaré

symmetry acting on x0,1, SO(2) and SO(4) are rotational symmetry acting on x4,5 and

x6,7,8,9, respectively.13 The supersymmetry condition for the deformed N = 4 SYM (2.2)

with this symmetry is analyzed in section 4.1 of [2]. Since our brane configuration (4.31)

preserves part of the supersymmetry, the action (3.2) and (3.3) for this background should

reproduce one of the general solutions obtained there.

It is again easy to see that both VDBI and VCS in the potential (3.6) are flat, because

F3 = H3 = 0, Fµνρσi = 0 and LDBI defined in (B.31) is a constant. Then, the bosonic

part (3.2) becomes

Sboson
D3 =

T3λ
2

2

∫
d4x

√−ḡ tr

{
− 1

2
ḡµν ḡρσFµρFνσ ± C0

4
ǭµνρσFµνFρσ

− ḡµν(e−ϕδabDµΦ
aDνΦ

b + δpqDµΦ
pDνΦ

q)

+
1

2
e−2ϕδabδa′b′ [Φ

a,Φb][Φa′ ,Φb′ ] +
1

2
δpqδp′q′ [Φ

p,Φq][Φp′ ,Φq′ ]

+ e−ϕδabδpq[Φ
a,Φb][Φp,Φq]∓ e−ϕ(∗4F̃5)

µ
ijΦ

iDµΦ
j

}
, (4.39)

where ǭµνρσ is the Levi-Civita symbol with ǭ0123 ≡ 1/
√−ḡ. In order to compare with the

results in [2], we redefine the scalar fields as

Aa ≡ e−ϕ/2Φa , Ap ≡ Φp . (4.40)

Then, the kinetic terms for the scalar fields become

√−ḡ tr
(
e−ϕḡµνδabDµΦ

aDνΦ
b + ḡµνδpqDµΦ

pDνΦ
q
)

=
√−ḡ tr

(
ḡµνδABDµAADνAB +

1

2
mABAAAB

)
+ (total derivative) , (4.41)

where

mab = ḡmn

(
1

2
∂mϕ∂nϕ− ∂m∂nϕ

)
δab , mpq = 0 . (4.42)

The non-zero components of (∗4F̃5)
µ
ij are

(∗4F̃5)
n
45 = −ǭmn∂mϕ , (4.43)

where ǭ23 = −ǭ32 =
√

ḡ22ḡ33 = e−ϕ. The last term in (4.39) becomes

e−ϕ(∗4F̃5)
µ
ijΦ

iDµΦ
j = −ǭmn∂mϕεabAaDnAb , (4.44)

13If we use h(r) in (4.35), the metric also has a rotational symmetry on the x2,3 plane. However, as

mentioned above, h(r) can be replace with an arbitrary positive harmonic function on R6, in which case

the rotational symmetry on x2,3 is broken in general.
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where ε45 = −ε54 = 1. This gives

dnab = ±1

2
ǭmn∂mϕεab , (4.45)

in (2.2).

Collecting all these results, (4.39) becomes

Sboson
D3 =

T3λ
2

2

∫
d4x

√−ḡ tr

{
− 1

2
ḡII

′

ḡJJ
′

FIJFI′J ′ ± C0

4
ǭµνρσFµνFρσ

− 1

2
ḡmn

(
1

2
∂mϕ∂nϕ− ∂m∂nϕ

)
δabAaAb ± ǭmn∂mϕεabAaDnAb

}
. (4.46)

The fermionic part (3.3) for this configuration is

Sfermi
D3 =

T3λ
2

2

∫
d4x

√−ḡ e−ϕ tr
{
i(ΨΓµDµΨ+ΨΓki[Φ

k,Ψ])− iΨM±Ψ
}

(4.47)

with

M± = ±1

4
(∗4F̃5)

n
45Γ

m45gmn . (4.48)

As in the previous subsection, we rescale Ψ, M± and the gamma matrices by

Ψ̂ ≡ e−
3

8
ϕΨ , M̂± ≡ M±e

− 1

4
ϕ ,

Γ̂µ ≡ e−
1

4
ϕΓµ , Γ̂a ≡ Γ̂a ≡ e−

1

4
ϕΓa = e

1

4
ϕΓa , Γ̂p ≡ Γ̂p ≡ e

1

4
ϕΓp = e−

1

4
ϕΓp . (4.49)

The rescaled gamma matrices satisfy

{Γ̂µ, Γ̂ν} = 2ḡµν , {Γ̂a, Γ̂b} = 2δab , {Γ̂p, Γ̂q} = 2δpq . (4.50)

Then, we obtain

Sfermi
D3 =

T3λ
2

2

∫
d4x

√−ḡ tr
{
i
(
Ψ̂Γ̂µDµΨ̂ + Ψ̂Γ̂Ai[AA, Ψ̂]

)
− iΨ̂M̂±Ψ̂

}
(4.51)

with

M̂± = ±1

4
(∗F̃5)

n
45Γ̂

m45ḡnm = ∓1

4
ǭnm∂nϕΓ̂

m45 , (4.52)

where ǭnm ≡ ǭnn
′

ḡn′m. This gives

βm = ∓1

4
ǭnm∂nϕ . (4.53)

The results (4.42), (4.45) and (4.53) agree with (2.32), (2.31) and (2.30), respectively,

for the case with τ = constant, Λ = constant and s = ∓.14

14See the case (C3) with βm = ∓ 1

4
ǭnm∂nϕ in section 4.1.2 of [2].
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5 Conclusions and outlook

In this work, we have complemented the study of deformations of N = 4 SYM with

varying couplings that we initiated in [2] by showing that some of these gauge theories can

be realized on the probe D3-branes in curved backgrounds with fluxes. In particular, we

obtained the effective action on the D3-branes for general backgrounds satisfying (3.1) and

gave an explicit map between the couplings in the deformed N = 4 SYM and the fluxes of

the curved background on which the D3-branes are embedded.

As a check, we explicitly showed that the effective action on the D3-branes in a back-

ground with (p, q) 5-branes (see (4.1)) reproduces that of the supersymmetric Janus con-

figuration found in [1]. We also studied D3-branes in a background with another stack of

D3-branes intersecting with them (see (4.31)) and found that the action agrees with one of

the solutions of SUSY conditions with ISO(1, 1)× SO(2)× SO(4) symmetry found in [2].

On the other hand, in [2], we found a lot of solutions of SUSY conditions, for which

the realization in string theory is not known. Our results in (3.23)–(3.27) suggest that

it is possible to extract some information of supergravity fields from the couplings in the

deformed N = 4 SYM. Indeed, it is now easy to know which fluxes have non-trivial profiles

for the brane configuration that realizes the deformed N = 4 SYM. For example, for the

cases with ISO(1, 1)×SO(3)×SO(3) symmetry, solutions with non-trivial m012, m013, m456

and m789 are found in [2]. Such configurations, assuming that they can be realized in string

theory, should have non-trivial (∗4F1)012, (∗4F1)013, (G
R
±)456 and (GR

±)789 fluxes. Despite

we have not shown this explicitly, this fact suggests that such a configuration corresponds

to D3-branes in a background with (p, q)5- and [p′, q′]7-branes:

0 1 2 3 4 5 6 7 8 9

(probe) D3 o o o o

(p, q) 5 o o o o o o

[p′, q′] 7 o o o o o o o o

(5.1)

It would be interesting to see this more explicitly.

Finally, we want to stress that we didn’t use the equations of motion for the super-

gravity fields in our analysis in section 3. That is to say, some additional constraints are

imposed on the couplings from the supergravity equations of motion. In this respect, some

works has been done in [3, 20], where it has been shown that the couplings have to satisfy

some algebraic equations obtained from the supergravity equations of motion. Further-

more, if we require SUSY, the background as well as the D3-brane configurations should

satisfy BPS conditions. It would be interesting to see whether such conditions agree with

the SUSY conditions found in [2]. Actually, there is a logical possibility that the deformed

N = 4 SYM action (2.2) could have some additional SUSY solutions which are not neces-

sarily related to backgrounds satisfying the equations of motion in supergravity. It would

be important to study the correspondence in more detail and clarify this issue.
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A Conventions for supergravity fields

We follow the conventions for the supergravity fields used in [21]. The bosonic part of the

type IIB supergravity action in the string frame is

SIIB =
1

2κ2

∫
d10x

√−g

{
e−2φ

(
R+ 4|dφ|2 − 1

2
|H3|2

)
− 1

2

(
|F1|2 + |F̃3|2 +

1

2
|F̃5|2

)}

+
1

4κ2

∫ (
C4 +

1

2
B2 ∧ C2

)
∧ F3 ∧H3 , (A.1)

where

H3 = dB2 , Fn = dCn−1 , F̃n = Fn +H3 ∧ Cn−3 . (A.2)

and |ωn|2 for an n-form ωn is defined as

|ωn|2 ≡
1

n!
ωI1···InωJ1···Jng

I1J1 · · · gInJn . (A.3)

In our convention, the dilaton φ vanishes asymptotically and κ is related to the New-

ton’s constant GN , string length ls and string coupling gs as

2κ2 = 16πGN = (2π)7l8sg
2
s . (A.4)

In addition, we have to impose the self-duality condition

F̃5 = ∗F̃5 . (A.5)

Here, the Hodge star ∗ is defined by

∗(dxI1 ∧ · · · ∧ dxIn) =
1

(10− n)!
ǫI1···I10gIn+1Jn+1

· · · gI10J10dxJn+1 ∧ · · · ∧ dxJ10 , (A.6)

where ǫM1···M10 is the 10-dimensional Levi-Civita symbol with ǫ01···9 = 1/
√−g.

It is useful to define F̃n with n > 5 by

F̃n ≡ (−1)
1

2
n(n+1)+1 ∗ F̃10−n . (A.7)
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Then, the equations of motion and the Bianchi identities for the R-R fields are written as

dF̃n +H3 ∧ F̃n−2 = 0 , (n = 1, 3, 5, 7, 9) , (A.8)

which allows us to introduce Cn−1 satisfying (A.2) for n = 1, 3, 5, 7, 9.

φ, B2, C0, C2 and C4 are related to those used in [22], denoted with superscript “P”, as

eφ
P

= gse
φ , BP

2 = −B2 , CP
0 = g−1

s C0 , CP
2 = g−1

s C2 , CP
4 = g−1

s

(
C4 +

1

2
B2 ∧ C2

)
.

(A.9)

The metric in the Einstein frame is defined as

gEIJ = e−
1

2
φgIJ . (A.10)

The action can be written as

SIIB =
1

2κ2

∫
d10x

√
−gE

{
RE − 1

2

(
|dφ|2E + e−φ|H3|2E + e2φ|F1|2E + eφ|F̃3|2E +

1

2
|F̃5|2E

)}

+
1

4κ2

∫ (
C4 +

1

2
B2 ∧ C2

)
∧ F3 ∧H3

=
1

2κ2

∫
d10x

√
−gE

{
RE − 1

2

(
gMN
E

∂Mτ∂Nτ

(Im τ)2
+MijF

i
3 · F j

3 +
1

2
|F̃5|2E

)}

+
εij
8κ2

∫ (
C4 +

1

2
B2 ∧ C2

)
∧ F i

3 ∧ F j
3 , (A.11)

where |ωn|2E is defined as in (A.3) with the metric in the Einstein frame,

τ ≡ g−1
s (C0 + ie−φ) , F 1

3 ≡ −g1/2s H3 , F 2
3 ≡ g−1/2

s F3 , (A.12)

(Mij) =
1

Im τ

(
|τ |2 −Re τ

−Re τ 1

)
, (εij) =

(
1

−1

)
(A.13)

and

F i
3 · F j

3 ≡ 1

3!
F i
I1I2I3F

j
J1J2J3

gI1J1E gI2J2E gI3J3E . (A.14)

This action is invariant under the SL(2,R) transformation:

τ → aτ + b

cτ + d
,

(
F 2
3

F 1
3

)
→
(
a b

c d

)(
F 2
3

F 1
3

)
,

(
a b

c d

)
∈ SL(2,R) , (A.15)

with κ, gEMN and C4 +
1
2B2 ∧ C2 kept fixed.

B Derivation of the D3-brane effective action

In this appendix, we show the detailed derivation of the action (3.2) and (3.3).
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B.1 Dp-branes in curved backgrounds (review)

For convenience, we first review the effective action of Dp-branes embedded in general

backgrounds in appendix B.1, following [21] and [16] for bosonic and fermionic parts,

respectively.

B.1.1 Bosonic part

In this subsection, we review the bosonic part of the effective action on Dp-branes embedded

in a curved background with fluxes following [21].

The 10-dimensional space-time coordinates are denoted as xI (I = 0, 1, . . . , 9). We

choose the static gauge in which xµ (µ = 0, 1, 2, 3) are identified as the coordinates on the

Dp-brane world-volume and xi (i = 4, . . . , 9) parametrize the transverse directions. The

bosonic sector of the effective theory contains a U(N) gauge field Aµ (µ = 0, . . . , p), (9−p)

scalar fields Φi (i = p+ 1, . . . , 9), which belong to the adjoint representation of the gauge

group U(N). The reference position of the Dp-brane is chosen to be xi = 0 and small

deviations from it is described by the values of the scalar fields.

The effective action that describes the light open-string bosonic fluctuations of a set

of N coincident Dp-branes in type II string theory consists of

Sboson
Dp = SDBI

Dp + SCS
Dp , (B.1)

where the Dirac-Born-Infeld (DBI) and Chern-Simons (CS) terms are given by

SDBI
Dp = − Tp

∫
dp+1x Str

{
e−φ̂
√

− det(Mµν) det(Qi
j)
}

, (B.2)

SCS
Dp = µp

∫
Str

{
P

[
eiλıΦıΦ

(∑

n

Ĉn ∧ eB̂2

)]
∧ eλF

}
. (B.3)

Here, the parameters Tp, µp and λ are given by

Tp ≡
1

(2π)plp+1
s gs

, µp ≡ ±Tp , λ ≡ 2πl2s , (B.4)

where ls is the string length, gs is the string coupling, and the upper (lower) sign appearing

in µp, which is proportional to the R-R charge of the Dp-brane, corresponds to the case of

Dp-branes (Dp-branes). The quantities Mµν and Qi
j are given by

Mµν ≡ P
[
Êµν + Êµi(Q

−1 − δ)ijÊjν

]
+ λFµν , (B.5)

Qi
j ≡ δij + iλ[Φi,Φk]Êkj , (B.6)

where F is the field strength of the gauge field A living on the brane,

F = dA+ iA ∧A =
1

2
Fµνdx

µ ∧ dxν , (B.7)

and

ÊIJ ≡ ĝIJ + B̂IJ . (B.8)
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φ is the dilaton field, gIJ is the background metric, B2 = 1
2BIJdx

I ∧ dxJ is the Kalb-

Ramond 2-form field and Cn (n = 0, 2, 4, 6, 8) are the Ramond-Ramond (R-R) n-form

potential. The hat “̂” on the background fields indicates that they are evaluated at the

position of the Dp-branes placed at xi = λΦi, which is defined via a Taylor expansion

as, e.g.,

φ̂(xµ, λΦi) ≡
∞∑

n=0

λn

n!
Φi1 . . .Φin ∂i1 . . . ∂inφ(x

µ, xi)
∣∣
xi=0

. (B.9)

The symbol P[· · · ] in (B.3) and (B.5) denotes the pull-back of the bulk fields over the

Dp-brane world-volume, in which the ordinary derivative ∂µΦ
i is replaced by the covariant

derivative DµΦ
i:

DµΦ
i ≡ ∂µΦ

i + i[Aµ,Φ
i] . (B.10)

For example, the pull-back of Eµν is given by

P[Eµν ] = Êµν + λÊµiDνΦ
i + λÊiνDµΦ

i + λ2ÊijDµΦ
iDνΦ

j . (B.11)

ıΦ in (B.3) denotes the interior product by a vector (Φi), e.g.,

ıΦıΦ

(
1

2
Cijdx

i ∧ dxj
)

= −1

2
Cij [Φ

i,Φj ] . (B.12)

The symbol Str{· · · } in (B.2) and (B.3) denotes the symmetrized trace, which means

Φi in the expansion (B.9), Fµν , DµΦ
i and [Φi,Φj ] are symmetrized before taking the trace.

B.1.2 Fermionic part

In this subsection, we write down the fermionic part (quadratic terms with respect to

the fermion fields) of the effective action on a Dp-brane embedded in any supergravity

background following [16]. Here, we consider the cases with a single Dp-brane in type IIB

string theory.

The action, after fixing the κ-symmetry, is given by

Sfermi
Dp =

Tp

2

∫
dp+1x e−φ

√
− det(Mµν)

{
iψ
[
(M−1)µνΓµ∇(H)

ν −∆(1)
]
ψ

− iψ Γ̆−1
Dp

[
(M−1)µνΓνWµ −∆(2)

]
ψ
}
, (B.13)

where ψ is the fermion field (dimensional reduction of the 10-dimensional positive chirality

Majorana-Weyl spinor field), Γµ ≡ ΓÎe
Î
I∂µx

I is the pull-back of the 10-dimensional gamma

matrices, Mµν is the Abelian version of (B.5):

Mµν = P[ĝµν + B̂µν ] + λFµν , (B.14)

and other quantities are defined as follows.

The covariant derivative ∇(H)
ν is the pull-back of the 10-dimensional covariant deriva-

tive including the H-flux:

∇(H)
I ≡ ∂I +

1

4
ω ĴK̂
I ΓĴK̂ +

1

4 · 2!HIJKΓJK , (B.15)
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where ω ĴK̂
I is the spin connection and HIJK is the field strength of the Kalb-Ramond

2-form field.

Wµ, ∆
(1) and ∆(2) are defined as

Wµ ≡ 1

8
eφ
(
−FJΓ

J +
1

3!
F̃JKLΓ

JKL − 1

2 · 5! F̃JKLMNΓJKLMN

)
Γµ , (B.16)

∆(1) ≡ 1

2

(
ΓI∂Iφ+

1

2 · 3!HIJKΓIJK

)
, (B.17)

∆(2) ≡ − 1

2
eφ
(
−FIΓ

I +
1

2 · 3! F̃IJKΓIJK

)
, (B.18)

where FI , F̃IJK and F̃IJKLM are the field strength of the R-R fields defined as

F1 = FIdx
I ≡ dC0 , F̃3 =

1

3!
F̃IJKdxI ∧ dxJ ∧ dxK ≡ dC2 + C0H3 ,

F̃5 =
1

5!
F̃IJKLMdxI ∧ dxJ ∧ dxK ∧ dxL ∧ dxM ≡ dC4 +H3 ∧ C2 . (B.19)

(See appendix A for our conventions.)

Finally, Γ̆−1
Dp is defined by

Γ̆−1
Dp = (−1)p−2Γ

(0)
Dp

√−g√
− det(Mµν)

∑

q≥0

(−1)q

q!2q
Γµ1···µ2qFµ1µ2

· · · Fµ2q−1µ2q , (B.20)

where
√−g ≡

√
− detP[ĝµν ] ,

Fµν ≡ P[B̂µν ] + λFµν , (B.21)

and

Γ
(0)
Dp ≡ 1

(p+ 1)!
ǫµ1···µp+1Γµ1···µp+1

(B.22)

with the Levi-Civita symbol ǫµ1···µp+1 with ǫ01···p = 1/
√−g.

B.2 D3-brane effective action

In this appendix, we consider the particular case of D3-branes under some simple and

relatively general assumptions (3.1). We will study the expansion of the full action to

leading and sub-leading orders that survive in the field theory limit and establish a relation

between the backgrounds fields and the couplings in the action (2.2) of the deformed N = 4

SYM. The first two subsections B.2.1 and B.2.2 correspond to the analyses for the DBI

action and the CS term, respectively, and appendix B.2.3 is the summary of the total

bosonic sector. In appendix B.2.4, we carry out the calculations for the fermionic sector.
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B.2.1 DBI action

In this section, we present the extended calculations of the expansion of the DBI term (B.2)

with respect to λ. Let us first consider the quantity Mµν defined in (B.5). The pull-back

of the first term of (B.5) is given in (B.11) and it is expanded as

P[Êµν ] = Êµν + λÊµiDνΦ
i + λÊiνDµΦ

i + λ2ÊijDµΦ
iDνΦ

j

= Êµν + λ2(∂jBµiΦ
jDνΦ

i + ∂jBiνΦ
jDµΦ

i + gijDµΦ
iDνΦ

j) +O(λ3) , (B.23)

where we have used the assumptions in (3.1). The expansion of Qi
j in (B.6) is

Qi
j = δij + iλ[Φi,Φk]gkj + iλ2[Φi,Φk]Φl∂lEkj +O(λ3) . (B.24)

Because (Q−1 − δ)ij = O(λ), it is easy to see that

P
[
Eµi(Q

−1 − δ)ijEjν

]
= O(λ3) , (B.25)

under the assumptions (3.1) and we can discard such higher-order contributions.

On the other hand, using the formula

√
det(X + δX) =

√
detX

(
1 +

1

2
tr(X−1δX) +

1

8
(tr(X−1δX))2

− 1

4
tr(X−1δXX−1δX) +O(δX3)

)
(B.26)

for general matrices X and δX, we get

√
det(Qi

j) = 1 +
iλ2

2
[Φi,Φk]Φl∂lBki −

λ2

4
gii′gjj′ [Φ

i,Φj ][Φi′ ,Φj′ ] +O(λ3) . (B.27)

Similarly,
√
− det(Mµν) is expanded as

√
− det(Mµν) =

√
− det(Êµν) (B.28)

+
√−g

λ2

2

(
gµνgijDµΦ

iDνΦ
j +

1

2
gµνgρσFµρFνσ + (∂iB

µν)ΦiFµν

)
+O(λ3) .

Now, making use of the partial results of the expansions (B.27) and (B.28), we calculate

the full integrand of the DBI term (B.2):

Str
{
e−φ̂
√

− det(Mµν) det(Qi
j)
}

= Str

{
e−φ̂
√
− det(Êµν)

}

+
λ2

2
e−φ√−g tr

(
1

2
gµνgρσFµρFνσ + gµνgijDµΦ

iDνΦ
j − 1

2
gii′gjj′ [Φ

i,Φj ][Φi′ ,Φj′ ]

+ (∂iB
µν)ΦiFµν − i(∂iBjk)Φ

i[Φj ,Φk]

)
+O(λ3)
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= Str

{
e−φ̂
√
− det(Êµν)

}

+
λ2

2
e−φ√−g tr

(
1

2
gµνgρσFµρFνσ + gµνgijDµΦ

iDνΦ
j − 1

2
gii′gjj′ [Φ

i,Φj ][Φi′ ,Φj′ ]

)

+H µν
i ΦiFµν −

i

3
HijkΦ

i[Φj ,Φk]

)
+O(λ3) . (B.29)

The first term in (B.29) gives the DBI part of the scalar potential. Let us define

VDBI(Φ) ≡
1√−g

e−φ̂
√
− det(Êµν) =

1√−g

∞∑

n=0

λn

n!
Φi1 · · ·Φin∂i1 · · · ∂inLDBI|xi=0 (B.30)

with

LDBI ≡ e−φ
√
− det(Eµν) . (B.31)

The derivatives are

∂iLDBI = e−φ
√
− det(Eµν)

(
−∂iφ+

1

2
(E−1)µν∂iEνµ

)
, (B.32)

∂i∂jLDBI = e−φ
√
− det(Eµν)

[(
−∂iφ+

1

2
(E−1)µν∂iEνµ

)(
−∂jφ+

1

2
(E−1)µ

′ν′∂jEν′µ′

)

−∂i∂jφ+
1

2

(
−(E−1)µµ

′

∂iEµ′ν′(E
−1)ν

′ν∂jEνµ + (E−1)µν∂i∂jEνµ

)]
. (B.33)

Evaluating these quantities at xi = 0, we obtain

VDBI(Φ) = e−φ

(
1 + λvDBI

i Φi +
λ2

2
mDBI

ij ΦiΦj +O(λ3)

)
, (B.34)

where the coefficients are

vDBI
i ≡ − ∂iφ+

1

2
gµν∂igνµ = ∂i log(

√−g e−φ) , (B.35)

mDBI
ij ≡ vDBI

i vDBI
j − ∂i∂jφ+

1

2

(
gµν∂i∂jgνµ − gµµ

′

∂igµ′ν′g
ν′ν∂jgνµ − gµµ

′

Hiµ′ν′g
ν′νHjνµ

)

=
1√−g e−φ

∂i∂j

(√−g e−φ
)
+

1

2
H µν

i Hjµν . (B.36)

Then, the final expression for the DBI action is

SDBI
D3 = T3λ

2

∫
d4x

√−g e−φ tr

(
− 1

4
gµνgρσFµρFνσ − 1

2
gµνgijDµΦ

iDνΦ
j (B.37)

+
1

4
gii′gjj′ [Φ

i,Φj ][Φi′ ,Φj′ ]− 1

2
H µν

i ΦiFµν +
i

3!
HijkΦ

i[Φj ,Φk]− eφλ−2VDBI(Φ)

)
.

B.2.2 CS term

Let us study now the expansion of the CS-term of the D3-brane action, (B.3).
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First, we define

K ≡
∑

n:even

Cn ∧ eB2 ≡ K0 +K2 +K4 +K6 + · · · , (B.38)

where15

K0 ≡ C0 , K2 ≡ C2 + C0B2 , K4 ≡ C4 + C2B2 +
1

2
C0B

2
2 ,

K6 ≡ C6 + C4B2 +
1

2
C2B

2
2 +

1

3!
C0B

3
2 . (B.39)

Note that it satisfies

dK =
∑

n:odd

F̃n ∧ eB2 . (B.40)

For an n-form ωn, we define an m-form with (n−m) indices in the transverse directions

(ωn)m,i1···in−m as

(ωn)m,i1···in−m ≡ 1

m!
(ωn)µ1···µmi1···in−mdx

µ1 · · · dxµm . (B.41)

For example,

(F̃5)3,ij ≡
1

3!
(F̃5)µνρijdx

µdxνdxρ , (F̃5)4,j ≡
1

4!
F̃µνρσjdx

µdxνdxρdxσ , etc. (B.42)

Under the assumptions (3.1), the CS-term (B.3) is expanded as

SCS
D3 = µ3

∫
Str
{
P
[
eiλıΦıΦK̂

]
∧ eλF

}
(B.43)

= µ3

∫
Str

{
P[K̂4] + λ2

(
iP[ıΦıΦ∂iK6]Φ

i + P[∂iK2]Φ
iF +

1

2
C0F

2

)
+O(λ3)

}
.

Expanding the first term, we get

P[K̂4] =

[
λ∂iK4Φ

i + λ2∂i(K4)3,jΦ
iDΦj +

λ2

2
∂i∂jK4Φ

iΦj

]

0

+O(λ3) , (B.44)

where [· · · ]0 denotes the pull-back on the world-volume at xi = 0 (obtained by setting

xi = 0 and dxi = 0), DΦj is a 1-form defined as

DΦj ≡ DµΦ
jdxµ = dΦj + i[A,Φj ] , (B.45)

and we have used the notation (B.41).

The trace of the second term in (B.44) can be rewritten as

[
λ2∂i(K4)3,j tr(Φ

iDΦj)
]
0

=
λ2

2

[
1

2
(∂i(K4)3,j + ∂j(K4)3,i)d tr(Φ

iΦj) + (∂i(K4)3,j − ∂j(K4)3,i) tr(Φ
iDΦj)

]

0

=
λ2

2

[
(∂id(K4)3,j tr(Φ

iΦj)− (F̃5)3,ij tr(Φ
iDΦj) + (total derivative)

]
0
. (B.46)

15In this section, we often omit the symbol “∧” in the products of differential forms.
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Using this equation and the identities

[∂iK4]0 = [(F̃5)4,i]0 ,

[∂id(K4)3,j + ∂i∂jK4]0 = [∂i(dK4)4,j ]0 = [∂i(F̃5)4,j + (F̃3)2,j(H3)2,i]0 , (B.47)

which are valid under the assumptions (3.1), we obtain

∫
Str P[K̂4] =

∫
tr

{
λ(F̃5)4,iΦ

i +
λ2

2

(
∂i(F̃5)4,j+(F̃3)2,j(H3)2,i

)
ΦiΦj−λ2

2
(F̃5)3,ijΦ

iDΦj

}
.

(B.48)

The second and third terms in (B.43) are rewritten by using

tr{iP[ıΦıΦ∂iK6]Φ
i} = − i

2
[∂i(K6)4,jk]0 tr{[Φj ,Φk]Φi} = − i

3!
[(F̃7)4,ijk]0 tr{[Φj ,Φk]Φi} ,

(B.49)

P[∂iK2]Φ
iF2 = [(F̃3)2,i]0Φ

iF , (B.50)

respectively.

Plugging these results in (B.43), the CS-term becomes

SCS
D3 = µ3λ

2

∫
tr

{
λ−1(F̃5)4,iΦ

i +
1

2

(
∂i(F̃5)4,j + (F̃3)2,j(H3)2,i

)
ΦiΦj − 1

2
(F̃5)3,ijΦ

iDΦj

− i

3!
(F̃7)4,ijkΦ

i[Φj ,Φk] + (F̃3)2,iΦ
iF +

1

2
C0F

2

}
. (B.51)

It can also be written as

SCS
D3 = µ3λ

2

∫
d4x

√−g tr

{
1

2
(∗4F̃3)

µν
i ΦiFµν −

i

3!
(∗6F̃3)ijkΦ

i[Φj ,Φk]

− 1

2
(∗4F̃5)

µ
ijΦ

iDµΦ
j +

1

8
C0FµνFρσǫ

µνρσ − λ−2VCS(Φ)

}
, (B.52)

where the potential VCS(Φ) is

VCS(Φ) ≡ −λ(∗4F̃5)iΦ
i − λ2

2

(
∂i(∗4F̃5)j +

1

2
(∗4F̃3)

µν
j (H3)µνi

)
ΦiΦj (B.53)

and we have defined

(∗4F̃3)
µν
i ≡ 1

2
ǫρσµνF̃iρσ , (∗6F̃3)ijk ≡ 1

3!
ǫlmnijkF̃

lmn ,

(∗4F̃5)
µ
ij ≡

1

3!
ǫνρσµF̃νρσij , (∗4F̃5)i ≡

1

4!
ǫµνρσF̃µνρσi , (B.54)

and used the relation

F̃7 = − ∗ F̃3 . (B.55)
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B.2.3 Bosonic part

Summing (B.37) and (B.52), we obtain

Sboson
D3 =

T3λ
2

2

∫
d4x

√−g tr

(
− e−φ

2
gµνgρσFµρFνσ ± C0

4
ǫµνρσFµνFρσ

− e−φgµνgijDµΦ
iDνΦ

j +
e−φ

2
gii′gjj′ [Φ

i,Φj ][Φi′ ,Φj′ ]− 2V (Φ)

± (GR
±)

µν
i ΦiFµν ∓

i

3
(GR

±)ijkΦ
i[Φj ,Φk]∓ (∗4F̃5)

µ
ijΦ

iDµΦ
j

)
, (B.56)

where we have set

µ3 = ±T3 (B.57)

for D3-branes and D3-branes, respectively, and defined

G3 ≡ F3 + (C0 + ie−φ)H3 = F̃3 + ie−φH3 , (B.58)

(GR
±)

µν
i ≡ Re((∗4G3)

µν
i ± iG µν

i ) = (∗4F̃3)
µν
i ∓ e−φH µν

i , (B.59)

(GR
±)ijk ≡ Re((∗6G3)ijk ± iGijk) = (∗6F̃3)ijk ∓ e−φHijk , (B.60)

and

V (Φ) ≡ λ−2(VDBI(Φ)± VCS(Φ)) . (B.61)

B.2.4 Fermionic part

Let us consider the fermionic action (B.13) for a D3-brane. To make the kinetic term of

the fermions O(λ0), we rescale the fermion as

ψ = λΨ . (B.62)

Since we are interested in the terms that survive in the ls → 0 limit, we can set Mµν = gµν

and Γ̆−1
D3 = −Γ

(0)
D3 = Γ(4) where

Γ(4) ≡ Γ0̂Γ1̂Γ2̂Γ3̂ . (B.63)

Inserting (B.15)–(B.18) into the action (B.13) we obtain

Sfermi
D3 =

T3λ
2

2

∫
d4x

√−g e−φ iΨ

[
Γµ∇µ +

1

4 · 2!HµIJΓ
µIJ − 1

4 · 3!HIJKΓIJK

∓ eφΓ(4)

(
1

8
Γµ

(
−FIΓ

I +
1

3!
F̃IJKΓIJK − 1

2 · 5! F̃IJKLΓ
IJKL

)
Γµ

− 1

2
FIΓ

I +
1

4 · 3! F̃IJKΓIJK

)]
Ψ , (B.64)

where ∇µ is

∇µΨ ≡ ∂µΨ+
1

4
ω Î Ĵ
µ ΓÎ ĴΨ . (B.65)
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Again, the upper (lower) signs correspond to the case of D3- (D3-) branes. Note that the

first term in (B.17) does not contribute, because Γ0ΓI is a symmetric matrix. In general,

one can show

ΨΓI1...InΨ = 0 for n 6= 3 (mod 4) . (B.66)

Using this fact and the identities:

Γµ(FIΓ
I)Γµ =− 2FµΓ

µ − 4FiΓ
i , (B.67)

Γµ(F̃IJKΓIJK)Γµ = 2F̃µνρΓ
µνρ − 6F̃µjkΓ

µjk − 4F̃ijkΓ
ijk , (B.68)

Γµ(F̃IJKLMΓIJKLM )Γµ = 20F̃µνρσmΓµνρσm + 20F̃µνρlmΓµνρlm

− 10F̃µjklmΓµjklm − 4F̃ijklmΓijklm , (B.69)

we obtain

Sfermi
D3 =

T3λ
2

2

∫
d4x

√−g e−φ iΨ

[
Γµ∇µ +

1

4 · 3!(3HiµνΓ
iµν −HijkΓ

ijk)

∓ eφΓ(4)

(
− 1

4
FµΓ

µ +
1

4 · 3!(3F̃iµνΓ
iµν − F̃ijkΓ

ijk)

− 1

3! · 25 (2F̃µνρijΓ
µνρij − F̃µijklΓ

µijkl)

)]
Ψ . (B.70)

Furthermore, using the following identities

Γ(4)Γµ =
1

3!
ǫµνρσΓνρσ , Γ(4)Γµν =

1

2
ǫµνρσΓρσ , Γ(4)Γµνρ = −ǫµνρσΓσ ,

Γ(4)Γijk =
1

3!
ǫijklmnΓlmnΓ

(10) , Γ(4)Γijkl = −1

2
ǫijklmnΓmnΓ

(10) , (B.71)

together with the chirality condition (2.1) and the relation

(∗4F̃5)µij = (∗6F̃5)µij , (B.72)

that follows from the self-duality condition (A.5), the action can be rewritten as

Sfermi
D3 =

T3λ
2

2

∫
d4x

√−g e−φ iΨ

[
Γµ∇µ +

1

4 · 3!(3HiµνΓ
iµν −HijkΓ

ijk)

∓ eφ
(
− 1

4 · 3!(∗4F1)µνρΓ
µνρ +

1

4 · 3!
(
3(∗4F̃3)iµνΓ

iµν − (∗6F̃3)ijkΓ
ijk
)

+
1

8
(∗4F̃5)µijΓ

µij

)]
Ψ , (B.73)

where we have used the notation (B.54) and defined

(∗4F1)νρσ ≡ ǫµνρσF
µ = ǫµνρσ∂µC0 . (B.74)

For the non-Abelian case, the covariant derivative ∇µ should be replaced with

Γµ∇µΨ → ΓµDµΨ+ iΓk[Φ
k,Ψ] +

1

4
ωµîĵΓ

µîĵ , (B.75)

where DµΨ is defined in (2.6) and we have assumed gµi = 0 and ωµν̂î = −ωµîν̂ = 0.
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Then, our final expression for the fermionic part of the action is

Sfermi
D3 =

T3λ
2

2

∫
d4x

√−g e−φ tr

{
i(ΨΓµDµΨ+ΨΓki[Φ

k,Ψ])− iΨ

(
M± − 1

4
ωµîĵΓ

µîĵ

)
Ψ

}

(B.76)

with

M± ≡ ∓ eφ

8

(
1

3
(∗4F1)µνρΓ

µνρ − (GR
±)iµνΓ

iµν +
1

3
(GR

±)ijkΓ
ijk − (∗4F̃5)µijΓ

µij

)
, (B.77)

where (GR
±)iµν and (GR

±)ijk are defined in (B.59) and (B.60), respectively.
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