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1 Introduction

In this paper we explore a new connection between S-duality and pure Chern-Simons the-
ory. In the context of S-duality, Chern-Simons theory has already appeared in the work
of Gaiotto and Witten [1] on the action of S-duality on boundary conditions. Gaiotto and
Witten studied four dimensional N' = 4 U(n) Super Yang-Mills theory (SYM) formulated
on a manifold with a boundary. They allowed additional degrees of freedom to be localized
on the boundary and to couple to the bulk A/ = 4 SYM fields, thereby generating a rich
class of possibilities for boundary conditions, generalizing the standard Dirichlet and Neu-
mann ones [2]. Chern-Simons couplings (either involving the bulk gauge fields or boundary
gauge fields) are an optional additional ingredient that was included in their discussion,
and S-duality can generate such couplings.

In this paper we will also study N/ = 4 SYM with a novel type of boundary conditions,
but these will be periodic boundary conditions that involve S-duality at the outset. We
formulate A" =4 U(n) SYM on S! x R%! but include an S-duality and R-symmetry twist
along S'. The S-duality twist is the novel feature, which is allowed for the special value
7 = 1 of the coupling constant
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(7 = i is the only value invariant under 7 — —1/7.) The S-duality twist is inspired by
similar exotic twists that have appeared in different contexts before [3-8]. (The authors
of [9] coined the term monodrofolds for such twists.)

We are interested in the low-energy limit of this setting, as the S! shrinks to zero. In
this limit, roughly speaking, all that’s left is the S-duality and R-symmetry twists. For
example, in Euclidean signature (replacing R*»! — R3) we can think of the S! direction as
Euclidean time and define correlation functions of operators O1, 0o, ..., in the theory as

(0105--+) = tr((—l)Fgﬁe_%RHOK)Q ),

where S is the S-duality operator, R is the R-twist operator, H is the Hamiltonian of
N =4 SYM, 27R is the circumference of S, and F' is the fermion number [and (—1)F
is a central element of the R-symmetry group SU(4)].! In the limit R — 0 (with an ap-
propriate treatment of zero-modes as will be discussed later), tr((—1)F SRO; 0y ---) is all
that remains, and the theory probes the S-duality operator through (—1)% SR. This is the
main reason why we are interested in this problem.

Since abelian S-duality is completely understood (see, e.g., [10]), the solution of our
problem for U(1) gauge group is straightforward. As we explain in section 5, the resulting
low-energy description is a pure Chern-Simons theory with gauge group U(1) at level k = 2.
(We can get other levels, k = 1,3, if we replace the S-duality twist that realizes 7 — —1/7
with other elements g of the duality group SL(2,7Z) for which a self-dual coupling constant
exists.) The question that we would like to raise at this point is: how does this statement
generalize to nonabelian gauge groups?

Given the results for U(1) gauge group, a naive conjecture would suggest that the low-
energy theory is the nonabelian Chern-Simons theory at the same level as in the abelian
case [11]. We find, however, that the nonabelian theories present a somewhat richer picture
than their abelian counterparts.

The main tool that we will use in this paper is a weakly coupled type-IIA dual of the
problem. To arrive at this dual, we start with type-IIB string theory, where N' = 4 U(n)
SYM is naturally realized as the low-energy description of coincident D3-branes [12], and
S-duality of the gauge theory descends from S-duality of the full string theory. The latter
can be realized as a geometrical symmetry in a dual string theory [13, 14]. In order to
utilize this geometrical description of S-duality, we compactify the theory on T2 (replacing
R*! — T2 x R) and look for the ground states. Realizing the theory on n D3-branes in
type-1IB string theory, we can map the theory to a type-IIA setting where the question
of identifying the ground states reduces to an easily solvable geometrical problem. With
sufficient supersymmetry, the solution of the geometrical problem after duality also solves
our original problem. This allows us to calculate the Witten Index and analyze the space
of ground states and its symmetries in terms of the type-IIA dual background.

Based on this analysis, we argue that (for low enough rank of the gauge group) the
Hilbert space of ground states decomposes into a direct sum of Hilbert spaces of Chern-
Simons theories with appropriate gauge groups and levels. In particular, there exists a

!'We are grateful to E. Witten for pointing out the missing (—1)¥ in a previous version.



distinguished sector (which we call the [o]-untwisted sector) that is equivalent to the Hilbert
space of nonabelian Chern-Simons theory with gauge group U(n) and level (2n,2), where
2n refers to the U(1) center, and 2 refers to SU(n). By “equivalent Hilbert spaces” we
mean that their symmetry operators and their behavior under modular transformations of
T? match. Our results then suggest that in the decompactification limit 72 x R — R%!
the Hilbert space of the low-energy theory decomposes into different superselection sectors,
each described by an appropriate Chern-Simons theory. We were also able to extend much
of this picture to the compactifications with twists by other elements g of the duality group
SL(2,Z), except for a certain problematic issue that arises for n > 4 and remains unresolved.

The paper is organized as follows. In section 2 we explain the problem in detail.
We discuss the S-duality twist, the various other SL(2,7Z) elements that can be used to
construct twists, the R-symmetry twist, the amount of supersymmetry that is preserved,
elimination of zero-modes, and restrictions on the rank n of the gauge group U(n).

In section 3 we compactify the theory on 72 and find the weakly coupled type-IIA dual.
We describe in detail the U-duality element that maps the problem to a geometrical one,
and discuss various conserved quantum numbers that can be defined in the geometrical
setting.

In section 4, we study as a warm-up exercise a simpler problem of compactification
with charge-conjugation twist (C-twist). This serves as an illustration of ideas developed in
previous sections as well as methods that we will employ in later sections when we attack
our main problem, the S-duality twist.

In section 5 we solve the problem for U(1) gauge group explicitly, and calculate the
level k of the low-energy (pure) Chern-Simons theory. We then compactify on 7?2 and
compare the Hilbert space of ground states of abelian Chern-Simons theory to the Hilbert
space of ground states of the type-IIA dual. We identify the type-IIA dual of Wilson loop
operators as well as other symmetries of the ground states.

In section 6 we study the ground states of the nonabelian problem [with U(n) gauge
group] on T2, using the type-IIA dual theory. We show that the Hilbert space of ground
states decomposes into a direct sum of Hilbert spaces, which in most cases we are able
to identify as the Hilbert spaces of Chern-Simons theory with appropriate gauge groups
[subgroups of U(n)] and appropriate Chern-Simons levels.

In section 7 we take another look at our problem in terms of the (2,0) theory. We
argue that the solution can be constructed from ingredients that recently appeared in the
work of Gaiotto and Witten [1] in connection with the low-energy description of D3-branes
that end on (p, q) 5-branes. We show how to recover the U(1) result from these ingredients.

We conclude with a discussion of the results and open problems in section 8.

2 The problem

We wish to learn new facts about the SL(2,Z) S-duality of N' = 4 super Yang-Mills
theory by studying a circle compactification of the theory with unconventional boundary
conditions as follows. Realizing the circle as the segment [0,27R]| with endpoints 0 and
21 R identified, we require the configuration at 2w R to be an S-dual of the configuration at



0. We will refer to this kind of boundary conditions as an S-twist. To be specific, we need to
pick an element g € SL(2,7Z), and we need the coupling constant to be invariant under g.
There are only a small number of possibilities of this kind, which we will list in section 2.2.

The S-twist would be easy to describe if we knew a formulation of N/ = 4 super Yang-
Mills theory for which S-duality is manifest. Nevertheless, it is not hard to argue that the
S-twist is consistent. For example, in Euclidean signature we can take the direction of the
circle to be Euclidean time, and the S-twist then corresponds to an insertion of the operator
corresponding to g on the Hilbert space of states, thus obtaining tr((—1)Fge=2"H ...,
where H is the Hamiltonian, (---) represents additional insertions of local operators if
desired, and by a slight abuse of notation we used the same g to denote the action of g on
the Hilbert space at the self-dual coupling constant. In section 3 we bring more evidence for
the consistency of the S-twist: we present a string-theoretic construction with an S-twist,
and show that it is dual to a conventional type-ITA string compactification.

In order to preserve some amount of supersymmetry, we also need to pick an appropri-
ate nontrivial element 7 of the R-symmetry group and identify the configuration at 27 R
with the v-transformed g-dual of the configuration at 0. For a suitable choice of v we can
preserve 12 supersymmetry generators, which corresponds to A/ = 6 in three dimensions.

Our problem is to find the effective three-dimensional low-energy description of the
theory in the limit R — 0. We propose that for a sufficiently low rank n (how low depends
on g), the requisite three-dimensional field theory is topological, and in the next sections
we will study it in special cases.

The rest of this section provides more details on the construction above. In section 2.1
we introduce the notation for the rest of this paper; in section 2.2 we discuss the various
choices for g (there are only three) and the corresponding self-dual coupling constants. In
section 2.3 we discuss the associated R-symmetry twist +; and in section 2.4 we introduce
restrictions on the rank n of the gauge group that are necessary to eliminate unwanted
low-energy moduli. These details are a condensed version of the discussion that can be
found in [11].

2.1 N =4 super Yang-Mills: notation

Our starting point is four-dimensional N’ = 4 super Yang-Mills theory with gauge group
U(n).
We denote the complex coupling constant by

473 0
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It transforms under an element

(Z‘ 2) € SL(2,Z) (2.1)

as




Our notation for the fields of U(n) NV = 4 super Yang-Mills theory is summarized below:

A, gauge field w=0,...,3,
®!  adjoint-valued scalars I=1,...,6,
¢ adjoint-valued spinors a=1,....,4and o = 1,2,
Ead complex conjugate spinors a=1,...,4and & =1, 2,
Qae  SUSY generators a=1,....,.4and a = 1,2,
@Z complex conjugate generators a =1,...,4 and & = 1, 2.

We also define the complex combinations of scalar fields
Z) = &) 4 i@3t j=1,2,3. (2.2)
The S* on which we compactify is in direction 3.

2.2 S-duality twist

b
To define the S-duality twist we need a pair (g, 7) comprising of an element g = (a d) €
c

SL(2,7Z) and a self-dual coupling constant 7, satisfying

ar +b
— . 2.3
’ ct+d (2:3)

Assuming c # 0, (2.3) is equivalent to the quadratic equation c72+(d—a)7T—b = 0, and if it
has solutions away from the real axis, they must satisfy |7|> = —b/c and 7+7 = (a—d)/c,
which implies that |cr + d|? = 1. We can therefore set

cr+d=¢" (2.4)

for some real phase v. It follows that cosv = d + ¢(r +7)/2 = (a+ d)/2 can only take
the values 0 or +1/2, and so v is one of :I:%w, :t%ﬂ', :t%ﬂ'. Furthermore, it is easy to check
that the eigenvalues of g are e®™
possibilities r = 3,4, 6. Thus,

, and thus g has finite order, which can be of the three

27
= —. 2.5
o) =2 (2.5)
Up to conjugation [g — galggo for some gg € SL(2,Z)] and inversion (g — g~'), we
are left with the following three choices for (g, 7):

0 -1

l. T=iandg=g =
Tzangg<10

) of order r =4 (v = 3m);

2. 1= andg=g"= (i _(1)> € SL(2,Z) of order r = 6 (v = i7);

3. 1= andg=—g' ! = <(1) _1> € SL(2,Z) of order r = 3 (v = 7).



All other possible g’s are SL(2,7Z)-conjugate to those in the list, or their inverses (which,
as we will see, give theories that are physically equivalent after a parity transformation).
We recall [15] that g acts nontrivially on the supercharges

ct+d

1

T2 v

T aa =€ 2 Qg - 2.
) Q= ta (26)

g:Qaa_’<

In order to get a supersymmetric theory, we therefore need to supplement the S-twist with
an R-symmetry twist so that the phase in (2.6) is cancelled.

2.3 R-symmetry twist

An R-symmetry twist modifies the periodic boundary conditions by introducing additional
phases for R-charged fields. It is a useful tool to eliminate unwanted zero modes while
preserving some amount of supersymmetry (see for instance [16-18]). In our context it
also allows us to restore some of the supersymmetry that was lost by the S-twist.
We pick a basis of the R-symmetry group SU(4) so that a diagonal element
el
eie2

N = i € SU4)r, (Z 0o = 0) : (2.7)

P
acts on the fermionic fields from section 2.1 as
() = ey, VWas) = € Py a

and on the bosonic fields as

1,....4,

YA = Ay, A2 =eitezi o j=1,2,3.

A ~-twist, on its own, modifies the boundary conditions to

V&(xg, x1, T2, 23 + 27 R) = P ATIY (20, 21, 0, 23)A (2.8)
Z3(z0, 21,22, 3 + 27R) = " CITPINTL 20 (20, w1, 29, w3) A, (2.9)
AM(.%'(), x1,T2,T3 + 27TR) = A_lAM(.%'o, x1,x2,x3)\ + A_lauA , (2.10)

where A is an arbitrary gauge transformation. We combine the R-symmetry twist by v
with the S-twist from section 2.2 to get an S-R-twist. It can be formally defined by switch-
ing to Euclidean signature, considering the direction x3 as FEuclidean time, and defining
correlation functions of operators, similarly to the discussion at the top of section 2, by
tr((—1)Fyge2mRH ... ) where F is the fermion number, H is the Hamiltonian, (- - - ) repre-
sents insertions of local operators if desired, and ~ is the R-symmetry operator (in a slight
abuse of notation we here denote the representation of v on the Hilbert space by the same
letter).
Combining v with (2.6), we find the action of yg on the supercharges:

'Yg(Qaa) - ei(wa_%)Qaa .



Therefore, to preserve N/ = 2 supersymmetry in three-dimensions, for example, we need
to set one of the ¢,, say @1, to %v. The maximal amount of supersymmetry that we can
preserve is N' = 6 with

€ SU4)R. (2.11)

We will work with that choice of v from now on.

2.4 Low-energy limit

Our goal is to study the low-energy description of the compactification of N'=4 U(n) SYM
on S with a combination of S-duality twisted boundary conditions as in section 2.2 and R-
symmetry twisted boundary conditions as in section 2.3. With the choice of v as in (2.11),
the theory has N/ = 6 supersymmetry in 2+1D. In this paper we further wish to restrict
the parameters so as to get a topological QFT in 2+1D, for which the supersymmetry is
realized trivially — all generators are identically zero at low-energy (which is only possible
for a topological theory for which the momentum and Hamiltonian are also zero).

This restriction requires that no massless propagating fields shall survive at low en-
ergy. For a U(1) gauge group we will see in section 5 that the low-energy limit is U(1)
Chern-Simons theory, and indeed no low-energy propagating degrees of freedom survive;
the mass gap of our setting is of the order of the Kaluza-Klein scale 1/R. However, in the
nonabelian case, n > 1, the S-duality twist is poorly understood, and it is less clear whether
our setting has a mass gap or not. In fact, we will argue in section 6 that in general our
S compactification has several discrete choices leading to separate superselection sectors,
each defining a different low-energy limit. Some superselection sectors come with a mass
gap, while others do not.

In this section, however, we will introduce a necessary requirement — that no non-
compact moduli survive the compactification to 2+1D. This requirement seems sufficient
to ensure that the additional compactification on 72 (to 0+1D), which we will study later
on, leads to a discrete spectrum. So, we must start by eliminating the potential zero modes
arising from the dimensional reduction of the scalar fields.

To see what that entails, let us attempt to construct a massless degree of freedom by
starting at a generic point on the Coulomb branch of N' = 4 SYM in 3+1D, where the gauge
group is broken to U(1)™. The 341D low energy physics is described by n free N' = 4 vector
multiplets, and the residual gauge symmetry is the permutation group .S, that permutes
the n vector multiplets. If the energy scale at which the U(n) gauge symmetry is broken
(which is determined by the differences between the VEVs of the scalar components of the
vector multiplets) is much larger than the compactification scale 1/R, we can approximate
the low-energy theory by simply compactifying the n free vector multiplets on S with the
R-symmetry and S-duality twists.

Compactification of a single vector multiplet with R-symmetry and S-duality twists
leaves no massless fields in 24+1D. To see this, consider the gauge field and the scalars and



fermions separately. Only the S-twist affects the gauge field, and only the R-twist affects the
scalars and fermions. The gauge fields will, at best, give rise to compact moduli, but for a
single vector multiplet they do not produce any moduli at all. This is because for a massless
mode to exist in three dimensions, we need a solution? where the electric and magnetic fields
E;, B; (both three-dimensional vectors with i = 1,2, 3) are independent of x5 and satisfy

(5)- () =

as required by the S-twist. But since g = has nontrivial eigenvalues e, there is

ab
cd
no nonzero solution to (2.12), and no massless fields arise from the gauge fields. For scalar
zero modes we would look for solutions to [see (2.9) and (2.11)]:

71 = eilested gi = e=ivgi - j=123, (2.13)

which has no nonzero solutions. Similarly, there are no fermion zero modes, which of course
follows from supersymmetry. So, a single vector multiplet compactified with an S-R-twist
does not have any low-energy propagating degrees of freedom.

However, as we shall now see, for n > r (where r was defined in (2.5) as 27 /v) we do get
massless propagating degrees of freedom. To see this, note that the boundary conditions
in (2.8)—(2.10) have an optional U(n) gauge transformation A. Once the gauge group is
broken as U(n) — U(1)", we are only allowed to take A in the normalizer of U(1)" in U(n),
which is the permutation group S,,. We thus identify A with some permutation o € S,, and
modify the conditions for zero modes (2.12)—(2.13) to

Jor ab) (EY ,
<Ba(l)) = cd B(l) s Z:1,...,3, lzl,...,n, (214)

2300 — = gil =13, 1=1,...,n, (2.15)

—~

ST

and

where the superscript [ corresponds to the [th U(1) factor in U(1)™ and the permutation
o maps {1,2,...,n} to {o(1),0(2),...,0(n)}. Equations (2.14)-(2.15) have nonzero solu-
tions if and only if ¢ has a cycle of length divisible by r, and such a o € 5, exists if and
only if n > r.

At the end of section 2.2 we listed various possible values of g and r. The corresponding
restrictions on the rank n of the gauge group are therefore: n < 2 for the case with r = 3;
n <3 forr =4; and n <5 for r = 6. For these cases there are no obvious zero modes, and
we are going to assume that the low-energy theory has no noncompact moduli for n < r.

*We will study in greater detail the resulting low-energy limit later in section 5, but for the purposes of
the discussion in this section it suffices to look for classical solutions.



Type | Brane | 1 2 3 4 5 6 7 8 9 10| Apply:

11IB D3 - - + x | T-duality on 1.

ITA D2 - = x | Lift to M-theory.

M M2 - + Reduction to ITA on 2.
ITA | F1 X =

Table 1. The sequence of dualities from n D3-branes in type-I1IB to n fundamental strings in type-
ITA. A direction that the corresponding brane or string wraps with periodic boundary conditions is
represented by —, a direction that the object wraps with twisted boundary conditions is represented
by +, and a dimension that doesn’t exist in the particular string theory is represented by x. All
the branes in the table are at the origin of directions 4, ..., 9.

3 Type-ITA dual

The setting of section 2 has a string-theoretic realization in terms of D3-branes of type-I11B
string theory. We start with the background R%! with Cartesian coordinates o, ..., zg,
and place n D3-branes at x4y = x5 = --- = ©g = 0. The type-1IB coupling constant is de-

i
gus’
The S-duality transformation g of section 2.2 then lifts to an S-duality transformation of

noted by 7 = x + where gyip is the string coupling constant, and y is the R-R scalar.
the full type-1IB string theory (that we also denote by g), and the R-symmetry rotation -y
of section 2.3 lifts to a geometrical rotation in the 6 directions transverse to the D3-branes.
We will now transform this background, using string dualities, to one where S-duality is
realized geometrically.

We first compactify the zs-direction on a circle of radius 27 R with boundary conditions
given by a simultaneous S-duality twist g and a v € Spin(6) geometrical twist in directions
Z4,...,T9, where 7 is given by (2.11) in terms of v, and v by (2.4). This means that
as we traverse the xg circle once, we also apply a v € Spin(6) rotation in the transverse
directions before gluing x5 = 0 to x3 = 27 R, similarly to the discussion in section 2.3. We
then compactify directions x1, zs, so that 0 < x1 < 2wy and 0 < x9 < 27w L4 are periodic.
This puts the 241D field theory on T? with area 472L; Lo and complex structure iLs /L.

Now we can study different limits of the parameters Ly, Lo, R. First, to reproduce the
field-theory problem of section 2 we need to take the limit

Ll, LQ, R> 0/1/2 s (31)

where o/*/? is the type-1IB string scale. In the limit (3.1), we can first reduce the descrip-
tion of the D3-branes to N’ = 4 U(n) SYM at low energy, and then compactify N' = 4
SYM with an S-duality and R-symmetry twist.

We now consider the opposite limit Ly, Ly — 0 with R — oo (in the order to be
specified below). In this limit, the type-IIB description is strongly-coupled, but we will
perform a U-duality transformation, in a series of steps described below and summarized
in table 1, to transform the setting to a weakly coupled type-IIA background. This will
also allow us to easily study the ground states of the field theory.



Type-11B Type-1TA

T? is in directions 1,2 (Dual) T2 is in directions 1,10

n D3-branes (directions 1,2, 3) n Fl-strings (direction 3)

SL(2,Z) diffeomorphisms of T2 SL(2,7) T-duality group of (dual) T2
Momentum P; D2-brane (wrapping directions 1, 10) charge
Momentum P DO-brane charge

String winding in direction 1 Momentum P;

String winding in direction 2 String winding in direction 10
D1 winding in direction 1 Momentum Pjq
D1 winding in direction 2 String winding in direction 1

Table 2. Mapping between the quantum numbers and other notions on the type-IIB side to those
on the type-ITA side.

The U-duality transformation proceeds as follows. We first replace type-1IB on
a circle of radius L; with M-theory on T2 with complex structure 7 and area A =
(ZW)QQ’QTglsz = (27?)2Mp_3Lfl, where M, is the 11-dimensional Planck scale. We now
reduce from M-theory to type-IIA on the circle of radius Ly to get a theory with string
coupling constant
g = (VL) = 7P L 23

and new string scale
/ —37—1 12_—1p—17—1
QTIA — Mp L2 = Ty Ll L2 .

After these dualities, the D3-branes become fundamental type-ITA strings with a total
winding number n in the z3 direction. The S-duality twist g is now a diffeomorphism of
the type-IIA T?, which can be realized as a rotation by an angle v. To make this type-IIA
background weakly coupled, we assume that the limits are taken in such a way that

1/2
A > a'fia, g < 1, R> O/H/A' (3.2)

This is a different limit than (3.1), but we can use the weakly coupled type-IIA background
to study the Hilbert space of (supersymmetric) ground states. Since the type-IIA setting
is described by n fundamental strings on a weakly coupled background, the question of
the Hilbert space of ground states reduces to a simple calculation in string theory. For
quick reference, we have summarized in table 2 the dual type-IIA description of various

charges of the original type-I11B setting.

3.1 The dual geometry

After the series of dualities summarized in table 1, we end-up with a type-IIA string theory
that we will now describe in detail. The 941D geometry is flat and free of singularities,
and the spatial part is a free orbifold of RY. It is convenient to divide the 9 directions in
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three groups and describe the geometry as an orbifold of T2 x R x C3. We regard the T2
as the complex plane modded out by a lattice, C/(Z + 77Z), and take

z~z+1l~z+T
as its coordinate. On R, the coordinate takes
—00 < x3 < 00,
and on C3 ~ RS, we take the coordinates to be

(<15C2,<3), C1,<2,<3€C.

The orbifold is then represented by the identification

(z,23,(1,Co,C3) ~ (€2, 23 + 2T R, €V (1, € (o, € C3) - (3.3)

Note that, because of the shift x5 — x3 4+ 27 R, the orbifold has no fixed points, and the
geometry is smooth. From now until the rest of this section, (3.3) will be our background.

It is also convenient to give a separate name for the (1 = (o = (3 = 0 subspace. We
will denote this smooth, flat, and compact 3-dimensional manifold by W. It is represented

by the coordinates (z,z3) with identifications
W (z,23) ~ (2 + 7, 23) ~ (2 4+ 1,23) ~ ("2, 23 + 2TR) . (3.4)
This manifold is a T2-fibration over S' with structure group Z,.

3.2 Ground states

The states that are relevant to our problem are those with a total string winding number n
along direction x3. A state with string winding number n is a p-particle (that is, p-string)
state comprising of 1-particle states of winding numbers n; > ng > --- > n, > 0 with
n1+na+---+mn, = n. Thus, the Hilbert space of ground states decomposes as a direct sum:

H(n,v) = &y Hin,.ny) (V) (3.5)

ni>ng>--->np>0

ni+nz+---+np=n
We can recast the partition n = nj+---4n, as a conjugacy class [o] of a permutation
o € Sy, so that when o is decomposed into cycles the integers nq,...,n, denote the lengths
of the cycles. So, for example n =1+ 14 .-+ 1 (i.e., p = n) corresponds to the identity

permutation o = 1. We therefore set

H(n,v) =P Hp W), (€S, (3.6)
o]

We will refer to Hyyj as the [o]-untwisted sector, and to H|s with o # 1 as the [o]-twisted
sectors.

Understanding the multi-particle Hilbert spaces H[O](v) requires analysis of the
single-particle states of which the multi-particle states are constructed, so let us first
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discuss the single-particle string states. The problem of superstring quantization in the
flat background (3.3) was studied in detail in [19].3 In the RNS formalism, in the sector
with winding number 7 in direction x3, the mode expansion of worldsheet fields contains
modes shifted from the standard integer or half-integer values by +(n/r). This is fractional
if nn is not divisible by r.

For the purposes of the present paper, we do not need the details of the worldsheet
quantization or the full string spectrum — we only need the ground states. It turns out
that (for n # 0) the ground states are bosonic and in the R-R sector. In fact, the problem
of finding the ground states can be solved using essentially classical geometry: we simply
need to find classical string configurations of minimal length. For 7 that is not divisible
by r, there is a basis of ground states that are in one-to-one correspondence with loops of
minimal length and winding number 7 in the geometry (3.3). In the limit o/ — 0, these
states reduce to the classical string configurations, but even for finite o/ these classical
string configurations are the minima of the worldsheet energy, and fluctuations around
these classical configurations correspond to massive worldsheet modes, and there is a
single ground state for each classical configuration.

To describe the classical configurations, we can fix an x3 coordinate and specify the
points where the classical string intersects the transverse coordinates 72 x C? in the geome-
try (3.3). At winding number 7, the string intersects T2 x C3 at 7 (not necessarily distinct)
points, and in order to be of minimal length the coordinates of these points should be in-
dependent of x3. The classical configurations are thus characterized by a set of n points in
T? x C3 that is invariant, as a set, under the orbifold operation

(2,C1, G2, C3) ~ (€"2,€™C1, € (o, € C3) .

For n that is not divisible by r, there is a finite number of such sets, and they are all
localized at the origin of C3, i.e., {; = (o = (3 = 0. They are therefore entirely described by

the z-coordinates of where the string intersects T2: z,e™z, €%, ... , el

, since as we go
once around the z3 direction the coordinate z switches to e®Vz. After @ loops, z becomes
€™z which, in order to close the loop, should be identified with z, up to a shift in Z + Zr.

The classical string configurations are then described by solutions z = (az, a7, of
"™ My = G, + Ma + My (3.7)

and we consider two solutions (pr, v, and Cpy g, as equivalent if they differ by a lattice
element, i.e., if (o — CMa’,Mb’ € Z + Zt. In addition, (ag,,nm, and e“Cu, v, give
equivalent solutions, since the intersection points of the string with 72 are unordered.
There is then only a finite number of inequivalent solutions to (3.7), and we will describe
them in detail at the end of this subsection. We conclude that the full single-particle
string spectrum (including excited states) decomposes into a finite sum of distinct sectors,
labeled by M,, M;, and the solution (as,, a,, which is a point on T2, describes the center
of mass of the string in the directions of T2.

3We are grateful to Aki Hashimoto for pointing out this reference.
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We will denote a single-particle ground state with winding number n by the location

of the intersection of the classical string configuration with any particular T2 fiber at a

constant xz. In other words, we denote a single-particle state corresponding to a solution
z of (3.7) by

[z,e7z, ..., e(ﬁ_l)wz]> , (3.8)

where z coordinates are always taken modulo the lattice Z + Z7. Multi-string states are
denoted by

(i1 —1)i

{[z1,€%21,... € Vo), [z2, €029, ..., eP2 TNV [2p, €% 2p, . - e(ﬁl’fl)wzp]}> ,

where z; is a solution (,, a,, of (3.7) with 7 — 7, and n = Y"1, is the total winding
number.

The number of inequivalent solutions of (3.7) for n = 1 will be denoted by k. It is a
function of v alone. As we will see below, in our three cases we get the following three values:

; 1 -1
k‘:lwhenr:(j,v:%,7—:@7”/3’g:< >;

1 0
0—1
k=2whenr=4,v=75, 7=4i, g:<1 O); (3.9)

k=3 when r = 3, v:%’r, T=¢"3 g = <(1) _1> .

As promised earlier, we conclude this subsection with a full description of the single-

particle ground states. For additional clarity, we found it convenient to use a pictorial

notation. We draw a fundamental cell of the lattice C/(Z + Z7) as a parallelogram and

explicitly mark the location of the solutions for z on it. We denote the solutions z by a

dot surrounded by a circle, and if a solution z appears with multiplicity m, we surround it
with m concentric circles. Below, we explicitly present all the solutions.

Single-particle states for v = 5 (7 = i and r = 4). For n = 1 we get two fixed

130 = o). ‘>=B+%i]>.

There are only two distinct solutions to (3.7), up to a lattice element in Z + Z7, which can

points:

be taken as (oo = 0 and (p,1 = % + %z Two solutions (s, and Cpy.7 py, are equivalent
if M, + M, = Ma/ + Mb, (mod 2)
For n = 2 we get three fixed points:
1 1, 1.1 1.
They are constructed from

1 1. 1 1. .
o0 =0, (1,025, C0,1=§1, C1,1=§+§Z, (mod Z + Zi).
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For n = 3 we get two fixed points:

&J) =00, 0, 0], |>=H%+%z%+%z%+%z}>

Single-particle states for v = § (7 = e™/3 and r = 6). For n = 1 we get a single

7Y =10}
>:H:%+%T,§+§T:|>.

&) =[5 3 3+37])-

fixed point:

For n = 2 we get two fixed points:

47)=0.0)

For n = 3 we also get two fixed points:

&) =0.0.0)

For n = 4 we again get two fixed points:

1 1 1 2 2 2 2
= [0, 0, 0, 0]) S e e TP R
‘éj> Il ‘@> H 37’3+3T’3+3T’3+3T]>

For n = 5 we get one fixed point:

|

Single-particle states for v = 2?“ (r = e™/3 and r = 3). For n =1 we get three

> =[0,0,0,0,0]) .

fixed points:

)=t |&)=[5+]) |5)=[lwl)

For n = 2 we also get three fixed points:

)=t |&)=|+5 505 [B)=[[+555])

The single-particle states are summarized in figure 1, and the complete basis of ground
states (i.e., including multi-particle states) is depicted in figure 2.

Notation for multi-particle states. The multi-particle states are states in the Fock

space of identical bosons. We denote multi-particle states by combining inside a single

ket the pictorial representations of the individual single-particle states which make up
s

the multi-particle state. For example, for v = § (7 =4 and r = 4) and n = 2 we get the

following 2-particle states:

805, |B8E), [kE)
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T T e e
n=4 @ n=>5 @
n=3 &

v=F\n=1 SN n=2 /S SR/

Figure 1. Single-particle ground states. Each ground state is depicted by the intersection of the
strings with the T2 fiber at a fixed 3. The string can intersect the fiber more than once at the same
point, and the number of small circles surrounding the intersection point represents the number of
times that the string intersects the fiber at that point.

In the middle state, the two particles occupy different single-particle states, while in the
leftmost and rightmost states the two particles occupy the same single-particle state.
Note that, by definition, the corresponding wavefunctions are symmetric, so for example:
0E)=E5)

Next, we will discuss symmetries of the string background. We will identify two Zj
symmetries, which act on the full spectrum, but in what follows we will only need their
action on ground states.

3.3 Z; momentum

The space W defined in (3.4) possesses an isometry

1 1
U:(z,23) — <z + PR x3> , (3.10)

where k is the number of ground states of the n = 1 problem, listed in (3.9). It is not hard
to check that the isometry is compatible with the structure group of the fibration since,
for all three cases k = 1,2, 3, the T2 point with coordinate z = %(1 +7) is a solution to the
fi = 1 version of (3.7), and so 1 (1 +7)e® and +(1 + 7) differ by an element of the lattice
Z + Z7. Thus, U defines an operator on the Hilbert space of states, and since U*¥ = 1 it
follows that the eigenvalues of U take the form e2™/¥ with j € Z;. We interpret this j as
a discrete Z; momentum.

The operator U takes single-particle states to single-particle states with the same
winding number 7, and its action on any ground state can be computed from its action on
the single-particle states. For future reference, we list the action explicitly below.
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Figure 2. The complete basis of ground states. A ground state in this basis comprises of one or
more single-particle states from figure 1. As in the previous figure, each ground state is depicted
by the intersection of the strings with the fiber at z3 = 0. Several different states could have the

same depiction (if they decompose as n = nj + - - - +n,, in different ways), and the numbers on top
of each cell indicate the multiplicity. N is the total number of states.

Action of U on single-particle states for v = Z (7 = ¢ and r = 4). In this case

2
k=2. For n =1, U acts as

or in pictorial notation,

Uy =1l ullel)=[).
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For n = 2, U acts as:

uuo,op:' [%+%z%+%z]> u‘ B %zbz‘ B ﬂ > u' [%+%z%+%z]>:|[00]>
)

Ugly=1el), ulel)=|gl1),  Ulel)=I[¢]).

For n = 3, U acts as:

1 1.1 1.1 1. 1 1.
UHO7O7O]>:‘|:§+527§+527§+52:|>7 U[§+§Z7

ugl)=1@), ul@)=|§l).

Action of U on single-particle states for v = 3 (7 = e™/3 and r = 6). In this
case k = 1 and U is the identity.

Action of U on single-particle states for v = 2?7’ (r = e™/% and r = 3). In this

VR R A o VA R R
7Y =147, u&d) =), u )=o),

For n = 2, U acts as:

case k = 3. For n =1, U acts as:

uio) =5 +37]).

u|[0,0]) il ln)
Ul +3m3+37) =|3+2n2+27)
U|[3 + 37,5 + 371) = [[0,0))

40)-1 ). d&)-|3). o))

Our problem has a second conserved Zj; quantum number. This one is defined by the
winding number of the string in the fiber direction. The winding number takes values in the
first homology group of the space, which in our case is homotopically equivalent to the space
W defined in (3.4). As we will check below, the first homology group is Hy (W, Z) ~ Z® Zj.
To see this, let us pick the origin (z = 0,23 = 0) as a marked point, and let us define
three elements of the fundamental group 71 (W) as the equivalence classes of the following
three loops:
n =t (z=0,z3 = 2wRt)]
ag, =[t— (z=1t,x3 =0)] 0<t<1. (3.11)

The loops that define a, oy run along the 72 fiber, while 7 is defined by a loop that runs
along the S! base. Note that the fundamental group (W) is generated by 7, aq, o with
the relations

—1 b —1 d
Qa0 = a0l , N g = atap” N apn = agop
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where a,b,c,d are the elements of the SL(2,Z) matrix g defined in section 2.2. The
homology group H;(W,Z) is homeomorphic to the abelianization of w1 (W). The abelian-
ization of 71 (W) ignores the order of operators in the relations, and so we get an abelian
group generated by 77 and @,, @, with the relations (over the ring 7Z)

a, = a,2aP, ap, = a, .

Since it is more appropriate to denote the group operation in Hy (W, Z) by a sum instead
of a product, we switch notation from 7, @,, @, to o, B4, . The result is that Hy(W,Z) is
generated by o, B,, By, with the relations

Ba = af, +bby, By = cfBq +dfy.

It is useful at this point to separate the cases:

0—-1
eforT=i,v=75,g=g¢g = 1 0o , we have kK = 2 and B, = —0, = —[f4, so

H{(W) =7 @ Zy, generated by ¢ € Z and (3, € Zs.

s /A 1-1
v=1%5,g=g = 10,wehavek:1andﬁb:ﬁaand
Ba = Pa— Py 80 Ba = Pp =0, and Hy(W) = Z, generated by o.

e For 7 = ¢™/3,

. —1
e For 7 = ¢™/3, y = %’T,g: —g/' 1 = (1) L) e have k = 3 and 3, = — 3, and
Ba = Bp — Ba. So Hi(W) = Z @ Zs, generated by o € Z and 3, € Zs.

To a string configuration that winds n times around the base and has the homology
class no + g8, (with g € Zji), we assign a Zj charge of g. We now define the quantum

2mig/k on such a state.

operator V to take the eigenvalue e

There is some arbitrariness in the definition of g because of our arbitrary choice of
the origin z = 0 of the T? fiber of W. Consider, for example, the case 7 = . The loop
[t — (z = 0,23 = 27tR)] was defined to have homology class ng (with g = 0) and the loop
[t— (2= %—i—%i, x3 = 27wt R)] then has homology class no+/3,. But we could have just as well

chosen the origin at z = %—i— %z’, thereby switching the eigenvalues of V. In general, replacing
V — ey (3.12)

for some arbitrary (constant) phase ¢ results in an equally reasonable definition of V. We
will, nevertheless, stick to the definition of V with the origin set at z = 0.

At this point we have found two operators V,U, acting on the Hilbert space of ground
states (and, in fact, on the full Hilbert space). Each operator defines a conserved Zj
quantum number, and by definition they satisfy

VE=uk=1. (3.13)
They obey the commutation relation

2min

VUvtut =e7k (3.14)

,18,



which can be verified as follows. Consider a (classical) string configuration with n = 1
given by a section z = f(z3) of the fiber bundle W, where f is some continuous function
on the interval 0 < x3 < 27R with f(2rR) = €™ f(0). Now, translate the section by
a small ¢ to z = f(x3) + ¢. This no longer satisfies the boundary conditions, and so to
close the string we need to add a piece of string that connects (z = f(0) + ¢,z3 = 0) to
(z = f(0) + €c,z3 = 0). As ¢ is increased from 0 to 1 (1 + 7), the extra piece of string
increases until it becomes a piece of string that stretches from start-point to end-point by
the complex vector (1+7)(1—e™). It is easy to check that for the cases k = 2, 3 this vector
is in the homology class 3,. We have thus arrived at the following conclusion: acting with U
on a string state with homology class no+ g3, produces a string state with homology class
no+ (g+n)f,. The commutation relation (3.14) follows immediately from that observation.

For future reference, we list the action of V on single-particle states explicitly below.

Action of V on single-particle states for v = 7 (7 = ¢ and r = 4). In this case
k=2. Forn=1,V acts as:

vio =100 v{[5+ 31y =-{[5+31])-

VIED =183). VB =-[E]). (3.15)

For n =2, V acts as:

AR ) o L M e & (R

Vi) =161),  ViE)=[@),  VIg])=-l&])-

For n =3, V acts as:

1 1.1 1.1 1, 1 1.1 1.1 1.
V’[O,O,OD:HO,O,ODa V‘ |:§+§Z,§+§Z,—+—Z:|>——‘|:§+§Z,§+§Z,§+§Z:|>

Vigl) =lgl), ViE)=-|@).

Action on single-particle states for v = 3 (7 = e™/3 and r = 6). In this case
k=1 and V is the identity.

Action on single-particle states for v = 27” (r = e™/3 and r = 3). In this case

k=3. Forn =1,V acts as:
2, D2 2N o[22
3737/ 3737|)°° 3737/

Vijol) = 1[0]), V'E%D:
V'ﬂ>= <ﬂ> V'>:— > v'>:— >
[+

For n =2, V acts as:
1 1 1 1 o
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2,22, 2\ =
37373737/ T¢

2,2 2 2
37373737 /-

V'w>:'<ﬁ> V'@>:623” @>, v‘@>:;gi

3.5 Worldsheet symmetries

[9).

We will now discuss additional symmetries of the worldsheet CFT that do not directly
correspond to symmetries of the Hilbert space of ground states, but will later be used as
building blocks to construct operators that do act on the Hilbert space of ground states.
Furthermore, these extra worldsheet symmetries will be useful in section 3.7 when we
study T-duality.

The worldsheet theory can be regarded as a Z, orbifold of a compactification of type-
ITA theory on S' x T2, where S! has radius 27rR, and Z, is generated by an isometry as
in (3.3). The sector of the Hilbert space that corresponds to strings of winding number 7
is a twisted sector of this orbifold theory. The rules of orbifolds [20, 21] dictate that the
Hilbert space H of such one-particle states is the Z.-invariant subspace of the Hilbert space
H' D 'H of the CFT on a circle with twisted boundary conditions given by the identification

2

(Z’ zs3, (1’ (2’ (3) ~ (eﬁwza T3 + 27TﬁR, eiﬁvgla eiwa% eifw(?)) ’ v = T (316)

If n and r are not relatively prime (i.e., n = 2,3,4 for r = 6, and n = 2 for r = 4), the
Hilbert space H’ possesses discrete symmetries in addition to ¢/,). This is because the
identification (3.16) generates a Z, Jged(r,i) C Zy subgroup of the orbifold group, and thus,
as far as H' is concerned, the effective geometry is a Z, / ged(r,i)-orbifold, which can have a
larger group of symmetries than the Z.-orbifold.

To explain this in more detail, we need a worldsheet realization of the type-IIA back-
ground, but it will be sufficient to consider only the bosons and only in the directions of W.
We represent W as a Z, orbifold of T2 x S1, where T? is parameterized by z ~ z4+1 ~ 247
as above, and S! is parameterized by 0 < y < 27rR, and the orbifold group is generated by

(z,y) — ("2, y + 2wR).

We define worldsheet coordinates (o,n) and worldsheet bosons Z(o,7),Y (0,n) corre-
sponding to the coordinates z and y, so that Y is real and Z is complex. We work in a

twisted sector for which
Z(o +2m,n) = €™ Z(a,n) + My + Myr, V(o +2m,m) =Y (0,n) + 210 R.

In this sector, the worldsheet fields have an expansion

- { i/ (n— i i
Y =yo+ Pyp+aoR+ ) —ywe™ 0 £y 5 et (3.17)
/20 n£0
] i(n! — Y (n—o 7 - 1R o
Z = Guaan+ Y g e DO LS LG e, )
n'€Z r n'€7 r
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where P, is the Y-momentum, v_,, and J_,, are the integer-moded right and left moving
oscillators for Y, a_ , » and &_,, » are the fractionally moded right and left moving
oscillators for Z, and ( Ml;, M, is the solution of (3.7) and is a fixed point of rotation of the
T? fiber by an angle fiv. We define two solutions (py, as, and ¢ M, M, as equivalent if they
differ by a lattice vector, i.e., Car,, 01, — Car, v’ € Z + Z7. In the ground states of the CF'T
the oscillators are not excited and P, = 0. The states fall into a finite number of sectors
labeled by the inequivalent solutions (s, ar,. We will denote these states by |Caz, )
Note that if (ar, as, is a solution, then so is

i
e (Mo, My, = CdMa+bM,, cMa+aMy, »

where we have used (2.3)—(2.4). But if ¢®Cpr, a1, — (o, a, 18 1ot in Z + Zr, then as far as
the worldsheet CFT is concerned, |(a, a,) and |e“’§ M,, Mb> are different states. However,
to get the string ground states, we need to impose (i) invariance under translations in o,
and (ii) invariance under the orbifold group Z,. Now, define the operator R by

RICaa 1) = |€"Cata,na, )-

On ground states, it is equivalent to a combination of the Z, orbifold generator and world-
sheet translation in ¢. The CFT ground states that correspond to string ground states

must therefore be invariant under R and thus are linear combinations of states of the form
n—1
> €7 a0, - (3.19)
j=0

(Note that [¢™¢ar, 0, ) = [Ca,n, ), by virtue of (3.7).) Since we are not concerned with
excited states, we will take H’ as the Hilbert space spanned by the states |Car, ar,), and
H C 'H' as the subspace spanned by the states (3.19).

Now, let us assume that ged(7,r) > 1. We can then find additional symmetries of H’
that do not commute with R as follows. For any ¢ € C/Z + Zt that satisfies

e —Cel+Zr, (3.20)
we define two operators U(¢), V(¢) on H' by
UMt = S0ttty O s V(O Cngy) = € TR M) 10 ) (3.21)
We have the commutation relations

UOUC) =UCUC) V(OV(C) = V().

UCV(C) = e RPN .

For example, the symmetry operators U, ) defined in section 3.3-3.4 can be written as

~(1 1 ~(1 1
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But in general, the operators u ), ]N/(C ) do not preserve the subspace of physical string
states H C H', because in general U({),V(¢) do not commute with R. However, we can

form R-invariant combinations such as

n—1 n—1 n—1
> U(evq), V(ev¢), UV ), . ..
=0 =0 =0

that do preserve H and therefore define operators that act on the Hilbert space of string
ground states. We will return to these constructions in section 6.6.
Let us proceed to examples. For the first example, consider the case k = 2 (7 =i and

_ T

v =75, r=4)and 7 = 2. We have four inequivalent solutions to (3.7):
Go0=0, Co= %, o1 = %i, G = %(1 +1i) (mod Z + Zr). (3.23)
If we define
Va=V(C10), Us=U(Cro), Vo=V(Coa), Uy=U(o1), (3.24)

then they act on the four-dimensional Hilbert space H’' as

(3.25)

?a!CMa,MQ = (=1)Me|Cag, 01, f{b\CMavMJ = (=1)M|Ca, 0,)
Ua|Crty y) = 1C00+1,0,) 5 Up|Caty nt,) = |Gty 0 41) 5

where (M, + 1) and (M}, + 1) are understood to be additions in Zsy. The states |(as, )
are eigenstates of V,, Vy, while

Ko, Kp) == > (=1)feMatBeMicy, ) (3.26)

Mo, My€Z2

Do |

are eigenstates of ﬁa,ﬁb. The operators U/ and V are related to ﬁa,ab and 17,1, 175, by
U=U(C ) = Uy, V=V(i1) =V

We can regard 17(1,175, as associated with two independent winding numbers
My, M, € 7o, which characterize the topology of the map Z = Z(o,n) from the
worldsheet to 72. We define them by

M,=M, (mod?2), My =M, (mod 2).

The winding number M, is associated with the (3, cycle (a loop along a straight path
Z — Z +1) and M, is associated with the 3, cycle (Z — Z +i). Beyond the CFT, in
the full theory, the cycles (,, 3, were identified in homology, and only one Zs winding
number remained as an independent quantum number. But in the worldsheet CF'T sector
with 7 = 2, we have a larger symmetry. The only identification is Z ~ —Z (together
with Y ~ Y + 47 R). Thus, for each of the two cycles of T? we end up with a separate Zs

winding number in the worldsheet theory.
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Now, let us recover the Hilbert subspace H C H’ of string ground states. In the string
theory, we need to keep only the states that are invariant under the entire Z, = Z4 orbifold
group, generated by Z — iZ together with Y — Y + 2xR. The resulting Z,.-invariant
states span a 3-dimensional subspace H of the 4-dimensional H’, and the Z.-invariant
combinations that correspond to the states in section 3.2 are:

C00) — |§1) 1) — | [@]) —(I¢0,1) + 1€1,0)) — |85] ) - (3.27)

\/_

The operators
Uy +Uy, Vo+ Vs, Vildy +Vldy, ...
preserve the 3-dimensional Hilbert space spanned by |@ ‘@ > ‘ > They act as

Va+V)|E]) =2(61) Ua +Up)|§ 1) = ﬂ@
Vo +V)|5]) =0, (Ua +Upy)| €] ) = \@>+\l> (3.28)
Ve +W)|@) =-2|@), ([U+U)|@)=+2[0]),

@6*1%] N

Vildy) |6 1)
(Vaua + ?bzzb)‘ > = ﬂ(‘@ > - { >) ) (329)
Vils)| @)

and so on.

As another example of this technique, consider the case k =1 (7 = e™/3 and v =

3
r = 6) and 7 = 2. The relevant solutions to (3.7) are:

1 1
ﬁa (0,1:_%

(But also note the equivalent solutions (oo =~ (1.1 =~ (22, 1,0 = (21 =~ (o2, and (o1 =~

Go0=0, Cpo= (mod Z + Z7).

(2,0 = (1,2.) The orbifold generator acts on these fixed points (yy, a7, as multiplication by

e™/3 and the invariant combinations are

% (110} + 1Go))

They correspond to the string ground states

’C0,0>—>HO=0]>:‘Q>’ %OCLOH‘@’D)HH% tyr ?*isz

The group of additional worldsheet symmetries is generated by

0,0 5

>.

Va=V(Co), U =U(Cro). (3.30)

They satisfy
Vi=Ud=1,

and can be regarded as related to Z3 winding number and momentum. They act on states as

~ 27I"L ~
ValCrany) = €8 MM ey 0 UalCotansy) = 104103 - (3.31)
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The operators

U+ U, Vot Vi, Valdo+ VU

>, and act as

preserve the 2-dimensional Hilbert space spanned by ‘ w >,

Gt Vi)| 67) =-| &7, Gorll;)| &7) = | &7 )+ vRl4T)
Tt V)7 :z\ ) Gl ) - vE A7),
Valda + ViU | ) = V2e 5 >
(Valla + V0, =% >+ﬂ‘ﬂ>

\(3.32)

(3.33)

and so on.

3.6 Dependence on complex structure

At the beginning of this section, we compactified the field theory on T2 (on the type-I1IB
side) with periodic coordinates 0 < 1 < 2wL; and 0 < 29 < 27 Ls. For simplicity we took
the metric to be ds? = dz? + dz3, which sets the complex structure of 72 to be p = iL1/Ls.
For this metric p is purely imaginary, but we can easily allow a more general flat metric
with a complex structure that has a nonzero real part. We can then define the action of a
group SL(2,7Z) of large diffeomorphisms on 7?2 by

ab
(9“) -G <x1> . G= <f‘ ) € SL(2,7Z), (3.34)
T2 T2 cd
which acts on the complex structure p as
ap+b
p—22ED (3.35)
cp+d

(This SL(2,Z) is, of course, not related to the S-duality group of section 2.2. In the
following, we hope that the context makes it clear which SL(2,Z) we are referring to.)
The full Hilbert space is fibered over the moduli space of p’s, which is

SL(2,7)\SL(2,R)/SO(2) ,

and two subgroups of SL(2,7Z) become symmetries at two special values of p: Zy C SL(2,Z)
1 -1

is a symmetry at p = i, and Zg C SL(2,Z) generated by 10

generated by 10
is a symmetry at p = emi/3,

If we are only interested in the finite-dimensional Hilbert space of supersymmetric
ground states, as is the case here, we can say more. This finite-dimensional Hilbert space
is the fiber of a flat vector bundle over the moduli space of p. Thus, the fibers at different

complex structures p can be naturally identified, and the action of SL(2,7Z), which is the
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holonomy group of the vector bundle, can be naturally defined on the fiber. In this way
we get a full SL(2,Z) symmetry acting on the Hilbert space of ground states. Unlike
the operators U, V), this SL(2,Z) group is not a symmetry of the full theory, but only a
low-energy symmetry. Let us now identify the action of this SL(2,Z) on the type-IIA side.

3.7 T-duality

Following the sequence of dualities in table 1, we find that on the type-ITA side (the last
row in the table) we can identify p (defined in section 3.6) as the complexified area modulus
of the T? fiber of W:

i 1
= Area(T?)+ — | B. 3.36
p s rea( )+27T - (3.36)

Here, B is the NS-NS two-form potential. The SL(2,7Z) group from section 3.6 becomes
T-duality, and is generated by

— 1
S—><(1) 01>€SL(2,Z), S: p— ——,

and

T—><(1)1>€SL(2,Z), T p—p+1.

At p = i, S generates a Z, symmetry of the full theory. However, 7 can never be
extended to a symmetry of the full spectrum, while 78 has order 6 and is a symmetry of
the full spectrum for p = ¢™/3. Let us now determine the action of 7 and S on the ground
states.

Partial information can be gleaned from the commutation relations of S,7 with U,V
defined in section 3.3-3.4. Since we associated U with Zj; momentum, and V with Z;
winding number, and since T-duality exchanges these two quantum numbers, we set:

STWws=u, Ss'us=v. (3.37)
We also expect that a general T-duality element G € SL(2,Z) [defined in (3.34)] acts as
GG = Vit GG = P2y PyA (3.38)

We included undetermined phases ¢1, ¢o in the commutation relations, because U,V do
not commute and their order in the expressions on the right-hand side of the equations
in (3.38) is important. Part of this phase ambiguity can be absorbed by a redefinition

G — UPVIg (3.39)

under which 0 )
™ _ ™ .
¢1—>¢1+TP, ¢2—>¢2—TQ-

But in general ¢1, ¢2 need to be nonzero, so that the eigenvalues of the left- and right-hand
sides of the equations in (3.38) will agree.
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Now, let us specialize to 7. The generator 7 of SL(2,7Z) commutes with the winding
number operator V, so we can choose ¢; = 0 in (3.38). We can also take ¢po = £7mn(k—1)/k,
so that the eigenvalues of the left- and right-hand sides of the rightmost equation of (3.38)
will agree. (We take — sign for k = 2 and + sign for £ = 3.) Thus we get

inn(—1)ktL (k—1)
%

TWTr=v, T 'UT=e uy-t. (3.40)

For single-particle ground states of winding number 7 = n that is relatively prime to
r, equations (3.37) and (3.40) are sufficient to determine & and 7, up to multiplication
by an overall phase and the freedom (3.39). In principle, these ambiguities can be further
restricted by requiring the SL(2,Z) relations S? = (S7)3 = —1, but this will not be
required for our present purposes. The results for S,7 are listed in appendix A.

If ged(n,r) > 1, (3.37) and (3.40) are insufficient to completely determine S and 7,
and we need to study the worldsheet theory more carefully. In this case, the worldsheet
theory, as we saw in section 3.5, possesses additional discrete symmetries that can be
regarded as additional components of Zs or Zg winding and momentum. These symmetries
do not commute with the Z,-orbifold symmetry generator R and therefore do not lead
to symmetries of the Hilbert space of string ground states. However, since T-duality
is a duality at the level of CFT, we can use the additional discrete symmetries to glean
additional information about the action of S, 7. We will demonstrate how this works below.

As a first example, consider the case v = § (7 = 7). We will start with the n = 1, for
which of course ged(n,r) = 1 and we do not get additional worldsheet symmetries; but it
is still instructive to start with this case. Referring to the notation of section 3.5, we have

only two inequivalent solutions to (3.7):
1 .
C11=G0=0, Go=~Cu=5(+i) (modZ+Zr).

The states [(po) and (1) are eigenstates of winding, while %(|C0,0> + [(1,1)) are

eigenstates of the translation Z — Z + 1(1+1i). Hence, S maps [(p0) to %(‘CO,@ +1¢1,1)),
and maps [C1,1) to —(I¢0,0) —[C1,1))-

Now consider the case v = § and n = 2, for which ged(n,r) = 2, and we do get

additional worldsheet symmetries, V,, vb,ﬁa,ﬁb, as explained in section 3.5. The T-duality
generators S, 7 are required to satisfy commutation relations similar to (3.37)—(3.40):

S W,s=thy, SWVS=u;', S US=V, S uS =V, (341)
T WT =V, TWVT=Vy,, T UT=UV"' T UT=UV.,. (342

Solving (3.41)—(3.42), we find the explicit expressions:

1
Slrarc) =5 D (FD)SMHOMGy ) = (K, K (3.43)
My, MyEZs2
and
T ¢k k) = (15" Ck, k) - (3.44)
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The action of §,7 on the subspace of string ground states can be deduced from (3.27)
and (3.43)—(3.44). The complete expressions are listed in appendix A.
K

As another example of this technique, consider the case v = § (7 = et/ 3) and n = 2.

The commutation relations of §,7 with the extra symmetry generators (3.30) are:
SW.S=U,, SUS=V", TWT=V,, T UT=¢3UV,, (345

where we have chosen the phase in the rightmost equation so that (i) the eigenvalues of
the left- and right-hand sides will agree, and (ii) so that the subspace of string states will
be invariant under 7. The solutions for S, 7 are listed in appendix A.

Worldsheet derivation of the action of 7. We will end this section by checking the
formulas for 7 directly from the worldsheet description. Denote

dz Ndz .

Wi = 2tIm T

The integral of wz on any T2 fiber of W is 1. The operator 7 acts by shifting the NS-NS
2-form B-field of type-ITA by
B — B+uwp.

We will now check how this shift affects the phase of scattering amplitudes of the
string ground states. A string ground state, as discussed in section 3.2, corresponds to a
curve « in target space, which we can take for the present discussion to be W. Consider a
worldsheet configuration that contributes to a scattering amplitude taking string ground
states that correspond to the curves 71,72, ...,7, into another ground states corresponding
to curves 1,75, ... ,7{1. The image of this worldsheet configuration in target space is a
surface X whose boundary is

q

0y = <U %1) U U %l (3.46)
i=1

J=1

where 7, ! is the curve with oposite orientation of 7;. Define the phase factor

. -1 _ -1 —1
elq)(fyl 772 7"'77}) 77177&777(’1) = exp (Z/ wF> .
%

This phase is clearly independent of which ¥ we choose, as long as it satisfies (3.46),
because wp /27 is an integral cohomology class, whose integral over any closed surface is
an integer. Thus, the phase exp(i®) only depends on the curves 7{1, . ,7;.

K

Consider, for example, the case v = § and n = 1. We show in appendix A that

TI) =), T|6))=¢*F

/2

[e]).

We would like to verify this phase difference of e = 4 using the explicit worldsheet
considerations as above. So we study the action of 7 on a scattering amplitude with initial

state ‘Q> and final state | ). But because of V-conservation (see (3.15)), we have to
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[ \ d
Figure 3. The image in target space of string worldsheets representing a scattering amplitude of
string ground states. (a) Scattering of two identical string ground states into two other identical
string ground states. The boundary of the image of the worldsheet is the union of four loops,
corresponding to the four string states; the phase acquired under B — B + 2il.dz A dZ is equal to

the phase that the same transformation induces in (b) a worldsheet diagram for a 2-point function
of string ground states of winding number 2 .

have an even number of | > in the final state. So, we consider the scattering amplitude of
two {Q> states into two { > states. (See figure 3.) 7 acts as multiplication by i = —1
on this 4-point scattering amplitude, and this is what we wish to verify.
With the parameterization
0<t<1,

define the loops

1
v =[t— (2 =0,23 = 27 Rt)], Yo = [t — (z = 5(1 +7), 3 = 271Rt>] .
We also use the standard loop-space product to define the double-wound loops:
1
Vi =t (2= 0,23 = 47 Rt)], 72 = [t — <z = 5(1 +7), 23 = 477Rt>} .

In addition define the loops

aa:[tH(z:t,x;S:O)], ab:[tH(z:tT,mg,:O)],
Qg+b = [t'_} (Z:t(7+1)a$3 :0)]

(See (3.11) for similar definitions.) The phase ® is clearly additive, so
O(yy 72, 72) = (v %92)  (mod 27).
We calculate the latter as follows. First note that the following 3-point phase vanishes:
(v 273, Aaps) =0 (mod 2r) .

To quickly see this, take Y to be the following surface:

1
E:[(a,n)»—><z:§a(1—|—7),x3:47rR77>], 0<on<l,
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for which 0¥ = 7{2 U 7% U aqyp and fz wr = 0. We also have
Doy Loy ™) =0 (mod 27),
which can be verified by taking
Y =|(o,n) — (2 = 0,23 = 2w RN)], 0<on<l.

Finally, note that
Pl Ly L ag) =7 (mod 27).

To see this, consider X that is confined to one fiber at 3 = 0 and is bounded by the three

L ay™!, agyp. This ¥ is a triangle and integrating wr on it gives m. The above

cycles ag™
results imply that

D(17%,72) = ®(agyp) =7 (mod 27),
as claimed.

As another example, consider a 3-string scattering amplitude ‘@ ) — ‘ & ) (which
preserves both Zo momentum and winding). The action of 7 on this amplitude will tell us
the phase difference between the 7T -eigenvalue of |@> and the 7-eigenvalue of | & ).
(This nontrivial phase will have an important consequence in section 6.5.) From (A.3)
and (A.5), we know that this phase difference is e~ ™/2. To verify it, define the loop,

1
V3 = [tn—> (z = 5,903 :47rRt>] .

The loop 73 corresponds to the state !@ >, since at t = % we have (z = %,xg = 27R) ~

(z = 17,23 =0) by (3.4). What we need then is the phase ®(vs, 5 Y. To caleulate it,
consider the following two surfaces (here 7 = i):

1
21:|:(Uvn)'_><z:507x3:277R77>:|7 0§0777<17
and )
22:|:(O',77)i—><Z:§O"T,,I3:27TRT]>:|, OSO',U<1
Also, define the curve:
(z =2t,z3 =0) 0<t<i
5=t (z=3+20t—-Pra3=0) ;1 <t <3 ]
(z=203—t)+ 37,23 =0) § <t <3
(z=2(1—t)1,23 = 0) 3<t<1

Note that § traces a square with vertices z = 0, %, %(1 +7), %7’ inside the fiber over z3 = 0,

and the area bounded by it is i. To complete the calculation of the phase, we note that

8(21U22):7f1U751U73U5, and / wrp=0.
Y1UX9

Thus,
1 T
vy 1,72 1,73) =—-9(0) = —3 (mod 27).
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4 Warm-up: C-twist

In section 2.2 we were interested only in g € SL(2,Z) that act nonperturbatively and
fix a strongly-coupled value of 7. But there is another element g that we can consider:
-1 0 . .

g = o 1] It preserves every 7, and acts on the theory as charge conjugation. It

corresponds to v = 7w and has order r = 2. We will refer to this twist as a C-twist.
Compactification with C-twist actually preserves the full ' = 8 supersymmetry in
three dimensions. In addition, we can keep Im7 > 1, so as to have a weakly-coupled
theory. We will now study the C-twist and demonstrate some of the ideas in the previous
section explicitly in this setting. We will study only the cases of U(1) and U(2) gauge

group. The case of U(n) with n > 3 is more involved and will not be addressed here.

4.1 Group theory

Combining the C-twist with the appropriate R-twist, and adjusting (2.8)—(2.10) to include
a charge conjugation, we get the following boundary conditions

—a *
[1,[)3(:60,:61,:62,563+27TR)} :iA_1¢g(x0,x1,x2,x3)A, a=1,...,4, (4.1)

[@I($0,$1,$2,$3+27TR)]* = A0l (zg, 21, 20, 23)A, I=1...6, (4.2)
—AZ(.%’(), x1,To, T3 + 27TR) = AilAM(.%'o, x1,29, 1‘3)A — Z'AflauA,

where [---]* is the complex conjugate n x n matrix (not the adjoint matrix), and A is an
arbitrary gauge transformation.

Now consider a closed path C' at a constant x3 = 0 that starts and ends at the origin,
and consider the U(n)-holonomy g = Pexp(i ¢, A). Set Q@ = A(0,0,0,0). The combined

charge conjugation and gauge transformation act on g as
g [ 190"
We will need the invariant subgroup of U(n), which is the subgroup of solutions to

9= 079"
We denote it by ngv) C U(n), since it generally depends on 2. We now proceed to study
the U(1) and U(2) cases in more detail.

4.2 TU(1) gauge group

In this case ngv) = O(1) ~ Zy. At low-energy, no propagating degrees of freedom survive
the twist (4.1)—(4.3). The low-energy gauge group is O(1) ~ Zg, which means that when
we compactify the 2D space on T? we can have nontrivial Zy Wilson lines around the two
independent 1-cycles of T?. Let w, € Zg ~ {1,—1} be the Zy Wilson line along 1-cycle a
(a = 1,2). (For convenience, we take the Zo group to be multiplicative instead of additive.)
The four vacua are then labeled by |wi,ws), and we have a mass gap of 1/(2R).
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Now consider the type-IIA dual description of the vacua, as in section 3.2. The effect
of charge conjugation here is that it rotates the (dual) T2 by v = 7. The four vacua are
therefore

o -ton 10 =[{1) e =[5 i -|{Rasn)).

In order to match these type-ITA states with the field theory vacua |wq,ws), we define, as
in section 3.3, the Zs momentum operators

Us|[3M + LNT])
Us|[3M + LNT])

and the Zo winding number operators, as in section 3.4,

[5(1 = M) + 5N7]),
\PM+lﬂ—NﬁD} (4.4)

VM + 4N7]) = (~D |50 + 487, s
Vo|[$M + INT]) = (-1)N|[AM + IN7]). '
We will now argue that
U = (=)™, Uy = (=1, Vi=(=1), Vy=(-1)"2, (4.6)

where e, ey are the electric flux operators in directions 1,2 respectively, and m;, my are
the magnetic flux operators.

Equations (4.6) can be derived by following the chain of dualities of table 1 backwards.
Starting on the type-ITA side (the last row of table 1), take a state with Kaluza-Klein
momenta p1,p1g € Z in directions x1,x19. (We can assume that the state is localized in
the z3 direction.) The unitary operator U; acts as a translation in the direction of z19 and
therefore multiplies the state by the phase ™10, Similarly, U, multiplies the state by e™P1.
Following the chain of dualities backwards in table 1, we find that on the type-11B side p;
becomes fundamental string (F1) winding number in direction z1, while p;y becomes D1
winding number in direction zj. (See table 2.) The Kaluza-Klein state on the type-ITA
side therefore becomes a (p, q)-string, with p = p; and ¢ = pjp. Bound to n D3-branes,
these quantum numbers become [12, 22] e; = p; units of electric flux in direction 1 and
m; = pyg units of magnetic flux in the same direction. Similarly, V; corresponds to the
exponential of string winding number in direction 10, and Vs to the exponential of string
winding number in direction 1. On the type-IIB side, these become fundamental string
winding number and D1-brane winding number in direction 2.

Now, let’s relate the |wj,ws) basis (on the field theory/type-IIB side) to the
|[3M + £ N7]) basis on the type-IIA side. On the field theory side, Vi = (—1) can
be interpreted as the operator of a large gauge transformation acting on the components

of the gauge field as

1
A A A A —
1 — Ap, 2 — 2+2L2

Similarly, Uy = (—1)°! can be interpreted as the operator of a large gauge transformation

141—>141—|—L

A Ay
2L1, 2 —7 A2

,31,



We can therefore identify the action on eigenstates of Wilson lines as
Vl’w17w2> = ‘wla_w2> ) Z/{Q’w1,w2> = ‘_w17w2> . (47)

Comparing (4.7) to (4.4)—(4.5) we find

B i), =05 X oMt o), as

M’=0,1

Now consider the operators Uy, Vo, which according to (4.6) are related to magnetic

flux. Using (4.4)—(4.5) and (4.8), we find
Uy |wy, wa) = walwr, ws), Volwy, wg) = wi|wy, wa) . (4.9)

So w; is the eigenvalue of magnetic flux (—1)™2, and wy is the eigenvalue of magnetic flux
(=)™

The connection between the discrete Zs Wilson line wy and the magnetic flux ms can
be understood as follows. Let us pick a uniform gauge field with Wilson line wy = —1:
A= idxl. The charge conjugate field is —A, so we have to pick a nonzero A in (4.3).
Specifically, the gauge transformation that converts A to —A is A = exp(—iz1/Ly). This
gauge transformation accompanies the coordinate transformation x3 — x3 + 27 R, and for
an ordinary 7° compactification it would be interpreted [23, 24] as one unit of magnetic
flux in direction 2, i.e., my = 1. The connection between wo and m;j is similar.

We can now understand the action of Vi and Us as follows. According to (4.6), Us =
(—1)® and therefore acts as a discontinuous gauge transformation with gauge parameter
K(xl, x9) = exp(—ix1/2L1). Such a gauge transformation does not preserve the boundary
conditions (4.3), because charge conjugation converts Ato Al = exp(izq1/2L1), but this
can be fixed by modifying the gauge transformation A that appears in (4.3) to

T

A — Aelr .

This implies that Us changes the magnetic flux my by one unit (modulo 2). Similarly,
V) = (—1)°2 changes the magnetic flux m; by one unit. Since, as we have seen in (4.9)
[combined with (4.6)], wq,ws can be identified with the magnetic fluxes (—1)™2, (—1)™!,
we recover the expressions (4.7) for the action of Vi,Us on states. We have therefore
completely mapped the field theory ground states to the type-IIA ground states.

Let us conclude this subsection with a few additional comments. First we note that the
magnetic flux mg has to vanish, because charge conjugation acts on it as m3 — —mg, and
this cannot be fixed by any gauge transformation A in (4.3). The electric flux e3 therefore
also vanishes by S-duality. Finally, let us also write down the T-duality transformations
S,7. On the type-IIB (field theory) side they act geometrically, so we have

Slwy, wa) = |wa, wr), T |wy, we) = |wi, wiwa) .
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4.3 U(2) gauge group

Let’s now study the case of gauge group U(2). On the type-ITA side, a basis state is of one
of two types: (i) a single string with winding number 2; or (ii) two strings with winding
number 1.

The single-particle string states of winding number 2 are built from one of the four

D) Ibred) b

where z is a free parameter on T?/Zs, which needs to be quantized. In addition, the

types of states

[z, =21),

location of the strings in the R transverse directions is free and needs to be quantized,
too. This results in a continuous spectrum.

The two-particle states are given by combining two strings of winding number 1.
Each of these strings can be at any of the four locations studied in section 4.2, and since
they are identical bosons, the order is not important. We denote the states by [{[z],[2']}),
where 2,2’ € C/(Z + Z1) are any one of 0, %, %7’, % + %’7’. Altogether we get 10 states (two
identical bosons with 4 single-particle states). Similarly to (4.4), we define the symmetry
operators Uy, Us by

{150 + 37, 50"+ EN'7])) = [[3(1 = )+ N7, 31— M) + 387

Us|{[5M + 5N7],[3M' + §N'7]}) = |[3M + 5(1 — N)7], [ M’ + 5(1 — N')7])

(4.10)
and similarly to (4.5), we define V1, Vs by
Vi{lzM + 5N}, [5M' + 3N'7]}) = (DM M {[3M + 5N7], [3M' + 5N'7]})
Vol{[5M + 5N7), [5M' + 5N'1]}) = (-D)NTN[{[5M + §N7], [5M' + 5 N'7]})
(4.11)

Note that the 4 operators Uy, Uz, V1, Vo are mutually commuting.

Next, let us see how to get this spectrum from the field theory (type-IIB) side. Since
U(2) = [SU(2)xU(1)]/Zs, we can start by separately discussing the SU(2) and U(1) degrees
of freedom, and then consider how they combine to form states of the full U(2) theory.

We begin with the SU(2) degrees of freedom. Since SU(2) is pseudo-real, charge
conjugation is equivalent to a gauge transformation. Explicitly, the gauge transformation
is realized by the matrix iog € SU(2) (we denote the Pauli matrices by o1, 02, 03), and for
an adjoint-valued field ¢ we have

—¢* = (io9) " plios) .

Thus, combining the extra gauge parameter ioy with A in (4.1)—(4.3), we find that the C-
twist has no effect on the SU(2) degrees of freedom. As far as the SU(2) degrees of freedom
are concerned, we therefore have a standard compactification of N'= 4 SU(2) SYM on 73,
preserving 16 supersymmetries, and we are interested in the normalizable ground states.
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Let €},€), e be the Zy 't Hooft electric fluxes of a state of the SU(2) theory, and
m/, m), mj the Z 't Hooft magnetic fluxes.* It turns out [25] that there is one supersym-
metric ground state for every combination of 't Hooft fluxes that satisfies

ejm) — e,m) = e/mj — e,m) = e,m} — etm), = 0. (4.12)

We denote the corresponding ground state by €], €}, 5, m/, m}, mé)SU(Z), and by conven-
tion this state is identically zero if (4.12) is not satisfied. We will soon require €5 = mf = 0,
and then the only nontrivial condition in (4.12) is

ejm) —e,m) = 0. (4.13)

There are exactly 10 combinations of the Zy fluxes €], €,, m), m), that satisfy (4.13).

Let us comment that the result on the number of SU(2) ground states can be obtained
in several ways. Omne way is to count the supersymmetric bound states of 2 D3-branes
on T3. This system is described at low-energy by U(2) super Yang-Mills theory, and its
Hilbert space is a tensor product of sectors of U(1) and SU(2) Hilbert spaces with the
SU(2) electric and magnetic fluxes determined by the modulo 2 residue of the U(1) electric
and magnetic fluxes. The U(1) electric and magnetic fluxes correspond to fundamental
string (F1) and D1-charge. The result, which can be established by T-duality on the three
directions of T3, is that there is one supersymmetric bound state for each combination
of the electric and magnetic fluxes. It is a “bound state at threshold” if all magnetic
fluxes vanish, and not at threshold otherwise. The condition (4.12) ensures that the
total momentum carried by the U(1) flux is an integer. Alternatively, the result can be
established entirely in field theory (with the assumption that the Witten index is identical
to the number of ground states) [25], using results on the number of normalizable ground
states in theories with 16 supersymmetries [12, 26-28].

Next, let us discuss the U(1) degrees of freedom. In section 4.2 we showed that the
U(1) theory has 4 ground states, |wi,ws) (with wy,ws = £1). However, the discussion of
section 4.2 needs to be modified in order to be applicable to the U(2) theory, as we shall
now explain. Generally speaking, the problem is that the pure U(1) theory is invariant
under certain large gauge transformations that can no longer be considered good gauge
transformations in the U(2) theory. To explain this in detail, we need to discuss the
electric and magnetic fluxes more thoroughly.

Consider a U(2) gauge configuration AY®?) which we regard locally as a 2 x 2 matrix
of 1-forms. From this matrix we construct a U(1) gauge field by taking the trace, AV =
tr AY®) . This normalization is actually a matter of convention. For example, for a standard

toroidal compactification of U(n) gauge theory on T3, we can choose to define AV =

tr AV which corresponds to a surjective map U(n) det, U(1), or we can choose to define

AV = L AUM) " which corresponds to an injective map U(1) R U(n). Neither choice

“Here we do not restrict the magnetic or electric fluxes, since we need to combine the SU(2) degrees of
freedom with the U(1) later on. Of course, if we had just the SU(2) degrees of freedom, we would have
had to set all magnetic fluxes to zero, and if we had just SO(3) ~ SU(2)/Zz we would have had to set all
electric fluxes to zero.
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is optimal, however, because with the second choice we are forced to include sectors with
fractional magnetic flux (like %), and with the first choice we are forced to include sectors
with fractional electric flux. We will see a manifestation of this below (4.16) where we will
have to include sectors for which a proper gauge transformation (det K) does not act as the
identity operator. In section section 6.1 we will choose to work with the second convention
but for the present section we proceed with AV = tr AU,

We now introduce U(1) magnetic fluxes m;, ms, m3. We have already seen in sec-
tion 4.2 that the C-twist requires mg = 0. States with integer U(1) magnetic fluxes mj, my

can be realized by the following classical solution to (4.3):

AU@) _ grdry + g7tdxs 0 A e _imio |
0 0/’ 0 .

Following (4.6) we define

Up= ()™,  Vy=(—1)™. (4.14)

Now, let’s find the SU(2) magnetic fluxes m), m} € Zy of this configuration. Locally, we
can split A into U(1) and SU(2) parts as
_imoxqy  imjxg

_imoxy  imjxo e 2Lq 2Lo 0
A —e 2L 2L9o

imox| , 1M]T9
0 e 2L 2Lo

We can read off the SU(2) 't Hooft magnetic fluxes m’, m), from the SU(2) matrix on the
right-hand side. This shows that, as in ordinary toroidal compactifications, the SU(2) 't
Hooft magnetic flux is determined by the U(1) magnetic flux according to

0=m; +m) =my+mj (mod?2). (4.15)

Similarly, m§ = m3 (mod 2), and since m3 = 0 we get mj = 0.
Let us now turn to electric fluxes. Consider the large gauge transformation

A= (eLl 0) _eny [0 ) (4.16)

0 1 0 e 2L1

All states of the U(2) theory must be invariant under A. On the right-hand side of (4.16) we
decomposed A locally into a U(1) gauge transformation and an SU(2) gauge transformation.
However, note that the latter actually generates a discontinuous gauge transformation of
SU(2)—applying this gauge transformation locally is equivalent to acting with the operator
(=1)¢1, according to ’t Hooft’s definition [23, 24]. On the U(1) degrees of freedom, with
our normalization, A acts as det A = exp(ix1/Ly), which is a proper gauge transformation.

In section 4.2 we defined the operators Us,V; which correspond to gauge transfor-
mations by discontinuous gauge parameters exp(iz1/2L1) and exp(izy/2L2), respectively.
The U(1) part of the gauge transformation A can therefore be identified with U3, and we
conclude that in the U(2) theory all states must satisfy

UZ(—1)%1 = V3(-1)°2 = 1. (4.17)
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In the realization (4.4)—(4.5) of Uy,Us, V1, Vo, we had Vi = U3 = 1 identically, but in the
present context of the U(2) theory, this is too restrictive. For example, U3 corresponds to
the gauge parameter

1T
62L1 O
T bl

0 e?l

which is discontinuous in U(2) and therefore not required to be the identity on physical
states.

Thus, the Hilbert space of the U(1) theory has to be a representation of the algebra
generated by Uy, Us, V1, Vo with the relations

Ut =vi=1, Uty =Uslhy, V1Va =WV, (4.18)
Uy = (-1D)%Villy, i,j=1,2, '
and we can add the conditions
Vi=Us =1, (4.19)
1T T

since Uy and V{ are generated by the continuous large gauge transformations e 71 and ez |
and those do have to be the identity on physical states.

Note that V7 and U3 are central elements of this algebra, and all irreducible represen-
tations with V? = 2 = 1 are equivalent to the one we studied in section 4.2. But we can
find other irreducible representations by allowing one or both of VZ and U3 to be (—1). In
light of (4.17), we can identify

The algebra (4.18)—(4.19) then has the following 4-dimensional irreducible representation
with states |wq, ws, €1, e2), where e1,e9 € Zy are fixed (and we dropped the primes now),
and wy,we € {—1,1} take all possible values:

Ui|wi, we, er,ez) = walwy, wo, e, ez),

Us|wy, we, €1, e2) =i |—wi, wo, €1, ez), (4.20)

__ g€
Vi|wi, we, e, ez) = i%|wy, —ws, €1, €3) ,

o — ~— ~——

Volwi, wa, €1, e2) = wi|wy, w, e1,€2) .

(Note that replacing i® by (—i)® can be absorbed by a change of basis, so we picked one
choice of square-root of (—1)% at random.)

We can now combine the U(1) and SU(2) parts to form physical U(2) states. Incor-
porating the conditions (4.15) and (4.17) with the identifications (4.14) and (4.20), we can
construct a basis of physical states of the form

/ / / / .
|e17 €9, 1My, m2>U(2) =

‘wl = (_1)m2,w2 = (_1)m1 > e/l’ e/2>U(1) ® |e/1’ el2’ 0, mll’ ml2’ 0>SU(2) ’ (421)

with
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These are a total of 2* = 16 states, but they are reduced to 10 states when we implement
the condition (4.13).

Let us now map the basis of states (4.21) to the basis of states
H{[3M + iN7],[§M' + SN'7]}) discussed at the beginning of this subsection. The
discussion above motivates us to postulate the following relations between the type-ITA
and field-theory symmetry operators:

Uy =U, , Uy =U3, VY, = V2, Vo =Vs.

With these identifications, the commutation relations agree. Comparing (4.10)—(4.11)
with (4.20), using (4.21), we find the relation between the type-IIA and U(2) field-theory
states:

(i e, -

1 1
1
=52 > ()M el = Loeh = M~ M',m| = Kym) =N = N') ), (4.22)

(2)’

where M — M', and N — N’ are understood to be mod 2, and of course, we have used
M- M = M+ M (mod 2) and N — N' = N + N’ (mod 2). We have also fixed an
arbitrary phase in the definition of the states |e}, €5, mj, mj) ;o).

Where does the condition (4.13) come from? It comes from the fact that the type-
ITA strings are identical bosons. To see this, note that the expression (4.22) is a priori
not symmetric under the interchange (M, N) < (M’,N’). This exchange does not af-
fect (M — M') and (N — N’), since they are Zs-valued, but it replaces (—1)ME+NL by
(=1)M'E+N'L  The operator that exchanges (M, N) < (M’,N') therefore acts as multi-
plication by (—1)M=MIE+(N=N)L and can be identified with (—1)1™2=¢™1 acting on
the states |e}, ), m}, mj)y;,). Requiring the states to be invariant under the exchange
(M,N) < (M',N') is therefore equivalent to (4.13).

We conclude the discussion of the U(2) C-twist by writing down the reverse transfor-
mation from the type-IIA states to the field theory states:

o/ / /
|e17 €9, 1My, m2>U(2) =

— % i i(_l)Mm’l—i—Ne’l

M=0 N=0

{EM+%Nﬁ{;Mﬁea+;N+H@ﬂ}hé4%)

5 Solution for U(1) gauge theory
We will now present in detail the solution of the problem presented in section 2 for U(1)

gauge group, in which case the action of the three-dimensional field theory can be written
down exactly.
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5.1 The field theory side

The scalars, fermions, and gauge fields decouple from each other, and the scalars and
fermions are described by a free field theory with R-twisted boundary conditions as in

section 2.3:
V& (xg, 1, T2, 23 + 2 R) = ePoqp? (g, 21, T2, T3) a=1,...,4.
Zj(xo,xl,xg,xg +27R) = ei(‘pj+‘p4)Zj(x0,x1,x2,x3) , j=1,2,3.

Here we take the N' = 6 twist (2.11), for which ¢1 = @9 = p3 = %U and @4 = —%U and

there are no zero modes. The scalars and fermions therefore do not give rise to any 2-+1D
low-energy fields.

The vector field is a bit more involved. The action for the vector field contains two
terms: a 341D bulk term in the coordinate range 0 < x3 < 27 R, and a 241D “boundary”
term at 3 = 0 (or x3 = 27R) associated with the S-twist. The bulk term is a standard
U(1) Yang-Mills action on the interval 0 < z3 < 27 R, but instead of identifying the two
endpoints, we allow the gauge fields at x3 = 0 and z3 = 27 R to be independent, and
define the 2+1D fields

2 2
A(0) = ZAM(xo,xl,xg,xg =0)dz", A(27R) = ZAM(xo,xl,xg,xg = 2w R)dz" .
pn=0 n=0
The gauge transformations are also not required to be periodic in x3.

The additional boundary term depends on the specific element g € SL(2,7Z) used in
0-1
1 0
term to the action [1, 29, 30]:

the twist. Forg =g’ = the S-twist is incorporated by adding the following 2+1D

Is(g') = % / A(0) A dA(2TR). (5.1)

Here, the exterior derivative d in dA(27R) is a 241D derivative. One way to see that this
term realizes the S-twist is to switch to Euclidean signature and think of x5 as a Euclidean
time coordinate (instead of xg). Then, in the Hamiltonian formalism, e!/s represents the
kernel of the S-duality operator which acts on wavefunctions (in the A3 = 0 gauge) as a
kind of “Fourier transform”:

W(A) — B(A) = /[DA] exp{Qi/AAdﬁ} W(A), (5.2)
m
and the last expression can be seen by requiring the g’-duality to act on operators as

/

If instead of g = g’ we had picked g = —g’ = (g’)~!, we would have ended up with the

boundary action
1
Is(—g') = o A(0) ANdA(2TR) . (5.4)
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1 -1 11
FOI“g:g”E(l 0>:<01>glweget

Is(g") = % / (—A(27R) A dA(27R) + 24(0) A dARTR)} | (5.5)

11
since the effect of the SL(2,Z) transformation (O 1) on wavefunctions is multiplication

by a Chern-Simons term at level k£ = —1:
W(A) — exp {—4i /A A dA} T(A).
T

11

Similarly, the action of g = —g” = <0 )

) (g')~! is realized by the boundary term

Is(—g") = ﬁ / (—A(27R) A dA(27R) — 24(0) A dAQRTR)} . (5.6)

Now, given the various expressions for the boundary terms Ig in (5.1),(5.5),(5.6),
it is easy to take the low-energy limit. We simply set A(0) = A(27rR) (up to a gauge
transformation), and find that Is(+g’) reduces to a Chern-Simons action at level k = +2,
and Is(+g”) reduces to a Chern-Simons action at level & = —1 + 2. This can be
summarized in the formula

2—a—d
Is — =-a-< /A NdA,
4mce
which is a U(1) Chern-Simons theory at level
k=(2—-a—-d)/c. (5.7)

Note that the gauge transformation parameter A, appearing in the gauge transformation
A — A+ dA, is not required to be periodic in x3. Therefore, unlike an ordinary S!
compactification, the Wilson line f027TR Asdzxs (at fixed zg,x1,72) can be gauged away,
and there is no additional massless mode arising from the dimensional reduction of As.

Let us summarize the results in the following list:

0 -1

QfOI'T:’L',U:%,g:g,E<1 0

),Wehavek:2;

) 1 -1
OfOI‘TZGﬂ—Z/s,U:%,g:g”E<1 0>,wehavek:1;

0 -1

f _ 7ri/3’ _ 27 — -1
o forT=e v 3, 8 g 1.1

),Wehavek:?).

Note that the value of the Chern-Simons level k is the same as the number of ground
states with winding number n = 1 in type-ITA theory, given in (3.9). This is consistent
with the fact that U(1) Chern-Simons theory at level k has k ground states, as we will see

in section 5.3.
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5.2 Toroidal compactification

The expressions (5.1),(5.4), and (5.5) that we found in section 5.1 assume that the theory
is formulated on R?! with certain boundary conditions that will become evident shortly.
When these boundary conditions are relaxed, or when the theory is compactified on T2,
additional terms need to be added due to the possibility of electric or magnetic fluxes, as
we will now explain. For the sake of the discussion, let us assume Euclidean signature, and
let us compactify all directions 0,1,2 on T, so that

0<x9< 2Ly, 0<x1 <2nLy, 0 <29 <2mLs.

In (5.2) we wrote down the transformation from a wavefunction W(A) to the dual
wavefunction \T/(g) The expression contained the integral [ ANdA. On T3, this expression
is not well-defined, because A is not globally well-defined in sectors with nonzero magnetic
flux. To obtain correct expression, consider a sector with magnetic flux (mgp,m;,ms,),
where mp, m;, m are integers. We define the associated gauge field

mory

mizo m ,
= d —Fd dry + A,
27TL1L2 2 + 27TL2L0 0 + 27TLOL1 +
where A’ is a globally defined 1-form. Similarly, set
~ ﬁoxl %11‘2 ﬁgxo 1
A= d —d d A
27TL1L2 2 + 27TL2L0 0 + 27TLOL1 ! +

Then (5.2) should read

(A/‘m()aml)EQ)

U(A;mp, iy, ) = » > > /DA exp{

moEZmi€Z mQEZ

A0 g Ay + —2 gy Adze + —22 g A d
! / (47T2L1L2 A S P ALy S xl)
i AN (D0 g A dmy 4 — Ny A dag 4+ —22 g A d
Z/ (471'2L1L2 T Y e APy wl)
+2L/A//\dg'}\lf(A';ﬁo,ﬁ1,EQ). (5.8)
Y

The expression within the curly brackets {- - - } can be written in terms of the discontinuous
A and A fields as

QL /A A dzz{—{— iw(moml +m m1m2 + mzmo) + —_— /AQ o, 0 $2)d$0d$2
7T
zml
/Al T, T1, )dxodxl + —/A2 0 xl,xz)dI1d$2 (59)

The last three terms may seem a little odd, especially since they are evaluated at arbitrary
locations (z1 = 0, 9 = 0, and g = 0), but they are required because of the discontinuity
in A at those locations.
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We can now Wick-rotate the expression (5.9) by setting

mgy = /dA A 6($0)d$0 R (510)
and
1
m; = /dA/\é(xl)dml = 9L /dA/\dml,
o (5.11)
mo = /dA/\(S(.%'Q)dI’Q = 57 Ly /dA A dxo
and similarly,
my = / dA N 6(zo)dxg , (5.12)
and
~ ~ 1 -
mlz/dA/\5(x1)dx1:2 7 /dA/\dxl,
T (5.13)

_ - 1 -
mo = A == A .
mo /d VAN 5(.%'2)611‘2 7Ly /d A dxo

We now find the correction to (5.1) by combining (5.9) with (5.10)—(5.13), and setting
A= A(0) and A = A(27R).

For most purposes, (5.1) will be sufficient. In particular, the low-energy limit is simply
the compactification on 7?2 of the Chern-Simons theory found in section 5.1. This can be
seen by setting A = A (i.e., A = A and T; = m;) in (5.9). However, one place where
we should be careful is when we consider electric fluxes. For example, let us discuss the
electric flux e in the direction of x;. First, note that e; by itself is not S-duality invariant
and so is ill-defined in our setting. However, if we add the magnetic flux m; we find that
the combination e; + m; (mod 2) is S-duality invariant. Thus,

(_1)91+m1

is a well-defined Zy quantum number. More generally, for other SL(2,Z) elements,
e; + m; (mod k), where k is the Chern-Simons level defined in (5.7), is invariant under
the S-duality twist, and

271
k

ek (ej+mj)

is a well-defined Zj, quantum number. Let us see how to interpret this statement from the
action.

The operator (—1)°! acts as the discontinuous gauge transformation

dml
A— A+ —.
BT
In the action (5.8) this translates to
dml ~ ~ d.%'l
Al A+ — Al — A+ — 14
— Ao — Ao (5.14)
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while keeping m; and ﬁj ( =0,1,2) unchanged. Under (5.14), the action (5.9) then picks
up an extra term iz (@, — m; ), which, using (5.10)(5.13), can be written as

7
5 /[Fog(.%’g = 0) — Fog(m'g = 27TR)]d1‘0d1‘2 .
Assuming that A is periodic in x4, this becomes the difference of Wilson lines:

iw/[AQ(:Ug = 27R, 1z = 00) — Ag(x3 = 0,29 = 00)]dx>

—i?T/[AQ(.%'g = 27R, 19 = —00) — Ag(x3 = 0,29 = —00)]dz?. (5.15)

Now, what is the operator (—1)™!? Acting on quantum states, it would multiply the

wavefunction by

exp {m / Fggdxgdacg} =0 oxp {m < / [Ag(z3 = 27 R) — As(z3 = 0)]dx2> } .

If a symmetry multiplies quantum states by ¢i¢(x0) where ¢(xp) is a time-dependent phase,
then it multiplies the path-integral by exp{i(¢(xg = 00) — ¢(z¢9 = —o0))}. Thus, altogether
(—1)™1Fe1 keeps the action invariant. We also see that this operator reduces to (—1)°! in
the low-energy Chern-Simons theory, because the low-energy Chern-Simons theory action
depends only on A’ = A’ on which (5.14) acts as (—1)°!.

5.3 U(1) Chern-Simons theory on 7?

Now we describe in detail the theory upon compactification of the two spatial directions
on T? (parameterized by 0 < xj < 2nL; for j =1,2). As we have seen in section 5.1, the
low-energy theory is a U(1) Chern-Simons theory at level k with action

I:ﬁ ANdA.
47

We are interested in the Hilbert space of states of this theory on T2 (all are ground
states since the theory is topological), and we will now take a few paragraphs to review it
(see [33] for more details).

We denote the k™" root of unity by

2mi
er .

w

We also define two independent Wilson loop operators in terms of the integrals of the gauge
fields on two independent 1-cycles of T2:

2wl 2mLo
Wi = exp {/ Al(t,())dt} , Wa = exp {/ Ag(O,t)dt} . (5.16)
0 0
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The Hilbert space of Chern-Simons theory on T2 at level k has k states, and we can pick
a basis where W;, W» are represented by

—

Wi , Wy = . (5.17)

These operators satisfy the relations
WiWs = wWoW,,  WE=wk—1. (5.18)
We denote the states in the basis in which (5.17) holds by
Ip), p=0,....k—1€Z/kZ, (5.19)

so that
Wilp) = WFlp),  Walp)=Ip+1).

The Chern-Simons theory is topological and therefore independent of the metric on
T2. There is an SL(2,Z) group of large diffeomorphisms, introduced in section 3.6, that

<$1> -G (“) ., ¢= <§‘ E’) € SL(2,7), (5.20)
T2 T2 cd

(We stress again that this SL(2,Z) should not be confused with the S-duality group.)
For the same reason as in section 3.7, it is represented projectively on the Hilbert space

acts on T2 as

(i.e., commutation relations close up to a phase). That is, we can require an element
G € SL(2,Z) to satisfy

GTIWIG =Wy PWE, GG = wiw e, (5.21)

but the order of the operators on the right-hand side of each equation is arbitrary, since
the Wilson operators W; and W, do not commute, and this is why we get only a projective
representation. Another ordering would correspond to replacing G by Wi WG for some
integers [, m. For our purposes we will only need to realize two elements of SL(2,7Z), and
the projective nature of the representation will not be important to us. The elements that

we need are listed below.

The element S = (2 _01 € SL(2,Z) acts as

Slp) = = - wlo) (5:22)

and is a special case of the Verlinde matrix [31, 32]. It is easy to verify that

STWIS=W,,  STWS=w;t.
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The other generator of SL(2,Z) is 7 = (0 1). For even k it acts as

Tlp)=e¥7"lp), k=0 (mod?2). (5.23)

For odd k, (5.23) is ill-defined since the phase exp(%p2) depends on p and not just on p
mod k. In fact, as we will discuss in section 5.4, things get a little more complicated for
odd k, but with the proper modification of the definition of 7, it turns out that we can

use the expression .
Tlp) = e & PPHRp). (5.24)

In general, there is some freedom in the expressions that we have given above for 7.
For odd as well as even k, we can replace 7 — e!®W¥ "T for some arbitrary integer N’
and phase ¢, and this will only introduce an inconsequential phase in the commutation
relation 7 "W, 7. In principle, ¢ can be determined if we wish to preserve the relation
(TS)? = —1, not just up to a phase.

Now, let us discuss electric flux. Consider large discontinuous U(1) gauge transforma-
tions of the form

Z3 Ty

Al(.%'l,.%'z) =e 1 s Ag(m'l,m'g) =e L2 s (5.25)

where 0 < v < 1 is arbitrary, for the time being. Let €1, Qs be the corresponding operators
on the Hilbert space, which we can identify with exponentials of the electric fluxes eq, es:

Ql _ e27m'l/el , QQ _ 627ri1/e2 . (526)
They act by conjugation on the Wilson operators:
QUIWI =W QWi = Wi, QIO = Wa, QW0 = 2T,

These equations are solvable only if v is an integer multiple of 1/k. Setting

1 1T iTo

2 s Al(ml,xg) = ekl s Az(m'l,m'g) = ekl2 s (5.27)

we can identify

Q =Wy, =Wl (5.28)

and they act on states as:
Ulp)=lp+1),  Qlp)=wP|p). (5.29)

Thus, electric flux is defined only modulo k. The state |p) is an eigenstate of Qg with

eigenvalue w™P, and hence has es = —p, and the state
1 k—1
_— w4 j
e

is an eigenstate of 21 with eigenvalue w?, and hence has e; = q.
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5.4 Wavefunctions

An explicit description of the Hilbert space of Chern-Simons theory on 72 can be given in
terms of f-functions [33, 34, 36, 37].

In general, the states of Chern-Simons theory on a Riemann surface can be obtained
by quantization of the space of flat connections on the Riemann surface [32]. For U(1)
gauge group on T2 of complex structure p = p; + ip, a flat connection corresponds to a
constant gauge field A = Aydx1 + Asdxs. We parameterize it by the complex combination

’ipg 1
=——A; = —(—pA; + Ay),
a p 277( pA1 + A)

where we used the complex coordinate z = x1 4+ pzro. Because gauge equivalent configura-
tions are identified, we find that a lives on a T of complex structure p, with a ~ a+1 ~ a+p.

The Chern-Simons action implies a nonzero commutation relation between the operator
a that represents a and its conjugate a’. These commutation relations can be represented
by the following operators,

s_ P20 o _
@ = o a=a, (5.30)

acting on analytic functions v (a). The formulas above for d and its complex conjugate a
are compatible with an inner product [34] given by

(W) = / 51 2. (5.31)

Imposing the periodicity conditions a >~ a+1 ~ a+ p, we get a k-dimensional Hilbert space
with a basis

k

2,1 . 2 .
Yp(a) = O(ka + pp; kp)eZes® TETITEITI (5.32)
where the 6-function is given by
> 2
(9((1; P) = Z ewipn +27rinc1.
n=—o0

The operators Wy, W, act on a generic wavefunction v (a) [which is understood to be
a linear combination of the ¢, (a)’s] as

Wit(a) = ep’é“%’lw<a + 1) Nt B zp<a + 3) . (5.33)

k k

x5, xlpl?

— T a—57— . . . . .
The factors e 72~ 262 and e r2 2k»2 are required in order to preserve unitarity, which

can be understood as follows: the transformation a — a + %, for example, needs to be

accompanied by al — af + %, and the latter is generated by e 72",
In this representation it is easy to check the 7 -transformation

Tlp) = €57’ |p) (5.34)

for even k (up to an unimportant overall phase), and odd k will be discussed below.
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Odd k. For odd k, the definition of Chern-Simons theory requires a spin structure on
the three-manifold [38]. For that reason, theories with odd k are sometimes referred to as
spin Chern-Simons theories [39].

In our case, we can see a manifestation of this in the behavior of the wavefunc-
tions (5.32) under SL(2,Z). There are 4 distinct spin structures on 72, and the wavefunc-
tion (5.32) corresponds to one particular spin structure. The transformation p — p+1 does
not preserve this spin structure, and indeed, for odd & the Hilbert space is not closed under

it. (It is only closed under its square p — p + 2.) We can see this by a direct calculation:

(e, p+ 1) = TP TG 5% S g (“ " %p)

However, if we define

Ty(a,p) = __w<+ Lo+ 1) | (5.35)

then we find closure:
1.2,
_ oimip?+
T¢p — eFTP 7rzp¢p )

Note that the factor e_%a in (5.35) can be understood as realizing at — af + %, in agree-
ment with (5.34). Thus, (5.35) represents the large diffeomorphism p — p + 1 augmented
by a change of coordinates that represents translation by 1/2 of the T2.

The dependence of the theory on the spin structure of T2 is related to the dependence
of the partition function of a 5+1D (anti-)self-dual free 2-form on spin structure [40]. The
connection arises because our setting is related to a compactification of the (2,0)-theory
on W x T? (see section 7).

5.5 Connecting to the type-IIA picture

We would like to match the states |p) (p =0, ..., k—1) of Chern-Simons theory with linear
combinations of the k ground states of the type-ITA theory that we found in section 3.2.
Our strategy is to identify the symmetry operators U,V that we defined in section 3.3-3.4
with operators on the Chern-Simons Hilbert space.

We believe that the correct identification is

V=W, U=W),. (5.36)

As a check, note that with this identification the commutation relations (3.13)—(3.14) agree
with (5.18).

To motivate (5.36) further, we can compare the connection between the operators
above and electric flux. Combining (5.26) (with v = 1/k) and (5.28) we get

W1 = w_eQ N W2 = wel . (5.37)

Now, similarly to what we did in section 4.2, we can follow the chain of dualities of section 3
backwards, starting with U/, ) on the type-ITA side, to find out what they do on the type-IIB
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side. On the type-ITA side (the last row of table 1), take an eigenstate with Kaluza-Klein
momenta p1,p1p € Z in directions x1,x19. (We can assume that the eigenstate is localized
in the x3 direction.) The unitary operator U acts as a translation, and therefore multiplies
its eigenstate by the phase e27i(P1+P10)/k  Following the chain of dualities backwards in
table 1, we saw in section 4.2 that the Kaluza-Klein state on the type-ITA side becomes a
(p, q)-string with p = p; and ¢ = p1o on the type-IIB side, and that bound to n D3-branes,
these quantum numbers become [12, 22] e; = p; units of electric flux and m; = pyp units
of magnetic flux in direction 1. We conclude that on the gauge theory side U acts as

U=er (ertm) (5.38)
Similarly, V is related to fundamental string winding number, and we find
Y = ek (e2tm2) (5.39)

To see this, we note, for example, that the operator that has the eigenvalue 2 (P1+r10)/k
under the adjoint action of V is simply Wj.

To interpret (5.38)—(5.39) correctly, we need to discuss how to define the electric and
magnetic fluxes in the presence of the S-duality twist. First, note that e; +m; (j = 1,2) is
generally not invariant under S-duality, but it is not hard to check that if k is determined
by g as in (3.9), then (e; + m;) is invariant mod k. As we have argued in section 5.2, the

27

operator exp[27” (ej +m;)] in the full 341D theory reduces to exp[<*e;] in the low-energy
Chern-Simons theory. We can therefore identify )V and U as

U=uw, V=w %, (5.40)

which together with (5.37) leads to (5.36).

The basis states defined at the end of section 3.2 are eigenstates of )V with eigenvalues
wP. Up to an unimportant phase, they can be identified as eigenstates |p) of W, defined
n (5.19). We conclude with a list of identifications of these states.

Single-particle states for v = 3 (7 = ¢ and k = 2).

§1) =100, [[e]) =

(T = e™/3 and k = 1).

5)en

Single-particle states for v = 2?” (r = e™/3 and k = 3).

Fyw. [S)w [Bym e

Single-particle states for v =

[y
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6 U(n) gauge group on T2

In section 5 we have seen that for U(1) gauge group, the solution to our problem (as posed
in section 2) is a Chern-Simons theory at one of the levels k = 1,2,3. The level is deter-
mined by the choice of coupling constant 7 and the SL(2,Z) element g. We now turn to the
nonabelian case of U(n) gauge group. A natural question, then, is whether the solution to
the U(n) problem (with the restrictions on n as given in section 2.4) is also a Chern-Simons
theory. And if not, what is it? To explore this question we will use the dual type-IIA de-
scription of the Hilbert space of ground states of the U(n) theory on T that we found in sec-
tion 3, and compare it to the Hilbert space of Chern-Simons theory at the appropriate level.
As we saw in (3.6), the type-IIA Hilbert space H(n,v) can be decomposed into sub-
spaces H(nl,n%___’np)(v) by specifying the winding numbers ny,...,n, of the individual
strings. We will analyze these subspaces separately, using the following three tools:

1. The T-duality group SL(2,Z) generated by 7,S;
2. The Zy x Zj symmetry generated by U,V (which is useful for k > 1);
3. The decomposition of the gauge group U(n) = [U(1) x SU(n)]/Z,.

Together with the known solution for U(1), the last point allows us to construct from
each of the H,, . ,,’s another Hilbert space ﬁ(nl,...,np) of states that we can associate
with the SU(n) degrees of freedom only. This will be done in section 6.1. The coupling to
the U(1) degrees of freedom is encoded in the action of large gauge transformations related
to the Z,, C SU(n) center. They form a Z,, x Z, symmetry group that is generated by a
pair of large gauge transformations. In this way, we will end up with Hilbert subspaces
ﬁ(nl,...,np) (v) on which an action of the semidirect product of SL(2,7Z) and Z,, X Z,, is given.
This will also be described in detail in section 6.1 [see (6.5)].

In general the analysis depends on the total winding number n and the angle v, but
there is one observation that we can make independently of them. For every n and v,
there is unique sector 77[(1,17___,1)(0) with n particles of winding number 1. In section 6.4
we will argue that this sector corresponds to the Hilbert space of SU(n) Chern-Simons
theory at level k. The interpretation of other sectors is more mysterious and we will defer
the discussion of them to section 6.5.

We take the T2 to be in directions z1, z2, and as in section 2, the S! is of radius R in
direction x3.

6.1 The center U(1) C U(n)

Except for global issues related to electric and magnetic fluxes, the U(1) center of the gauge
group U(n) decouples. Arguments similar to those in section 5 lead to the conclusion that at
low-energy (below the compactification scale 1/R) it gives rise to a decoupled sector of U(1)
Chern-Simons theory. (The global issues will be discussed below.) The level is k' = kn,
where £ is that of the U(1) problem given in section 5. This can be seen as follows.
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A gauge field A of the U(1) center is diagonally embedded in U(n) as

A
A — A

Inserted into the U(n) Yang-Mills action, this normalization of A gives rise to a U(1) action
with coupling constant n7. Then the S-dual U(1) action, expressed in terms of a dual U(1)
gauge field g, has coupling constant —#. Now consider the S-twist by g’ (the case with
v = § and k = 2), which requires the theory to be self-dual. To achieve self-duality,we need
to rescale the dual gauge field by defining A =nA’. We can then set the S-twisted boundary
conditions to be, roughly speaking, 12(/(27TR) = A(0). Inspecting (5.2), and repeating the
arguments of section 5, then shows that the proper Chern-Simons level is k' = 2n. Similarly,
it can be checked that the effective U(1) Chern-Simons level is ¥’ = kn for the other values
of k, where k is the function of v defined in (3.9). (When checking this, note that the shift
of the U(n) #-angle that corresponds to 7 — 7+1 induces 7 — 7+n for the U(1) variables.)

Now compactify the remaining two spatial directions of the theory on T2 (parameter-
ized by 0 < x; < 2rL; for j = 1,2). The Hilbert space of states of U(1) Chern-Simons
theory at level k' = kn on T2 has k' states, which we denote by

Puay, p=0,... .k 1.

We pick a basis of the Hilbert space so that these states are eigenstates of the U(1) Wilson
line operator W; corresponding to the 1-cycle around the zi-axis,

2nly
W1 = exXp {/ Al(xl,O)dml} s (6.1)
0

so that
2mip

Wi \P>U(1) =€ kn \P>U(1)-

(For a quick review of U(1) Chern-Simons theory on T2, see section 5.3, replacing k that
appeared there with &’.) A general state |¢>U(n) of the Hilbert space of the U(n) theory
can then be decomposed as

kn—1

VYo = Z %3 P)sum) @ P uq) - (6.2)

p=0

where [1); p>SU(n) are the “coefficients” which can be interpreted as wavefunctions of the
SU(n) degrees of freedom only.

Let us now discuss the global issues that arise because U(n) is not U(1) x SU(n) but
rather [U(1) x SU(n)]/Z,,. When compactifying a U(n) gauge theory on T2, we require the
Hilbert space of states to be invariant under large U(n) gauge transformations. In particu-
lar, we need to consider the two gauge transformations €2; (j = 1,2) with gauge parameters

ﬁ
Qj(x1, ) = diag (e Lil,.. .,1>,
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which are continuous in U(n), but cannot be lifted to continuous gauge transformations
in U(1) x SU(n). Indeed, they can be written as Q; = QQ7 with

J
Q(x1,22) = diag (e"LJ' senti ,e"LJ) e U(1), (6.3)
(nfl)izj _ iz _ iz
Q (1, 22) = diag <e "hioJe "Malle "LJ'> € SU(n), (6.4)

but 2 and Q7 have a discontinuity at x; = 0 = 27L;.
Nevertheless, 2] and €2} define unitary operators on the Hilbert space of U(1) Chern-
Simons theory on 72 which act on the states [P)uqy as (see section 5.3)

_2mip
Nlpduy = o+ koay>  Blplugy =€ = Do -
The decomposition (6.2) then implies that
2mip
Qi p)sum) = 0ip + Ksumy > Dlip)sum) =€ [¥iP)sum) - (6.5)

We conclude that a state of the form (6.2) is in the Hilbert space of the U(n) theory
provided that the SU(n) states in the decomposition satisfy (6.5).

Identifying the Zr momentum and winding number operators. In section 3.3—
3.4 we defined the symmetry operators U,V on the type-IIA dual. Let us identify these
operators on the gauge theory side. From the definition it is clear that U/, V act only on
the U(1) € U(n) degrees of freedom, since on the type-ITA side they are defined in terms
of the “center-of-mass” of the strings. We therefore turn to the analysis of large gauge
transformations that act only on the U(1) degrees of freedom.

Define the discontinuous U(1) gauge transformations

QX ; LT
J J

T§a)($1’$2):diag <6%7"'7ek/Lj> €-U(1)7 j:1727

where « is a real parameter. We will see momentarily that it has to be an integer. Let W,
be the U(1) Wilson line as in (6.1), and define the Wilson line W, in direction 2 similarly.
Then, by definition, Tga) has the following commutation relations with the Wilson lines:

2mic

NI =, () ™ = Wy, (6.6)

and similarly for Tga). Given the explicit &’-dimensional representation of Wi, Wy (see

section 5.3), it is not hard to check that a solution to (6.6) exists only for integer «, in
which case we can take

T —wy, e = wre
)

Chern-Simons theory. For example, acting on (6.2) we get

But even with o € Z, the operators Tga might not preserve the Hilbert space of U(n)

kn—1
« _ 2mic
T; )|¢>U(n) = Z € ’mp|¢;p>su(n) ® |P>U(1),
p=0
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and assuming the “coefficients” [¢;p)gy,) satisfy the condition (6.5), we find that the

new “coefficients” e %" \1/1;p>SU(n) do not satisfy the rightmost equation of (6.5) unless

« € nZ. Similarly,
kn—1

T(a V) U(n Z lvip — ) SU(n) ® ‘P>

and the leftmost condition of (6.5) is not satisfied unless a € nZ. In order to preserve the
Hilbert space, we therefore require « to be an integer multiple of n. We therefore define

Ki=1"=wy,  Ky=1 =wpm. (6.7)

They generate a k*-dimensional group that preserves the U(n) Hilbert space, and they
act as
kn—1

K1ly) U(n Z [ip—n) SU(n) @ ’P>

kn—1

Kol vny = Ze [ phsugm © D)y

The operators Ky, Iy satisfy the clock-and-shift relations

KikCo = e 7 Kok (KC)F = (Ko)? =1
We can now connect the type-ITA operators U,V to the gauge theory by identifying
U=K, V=K', (6.9)

in analogy with (5.36). We therefore get

kn—1
27i
V‘w U(n Z € T W}v PIsu(n) ® ’p>U(1

kn—1

Ul)ym) = Z i — n)sum) ® [Py

(6.10)

Action of SL(2,Z). There are two more operators that we find useful to define on the
Hilbert space of the U(n) theory on T2. In section 3.6 we discussed the SL(2,Z) action of
large diffeomorphisms of 72, and we mentioned that it induces an action on the Hilbert
space of ground states. The action of SL(2,Z) on the U(1) states is well-known. Setting
the generators of SL(2,Z) to be

T:<11>, S:<0—1>,
01 10
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we have (see section 5.3)

kn—1

1 27i
Slp)uay = N Z e gy
q=0
(6.11)

i 2

TIp) _ ex " p)ya) for even kn,
ua ehnP®HEM)|p) ) for odd kn.

There are restrictions on the action of 7,8 on the SU(n) states since they have to
preserve the U(n) Hilbert space (6.2) with the conditions (6.5). The restrictions have
certain implications for the commutation relations among 7, S and Qf, Q). We have

T‘WU( )= Z';"ol eﬂ’“i AT >SU(n ® |p> for even kn,
n) n wzp(p-ch)
ZI;:OI e T|¥;p)su (n) ® |p> u(1) for odd kn,
and therefore (6.5) implies
— 27ip
T T D)sy(m =€ * 183 P)sum » (6.12)

and
27ip + Zik Trzk

e n |v;p+ /<:>SU( ) for even kn,

T—lQ//T ¢;p n = s mwik(n 6.13
17| >SU( ) 62 2mip 4 wik( +1)‘¢,p+k>SU( ) for odd kn. ( )

Using (6.5) again, we can rewrite these relations as

ik
e n Q50O for even kn
T10T = O, T1/T = ik (r on ground states).
o ! { o=t WY for odd k| )

(6.14)
Similarly, we find

SQls =, S'ogs =) (on ground states). (6.15)

So, in order for 7 and S to preserve the Hilbert space with the conditions (6.5), they must
obey the commutation relations (6.14)—(6.15).

6.2 U(n) Chern-Simons Hilbert space as a symmetric product

The states of SU(n) Chern-Simons theory on 7% at level k are in one-to-one correspondence
with irreducible representations of SU(n) that correspond to Young diagrams with at
most k columns [32]. For example, for SU(2) the states are labeled by an irreducible
representation of SU(2) with spin j at most k/2, and so we can label the states by an
integer m =25 =0,...,k.

We are interested in how the SL(2,7Z) generators 7,S act on the states, as well as in
the large gauge transformations Qf, ), which are defined similarly to (6.4) and generate
two Z, symmetries of the Hilbert space. For this purpose, we work with a particularly
convenient representation of the Hilbert space that is derived from the Hilbert space of
U(n) Chern-Simons theory, as we shall now explain.
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To describe Chern-Simons theory with U(n) gauge group requires two levels — a level

k' for U(1) and a level k for SU(n). The theory is then denoted by
[U(l)k/ X SU(n)k]/Zn,

where the Z,, quotient refers to modding out by large gauge transformations ; = Q’Q7
defined similarly to (6.3)—(6.4). The level k¥’ can in principle be any integer multiple of
n, and can be changed by adding to the Chern-Simons action a U(1) Chern-Simons term
for the trace of the gauge field. One customary choice is ¥’ = n(k + n), for which the
(bare) Lagrangian doesn’t have a separate Chern-Simons term for the trace of the gauge
field. Another choice is k¥’ = kn. This choice is particularly convenient, because we have

the equivalence of Hilbert spaces [33, 34]:
H([UL)kn x SU(R)k]/Zy) ~ H(U1))*" /Sy (6.16)

where [---]/S,, denotes the symmetric part of the tensor product.
Equation (6.16) is to be understood as follows: both sides are equivalent representa-
tions of 7, S, as well as 1, s. In particular, the dimensions of both sides are equal:

dim H([U(1)gn x SU(n)1]/Zn) = kn (n +Z - 1) = <n }:f; 1)

n2

(6.17)
= dim [H(U(1)x)*"] 4 -

In fact, (6.16) can be understood in terms of wavefunctions as well. To explain this, we
need to first discuss the wavefunctions of U(n) Chern-Simons theory on T2. The states of
Chern-Simons theory on a Riemann surface can be obtained by quantization of the space of
flat connections on the Riemann surface [32]. For T2, the flat connections can be encoded
in the conjugacy class of the two commuting holonomies of the gauge field around two inde-
pendent cycles of T2. The resulting wavefunctions have been explicitly described in [33-37].
For U(1) gauge group, the two holonomies can be combined into a complex variable that
takes values on a dual 72. This dual 7 also has complex structure p, and the wavefunctions
are related to f-functions, as we reviewed in section 5.4. For U(n) gauge group, with the
help of a gauge transformation, the two commuting holonomies can be reduced to a maximal
torus U(1)" C U(n). The two holonomies associated with the " U(1) factor (i = 1,...,n)
can be combined into a complex variable a; which takes values in 7?2, and so is subject to
the identifications a; ~ a; + 1 ~ a; + p. The wavefunctions ¥ (ay,...,a,) are required to be
symmetric in the n variables (because of the Weyl group S,,) and can be expressed in terms
of partition functions of U(n) WZW models at level k (which are characters of the corre-
sponding affine Lie algebra [41, 42]). Explicit expressions can be found in [33, 34, 36, 37].

On the other hand, the wavefunctions of H(U(1),)®™ are proportional to symmetrized
products of the wavefunctions ¢, (a;) described in section 5.4:

U@, 0,) = Z H?,Z)pi(aa(i)). (6.18)
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Here, again, the U(1) wavefunctions can be expressed in terms of f-functions as reviewed in
section 5.4. Now, the main point is that these symmetrized products of #-functions (6.18)
span the same Hilbert space as the characters of U(n) WZW at level k, as explained
in [33, 34]!

Using (6.16) it is easy to calculate the action of 7,8,Q/,Q) on H(SU(n)x) by cal-
culating the action of 7,8, Q1,5 on the right-hand side using the formulas of section 5,
and then extracting the SU(n) degrees of freedom from the left-hand side using the U(1)
results in section 6.1. In doing so, it is very useful, using (6.9), to compare the action
of U,V on type-IIA states and on the expansion (6.2) [as given in (6.10)], and derive
restrictions on the the SU(n) states that appear in the expansion (6.2) as coefficients.
Once we have these restrictions, we can derive the action of the SL(2,Z) operators 7 and
S on the SU(n) states. We illustrate this procedure with an example in section 6.3. The
general case is described in appendix B.

6.3 Example: U(2)

We will demonstrate the decomposition into U(1) and SU(n) degrees of freedom in the
case k =2 and n = 2.

Consider the sector of 2-particle states on the type-IIA side where each string has wind-
ing number 1. Since we identified the single-particle states with those of U(1) Chern-Simons
theory in section 5, (6.16) implies that states in this sector can be identified with those of
U(2) Chern-Simons theory. We expand the basis states given in section 3.2 using (6.10):

I
E

06 = (10 850)su0m @ o) -

3
I
o

06 =3 (183 B psup © Do) -

Mo 10

(=] [e]) <| [©); P)sy(m) ® |p>U(1)> :

=3
I
o

Now let’s compare the eigenvalues of V on both sides. Since ‘ [¢]) and ! & Q> have
V-eigenvalue +1, only even p’s can appear in their expansions [see (6.10)]. Similarly,
{Q Q> has V-eigenvalue —1, and therefore only odd p’s can appear in its expansion.
Next, we note that ‘QQ> + ‘ [¢]) and {CD []) have U-eigenvalue +1 while
{CD Q> — { [©] ) has U-eigenvalue —1. We conclude that the expansion of U(2) states
in terms of SU(2) and U(1) states must take the form

L) = la)sue) @ 0y + 9sue @ 12)ua) (6.19)
L1 [el) = bgye) © (|1>U(1) + |3>U(1)) ; (6.20)
[ [e]) = [&)sue @ 10)ua) + @) sue @ 12)ua) (6.21)

where |a), |b), |c) are 3 states of the SU(2) degrees of freedom.
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We now note that the SL(2,Z) action of large diffeomorphisms becomes T-duality
on the type-IIA side. Using the action of 7,S on the single-particle states as listed in
appendix A, and the action of 7,S on the U(1) variables as given in (6.11), we can find
the action of 7, S on the SU(2) basis of states |a), |b),|c):

1 1 1
2 2 5 1 0’ 0

S=|d 0 %], T=|o0e¥ 0. (6.22)
1 1 1

We also find, using (6.5), the action of large gauge transformations:

001 100
Ql=1(o10], b=10-10]. (6.23)
100 001

We will now present explicit expressions for the wavefunctions that realize the
decomposition (6.19)—(6.21). The single-particle states |[]) and |[e]) can be identified
with wavefunctions of U(1) Chern-Simons theory. The latter can be explicitly represented
in terms of f-functions, as we recalled in (5.32). In order to realize (6.19)—(6.21), we need
to recast the product of two such wavefunctions in a way that separates the “center of
mass” U(1) variable.

We denote the wavefunctions of Chern-Simons theory for any k as® (see section 5.4)

Tk g2 % mwipp?+2mipa

Uy k(a) = 0(ka+ pp; kp)e?e2 , p=0,....k—1. (6.24)

The correspondence between the single-particle states and their wavefunctions can be found
using (5.33) and (5.36); for example, for k = 2, we get

1&1) = o2, [[e]) — v1,2.
Next, we use the identity
0(z1;7)0(22;7) = 0(21 + 22;27)0(21 — 22;27) + e“(T“ZQ)H(zl + 20+ 73;27)0(21 — 29 — 75 27)
to rewrite the 2-particle wavefunctions as

wp1,k(a1)¢p2,k(a2) + ¢p1,k(a2)wp2,k(al)
= ¢p1+p2,2k <a1 —; a2> [wm—m,% (al ; a2> + ¢p2—p172k (al ; a2>}

a; + as a; —ag a; —az
+¢p1+p2+k,2k< 2 ) [%Z)pl—pz—k,%( 2 >+¢p2—p1+k,zk< 5 >] .(6.25)

We interpret the functions of (a; + az) as the U(1) parts,

a; + a
|p>U(1) —”/)p,Qk( - 5 2> )

®For the purposes of this discussion, we can actually be more general, and do not need to restrict

ourselves to k = 2.
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and the factors in the square brackets [---] in (6.25) as the SU(2) parts. Specializing to
k = 2 again, we see that the decomposition (6.19)—(6.21) is consistent with:

ap—a
|a>SU(2) - ¢0,4< - 5 2> )

b)suiz) — % [7/)1,4 <a1 ; a2> + 3,4 <a1 ; a2>] : (6.26)

a; —a
[Ssu) — 1/12,4< ! 5 2) :

In section 6.4 we will interpret these as wavefunctions of SU(2) Chern-Simons theory at
level 2.

SL(2,Z) action on SU(2) Chern-Simons theory. For future reference, we list here the
action of 7,8, QY, Qf on the Hilbert space of SU(2) Chern-Simons theory at level £ = 1,2, 3.
For k = 1, the basis states |a), |b) are defined, using (6.16), by

@U@U> la)su(2) @ [0)ua) + 1B)sue) @ Dy

In this basis, we have

1 0 1 (11

T = (0 e—mﬂ) , S = = (1 _1> , (6.27)
01 10

- (00). u-(10) oo

For k = 2, the results are in (6.22)—(6.23).
For k = 3, the basis states |a), |b), |c), |d) are defined by the decomposition

ﬂﬂ> = [@sue) © Oy + Bsue © Boqy
L/ k])=
[V /[Y) =
{/p/)=
L/ [V )=

{L/[)=

where we have used the same argument as in the paragraph preceding (6.19)—(6.21) to
simplify the decomposition into U(1) and SU(n) degrees of freedom. We get

su@ @ 12)uay + Bsue) © By
a)su(2) @ o + Bsue) @ Dy
Asue) @ Do +1dsue) @ Huay

Asu@ @ Blua) T 1dsue) ®10)uay

Asue @ Bua) T 1dsue) @ 12)uay

1 0 0 0 1 1 V2 V2

mi/2 1 1 -1 =22
e 75046 O, S=— V2 V2 , (6.29)

0 0 ed™/6 o Ve lv2-v2 1 -1

0 0 0 e2mi/3 V2 V2 -1 -1
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0100 10 0O

1000 0-10 0

- ’ n_ - (6.30)
0001 00 —10
0010 00 01

Note that S,7, as given above, are not the same as the realization of SL(2,7Z) on
Chern-Simons states as given by [31, 32]. In [31, 32], S is realized by the Verlinde matrix:

/
Sy|m) = \/ Z m+k1+72n +1)|m'>, m=0,...,k, (6.31)

where |m) is the state corresponding to spin m/2, and 7 is realized diagonally by

mim(m+2)

Ty m) = e 20+2 |m) m=0,...,k. (6.32)

Formulas (6.31)—(6.32) were derived from the equivalence between states of Chern-Simons
theory on T2 and characters of the WZW model, while formulas (6.22) and (6.27),(6.29)
were derived by realizing the Hilbert space of SU(2) Chern-Simons theory as a subspace of
H(U(1))%/Sy. The discrepancy between (6.31)—(6.32) and (6.22), (6.27),(6.29) is because
they are written in difference bases, and the transformation from one basis to the other
involves nontrivial coefficients that are functions of the complex structure p. These coeffi-
cients transform nontrivially themselves under S and 7, and hence the resulting formulas
are different. This point will be demonstrated explicitly in an example in section 6.4.

6.4 Chern-Simons theory and the [o]-untwisted sector H[;)(v)

Each of the three cases k = 1,2, 3 considered in section 3.2 has a special sector Hjj(v) =
Ha,..n (v) comprising of n string states, all of which have winding number 1. The location
of these strings can be any one of k choices, so altogether the Hilbert space is the symmetric
product of single-particle Hilbert spaces:

M, W) = HUL)R)™" /S, (6.33)

In fact, for the present discussion the restrictions on n from section 2.4 can be relaxed,
and we can allow any n > 1, because even the cases n > r still have a finite-dimensional
subspace of normalizable ground states (even though there is no mass gap now). The
finite-dimensional Hilbert space H;j(v) is therefore well-defined for all n. This is the sector
we referred to in section 3.2 as the [o]-untwisted sector.

We can now state our main observation: Hjj is equivalent to the Hilbert space
of [U(1)gn x SU(n)k|/Z, Chern-Simons theory at level k. This follows immediately
from (6.16).

As an example, take the case n = 2. In section 6.3 we studied the ba-
sis of symmetric 2-particle states of H(U(1),)®? with wavefunctions of the form
Y, (a1)Up, (a2) + Uy, (a2)Pp, (a1). In (6.25) we expressed these products as a linear
combination of products of wavefunctions of (a; + a2) and wavefunctions of (a; — ag).
According to (6.16), the symmetric part of the space H(U(1);)®? is the Hilbert space of
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U(2) Chern-Simons theory where the U(1) center is at level 2k and the SU(2) is at level
k. Indeed, the functions of (a; 4+ ag) correspond to the U(1) factor and are wavefunctions
of U(1) theory at level 2k, while the functions of (a; — a2) can be recast as wavefunctions
of SU(2) theory at level k using the connection [31-34] between the latter and characters
of affine Lie algebras. Let us demonstrate how this is done.

The characters of the SU(2) affine Lie algebra at level k are related to the wavefunctions
we found in (6.25) as follows. Consider the Weyl-Kac characters

wi(n2p—n
chp(a) = Y Ch(p)Omr,  Omp=  ». e, (6.34)
m=1—k neZ+m/2k

where C?\(p) are the “string functions,” which satisfy the following relations [43]:

CA=0 YA#m (mod2), C)=c*

m —m’

Cp =CF. (6.35)

Here A = 0,...,k corresponds to twice the “spin” of the highest weight of the represen-
tation. For k = 2, for example, these constraints yield 3 independent C’fﬁ’s whose exact

forms are

2
C+ECS+C§:%, c=c0_co- WD o e (6.36)

where 7(q) is the Dedekind function of ¢ = ¢*™. Relating them back to our wavefunctions
in (6.26), we find the relations:

emha /20 0 1,0 0 1.2
la)sy(e) = .0 (Cp chy(a-) — C3 chz(a)) , (6.37)
emhe /20 0 1,0 0 1.2
l&)su(e) = .0 (=05 chy(a-) + Cp chi(a-)) (6.38)
eﬁkﬂ%/?pg 1
’b>SU(2) = TChQ(a—)7 (6.39)
1

where a_ = (ay —ay)/2.

Thus, we see explicitly that the wavefunctions of H; 1)(v) correspond to a basis of the
wavefunctions of U(2) Chern-Simons theory at level k. In particular, the states |a), |b), |c)
of (6.26) correspond to a linear combination of the states of SU(2) at level k£ = 2 with
highest weight 7 = 0, 1, 2, respectively. The subtle point about the linear coefficients being
functions of p is that in the language of holomorphic quantization, the basis furnished by
the string theory is not yet normalized. A straightforward computation reveals that the
modular transformation properties of the string functions explain the discrepancy between
our formulae for 7, S and those found in standard literature for Chern-Simons theory. For
example, under p — p + 1 we find

_mi _ i
cl—-cl, C.—esC., C,—es5C_.

Thus, if one further orthonormalizes the string theory states, then, as shown above, the
states are those of nonabelian Chern-Simons theory.
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6.5 [o]-twisted sectors

We now turn to the sectors of the Hilbert space where some strings have winding number
greater than 1. These are the sectors H(,, . n,)(v) that we called [o]-twisted in section 3.2.
We distinguish two kinds of sectors:

1. Irreducible sectors—those sectors for which all individual strings have the same wind-
ing number, i.e., ny = --- = n,. Those Hilbert spaces cannot be written as a product
of two Hilbert spaces with a smaller number of strings and same value of v. In
particular, all single-particle sectors (p = 1 and ny = n) are irreducible.

2. Reducible sectors—those sectors for which at least two individual strings have
different winding numbers, i.e., n; > n,. Those Hilbert spaces can always be written
as a product of at least two Hilbert spaces with a smaller number of strings and

same value of v.

The Hilbert spaces of reducible sectors can always be written as tensor products of Hilbert
spaces of irreducible sectors, and are therefore equivalent to Hilbert spaces of a sum of

decoupled Chern-Simons theories with gauge groups of lower rank. For example, for v = 5

s s m
tan(5) = (5) o7 (5

We have already identified ;) (5) as equivalent to the Hilbert space of U(1)2 Chern-Simons
theory, and below we will identify H ) (%) as the Hilbert space of [U(1)4 x SU(2)-2]/Z2
Chern-Simons theory (the gauge group here is U(2) ~ [U(1) x SU(2)]/Z2), so altogether
we can identify H 1)(5) as equivalent to the Hilbert space of a U(1) x U(2) Chern-Simons

and n = 3 we have

theory. It therefore suffices to study the irreducible sectors, which we shall undertake below.

Let us here begin by outlining the plan. In each case we will decompose an irreducible
space H(m,___,np)(v) into irreducible representations of SL(2,7Z) and present the action of
7,S. We then extract the SU(n) degrees of freedom as in (6.2) and calculate the action of
T ,S on the resulting states |¢;p>SU(n)- Next, we will attempt to map the states |¢;p>SU(n)
to ground states of SU(n) Chern-Simons theory on T? at some level k”. We will find that
this is possible in all single-particle cases, and we will identify the level. A useful tool is
the action of the 7Z,, x Z, symmetry group generated by the large gauge transformations

1,94 as in (6.5).

We should make it clear that at this point we are not claiming that the theory is
Chern-Simons theory at level k” (although it is very likely), but only that the single-
particle Hilbert space H ) (v) is equivalent as a representation of SL(2,Z) and U,V to the
Hilbert space of [U(1)k, % SU(n)g]/Zy,. However, whether the low-energy theory really is
Chern-Simons theory or not, the SU(n) states |¢; p>SU(n) have to form a representation of
the Z,, X Z,, group, and in this sense we can say that at the very least the low-energy theory
is a Z,, gauge theory (but of course Z, might be a subgroup of a bigger gauge group).

Accepting the equivalence between the single-particle sectors and their corresponding
U(n) Chern-Simons Hilbert spaces, and given the equivalence between the untwisted
sector H(y1,..1y(v) and the corresponding U(n) Chern-Simons Hilbert space that we
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established in section 6.4, it is straightforward to construct the Chern-Simons Hilbert
space equivalent of reducible sectors H(nl,___ynp)(v), as long as no n; > 2 appears more
than once in the sequence (nq,...,ny). Thus, assuming

nl>...>np7q>npiq+1:...:np:1, (640)
and denoting, for brevity,

U Y g = H(U ) pnr x SUW )]/ Z )
we can identify

Hingony) (0) 2 UM1)kny by @ -+ @ Unp—g)knyy g kp—g © U@ kg » (6.41)

where U(nj)knj,k is our proposal, to be developed below, for the single-particle sector

H(nj)(v), and k; ](j =1,...,p—q) depends on n; and k.

Note that (6.41) is not explicitly in the form [U(1)g, X (--+)]/Zy. To reconcile (6.41)
with our discussion on the level kn of the U(1) center in section 6.1, we can consider
a wavefunction in the right-hand side of (6.41). It is a product of wavefunctions of
the component U(n')g, r» Hilbert spaces. As we have explained in section 6.3, these
wavefunctions are products of §-functions in variables a;, as, ..., which take values on 772,
To address the question of the U(1) center, we fix a1, as, ..., and translate all variables by

¢, which we take to be some holomorphic coordinate on 7%
al_)a1+g’ a2_)a2+g’

The main point is that a wavefunction in U(n’/ )kn/ kv is a linear combination of level-kn’
f-functions in ¢. In other words, it is a section of a holomorphic line bundle over 72 with
first Chern class ¢; = kn'. As a function of (, the product of the wavefunctions in all
the component Hilbert spaces on the right-hand side of (6.41) is a linear combination of
f-functions of level k(g + Z?;i} nj) = kn, as it should be.

The condition (6.40) is satisfied by all irreducible sectors except Hg2)(5). There are
therefore two sectors that are not covered by our results, both for £k = 1. The first is
Ha, 2)(”) itself for n = 4, and the second is the reducible sector H 3o 1)( ) for n = 5,
which decomposes as U(1)1 x H22)(5). We discuss the sector H 3 9)(5) in some detail in
appendix C, but it generally remains a mystery to us.

We now turn to a case-by-case analysis of the single-particle irreducible sectors.

6.5.1 v=75 (k=2)
For k =2 and n = 2 we have, on the type-1TIA side, 3 single-particle states

610 1&1), [@])

which are a basis for a subspace we denote by H()(5). Using the same argument as in the
paragraph preceding (6.19)—(6.21), we can separate the SU(2) degrees of freedom as follows:

6]) = la)sue) @ 10)ua) + [@sue @ [2)va (6.42)

,60,



|@> = 2) @ <’1>U(1 + 1B v > ) (6.43)
@) ue) ® 0)ya) + ladsue) @ 12)ua) - (6.44)

[We used the same notation |a),|b), |c) as in (6.19)—(6.21), but these states are, of course,
unrelated to the states |a), |b), |c) of (6.42)—(6.44).] Then, we can read off the action of the
SL(2,Z) generators 7,8, and the large Zy gauge transformations Q7, Q) on |a), |b),|c):

Tla)su) = 9)su@ > Th)su@ =€ * Bsue . TI9sue = —l9su) (6.45)
Sla)sue) = 3la)su +%|b>SU(2) +319)su )

Slb)su(z) = %WSU@) —%@SU@) . (6.46)

Slo)su) = %|Q>SU(2) —%|b>SU(2) +%|C>SU(2)’ )

and

Qlll‘a>SU(2) = ‘C>SU(2) ) Qlll‘b>SU(2) = ‘b>SU(2) ) Qlll‘c>SU(2) = ’a>SU(2) ) (6.47)
MWla)sue) = a)sue) >  Dbsue) = —Ibsue):  Blodsue = lsue) - (6.48)

Comparing the above with (6.22)—(6.23), we see that the action of 7,S,Q,QF agrees
with that on the Hilbert space of SU(2) Chern-Simons theory at level &k = —2. [To see
this, note that the eigenvalues of 7 above are, up to an overall phase, conjugates of those
n (6.22).] Chern-Simons theories with negative levels k < 0 are equivalent to the theories
with positive levels (—k) but with the opposite orientation of spacetime. Thus, if we wish
to keep the same spacetime orientation for all the sectors of the theory, we have to include
negative Chern-Simons levels. We conclude that 'H(g)( ) is equivalent to the Hilbert space
of [U(1)4 x SU(2)_2]/Z2 Chern-Simons theory.

For n = 3 we get two [o]-twisted sectors. The first, corresponding to [o] = (3), is

&) @)

We denote it by H3)(5). Let us first separate the U(1)g center, as in (6.2):

2-dimensional and spanned by

l@>:| >SU(3 ®10)yqay + D)sue) @ 12)ua) + 1@Osu@) @ [4uay
@) = la)sue) © 1By + Dsue) @ 1B)uw + 19)sue © Dua) »

where [p)yq) (p=0,...,5) are states of U(1) Chern-Simons theory at level kn = 6, and we
have used the known action of ¢4,V to simplify the decomposition. [a)gy ). [b)su(s), [9)su(s)
are unspecified states associated with the SU(3) degrees of freedom only Using (A.7)
and (6.11) we calculate (up to an overall phase):

2mi _ 2mi

Tla)syes) = la)su) - Tlb)guy =€ 3 b)sue) - Tle)su@) =€ @ [Qsu)

,61,



and

Sla)sus) = % <‘a>SU(3) + b)sue) + ‘C>SU(3)>

2ri _2mi
Sb)su) = %(WSU(:&) +e3 |blgy +e 3 ‘C>SU(3)> : (6.49)
Slelgue) = %(WSU@) e 5 by e \C>SU(3)> )

The Z3 C SU(3) center acts, according to (6.5), as

2mi 2mi

Wla)gu@) = la)sug) » by =€ Bsue) Qle)sueE) = € 19su) -
and

Q,1/|Q>SU(3) = |b>SU(3) ) Q,1/|b>SU(3) = |C>SU(3) ) Q/1,|C>SU(3) = |a>SU(3) :

These formulas for 7,8,Q7,Q), are consistent with the Hilbert space of SU(3) Chern-
Simons theory at level k& = —1. To check that |a)gys), [b)sus): [€)su(s) agree with the
states of SU(3)_; Chern-Simons theory, we note that U(3)_; = [U(1)_3 x SU(3)_1]/Z3 has
a one-dimensional Hilbert space, spanned by a state of the form

0)uay_, ® |a/>SU(3),1 + vy, ® |b/>SU(3),1 + 12y, © |CI>SU(3),1

where, as the notation suggests, |p)y(;)_, (p = 0,1,2) are the states of U(1)_3 Chern-
Simons theory. The 7, S transformations of |a')qy ), [V)su@) 0 [¢)su)_, can then be
recovered from (5.22) and (5.24).

The second [o]-twisted sector for n = 3 corresponds to [¢] = (2,1) and is spanned by

E367): 1341, (@), [[§]). [E&]), [l @) (6.50)

We denote it by H(m)(%). As explained at the top of section 6.5, this sector is reducible,
and equivalent to the Hilbert space of U(1)g x [U(1)4 x SU(2)_2]/Zg Chern-Simons theory.

So, altogether, in the case n = 3 we found that the Hilbert space is a direct sum of
three Hilbert spaces:

U362 © U(3),—1 @ [U(1)2 ® U(2)4,2] -
The first two have gauge group U(3), and the third has gauge group U(1) x U(2).

6.52 v=72(k=1)andv=2 (k=23)

Except for the mysterious Hs9)(§) sector mentioned above, we again find that each
single-particle sector H ) (v) is equivalent to a Chern-Simons Hilbert space. The deriva-
tions are presented in appendix C, and the results are summarized in table 3 in the
concluding section.
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6.6 Wilson loop operators

So far we have found a correspondence between the Hilbert space of ground states of the
S-duality twisted compactification of N' = 4 SYM of section 2 and the Hilbert space of
ground states of the type-ITA background of section 3. The next step is to extend this
correspondence to operators. The natural operators to start with on the type-IIB (gauge
theory) side are Wilson loops at a constant x3 and along a curve C C R*! where R%!
corresponds to directions 0, 1,2. Let us denote a Wilson loop operator in the fundamental
representation of U(n) by W(C, z3). We assume that the curvature of C' is much smaller
than the compactification scale 1/R. We can also consider supersymmetric extensions of
Wilson loops, as constructed in [44, 45]. These include additional terms that depend on the
scalar fields of N' = 4 SYM, but since we have eliminated all the zero modes of scalar fields
in section 2.3 we can expect that at low-energy the scalar fields are effectively zero, and it
is likely that the difference between ordinary and supersymmetric Wilson loops disappears.
In any case, we ask to what operator W(C, x3) flows to at low-energy. This question will
be addressed in more detail in an upcoming paper [46], but we will make a few preliminary
remarks in the present subsection. For simplicity, we restrict to the case k = 2.

Note that because of the S-duality twist, the operator W(C, x3) satisfies the boundary
conditions

W(C, x3) = M(C,x3 + 2rR) = W(C,z3 + 47R)' = M(C,z3 + 67R)" = W(C, z3 + 87R),

(6.51)
where M is the magnetic dual ‘t Hooft loop operator, and W' is the charge-conjugate
Wilson loop operator in the anti-fundamental representation of U(n). We now define linear
combinations which diagonalize the boundary conditions (6.51):

V(p) (C? $3) = W(C’ CEg)—{—ZpM(C, $3)—|—(—1)pW(C, x3)T+(_1)pM(Ca x3)T ) p= 0’ 15 2’ 3.
(6.52)

Their Fourier transforms along x3 are

VO(Ca3) = S PP (C)emTDF (6.53)

m+5
meZ

For p # 0, when acting on the ground states all the modes 177(72 »
4

binations of states with nonzero fractional Kaluza-Klein momentum, and therefore have

(C) create linear com-

energy at least ﬁ%. Thus, when we project these operators to the Hilbert space of ground
states they all vanish except VO We can therefore surmise that the operators W(C, z3),
M(C,z3), W(C, x3)T, and M(C,x3)T, all flow at low-energy to the same operator:

1~
W(C,a3), M(Cys), W(C,)', M(Cozg)! =5 297 (6.54)
In other words, at low-energy only the S-duality invariant combination

VO(CLx3) = W(C,23) + M(C,x3) + W(C, 23)T + M(C, z3)]

is relevant. And in particular we note that even though the gauge group is complex,
VO)(C, z3) is real and gives rise to a self-adjoint operator on the Hilbert space of ground
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states. For example, for U(1) gauge group we saw that the Wilson loops Wy, W, defined
in (5.17) are self-adjoint for k£ = 2, even though they are not self-adjoint in Chern-Simons
theory at level £k > 2. A similar phenomenon occurs for the C-twist that we studied in
section 4. This time the combinations that survive the low-energy limit are W + W,
In section 4.2 we saw that starting with U(2) gauge group, with the help of a C-twist,
we get a low-energy SU(2) gauge theory. So, while Wilson loop operators in U(2) gauge
theory are not self-adjoint, they are in SU(2) since its fundamental and anti-fundamental
representations are equivalent!

The action of V(O)(C, x3) on ground states can be studied using the type-IIA dual by
introducing probe strings, but this is beyond the scope of the present paper and will be
discussed in detail in [46]. We will only mention that the operators defined in (3.28) play
a role in the construction.

7 Realization via the (2, 0)-theory

S-duality is geometrically realized in terms of the six-dimensional (2,0)-theory. In this
section we will discuss a geometrical construction in terms of the (2,0)-theory of a setting
similar to that of section 2. The (2,0)-theory that was proposed by Witten in [48] is still
poorly understood, but there are at least two proposals for a definition: one as a M(atrix)-
model [49, 50] and another in terms of deconstruction [51]. (For some attempts in other
directions see [52]-[55].) In this section we will actually not have to use any of the funda-
mental definitions, however, because known results about the low-energy description of the
theory will suffice. The (2,0)-theory has an SO(5) R-symmetry, so we cannot reproduce the
identical setting of section 2, because the full SO(6) R-symmetry twist cannot be realized
in terms of the (2,0)-theory. Instead, we will produce a closely related setting as follows.

As Witten proposed [48], N' = 4 U(n) super Yang-Mills theory with coupling constant
7 is the low-energy limit of a six-dimensional theory compactified on 72, with 7 being
the complex structure parameter of the torus, so that S-duality 7 — (ar + b)/(cT + d)
is realized as an element of the mapping class group of the 7. This immediately leads to
a realization of the S-duality twisted compactification defined in section 2.2: we simply
take the (2,0)-theory (for the appropriate n) and compactify it on the space W defined in
section 3.1. Recall that W ~ (T? x S')/Z,, where S! has radius 27 Rr. The torus 72 has
complex structure 7, and we denote its area by A, so that in the limit

A< R?, (7.1)

we recover the S-duality twisted compactification of section 2.2.

The R-symmetry twist of section 2.3, however, is more difficult to realize because the
(2,0)-theory only has an SO(5) global R-symmetry, not SO(6). The enhanced SO(6) R-
symmetry of AV =4 SYM only arises as an effective low-energy symmetry. To get around
this obstacle, we note that the R-symmetry twist we used in section 2.3 can be continuously
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deformed while preserving N’ =4 SUSY in 241D by replacing (2.11) with

€SUMA)x. (7.2)

—je—2L
e €—3Y

For € = v we recover (2.11), while for ¢ = 0 we get an R-symmetry twist in a subgroup
SO(2) € SO(5) C SO(6), and thus it can be realized inside the SO(5) R-symmetry of
the (2,0)-theory. For e = 0 we also get additional bosonic and fermionic zero-modes from
the scalars and gluinos, but for 0 < € < v they are absent. Presumably, the low-energy
description for 0 < e < v is independent of € (by supersymmetry, or if the theory is indeed
topological), and so we can study the theory at e = 0 first, and then deform by a small e,
provided we can understand that deformation in the low-energy description of the e = 0
setting. In fact, for the specific purpose of understanding some of the [o]-twisted sectors
in section 7.3, it will suffice to study the e = 0 case.

To better understand the low-energy limit of the e = 0 theory, which is a 241D theory
with /' = 4 supersymmetry, we will make the plausible assumption that the low-energy
theory is independent of the dimensionless parameter A/R? and take the limit opposite
to (7.1), namely

% — 00. (7.3)
To analyze this limit, it is convenient to describe W as an S' fibration over a base T2 /Z,.
The fibers are constructed as follows. Fix a point on T2 that corresponds to coordinate
z (with the identification z ~ z + 1 ~ z + 7), and consider the set of all points with
coordinates (z,r3), where x3 is arbitary. The generic fiber is an S! of circumference 27 Rr.
Because of the Z, action, the fibers that we get for z and /T
is T?/Zy, as stated above.

This fibration is not quite a circle bundle, however, because there exist special points

z are identical, so the base

on the T?/Z, base where the fiber is smaller than the generic one. This happens if z is
invariant (up to Z + Z7) under some nontrivial element of the orbifold group Z,. For 7 = ¢
this is the case for three inequivalent z’s: z = 0, %, and %(1 +4). The T? points 0 and
%(1 + i) are fixed by the entire Z4, and the fiber over those points is of size 27 R, i.e., %
of the generic fiber. The point % is fixed by a Zo C Z4 subgroup and the fiber over it is
of size 47 R, i.e., % of the generic fiber. We can choose the fundamental domain of the Z4
action on T2 to be a triangle with vertices z = 0, %(1 +1i),1 and with extra identifications
on the boundary of the triangle which are induced by the identification z ~ 1 + iz and
z ~ 1 — z. The result is depicted in the k = 2 portion of figure 4. The situation is similar
for 7 = ¢™/3. Here again there are three special points of T2 /Z, which are invariant under
subgroups of Z,, and the fibers there are smaller than the generic fiber.

For i = 1,2, 3, we denote the i*" special point by Q; € T?/Z,. We denote the order of
the subgroup of Z, that fixes the special point (); by p;. The generic fiber has circumference
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Figure 4. Fundamental domains of the Z, action on T?. Fundamental domains are triangles for
k = 1,2 or a thombus for £ = 3 with edges identified as indicated by the markings. The special
points are fixed points of Z, or a proper subgroup of it, and the fractions indicate the size of the
S! fiber. These fractions are the inverses of the orders of the fixed-point subgroup.

N[

27r R, and so the fiber at @); has circumference 27rR/p;. We find the following values of p;:

(3,3,3) for r = 3 (7 = e™/3),
(pl’pQ,pB) = (4,4, 2) forr=4 (7’ = i), (74)
(6,3,2) for r = 6 (7 = e™/3).

Figure 4 shows convenient reresentations of T2 /Z, with the special points marked by the
fraction 1/p;. Note that in all three cases

1:2%. (7.5)

7.1 Reduction to 4+1D and 241D

When the (2,0)-theory is compactified on W in the limit (7.3), we can “dimensionally
reduce” the theory on the generic S' fiber to get, away from the three singular points
Q1,Q2,Q3, a low-energy 4+1D N = 2 super Yang-Mills theory (with 16 supersymmetry
generators). The theory is formulated on R*! x (T?/Z,), and has a coupling constant

gg\?[) = 27?(2Rr)%.

The space T? /Zy is locally flat, except for curvature singularities at the special points
Q1,Q2, Q3.

We denote the bulk 4+1D U(n) gauge field by C’, and for simplicity of the discussion
ignore the superpartners. The resulting low-energy description is constructed by combining
the bulk 4+1D action for C’ with additional localized interactions at the special points
Q1,Q2, Q3.

What is the contribution of the special point @); to the action? Near (); the base looks
like R?/Z,,, which is a cone. The total space looks like (S* x R?)/Z,. where Z,, acts as
rotation by 27 /p; on R? and translation by 2w Rr/p; on S*. To proceed, we switch to the M-
theory realization where we have n M5-branes on (S x R?)/Z,,. We also need to realize the
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R-symmetry twist. For (7.2) with e = 0, this twist can be expressed as a 27 /p; rotation in
an additional R? plane transverse to the M5-branes. Altogether, combining this transverse
R? ~ C with the R? >~ C that appears in (S! x R?)/Z,,, we get M-theory on (S x C?)/Z,,
where the generator of Z,, acts on a point of (S* x C?) with coordinates (z3,(1,(2) as:

Ly, : (x3,C1,C2) — <x3 + 27;Er,627)741,e_22)7§2> . (7.6)
7

We are now ready to describe the low-energy contribution of ); to the action. We
can arrive at the answer by combining a thirteen-year-old result of Witten [57] with a
fairly recent result of Gaiotto and Witten [1]. In [57], Witten showed that M-theory on
(St x C?)/Zy, in the R — 0 limit and in the region near the origin ({1 = (2 = 0) is dual
to a (1,p;) 5-brane (an object with p; units of NS5-brane charge and 1 unit of D5-brane
charge) of type-IIB string theory. We will review Witten’s arguments below, and see
that under the duality the n Mb-branes are transformed into n D3-branes that end on
the (1,p;) 5-brane. Luckily, in the last section of [1], Gaiotto and Witten described the
boundary interaction of n D3-branes ending on a (1, p;) 5-brane, and so we can use that
interaction to describe the vicinity of our special point Q;.

Before we proceed to the details of the interaction, let us review the part of Witten’s
arguments from [57] that apply to our case. Starting with (S! x C?)/Z,,, we first replace
C? with a Taub-NUT space, whose metric can be written as

—1
ds® = (1 + 2—‘5;> (dy + cos 0 do)? + (1 + Q—Sr> (dr? +72(d6? + sin® 0 d¢?)),  (7.7)

where y is a periodic coordinate with range 0 < y < 27.S. The origin » = 0 is a smooth point,
and the isometry that acts as y — y + 27.5/p; (keeping the other coordinates unchanged)
rotates the tangent plane at the origin in exactly the same way that the C? parameterized
by (C1,¢2) is rotated in (7.6). We then replace C? in the space (S' x C?)/Z,, with the
Taub-NUT space (7.7) and take the limit of large S.

Next, we take r — oo at constant 6, ¢, and focus on the T2 in the (x3,y) directions.
The periodicities and the Z,, orbifold induce the identifications

Y —

27 Rr 2SS
(23,) ~ (23,9 + 278) ~ (wg 2 ik ) |

Changing coordinates to a complex variable

= (@ tiy)
U}_QWRI'QU3 R

we find the identifications

1 .S
ww+l~xw——+1 .
pi  piRr

We now reduce M-theory on the 72 that is in the (z3,y) directions to type-IIB with
complex coupling constant

r .8

TR = —— + 1 .
pi  pilir

(7.8)
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Figure 5. The fiber of the space (S' x Taub-NUT)/Z,, at r — oo and constant 0, ¢ is a T?. The
S! is in direction w3, and the Taub-NUT fiber is in direction y. The T2 is represented here as a
fundamental cell of a lattice, and we picked the fundamental cell generated by the vectors d, b. The
Taub-NUT direction is then @ — pig. In this example p; = 3.

To identify which (p,q) 5-brane we get in type-IIB, we have to find the Taub-NUT
charge of the metric in terms of w. More explicitly, for fixed and large 7, the T? is fibered
over the S? (parameterized by the 6, ¢ coordinates), and the structure group of the fibration
is generated by translations in y. (See figure 5.) In terms of w, the translation (z3,y) —
(z3,y + €) is equivalent to w — w + €(p;mB + 1). The combination p;mg + 1 identifies the
Taub-NUT charge as the one that reduces to the (1,p;) 5-brane.

So, after reduction to type-IIB, we get n D3-branes ending on a (1,p;) 5-brane. Let
C"” be the 3+1D U(n) gauge field on the D3-branes, and let C be the 2+1D boundary
value of the gauge field at the endpoint where the D3-branes meet the (1, p;) 5-brane. From
the 4+1D perspective, C can be identified with the restriction of the 24+1D components
of the bulk gauge field C’ to the special point Q;. In the discussion that follows we will
suppress the superpartners for simplicity.

The description that Gaiotto and Witten provide for n D3-branes ending on a (1, p;)
5-brane was derived as the S-dual of the description of n D3-branes ending on a (p;,1)
5-brane. The latter configuration is described simply by adding a Chern-Simons coupling
for the boundary gauge field. The Chern-Simons level is p;, and this can be derived by
a standard SL(2,Z) transformation that maps a (p;,1) 5-brane to a (0,1) 5-brane while
changing the type-IIB coupling constant as mig — s + p; (see [58]). We denote the
U(n) gauge field of this Chern-Simons theory by B;.

Following Gaiotto and Witten, S-duality is realized by coupling B; to C through
additional degrees of freedom with global U(n) x U(n) symmetry (the “I'(U(n))” theory
of [1]) and gauging one U(n) factor with B; and the other with C. (See section 7.2 for an
example of how this works for U(1) gauge theory.) This description is valid if Rerp = 0.
But in our case, the type-IIB coupling constant (7.8) has a nonzero real part Rerp =
—1/p;. This adds an additional interaction in terms of F' = dC"” + C" N C"":

1 1 2
— tr(FANF) = CAdC+-CACAC 7.9
4mp; /D3 r( ) 47p; /( + 3 )’ (7.9)

where we have integrated tr(F A F') to obtain a Chern-Simons coupling at level 1/p; at
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the boundary. In principle there is an equal and opposite term at the other end of the
D3-branes, wherever it may be, but this is of no concern to us since we are only interested
in the interactions near the end of the (1,p;) 5-brane.

The final step is to reduce to the 2+1D low-energy theory. At low energy the 241D
components of the bulk gauge field C’ can be assumed to be constant along T?/Z,, and in
particular we can identify the three C gauge fields as one and the same. Adding up the 3
fractional Chern-Simons interactions (7.9) at levels 1/p;, and using (7.5), we find that the
low-energy effective action has a Chern-Simons interaction at level 1 for C:

1 2
—tr/ CAdC+-CACAC).
47 3

In addition, the Lagrangian has 3 Chern-Simons interactions — an interaction at level p;
for B; (i =1,2,3):

3

: P
Z%tr/(BiAdBi+§BiABiABi>,
=1

and three copies (i = 1,2,3) of the T'(U(n)) theories described in [1], each coupled to B;
and C. At this point we point out again that superpartners of the gauge fields have been

suppressed.

7.2 Recovering the U(1) result

For U(1) gauge theory, we construct the low-energy 241D interactions as follows. First, we
have a low-energy gauge field C that descends from the bulk field C’. It has a Chern-Simons
interaction at level 1, i.e., ﬁ J CAdC. Then, we have additional degrees of freedom from the
three special points. These are equivalent to the degrees of freedom of a D3-brane that ends
on a (1,p) 5-brane. The description of that system was given in [1] in terms of the action

1
e / (pBAdB+ 2B AdCy), (7.10)

where Cy is the bulk D3-brane gauge field, restricted to the boundary. We can identify it
with our low-energy field C.

Let us briefly comment on how the expression (7.10) was derived. It is the S-dual of
the boundary interaction of a D3-brane ending on a (p, 1) 5-brane, the latter being given
by a level p Chern-Simons interaction of the boundary gauge field Cp. As explained in [59],
the 2B A dCj, term realizes the S-duality [see (5.1)].

For each of the cases listed in (7.4), we have three special points, so we need to include
three interactions of the type (7.10), with the appropriate values of p. We denote the 3
localized gauge fields by B, By, B3. The various values of p are the denominators of the
fractions appearing in figure 4. Thus, we have

1
I:[sp+2—/(B1+B2+B3)/\dC, (7.11)
Y

with
Iy = £ [(6B1 AdBy + 3By AdBy +2B3 AdB3) ,  (k
Iy =4 [(4B1 AdBy + 4By AdBy + 2B AdB3) ,  (k
[(3B1 AdBy + 3By AdBs +3B3 AdB3) ,  (k

1)
2) b (7.12)
3

)
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The general form of the interaction (7.11)—(7.12) is therefore

3 3
1
I= / (Z;piBi A dB; + 2dC A Z;BZ) , (7.13)

where p1, po, p3 are integers determined by the level k.
Now consider an abelian Chern-Simons theory with action

1
E /Z hijBi AN dBj , (7.14)
2

where h;; are integer elements of a nonsingular symmetric matrix. Compactified on T' 2,
the number of states that we get is the determinant

Ngtates = det{hij} :

However, the 4 x 4 matrix corresponding to (7.13) is singular:

P1 0 01
0 01 1 1 1
det b2 = p1P2ps3 (1 ————— —> = 0.
0 0psl pP1 P2 D3
1 111

Nevertheless, the zero mode can easily be extracted by changing variables:
_ ! _ ! Plny _n  Plny _ /
2 3

Note that this transformation is always in SL(4,Z), since we have arranged the pi, p2,p3
in (7.12) so that £ and L* are integers.
The action (7.13) can now be written as

3 3
I = ﬁ (Z piB; A dBj+2dC' A B;> , (7.15)
=2 i=2
and B does not appear in the action. This means that when we look for ground states on
T?, we should include a canonical kinetic term proportional to [ dB} A *dB) (originating
from the gauge kinetic term for C and other terms). Such a term will ensure that states
coming from excitations with nonzero dB are not ground states. If we are only interested
in the ground states of the system it is therefore sufficient to concentrate on the abelian
Chern-Simons theory (7.15). The reduced matrices h;; corresponding to (7.15) for the
cases k =1,2,3 are:

301 401 301
0211, 0211, 0311,
111 111 111

and their determinants are 1,2, 3, respectively! Thus, we have recovered the correct number
of ground states. We conclude this subsection with a few comments.
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1. We can trace the zero mode B) back to the scalar field coming from the component
of the (2,0) anti-self-dual 2-form B(~) along the z,Z directions, i.e., Bi;). This term
corresponds to the 6" scalar field of N' = 4 SYM, and in the construction of section 2
this zero mode gets lifted by an R-symmetry twist. In our (2, 0)-realization this scalar
is special, and while we could not add an R-symmetry twist to lift the zero mode at
the outset, we can add it to the low-energy theory at the end. In any case, we do not
get any additional multiplicity of ground states.

2. Naively, we can attempt to integrate out By, By, Bs in (7.13). The result is obtained
by setting B; = —pliC, but plugging this back into (7.13) we get a vanishing action.
The problem with this prescription is that it ignores the integral periodicity of the
gauge fields. In fact, this is precisely what Gaiotto and Witten warned us not to do
when dealing with a D3-brane ending on a (p;,1) 5-brane (see §8.3 of [1]). Here, we

see an explicit manifestation of what can go wrong if we disregard their advice!

3. There is a connection between the relations among the generators of the homology
group Ha(T? x W) and operator relations in the Hilbert space of ground states. Con-
sider an abelian Chern-Simons theory of the form (7.14), with 7,5 = 1,...,d, com-
pactified on T2. Let 0 < x1, 22 < 27 be coordinates on this T2, ay’, oy’ the 1-cycles
along directions 1 and 2 respectively, and define Wilson lines along the a,’, ap’ cycles:

Wli — e’i faa/ B; , WQi _ ei fab/ Bi.
If {h;;} is invertable with inverse A%, the commutation relations are

WiiWa; = 2" H Wy Wy,
The Hilbert space is a representation of this algebra. We then find that for every i,

d d
X; = H Wﬁ” and Y; = H ng”
Jj=1 J=1

commute with all Wy;, Wa; and so are central elements of the algebra. Without
loss of generality, we can set their value to 1. The Hilbert space can now be
constructed by diagonalizing all Wy; (¢ = 1,...,d) simultaneously. Let [¢)) be any
common eigenstate of all Wy;. Then, the full Hilbert space can be constructed by
acting with the Wh; on [¢) and obtaining states of the form H?:1 W), where
(N1,...,Ng) € Z% is a vector of integers. The states of the Hilbert space thus
correspond to lattice points in Z?, but not all lattice points give distinct states.
Since we have identified Y; = 1, we find that the lattice points (hj1,hi2, ..., hiq)
correspond to the same state as (0,0, ...,0). Let I' C Z¢ be the sublattice generated
by the d vectors (h;1, hia,...,hiq) (i =1,...,d). Then, the basis states of the Hilbert
space thus constructed can be identified with the finite-dimensional set Z¢/T". Tt is
not hard to see that X;,Y; are central elements even when {h;;} is not invertible.
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The point of this note is that in our case, the relations X; = Y; = 1 have a natural
interpretation in terms of the (2,0) theory. The Wilson loop operators Wy, Wh;
descend from surface operators of the (2,0) theory. The surface operators W(S) are
associated with closed surfaces S C T? x W. In our case, since we are working with
the abelian theory and since we are only interested in the ground states, the surface
operators only depend on the homology class of S. This can be argued by noting
that in the ground state the anti-self-dual 3-form flux of the (2,0)-theory vanishes,
and that when S and &’ are in the same homology class, we can write S — S’ = 9%3
so that the difference between the integral of the 2-form of the (2,0)-theory on S
and on &’ is the integral of the anti-self-dual 3-form field-strength on 3. We can
therefore denote the surface operators as W([S]) where [S] is the homology class of S.

Now, we can match the Wilson lines of By, Bs, B3, C with surface operators as
follows. Let 7; be the homology class of the exceptional fiber at the it special point
(i =1,2,3), and let vy be the homology class of the generic fiber. Then, we match

W(ay x ;) — ¢! Jau? Bi , W(ay' x v) — B C,

and similarly,

§O‘b/ B;

W(ay' x ;) — e’ , W(ay' x v9) — eifab' c

The relations X; = Y; = 1 are then seen to be a consequence of similar relations in
homology. (See [60] for a discussion of the commutation relations for the nonabelian
(2,0)-theory.)

7.3 The U(2) theory

We now turn to the nonabelian gauge group U(2). Schematically, the action is of the form

3
s {Zpitr (Bi/\dBH—gBi/\Bi/\Bi) +tr (C/\dC+gC/\C/\C>}
ar | & 3 3
3
Y UOIB, ), (7.16)
i=1

where Bp,Bg, B3 are the 2+1D U(2) gauge fields coming from the singular points
Q1,Q2,Q3, C is also a 2+1D U(2) gauge field, and IZ-[T(U(Q))]
and C through the additional T'(U(2)) degrees of freedom. Roughly speaking, this coupling

is the coupling between B;

realizes the nonabelian S-duality [1], whereby B; and C are regarded as S-dual variables.
(As noted above, we are ignoring the superpartners in this discussion.)

Although Gaiotto and Witten have provided an explicit realization of 7'(U(2)) as the
low-energy limit of a certain N' = 4 241D gauge theory, the full U(2) x U(2) symmetry,
and hence the coupling to B; and C, relies on an enhanced symmetry of 7(U(2)) that is
not explicit. We therefore do not know how to proceed at this moment. However, we can

make some comments about the [o]-twisted sector.
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What is the interpretation of the [o]-twisted sectors in terms of the (2, 0)-theory con-
struction? For U(2) gauge group, there is only one [o]-twisted sector. In the type-IIA
description, the nontrivial o € Sy exchanges the two strings as we go in a loop from z3 = 0
to x3 = 27 R, and so it is reasonable to expect that in our present M-theory description,
we need to exchange the two Mb5-branes as we go from x3 = 0 to x3 = 2w R. This exchange
of the two branes accompanies the identification (z,z3) ~ (V2,23 + 27 R) of (3.4).

At this point we need to distinguish between two cases — even r and odd r. If r is odd,
then the identification (z,x3) ~ (z,z3 + 2w Rr) is accompanied by an exchange of the two
branes. If r is even this identification is not accompanied by an exchange of branes. The
two even cases are r = 4,6. Since (z,x3) ~ (2,23 + 27 Rr) is not accompanied by exchange
of the branes, the reduction to the 441D theory proceeds as in section 7.1.

One of the effects of the nontrivial o on this low-energy 441D U(2) gauge theory is
that as we go around a special point (); with odd p;, we have to also exchange the branches
of the D4-branes (that we formally get from the M5-branes). This can be interpreted as a
holonomy for C’, which after a suitable conjugation can be written as

Pexpfi C = (1 (_1)I‘/pi> . (7.17)

For odd r/p;, this breaks the gauge group U(2) — U(1) x U(1). In addition, the boundary
interaction at (); also needs to be modified. Altogether, the action appears quite compli-
cated and we will not attempt to develop it further in this paper. It will be interesting to
explore this in a future work.

8 Discussion

We have analyzed the Hilbert space of ground states of the S-duality twisted compactifica-
tion of N' =4 U(n) SYM on T2, and have seen that in almost all cases, at least as a repre-
sentation of SL(2,7Z) and the Zj symmetry operators U, V), it breaks up into a direct sum
of Hilbert spaces of Chern-Simons theories with gauge groups of the form U(n) x U(ng) x
-+ xU(ng) (withn = 32%_; nj). Chern-Simons theory with U(n;) gauge group is described
by specifying the level of SU(n;) and the level of the U(1) center, so we use the notation

U gy = [UWw; x SU(n;) g/ Zn;

(There were also two exceptional cases, which involved the Hilbert space H29)(%)-)
The various decompositions that we get are listed in table 3. In particular, we saw in
section 6.4 that in all cases there is a distinguished sector — the [o]-untwisted sector —
which is described by the Hilbert space of U(n)gp, k-

In this paper we only studied compactification on 72. What do our results suggest for
the theory formulated on R?!? Is Chern-Simons theory the low-energy theory, and if so
what is the role of the various sectors with their different Chern-Simons levels and gauge
groups (as listed in table 3)7 To make this question more precise, we need to connect the
operators of Chern-Simons theory to physical operators in our theory. But the low-energy
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a

n = 11

(k=1) | n=2|U(2)21 ®U?2)

)

(1)
(2)
n=3|U@B)s1&[U ()1><U( )2,—3] © U(3)3,—
(4)
(5)s

n=4]U(4)41 ®2[U(2)21 x U(2)2,-3] & [U( )1><U( )3,—2] ® H(a,9)
n=>5|U(5)51®U(5)s51@2[U3)31 x U(2)2,-3] @ [U(1)1 X Hz2)|®
[U(2)2,1 x U(3)3,-2] ® [U(2)2,-3 x U(3)3,-2]

v=75 |n=1|U():

(k=2) | n=2|U(2)42®U(2)4_2
n=3|U@B)s2®[U(l)2 x U(2)s,2] ®U(3)s,1

v = %’T n=1|U(1l)s

(k=3) [ n=2] UQR)s3 ®U(2)s,-

Table 3. The decomposition of the Hilbert spaces H(n,v) into direct sums of Hilbert spaces of
Chern-Simons theories. The data in the table is collected from results in appendix C. Trivial
U(n')n 1 factors were added to conform to the form (6.41). Note that for n = 4 we have two copies
of U(2)2,1 x U(2)2,—3. They come from the sectors H 1,1y and H4). Also, note that the sector
H (2,2 is unresolved.

limit of Wilson loops in the A/ = 4 theory cannot in general be simply a Wilson loop in
Chern-Simons theory, because for k = 2 for example, the latter is not generally self-adjoint
while the former is, as we have argued in section 6.6. If there is a connection between Chern-
Simons theory and the low-energy limit of the S-duality twisted compactification on R it
would certainly have to be more complicated than the “crude” conjectures presented in [11],
which at best only captured the [o]-untwisted sector. The answer to most of these questions
may lie in the proper description of the low-energy limit of Wilson loops. The tools we have
developed in this paper in principle allow the analysis of this problem as well, by probing
the type-IIB D3-branes with open strings. We hope to report on this matter soon [46].

In this paper we have concentrated on gauge groups of low rank, as we were restricted
by the condition n < r. In these cases, as explained in section 2.4, we expect a mass gap.
It would be interesting to extend the analysis to n > r. Here there are several questions
that we can ask. First, we can still look for a low-energy description on R%*!. Since we
are dealing with a 2+1D theory with N' = 6 supersymmetry that we also expect to be
conformally invariant in the low-energy limit, the ABJM theories [61] spring as a natural
candidate. Indeed, we expect the low-energy limit for n > r to be an ABJM theory with
an appropriate gauge group that can be determined from the moduli space. (Note that for
n < r the low-energy theories that we have proposed are supersymmetric in a trivial way
— as topological theories, all their SUSY generators are zero.) Second, we can explore
the subspace of normalizable ground states on T2. Thus, for example, the 'H(m,m’m,np)(v)
sector makes sense as long asn; <r (for j =1,...,p), even if n = Y {'n; > r. The states in
this sector define the normalizable ground states of the 72 compactification of the theory,
even though the full theory has a continuum of states that start at zero energy. As a simple
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case-study, we recall the analysis of the C-twist with U(2) gauge group in section 4.3.
There, we found that even though there is no mass gap, there is a finite-dimensional Hilbert
space of normalizable ground states. Moreover, we matched the ground states with the
states of the type-ITA strings, and the bosonic nature of the strings had an interesting in-
terpretation in terms of a restriction on the electric and magnetic fluxes [see (4.13)]. In the
more complicated case of an S-duality twist, we can also ask whether the subset of normal-
izable ground states has a description in terms of a topological field theory. For example,
in section section 6.4 we saw that the subsectors H( 1, 1)(v) correspond to ground states
of U(n)gn, 1 Chern-Simons theory, even for n > r. Other sectors might also have extensions
for n > r. This avenue of investigation might be connected to ideas developed in [62] about
isolating the ground states of supersymmetric theories and finding a simpler description
for them separately. We conclude with a summary of a few of the open problems:

1. What is the underlying principle that determines the levels and gauge groups of the
[o]-twisted sectors? Does the decomposition into sectors survive when the theory is
formulated on R*!, and if so are they to be regarded as “superselection sectors”,
or are there any physical operators that connect different sectors? And can the
permutation o be interpreted as a discrete S, C U(n) Wilson line? If so, why is
it restricted to S, i.e., how do fluctuations away from .S, receive a potential? Can
the unresolved sector H (s 2)(5) be interpreted as a Chern-Simons Hilbert space? We
note that under certain circumstances flavor symmetry twists can induce Chern-
Simons interactions [63], but in our case the R-symmetry twist alone cannot induce a
low-energy Chern-Simons term because the R-symmetry is nonabelian. The Chern-
Simons couplings are intimately related to the S-duality twist.

2. How can these results be recovered directly from the (2,0)-theory? In particular,
what is the low-energy description of the action (7.16)7 What do the Chern-Simons
theories that we found teach us about the S-duality generating 7(SU(n)) theories
that Gaiotto and Witten have found in [1]?

3. The description of the low-energy limit of Wilson loops as operators on the Hilbert
space of ground states is currently under investigation [46].

4. How can the results be extended to n > r? In this case we can also explore the
large n limit in the context of the AdS/CFT correspondence [64]-[66]. If the [o]-
untwisted sector Hq 1, 1) survives the large n limit, it would be interesting to find
its holographic dual. Perhaps the holographic dual of Chern-Simons theory [67] will
somehow make an appearance.

5. The analysis of the S-duality and R-symmetry twist can also be performed on the
topologically twisted N' = 4 SYM theories [68]. (Some preliminary results were
discussed in [11].) For n > r, it might be interesting to look for connections with the
topologically twisted supersymmetric Chern-Simons theories [69, 70].

6. Recently, new ideas about surprising mathematical aspects of Chern-Simons theory

have emerged (see for instance [71, 72]). In this paper, we have suggested that
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Chern-Simons theory is related to S-duality. The latter is also intimately connected
to the Langlands correspondence [15]. So, perhaps it is worthwhile to search for a
connection between Chern-Simons theory and the Langlands program.
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A Explicit action of SL(2,7Z) on ground states

Below we present the operators & and 7 that generate SL(2,7Z) in the various single-
particle Hilbert spaces. The action of SL(2,7Z) on the mutli-particle Hilbert spaces can,
of course, be calculated from the tensor products of the expressions below. We recall the
ambiguity (3.39) in the definition of S and 7, to which we can also add a phase ambiguity

T — OUPVAT | S — P YPYas (A1)

as long as we preserve the group relations S? = (S7)3 = —1. Below, we pick arbitrary
P, q, ®,¢'. Thus, the expressions below satisfy the group relations S? = (S7)3 = —1 only
up to a phase. This can easily be fixed by choosing appropriate phases ¢, ¢ in (A.1), but
we find the formulas easier to read without these phases, so we have not included them.
We note that only matrix elements of operators (constructed from S and 7)) between initial
and final states that preserve U and V are physically meaningful, and the ambiguity (A.1)
does not affect those matrix elements.
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A.1 Action of S on single-particle states for v = § (7 =i and r = 4)

In this case k = 2. For n =1, § acts as:

S =S5 () +E) . SE =01, (4

%\

or, equivalently,
-5 [5o31)- i3

T|[)=1[0), T|E)=¢%|E), (A.3)

For n =2, S acts as:

S|e)) = 5l6d) — 5l@l), (A.4)

or, equivalently,

51[0.0) = 3110, 0]) + 5|13, 3i1) + 3[4 + 5i, & + 5),
SILA) = 0.0 1+ di b+ B
It + i3+ 1) = 110,00 — Itk 4 + B3 + i h+ i)

And for 7 we have:

T =161). Tl =181), T|@)=—|@l), (A.5)

or, equivalently,

Tioo=lo.0p. 7||3.5])=|[3-31])-

For n = 3, S acts as:

6l - (N +1®).  sl@) - (gD @), 4o
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or, equivalently,

S][0,0,0)) = 25 (1[0,0,00) + |[3 + 37, 5 + i, 5 + 5i1))

S

S|[5 + 51,5 + 51,5 + 3il) = 5 (10,0,00) — |5 + 34, 5 + i, 5 + 5i])) -
And for 7 we have:
Tg) =1gl). 7TI@)=c%|@), (A7)
or, equivalently,
71[0,0,0]) = {[0,0,0[) ,
T|G + 565 + 55+ 3il) = ¢ F[5+ i 5+ gi. 5 + 5il).
A.2 Action of S on single-particle states for v =% (7 = e™/3 and r = 6)

In this case k = 1. For n =1, S and 7 act as:

D)oy Ao)-le) e

or, equivalently,

For n = 2, S acts as:

W)=

or, equivalently,

>, S

7T acts as:

> = % > (A.10)

or, equivalently,

7100, 0]) = [[0,0]) , T' [%e_%e_]> _ e [%e—%e—b

For n = 3, we have two Zo worldsheet momentum operators z]a,zf{b and two Zo world-

sheet winding number operators 1~ia, 1~)b. For the commutation relations we choose

SWS=Uy, SWVS=U" S 'US=V, S Us =V, (A1)
T WT =Ve, TWVNT=-V, TUT=-UV,"' T UT=UV,. (A12)
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Note the (—) sign on the second and third equations of (A.12). We found that this phase
assignment is necessary so that 7 will commute with the orbifold action and keep invariant

the subspace spanned by

w> = [€0,0) -

We then find that S acts as:

) -367) %

or, equivalently,

1

7)-

(I¢0,1) + [€10) +[¢11)) -

S

£)-260) ). ws

7). s

S000) =000+ Flhbrd+ 47,

and 7 acts as

go/ > . (A.14)

or, equivalently,

11 1 1 11 1 1
T|[0’050]>:|[050,0]>? TH:§,§7—55+57—:|>:_‘|:§a§Tyi+§T:|>

For n =4, S acts (similarly to the n = 2 case) as:

Slg7) - A7) 5| ). 5| &) -\3lgT)- 7| &F).
or, equivalently,

5[0,0,0,0]) = 2100,0,0,0]) + /3|[d5e T, Je¥, e, Ze ),

or, equivalently,

71[0,0,0,0]) = {[0,0,0,0]),

in in in in 2mi
T‘[%es,%ee,%eﬁ,%ee]>:es

For n =5, S§,7 act as the identity:

or, equivalently,

S1[0,0,0,0,0]) = |[0,0,0,0,0]), 71[0,0,0,0,0]) = |[0,0,0,0,0]).
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A.3 Action of S on single-particle states for v =2 (7 = ¢™/3 and r = 3)

In this case, k = 3. For n =1, § acts as:

Sﬂ>:%ﬂ>+%

> , (A.17)

or, equivalently

so) = Hloh + |1 %eF1) + L1 ZeF),
5| 5e 1) = J5loD) + Z5eF [ e 1) + g F |13 ).
| 5|1 Ze®1) = F0) + GeF |15 F1) + Je’F 1 ZeF])

T acts as
10)-10). A7)

or, equivalently,

Tiop=lo), || JeeF[) =

For n = 2, S acts as:

s@>

Il
S
N
+
Si-

5 @> , (A.19)

(V)
g
Il
Si-
N
+
Si-
m‘

<

or, equivalently,

,80,



7T acts as

T)=d7). 1/&7)-F

or, equivalently,

T

B Action of SL(2,Z) on Chern-Simons Hilbert spaces

The Hilbert space of U(n) = [U(1) x SU(n)]/Z, Chern-Simons theory at level k on T2,
where U(1) is at level kn and SU(n) is at level k, is equivalent to the symmetric product of
n copies of the Hilbert space of U(1);. We use this to extract the SL(2,Z) representation
of the SU(n); Hilbert space.
We can write the states of U(1) as [p) with p = 0,...,k — 1, and the states of the
product of n copies as |p1,...,pn) with 0 < p; < k — 1. We then decompose
kn—1

Z |p0'(1)"">pa n) Z |p1’ "apnap SU n)|p>U(1
gESy

As we will soon see, only n out of the kn terms on the right-hand side are nonzero, and
the normalization is

1
<p1a- .. ,pn;p|p1, . apn§p> = ENPI---pn?

where Ny, p,. is calculated as follows. For 0 < j < k, let m; be the number of indices ¢ for
which p; = j. Then Z] —om; =n and

n!
We also need to match the action of large U(1) gauge transformations that reside

entirely inside the U(1) factor and do not affect the SU(n) degrees of freedom. They form
a Zy, X Zj group, and act as

Z Poty + 1, Do) +1) = K1 Z [Po(1)s - > Pon))

oeSh €S
kn—1

Z P15 P P)gu(m) [P + M uq) -

Npl---pn =

and

_2mi NS
e k > pi Z ‘pa(l)""’po'(n)> =Ky Z ‘pa(l)"“’pa(n)>

oc€Snh oeSh

kn—1
27

= Z ek p|p1,...,pn;p>SU(n) |P>U(1)
p=0
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So [p1,...,Pn;p) is nonzero only if p =3, p; (mod k), and we also get

P1s - Psp—m) =[p1+1,...,pp +1;p) . (B.1)

B.1 Action of 7

For even k we have

Q%Zzsz Z |p0(1),...,pg(n Z T|p0(1 -3 Do n)>

€S oc€Snh
kn—1

T, 2
= Z ekn? T’pla--'7pn;p>SU(n)‘p>U(1)

So,

) 1
(o, p2-1p2)

Tlp1,- -, PriP)sum) = € P15 Pni Psu(n) -

For odd k£ and any n we have

S g im(stn 2 1,2
T’Pla . 7pn5p>SU(n) = (_1)17 lelpze k (Zz:lpz rYd )’ph___’pn;mSU(n)’ (B.2)

where we have used a freedom similar to (3.39) to add an extra factor of (—1)P so that for
even k we have p — 327 p; = 0 (mod k) and therefore (—1)P~2i=17i = 1. Note also that
for odd n the extra (—1)? factor is necessary for consistency with (B.1).

B.2 Action of S

For S we have,

k—1 —
k:n/2 > Z e F W0 grga) = Y S[Po(i)s-- s Potn)

0€SRq1=0  gn=0 0ESn

kn—1
1 < 2mi

= \/ﬁ ek"pqS’ph---7Pn§p>su(n)IQ>U(1)

kn 1 2mi

We now take the (partial) inner product of that state with \/— Yogo € Pq)y )y, and

after some algebra we get

Slp1s- -, PaiP)sum) =

k—1 n—1
27 _ 1 _ 27
\/km+1nz Zekqupl "p)E:e n PG, g mk £ E qi> .
SU(n)

q1=0 qn=0 m=0 7

B.3 Action of Z,

The U(n) states are invariant, so

A |p1y 3P0 P)sumy = P15+ P30+ K) sy -

_2mi
Q|p1, - PrsP)sumy =€ 7 LIP1s -5 PiD)su(m) -
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B.4 Example: [U(1)2 x SU(2)_3]/Z2
We have SU(2)_3 states of the form

P23 3 do 0<pm<3, 0<m<2.
D1, Pp2; oM + ZP@ SU@) P1,p2 < m <
We add the U(1)2 states to get states of the form

‘Pl,pQ; 3m + ZPi>SU(2) [9)ua)

with 0 < ¢ < 2. We then mod out by Zy X Zs as follows. First,

Q—3m+zpz—m+zpz m0d2

S0, ¢ is completely determined by m, p1, p2. We therefore do not specify ¢ any more. Next,

we need to keep only the Qf-invariant combinations:

[p1,P2), Z ‘pl,p2,3m+2pz> ‘ m+2pi>U(1)

In order for the space spanned by |py,p2), to be closed under 7 (and not just 7?2), we need
to augment (B.2) by an extra factor of (—1)P. After some algebra, we then get

T|p1,p2), = (—1)21%6% 2?20 Ip1,p2), - (B.3)

These phases were used for identifying H)(5) in appendix C. In the notation of (C.1)

we have

§7) = VE.0), = VLY, = Va2,
AT) = 10.0), = 1.2, = 2.0), = [L.0), = [2.1), = 0.2),.

and up to an overall phase (see the explanation at the beginning of appendix A), we find
that (B.3) agrees with (A.10).

C Decomposition of H(y,,....n,) into Chern-Simons Hilbert spaces

Cl v=71(k=1)

For k=1, n =2, we have

™ ™ s
#(25) =mon(5) = e ().

The factor H (1 1) was discussed in section 6.4, so it only remains to discuss H ). There are
two states which we decompose according to (6.2):

‘Q> = la)gu(z) @ 10)u) + P)sue) © My
> [ sue) ® 10 ua) + l9sue @ Dua)
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where the U(1) is at level kn = 2.
Up to an unimportant overall phase, we find

i

Tla)=la), Tb)y=e 2[b), Tle)=elc), Tld)=e 5 |d). (C.1)

The overall phase can be fixed (up to a cubic root of unity) by calculating, with the above
assignments,

us)

(TS =e 1.

So multiplying 7 by e%, for example, would fix the phase. We also have

S|a>:\/_|a |b \[l \[Id

S = zla) = =1 - @m \/;|d>,
=\/§|a>—\/§|b>+%|c>—%|d>,

Sty =/ 31a)+ /2 - 25l = 5.

and
Qla) = |b), Qo) = |a), Qle) = |d), Qld) = |c),
Dla) = |a), Q5|b) = —[b), Dlc) = —|e), Q|d) = |d) .
These results agree with those of the SU(2) Chern-Simons theory at level & = —3

[see (6.29)]. So we get

T
H) (g) =H([U(1)2 x SU(2)_3]/Zs) .
For n = 3, we have sectors corresponding to [o] = (1,1,1),(2,1), and (3). The first was

discussed in section 6.4, and the second is a reducible sector. We now discuss the third case.
We decompose the basis states into the U(1) and SU(3) degrees of freedom as follows:

‘£> = la)gu(s) @ 10)u) + P)sue) © Muay + l9sue) @ 12)uay

> = ld)su) @ 10)ua) + le)sue) @ Muay +1sue @ 12)ua)

As usual, we extract the action of 7,8,Q7,Q) on SU(3) degrees of freedom by using the
known results for U(1) theory at level kn = 3. We get

27 27

T’a>SU(3 = —la)sy (3) > T‘b>SU(3) =—e 3 |b)gy (3) > T‘C>SU(3) = _eT’C>SU(3) )
27 27
T|d)sue) = ld)su) - Tle)suy =€ 3 lelgu) T|f)su@ =¢€* 1flsup)
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up to an overall phase, and

i S S 1 1
? 7§ % 1 (A)Q w
s—i|lvviv b
2111 01 -+ L L
1 (A)z w —? _Tg’ —%
Lww=5-5"1
where w = ¢3", in the basis [@)sus): - [F)sug)- We also have
Q/ll|a>SU(3 b)su U(3) Q/1I|b>SU(3) = |C>SU(3) ) Q/1I|C>SU(3) = |a>SU(3) )
|d)su@) = le)su) - fle)sue) = 1Fsue) » | fsue) = [dsue) -
and
_2mi
Mla)gyes) = @)sue) » QU b)sym) =€ 5 b)sy U@3) Qle)su@ =€ Qsug) -
Qg’d>s = |d)su U(3) o lel\@SU(s) =e3 ’e>SU(3)7 01 f)su U@ =¢ 3 ‘f>SU(3)'

The results agree with those of SU(3) Chern-Simons theory at k& = —2. The latter can
be checked, for example, by studying the U(3)_9 = [U(1)_g x SU(3)_3]/Z3 Chern-Simons
theory, using the known results for the U(1) degrees of freedom and (6.16).

For n = 4, we have [0] = (1,1,1,1),(2,1,1),(2,2), (3,1), and (4) sectors. The last case
is equivalent as representation of SL(2,7Z) to the n =2, [o] = (2) case [see (A.15)—(A.16)].

dj> - > '@> and recall

that 7,S as appear in appendix A are only determined up to an overall phase.)

To see this, one has to change basis (

The only remaining nontrivial case (i.e., neither untwisted nor reducible) is the [o] =
(2,2) sector. We can write Hs0)(%) as a symmetric product H22)(5) ~ H)(5)%?/S2,
and using the result H)(5) =~ U(2)s,—3 from above, we can write Hy2)(5) as the sym-
metric product of Chern-Simons Hilbert spaces:

™
H(272) <§> ~ U(2)§%3/SQ .

This, however, is not good enough for our purposes, because we would like to present each
sector as the Hilbert space of a gauge theory, and U(2)®2 /S5 is not a group.

The dimension of H(z5)(3) is 3, so if we attempt to write it as [U(1)4 x H 2,2)(5)]/ 24
we find that we need dimH 3 )(5) = 12. The dimension of the Hilbert space of SU( i
is (n' + k' — D/E(n —1)!, so if we assume n’ < n we find only (n’ = 2,k = 11) and
(n’ = 12,k = 1), but these are easily ruled out. We have also explored product gauge
groups such as U(2)ax 5 X U(2)apr g with k' + k" = 2, to no avail.

Perhaps we can obtain a clue to the solution by noting that the symmetric product of
n’ copies of SU(2), is equivalent to the Hilbert space of a symplectic group,

H[SU(2)]®™ /S =~ H[Sp(n')], (C2)
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as can easily be verified by writing out the explicit wavefunctions, using the character
formulas for affine Lie algebras [42] (see also [73] for a historical review and references).
Another observation is that H(272)(§) is equivalent as a representation of only 72 and S
to the Hilbert space of Sp(2)/Zs ~ SO(5) Chern-Simons theory at level 3. To see this,
take n’ = 2 and ¥ = 3 in (C.2). The Hilbert space for SU(2) Chern-Simons theory at
level 3 was discussed at the end of section 6.3 — in particular, its dimension is 4, and the
Zg large gauge transformation acts as (6.30). We can therefore obtain the Hilbert space
of Sp(2)/Zs Chern-Simons theory by first taking the symmetric product of two copies of
H[SU(2)3], and then requiring invariance under (6.30).
The result is that it is a three-dimensional space spanned by

|a,a) +1b,b),  la,d) +b,c), |e,c) +|d,d),
where, for example,

|a,a) = [a)gy(z) @ la)gy(e)
1
la,d) = ﬁ(‘a>SU(2) ® |d)su(e) + [ sue) @ la)su()) -

with |a), |b), |c), |d) as defined in section 6.3. Other states like |b,b) and |b,c) are defined
similarly. We can also read off the action of 72 and S in this basis:

10 0 12 2
T =]0e% 0 |, S=1f21 —2
00 % 2 -2 1

This matches exactly the action of 72 and S on H(s9)(5), which can be found from (A.9)
and (A.10).

There is a caveat in this discussion, however, in that we only checked the action of
72, not 7. The latter is actually not well-defined in the SO(5) Chern-Simons theory
Hilbert space, because it does not commute with 5 of (6.30). In other words, H 2 )(%) is
equivalent to the Hilbert space of SO(5) Chern-Simons theory, not as a representation of
the full SL(2,7Z), but as a representation of its subgroup I'(2). The situation is reminiscent
of U(1) Chern-Simons theory at an odd level k, discussed in section 5.4, where the theory
depends on the choice of spin structure of T2. Another problem with identifying the
[o] = (2,2) sector with Sp(2)/Zs Chern-Simons theory is that it is not a subgroup of our
gauge group U(4), only its double-cover Sp(2) is. At this point, therefore, we are not
making any claims about the sector H(272)(§).

For n =5, we have [¢] = (1,1,1,1,1),(2,1,1,1),(2,2,1),(3,1,1),(3,2),(4,1), and (5).
All sectors are either untwisted or reducible, except for the last one. But the (5) sector is
a trivial one-dimensional Hilbert space, so we may set
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C.2 v=2 (k=3)

For n = 2, we have

21 2 21
H(?, ?> = H(Ll) <?> D H(Q) <?>

The factor H(y 1) was discussed in section 6.4, so it only remains to discuss H ). There are
three states which we decompose according to (6.2):

Gﬁ> = |a)su(e) @ [0y + 1B)su) @ Bluay >

E> = la)su(e) @ [2)uq) + D)sue) © D)uq) -

E> = la)su(z) ® [Hua) + P)sue) © Mua)

where the U(1) is at level kn = 6. Following the usual procedure, we get

1 1

Sla) = ﬁ(|a> +16)),  Slb) = E(W —16)),

and, up to a phase, .
Tla)=la),  TIb) =% ).

We also have
Qfla) =la), Qo) =—[b),  Qjla) =1b), Qb) =a).

These relations agree with the states of SU(2)_1, so

() = MU x SU)1)/22).
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