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1 Introduction

The relative entropy S(p||o) is a useful statistical measure to distinguish two density ma-
trices p and o. It is defined as

S(p|lo) = trplogp — trplogo. (1.1)

Among its most important properties are that it is always positive (zero iff o = p) and
that it decreases under completely positive trace preserving maps (monotonicity). The
operational meaning of the relative entropy is the following. The probability of the results
of n measurements performed in the state p being accurately described by a different

—nS(pllo).

density matrix o is e Notice that the relative entropy is not symmetric in its



arguments' and therefore it is not a metric distance between the states. This reflects the
fact that states that are close in some metric distance can still be easily distinguishable
by measurements. Indeed, the relative entropy can be used to bound from above several
metric distances, such as the trace distance [2]. We refer to [1] for an extensive review of
the relative entropy.

In recent years, the relative entropy paved its way to become a successful tool in
quantum field theory and quantum gravity. Its properties were used to understand the
Bekenstein bound [3] and to prove the quantum Bousso bound [4, 5], the generalized
second law [6] and the average null energy condition in Minkowski space [7]. In the holo-
graphic set up, positivity of the relative entropy can be used for example to derive the
linearized bulk equations of motion [8] or to obtain constraints on gravitational systems
with a unitary holographic description [9-11]. Despite all this success, there are relatively
few direct calculations of the relative entropy available in a purely quantum field theoretic
set up [12, 13].

In order to make progress in this latter direction, in our previous work [14], we have
studied the relative entropy between the reduced density matrices py and py of primary
energy eigenstates |V), |W)

pv = trac| V)V, pw = trac[W) (W], (1.2)

associated with a single interval A in the case of two dimensional conformal field theories.
Here, A¢ denotes the complement of the subsystem A. We have obtained the following
general formula for the relative entropy, to leading order in the size of the subsystem
|A| =27z — 0

rra+1)

o0 (A + %) Z (Co.vv — COQWW)Z (WJU)ZA +- (1.3)

«

S(pvllpw) =

where {O,} is the set of lightest operators? with Cyvo, — Cwwo, # 0 and A is the
scaling dimension of these operators. To derive this result, we have used the replica trick
proposed in [13]. We have checked this result against some known special cases [13, 15]
and to a computation involving generalized free fields. One puzzling aspect of this latter
computation is that the formula appears to be independent of the spacetime dimensionality.
This suggests that (1.3) could hold as it stands in an arbitrary number of dimensions.

In this paper we compute the leading order relative entropy between two excited states
reduced to a single ball shaped region in higher dimensional conformal field theories? defined

'A very nice example to understand this is given in [1]: if we are given a fair coin, after a couple of
tosses we can be sure that the coin is not giving heads with probability one. This is not true the other
way around, if we are given the coin which gives heads all the times, we can never be entirely sure that it
is unfair.

2These do not have to be primaries, one of them can be the stress tensor, though we need to keep in
mind that the sum over O, must be understood as a contraction with the Zamolodchikov metric @« .

30ur assumption about the theories is that they can be coupled to a background metric in a diffeomor-
phism invariant way and that the resulting theory is (at least classically) invariant under Weyl transforma-
tions g — Q%g of the background metric. This is a stronger assumption than global conformal invariance
in flat space whenever d > 2 [16, 17]. We will nevertheless refer to these theories conformal field theories
in the following.



on R x S%1. We employ again the replica trick in [13] to do this. By using the Casini-
Huerta-Myers (CHM) map [18], the computation boils down to the calculations of certain
correlation functions on S' x H4 1, where H%! is the d — 1 dimensional hyperbolic space.
When the dominant operator O is a scalar we find that the leading order relative entropy
agrees with formula (1.3) for 2d CFTs with = being replaced by %0, with 6y being the radius
of the entangling sphere. Note the remarkable feature that this result is indeed independent
of the spacetime dimensionality. Contrary to this, when the dominant operator is the stress
tensor, then the leading order result is

1 d

S(pVHpW) = E <d—1> (5{/ — 5w)2r< )F(d+ 1> 2d

1

2
T@+3 (14
where C'r is the coefficient of the stress tensor two point function, and e denotes the energy
density, i.e. the scaling dimension divided by the volume of the spatial sphere, S?~!. We
will also give the formula in the case when the dominant operator is a conserved U(1)
current.

When one of the states is the vacuum of the CFT we can compare our formulas to
the holographic results of [15]. There, the holographic entanglement entropy [19, 20] is
calculated on the AdS black brane background and on a background with a bulk scalar
condensate up to second order in the deformations compared to pure AdS in the small
subsystem size limit. This is used to infer the relative entropy between the vacuum and an
excited state. We find that our CFT results perfectly agree with these holographic results.
It is worth to note that to derive the holographic entanglement entropy at second order,
one needs the nonlinear parts of Einstein’s equations. This is to be contrasted with the
first order result which is needed to confirm the first law of entanglement and only uses
the linearized field equations. This suggests that the general CF'T results know about the
nonlinear parts of the bulk Einstein’s equations.

As we have already mentioned, the relative entropy is in general not symmetric under
the exchange of the two density matrices in its arguments. However, the leading order
results (1.3), (1.4) are symmetric. We may interpret this as a consequence of all energy
eigenstates resembling the vacuum on short distances and therefore we are essentially cal-
culating the norm of the difference of the two reduced density matrices in the Fisher
information metric (see e.g. [21]) corresponding to the vacuum. The first asymmetric part
of the relative entropy appears at next to leading order in the expansion in the subsystem
size. We will also discuss the dependence of this contribution on the OPE coefficients.
In particular, we consider a class of excited states in 2d CFTs which behave as thermal
states in the thermodynamic limit, i.e. when the size of the subsystem is much smaller than
the length of the thermal cycle. These have a local expression for their modular Hamil-
tonian and we confirm that the expansion of the resulting relative entropy reproduces the
asymmetric part that we have found by general considerations.

While the leading result (1.3) is in general not universal, there are some statements
that can be made about its magnitude. This, in particular, gives us information about the
distinguishability of black hole microstates in the context of AdS/CFT [22, 23]|. Indeed,
the results (1.3), (1.4) can be interpreted as the bulk relative entropy in the entanglement



wedge of region A in holographic theories [24]. As an example we will show, provided
that the lightest operator is the stress tensor, that in large N theories heavy states within
an energy window of A—EE < % are indistinguishable inside the region A to leading order
in % Another example is given by theories satisfying local eigenstate thermalization —
which is defined as the thermalization of all the local one point functions in a high energy
eigenstate.* It was argued very recently in [26] that under this assumption the heavy-heavy-
light OPE coefficients are universal up to corrections suppressed by e OBE)  where S (E)
is the microcanonical entropy at the heavy state energy E. This was used to show that
the relative entropy between the reduced density matrices of excited states and a universal

O(S(E)) | Here we note that the same assumption

density matrix is small, proportional to e~
on OPE coefficients implies via e.q. (1.3) that the relative entropy between reduced density
matrices of different primary states with the same energy is also of order e"9(5(E)) Note
that while these two statements are intuitively equivalent, they do not follow from each
other as the relative entropy does not satisfy any triangle inequality.

The organization of this paper is as follows. In section 2 we explain our setup and
how to calculate the relative entropy in terms of correlation functions on S* x H?!. In
section 3 we derive our main results by expanding the correlation functions in the small
subsystem limit 6y — 0. We also explain here how to understand our formulas using the
point-like limit of the excited state modular Hamiltonian. In section 4 we compare our
CFT results with the holographic results of [15]. We find a perfect agreement. In section 5
we discuss the leading asymmetric contribution to the relative entropy and compare it to
a two dimensional example. In section 6 we examine the average relative entropy between
states within a given energy window. In appendix A and B we explain some details of our
calculations.

2 Preliminaries

In this section we explain how to compute the relative entropy S(pv||pw) between two
globally excited energy eigenstates |V), |IW) reduced to a single ball shaped region in
conformal field theories of generic dimension. We do this by employing the replica trick [13]

S(pv|lpw) = lim S, (pv||pw)
n—1

1
= lim 1 (log tr pf> — log tr pvpgv_l) (2.1)

n—1mn —

and writing down the two terms in the replica relative entropy (2.1) in terms of correlation
functions on St x H 1,

Let us first look at the Rényi entropies tr p{, of an excited state |[V). We start from a
CFT on R x S9! on which we use the following metric

sy, ga—1 = dt* + (d6? + sin® 0 dQJ_,). (2.2)

4 A recent calculation [25] shows that the Rényi entanglement entropies are different for the thermal state
and highly excited states even in the small interval expansion in 2d CFTs. This somewhat undermines the
assumption of local ETH but it appears to us that the differences discussed in [25] go away in the large
¢ limit.



We define our subsystem A to be a cap like region [0, 6p]. Then, trpy, is computed by the
path integral on the n sheet copy of this manifold with a cut on the subsystem A and the
excited state |V') located at t = +00 of each sheet. Now we briefly describe the conformal
maps which bring this branched cylinder to the covering manifold S} x H?~! where the
circle has periodicity 2mn.

From branched cylinder to branched sphere S¢. Each cylinder sheet R x S9! can
be mapped to a d-dimensional sphere S¢ with the coordinates (¢,4_1) by the con-
formal map

t = log tan % (2.3)
Then,
1

dsy gi-1 = mdsgd =Of dsk,  dshe =d¢* +sin® ¢ dQ5_. (2.4)

The excited states on the k-th cylinder sheet are mapped to the north pole ¢ = 7
and the south pole ¢ = 0 of the k-th sheet of the sphere. By the state operator
correspondence, the excited states on these poles can be written in terms of a local
operator

(VI=(0V(m) V) =V(0)]0). (2.5)

By using this, we can write the Rényi entropy as
(TThzo V)V (0k)) g
o (V(m)V (0r)) g

where N, is some regularization dependent normalization constant involving the par-

tr py = N,

, (2.6)

tition function on S? and S but independent of the operator V. We divide by the
appropriate power of (V|V) = (V(7)V(0))ga to have normalized states. Note that
the V' dependent part on the right hand side of (2.6) is invariant under the Weyl
transformation g, — QQgW.

From branched sphere S¢ to ¥, = S} x H%~!. Now we introduce uniformized coor-

dinates by conformally mapping the branched sphere S?¢ to the manifold ¥, =

Sl x H4! where H?! is the hyperbolic space. Notice again that we do not need

to keep track of the Weyl factors as these cancel out from the expression for tr pf,.

The coordinates on ¥, are (7, u,4_2) with the identification 7 ~ 7 4+ 2n7 and the
metric is

ds%n = d7? + du® + sinh? udQ?_,. (2.7)

The precise expression of the map is given by [18]

sin Oy sin 7 sin 0y sinh u
— = , tanf = . 2.8
cos ¢ cosh u + cos Oy cos T an cos T + cos fycosh u (2:8)
The local operators on S¢ are mapped to the following positions of ¥,
mp —TE = 21k + (1 — 0g), u =0,
R (= 60) (2.9)

O —>7:k=27Tk‘+<7T+90), u = 0.



Note that in the small interval limit, 89 — 0, 7, — 7%, i.e. the insertions pairwise
approach each other.

The trace of the reduced density matrix tr pj, can again be expressed by insertions of
a local operator V(7,u) on the manifold

" (TTiZo V (75, 0V (7, 0))s,
T = Nn 2.10
o IV )V (), (210

Similarly, the second term in (2.1) is computed by the correlation function

(V(70,0)V (%0,0) [Tr=1 W7k, 0)W (#%,0))s,,
(V(r)VG) s [Tzt W)W (3)s,

These two quantities involve the same normalization constant N, and we see that this

tr pyply ' =N, (2.11)

cancels from the (2.1) definition of the replica relative entropy. Therefore, in the following
we set N, = 1.

3 Relative entropy in the small radius limit

3.1 Scalar exchange

In this subsection we derive the leading term in the small radius limit 8y — 0, when the
lightest operator O in the V x V' OPE on X,

V(me)V () = <V(Tk)V(%k)>zn{1 + CPy Dy (7, F) 22 O(73) + -+ } (3.1)

is a scalar. In the following, we only highlight the 7 arguments of operators as the insertion
positions on H% ! are the same. Note that we do not know the explicit form of either
(V(1)V(7k))s,, or Dp(7i,Tr) when n # 1. However, as we will see below, to calculate
the relative entropy we only need their expressions for n = 1. We also note that because
of translational invariance along the 7 direction, these two functions only depend on the
differences of 7 ie, (V(1)V(7k))x, = Gn(m — 7) and Dy (7%, 7%) = Dp(mp — 7%). In
particular, they are independent of k. Using the OPE (3.1) in (2.10) we get at leading order

o (VEVENE " (|00 2D (220l S 0000 ..
“pv—<<v<7k>v< k»&) <1+<0w> Du(7—7) k;0<0< DO(m)s, + )(32)

>

Similarly

n—1
X <1 + CO Oy Dy (1, 7) 220 Z<O(70)O(Tl)>2n

=1
n—1
HCGuw)?Du(r, 7220 D



We can simplify the double sums in these expressions as

n—1 n—1
> (Om)Om)s, = Y (O —7)0(0))s,
k#1=0 k#1=0
n—1
= Y (0@r(k—-1)0(0)s,
k#1=0
n—1 k
= > (0@E2Tm)0(0)s, (3.4)

k=0 m=k—n-+1,m##0

-1 m+n—1 n—1 n—1
(z Z+ZZ> rm)O(O)s,
m=1k=m

m=1-n k=0
n—1

=9 Z(n —m){O(2mm)0(0))y,,,
m=1

where we are using translational invariance in the 7 direction in the first line, the expres-
sion (2.9) for 7 in the second line, change of the summation variable to m = k — [ in
the third line, exchange of sums in the fourth line and invariance of the correlator under
7 — —7 in the fifth line. Finally, we introduce ¥ = m — n as a new summation variable
and use that the 7 direction is 27n periodic to arrive at

n—1 n—1
> (n—=m)(0@2rm)0(0))x, = > kO(2rk)O(0))s,, (3.5)
m=1 k=1

from which, after rearrangement, it also follows that

n—1

z_: O(27k)O(0))y, = gz<0(27rk)0(0)>2n. (3.6)

k=1 k=1

Combining (3.2) and (3.3) and using the above simplification for the double sums we get

%)) S (W ()W (7x))s,,
Snlevlew) = ( Vi s <W<m>w<fk>>zl>
~Qu+ f(nA_Ol) (2<09V>2— Clw €y = 52 CGu P ) Dulr 20 4+ 31
where f(Ap,n) is given by
n—1
f(Do,n) = (0(27k)O(0))x,, (3.8)
k=1

and Q,, = log (<<V‘[;E:2§I‘//V((T?))>§1 << EZS%/((TO)%E ) It is clear that lim, 1 @Q,, = 0. The analytic
1 n
continuation of f(A,n) can be done using the methods developed in [27]. We present some

details of this in appendix B and quote the final result

. f(An) T(3) LA+
lim = .
nsl n—1 228417 (A + 3)

(3.9)



The last piece we need is the expression for D,—1(7 — 7). Although it is possible to
determine this explicitly, here we only need the leading behavior when 7 — 7, i.e. when
the insertions approach each other. In this case every smooth manifold should look like
flat space, therefore we may write

Dypi(t —7) = |1 — 7|+ O((r — 7)?)

3.10
=200 + O(63). (3.10)
Putting the pieces together we obtain for the relative entropy the expression
r(HTAag+1) A
S(pvllpw) = (z) (CPv — Clrw )2 0570 + -+ . (3.11)

AT (Ao +3)
An interesting feature of this formula is that it is independent of the dimension d. This
will not be the case when the leading exchange is not a scalar operator.

3.1.1 Modular Hamiltonian

A different way to understand the result (3.11) is the following. By doing the analytic
continuation of the Rényi entropy (3.2) alone we see that the entanglement entropy of the
excited state |[WW) in the small interval limit is given by®

I(3)T(A0+1)
4r (Ao +3)

SA(:OW) = Svac + Sﬁrst law — Q(Q]AO <W‘O|W>2 (312)

Here, Syac is the entanglement entropy in the vacuum state (containing all the UV diver-
gences) and

Sﬁrst law — lim
n—1

" log <<W(T'“)W(f’“)>z"> (3.13)
1—n (W (7)) W (7)) 2,

is the completely factorized contribution which drops out from the relative entropy. Now
let us deform the reduced density matrix slightly pyw — pw + dp. Then the entanglement
entropy Sa changes as

I'(3)T(Ao+1)

5S4 = 8Sfrst 1aw — 2¢4(W|O|W)Tr(O8p), = 2o 3.14
A first 1 CA< | ‘ > I“( p) CA AT (AO"‘%) 0 ( )

At the same time, because of the first law of entanglement, we have
6Sa = Tr(KYWdp), KY = —logpw. (3.15)

We claim that §Sfst 1aw = Tr(Ky*0p), where K¢ is the modular Hamiltonian associated
to the vacuum. Indeed, using (2.11) with one of the operators being the identity we have

W (i)W (7%))

AL L2 NS 3.16
therefore
Svac + Sﬁrst law = —TI"PW IOg Pvac = TrpWKXaC' (317)

®See [28] for the two dimensional case.



Since equation (3.15) holds for any deformation of the reduced density matrix we can read
off the expression for the modular Hamiltonian® KKV

KY = K@ — 2c,(W|O[W)O (3.18)

valid to leading order in the small subsystem size limit 6y — 0. In the above expression,
the local operator O is inserted at an arbitrary point inside A to leading order in the size
of A. Note that by dimensional analysis we have K} ~ QgT in the small interval limit,

where T is the stress tensor. Therefore the modular Hamiltonian is dominated by the
d
2
the vacuum modular Hamiltonian. Regardless of this, we can evaluate the relative entropy

second term in the short interval limit only when Ap < &, otherwise it is dominated by

using expression (3.18) as

S(pvllpw) = AKY) — AS
2
= ca((vioW) = (wiow)), (3.19)
which, of course, agrees with (3.11).

3.2 Stress tensor exchange

In this subsection, we consider the contribution of stress tensor exchange to the relative
entropy in the small radius 6y — 0 limit. In the OPE of two operators V (13), V(%) on X,
the stress tensor T,y appears as

V(re)V () = (V(m)V(#E))s, [L+ CAN (S0 : 7 = ) Tun () + -+ (3.20)

where the details of the functions C%}V (¥, : 7 — 7) depend on the manifold ¥,. An
important caveat to this expansion is that not all of the identity operator contributions
are taken into account by the first term. Indeed, when there is a nonzero stress tensor
expectation value (T n(7%))s, due to conformal anomaly, we must understand the second
term as

V() V(#%) = (V(m)V(#E) s, [1+CAY (Sn t 7 — ) (Tun (1) — (Tun (7))s,) + -+
(3.21)
so that the expectation value of the left and right hand sides coincide. In the following
we will abuse notation and just write Tsy keeping in mind that we do not need to worry
about anomalous terms in the correlation functions involving Th; .
Inserting (3.20) into (2.11) and (2.10) and repeating the steps from the previous section
we get the following leading order replica relative entropy

V(m)V(Fk))s. log <W(Tk)W(?k)>2n>
V)V (7)) s, (W ()W (71)) s,
(n—2)

1
Salpvllow) = — <log

0.+ on(AB, MN)

N (Gospony - cit ot - U ek alty )+ e

SWe thank Stefan Leichenauer for discussion on this. See also [24, 26] for recent applications.



where
n—1

on(AB,MN) =Y (Tyn(14)Tan(10))sx,, (3.23)
k=1

and summation over the double indices A, B,M,N is understood. Again, since
on(AB, M N) is proportional to n—1 we only need to evaluate C’%}V on Y1. We present the
details of the calculations of C{}/"‘}V and 0,(AB, M N) in appendix A.1, and B respectively.
The results are

Cr d—lr<%)r(d+1)

li n ) = )
lim ———0n(77,77) = Sy r(d+3) (324
d 1
CMN (D 7 — ) = 1%07 (25in )4 67M o7

where C7p is the coefficient of the two point function of the stress tensor and ey is the
energy density of the excited state |V)

ey = , Qa- 3.25
Vs M T 52
By putting everything together we obtain the main result of this subsection
1 d I'(3)T(d+1)
S = — [ —— ) (ey —ew)?—2 L (sinfp)*? +---. 3.26
(pv|low) 1cr <d_1)(v w) D (d+3) (sin ) (3.26)
For the case d = 2 we can use ty = 7z, Cr = 575 (here c is the Virasoro central charge)”

and ey = ’%’ to recover the result of [14].

3.3 U(1) current exchange

For completeness, we include the case when the dominant contribution in the V' x V OPE
is a U(1) current J, i.e.

V(me)V (7)) = (V(m)V(F))s, [L+ CV (S 07— #)Ina (i) + -+ (3.27)

The calculation proceeds in an entirely analogous manner as in the previous two cases. We
have for the replica relative entropy

Sl = (o8 v~ ) 62
=, + MA (Tt - cibw ity - T it )+
where o
(A, M) = kZluA(m)JM(ro»zw (3.29)

"We can match normalization of the stress tensor by writing the two point funtion of the Euclidean time
components Ty = — = (T'(2) +T(%)), where T and T are the usual holomorphic and antiholomorphic stress

2m
tensors in 2d [29].

,10,



In the appendices A.2 and B we show that

o B I' () I(d)
lim ——a (7, 7) = — Tor (@4 1) (3.30)

CM (S 7 —7) = igl (25in 6p)* ! 67M,
J

where
pv = (VIJo|[V)grxse-1, (3.31)

is the U(1) charge density of the state |V') on the sphere and C; is the (positive) coefficient
of the current two point function. Putting the pieces together we obtain

L(3) ()

T (d+ 1) (sinfp)* 2 4 - --. (3.32)

1
S(pv|lpw) = E(pv — pw)?

4 Holographic calculations

The relative entropy between an excited state |V') and the ground state can be calculated
holographically. To see this it is useful to write the relative entropy in the following way

S(pVHPO) = A<I(vac> - AS, (41)
where Ky, is the modular Hamiltonian of the vacuum reduced density matrix

Koae = — log L0, A<KV3C> = tr[PVKvac] - tr[pOKvac]7 (4-2)

while AS' denotes the difference of the entanglement entropy between the two states, AS =
S(pv) — S(po). This latter is holographically computable by using the Ryu-Takayanagi

formula
B Area(v4)

4Gy

where 74 is the bulk minimal surface anchored to the boundary of the subsystem A. This

Sa (4.3)

is enough to determine the relative entropy S(pv||po) since the vacuum modular Hamil-
tonian Ky,. can be expressed as a local integral of a stress tensor component in the case
of ball shaped regions. In the following, we check our results (3.11), (3.26) by replacing
one of the excited states with the vacuum. The calculations relevant for these cases were
done in [15], here we briefly summarize these and show that they agree with the CFT
results (3.11), (3.26). The strategy in [15] is to consider either the AdS black brane (corre-
sponding to the stress tensor contribution), the charged AdS black brane (corredponding to
the current contribution) or a scalar condensate (corresponding to the scalar contribution)
with the appropriate boundary expectation values of the dominant operators, and to work
perturbatively in these. In this case, the holographic entanglement entropy expands as

Sa=So+evSi+eySat- -, (4.4)

where ey is the boundary energy density. Linear contributions must be canceled with
(AK) due to the positivity of the relative entropy. As the vacuum modular Hamiltonian is

— 11 —



linear in the boundary stress tensor this means that (AK) is entirely canceled by the term
ey S1. We are then left with the relative entropy

S(pvllpo) = =(So — S(po)) — e¥Sa + -+ . (4.5)

In the case of purely metric perturbations, Sy = S(pp) and the relative entropy is given by
—6‘2/52 to quadratic order in eyy. When we perturb with a scalar expectation value (O),
we have

So = S(po) +{0)285) + -+, (4.6)
and therefore, to leading order in (O) = (V|O|V) and ey the relative entropy is given by
—(O>2S(()2). Note that by virtue of (3.11), (3.26), the perturbative treatment in ey and (O)
should give the exact leading contribution in the expansion in the subsystem size.

4.1 Metric perturbations

The gravity dual of an excited state with the stress tensor expectation value

g Ev v
(V|T,|V) = diag (5\/, -1 " "a-1 1> , (4.7)

is the AdS black brane.® In the Fefferman Graham gauge, this reads as

L2
ds® = = (d22 + g (2, 2*)dxtdz”) (4.8)

where the spatial component of the metric takes the following form

gijdz'dz? = T(2)(dr* + r*dQ3_,), (4.9)
with .
1zd>d g d—1L411
T = (1422, 422 (4.10)
(=) < 4 P2 ey
Near the boundary z = 0, T'(z) is expanded as follows
d—4 e 2 (4!
_ A d A \2.2d Ao &V _ P
T(z) =14 aéyz® — 3 (aéy)“z" 4+ -, fv=-—7 0= 74 (4.11)

with 87Gx = E‘Iig_?. We need the holographic entanglement entropy S4 when the subsystem
A is given by the ball shaped region with radius R

A={(r,Q-2)|0<r<R}, (4.12)
in the black brane background up to second order in the energy density ey

Salev) = So+evSy +ebSo+---. (4.13)

8Strictly speaking, the black brane is dual to an ensemble of high energy states but a single high energy
state should have the same geometry outside of the horizon as this ensemble. Also, note that we are
allowed to replace the dual AdS black hole by the planar one because we are only interested in the small
subsystem limit.
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This has been done in [15], here we briefly summarize the calculation. The bulk minimal

surface profile is given by (z(r),r,Q4_2), and the area functional is

R d—2
Alz(r)] = Qq_o L4t /0 drT(z(r))Trd*2 \/,2’(7’)2 + T (z(r)). (4.14)

When ey = 0, i.e. in Poincaré AdS, the minimal surface is given by z(r) = vV R? — r2. By
perturbatively solving the Euler Lagrange equation coming from (4.14) for the extremal
area and plugging the solution back into (4.14), we obtain”

m32dQ0 oT(d —1) (5
24+1(d + 1) (d + 3) L1

Sy = R%¢2, (4.15)

In the theory dual to Einstein gravity, the coefficient of the stress tensor two point function

Cr is given by'®
_d+1T(d+1) L4

d—1gs7 (4) 05"
By substituting this into (4.15) and using the identity
d d—1
r <2> r <2> = 2274 /71(d — 1) (4.17)

we recover the CFT result (3.26).

Cr (4.16)

4.2 Scalar perturbations

We can also recover (3.11) holographically by perturbing Poincaré AdS with a scalar con-
densate. This has also been done in [15], we only need to match the normalizations. A
state with a boundary expectation value (O) for the scalar primary O with dimension A
corresponds to a bulk scalar ¢ with mass m = A(d — A) and asymptotic profile!!

¢=702"+---, (4.18)
where the proper normalization has been determined in [32] and it is'?
S (4.19)
T A dy '
Here, 7 is the coefficient of the kinetic term — (835)2 in the bulk action. The result of [15] is
that to quadratic order in the condensate the entanglement entropy changes as'3
a2 LR < o (B drQg_or®? r?
AS = =50 | —— = (1- 77
4£P 0 (R2 — 7”2) 2 (d - 1)R (4 20)
d—1 d ’
TP LTHAL () DA -5 +1) ) 5y2pa
d—1 3 d—2(0)"R™.
40%, 2T (A +3)

d—1
“Note that the % part we obtained is the inverse of what is found in e.q. (3.55) of [15].

198ee for example (3.10) of [30] with A = 0, or (3.10) of [31] for a derivation.

"There are no sources turned on as we are interested in a CFT state.

2Note that [32] uses n = 1. To restore the 1 dependence, note that (2.11) of [32] has the correct
normalization for n # 1 but the on-shell action (2.16) has to be multiplied by 7.

'30ur final expression — after the evaluation of the integral — differs from (3.64) of [15].
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Using the normalisation (4.19) and the expression (3.25) for {24_o we have

1L AT (A - E 4 1)
n? (5 428 — d)°T (A + 3)

AS = (O)2R*2. (4.21)

The last step is to recall that via the standard AdS/CFT way of coupling O to the asymp-

totic value of the bulk scalar ¢ we obtain the holographic two point function [32]
r'(A) 1

75T (A — %) |24

(O(x)0(0)) = n(2A — d) (4.22)

Our CFT calculations use normalized two point functions, therefore to match them we
need to introduce O = \/n(ZA - d)&O. Plugging this into (4.21) results in

w2T(A-9)

1L /AT(A+ )
n ekt 8T (A +3)

_ VAl(A+1)

o o4ar(A+3)

AS = (0)2R*A

(4.23)
(02 R,

where in the last line we have used that [15] uses'* 7 = QL;—:. The result matches (3.11)
P

as it should.

4.3 Current perturbations

To obtain the case when the dominant operator is a U(1) current, one needs to calculate
the holographic entanglement entropy in the charged black brane solution. This is again
carried out in [15]. Their result is

73/2Qq_o'(d — 2) L1

() 6

AS = — R24-2(J0)2 (4.24)

There is one subtlety again. If we normalize the kinetic term of the bulk gauge field as
1FF* —in [15] n = ZL;T:E’ the same as for the scalar — we have for the current one
point function'
Jo = nlim 23799, A, (4.25)

z—0

where A, is the bulk gauge field. Opposed to this, [15] uses JO = lim,_, 23778, Ag.
Therefore,
/2 _oT'(d — 2) 4£dpflR2d—2

R

(J%)2 (4.26)

MWe need to scale out L? from the VGG part from (3.56) of [15] in order to match it with the action
used in [32]. Note that both actions are dimensionless in natural units, so 7 must be dimensionless as well.

'5This is deduced by comparing the bulk-to-boundary expression of the bulk gauge field, (47) of [33], to
the one point function coming from the on-shell action formed from (54) of [33].
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Now we can use the holographic expression for the two point function coefficient [33]:

d—2)T(d) L1
CJz( v )L(d) — (4.27)
2T (4) 205

to arrive at

(J9)2R%4-2, (4.28)

in agreement with (3.32).

5 Beyond leading order in the subsystem size

5.1 The first asymmetric part of the relative entropy

In this section we discuss the first asymmetric part in the expansion of the relative entropy
in the size of the subsystem by making use of the first law trick explained at the end
of section 3.1. For simplicity, we assume that the lightest operator O is a scalar with
conformal dimension A and that the conformal dimension A’ of the next lightest operator
satisfies A’ > 3A. Then, by a similar analysis as the one around (3.2), we obtain the
following form for the entanglement entropy at third order in the 6y expansion

S(ow) = S (pw) + DA (W OW)?. (5.1)

The coefficient c(As) is given by the analytic continuation

) _ 0fY ® >
ey = G @l SOAm) = S (0@n(k=D)0r( = m)O2n(m — k),
(k,ly;m)=0

(5.2)
One can write c(ﬁ) = Coooba, where Cpoo denotes the three point function coefficient
of O while ba is a universal constant that only depends on A and d. We were not able
to perform the analytic continuation that is required to obtain ba but we note that one
can in fact compute it holographically and the result is found in e.q. (C.9) of [34]. There,
the third order change in the entanglement entropy due to perturbing with a scalar was
calculated to be'6

3£F (Q) r (3A_d)

() _ _ 34 P
0S8\ = —m2nQy oR (;512 F(3A2+3) ,

(5.3)

where the bulk cubic coupling is taken to be n%gb?’. We can use the holographic dictionary
of [33] to exchange k for the CFT OPE coefficient

1Ay
- nF(A)3F(3A2—d) 000>

(5.4)

We thank Damian Galante for his help regarding this formula.
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along with e.q.s (4.18), (4.22) to write 65 in terms of CFT quantities

2\/m 1
650 = ¥ . Cooo (O R*A. (5.5)

3A+3 3

30 (35F2) ¢
In this formula, we have allowed for an arbitrary two point function normalization
(O(x)0(0)) = ﬁ% for later convenience. Note the independence of the formula from

the spacetime dimensionality d.

Given this knowledge, we may write the next to leading order modular Hamiltonian as

W W W o.(3)3A 5 3 _ 27 Cooo
KW = K(2) +K(3), K(3) = SCA 00 <W‘O|W> O, CA = 3I‘ (3A2+3) Cg s

(5.6)

where K (V2V) is the leading order modular Hamiltonian of |W) given in (3.18). Then, the
relative entropy reads as

$O(pvllow) = 5@ (pvllow) = DA (VIOIV) — (WIOIW))? (W |O[W) +(VIO[V)]
(5.7)
where we have denoted the leading order result (1.3) with S (py||pw).

5.2 An example in 2d

In order to check the dependence on OPE coefficients in (5.7), let us consider an excited
state [W) in a 2d CFT which has the following properties

(WIT-|W) = (W[T=|W) = hy, (W[O]W) =0, (5-8)

on the cylinder. Here, O denotes an arbitrary primary operator different from the identity.
We may think of |[I¥) as some descendant of the vacuum or as a primary state for which all
the three point function coefficients Coyyy are sufficiently small.'” The modular Hamil-
tonian of such a state can be computed by pulling back the vacuum modular Hamiltonian

on the plane'®

- Y2 (wg — w)(w — wy)
K(’U}l,U}Q) - /u}1 wy — w2 T(w)dw, (5.10)

by the conformal map
21

where By = Note that this map is just the composition of two maps w = 21w

27
\/24hyy Je—1"

W where Ty = ﬁ This map turns the vacuum expectation value of the stress

z =€
tensor into its expectation value in the state |[IW). It is also just the map which brings the

plane to the thermal cylinder with inverse temperature By,. We choose the endpoints of

7 An example could be a state satisfying local ETH in the sense of [26].
8The coefficient of K (w, ,wsy) is determined by

R? —2?

and our convention Too = — 5= (T'(2) + T'(%)).
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the interval A in (5.10) to be wy; = 1 and wy = €*. Applying the conformal map (5.11) to
the vacuum modular Hamiltonian gives

s T(l=9) o T
sinh B sinh B

/
KW =25y /0 Too(6)db (5.12)

inh L
sinh B

This is just the expression for the modular Hamiltonian of a thermal state of temperature
Tw on the infinite line (see e.g. [35]) but we can also interpret it as the modular Hamiltonian
coming from the pure state |W) provided that ¢ < Sy, i.e. we are in the thermodynamic

limit. The reason for this requirement is the following. The periodicity of the cylinder
47\'2

¢ ~ ¢+ 27 implies the identification w ~ e®w w. Therefore the image of the cylinder is
2

4an”
not the entire plane, just the annulus {1 < |w| < e®w }. The modular Hamiltonian of the
annulus vacuum is different from that of the plane vacuum K., ,,,). They agree only when
the subsystem size |w; — we| is much smaller than the size of the annulus, i.e.
27

ePwl 1, (5.13)

The entanglement entropy S(pw ) of the excited state (5.8) can also be computed by ap-
plying the conformal map'® (5.11)

S(pw) = = log (iVEV sinh ;é) : (5.14)

which formally, of course, is just the entanglement entropy in the thermal state of an infinite
line, see e.g. [36]. Now let |V') be another excited state satisfying the condition (5.8). Then
the relative entropy between py and py is given by?°

S(pvllpw) = A(Kw) — AS
_ bw

iy C By sinh T£ (5.15)

: ud4
By sinh B
Now let us expand this expression in powers of the interval size ¢

(hV — hw)Q(C — 8(2hW + hv))
315¢2

1
S(pvllow) = —(hv — hw)*¢* + B+l (5.16)

15¢

We see that the leading behavior remarkably agrees with our previous computation in?! [14],
while in the subleading piece we can identify the trioperator contribution of the stress

9Note that (5.14) can be derived directly from (5.12). Indeed, we may use the first law of entanglement
(VIKW V) — (WIKV|W) ~ S(pv) — S(pw) for two states |V) and |W) with hy =~ hw. Taking the
hy — hw limit yields
oS Bw 4
—— = — | mlcoth — —
Dy = 2 (77 co Bor ﬁw) )
which integrates to (5.14) with constant of integration choosen to be —£ loge.
20 Again, formally this is the exact relative entropy between the reduced density matrices of two thermal
states of temperatures Ty and Ty on the infinite line.
2I'With the conventions used there we need to make the replacement £ = 27z.
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tensor, the same coefficient as in (5.7). This is the piece that comes with ﬁ and we

note that the holographic coefficient in (5.6) exactly reproduces this factor if we sum up

the cases when O is the holomorphic or the antiholomorphic stress tensor. The part with

1
315¢

must be the bioperator contribution of higher descendants.

To conclude this section, we note that as the expansion (5.16) appears to be consis-
tent with that of a pure state, even beyond leading order, it is tempting to consider the
possibility that (5.12) gives the vacuum contribution to the modular Hamiltonian of heavy
states (hy ~ ¢) in large ¢ CFTs up to % corrections whenever the subsystem size does not
exceed half of the total system, i.e. £ < w. Intuitively, this is because one can create the
BTZ spacetime from Poincaré AdS by applying a bulk coordinate transformation which
asymptotes to (5.11) (see e.g. [37]). We hope to return to this question and its possible
applications in future work.

6 Relative entropy and the variance of OPE coefficients

To quantify how much states of a given energy are distinguishable in a given CFT it is
useful to introduce quantities which do not depend on the particular choice of microstates.
Such a quantity is the average relative entropy in a given energy window

1
Sral(E,AE) = o) Z S(szHpVJ)v (6.1)
P i jIB<Ay, Ay, <E+AE

where p = p(E, AF) is the number of states in the energy window. Note that we are
averaging positive quantities, therefore when this average is small, the individual relative
entropies are guaranteed to be small. The purpose of this section is to point out that
the result (1.3) implies that in the small subsystem limit this average relative entropy is
proportional to the microcanonical variance of the OPE coefficients in the given energy
window, i.e.

S N P p—
Srel(E,AE) = W(”) %:ACEE o (6.2)
where
2
0,2 _1 0, 1 O
AC: == ) OV~ > ol | (6.3)
i|E<Ay, <E+AE i|[E<Ay, <E+AE

is the variance and « runs over the set of lightest operators with dimensions A such that
there is an operator in the energy window that has O, in its OPE with itself. In holography
this quantity is related to the distinguishability of bulk black hole microstates due to the
fact that relative entropies are dual to each other [24].

It is instructive to examine this quantity for the case when the lightest operator cou-
pling to states of the given energy is the stress tensor itself. In this case we must use the
formula (1.4) for the leading relative entropy, i.e. we have

— 1 ——
S.a(E,AE) ~ C—TAE%Sd, (6.4)
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where AE? is the variance of the energy in the window [E, E + AFE]. A standard result
on probability distributions with a compact support bounds this from above as?? AE? <
%. Now assume that we are interested in states with E ~ N2 in large N theories with
Cr ~ N? and we set the window to be AE ~ EY ~ N?7. In this case, the N dependence

of the average relative entropy is bounded as
Srel(E,AE) S N2, (6.5)

so that states become certainly indistinguishable in the large N limit when the size of the
window scales with exponent v < % This is well in line with the general expectation that
black hole microstates are indistinguishable inside the microcanonical window.??

For general light operators, we note that the asymptotic £ — oo value of the micro-
canonical average part

(6.6)

1
[ > oy,

P Z\ESAV] <E+AFE

is fixed by modular invariance in two [38] and probably higher dimensions and it is (almost)
universal. The missing piece?? is the average of the square of C%“/j . It would be interesting
to see whether )
lim ACY =0, (6.7)
E~N2 N—o00,5E 0
is satisfied by general conformal field theories, CFTs with a sparse low lying spectrum or
is this a new requirement that a theory with weakly coupled gravity dual must satisfy.

Finally, we note that this requirement appears to be strongly related to the assumption of
local ETH of [26].
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A  OPE coefficients

A.1 Stress tensor contribution

In this section we compute the OPE coefficient in
V(y)V (y2) =(V(y1)V (y2)) m [1 + O (M sy 2) (Tun (y2) — (Tun)m) + -+ |- (ALD)

The details of the function é‘%}v (M : y1 — y2) depend on the manifold M on which the
CFT is defined. On flat space M = R? it is given by (see for example (c.5) of [41])

A d a |[sts” 9o d
cyy (R :S)ZCT[S2 f% st st =gl —ab. (A.2)
The basic strategy to obtain this is to relate it to the flat space three point function
(T, VV)ga and then fix the normalization by mapping this latter to the matrix element
(V|Tuw|V)gxgi—1 on the cylinder by standard radial quantization. More explicitly, (A.2)
implies that in flat space we have [42]

VTV s = 2 (255 14, (A3)

Passing to polar coordinates (r,€4_1) and then by ™ = r to R x S9! we obtain

) d—1 1 1
(V[T (2)[V)gxga-1 = adiag | ——, ==+, == |. (A.4)

d d d
The last step is to continue back to Lorentzian to obtain a proper matrix element. This
amounts to an extra sign in Tpg. The upshot is that a is related to the energy density ey as

d
dey Ay 2m2
d — 1, gy — Qdil = <V’T00‘V>R><Sd71, Qdfl = @

Here, Ay is the conformal dimension of the original operator V. It is convenient to split
CEY (R : s) into two parts

a=—

(A.5)

. y y y a (sts” a
CHLEY s 5) = O+ B6) 6, o) = o (S0 ) o, Bato) = 7t (a0

The term proportional to 6" corresponds to the exchange of the trace of the stress tensor
T/ Since flat space correlation functions involving 7}, contain only contact terms, we can
ignore the contributions of them. When the displacement vector s* is purely timelike —
which will be the relevant case for our later calculation — only the time like component
C’]gd is nonvanishing.
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When there is a conformal map between the manifold M and flat space one can derive
the OPE coefficients CA’%}V (M :) by mapping the two operators V (y1), V(y2) to flat space,
using their OPE there and finally pulling the result back. Let {y™} be the coordinates of
M and y™ (2*) be the conformal map with Weyl factor

dsiy = Q%dsza. (A.7)

Then by using the transformation law of the stress tensor

8yM 8yN

T () = Q12 0) 22

(Tun () —{Tun@)IMm) (A.8)

we find the relation between OPE coefficients on flat space and M

AMN . _ 0od—2 3ZJM ayN wr md . A
Cyvy (M iy —y2) = Q7 (y2) Dak Da? vy (Rt 21 — x9) (A.9)
= oMY + BugM?. (A.10)

Now we use this formula to compute the required OPE coefficients C%JXV a1 (Y1 —y2).
The manifold S' x H%! is conformally related to flat space R?

dsgled,l =02 (dt2 +dr? + erQ?l,Q) , Q=coshu+cost (A.11)
by the map
i sinh u ’ b= sinT . (A.12)
coshu + cosT coshu + cosT

The relevant operator insertions in (3.20) are at y; : (7 = © — 6p,u = 0) and y2 : (7 =
74 6g,u = 0) on S' x H¥!. By using the map (A.12) these points are mapped to

0 0
y1 > a1 (t,r) = (cot ;,0) . Y2 = xe (L) = <— cot 20,0) , (A.13)
in flat space. For this operator configuration the OPE coefficient C’Ig;’ is purely time like
Chi(xy — x2) = 2 (2cot B dé‘”’é”t. (A.14)
Re Cr 2

Using this flat space OPE coefficient and the Jacobian of the map (A.12)

or ou
ol =1t | _ =0 A.15
ot lr=0 +eosT, Ot lr=0 ( )
we obtain Cg/{JX\[Hd,I via the use of (A.9)
a H T T
CHN i (y1 —y2) = o (2sin o) 7M™ (A.16)
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A.2 Current contribution

We proceed to compute the OPE coefficient in
V)V (y2) = (VE)V 02))m |1+ O (M yrye) Inrlye) + - | (A17)

for the case when the dominant contribution comes from a U(1) current J, in an entirely
analogous way as in the previous section. In flat space, the two point function and the
OPE coefficient are fixed by conformal symmetry [42]

()1 Ot = 2t (= 225 ).

) (A.18)
ClRY:s) = ——sts?72)

where C; is the two point function normalization and b is a coefficient not determined by
conformal symmetry. This latter is related to the flat space three point function by [42]

(V(00) Ju(2)V (0))ga = —b—7. (A.19)
Passing to polar coordinates (r,€4_1) and then to R x S9! by setting ™ = 7 we obtain
<V‘JM(‘T)’V>R><S”I_1 = (_b7 07 T 70) . (A20)

Finally, we again continue to Lorentzian to obtain the matrix element which introduces an
extra i in the Jy component. Therefore,

Qv
Qa1

i.e. the U(1) charge density of V. Now we can calculate via the transformation rule

b= Z'<V|J()|V>]R><Sclfl =1 (A21)

M
Tula) = 902 ), (A2

the OPE coefficient on S* x H?~! by applying the same conformal map as in the previous
section A.1. The result is

. b L
CH L praa (Y1 — y2) = C—J(Q sin )4 1oMT. (A.23)

B Analytic continuations

In this appendix we review the required analytic continuations for both the scalar and the
stress tensor contribution. The functions in the main text that we are required to continue

ton =1 are
1

3
I

F(Borm) = SO0 st epra .
k=1
(A M) = S (T4 () Tar (70))s i, (B.1)

T
— =

on(AB,MN) = Z<TMN(Tk)TAB(TO)>S}L><Hd—17
k=1
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see (2.9) for the definition of 7. The n — 1 limits of these functions can be calculated by
using the result of [27]

o G?O(—z’s + )
o 4cosh? 2

< Gl (—is+7
() = (-1 [~ AR

2
—co  4cosh® 3

© GIT(—js+
on(t7,77) = (n — 1)/ —14 ( 5 )
oo cosh” 5

f(Bo,n) = (n—1) ds +0((n 1)),

ds + O((n —1)?), (B.2)
ds +O((n —1)%),

with
GP9(s) = (O(s)0(0) g1 g1,
G’ (s) = (Jr(8)J-(0)) g1 g1, (B.3)
G{T(s) = (Trr(8) T (0)) g1 pra-1,

These two point functions are related to the flat space two point functions via the

map (A.12). The usual transformation rule is given by (A.8) for the stress tensor, by (A.22)
for the current and by

O(x) = Qy)*°0(y). (B.4)
for the scalar. In flat space the two point function of scalars and stress tensor elements are
given by

1
(0(@)00))gs =~
Cy
<Ju(x)Ju(0)>Rd = WIWM (B'5)
Cr
<TMV(x)TaB(O)>Rd = ﬁ I;w,ozﬁa
where
1 00 2xHtx”
Tuvap = 5 Tualup + Luploa) = = B L =6 — - (B.6)
Therefore,
1
(O(5)0(0)) s1x a1 = Wa
Cy
(Jr(8)J7(0)) s1x a1 = —————5775>
[25in % | (B.7)
d—1 Cr
(Trr ()77 (0)) g1 5 ra—1 = d . g12d
[2 sin f]

The integral in (B.2) is calculated by

/°° _dr g (1 V) _ Fﬁ%)IFV(Z) (B.9)

v
oo Cosh” z
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Using this in (B.2) we get

r(Hria+)
f(AOan) = (n - 1) 22A(3_3F (A + %) + O((TL - 1)2)a
() = —(n - 1)y TD 51y (B.9)

PO (1)
Cr d—1T (3)T(d+1)
2%+l g T'(d+3)
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