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1 Introduction

In bosonic open string field theory, there is a well-known numerical solution: the tachyon
vacuum solution in Siegel gauge. It was found by Sen and Zwiebach [1] using the level
truncation method and then higher level calculations were performed for the solution [2–
5]. It is known that efficient and consistent truncation for it can be obtained by restrict-
ing the space of string fields to that spanned by twist even and SU(1,1) singlet states.
With the same restriction, but relaxing the reality condition, Kudrna and Schnabl con-
structed two interesting solutions [5], which might be interpreted as double brane and
ghost brane, respectively.

Numerical solutions mentioned above can be constructed using Newton’s method by
choosing appropriate initial configurations so that iterative calculations converge. The
tachyon vacuum solution can be uniquely obtained from a real solution at the level 0,
namely, the lowest truncation level. The “double brane” and “ghost brane” solutions can
be obtained from one of complex solutions, which do not satisfy the reality condition for
string fields, at the truncation level 2 and 4, respectively.

On the other hand, the Takahashi-Tanimoto (TT) solution [6] is based on the identity
string field and therefore direct evaluation of its energy was difficult. Alternatively, in
the theory around the TT solution, the BRST cohomology was studied [7] and numerical
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solutions in Siegel gauge were investigated [8–10]. The TT solution has a real parameter
a such as a ≥ −1/2 and it is expected that it represents the tachyon vacuum at a = −1/2
and is pure gauge for a > −1/2. It was supported by analysis of cohomology in [7] and
evaluation of energy of the tachyon vacuum solution in Siegel gauge [8] in the theory
around the TT solution (ΨTT

a ). Furthermore, numerical solution for unstable vacuum,
which corresponds to the perturbative vacuum or single brane, was found in [9] in the
theory around ΨTT

a for a ' −1/2.1

In this paper, motivated by “double brane” and “ghost brane” solutions found in [5],
we construct numerical twist-even SU(1,1)-singlet solutions, which correspond to them,
in the theory around ΨTT

a for a ≥ −1/2. They show somewhat similar a-dependence to
the tachyon vacuum and single brane solutions. Namely, with increasing level, energy of
them seems to approach a constant E for a > −1/2 and another value E′ for a ' −1/2
(E′ > E). However, the numerical behaviors of them are not so clear. Actually, the values
of energy are complex in general because these numerical solutions are obtained from one
of complex solutions in the truncation level 2 and 4. Roughly, the imaginary part of the
energy for them seems to approach zero with increasing level. Particularly, we find that
these solutions in the theory around ΨTT

a for some region of a satisfy the reality condition
at higher levels although they start from complex solutions at the level 2 or 4.

Here, we have performed numerical calculations up to the truncation level 22, and the
values of the energy and the gauge invariant observable2 for “double brane” and “ ghost
brane” solutions might (not) represent the number of branes literally. Further investigation
is necessary for a definite interpretation.

This paper is organized as follows. In section 2, we will explain our strategy of nu-
merical calculations and conventions briefly. In section 3 and section 4, we will show our
numerical results: plots of energy, gauge invariant observables and so on, for “double brane”
solution and “ghost brane” solution, respectively. In section 5, we will give some remarks
on our calculations. Moreover, in appendix A, we will give some explicit numerical data
for the solutions at a = −1/2 including evaluations of quadratic identities.

2 Procedure for constructing numerical solutions

In this section, we briefly explain procedure to construct numerical solutions and we define
quantities to evaluate for the solutions. Further technical details can be found in [5].

The TT solution ΨTT
a [6], with a real parameter a such as a ≥ −1/2, is one of identity-

based solutions to the equation of motion QBΨ + Ψ ∗ Ψ = 0 in open string field theory,
whose action is S[Ψ] = − 1

g2

(
1
2〈Ψ, QBΨ〉+ 1

3〈Ψ,Ψ ∗Ψ〉
)
, where QB is the conventional

BRST operator. Around the TT solution ΨTT
a , we define the action Sa[Φ] as3

Sa[Φ] = S[ΨTT
a + Φ]− S[ΨTT

a ] = − 1
g2

(1
2〈Φ, Q

′Φ〉+ 1
3〈Φ,Φ ∗ Φ〉

)
, (2.1)

1The energy of ΨTT
a is calculated analytically in [11, 12] and it is confirmed that the TT solution is the

tachyon vacuum at a = −1/2 and is pure gauge for a > −1/2.
2It is also called gauge invariant overlap or Ellwood invariant in the literatures.
3We take the case of l = 1 for the TT solution, where an integer l was introduced in [7]. Similar

computations can be performed for l = 2, 3, 4, · · · , but l = 1 is the most fundamental in the context of the
level truncation in the sense that mixing of the levels in the kinetic term is minimum in Siegel gauge.
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Q′ = (1 + a)QB + a

2(Q2 +Q−2) + 4aZ(a)c0 − 2aZ(a)2(c2 + c−2)

+ 2a(1− Z(a)2)
∞∑
n=2

(−Z(a))n−1(c2n + c−2n), (2.2)

Z(a) = 1 + a−
√

1 + 2a
a

, (2.3)

where Qn is a mode of the BRST current. In the case a = 0, ΨTT
a becomes zero, namely

ΨTT
a=0 = 0, and hence Q′|a=0 = QB. The equation of motion of (2.1) is

Q′Φ + Φ ∗ Φ = 0 (2.4)

and it is projected to

L(a)Φ + b0(Φ ∗ Φ) = 0, (2.5)

L(a) = (1 + a)(Lmat
0 + L′gh

0 − 1) + a

2(Lmat
2 + L′gh

2 + Lmat
−2 + L′gh

−2)

+ 4(1 + a−
√

1 + 2a), (2.6)

using the Siegel gauge condition: b0Φ = 0. Here, Lmat
n is the Virasoro generator in the

matter sector with the central charge 26 and L′gh
n is a twisted Virasoro generator in the

ghost sector with the central charge −2, which is given by

L′gh
n =

∞∑
m=−∞

(n−m) : bmcn−m : (2.7)

in terms of the bc-ghost modes. In order to solve a nonlinear equation (2.5), we use
Newton’s method as follows. Firstly, we take an initial string field Φ(0), then we solve a
linearized equation:

L(a)Φ(n+1) + b0(Φ(n) ∗ Φ(n+1)) + b0(Φ(n+1) ∗ Φ(n)) = b0(Φ(n) ∗ Φ(n)) (2.8)

for n = 0, 1, 2, · · · , iteratively. If Φ(n) converges to a string field with n → ∞, Φ(∞) is a
solution to (2.5). Actually, we stop the calculation when ‖Φ(n+1) − Φ(n)‖/‖Φ(n)‖ < ε for
a sufficiently small positive constant ε, where ‖ · ‖ is a norm and we regard Φ(n+1) as an
approximate solution.

We adopt the level truncation method to take a finite number of component fields from
a string field Φ for numerical calculation. As a consistent level L truncation, where L is
the eigenvalue of Lmat

0 +L′gh
0 , we expand a string field of the ghost number one with a basis

which consists of twist even and SU(1,1) singlet states of the form:

Lmat
−nm
· · ·Lmat

−n1L
′gh
−lg · · ·L

′gh
−l1c1|0〉, (2.9)

nm ≥ · · · ≥ n1 ≥ 2, lg ≥ · · · ≥ l1 ≥ 2,
m∑
k=1

nk +
g∑

k=1
lk = `, (` = 0, 2, 4, · · · , L).

(2.10)
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The truncation level L is an even integer from the twist even condition and |0〉 is the
conformal vacuum. We denote a state of the above form as ψi and we expand Φ as

Φ =
NL∑
i=1

tiψi, (2.11)

with coefficients ti, where NL is the dimension of the truncated state space up to level L,
namely, NL = 1, 3, 8, 21, 51, 117, · · · for L = 0, 2, 4, 6, 8, 10, · · · , respectively. We take ti as a
complex constant in general although it should be real from the reality condition of string
fields. It is necessary to construct “double brane” and “ghost brane” solutions as we will
see later.

With the above level truncation of string fields, we take a BPZ inner product of c0ψi
and (2.8) and we obtain simultaneous equations:

NL∑
j=1

(
(L(a))ij + 2

NL∑
k=1

Vijkt
(n)
k

)
t
(n+1)
j =

NL∑
j,k=1

Vijkt
(n)
k t

(n)
j , (2.12)

where

(L(a))ij = 〈ψi, c0L(a)ψj〉, Vijk = 〈ψi, ψj ∗ ψk〉, (2.13)

and use has been made of Vijk = Vikj thanks to the twist even condition. With appropriate
initial values {t(0)

i }i=1,2,··· ,NL
(t(0)
i ∈ C), we solve (2.12) iteratively for n = 0, 1, 2, · · · . We

stop the calculation if ‖t(n+1)− t(n)‖/‖t(n)‖ < ε with the Euclidean norm for a sufficiently
small positive ε and we regard

Φa =
NL∑
i=1

t̃iψi. (2.14)

(t̃i = t
(n+1)
i ) as a numerical solution to (2.5).4

For a numerical solution Φa, we compute the energy E[Φa], which is given by the
action (2.1) as

E[Φa] = 1− 2π2g2Sa[Φa] = 1 + π2

3

NL∑
i,j=1

(L(a))ij t̃it̃j , (2.15)

where we have used the equation of motion for t̃:

NL∑
j=1

(L(a))ij t̃j +
NL∑
j,k=1

Vijk t̃k t̃j = 0. (2.16)

E[Φa] (2.15) is normalized in the same way as [5]. In the case a = 0, or in the theory
around the perturbative vacuum, E[0]|a=0 = 1 for the single brane solution 0, which is the
perturbative vacuum, and E[ΨT]|a=0 = 0 for the tachyon vacuum solution ΨT.

4In our actual calculation in section 3 and section 4, we took ε = 5× 10−14 in our C++ code with the
long double format. If ‖t(n+1) − t(n)‖/‖t(n)‖ ≥ ε for n + 1 = 15, we regarded it as not converging.
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We evaluate the gauge invariant observable E0[Φa] for Φa:

E0[Φa] = 1− 2π〈I|V |Φa〉 (2.17)

where V is given by c(i)c(−i)V(i,−i) and V(z, z̄) is matter primary with conformal weight
(1, 1) and is normalized as

〈I|V c1|0〉 = 1
4 . (2.18)

We note that (2.17) satisfies E0[ΨSch] = 0 [13, 14] for Schnabl’s analytic solution for tachyon
condensation ΨSch [15].

For the tachyon vacuum solution ΦT
a and the perturbative vacuum (or single brane)

solution ΦS
a, in the theory around the TT solution ΨTT

a (a ≥ −1/2), it has been shown
that E (2.15) and E0 (2.17) behave as

E[ΦT
a ]→

0 (a > −1/2)
1 (a = −1/2)

, E0[ΦT
a ]→

0 (a > −1/2)
1 (a = −1/2)

, (2.19)

E[ΦS
a]→

1 (a > −1/2)
2 (a = −1/2)

, E0[ΦS
a]→

1 (a > −1/2)
2 (a = −1/2)

, (2.20)

numerically in the large truncation level limit L → ∞, where ΦT
a=−1/2 → 0 and

ΦS
a>−1/2 → 0 [9].

As a consistency of the equation of motion (2.4) for numerical solutions to (2.5), we
evaluate

|∆S [Φa]| =
∣∣〈0|c−1b2c0|Q′Φa + Φa ∗ Φa〉

∣∣ (2.21)

after [5]. It is the lowest level verification of BRST invariance for Siegel gauge solutions in
the context of [16]. Furthermore, we evaluate

Im/Re [Φa] = ‖Im t̃‖
‖Re t̃‖

(2.22)

for reality of numerical solutions, which is given by the ratio of the Euclidean norm of
imaginary and real part of t̃.

3 “Double brane” solution

In the theory around the perturbative vacuum, which is the case a = 0 in (2.1), a “double
brane” solution ΦD

a=0 is obtained from one of complex solutions at the truncation level 2.
Taking a solution ΦD

a=0 at level L as an initial string field, we can obtain ΦD
a=0 at level

L+ 2 by Newton’s method as explained in section 2. Such a solution ΦD
a=0 coincides with

the “double brane” solution in [5].
In the case a 6= 0, we adopt a strategy to construct solutions ΦD

a corresponding to
“double brane” as follows:
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1. At level 2, we construct a solution ΦD
a∓ε using Newton’s method with an initial string

field ΦD
a . We repeat this calculation with ε = 0.001 up to ΦD

a=∓1/2 from the starting
point ΦD

a=0.

2. At level L + 2, we construct a solution ΦD
a using Newton’s method with an initial

string field ΦD
a at level L. We repeat this calculation up to level 22.

Namely, for a fixed value of a, which is one of a = −0.5,−0.499,−0.498, · · · , 0.499, 0.5, we
constructed higher level solutions ΦD

a from level 2 up to 22, level by level.
Then, we have obtained numerical solutions ΦD

a , except for ΦD
a=−0.468 at levels 20 and

22. In the case a = −0.468, Newton’s method for getting a solution at level 20 did not
converge.

3.1 Energy

Figures 1, 2, and 3 show plots of the energy E (2.15) for the “double brane” solution ΦD
a

at the truncation level L. We joined adjacent calculated data points with line segments
for each level.5 In figure 1, the dotted and dashed lines are extrapolations to L = 4k + 2
(k →∞) and L = 4k (k →∞), respectively. We have used a polynomial of 1/L as a fitting
function for each value of the parameter a. We have chosen its degree as the number of
data minus one.6 As might be expected from figure 2, extrapolations by a polynomial fit
worked well by dividing data in two groups: L ≡ 2 mod 4 and L ≡ 0 mod 4.

As in figure 1, the real part of energy ReE[ΦD
a ] approaches a constant, which is greater

than one, for a > −1/2 with increasing level and there is a maximum at a = aM ∼ −1/2
for each L. As in figure 2, the value of aM approaches −1/2 with increasing level, where
the maximum value is greater than two. The extrapolation values of ReE[ΦD

a ] in figure 1
are close to 1.5 for a > −1/2.

As in figure 3, the imaginary part of energy ImE[ΦD
a ] approaches zero for a > −1/2

with increasing level and there is a minimum at a = am ∼ −1/2 for each L. The extrapo-
lation values of ImE[ΦD

a ] in figure 3 are close to zero for a > −1/2. We observed that am
approaches −1/2 and the minimum value approaches zero with increasing level although
extrapolation values are unstable near a = −1/2.

From the above observation and analogy with tachyon vacuum and single brane solu-
tions in (2.19) and (2.20), we could expect that the energy (2.15) for the “double brane”
solution ΦD

a behaves as

E[ΦD
a ]→

E2 (a > −1/2)
E′2 (a = −1/2)

(L→∞), (3.1)

where E2 and E′2 seem to be real constants and satisfy 1 < E2 < E′2. If E2 = 2 and E′2 = 3,
ΦD
a could be interpreted as double brane solution for a ≥ −1/2 literally. However, it seems

that E2 ∼ 1.5 and 2 < E′2 < 3 from figures 1 and 2. If E′2 − E2 = 1, the solution ΦD
a

for a ≥ −1/2 is consistent with the interpretation that the TT solution ΨTT
a represents

5Plots of other figures in this paper are in the same manner.
6Extrapolations in other figures in this paper have been obtained in the same manner.
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Figure 1. Plots of the real part of the energy E (2.15) for the “double brane” solution ΦD
a at

the truncation level L. The dotted and dashed lines are extrapolations to L = 4k + 2 (k → ∞)
and L = 4k (k → ∞), respectively. The horizontal axis denotes the value of the parameter a at
ReE = 2.

-0.48 -0.46 -0.44 -0.42 -0.40
a

1.6
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2.2
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2.6

Re[E]
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L=16

L=18
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L=22

Figure 2. Plots of the real part of the energy E (2.15) for the “double brane” solution ΦD
a for

a & −1/2 at the truncation level L = 10, 12, · · · , 22. The horizontal axis denotes the value of the
parameter a at ReE = 2. The vertical axis stands at a = −1/2.

the tachyon vacuum at a = −1/2 and pure gauge solution for a > −1/2, which implies
S[ΨTT

a=−1/2] = 1/(2π2g2) and S[ΨTT
a>−1/2] = 0.

3.2 Gauge invariant observable

Figures 4, 5, and 6 show plots of the gauge invariant observable E0 (2.17) for the “double
brane” solution ΦD

a at the truncation level L.
As in figure 4, the real part ReE0[ΦD

a ] approaches a constant, which is greater than
one, for a > −1/2 with increasing level. As in figure 5 (and table 1 in appendix A),
ReE0[ΦD

a ] > 2 for a → −1/2 + 0. The extrapolation values of ReE0[ΦD
a ] in figure 4 are
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Figure 3. Plots of the imaginary part of the energy E (2.15) for the “double brane” solution ΦD
a

at the truncation level L. The dotted and dashed lines are extrapolations to L = 4k + 2 (k →∞)
and L = 4k (k →∞), respectively. The horizontal axis denotes the value of the parameter a.
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Figure 4. Plots of the real part of the gauge invariant observable E0 (2.17) for the “double brane”
solution ΦD

a at the truncation level L. The dotted and dashed lines are extrapolations to L = 4k+2
(k →∞) and L = 4k (k →∞), respectively. The horizontal axis denotes the value of the parameter
a at ReE0 = 2.

close to 1.2 for a > −1/2 although they become unstable near a = −1/2. This instability or
error should be caused by irregular behavior around a = −0.465 at L = 20, 22 in figure 5.

As in figure 6, the imaginary part ImE0[ΦD
a ] approaches zero for a > −1/2 with

increasing level. The extrapolation values are around zero for a > −1/2 although they are
unstable near a = −1/2. Actually, we have found that ImE0[ΦD

a ] = 0 around a = −0.465
for L = 20, 22.

From the above, in a similar way to (3.1), we could expect that the gauge invariant
observable (2.17) behaves as

E0[ΦD
a ]→

Ẽ2 (a > −1/2)
Ẽ′2 (a = −1/2)

(L→∞), (3.2)
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Figure 5. Plots of the real part of the gauge invariant observable E0 (2.17) for the “double
brane” solution ΦD

a such as a & −1/2 at the truncation level L = 10, 12, · · · , 22. The horizontal
axis denotes the value of the parameter a at ReE0 = 2. The vertical axis stands at a = −1/2.
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Figure 6. Plots of the imaginary part of the gauge invariant observable E0 (2.17) for the “double
brane” solution ΦD

a at the truncation level L. The dotted and dashed lines are extrapolations to
L = 4k + 2 (k → ∞) and L = 4k (k → ∞), respectively. The horizontal axis denotes the value of
the parameter a.

where Ẽ2 and Ẽ′2 seem to be real constants and satisfy 1 < Ẽ2 < Ẽ′2. If Ẽ2 = 2 and Ẽ′2 = 3,
ΦD
a could be interpreted as double brane solution for a ≥ −1/2 because the value of (2.17)

corresponds to the energy [17]. However, it seems that Ẽ2 ∼ 1.2 and 2 . Ẽ′2 < 3 from
figures 4 and 5. If Ẽ′2 − Ẽ2 = 1, the solution ΦD

a for a > −1/2 is consistent with the TT
solution in the same sense as the energy.

3.3 |∆S | and reality

Figure 7 shows plots of |∆S | (2.21) for the “double brane” solution ΦD
a at the truncation

level L. With increasing level, it approaches zero for a ≥ −1/2. This behavior is consistent
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Figure 7. Plots of |∆S | (2.21) for the “double brane” solution ΦD
a at the truncation level L. The

horizontal axis denotes the value of the parameter a.

with the equation of motion (2.4) for ΦD
a . The extrapolation values are close to 0.25 for

a > −1/2 except around a = −1/2, where they are unstable. We could expect that the
above does not contradict that |∆S | → 0 (L→∞) for a ≥ −1/2.

Figures 8 and 9 show plots of Im/Re (2.22) for the “double brane” solution ΦD
a at

the truncation level L. With increasing level, it approaches zero for a ≥ −1/2. This
behavior is consistent with the reality condition of the string field ΦD

a . In particular, from
figure 9, we have found that Im/Re = 0 for −0.469 ≤ a ≤ −0.463 at L = 20 and for
−0.483 ≤ a ≤ −0.446 at L = 22 (although there is no solution at a = −0.468 in both cases
as mentioned). The region of a at L = 22, where ΦD

a is real, is larger than that at L = 20.
We can expect that it becomes larger at higher truncation level because ΦD

a at the level
L+2 is real once it becomes real at the level L from our method to construct the solutions.
We note that the regions of a such that ΦD

a is real correspond to those where the value of
ReE0[ΦD

a ] shows irregular behavior in figure 5.
In figure 8, the extrapolation values become negative for some region of a although

Im/Re should be nonnegative by its definition (2.22). We might interpret that ΦD
a becomes

real at finite level in such a region.
From the above observations, we expect that the “double brane” solution ΦD

a for a ≥
−1/2 satisfies the reality condition in the large level limit L→∞.

4 “Ghost brane” solution

Our strategy to construct solutions corresponding to “ghost brane” is the same as that in
section 3.

In the theory around the perturbative vacuum, which is the case a = 0 in (2.1), a
“ghost brane” solution ΦG

a=0 is obtained from one of complex solutions at the truncation
level 4. Taking a solution ΦG

a=0 at level L as an initial string field, we can obtain ΦG
a=0 at

level L + 2 by Newton’s method. Such a solution ΦG
a=0 coincides with the “ghost brane”

solution in [5].
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Figure 8. Plots of Im/Re (2.22) for the “double brane” solution ΦD
a at the truncation level L. The

horizontal axis denotes the value of the parameter a.
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Figure 9. Plots of Im/Re (2.22) for the “double brane” solution ΦD
a such as a & −1/2 at the

truncation level L = 10, 12, · · · , 22. The horizontal axis denotes the value of the parameter a. The
vertical axis stands at a = −1/2.

Firstly, at the truncation level 4, we constructed ΦG
a (−1/2 ≤ a ≤ 1/2) from ΦG

a=0.
Then, for a fixed value of a, which is one of a = −0.5,−0.499,−0.498, · · · , 0.499, 0.5, we
constructed higher level solutions from ΦG

a at level 4 up to 22. As a result, we have obtained
numerical solutions ΦG

a , except for ΦG
a=−0.499 at level 22. In the case a = −0.499, Newton’s

method for constructing a solution at level 22 did not converge.

4.1 Energy

Figures 10 and 11 show plots of the energy E (2.15) for the “ghost brane” solution ΦG
a at

the truncation level L. As in figure 10, the real part ReE[ΦG
a ] increases with increasing

level. The extrapolations are close to −1 for a > −1/2. There is a maximum near a = −1/2
for each extrapolation and the maximum value is greater than zero.
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Figure 10. Plots of the real part of the energy E (2.15) for the “ghost brane” solution ΦG
a at

the truncation level L. The dotted and dashed lines are extrapolations to L = 4k + 2 (k → ∞)
and L = 4k (k → ∞), respectively. The horizontal axis denotes the value of the parameter a at
ReE = −1.
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Figure 11. Plots of the imaginary part of the energy E (2.15) for the “ghost brane” solution ΦG
a

at the truncation level L. The dotted and dashed lines are extrapolations to L = 4k + 2 (k →∞)
and L = 4k (k →∞), respectively. The horizontal axis denotes the value of the parameter a.

As in figure 11, the imaginary part ImE[ΦG
a ] approaches zero with increasing level.

In particular, extrapolation values are close to zero for a > −1/2 although they become
unstable around a = −1/2. We note that ImE[ΦG

a ] = 0 at a = −1/2 for the level L ≥ 6 as
in table 2 in appendix A.

From the above, we might expect that the energy for the “ghost brane” solution be-
haves as

E[ΦG
a ]→

E−1 (a > −1/2)
E′−1 (a = −1/2)

(L→∞), (4.1)

where E−1 and E′−1 seem to be real constants such as −2 < E−1 < E′−1, in a similar way
to (3.1) for ΦD

a , but it is more obscure in this case. If we focus on the extrapolation values,

– 12 –



J
H
E
P
0
2
(
2
0
2
1
)
1
3
3

-0.4 -0.2 0.2 0.4
a

-2.0

-1.5

-0.5
Re[E0]

L=4

L=6

L=8

L=10

L=12

L=14

L=16

L=18

L=20

L=22

L=4 +2

L=4

Figure 12. Plots of the real part of the gauge invariant observable E0 (2.17) for the “ghost brane”
solution ΦG

a at the truncation level L. The dotted and dashed lines are extrapolations to L = 4k+2
(k →∞) and L = 4k (k →∞), respectively. The horizontal axis denotes the value of the parameter
a at ReE0 = −1.

it seems that E−1 ∼ −1.25 and 0 < E′−1 < 1, although ΦG
a could represent ghost brane

literally if E−1 = −1 and E′−1 = 0. If E′−1 − E−1 = 1, ΦG
a for a ≥ −1/2 is consistent with

the a-dependence of the TT solution.

4.2 Gauge invariant observable

Figures 12, 13, and 14 show plots of the gauge invariant observable E0 (2.17) for the “ghost
brane” solution ΦG

a at the truncation level L. As in figure 12, the real part ReE0[ΦG
a ]

approaches −1 for a > −1/2. As in figure 13, there is a maximum near a = −1/2 for each
level L. We have found that the maximum values are greater than −1 for L ≥ 10 although
there is a large error in extrapolation values of ReE0[ΦG

a ] near a = −1/2 in figure 12.7

As in figure 14, the imaginary part ImE0[ΦG
a ] decreases with increasing level. Its

extrapolation values are about 0.1 for a > −1/2 and they become unstable around a =
−1/2. At a = −1/2, ImE0[ΦG

a ] = 0 for the level L ≥ 6 as in table 2 in appendix A.
From the above, in a similar way to (4.1), we could expect that the gauge invariant

observable (2.17) behaves as

E0[ΦG
a ]→

Ẽ−1 (a > −1/2)
Ẽ′−1 (a = −1/2)

(L→∞), (4.2)

where Ẽ−1 and Ẽ′−1 seem to be real constants such as −2 < Ẽ−1 < Ẽ′−1.

4.3 |∆S| and reality

Figure 15 shows plots of |∆S | (2.21) for the “ghost brane” solution ΦG
a at the truncation

level L. It decreases with increasing level. The extrapolation values are about 0.1 for
7We performed computations at a = −0.5,−0.4999,−0.4998, · · · ,−0.4901,−0.49 in order to show details

near a = −0.5 in figure 13 (and figure 12). In addition to a = −0.499 for L = 22, we did not obtain solutions
at a = −0.4989 for L = 20, 22 and at a = −0.4988 for L = 16, 18, 20, 22.
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Figure 13. Plots of the real part of the gauge invariant observable E0 (2.17) for the “ghost brane”
solution ΦG

a near a = −1/2 at the truncation level L = 10, 12, · · · , 22. The horizontal axis denotes
the value of the parameter a at ReE0 = −1. The vertical axis stands at a = −1/2.
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Figure 14. Plots of the imaginary part of the gauge invariant observable E0 (2.17) for the “ghost
brane” solution ΦG

a at the truncation level L. The dotted and dashed lines are extrapolations to
L = 4k + 2 (k → ∞) and L = 4k (k → ∞), respectively. The horizontal axis denotes the value of
the parameter a.

a & −1/2 and they are close to zero near a = −1/2. It is consistent with the equation of
motion (2.4) for ΦG

a .
Figure 16 shows plots of Im/Re (2.22) for the “ghost brane” solution ΦG

a at the trun-
cation level L. For a & −0.4, Im/Re at level L up to 22 and its extrapolation values are
greater than 0.2. On the other hand, we found that Im/Re[ΦG

a ] = 0 at a = −0.5,−0.499
for L ≥ 6, although there is no solution at a = −0.499 for L = 22.

In any case, it seems that ΦG
a does not satisfy the reality condition for a & −0.4 even

at the limit L→∞ from the numerical behavior of Im/Re[ΦG
a ] in figure 16 and comparison

with that for ΦD
a in figure 8. It is consistent with the interpretation of the “ghost brane”

solution in [5], which corresponds to the case a = 0.
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Figure 15. Plots of |∆S | (2.21) for the “ghost brane” solution ΦG
a at the truncation level L. The

horizontal axis denotes the value of the parameter a.
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Figure 16. Plots of Im/Re (2.22) for the “ghost brane” solution ΦG
a at the truncation level L. The

horizontal axis denotes the value of the parameter a.

5 Concluding remarks

In this paper, we have numerically constructed the “double brane” solution ΦD
a and the

“ghost brane” solution ΦG
a in the theory around the TT solution with a real parameter

a by using the level truncation method. In particular, in the case a = 0, they coincide
with the “double brane” and “ghost brane” solutions found by Kudrna and Schnabl. In
this sense, our solutions are generalization of theirs. We have evaluated the energy E and
gauge invariant observable E0 for the obtained solutions and calculated |∆S | and Im/Re
as a consistency check.

From our results, in the large level limit, it seems that E[ΦD
a ] → E2 for a > −1/2

and → E′2 for a = −1/2, where the real constants, E2 and E′2, satisfy 1 < E2 < E′2. If
E2 = 2 = E′2 − 1, ΦD

a could be interpreted as double brane solution for a ≥ −1/2 literally,
but we observed E2 ∼ 1.5 and 2 < E′2 < 3 from our numerical result. However, the solution
ΦD
a for a ≥ −1/2 is consistent with the interpretation that the TT solution represents the

tachyon vacuum at a = −1/2 and is pure gauge for a > −1/2 if E′2 − E2 = 1, which may
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hold. The value of E0[ΦD
a ] behaves in a similar way to E[ΦD

a ] numerically. In order to
establish the relation E′2 − E2 = 1, detailed computations around a = −1/2 for higher
levels will be necessary. As for ΦG

a , numerical behavior of the energy and gauge invariant
observable is similar to that of ΦD

a , but it is more ambiguous.
We observed that both |∆S [ΦD

a ]| and |∆S [ΦG
a ]| approach zero with increasing level,

which is consistent with the projected equation of motion: b0c0(Q′Φ + Φ ∗ Φ) = 0 up to
the lowest level. We should check coefficients of higher level states in order to confirm the
BRST invariance of solutions in Siegel gauge. It remains as a future work.

The numerical solutions ΦD
a and ΦG

a are constructed from complex solutions at level
2 and 4, respectively. Namely, they do not satisfy the reality condition of string field and
therefore E and E0 for them have imaginary part in general. However, we observed that
Im/Re[ΦD

a ] → 0 with increasing level for a ≥ −1/2. In particular, we found a region of a
where Im/Re[ΦD

a ] = 0 at the level 20 and 22. In this sense, ΦD
a is expected to be real at the

large level limit for a ≥ −1/2. As for ΦG
a , it seems that Im/Re[ΦG

a ] does not approach zero
with increasing level for a & −0.4, although we found that at a = −0.5 and a = −0.499,
Im/Re[ΦG

a ] = 0 for the level L ≥ 6.
We have constructed numerical solutions by Newton’s method, where we have to choose

appropriate initial configurations for the iterative algorithm. In this paper, we have adopted
a choice explained in section 3: 1. At the lowest truncation level, which is two for ΦD

a and
four for ΦG

a , we have constructed solutions for various values of a from ΦD
a=0 and ΦG

a=0
by varying the value of a little by little. 2. For each value of a, higher level solutions
have been constructed level by level. However, we can make another choice of initial
configurations: 1′. For a = 0, we construct higher level solutions level by level. 2′. At
each level, solutions for a 6= 0 are constructed from that for a = 0 by varying the value
of a little by little. We have observed that there is a possibility of obtaining different
solutions by 1′-2′ from those by 1-2, where solutions become real near a = −1/2. Further
detailed investigation is a future problem although the procedure 1′-2′ takes more time for
calculation.

In this paper, we have adopted a method of extrapolations, which is explained in
section 3.1. There are two extrapolation values: one is for the truncation level L = 4∞+ 2
and the other is for L = 4∞, which are plotted in figures by dotted and dashed lines. The
difference of them would correspond to an error of the extrapolation. We should justify
the extrapolation method or adopt other methods in order to refine the numerical results.

We have performed calculations in Siegel gauge for simplicity. It is desirable to evaluate
gauge invariants in other gauges for “double brane” and “ghost brane” solutions to under-
stand them further. We are preparing computations of them in Asano-Kato gauge [18] as
in [19, 20].8
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A Some numerical data for solutions

A.1 Numerical data for solutions at a = −1/2

We list explicit numerical values of solutions in the theory around the TT solution at
a = −1/2 in tables 1 and 2. They can be compared with those in [5], which correspond to
the case a = 0.9

The data in table 1 are E (2.15), E0 (2.17), |∆S | (2.21), and Im/Re (2.22) for the
“double brane” solution ΦD

a=−1/2 and they correspond to points at a = −1/2 in fig-
ures 1, 2, 3, 4, 5, 6, 7, 8, and 9. The data in table 2 are E (2.15), E0 (2.17), |∆S | (2.21),
and Im/Re (2.22) for the “ghost brane” solution ΦG

a=−1/2 and they correspond to points at
a = −1/2 in figures 10, 11, 12, 13, 14, 15, and 16.

L E E0 |∆S | Im/Re
2 −0.738519 + 6.42573i 2.5906− 0.611421i 2.27577 0.414127
4 −0.520622− 3.02656i 2.7175− 0.100579i 0.624772 0.664631
6 −0.810759− 1.90909i 2.62035− 0.100411i 0.781281 1.15795
8 1.2739− 1.27992i 2.59001− 0.122603i 1.24412 1.09292
10 0.947834− 1.30151i 2.38848 + 0.0741147i 0.667769 0.80842
12 1.55586− 1.07501i 2.35887 + 0.0660807i 0.517581 0.57895
14 1.51726− 0.904625i 2.2996 + 0.0707516i 0.431135 0.617605
16 1.78862− 0.768909i 2.25904 + 0.0906131i 0.339793 0.501388
18 1.7433− 0.660931i 2.22563 + 0.0962804i 0.283798 0.531292
20 1.89055− 0.579279i 2.21258 + 0.0902456i 0.232422 0.460356
22 1.85117− 0.508455i 2.19168 + 0.0854377i 0.195764 0.481028

Table 1. E (2.15), E0 (2.17), |∆S | (2.21), and Im/Re (2.22) for the “double brane” solution
ΦD

a=−1/2 at the truncation level L.

L E E0 |∆S | Im/Re
4 −58.3862− 1.66004i −2.95681 + 0.472707i 4.66418 0.189811
6 −24.413 −2.19698 1.91163 0
8 −15.6787 −1.81939 1.29319 0
10 −11.1078 −1.58933 0.87768 0
12 −8.76291 −1.46405 0.65827 0
14 −7.20365 −1.37387 0.503632 0
16 −6.19244 −1.29508 0.40301 0
18 −5.43759 −1.23428 0.327863 0
20 −4.88756 −1.19106 0.273432 0
22 −4.44884 −1.15705 0.230936 0

Table 2. E (2.15), E0 (2.17), |∆S | (2.21), and Im/Re (2.22) for the “ghost brane” solution ΦG
a=−1/2

at the truncation level L. ΦG
a=−1/2 satisfies the reality condition for L ≥ 6.

9Our definition of Im/Re seems to be different from that in [5]. We suspect that a choice of a basis (or
its normalization) is different.
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A.2 Coefficients of lowest level states for the solutions

We list numerical data of three component fields for the solutions, ΦD
a and ΦG

a , at a = −1/2
in tables 3 and 4. They can be compared with those of the solutions at a = 0 listed in [5].
Furthermore, we plot the coefficient of the lowest level state c1|0〉, or the tachyon field as
a component, of ΦD

a and ΦG
a for a ≥ −1/2 in figures 17, 18, 19, and 20. The data in the

column of c1|0〉 in table 3 correspond to points at a = −1/2 in figures 17 and 18. The data
in the column of c1|0〉 in table 4 correspond to points at a = −1/2 in figures 19 and 20.

Roughly, from figure 18, we can see that the imaginary part of the tachyon field of ΦD
a

vanishes with increasing level for a ≥ −1/2. On the other hand, from figure 20, it seems
that the imaginary part of the tachyon field of ΦG

a remains nonzero with increasing level
for a & −0.4.

L c1|0〉 Lmat
−2 c1|0〉 Lgh′

−2c1|0〉
2 −1.62421− 0.556839i −0.144175− 0.362514i 0.179079− 0.141459i
4 −0.811826− 0.492565i 0.0805148− 0.211769i 0.0936975− 0.0673882i
6 −0.617433− 0.708114i 0.169208− 0.223221i 0.0939303− 0.0907553i
8 −0.46957− 0.539068i 0.190683− 0.158602i 0.127765− 0.0634097i
10 −0.594608− 0.464836i 0.110538− 0.147441i 0.0882257− 0.0634936i
12 −0.603815− 0.328377i 0.0657693− 0.115888i 0.084529− 0.0536261i
14 −0.614146− 0.359062i 0.0612609− 0.120976i 0.0742589− 0.05115i
16 −0.598281− 0.280436i 0.0377076− 0.0991098i 0.0693785− 0.0454664i
18 −0.611011− 0.304459i 0.0339221− 0.106696i 0.0626943− 0.045099i
20 −0.589014− 0.25289i 0.0208091− 0.0900697i 0.058484− 0.0407456i
22 −0.601353− 0.269899i 0.0173314− 0.0970247i 0.0539424− 0.0413202i

Table 3. Coefficients of three lowest level states for the “double brane” solution ΦD
a=−1/2 at the

truncation level L.

L c1|0〉 Lmat
−2 c1|0〉 Lgh′

−2c1|0〉
4 −0.761439− 0.415565i −0.0430207− 0.0388406i 1.44204 + 0.0481819i
6 −0.360559 −0.0188028 0.675305
8 −0.238314 −0.0162807 0.440174

10 −0.152385 −0.0120697 0.310303
12 −0.11406 −0.0102722 0.234504
14 −0.0876269 −0.00885158 0.184856
16 −0.0708067 −0.00777904 0.150024
18 −0.0584666 −0.00695981 0.124815
20 −0.0494588 −0.00625865 0.105564
22 −0.0425024 −0.00570499 0.0907437

Table 4. Coefficients of three lowest level states for the “ghost brane” solution ΦG
a=−1/2 at the

truncation level L.
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Figure 17. Plots of the real part of the coefficient of the lowest level state c1|0〉 for the “double
brane” solution ΦD

a at the truncation level L. The dotted and dashed lines are extrapolations to
L = 4k + 2 (k →∞) and L = 4k (k →∞), respectively. The horizontal axis denotes the values of
the parameter a.
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Figure 18. Plots of the imaginary part of the coefficient of the lowest level state c1|0〉 for the “double
brane” solution ΦD

a at the truncation level L. The dotted and dashed lines are extrapolations to
L = 4k + 2 (k →∞) and L = 4k (k →∞), respectively. The horizontal axis denotes the values of
the parameter a.
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Figure 19. Plots of the real part of the coefficient of the lowest level state c1|0〉 for the “ghost
brane” solution ΦG

a at the truncation level L. The dotted and dashed lines are extrapolations to
L = 4k + 2 (k →∞) and L = 4k (k →∞), respectively. The horizontal axis denotes the values of
the parameter a.
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Figure 20. Plots of the imaginary part of the coefficient of the lowest level state c1|0〉 for the “ghost
brane” solution ΦG

a at the truncation level L. The dotted and dashed lines are extrapolations to
L = 4k + 2 (k →∞) and L = 4k (k →∞), respectively. The horizontal axis denotes the values of
the parameter a.
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A.3 Evaluation of quadratic identities

It is known that solutions to the equation of motion in open string field theory satisfy
certain quadratic identities [22]. Here, we show some numerical data for evaluation of
them as a consistency check of numerical solutions in the theory around the TT solution
with the parameter a. We can derive quadratic identities for solutions to (2.4):

〈Φ, [Q′, Lmat
n ]Φ〉 = −65

54(−1)
n
2 n δn: even〈Φ, Q′Φ〉, (A.1)

〈Φ, [Q′, L′ tot
n ]Φ〉 = −(−1)

n
2 n δn: even〈Φ, Q′Φ〉, (A.2)

where L′tot
n = Lmat

n + L′ gh
n , using symmetry of the interaction term of the action (2.1).

Particularly, in the case of Siegel gauge solution Φ, if 〈Φ, c0L(a)Φ〉 6= 0, the ratios of the
left hand side and the right hand side of the above equations with n = 2m:

Rm =



〈Φ, c0
(
(1 + a)Lmat

2m + am−1
2m Lmat

2m+2 + am+1
2m Lmat

2m−2

)
Φ〉

(−1)m 65
54〈Φ, c0 ((1 + a)(L′ tot

0 − 1) + aL′ tot
2 + 4aZ(a)) Φ〉

(m = 2, 3, 4, · · · )

−〈Φ, c0
(
(1 + a)Lmat

2 + aLmat
0 + 13

4 a
)

Φ〉
65
54〈Φ, c0 ((1 + a)(L′ tot

0 − 1) + aL′ tot
2 + 4aZ(a)) Φ〉

(m = 1)

,

(A.3)

R̃m =



〈Φ, c0
(
(1 + a)L′ tot

2m + am−1
2m L′ tot

2m+2 + am+1
2m L′ tot

2m−2

)
Φ〉

(−1)m〈Φ, c0 ((1 + a)(L′ tot
0 − 1) + aL′ tot

2 + 4aZ(a)) Φ〉 (m = 2, 3, 4 · · · )

−〈Φ, c0
(
(1 + a)L′ tot

2 + a(L′ tot
0 + 3)

)
Φ〉

〈Φ, c0 ((1 + a)(L′ tot
0 − 1) + aL′ tot

2 + 4aZ(a)) Φ〉 (m = 1)

(A.4)

should be one identically.10 We note that R̃1 is one at a = −1/2 trivially.
We list some numerical data for the evaluations of Rm (A.3) and R̃m (A.4) of the

“double brane” solution at a = −1/2 in tables 5 and 6 and those of the “ghost brane”
solution at a = −1/2 in tables 7 and 8. We also plot the value of R1 of ΦD

a in figures 21
and 22 and that of ΦG

a in figures 23 and 24. Roughly, from these figures, it seems that
R1 for ΦD

a and ΦG
a approaches one with increasing level although it is unstable around

a = −1/2.
The above numerical behavior is consistent with quadratic identities Rm = 1 and

R̃m = 1 for solutions at L =∞.

10The details can be found in [23], where numerical data for the tachyon vacuum and single brane solutions
at a = −1/2, based on the solutions in [4], are listed up to level 26.
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L R1 R2 R3 R4

2 0.911488− 0.152245i −1.27584 + 0.412182i 0 0
4 0.885585 + 0.021908i −1.28084− 0.320084i −1.2104− 0.84751i 0
6 0.8729 + 0.0201808i −1.60019 + 1.10353i −1.59739 + 1.49291i −0.961762 + 0.978238i
8 0.950585 + 0.00241884i 2.06239 + 0.84862i 3.66403− 2.82962i −2.57524− 3.66336i

10 0.893514 + 0.0530564i −0.248418 + 1.30193i 0.9719 + 1.85136i −1.11547 + 2.07613i
12 0.937224 + 0.0359425i 0.461938 + 0.777509i 1.56888 + 0.298369i −0.28761 + 0.782399i
14 0.929671 + 0.058921i 0.597104 + 0.95585i 1.36524 + 0.815189i −0.0304565 + 1.67951i
16 0.953995 + 0.036186i 0.765202 + 0.59013i 1.27848 + 0.184195i 0.324349 + 0.7959i
18 0.953387 + 0.0515589i 0.878275 + 0.620112i 1.2123 + 0.34281i 0.606532 + 1.09488i
20 0.96477 + 0.0330054i 0.890854 + 0.427151i 1.12715 + 0.112292i 0.678698 + 0.623308i
22 0.966273 + 0.0431989i 0.959863 + 0.420163i 1.10173 + 0.175657i 0.858197 + 0.707533i

Table 5. Rm (A.3) of ΦD
a=−1/2 at the truncation level L for m = 1, 2, 3, 4.

L R̃1 R̃2 R̃3 R̃4

2 1 −1.49458 + 0.555977i 0 0
4 1 −1.3959− 0.372793i −1.32557− 0.977179i 0
6 1 −1.82477 + 1.15122i −1.89735 + 1.67941i −1.1746 + 1.14418i
8 1 2.26372 + 0.934943i 4.01471− 3.30933i −2.90247− 4.17631i

10 1 −0.344922 + 1.40266i 1.06346 + 2.07209i −1.32026 + 2.17119i
12 1 0.467894 + 0.820665i 1.71676 + 0.257096i −0.355223 + 0.778747i
14 1 0.596248 + 1.02744i 1.5074 + 0.860021i −0.143872 + 1.76552i
16 1 0.786884 + 0.614174i 1.36667 + 0.142577i 0.294999 + 0.813055i
18 1 0.901552 + 0.656254i 1.30334 + 0.320084i 0.573704 + 1.15352i
20 1 0.914962 + 0.437798i 1.18301 + 0.0740143i 0.676277 + 0.637951i
22 1 0.9852 + 0.436868i 1.15838 + 0.139992i 0.859524 + 0.740684i

Table 6. R̃m (A.4) of ΦD
a=−1/2 at the truncation level L for m = 1, 2, 3, 4.
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Figure 21. Plots of the real part of R1 (A.3) of ΦD
a at the truncation level L. The dotted and

dashed lines are extrapolations to L = 4k + 2 and L = 4k (k → ∞), respectively. The horizontal
axis denotes the value of the parameter a at ReR1 = 1.
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Figure 22. Plots of the imaginary part of R1 (A.3) of ΦD
a at the truncation level L. The dotted

and dashed lines are extrapolations to L = 4k + 2 (k → ∞) and L = 4k (k → ∞), respectively.
The horizontal axis denotes the value of the parameter a.

L R1 R2 R3 R4

4 0.473669− 0.0224943i 0.0290573− 0.0136117i −0.00391726− 0.0214949i 0
6 0.574357 0.142781 0.0199572 −0.00288513
8 0.6554 0.340813 0.152805 0.0118893

10 0.698864 0.479036 0.328676 0.100043
12 0.736879 0.566131 0.462773 0.244439
14 0.761953 0.631667 0.555784 0.373664
16 0.78442 0.677713 0.625193 0.473761
18 0.800922 0.714594 0.674924 0.551411
20 0.815886 0.742564 0.714176 0.610725
22 0.827609 0.765937 0.743846 0.657547

Table 7. Rm (A.3) of ΦG
a=−1/2 at the truncation level L for m = 1, 2, 3, 4.

L R̃1 R̃2 R̃3 R̃4

4 1 −0.0219749 + 0.000400093i −0.000350886− 0.0220953i 0
6 1 −0.0293363 0.029805 0.00101128
8 1 0.16492 0.215592 0.00493668

10 1 0.316654 0.431604 0.0656148
12 1 0.411717 0.583257 0.197593
14 1 0.490697 0.68693 0.318767
16 1 0.545656 0.758987 0.413544
18 1 0.592945 0.809749 0.489035
20 1 0.62858 0.847047 0.546827
22 1 0.659964 0.874591 0.593859

Table 8. R̃m (A.4) of ΦG
a=−1/2 at the truncation level L for m = 1, 2, 3, 4.
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Figure 23. Plots of the real part of R1 (A.3) of ΦG
a at the truncation level L. The dotted and

dashed lines are extrapolations to L = 4k + 2 (k → ∞) and L = 4k (k → ∞), respectively. The
horizontal axis denotes the value of the parameter a at ReR1 = 1.
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Figure 24. Plots of the imaginary part of R1 (A.3) of ΦG
a at the truncation level L. The dotted

and dashed lines are extrapolations to L = 4k + 2 (k → ∞) and L = 4k (k → ∞), respectively.
The horizontal axis denotes the value of the parameter a.
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