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Such diluted hot relics can be as light as few keV, while accounting for the entirety of the

DM, and not conflicting with cosmological and astrophysical measurements. The requisite

dilution can be achieved via decays of a heavy state that dominates the energy budget

of the universe in the early matter dominated era. The heavy state decays into the SM

particles, heats up the SM plasma, and dilutes the hidden sector. The interaction required

to equilibrate the two sectors in the early universe places a bound on the maximum possible

dilution as a function of the decoupling temperature. As an example of diluted hot relic

DM we consider a light Dirac fermion with a heavy dark photon mediator. We present

constraints on the model from terrestrial experiments (current and future), astrophysics,

and cosmology.
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1 Introduction

There is overwhelming evidence that dark matter (DM) exists and makes up roughly a

quarter of the universe’s energy budget, based on its gravitational influence on myriad as-

trophysical and cosmological observables [1, 2]. Far less is known about non-gravitational

interactions of DM. Fairly feeble interactions are sufficient to bring DM into thermal equi-

librium with the standard model (SM), so that some mechanism, typically annihilations,

must be introduced to reduce the DM abundance to the measured level. Such interactions

have yet to be observed, with increasingly stringent limits being imposed by a number of

experiments looking for DM in direct detection, through indirect detection, and at colliders,

as well as probes from astrophysics and cosmology.

The constraints are especially severe in the case of light DM. Thermal relic DM

with a mass below an MeV is essentially ruled out [3–10], although a few exceptions do

exist [8, 11–13]. These constraints are almost completely relaxed for DM that is a diluted
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hot relic. A hot relic is in thermal equilibrium with the SM in the early universe, but

decouples from the plasma, i.e., freezes out, while still relativistic. This can be achieved for

light DM that connects with a sizable coupling to the SM through a much heavier mediator

particle, mmed � mDM. After the temperature of the universe drops below the mediator

mass the interaction rate falls much faster than Hubble as the universe cools. As a result,

light DM decouples while relativistic. Normally, such a hot relic is subject to stringent

constraints from cosmology. However, as we will show, the constraints can be relaxed if

the hidden sector (HS) undergoes dilution during the cosmological evolution.

The dilution can be caused by the decay of a heavy state, e.g., a long-lived moduli,

that dominates the energy budget of the universe during the relevant cosmological period.

By assumption, the heavy state decays predominantly into SM particles, heats up the SM

plasma, and leaves the HS comparatively cold. In this mechanism, the HS is sufficiently

coupled to the SM in order to equilibrate in the early universe, but due to the mass of the

heavy mediator decouples from the SM at later times, so that the entropy injected into the

SM does not feed back into the HS.

While a diluted hot relic can be as light as mDM ∼ 4.4 keV, it could also be heavier

than an MeV. On the contrary, typical thermal DM models with s-wave annihilation,

for which the annihilation cross-section 〈σv〉 is independent of velocity, have the lightest

permissible mass of DM constrained to be well above a GeV by precision observations of

the cosmic microwave background (CMB) power spectrum [14].1 While models with veloc-

ity suppressed annihilation cross-sections can evade the stringent CMB constraints, e.g.,

models with p-wave annihilation, often these are subject to other substantial constraints.

For example, the case of direct freeze-out through the Higgs portal faces a number of ad-

ditional stringent constraints from colliders, rare meson decays, and direct detection limits

that together essentially rule out the model for DM lighter than the Higgs, mDM < mh [19].

In secluded annihilation or “WIMP-next-door” models [20], on the other hand, the DM

freezes out into light mediators that later decay into the SM. In this case p-wave annihi-

lation easily allows for sub-GeV DM [21]. Since in the WIMP-next-door models the DM

relic abundance is set entirely by the size of DM coupling to the mediators, the correct

relic abundance is obtained even for very small couplings to the SM, and the dark sector

is insulated from most of the experimental constraints [21]. The essential ingredient in all

the models of this type is that the mediator is lighter than the DM. The main topic of the

present paper is the opposite limit, light DM with a heavy mediator, which is possible if

DM is a diluted hot relic.

Figure 1 shows the striking difference in the viable parameter space for two light DM

scenarios with a heavy mediator, a diluted hot relic DM (right panel) compared to the

direct freeze-out without dilution (left panel). In both cases, DM is a Dirac fermion, with

the kinetically-mixed dark photon acting as the mediator. While for mχ . me the thermal

freeze-out without dilution leads to an overclosed universe, this is no longer the case for

diluted hot relic DM. Most notably, the right panel of figure 1 illustrates that fermion

1Although models with coannihilation, coscattering, or forbidden annihilations can relax these con-

straints [15–18].

– 2 –



J
H
E
P
0
2
(
2
0
2
0
)
1
5
1

��-� ��-� ��-� ��-� ��� ���
��-�

��-�

��-�

��-�

��-�

��-�

��-�

��-�

�χ (���)

�χ

���

����������

��������

�
�
��

α� = �

���
��

ϵ
�α�>

�

��
��

10-4 10-3 10-2 10-1 100 101
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

mχ (MeV)

mχ

mA'

LHCb
SN 1987A

BaBar A' → inv (dotted: Belle II)

TRH = 2 MeV
Free-Streaming

αD = 10-3

Figure 1. Left panel shows the constraints for thermal freeze-out DM with masses between 100 eV

and 10 MeV, assuming no dilution. The constraints are significantly relaxed if the thermal history

of the hidden sector contains a period of entropy dilution (right panel shows the constraints for

the case of maximal dilution). Above the dashed gray line, TD > mA′/3, and determinations of

couplings are unreliable due to the resonance. We do not extend into that region in this study. In

both cases, DM is a Dirac fermion, with the kinetically-mixed dark photon acting as the mediator.

DM with a O(keV) mass does not need to be a sterile neutrino, and may well be a stable

Z2-odd diluted dark particle.

For diluted hot relic DM, the lower bound on DM mass, mχ & 5 keV, is set by free-

streaming constraints from the Lyman-α forest, which are somewhat stronger than the

astrophysical Tremaine-Gunn constraints (see section 3 for details). Since diluted hot

relic DM models allow larger hierarchies between mDM and mmed, i.e., allow for heavier

mediators, constraints from direct searches are typically relaxed. The remaining constraints

are due to the observation of the neutrino pulse from SN1987A, searches for invisibly

decaying dark photons at Babar and Belle II, and searches for promptly decaying dark

photons at LHCb. While in section 4 of this paper we focus on the Dirac fermion DM

with a kinetically-mixed dark photon as a working example, the dilution mechanism we

introduce is more general and can be applied to many other DM models, opening up the

related parameter space.

Thermal and non-thermal histories with dilution have been considered before in the

literature in order to achieve the correct relic abundance. These include models in

which DM has smaller annihilation cross-section than the standard weakly-interacting-

massive-particle (WIMP) [22–27], ultra-heavy DM [28–30], completely decoupled dark sec-

tors [31, 32], sterile neutrinos [33–36], and axions [37, 38]. Our case contrasts with these

works that involve thermalization followed by dilution in that we take into account the po-

tentially important late-time interactions. The dilution mechanism can be CP and baryon
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number violating, in which case it can also produce the baryon asymmetry [39, 40]. Alter-

natively, the baryon asymmetry could be generated early with a much larger asymmetry,

while the observed value is obtained through dilution. In this work, we are agnostic about

the origin of the baryon asymmetry.

The paper is organized as follows. In section 2 we give a model independent overview

of the dilution mechanism, followed by model independent cosmological and astrophysical

constraints on diluted hot relic DM in section 3. In section 4 we apply these results

to the specific example of a heavy vector portal that connects the HS to the SM. We

also discuss the current and future terrestrial and astrophysical constraints on this model.

Section 5 contains our conclusions. Appendix A contains the details about DM production

in supernovae, and appendix B the details on internal thermalization of the HS.

2 The dilution mechanism

One of the main goals of this paper is to derive the phenomenological consequences of

possibly the simplest mechanism to dilute the hidden sector — the injection of entropy

from a late-decaying state.2 For successful dilution, the late-decaying state should have

the following properties:

1. it red-shifts in the same way that matter does,

2. it dominates the universe’s energy budget at high temperatures,

3. it decays almost entirely into the SM states.

Examples include a long-lived moduli [43],3 late-decaying supersymmetric condensate [44],

gravitino [45], inflaton [46], curvaton [47], dilaton [48], Q-balls [49], or some other very

heavy late-decaying thermal relic. The specific nature of the late-decaying state is not very

important for the cosmological evolution, as long as it satisfies the above three proper-

ties. For ease of discussion, we will refer to the state that sources the dilution simply as

the moduli.

The salient features of the cosmological history can be distilled into five relevant pa-

rameters. Two parameters are related to the moduli itself: the decay rate of the moduli,

Γm, and the co-moving energy stored in the moduli, Φm ≡ ρmoda
3, where a is the scale

factor. Three parameters are related to the hidden sector: the mass of the dark matter,

mχ, the temperature, TD, below which the SM and hidden sector have decoupled, and,

lastly, g̃∗, the effective number of relativistic degrees of freedom in the hidden sector at TD.

From these parameters

Γm, Φm, mχ, TD, g̃∗, (2.1)

a remarkable number of concrete predictions can be made.

2Other dilution mechanisms are possible. For instance, dilution could be accomplished by a second era

of inflation as in refs. [41, 42].
3In general, string moduli behave differently than the field driving the dilution mechanism. In moduli

decays, it is challenging to avoid sizable branching ratios into all sectors [43].
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2.1 A matter-dominated universe

In this subsection, we briefly review the history of the early universe in the presence of

an early matter dominated (MD) era and discuss the different periods. To simplify the

discussion we will assume in this subsection that the plasma is entirely composed from the

SM particles and ignore the HS plasma. In the next subsection we will then specialize to

our case of a plasma that also contains the HS.

The energy of the universe can be separated into two contributions that are con-

stant during purely adiabatic expansion; the contribution Φm ≡ ρmoda
3 from the moduli,

i.e. matter that will eventually decay, and the contribution from radiation, ΦR ≡ ρRa
4.

The Hubble expansion rate is therefore

H =
ȧ

a
=

1

Mpl

√
8π

3

(
ΦR

a4
+

Φm

a3

)
, (2.2)

where Mpl is the Planck mass. The universe evolves according to the Boltzmann equations

Φ̇m = −ΓmΦm, (2.3)

Φ̇R = aΓmΦm. (2.4)

Given how these densities scale, at some early time, teq, the matter and radiation energy

densities would have been equal, i.e., ρmod,i = ρR,i, with ρmod,i ≡ ρmod(teq), ρR,i ≡ ρR(teq).

We can define the scale factor at teq to be aeq ≡ 1, so that Φm,i = ΦR,i. The MD

evolution then divides the cosmological history of the early universe into four characteristic

epochs [50],

T > Teq : early radiation domination (ERD),

Teq > T > TNA : adiabatic matter domination (MDA),

TNA > T > TRH : non-adiabatic matter domination (MDNA),

TRH > T : radiation domination (RD).

Here Teq is the temperature at matter-radiation equality, TNA the temperature at which

the non-adiabatic evolution of the SM plasma starts, and TRH the reheat temperature after

the decay of the moduli. The evolution through the different epochs in terms of scale factor

a are illustrated in figure 2. However, note that the universe never has to have attained

Teq in order for the dilution mechanism to function. This assumption should be viewed as

a means to simplify the presentation. The important aspect is the existence of an era of

matter domination, while teq merely conveniently sets the clock for our discussion.

The temperature Teq of the SM plasma at the time of matter-radiation equality, teq,

when ρmod,i = ρR,i, is given by

Teq =

(
30 Φm

π2g∗(Teq)

) 1
4

≈ 1.32

(
Φm

g∗(Teq)

) 1
4

, (2.5)

where g∗(T ) is the effective number of relativistic degrees of freedom (d.o.f.) in the SM at

temperature T .
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Figure 2. The evolutions of the energy densities of the moduli, ρm (red), the SM sector, ρ

(blue), and hidden sector, ρ̃ (green). The different periods are the early radiation domination phase

(ERD), matter dominated adiabatic evolution (MDA), matter dominated non-adiabatic evolution

(MDNA), and late radiation domination (RD), delineated by the scale factors aX corresponding

to temperatures TX . At early matter-radiation equality, aeq ≡ 1, we have ρm = ρ + ρ̃. At aNA,

the energy density injected into the SM by the decaying moduli begins to exceed the red-shifted

existing energy density. At aRH, the moduli has mostly decayed and the universe is again radiation

dominated. At aD, the SM and hidden sector plasmas decouple. In the plot this was taken to occur

before aNA, see section 2.3 for the discussion of both cases, before and after aNA. The effects of

energy leaking into ρ̃ from the hotter ρ is not shown. A schematic illustrating these effects is shown

in figure 8 of appendix B.

To estimate TNA, we rely on the fact that this epoch begins long before the bulk of the

moduli decay, tNA�Γ−1
m . During this period we can approximately take Φm'Φm,i=const,

so that eqs. (2.2)–(2.4) can be written as a single differential equation [51],

dΦR

da
=

√
3

8π
MplΓm

Φma
2

√
aΦm + ΦR

'
√

3

8π
MplΓm

√
Φma

3/2, (2.6)

where the last approximation is valid for a� 1. This can be integrated to give

ΦR(a) = Φm,i +
2

5

√
3

8π
MplΓm

√
Φm,i

(
a

5
2 − 1

)
. (2.7)

The use of approximate expression in (2.6) induces a negligibly small error, since in our

case MplΓm
√

Φm � 1. From (2.7) we see that for a ∼ O(aeq = 1) the ΦR is constant,

ΦR(a) ' Φm,i, as expected for adiabatic expansion. Only once the second term in (2.7) is

comparable in size to Φm,i does the evolution enter a non-adiabatic phase. We equate the

two terms to define the transition temperature, TNA. For aNA � aeq = 1, this is given by

TNA = Teq

(
g∗(Teq)

g∗(TNA)

) 1
3

(
2

5

√
3

8π

MplΓm√
Φm,i

) 2
5

≈ 0.59

 g
1
4
∗ (Teq)

g∗(TNA)

 1
3 (

MplΓmΦ
1
8
m,i

) 2
5

, (2.8)

where we used that up to this point the evolution is adiabatic, and therefore g∗(Teq)T 3
eqa

3
eq =

g∗(TNA)T 3
NAa

3
NA. During most of the NA evolution, the temperature evolves as

ΦR ∼ g∗T 4a4 ∼ a5/2 ⇒ T ∝ g−
1
4
∗ a−

3
8 , (2.9)
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as can be seen from (2.7). This T ∝ a−
3
8 scaling is utilized in derivations throughout this

work. In particular, the cooling of the SM plasma with growing a is slower than for the

thermally decoupled HS plasma, for which the temperature is ∝ a−1.

Once enough of the moduli decay the Hubble expansion takes over when Γm ∼ H,

and adiabatic expansion resumes. This transition defines the reheat temperature of the

universe, for which we use the standard definition [52],

TRH =

(
90

8π3g∗(TRH)

) 1
4 √

ΓmMpl ≈ 0.78g
− 1

4
∗ (TRH)

√
ΓmMpl. (2.10)

The three temperatures, Teq, TNA, and TRH, divide the early universe into the four epochs,

see also ref. [50] and figure 2. The three temperature scales can be easily related to one

another

Teq = 6.83
g∗(TNA)5/3

g∗(Teq)2/3g∗(TRH)

T 5
NA

T 4
RH

. (2.11)

The Hubble parameter during the four epochs can be approximately expressed as,

H(T ) ≈ 1

Mpl

√
4π3

45



√
g∗(T )T 2 ERD,√
g∗(TNA)g∗(T )
g∗(TRH)

T
5/2
NA

T 2
RH
T 3/2 MDA,

g∗(T )√
g∗(TRH)

T 4

T 2
RH

MDNA,√
g∗(T )T 2 RD,

(2.12)

which correctly captures the temperature scalings, but neglects O(1) factors and g∗ ratios

that can enter at interfaces between the epochs.

2.2 A diluted hot relic

We turn next to our case of a plasma that is composed of both SM and HS particles.

Throughout this work we will use symbols with (without) a tilde to denote quantities

in the hidden (SM) sector. The early cosmology of the model contains three separate

energy densities: of the SM sector, ρ, of the hidden sector, ρ̃, and of the moduli, ρmod. In

general, the temperature of the SM plasma, T , will differ from the hidden sector plasma

temperature, T̃ . The total radiation density is thus

ρR = ρ+ ρ̃ ∝ g∗T 4 + g̃∗T̃
4, (2.13)

where g∗(g̃∗) is the number of effective relativistic d.o.f. in the SM (HS) plasma defined

with respect to that sector’s temperature.

For the dilution mechanism to work there are two important ingredients: (1) the moduli

decays almost exclusively into the SM particles, which slows down the cooling of the SM

sector relative to the HS, and (2) the HS plasma decouples from the SM at some time tD
before tRH (in figure 2, for example, we are assuming tD earlier than tNA). Beyond these

two essential ingredients there are many moving parts for any particular particle physics

model that realizes the dilution mechanism. To shorten the discussion, we make a few

further simplifying assumptions, which, except where noted, are in place to streamline the

calculations, but introduce only mild qualitative changes.
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First of all, we impose the more stringent requirement that the moduli decays ex-

clusively into SM particles, so that the hidden sector is not heated at all from the

moduli decay. If this is not the case, there is maximum possible dilution imposed by

BR(mod→HS)/BR(mod→SM). We also assume that the HS remains relativistic through-

out the dilution period, so that the co-moving energy densities in the SM and HS plasmas

are given by ΦR,SM ≡ ρa4 and ΦR,hs ≡ ρ̃a4, respectively. In particular, we assume that

TRH > mχ, which is the parameter range we will use in the phenomenological analysis.

Furthermore, we assume that throughout the dilution period ρ� ρ̃, so that to a very good

approximation the Hubble rate is given by the expressions using only the SM plasma, as in

section 2.1. We also assume that the energy transfer between the SM and the HS is rapid

at early times, and then abruptly shuts off below the decoupling temperature, TD. The

Boltzmann equations are then given by,

Φ̇m = −ΓmΦm , (2.14)

Φ̇R,SM = aΓmΦm
g∗

g∗ + g̃∗Θ (T − TD)
, (2.15)

Φ̇R,hs = aΓmΦm
g̃∗

g∗ + g̃∗
Θ (T − TD) . (2.16)

At temperatures lower than TD there is no longer an efficient energy transfer between the

SM and HS, Γhs↔sm < H. The instantaneous approximation for this transition is encoded

by the step function, Θ(T − TD). The use of the step function to impose an instantaneous

transition is a reasonable approximation for the models with heavy mediators. Below the

mass of the mediator the evolution of the energy transfer collision term CE scales with a

high power of the temperature, e.g., for a heavy vector mediator CE ∼ T 9. We use the

differential equations (2.14)–(2.16) along with the equation for the Hubble rate, eq. (2.2),

to determine the cosmological history for the three sectors, Φm, ΦR,SM, ΦR,hs.

For temperatures below TD the injection of entropy from the moduli decays contributes

only to the SM energy density. We can thus define a dilution factor,

D (t) ≡ s(t)

s̃(t)
=
g∗S(T )

g̃∗S(T̃ )

(
T

T̃

)3

, (2.17)

where T and T̃ are the SM and hidden sector temperatures defined at a common late time

scale factor, s, s̃ are the entropy densities of the two sectors, and g∗S(T ), g̃∗S(T̃ ) count the

effective number of massless d.o.f. in the expressions for the entropy density (in general

these could differ from g∗(T ), g̃∗(T̃ ) if the SM and/or the HS are composed of more than

two plasmas with differing temperatures, e.g., in the SM this happens once the neutrinos

decouple from the photon plasma). The dilution factor D(t) tracks the relative entropy

change between the SM and HS plasmas. We assume that at late times entropy is conserved

in the HS, so that g̃∗S(T̃ )T̃ 3a3 = const. Finally, to simplify the expressions we assume that

at t > tRH, the hidden sector contains only the DM particles.

As we are most interested in the total dilution, we define

D ≡ D(t0), (2.18)
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where t0 is the present time. Note that for t � tRH the dilution factor D(t) is typically

constant, and equal to D. Requiring that DM produces the correct relic abundance results

in a proportionality relation between the DM mass and the required dilution factor,

mχ = Ωχ
ρc,0
s0

s(tRH)

nχ(tRH)
= Ωχ

ρc,0
s0

2π4

45ζ3
ηD = (1.5 eV)× ηD, (2.19)

where Ωχ ' 0.258 is the DM energy density fraction, ρc,0 ' 3.8 × 10−11 eV4 the critical

density, and s0 ' 2.3 × 10−11 eV3 the entropy density of the universe today, while the

numerical factor η = gχ/g̃∗S(t0) = 7/6 (1) for fermions (bosons) with gχ is the DM number

of degrees of freedom. In the first equality, we have used the fact that after tRH the co-

moving number density of DM particles is conserved, so that nχ ∝ 1/a3. In the second

equality we used the definition of the dilution factor in eq. (2.17) to trade s for Ds̃, as well

as the relation s̃/nχ = η(2π4)/(45ζ3), valid if DM is the only d.o.f. left in the HS after tRH

(the results are straightforward to adjust if this is not the case).

Eq. (2.19) offers an intuitive understanding of the dilution factor D. The relic abun-

dance is proportional to Ωχ ∝ mχ/D. That is, for DM that decouples from the SM when

the DM is still relativistic, where the co-moving number density is constant, the relic abun-

dance is bigger the greater the DM mass. The relic abundance gets diluted by the relative

amount of entropy in the SM relative to the HS, i.e., by the dilution factor D. For adia-

batic evolution the dilution factor is given simply by the ratio of effective relativistic d.o.f.,

D = g∗S(TD)/g̃∗S(TD). This can be quite large if there are only a few relativistic d.o.f. in

the HS, since the SM contains many relativistic d.o.f. . For instance, for HS composed just

of DM, the dilution factor even in the case of adiabatic evolution can be D ∼ O(10–100).

For the non-adiabatic evolution induced by the moduli decay the dilution factor can be

significantly bigger, which is one of the primary points of this paper. The rest of this

section is devoted to understanding the possible sizes of the dilution factor in the presence

of moduli decays.

As the first step, we derive the expression for the dilution factor that follows from

Boltzmann equations (2.14)–(2.16). Initially, we work within the approximation that there

are no collisions between the SM and the HS particles. During the NA period, the SM tem-

perature evolves as T ∝ g
− 1

4
∗ a−

3
8 , eq. (2.9), while the decoupled HS evolves adiabatically,

T̃ ∝ g̃−
1
3
∗S a

−1. Since the HS cools more quickly this induces a dilution factor,

D =


g∗S(TRH)
g̃∗S(TD)

g∗S(TD)
g∗S(TNA)

(
g∗(TNA)
g∗(TRH)

)2 (
TNA
TRH

)5
: TD > TNA,

g∗S(TRH)
g̃∗S(TD)

(
g∗(TD)
g∗(TRH)

)2 (
TD
TRH

)5
: TD < TNA.

(2.20)

Note that D depends implicitly on Φm and Γm through the value of TNA, cf. eq. (2.8).

If g∗ = g∗S and g̃∗ = g̃∗S , which is the case if both the SM and the HS sector are

controlled by a single temperature each, T and T̃ , then eq. (2.20) can be shortened to,

D =


g∗(TD)
g̃∗(TD)

g∗(TNA)
g∗(TRH)

(
TNA
TRH

)5
: TD > TNA,

g∗(TD)
g̃∗(TD)

g∗(TD)
g∗(TRH)

(
TD
TRH

)5
: TD < TNA.

(2.21)
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The assumption g∗S = g∗ is true for the SM above 1 MeV, and thus true above the values

of TRH considered in this work. For the rest of this work, we will therefore assume g∗S = g∗
and g̃∗ = g̃∗S for simplicity.

2.3 Maximum dilution due to leak-in

The derivations in the previous section assumed that the HS can get arbitrarily cold relative

to the SM plasma once the two sectors have decoupled. This is not entirely true because

the residual coupling between the SM and the HS can lead to the heating of the cold HS

from the much hotter SM sector via leak-in [53]. This results in a lower bound on how

cold the HS can get with respect to the SM. For a given decoupling temperature TD, there

is an upper bound on the size of the entropy dilution D, and, from eq. (2.19), an upper

bound on the DM mass that is consistent with the dilution mechanism. This upper bound

appears because an attempt to increase Φm increases the Hubble expansion rate relative to

T . In order to maintain a fixed decoupling temperature the interaction strength between

the SM and the HS (in the case of vector portal, the product αDε
2) must therefore be

increased. However, the increased coupling between the SM and the HS sectors also causes

more energy to be injected into the HS at late times, which decreases the dilution.

To derive the upper bound on D, consider the evolution of the HS energy density

dρ̃

dt
= −4Hρ̃ + CE(T, T̃ ) . (2.22)

The first term on the right hand side tracks the red-shifting of energy density in radiation.

The second term is the energy collision term transferring energy between the two sectors.

In the T̃ � T approximation, generically valid when examining whether the dilution has

been saturated, the energy collision term depends only on the SM temperature,

CE(T, T̃ ) ≈ CE(T ) = cET
5+n/Mn . (2.23)

The scaling power n and the prefactor cE/M
n, with M a dimension-full mass parameter

and cE a dimensionless factor, depend on the particular model in question. For instance,

a light axion-like particle (ALP), heavy vector, and heavy ALP have n = 2, 4, 6 and Mn =

f2
a ,m

4
V , f

2
am

4
a, respectively, see table 1.

For the HS to redshift as decoupled radiation, and therefore for the dilution to be

effective, one needs 4Hρ̃ ≥ CE(T ). Using ρ̃ = (π2/30)g̃∗T̃
4 this translates to,

T 4

T̃ 4
≤ 2π2

15

Mn

cE

g̃∗H(T )

Tn+1
. (2.24)

In order to find the maximum entropy dilution we need to understand how the right hand

side of (2.24) behaves as a function of T after decoupling. At decoupling we have

4ρ̃(TD)H(TD) ≈ CE(TD)⇒ 2π2

15

Mn

cE

g̃∗(TD)H(TD)

Tn+1
D

≈ 1, (2.25)

which relates the collision term parameters to the decoupling temperature.
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If TD < TNA there is less entropy dilution than when TD ≥ TNA. For the remainder

of the derivation we therefore assume that TD ≥ TNA, while the analogous derivation for

TD < TNA is straightforward. For T ≥ TNA we have H ∝ g
1
2
∗ (T )T 3/2, cf. eq. (2.12). This

gives that at TNA

2π2

15

Mn

cE

g̃∗H(T )

Tn+1

∣∣∣∣
TNA

=
g̃∗(T̃NA)

g̃∗(T̃D)

(
g∗(TNA)

g∗(TD)

)1/2(TNA

TD

)3/2( TD
TNA

)n+1

. (2.26)

In the non-adiabatic regime, TNA > T > TRH, the SM energy density ρ heats up due to

the entropy injection from the decaying moduli, giving H ∝ g∗(T )T 4, cf. eq. (2.12). Thus,

finally

2π2

15

Mn

cE

g̃∗H(T )

Tn+1

∣∣∣∣
TRH

=
g̃∗(T̃RH)

g̃∗(T̃D)

g∗(TRH)

g
1/2
∗ (TD)g

1/2
∗ (TNA)

T
n− 1

2
D T 3−n

RH

T
5/2
NA

. (2.27)

Using (2.27) in (2.24), setting T = TRH, and utilizing D = g∗(TRH)T 3
RH/g̃∗(T̃RH)T̃ 3

RH,

give the upper bound

D ≤ g
7/4
∗ (TRH)

g̃
1/4
∗ (T̃RH)g̃

3/4
∗ (T̃D)g

3/8
∗ (TD)g

3/8
∗ (TNA)

T
9−3n

4
RH T

3
4

(n− 1
2

)

D

T
15/8
NA

. (2.28)

Note that if TNA increases, the maximal achievable D decreases for a given TD, i.e., for

a given collision strength cE in (2.23). The scaling with TNA in eq. (2.28) is qualitatively

different than in the case of negligible SM-HS collisions, eq. (2.21). If the SM-HS collisions

can be neglected the dilution grows with TNA, D ∝ T 5
NA. In contrast, when the collisions

are important D decreases with TNA, D ∝ T−15/8
NA . This implies that increasing TNA, while

keeping TD and TRH fixed, will cause the entropy dilution factor D to grow, as in eq. (2.21),

up to its maximal value, D̄max, after which it starts to decrease. By equating eqs. (2.21)

and (2.28), we can determine the optimal value of TNA that corresponds to the maximal

entropy dilution,

TNA|D̄max
=

(
g̃∗(TD)

g̃∗(T̃RH)

) 2
55 g

2/5
∗ (TRH)

g
1/5
∗ (TD)g

1/5
∗ (TNA)

(
TD
TRH

) 6n−3
55

TRH . (2.29)

Using this in eq. (2.21) gives one of the main results of this paper, the maximum dilution

assuming internal thermalization in the HS sector,

D̄max =
g∗(TRH)

g̃
9/11
∗ (T̃D)g̃

2/11
∗ (T̃RH)

(
TD
TRH

) 3(2n−1)
11

≡ λ̄D
(
TD
TRH

)γ̄n
, (2.30)

where we have defined the g∗ ratios to be λ̄D. The scaling parameter γ̄n ≡ 3(2n − 1)/11

depends on the mediator model, and is γ̄n = 9/11, 21/11, 3, for light ALP, heavy vector

and heavy ALP, respectively, see table 1.

Using the maximal dilution factor D̄max in eq. (2.19) gives

TD|D̄max
' 1

λ̄
1/γ̄n
D

( mχ

1 eV

) 1
γ̄n TRH . (2.31)
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Example Model n γ̄n γn Mn

Light ALP 2 9
11 1 f2

a

Heavy Vector 4 21
11

7
3 m4

V

Heavy ALP 6 3 11
3 f2

am
4
a

Table 1. The scaling powers γ̄n (γn) for the maximal dilution factor with (without) internal ther-

malization of the dark sector for three different mediator models, see also eqs. (2.23), (2.30), (2.32).

This is the smallest TD for which there exists a dilution model consistent with DM mass

mχ. We typically expect λ̄D ∼ O(10), while γ̄n typically spans values O(1 − few). For

DM masses well above an eV to be viable therefore requires a large hierarchy between

TD and TRH. For instance, for a heavy vector mediator γ̄n = 21/11 ∼ 2. For DM mass

mχ ∼ O(1) MeV to be viable we need in this case TD/TRH ∼ 103. Thus, if we allow

the reheating temperature to be close to the Big Bang Nucleosynthesis (BBN) limit of

TRH ∼ 2 MeV (discussed in detail in section 3.3), the decoupling temperature needs to be

at least TD ∼ 1 GeV.

So far we assumed that the HS maintains internal thermalization throughout the cos-

mological evolution. Any energy injected into the HS then heats the HS and results in a

thermal distribution with a new, higher temperature T̃ . Typically, the assumption of com-

plete internal thermalization requires sizable coupling of the mediator to the HS particles

(in the case of dark photon the value of αD), often in conflict with experimental searches.

Alternatively, the interactions among the HS and the interactions between the SM and the

HS can due to different mediators. In this way internal thermalization in the HS is possible

without too much impact on the HS-SM phenomenology.

Even if internal thermalization is not maintained, the injection of energy into the SM

plasma and the subsequent energy transfer to the HS, either through pair creation of the

HS particles or via collisional energy transfer to the HS particles, still places an upper

bound on the allowable dilution. In this case, the injected DM particles simply redshift

the excess energy away rather than being converted into multiple DM particles. A detailed

discussion is given in appendix B. Here we only quote the result for the extreme case of no

internal thermalization in the HS throughout the relevant temperature range,

Dmax =

(
45ζ3

2π4κη

) 2
3 g∗(TRH)

g̃∗(TD)

(
TD
TRH

) 2n−1
3

≡ λD
(
TD
TRH

)γn
. (2.32)

Here κ ≡ TC(T, T̃ )/CE(T, T̃ ) ∼ O(1), while γn is the modified scaling power, see table 1.

For our benchmark model presented in section 4, the sector is not internally thermalized,

so that (2.32) gives the maximum achievable dilution. Note that DM masses well above

eV require large TD/TRH ratios also in the case when the HS does not thermalize.
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Figure 3. Isocontours of DM mass, mχ, in the Γm − Φm plane (i.e., the decay rate vs. energy

stored in the moduli), assuming TD > TNA, and not imposing an upper bound on the dilution, so

that D is given by eq. (2.21). The two black dashed lines are the TD = TNA limiting curves for

TD = 1(10) GeV, indicating in each case that the mχ contours to the right would change since the

TD < TNA expression for D needs to be used instead. The solid green, blue and purple lines denote

the lower limits on mχ from free-streaming, Tremaine-Gunn and BBN, respectively. On the dotted

black line TRH = TNA, so that near and below this line there was no MD epoch at all. The black

dot-dashed line corresponds to TRH = 2 MeV, with the grayed out region to the left excluded by

BBN, see text for details. While this work focuses on light DM, we show the effect of dilution up

to very heavy masses.

3 Model independent constraints on diluted hot relics

Several important and nearly model independent constraints bound the diluted hot relic

parameter space. In this section, we describe in detail the constraints that arise from the

free-streaming of DM, the Tremaine-Gunn bounds on dwarf galaxies, and constraints from

BBN. The constraints are summarized in figure 3, with the most stringent constraints

bounding mχ > 4.4 keV and TRH > 2 MeV.

3.1 Collisionless damping (free-streaming)

Free-streaming DM erases features in gravitational potentials at small scales, causing a

suppression of the matter power spectrum on the DM free-streaming scales. Lyman−α
forests [54, 55] trace the cosmological perturbations by looking at the absorption spectra

of background quasars at redshifts z ∼ (2–4). Using Lyman−α forests, it is possible to

probe cosmological perturbations at scales smaller than about ∼ 100 kpc.

The warm dark matter constraints derived in ref. [54] assume a thermal number abun-

dance at a colder temperatures, which allows for robust bounds to be placed on a variety

of models, see e.g. [56, 57]. These bounds are typically derived for sterile neutrinos, which
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assumes two d.o.f. for the dark matter. In our case there are four d.o.f., which relaxes the

bound on the dark matter mass by 21/4 [58] and brings the bound of 5.3 keV [54] down to

4.4 keV.

3.2 Tremaine-Gunn constraints

Limits on collisionless DM due to the conservation of phase-space density (PSD)

from Liouville’s theorem are generally referred to eponymously as Tremaine-Gunn con-

straints [59, 60]. The basic idea underlying these limits is that after DM becomes collision-

less, the microscopic PSD is conserved, while the maximum macroscopic (course-grained)

PSD for a system must decrease with time [59]. The current maximum macroscopic PSD

for a DM system, e.g., a dwarf galaxy, puts a lower bound on the maximum microscopic

PSD at the time of DM kinetic decoupling. While the coarse-grained PSD is not precisely

known, it can be estimated from the halo parameters: the velocity dispersion, σv, and the

half-light radius, rh, which should approximately track the DM. This allows us to bound

the diluted hot relic DM mass to be above [59–61]

mχ≥

(√
3π ln2M2

pl

2
√

2σvr2
h

1

gχMax[f(T̃IT)]

)1/4

≈ (0.25–0.8)×
(
gχMax[f(T̃IT)]

)−1/4
keV, (3.1)

where f(T ) =
(
eE/T + 1

)−1
for fermion and f(T ) =

(
eE/T − 1

)−1
for boson DM, and T̃IT is

the temperature at which the HS loses internal thermal equilibrium (see appendix B). The

presented range illustrates the observational uncertainties, mainly due to smaller, ultra-

faint dwarfs which have larger uncertainties in the measured halo parameters. These dwarfs

may in principle place the most stringent constraints, but with rather large systematic

uncertainties. It is more robust to focus on the better understood dwarfs, such as Draco,

that place weaker constraints (at the level of 0.4 in the range above). In our case, DM is still

relativistic at the time of decoupling, giving the maximum PSD at kinetic decoupling to be

Max[f(T̃IT)] =

{
1
2 : fermions,

T̃IT/mχ � 1 : bosons.
(3.2)

For gχ ≥ 2 the Tremaine-Gunn constraints on the DM mass are therefore always weaker

than the collisionless damping constraint, section 3.1, even if one uses the more uncertain

ultra-faint dwarfs to place the constraints. The blue line in figure 3 shows the Tremaine-

Gunn bound in the case of fermion DM, considering the central value of eq. (3.1), which

gives mχ & 0.44 keV.

3.3 Big bang nucleosynthesis

Models that produce new cosmological activity at temperatures 50 keV . T . 1 MeV can

disrupt the delicate predictions of BBN that accurately match observations [62–66]. The

decaying moduli sets the reheating temperature, TRH. It is essential that the moduli does

not continue to inject appreciable amounts of entropy below T ∼ 1 MeV, so as not to

disrupt the primordial abundance of 4He. While the bound on the reheat temperature for
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a standard model profile is 4.7 MeV from Planck data [67], an atypical injection profile

from the decaying massive moduli can relax this bound to as low as 2 MeV [68]. Since

we are allowing for atypical moduli decays, we will use the conservative lower bound of

TRH = 2 MeV in presenting the numerical results, but stress that particular models may

require TRH & 5 MeV. Requiring TRH > 2 MeV places an upper bound on the lifetime of

the moduli, τm . (1.2 s)×
√
g∗(TRH), see eq. (2.10) and gray shaded region in figure 3.

The agreement of the standard BBN with observations also places constraints on the

number of relativistic species during the BBN epoch [66]. After electrons leave the SM

plasma, the radiation energy density of the universe can be expressed as

ρR =
π2

30

(
2T 4 +

7

4
NνT

4
ν + g̃∗T̃

4

)
=
π2

30
T 4

(
2 +

7

4
Nν

(
4

11

)4/3

+ g̃∗(ξT )ξ4

)
, (3.3)

with ξ ≡ T̃ /T . The effective number of neutrino species in the SM is equal to Nν = 3.046,

where the slight increase above Nν = 3 is due to residual e± interactions with neutrinos

after decoupling [69]. Any other contributions to ρR, such as from the HS plasma, can be

reinterpreted as the additional effective number of neutrinos, ∆Nν . Detailed measurements

of nuclear relic abundances and CMB data give Nν = 2.88±0.16 [66], closely matching the

precise predictions from BBN. Assuming that the SM sector is minimally influenced by

the HS content and moduli decay, this imposes the constraint ∆Nν < 0.15. The bound on

the HS contribution to ∆Nν can be converted to a bound on the temperature in the HS,

∆Nν =
4

7

(
11

4

)4/3

g̃∗(ξT )ξ4 ⇒ ξ < 0.51 g̃∗(ξT )−1/4 ' 0.376, (3.4)

where in the last equality we assumed that the HS consists of a single Dirac fermion DM.

Using eqs. (2.17)–(2.19), this bound can be converted to a lower limit on the DM mass,

mχ > 0.1 keV. (3.5)

This is quite less stringent than the collisionless damping constraint in section 3.1.

4 A vector portal model for diluted hot relic dark matter

We now apply the dilution mechanism to a specific model: the SM supplemented by a

massive dark photon, A′, and a Dirac fermion DM, χ. Many other possible DM models exist

where the dilution mechanism could be effective. The renormalizable Higgs or neutrino

portal could mediate DM interactions with the SM, while the higher-dimension axion portal

is also very well-motivated. A renormalizable vector portal for one of the anomaly-free

symmetries of the SM could also be used. As higher dimension connections between the

SM and hidden sector are ultimately what allows for the dilution to be effective, a variety

of other non-renormalizable operators could also be used to introduce the requisite IR

decoupling. We leave the exploration of these possibilities for future work.
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4.1 The vector portal model

The most general dark sector Lagrangian containing a dark U(1)D gauge boson, Â′, and

Dirac fermion DM, χ, is given by,

L⊂−1

4
B̂µν B̂

µν− 1

4
Â′µν Â

′µν+
1

2

ε

cosθ
Â′µν B̂

µν+
1

2
m2
A′,0 Â

′µ Â′µ−gDÂ′µ(χ̄γµχ) , (4.1)

where θ is the Weinberg angle, ε is the kinetic mixing parameter, gD the U(1)D gauge

coupling constant, B̂µν = ∂µB̂ν − ∂νB̂µ and Â′µν = ∂µÂ
′
ν − ∂νÂ′µ are the U(1)Y and U(1)D

field strengths, respectively. The hatted fields, Â′, B̂ indicate the original fields with non-

canonical kinetic terms, while we denote with A′ and B the canonically normalized fields.

The mass m2
A′,0 could originate from a Stückelberg [70, 71] or a Higgs mechanism. As long

as any massive content is non-relativistic by TD, and does not increase the strength of the

collision term, it is irrelevant for the cosmology.4 For mA′,0 � mZ and ε� 1 the mass of

the physical dark photon and its couplings to the SM fermions and DM are approximately

m2
A′ ' m2

A′,0(1− ε2 tan2 θ) , gA′ff̄ ' eQε , gA′χχ̄ ' gD
(

1− 1

2
ε2 tan2 θ

)
, (4.2)

with Q the fermion electric charge in units of e.

Depending on the values of ε and gD, the dark photon predominantly decays either to

DM or to the SM fermions. The corresponding partial decay widths, at the first order in

ε, are given by

Γ(A′ → f̄f) ' αemNc

3mA′
ε2Q2

f (m2
A′ + 2m2

f )

√
1−

4m2
f

m2
A′
, (4.3)

Γ(A′ → χ̄χ) ' αD
3mA′

(m2
A′ + 2m2

χ)

√
1−

4m2
χ

m2
A′
. (4.4)

For dark photon decays into quarks, the tree-level expression (4.3) is a good approximation

only for mA′ well above the b̄b threshold. For smaller masses, threshold effects and hadronic

resonances cannot be neglected. To obtain consistent predictions for the dark photon

widths across the relevant parameter space, we must include experimental information.

This is most easily achieved by constructing the ratio

RA′(mA′) ≡
Γ(A′ → hadrons)

Γ(A′ → µ+µ−)
=
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
. (4.5)

This inclusive hadronic decay ratio can be extracted experimentally from e+e− colli-

sions [72].

Now we have all the ingredients to match this model to the discussion in the previous

sections. For concreteness, we consider two benchmark masses,

DM mass benchmarks: mχ = 5 keV, and mχ = 100 keV, (4.6)

4In principle, a massive Higgs state could increase the DM self-interaction and maintain internal ther-

malization longer, thus lowering TIT.
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and two benchmark dark U(1)D gauge couplings,

coupling benchmarks: αD = 10−3, and αD = 10−9. (4.7)

In principle, we could consider heavier DM masses. However, light DM is the focus of this

work for two reasons. Firstly, there has been recent interest in methods for detecting sub-

MeV DM in terrestrial experiments [73]. However, the canonical models of light DM are

often at odds with cosmological constraints. The dilution mechanism we presented allows

for light DM with sizable couplings to the SM that can fall under the purview of coming and

proposed experiments. Secondly, for heavier DM the dilution mechanism requires larger

TD, and consequently the effective coupling between DM and the SM has to be small. This

makes the diluted hot relic DM models with heavy DM mass more difficult to detect via

terrestrial experiments.

To obtain accurate results in modeling the dilution as in section 2, it is important that

the two sectors decouple sufficiently below the resonance so that the collision term can be

reliably treated as CE ∼ T 9/m4
A′ . To impose this, we require that TD < mA′/3.

4.2 Cosmology of the vector portal model with dilution

The model-independent results from section 2 are directly applicable to the vector portal

model. Since we are interested in light DM, we restrict the discussion to mχ < TRH. For

our benchmark models we choose the lowest possible value for the reheat temperature,

TRH = 2 MeV, unless noted otherwise. This translates into the lowest possible decoupling

temperature, TD, for a given mχ, and thus the largest coupling between DM and the SM,

maximizing the reach of the terrestrial experiments.

We define TD to be the temperature at which the Hubble expansion rate equals the

DM annihilation rate into the SM particles,

H(TD) = Γ(TD) = 〈σχ̄χ→f̄fv〉nχ
∣∣
TD
, (4.8)

which is roughly equivalent to the temperature when the collision term transferring energy

between the sectors falls below the red-shifting term in the Boltzmann equation.5 For a

heavy vector with a light Dirac fermion DM, we have

〈σχ̄χ→f̄fv〉nχ
∣∣
TD
' 4ζ(3)

π
gχαemε

2αD
T 5
D

m4
A′

∑
mf<TD

Q2
f , (4.9)

where the sum is over the SM fermions of charge Qf that are light enough to be produced

in the typical collision at temperature TD. Using the Hubble rate for expansion during the

MD epoch in (2.12), gives

m4
A′ ∝ αemε

2αDMplT
2
RHTD. (4.10)

That is, an increased decoupling temperature requires either larger mA′ or smaller ε2αD,

since either of the two make the coupling of the HS to the SM weaker.

5DM annihilation is not the only energy transfer mechanism, there is also the DM-SM scattering. The

above definition of TD simplifies expressions.
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Figure 4. Isocontours of A′ decay lifetimes (in green), values of αD (in blue), and decay branch-

ing ratios (in black) assuming TRH = 2 MeV and maximum dilution, Dmax, for a DM of mass

mχ = 5 keV (left) and mχ = 100 keV (right) as a function of ε and mA′ . The red dashed line

corresponds to BR(A′ → χSM) = BR(A′ → χ̄χ).

Figure 4 illustrates the properties of the dark photon that yield the correct value of D

such that the observed DM density is obtained, assuming maximal dilution. The mass of a

diluted hot relic DM is directly proportional to the dilution factor D, cf. eq. (2.19). Figure 4

left (right) gives the results for mχ = 1 (100) keV and thus for D ' 570 (57000). In figure 4

the reheat temperature is fixed to TRH = 2 MeV, which together with D = Dmax from

eq. (2.32) determines TD. This value of TD in turn determines the combination m4
A′/ε

2αD,

cf. eq. (4.10). For a given mχ and TRH, the dark photon coupling constant αD is therefore

determined everywhere in the mA′ vs. ε parameter space. Note that in the parameter

space we consider, αD is not large enough for the dark sector to maintain internal thermal

equilibrium until TRH = 2 MeV, and thus Dmax expression from (2.32) applies (see also

discussion in appendix B).

The properties of the dark photon vary significantly over the viable parameter space.

For larger values of ε the dark photon decays predominantly into visible states, for smaller

values of ε predominantly to DM pairs. This is illustrated in figure 4 where isocontours of

branching ratios of dark photon to the SM and/or HS, the dark photon decay times, and

the value of αD that produces the correct relic abundance for D = Dmax are denoted with

black dashed, green solid, and blue solid lines, respectively (red dashed lines denote equal

branching ratios for decays to the SM and the HS). The correct DM relic abundance is

possible both for dark photon that decays almost exclusively into visible states, as well as

for predominantly invisibly decaying dark photon.
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Figure 5. The present bounds on the (mA′ , ε2) vector portal parameter space for αD = 10−3

(αD = 10−9) are shown in the left (right) panel as blue, purple, maroon, and green shaded regions

(from LHCb, supernovae 1987A, BaBar A′ → inv, and A′ → `+`− searches, respectively). The

projected reach from Belle II is shown with maroon and green dotted lines, and from LDMX with

a dotted orange line. The correct diluted hot relic DM abundance is obtained for mχ = 5 keV

(100 keV) on dark red dot-dashed lines, assuming maximal dilution with no internal thermaliza-

tion (2.32), and reheat temperature TRH = 2 MeV. The dashed gray line below these contours

denotes the limit until which our calculations of relic abundance are reliable.

4.3 Current and future constraints

There are several potential methods to probe DM. Two of the most common, indirect

detection of particles produced in DM annihilation products and direct detection of scatters

off of controlled terrestrial experiments, do not apply. Indirect detection is immensely

suppressed, as the only kinematically accessible SM particles are the photon and neutrino.

However, even if the electron were accessible, the very small annihilation cross-section is

still very far below sensitivity of any existing or prosed experiments. Direct detection for

very light DM masses is typically more sensitive to electron recoils when these processes

exist. However, the resulting cross-section [74]

σ̄e = 16πε2αDαem

µ2
eχ

m4
A′
∼ αD

( ε

10−4

)2
(

GeV

mA′

)4 (mχ

keV

)2
yb (4.11)

is many orders of magnitude below the projected reach of even the most ambitious

projects [75, 76]. Prospects for detection in nuclear recoils are even grimmer.

However, there are terrestrial experiments and astrophysical observations that can

place constraints on our benchmark models, defined by eqs. (4.6) and (4.7). The present

exclusions (shaded regions) and future constraints (dotted lines) are shown in figures 5–7,

as a function of the kinetic mixing parameter ε and the heavy mediator mass mA′ .
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Figure 6. The same as in figure 5 except for the correct diluted hot relic DM abundance contours

(dashed dark red lines) that are obtained for two different values of reheat temperature, TRH =2 MeV

and TRH =10 MeV, by assuming maximal dilution with no internal thermalization (2.32).

In figure 5 left (right) panel the dark photon gauge coupling is fixed to αD=10−3(10−9),

while reheat temperature is set to TRH = 2 MeV. Assuming maximal dilution, the correct

diluted hot relic DM abundance is obtained on dashed (dot-dashed) lines for mχ = 5 keV

(100 keV). Since the internal thermalization is not maintained by the HS during the relevant

period of evolution the dilution is obtained from eq. (2.32). The gray dashed line denotes

the limit until which our calculations of the hot DM relic abundance are reliable (it does

not, however, imply the end of the viable parameter space leading to hot DM relic).

In figure 6, the DM mass is fixed to mχ = 5 keV, while the correct diluted hot relic

DM abundance contours are calculated for sample reheat temperatures, TRH = 2 and

TRH = 10 MeV (shown for both cases with dashed dark red lines). As in figure 5, the dark

photon gauge coupling is fixed to αD = 10−3 (10−9) in the left (right) panel.

Finally, in figure 7 αD is no longer fixed, but instead changes at each point to produce

the correct relic abundance, eq. (4.10), assuming maximal dilution without internal ther-

malization, eq. (2.32). The contours of αD are denoted with diagonal dashed blue lines.

The DM mass is mχ = 1 (100) keV in the left (right) panel, while TRH = 2 MeV. The

blue shaded regions in the bottom right of the plot have αD non-perturbative under our

imposed assumptions. The left side of the figures is cut off by the requirement TD < mA′/3

in order to trust the behavior of the collision term.

The diluted hot relic DM scenario with a heavy vector portal can be probed in terres-

trial experiments by searching for dark photons, either in visible or invisible decay channels.

The green shaded areas in figures 5–7 are probed by the BaBar search for leptonic decays of

a prompt dark photon in e+e− → γA′, A′ → `+`−, where ` = e, µ [77]. For a dark photon

that decays exclusively into SM states, this gives a bound on ε in the range (5–10)× 10−4.
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Figure 7. The left (right) panel shows constraints on the diluted hot relic DM relic for

mχ = 5 (100) keV, taking the reheat temperature to be TRH = 2 MeV. In contrast to figure 5

and figure 6, αD changes at each point in the plane to produce the correct relic abundance as-

suming maximal dilution without internal thermalization. The contours of αD are denoted by blue

dashed lines, with the blue shaded region in the bottom right of each panel indicating where αD is

non-perturbative. The color coding for the experimental exclusions is the same as in figure 5.

In the case of diluted hot relic DM, the A′ → χ̄χ decays have also a sizable branching

ratio, modifying, therefore, the reach on ε. As expected, in the case of αD = 10−9 (right

panels in figures 5 and 6), the bound is quite close to the bound obtained with assuming

100% dark photon visible decays, since in that case αemε
2 � αD. The exclusion from the

LHCb search for visibly decaying dark photons in the A′ → µ+µ− [78] channel is shown in

blue, and is the most sensitive for light A′. The parameter space of visibly decaying dark

photons can also be constrained by fixed-target beam-dump experiments like E137 [79, 80],

LSND [81, 82], U70 [83], CHARM [84, 85], and SeaQuest [86–89], if the dark photon is long

lived enough to decay after the dump. However, we have checked that these experiments

do not constrain additional regions of parameter space of our model, due to the relatively

short life time of the dark photon in the region of interest.

BaBar also searched for invisibly decaying dark photons in the mono-photon channel

e+e− → γA′, A′ → inv [90], leading to the maroon shaded exclusion regions in figures 5–7.

Assuming that the dark photon decays exclusively to invisible particles, the bound on ε is

not too different from the one obtained from the visible decays. The differences in bounds

shown in figures 5–7 obtained from visible vs. invisible channels are thus entirely due to

how large αD is assumed to be.

The projection for a bound on ε from monophoton searches at Belle II, utilizing 50 ab−1

of data, taking into account the improved hermiticity of the Belle II detector compared

to BaBar, is shown by the purple dotted lines in figures 5–7 [91, 92]. Correspondingly,

we also show the projected Belle II with 50 ab−1 reach on the e+e− → γA′, A′ → `+`−
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signature (dotted green line in the figures). We note that in figures 5–7 the improvement in

sensitivity of Belle II for invisibly decaying dark photon is larger than the visibly decaying

one. Much of this difference comes from the fact that both for αD = 10−3 and αD = 10−9

Belle II will probe values of ε small enough that the dark photon almost exclusively decays

to DM pairs, cf. figure 4. The sensitivity to visible decays is correspondingly reduced. The

remaining difference in the reach is in part due to the Belle II detector being more hermetic

than BaBar, and in part because the visible channel has an irreducible SM background.

For A′ with mass mA′ . 20 MeV, i.e., lighter than the range shown in figures 5–7,

the most stringent bounds on invisibly decaying dark photon come from the NA64 exper-

iment [93]. This is a fixed-target experiment at the CERN SPS searching for dark sector

invisible signatures through the precision measurement of electrons scattering on a nucleus,

e−Z → e−ZA′, A′ → invisible. Assuming that the A′ decays invisibly 100% of the time,

the present bound on ε is as small as {few} × 10−6 for mA′ ∼MeV [93]. However, NA64

is not sensitive enough to constrain any of our parameter space of interest. Similarly, the

proposed Light Dark Matter eXperiment (LDMX) employs missing momentum and energy

techniques to search for invisible dark sector signatures. This experiment aims at extending

the NA64 sensitivity by ∼ three orders of magnitude in coupling ε with 1016 electrons on

target using an 8 GeV beam [94]. The projected reach is shown with orange dotted lines

in figures 5–7. It is expected to significantly extend the reach for light dark photons.

The model also faces constraints from astrophysics. Since the benchmark DM masses

are less than an MeV, the thermal production of DM particles through dark photon ex-

changes can cool stars (the Sun, red giants, and horizontal branch stars) or the proto-

neutron star within a supernova. Except for the proto-neutron star within a supernova, the

remaining stars have a temperature of at most ∼ 10 keV. Since our dark photon has mass

mA′ & 100 MeV, the production of DM in the stars with lower temperatures will be through

an off-shell dark photon. We can compare this to the neutrino production in those stars

Γχ
Γν
≈
ε2αemαDm

4
W

α2
Wm

4
A′

≈ 3× 10−4, (4.12)

where mW is the mass of the W weak boson and in the second equality we have noted

that ε2αD/m
4
A′ ∼ TeV−4 for light DM (see figure 7). The stellar cooling from dark mat-

ter emission is much lower than for neutrino emission, and therefore do not constrain our

model. The proto-neutron stars on the other hand, can have temperatures comparable to

the dark photon mass in our model. The cooling of a proto-neutron star thus has obser-

vational consequences; a large enough cooling shortens the duration of the neutrino pulse

from the SN explosion. The observed neutrino pulse from SN1987A can therefore be used

to constrain the diluted DM model [95, 96].

There are two relevant DM production mechanisms in a proto-neutron star. The first

is the decay of the SM photon into DM due to its mixing with the dark photon (SM photon

has plasma induced mass). The second production mechanism is the bremsstrahlung of

DM pairs. For our model benchmark values we have mχ � mA′ and mA′ & Tc, where Tc is

the neutron star core temperature. In this regime the dominant DM emission mechanism

is the bremsstrahlung of DM pairs.
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The resulting exclusion regions are shaded purple in figures 5–7. The regions have

upper and lower boundaries in ε and an upper boundary in mA′ . For sufficiently low ε too

few DM pair are produced to sufficiently modify the cooling of the proto-neutron star within

SN1987A. For large enough ε DM interacts strongly enough with the medium that it does

not escape the proto-neutron star. For large enough mA′ the cooling mechanism shuts off.

Further details on the calculation of the bounds are given in appendix A. Note that these

constraints rely on the assumptions regarding the mechanism underlying the supernova

explosion and can thus be viewed as less reliable then the constraints from the terrestrial

experiments. In particular, if the supernova explosion is not due to delayed neutrino

mechanism, but rather due to the collapse-induced thermonuclear explosion, the SN1987A

bound on free-streaming particles, such as the dark photon, is completely absent [97].

From figures 5–7, we can conclude that at small enough values of αD, our bench-

mark scenarios are extensively probed by terrestrial experiments. Larger values of αD can

also be probed by a combination of terrestrial and astrophysical measurements at large

and small values of mA′ , respectively. Note that figures 5–7 show bounds for the bench-

marks (4.6), (4.7), which were chosen to maximize the signals in terrestrial experiments,

hence the constraints are not entirely generic.

A way to avoid terrestrial constraints while keeping the dilution factors unchanged

is to increase the reheat temperature above 2 MeV, and then to also raise appropriately

the decoupling temperature by reducing ε2αD/m
4
A′ , cf. eq. (4.10). Furthermore, in our

benchmarks we assumed that the moduli decay time is exactly such that the maximal

dilution is achieved, cf. eq. (2.29). If this assumption is relaxed, the effective coupling of

the SM to the HS can be further reduced (i.e., TD can be raised if TNA is also modified,

keeping D unchanged), weakening in such a way the bounds from terrestrial experiments.

5 Conclusions

A generic challenge with thermal DM that couples weakly with the SM is that it can quite

easily result in an overclosed universe, i.e., that there is too much DM left over after the

freeze-out period. This problem is especially pronounced for models with light DM, with

masses below O(1 GeV). These generically require couplings to the SM that are large

enough to account for a sizable DM annihilation, resulting in possibly stringent bounds

from terrestrial experiments or from astrophysical observations.

A simple solution to this problem is that, during the cosmological evolution, the DM

relic abundance gets diluted. If this happens, thermal relic DM with small couplings to the

SM becomes viable, and thus also easily evades the experimental constraints. In this paper,

we explored a particular realization of such a diluted hot relic DM where the dark sector

entropy dilution is caused by a heavy state, “moduli”, that decays (almost) exclusively into

the SM sector. The energy injected into the SM by this decay will heat up the SM relative

to the hidden sector (HS), as long as the two are no longer in kinetic equilibrium.

With this very simple set-up, one may be tempted to conclude that the predictive

power is lost as far as the properties of the HS and moduli are concerned. However, there

are certain properties that the HS needs to satisfy. First of all, the effective couplings to
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the SM should be sufficiently weak to allow the HS to fall out of kinetic equilibrium early

enough. Second, the coupling of the HS to the SM should also not be too weak, so that the

thermalization of the HS with the SM does occur in the early universe. These two require-

ments are naturally satisfied by the SM-HS interaction through a massive mediator, such

as a dark photon. For temperatures above the mass of the mediator, the renormalizable

interactions between the hidden and visible sector keep the two in thermal equilibrium.

For temperatures below the mass of the mediator, the mediator can be integrated out and

the interactions between the SM and the HS are through higher dimension operators. The

effective interactions between the hidden and SM sectors decouple quickly below the mass

of the mediator with a power law dependence on the temperature.

In this paper, we calculated in a model independent fashion the maximum entropy

dilution a hidden sector can experience for a given coupling between the SM and the HS.

After the SM gets heated by the moduli decay, the coupling between the SM and the HS

plasmas leads to the ‘leak-in’ of the energy from the SM into the diluted HS, a heating

which restricts the degree to which the HS can be diluted.

To explore the implications of this mechanism for terrestrial experiments, we focused

in the second part of the paper on a particular model where the mediator between the HS

and SM is a heavy kinetically-mixed dark photon. We showed that, under the assumption

of maximum dilution, the model is under the lamppost of current and future experiments.

A large part of the parameter space is or will be probed by past/present (Babar, LHCb),

and future (Belle II, LDMX) terrestrial experiments and could well be discovered in the

near future. Searches for an invisibly decaying mediator are one of the most sensitive

probes of diluted hot relic DM models, and would likely be one of the first signatures of

this model to appear.

We expect this to be a generic feature in many diluted hidden sectors with light parti-

cles. Such dark sectors can possess, in fact, sizable couplings within the dark sector as well

as sizable terrestrially accessible couplings between the HS and SM. Fairly light dark matter

(mχ ∼ few keV) is possible in part because the extremely cold nature of the hidden sector

helps to insulate it both from constraints on warm dark matter and on the number of rela-

tivistic species present during BBN (Neff). Unlike the undiluted case, large separations in

scale between the mediator and dark matter are possible without having to greatly enhance

the couplings to the SM. As a result, different detection opportunities could be relevant to

test regions of parameter space not typically producing the measured relic abundance in

thermal relic dark matter models. An example are searches for relativistic weakly coupled

states produced in beams that subsequently scatter off of neutrino detection experiments

that may probe diluted hot relic models. A comprehensive study of such possibilities is

beyond the scope of the present work, but would be an interesting future research direction.

The calculations in this work are largely applicable to other dark sector scenarios beside

the dark photon model studied here, for instance to Higgs or neutrino-mediated dark matter

scenarios. While we focused on light dark matter, heavy dark matter that decouples from

the SM through non-relativistic freeze-out could also be diluted to obtain the observed relic

abundance. In this scenario, leak in effects are unimportant, and there should be no limits

on how much dilution can be applied. Alternatively, completely decoupled sectors can
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also have their matter density diluted. Entropy dilution is an interesting mechanism that

may bring the dark sector under new lampposts, making its phenomenological implications

worthy of further consideration.
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A DM production and trapping in supernovae

In this appendix, we discuss in detail DM production in supernovae, and derive bounds on

the vector portal model that follow from observations of supernova 1987A [95, 96]. In a su-

pernova explosion, there are two main DM production mechanisms: DM pair production via

bremsstrahlung or DM production from decays of the SM photons in the thermal bath. The

DM bremsstrahlung initiated by production of on-shell dark photons dominates over the SM

photon induced production in our parameter space of interest. As the decays of SM photons

to DM pairs lead only to small corrections, we will ignore their effects. Below, we review the

procedure used to estimate the DM bremsstrahlung in a supernova, as well as the method

used to estimate the trapping of DM inside a supernova, and apply it to the case at hand.

A.1 DM pairs from dark photon bremsstrahlung

Within the hot core of a supernova, DM pairs can be thermally produced, particularly, if

the dark photon is sufficiently light to be accessible in collisions, mA′ . 500 MeV. The

resulting DM bremsstrahlung luminosity, Lbrem
χ =

∫ Rν
0 dV dLbrem

χ /dV , can be written as

(see appendix B in ref. [96])

Lbrem
χ =

∫ Rν

0
dr4πr2αemαDε

2

3π2

16√
π
nn(r)np(r)〈σ(2)

np (T )〉
∫
d cos(θkχ)dpχdk p

2
χk

2 ωe
−ω
T (r)

ω(ω − pχ)

×

κ4

ω4

(
κ4 − 4p2

χ (k − ω cos θkχ)2
)

[(
κ2 −m2

A′
)2

+ (mA′ΓA′)
2
] [

(κ2 − Re ΠL)2 + Im Π2
L

] + · · ·

 , (A.1)

where κ = (ω,~k) is the dark photon four-momentum, with k =
∣∣~k∣∣, cos θkχ is the angle

between the dark photon and dark matter three momenta, while Rν = 39.8 km is the
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radius of the neutrinosphere. We have set mχ = 0 in the above, since in our parameter

space the DM mass is always smaller than the typical temperature in the supernova. For

the temperature profile, T (r), and the neutron (proton) number densities, nn(p)(r), we use

the fiducial profile functions in eq. (2.4) of ref. [95], including the numerical values for the

parameters quoted there. In (A.1) we only kept the contributions from the longitudinal

SM photon polarization, which in our case dominate the cross-section, with the ellipses

denoting the sub-leading contribution from the transverse SM photon polarization and the

cross terms. The function ΠL gives the self-energy of the longitudinal SM photon6

ΠL = 3ω2
p

(
ω2

k2
− 1

)(
ω

2k
log

ω + k

ω − k
− 1

)
, (A.2)

where ωp is the plasma frequency

ω2
p =

4π

3

(
µ2 +

π2T 2

3

)
, (A.3)

with µ the chemical potential of the electrons (equivalent to that of protons). The profile

of the chemical potential, µ(r), follows from the assumed temperature profile, T (r), and

nucleon densities, nn(p)(r).

To evaluate (A.1) we work in the narrow resonance width approximation, i.e., the

dark photon is taken to be on-shell through the following replacement, 1/
[
(κ2 −m2

A′)
2 +

(m2
A′ΓA′)

2
]
→ πδ(κ2 − m2

A′)/(mA′ΓA′), in the integrand in (A.1). The integration over

cos θkχ then becomes trivial. We also assume mA′ > 100 MeV, so that mA′ � ωp and we can

safely neglect SM photon self energies, setting Re ΠT,L = Im ΠT,L = 0. The pχ integral can

then be evaluated analytically. We perform instead the k and r integrations numerically.

For the thermally averaged neutron-proton dipole cross-section we take 〈σ(2)
np (T )〉 = 100 mb

irrespective of temperature [99]. Note that for αD � ε2αem the DM luminosity Lχ,brem

does not depend on αD, since the αD from the matrix element squared gets canceled by

1/ΓA′ . For αD � ε2αem, on the other hand ΓA′ is dominated by decays to visible sector,

and thus Lbrem
χ ∝ αD/ε2αem.

To derive an upper bound on ε2 for a given αD we use the Raffelt criterion, requiring

that the DM luminosity in (A.1) is less than the luminosity in neutrinos, Lbrem
χ ≤ Lν =

3× 1052ergs/s.

A.2 Trapping of DM inside supernova

If the coupling between the SM and DM is large enough then DM remains trapped inside

the supernova and does not contribute to the cooling of the proto-neutron star. This results

in an upper bound on ε2. To calculate the scattering rate of DM inside the proto-neutron

star we follow the method described in ref. [96]. For this we use a simplified picture of

the supernova; we assume that the DM is in thermal equilibrium inside the decoupling

radius Rd and free-streaming outside. To determine Rd, we impose that the dark sector

luminosity due to blackbody radiation at radius Rd,

Ld = Lχ + LA′ = 4πR2
d

∫
dp

(
gχ
8π2

p3

eEχ/T + 1
+
gA′

8π2

p3

eEA′/T − 1

)
, (A.4)

6Note that alternative definitions for ΠL are also used in the literature [98].
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equals the neutrino luminosity Lν . In writing the expressions for the two pieces, we used

that both χ and A′ are relativistic at Rd. The luminosities depend on the temperature

profiles T (r) for which we use the fiducial temperature profile in eq. (2.4) of ref. [95].

In order to find the value of ε above which DM gets trapped, we require that the deflec-

tion angle for a typical DM particle departing the decoupling radius is 〈|θ(αD, Rd, ε)|〉≥π/2,

i.e., that it typically deflects completely. From the properties of a random walk in three

dimensions we have [96]

〈|θ (αD, Rd, ε) |〉 =
θmax (αD, Rd, ε)

2

√
π

N (αD, Rd, ε)
≥ π

2
, (A.5)

where N is the number of scatterings experienced by the particle on a trajectory from Rd
to the far radius Rf , and θmax is the maximal angular deflection per each scattering. These

quantities can be expressed as [96]

N (αD, ε, Rd) =

∫ Rf

Rd

drΓs
(
αD, ε, Ē(Rd), r

)
vχ

, (A.6)

θmax (αD, ε, Rd) =

∫ Rf

Rd

drΓs
(
αD, ε, Ē(Rd), r

)
∆θ

vχ
. (A.7)

Since DM is relativistic we can set the average DM velocity to vχ = 1. The thermally

averaged energy at the decoupling radius Ē(Rd) gives the initial DM energy. To determine

its value we use the fiducial temperature profile in eq. (2.4) of ref. [95]. For the “far radius”,

beyond which neutrinos are not effectively produced, we take Rf = 100 km.

The χ+p→ χ+p scattering rate, Γs, and the average angular deflection per scattering,

∆θ, are given by

Γs =
1

2E1

∫
d3p2

2E2

d3p3

2E3

d3p4

2E4
(2π)4δ4 (P1 + P2 − P3 − P4) f2|Ms|2, (A.8)

∆θ =
1

2E1Γs

∫
d3p2

2E2

d3p3

2E3

d3p4

2E4
(2π)4δ4 (P1 + P2 − P3 − P4) θ13f2|Ms|2, (A.9)

where f2 = np (2π/mNT )3/2 e−p
2/2mNT is the Maxwell-Boltzmann distribution for protons.

The amplitude squared for the χ(P1) + p(P2)→ χ(P3) + p(P4) scattering is given by [96]

|Ms|2 =
16π2ε2ααDK

4(
K2−m2

A′
)2

+(mA′Γχ)2

(
PLµν

K2−ΠL
+

PTµν
K2−ΠT

)(
PLαβ

K2−Π∗L
+

PTαβ
K2−Π∗T

)
×Tr

[
γµ
(
/P 1+mχ

)
γα
(
/P 3+mχ

)]
Tr
[
γν
(
/P 2+mN

)
γβ
(
/P 4+mN

)]
,

(A.10)

where ΠL,T are the self-energies for the SM longitudinal and transverse polarization. The

transverse and longitudinal projection operators for the dark photon, PµνT,L, are given by

PTµν = (1− δµ,0)(1− δν,0)(δi,j − kikj/~k · ~k), (A.11)

PLµν = −gµν +KµKν/K ·K + P Tµν . (A.12)

We find that the longitudinal part of the amplitude gives the largest contribution to the

scattering rate.
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B Internal thermalization of the dark sector

In the main text, we presented a derivation of the maximum allowed dilution, D̄max, for

the case where internal thermalization of the dark sector is maintained until the reheat

temperature, TRH, see eq. (2.30). When internal thermalization is maintained, energy in-

jected from the SM into the HS plasma rapidly equilibrates. Conceptually, this means that

a single DM particle injected with energy T quickly converts into several DM particles of

energy T̃ , with the number of particles given by ∼ T/T̃ (we are interested in the case where

the DM particles are relativistic during decoupling). In contrast, if internal thermalization

is absent, then there is no well-defined HS plasma. Below the temperature TIT at which the

internal thermalization ceases, the injected high energy HS particles do not get converted

into many particles and their excess energy simply redshifts away. Without internal ther-

malization of the HS the overall number density of injected DM particles is therefore lower

than when the sector is internally thermalized, and thus a smaller amount of dilution is

required to obtain the correct DM relic abundance. In this appendix, we discuss in detail

the requirements for the HS to maintain internal thermal equilibrium. We also derive an

expression for the maximum dilution, Dmax, that is valid when the HS is not in internal

thermal equilibrium, cf. eq. (2.32). Over most of the parameter space of our benchmark

model, internal thermalization is not maintained, and the procedure derived here is the

one used to determine the maximum dilution throughout the main text.

We start by quantifying how large αD needs to be in order for the HS to maintain

internal thermal equilibrium throughout the relevant cosmological evolution. Assuming

that the HS thermalization occurs predominantly through a higher dimension operator O
of dimension (n/2+4), such that the effective interaction Lagrangian is Leff = αDO/Mn/2,

the HS thermalization rate is parametrically given by

ΓHS(T̃ ) ∼ nχ(T̃ )
πα2

DT̃
n−2

Mn
. (B.1)

In the case of the massive dark photon, n = 4, while αD is the dark sector fine structure

constant, and M = mA′ .

In order for the expression for maximum dilution in eq. (2.30) to be valid, the thermal-

ization rate ΓHS(T̃ ) needs to be larger than the Hubble expansion rate at TRH (and thus

also at all higher temperatures),

H(TRH) ' 1

Mp

√
4π3g∗(TRH)

45
T 2

RH. (B.2)

For simplicity, we neglect the HS contributions to the Hubble expansion rate, since these

are much smaller. Equating (B.1) and (B.2) gives

α2
D,eq(aRH) =

1

ζ3gχ

√
4π5g∗(TRH)

45

T 2
RH

T̃n+1
RH

Mn

Mp
. (B.3)

If αD > αD,eq(aRH), then the HS maintains internal thermal equilibrium throughout the

cosmological evolution up to and including the reheat time tRH, i.e., until the scale param-

eter reaches aRH, and therefore the calculation leading to eq. (2.30) is consistent. Similarly,
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we can define αD,eq(a) for any other moment, by requiring that ΓHS(T̃ )|a = H(T )|a. For

αD = αD,eq(a) the HS is in internal equilibrium until the moment when the scale parameter

reaches the value a.

It is instructive to express α2
D,eq(aRH) in terms of our input parameters and estimate

its typical numerical size. Using (2.17) and (2.19), we can rewrite the above expression for

αD,eq as

α2
D,eq(aRH) =

1

ζ3

√
4π5

45

g
1/2
∗ (TRH)

gχ

(
g̃∗(T̃RH)

g∗(TRH)

)n+1
3 rnTnD
Tn−1

RH Mp

(
mχ

η 1.5 eV

)n+1
3

, (B.4)

where we defined

r ≡ M

TD
, (B.5)

which is a measure of how far below the relevant mass scale decoupling occurs. In the case

of our heavy vector model, we expect r & 3. If the dilution reaches its maximal value (2.30)

we have TRH/TD =
(
λ̄D/D̄max

)1/γ̄n . We then have

αD,eq(aRH) =
2.08

g
1/2
χ

rn/2λ̄
− n

2γ̄n
D

(
g̃n+1
∗ (T̃RH)

g
(2n−1)/2
∗ (TRH)

)1/6(
TRH

Mp

)1/2( mχ

η 1.5 eV

) n
2γ̄n

+
(n+1)

6

. (B.6)

As a useful numerical example let us take n = 4, TRH = 2 MeV, and assume that DM is

a Dirac fermion so that gχ = 4 and g̃∗(T̃ ) = 3.5 over the range of interest. The minimum

value of αD that will maintain internal thermal equilibrium is then

αD,eq(aRH) = 1.3× 10−4
(r

3

)2 (mχ

keV

) 79
42
. (B.7)

For r = 3 and mχ = 5 keV, then αD,eq(aRH) ≈ 2.7 × 10−3, while if mχ = 100 keV, then

αD,eq(aRH) ≈ 0.7. The calculation performed in the main text is consistent for αD above

these values.

For couplings smaller than αD,eq(aRH), the HS is not in internal thermal equilibrium

throughout the relevant cosmological evolution. Without internal thermalization, the useful

quantity to calculate is the non-thermal DM number density injected into the HS sector as

opposed to the energy density. The excess energy density injected will eventually redshift

away. To this end, let us consider the extremal case where the HS falls out of thermal

equilibrium with itself before the energy injected into the HS exceeds the red-shifting energy,

i.e., at a temperature Tbal, where Tbal < TNA is defined by

4H(Tbal)ρ̃(T̃bal) = CE(Tbal), (B.8)

so that the two terms governing the relation in (2.24) are once again balanced.7 Once this

condition is imposed, the adiabatic and non-adiabatic evolutions of the two sectors from

7There is no well-defined HS plasma temperature without internal thermal equilibrium, so our use of

HS temperatures below T̃IT may seem cause for concern. However, until Tbal, the HS is simply redshifting,

so that ρ̃ ∝ a−4, which is exactly how a näıvely defined HS temperature would scale. For this reason, we

can continue to treat the system as if it has a temperature.
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Figure 8. The evolutions of the energy densities of the moduli, ρm (red), the SM sector, ρ (blue),

and hidden sector, ρ̃ (green). The ai are the scale factors corresponding to the temperatures Ti
and T̃i. Below the scale abal, at which the red-shifted initial HS energy density becomes equal to

the one injected from the SM, the HS energy density evolves slightly differently if the sector is or

is not internally thermalized throughout the duration of the evolution up to TRH, i.e., TIT < TRH

or TIT > Tbal, respectively. The two cases are represented by dashed and solid lines, respectively.

All the other features in the diagram are as in figure 2.

TD can be used to derive (for TD > TNA)

Tbal =

(
g̃∗(TD)

g̃∗(T̃bal)

) 1
29−3n

(
g2
∗(Tbal)

g∗(TNA)g∗(TD)

) 11
2(29−3n)

T
55

2(29−3n)

NA T
3−6n

2(29−3n)

D (B.9)

n→4
=

(
g̃∗(TD)

g̃∗(T̃bal)

) 1
17
(

g2
∗(Tbal)

g∗(TNA)g∗(TD)

) 11
34

T
55
34

NAT
− 21

34
D . (B.10)

By requiring ΓHS(T̃bal) = H(Tbal), we can derive

α2
D,eq(abal) =

√
4π5

45ζ2
3

MnT
4
3

(1−2n)

bal T
5
3

(n+1)

NA

gχMpT 2
RH

[
g̃∗(TD)

g̃∗(Tbal)

g2
∗(Tbal)

g∗(TNA)g∗(TD)

]−(n+1)/3

. (B.11)

The scale Tbal and the subsequent evolution are illustrated in figure 8.

Finally, we derive the expression for the maximum allowed dilution for αD≤αD,eq(abal),

so that the HS loses internal thermalization before Tbal. Without internal thermalization,

the injected non-thermal DM number density can start to dominate over the thermal DM

population which had been red-shifting ever since it had been in thermal equilibrium. From

the expression for DM number density evolution

dnχ
dt

= −3Hnχ + C(T, T̃ ), (B.12)

we see that we can use 3Hnχ ≥ C(T, T̃ ) as the criterion for when the non-thermal DM

dominates, in close equivalence to the derivations in section 2.3. Here, nχ initially comes

from a redshifted thermal distribution, but below Tbal, the injected DM particles do not

track a thermal distribution. Still, as long as ρ̃/g̃∗ � ρ/g∗, the form of the phase space

density will only influence the blocking or stimulated emission factors in the Boltzmann

equation.
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Expressing the collision term as C(T, T̃ ) ≈ κcET
4+nM−n and using (2.25), we then

obtain

nχ(T ) ≥ C(T, T̃ )

3H(T )
= κ

2π2

45

H(TD)

H(T )
g̃∗(TD)

(
T

TD

)n+1

T 3, (B.13)

where κ ≡ TC(T, T̃ )/CE(T, T̃ ) ∼ O(1). As before,

H(TD)

H(TRH)
=
g

1
2
∗ (TD)g

1
2
∗ (TNA)

g∗(TRH)

T
3
2
DT

5
2

NA

T 4
RH

, (B.14)

so from (2.17), the maximum dilution becomes

Dmax =
45ζ3

2π4κη

g2
∗(TRH)

g
1
2
∗ (TD)g

1
2
∗ (TNA)g̃∗(TD)

T 3−n
RH T

n− 1
2

D

T
5
2

NA

, (B.15)

where η = 7/6 (1) for fermions (bosons). To define the maximum dilution, we used the

entropy of the HS, which may seem problematic without thermal equilibrium. However,

the introduction of entropy is primarily used to track the redshifting of the DM density and

hence will still reliably track the redshift and produce accurate results as long as the HS co-

moving number density is conserved. Eq. (B.15) is a weaker condition than the equilibrated

case (2.28). As before, we can equate (2.21) and (B.15), and solve for TNA to simplify the

expression to give Dmax in eq. (2.32). This is the maximal possible dilution in the case when

internal thermalization is lost before the particle injection become more important than

the red-shift, i.e., T̃IT > T̃bal. Note that TIT ≤ TD always holds, as internal thermalization

of the sector will be maintained while the SM and HS are in thermal equilibrium.8

When αD,eq(aRH) < αD < αD,eq(abal), the internal HS thermalization scale TIT would

enter in the expressions. In this case, the maximum allowed dilution would sit between the

completely internally thermalized and decoupled cases. While the derivation of this term

is straightforward, it is not very illuminating.
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