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1 Introduction

Little string theories with 16 supercharges [1-5] are obtained by decoupling limits of the
type Il strings near N NS5-branes. These are non-local theories without gravity. Depending
on whether we start from type IIA or IIB NS5-branes, the system has (2,0) or (1,1)
super-Poincare symmetry, respectively. Since NS5-branes are one of the most difficult
nonperturbative objects to study in string theory, it would be very desirable to have better
understanding on these strings. Also, the type ITA little string theory has interesting low
energy limit given by interacting (2,0) superconformal field theories. Little strings have
similarities with critical strings, and also differences. The fact that these models do not
contain gravity is the main difference, with far-reaching implications. However, being non-
local theories, such systems inherit from the type II strings various stringy properties, such
as the T-duality. So after circle compactification, the two little string theories are supposed
to be T-dual to each other.

Unlike critical strings, noncritical little strings are difficult to study. Some approaches
to study them are: holographic approach [3, 4], discrete lightcone quantization [1, 2, 6, 7],
the double scaling limit [8, 9], studies on the scattering amplitudes and higher derivative
terms in the effective action [10, 11]. In particular, the DLCQ approach considers the little



string theory compactified on a small circle, in which one studies a sector with definite
momentum which is decoupled from the rest. Via T-duality, the DLCQ description can
be obtained by a large radius compactification of the T-dual strings with definite winding
number.

In this paper, we study the QFTs living on the little strings macroscopically extended
on RY1. They describe 2d decoupled degrees of freedom living on these strings at low energy.
Such theories are studied in detail in the literature [6, 7]. One starts from 2d N = (4,4)
gauge theories, which flow to interacting CFTs and describe these strings. Compactifying
these strings on large circles, the ground state energy is proportional to the radius times the
winding quantum number, much larger than the energy scale of the circle momenta. So we
can consider a low energy decoupled sector with fixed winding quantum numbers. They also
have direct relevance to the study of DLCQ little strings obtained after T-duality, in which
the momentum is fixed. In this paper, we make a modest contribution to construct and
study such UV gauge theories for the little strings, on the IIA side starting from N = (0, 4)
gauge theories. The system is proposed to flow to a CFT with enhanced (4,4) SUSY.
Compared to the (4, 4) gauge theories discussed in [7], the new description has an advantage
of manifestly having certain IR symmetries in UV, which is very crucial for computing some
protected IR observables such as the elliptic genus. The (0,4) UV QFTs are similar to those
for the self-dual strings of the (2,0) superconformal field theory, called ‘M-strings’ [15].

With T-duality, the spectrum of the circle compactified theories would be the same
for ITA and IIB little strings. We would like to probe this T-duality with the above gauge
theory descriptions for macroscopic strings. In general, these descriptions are valid only
when the compactification radii are large. As the T-duality exchanges the ITA and IIB
radii as Rq = 1%;, the two gauge theory descriptions will never be simultaneously reliable.
However, one naturally expects that the protected BPS spectrum would be reliable all the
way to small radii.

In this paper, we study the T-duality of little strings in the BPS sector, from the UV
gauge theory descriptions. In particular, being able to compute the elliptic genera of the 2d
gauge theories on both ITA and IIB sides, we can directly compare their BPS spectra. More
precisely, we shall compare the full BPS partition functions of the ITA /TIB little strings on
Omega-deformed R* x T2 (or supersymmetric indices of circle compactifieid theories with
nonzero chemical potentials), which are closely related to the elliptic genera of our gauge
theories. We find, in fugacity expansions to highly nontrivial orders, that the two partition
functions precisely map to each other via T-duality.! Apart from confirming the naturally
expected T-duality, our finding is establishing a very nontrivial identity between the elliptic
genera computed from the type ITA and IIB sides, so that alternative expressions can be
used to extract various properties which would have been very difficult to see from the
other viewpoints. For instance, we explain in section 5 how one can easily understand the
SL(2,Z) x SL(2,7Z) transformation properties of the partition functions, for the complex
structure and Kahler parameters of the torus, by using our T-dual expressions.

n order to better define our spectral problem, without continua coming from the ‘throat’ regions 6, 7,
12], we turn on the Fayet-Iliopoulos (FI) term and the theta angle of the gauge theories on the worldsheet.
Also, to avoid having infrared problems with tensionless fractional strings or W-bosons, we separate the N
NS5-branes and study the massive spectra.



The rest of this paper is organized as follows. In sections 2 and 3, we explain the 2d
gauge theory descriptions of the IIB and ITA little strings, respectively, and study their
elliptic genera. In section 4, we study the T-duality of the two Omega-deformed parti-
tion functions, as well as extended duality/triality properties. In section 5, we study the
SL(2,Z) transformation properties of the elliptic genus in various fugacities. Section 6
concludes with brief discussions.

2 IIB little strings

2.1 A brief review

We first consider the type IIB little strings, which are the type IIB fundamental strings
bound to the NS5-branes. At low energy, the world-volume description of IIB NS5-branes is
given by 6d maximally supersymmetric Yang-Mills theory, with (1,1) supersymmetry and
U(N) gauge group. The fields consist of the gauge field A,—o,... 5, 4 scalar fields pI=14,
and fermions. These degrees of freedom are provided by the D-strings ending on the NS5-
branes. The bosonic symmetry of the theory is SO(1,5) x SO(4)r. SO(1,5) is the Lorentz
symmetry on the NS5-branes, and SO(4)g is the symmetry on their transverse directions,
which rotates ¢!. The Yang-Mills coupling constant is given by

1

2 3 .1
= = (2 . 2.1
gyMm TNS5(27TO/)2g§ (27)°a (2.1)

Fundamental strings form threshold bounds with the NS5-branes. They are identified as
the instanton strings in the 6d SYM. The instanton string tension is given by
472 1

= =T 2.2
g%M 2w FLo (2.2)

agreeing with the tension of the fundamental string. The coupling constant is independent
of the 10d string coupling constant, gs. So one can take the little string theory limit, in
which we take g; — 0 with fixed o/. All the gravitational degrees of freedom are decoupled.

We shall consider k macroscopically extended little strings, extended along R! part
of R>!. We are interested in the dynamics of the degrees of freedom supported on these
macroscopic strings, decoupled from the rest of the 6d degrees of freedom at low energy.
The system of k F1 and N NS5-branes admit a UV gauge theory description given by a U(k)
gauge theory with AV = (4,4) supersymmetry. The field theory is identical to that living on
the D1-D5 system via S-duality, and has been studied extensively in the literature, e.g. [6,
7, 12]. This 2d theory at low energy can also be regarded as the worldsheeet description
of the instanton strings of the 6d SYM theory. The gauge theory has the U(k) N =
(4,4) vector multiplet, an adjoint hypermultiplet, and N fundamental hypermulitiplets
which rotate under U(NV) global symmetry. These fields are shown in table 1, and more
details about this theory is explained in appendix A. For later convenience, we also show
the supermultiplet structure with respect to the right-chiral (0,4) SUSY. The bosonic
symmetry preserved by the strings is SO(1,1) x SO(4) € SO(1,5) times SO(4) g, where the
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vector vector Ay, Xﬂé‘ adj 1
twisted hyper | ¢q4, AS_ | adj 1

hyper hyper Aogs )\é_ adj 1
Fermi Aaf+ adj 1

hyper hyper qa, V4 k N
Fermi Vg k N

Table 1. N = (4,4) supermultiplets for k IIB strings.

latter is inherited from the R-symmetry of the 6d theory. For SO(4) ~ SU(2)r1 x SU(2) g1
and SO(4)r ~ SU(2) 2 x SU(2)ge, we introduce the following doublet indices,

SU(2)p1 — «, SUR2)g1 — &, SU(2)2 — a, SU2)g2 — A. (2.3)

The fields in table 1 and appendix A are given with this convention. The 6d (1,1) su-
percharges can be written as Qua+, Qé_, Qe ) QA% where + denote 6d chirality. These
supercharges satisfy the reality conditions given by

Qaat = —€apear(Qupr)T, QA = eapeP(QF ), QY = —e*Pean(Q) ), Q2% = WP QPP
(2.4)
The strings extended on R! preserve Q% , and QA% forming 2d N = (4,4) supersymmetry.
The =+ subscripts on 2d fermions denote left/right chiralities, respectively. In table 1, the
fields a,, 5 and gq form the so-called ADHM data of k multi-instantons of U(/N) gauge theory.
This is because the IR limit of this gauge theory will be describing the 6d instanton strings,
as we shall explain in more detail now.

The infrared dynamics of this (4,4) theory has been studied in [6]. Its low energy
dynamics is described by two decoupled (4, 4) conformal field theories. One is the conformal
field theory on the Higgs branch described by a nonlinear sigma model on the Higgs branch
target space, given by k instanton moduli space. Another is the conformal field theory on
the Coulomb branch. For studying the type IIB little strings, the Higgs branch CFT is of
relevance. The Coulomb branch degrees of freedom ¢, 4 represent the motion of the strings
moving away from the 5-branes.

There is a peculiar singularity in the region near g5 = 0, an5 =0, where the Higgs
branch classically meets the Coulomb branch [6, 7, 12]. Quantum mechanically, this region
forms a ‘throat,” which is responsible for a continuum in the CFT spectrum. The CFT can
be deformed by turning on the SU(2)r; triplet of Fayet-Iliopoulos term ¢! (I = 1,2,3) and
the theta angle 6, so that such continuum disappears [6, 7, 12]. In particular, the Higgs
branch moduli space becomes regular, and the Coulomb branch is no longer connected to
the Higgs branch even classically. We shall discuss the little string spectrum with nonzero
FI term, by studying the elliptic genus [16] of the 2d (4,4) gauge theory. (The continuum
will be completely lifted, not only by the Fl-term but also by the Coulomb VEV of the 6d
SYM which removes the infrared continuum.) In particular, since the FI parameter gives



nonzero energy to the Coulomb branch [17], the elliptic genus will acquire contribution only
from the Higgs branch CFT for the IIB little strings, and not from the Coulomb branch
CFT that we are not interested in.

2.2 The elliptic genus of IIB little strings

In this subsection we shall define and explain the elliptic genus of the gauge theory compact-
ified on circle, counting %—BPS states in the Coulomb phase of the 6d theory, which shall
be further studied in sections 4 and 5. This is a supersymmetric partition function of our
(4,4) theory on a torus with complex structure 7. We choose a supercharge @ = QA:LO":2

and its conjugate Q' and define its index, with ¢ = €™,

1IB . _ F k Hjp -Hp 2mio;Il; 2mie_ (2J 2mim(2J: 2miey (2J1p+2J:
Zinst(ai,ei,m,q,w)—Tr[(—l) whgt gt Re M i e CTIP (2J21) g2miet (2J1R+2J2R)

[e.9]
=Y " Zy(ai,ex,m;q), (2.5)
k=0

with Zyp = 1. The elliptic genus is using only the (0,2) subset of (4,4) supercharges. P
is the momentum on the string compactified on the circle, and H is the energy, in the
unit of inverse-radius R]g,1 of the circle. 2H;, = H + P and 2Hir = H — P are defined as
the leftmoving and rightmoving momentum, respectively. Jr12 and Jgi 2 are the Cartans
of SU(2)r12 and SU(2)p12. Since {Q,Q"} = 2HR and @ commutes with all the other
factors in the trace, the index counts only the BPS states annihilated by @ and QT, and
it is independent of ¢. II;’s are the Cartans of U(N). «;’s are the chemical potentials
for electric charges, interpreted as the background gauge field A5 = diag({«;}) along the
spatial circle, breaking U(N) to U(1)". We also introduce the fugacity variable, w, counting
the winding number k of the little strings. For a given U(k) gauge theory, we fix k and
compute Z;. The above index is the grand partition function. We use the subscript ‘inst’
standing for ‘instantons’ in the 6d SYM interpretation.

Zj, can be computed from the N' = (4,4) theory explained in section 2.1 and appendix
A, as follows. The gauge theory elliptic genus can be computed by performing a suitable
contour integral of [18-20], with the integral measure given by the contributions from the
fields listed in table 1. The integral representation for Zj is given by [21]

k 2
1 2mn“duy
Zp = — =2
S LH_l 2

_ 172y 01 (urs) H’;,le 01 (urs + 2¢4)

- H];:1 Hz]\il O1(ey £ (ur — o)) HIZJZI 01(€e1,2 +ury)

Hllczl [T, 61(m =+ (ur — o)) H?szl O1(£m —e_ +uyy)
H];,le O1(£m — ey +ury) '

Zyec (u7 «, 6:I:)Zhyper (u, «, €4, m) (26)

vec

Zhyper =

Zyee comes from the zero modes of 6d N' = 1 vector multiplet in the k instanton back-
grounds, which are the first, third, fifth lines of table 1. Zy,er comes from the zero modes
of 6d adjoint hypermultiplet (which makes the 6d NV = 2 vector multiplet) in the instanton



backgrounds, which are the second, fourth, sixth lines. The contour integral can be done by
following precisely the same steps as explained in [21], which did the Witten index calculus
for the 1d reduction of our (4, 4) theory, to count instantons in the 5d A/ = 1* theory. One
can repeat the analysis in the elliptic version. After this analysis, Z; is given by a sum of
residues which are labeled by the N-colored Young diagrams, Y = {Y1,Ys, -+ ,Yn} . The
sum of the numbers of the boxes Y.V | |Vj| is k. The elliptic genus is given by

91 Q7E'L +m —e_ )el(anz]—m—ei)
Zi(ai,ex,miq) = ) H 11 J : (@7
Vi IYil=k thj=1 s€¥s 01 (q; Eij — €1) 01 (¢ Eij + €2)

where
Ez'j = — oy — elhi(s) + 621}j(3). (2.8)

s’ denotes a box in the Young diagram Y;. h;(s) is the distance from the box ‘s’ to the
edge on the right side of Y; that one reaches by moving horizontally. v;(s) is the distance
from ‘s’ to the edge on the bottom side of Y; that one reaches by moving vertically. See
e.g. [22] for more details and illustrations. This Young diagram expression first appeared
in the instanton calculus of the 4d and 5d SYM [23, 24|, and our result (2.7) is simply an
elliptic uplift of their results. Note also that the expression (2.7) at N = 1 appeared in [25].
For later use, it would be helpful to note the key steps towards the derivation of (2.7).
Firstly, the contour integral in (2.6) is a sum over the so-called Jeffrey-Kirwan residues
(JK-Res) [20]. The poles with nonzero JK-Res for (2.6) has been studied in [21]. It was
first shown in [21] that all the poles from Zyyper never give nonzero JK-Res: whenever we
pick a pole from the denominator term 6;(£m — ey +uyy) according to the rules of [20, 21],
a term of the form 6;(xm — e_ + uzy) in the numerator always vanishes. So we can
completely restrict our discussions to the poles from Zye.. Then the poles from Z,e. with
nonzero JK-Res are completely classified, and is shown to be labeled by the N Young
diagrams that we explained above. Then, we insert the pole values of uy, labeled by Y, to
extract out the JK-Res. Within Ze. and Zyyper, there are vast cancelations between the
01 functions in the numerator and denominator [23, 24]. From Zye., only bosonic terms
remain, which explain the denominator of (2.7). From Zyyper, only fermionic terms remain,
explaining the numerator of (2.7).
It is also useful to consider the full index of the type IIB little string theory, com-
pactified on a circle with large radius R > (o/ )% The index is defined in the same way
s (2.5), where the trace is taken over the whole BPS Hilbert space of the 6d theory in
the Coulomb phase. This is a BPS partition function on R* x T2, Apart from (2.5), one
finds extra contribution from the 6d perturbative SYM states, decoupled from the winding

strings at low energy. The full index thus factorizes as
1IB 11B
Zn(ai, ex,m; g, w) = Zpert(aia €+, M; q) Zingt (Qtis €4, M5, W). (2.9)

The 6d perturbative index, ZII){E’U counts the modes which only carry momenta along

the circle. This can be computed as follows. (See [22] for a very similar analysis of
the perturbative partition function of 5d maximal SYM.) In the Coulomb phase, both



momentum along the circle and the electric charge preserve supercharges Qga and Q4¢,
and breaks Q2 | and QA_. These are the %—BPS condition for the W-bosons. Without losing
generality, let us order the Coulomb VEVs ~ A5 = diag(a;) by0 < oy < ag < --- < ay <1
on the circle. Then the BPS W-bosons preserving the above half supercharges will carry
the factor €27 =%) with ¢ > j and the momentum is zero P = 0. If P # 0, only the states
with P > 0 will be BPS. The states with P < 0 are anti-BPS and will not be captured by

our index. If we take ¢ < 1, electric charge factor e2™(i—a;)

with any ¢, 7 can be assumed,
since the central charge is still kept positive by P > 0.

Now we compute the single-particle index of the perturbative sector. The Goldstino
zero modes coming from the broken SUSY generators contribute to the single particle index

with the following factor,

27 2mi(m — 27 27
ot ginh 2T Ex) g 2TiM — €n) G p 2T Gy ”2“2, (2.10)
and the bosonic zero modes on R* provides the factor
1
(2.11)

24 sinh? —2“561 sinh? —2”2“2

__ €1teo
2

where €4 = . Therefore, the single particle index of the perturbative particles always

contains the following overall factor coming from the spacetime 0-modes [22],

sinh 2mi(m+-e4) sinh 2mi(m—e4)

I (ex,m) = 2 _2 . 2.12
+lex,m) sinh —2”2“1 sinh —2“2“2 ( )

Multiplying the fugacity factors for the U(N) electric charges and the momentum, the
single particle index of the 6d perturbative particles is given by

00 N N oo
Zp = NIp(ex,m) - Y q"+ Ii(ex,m) - [ D emileimed) £ 3 =N " e2mileimag)gn
n=1 i>j i#j n=1

N N
=1, Y il p (N Y i) 1% . (2.13)

The first term on the first line comes from the states with P = n > 0 and 1I; = 0, second
term from W-bosons at P = 0, and the last term from both electric charges and P =n > 0.

From this, ZII)Ie}?t is given by
=1
ZL3 (aiyex,msq) = PE[zsp(ozi,ei,m; q)} = exp Z};zsp(pai,pei,pm; )| - (2.14)
p=1

3 [IIA little strings

Type ITA NS5-branes realize 6d ITA little string theory, with A/ = (2,0) supersymmetry.
The light degrees of freedom are made of a self-dual tensor field B,,,,, and 5 scalars, pI=1234
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Figure 1. M-theory brane uplift of the ITA little strings.

JJO .’Ii'l 1'2 .’IJ3 1‘4 .’E5 1.6 .’E7 1‘8 x9 1’11(51%/[)

NM | x | X | x| x| x| X le%

1 M2 X X (Oéi, ai+1)

Table 2. M-theory brane uplift of ITA little strings.

¢!=1234 parametrize the transverse R* of type IIA string theory,

and ¢, and fermions.
and ¢ is a compact scalar parametrizing the position of the 5-branes along the M-theory
circle. The little strings are type ITA fundamental strings bound to the NS5-branes. In
M-theory, type ITA fundamental strings uplift to M2-branes wrapping the M-theory circle.
The limit g5 — 0 with a fixed o/ yields the N' = (2,0) little string theory.

The 2d gauge theories on ITA little strings at Ry > (o )% has been studied in [7], in
the 6d ‘Coulomb phase’ with nonzero ¢, separating all M5-branes along x!!. [7] discussed it
in the context of type IIB strings on Ay _1 singularity, but let us review it in the M-theory
context here. The M-theory branes are shown in figure 1, where the M-theory circle radius
is given by Ry = gsls (where o/ = £2). See also table 2 for coordinates. The tension of the
strings is given by ~ %f = fs—]l)/{g = /72 in the original type IIA string theory, and we are
interested in the low energy 2d theory at excitation energy £ < gym, where gyyy is the 2d
gauge coupling defined in (3.1). To ease the construction of this theory, we compactify z°
direction along a circle with radius R’,. Since NS5-branes are localized at 2% = 0 and M2-
branes are attached to them, this compactification cannot be seen by the low energy CF'T on
the strings, although it will be seen by the UV gauge theory we construct. Now we make a

9-11 flip, regarding x° as the M-theory circle direction. The new type IIA theory would have

its own coupling and string scale g., ¢., satisfying g.¢, = R',, ¢.(¢,)® = £3,. The tension of
the string given by the D2-branes suspended between NS5-branes is g,?% = Izé‘/’ =02
S S P

same as in the original type ITA picture. Now the low energy 2d theory living on the
D2-branes is easy to identify. It is a circular quiver U(k)" gauge theory with N = (4,4)
supersymmetry [26]. Each gauge node (labeled by i = 1,---, N) has vector multiplet fields

, a ) an ermions, where «, 3 are the = 2)11 X 2)r1 spinor indices.
AP i; d f h 8 he SO(4) = SU SU d



There is a bi-fundamental hypermultiplet mode connecting adjacent gauge nodes. The
hypermultiplet fields between i’th and 7 4+ 1’th node are denoted by complex scalars (IDS)
and fermions. Compared to be previous type IIB setting, or the original type ITA setting,
in which we had SO(4) = SU(2)r2 x SU(2)r2 R-symmetry, only the diagonal SU(2)p
survives after the ¥ circle compactification. So the doublet A index can be regarded as
the identification of the previous a and A indices. The (4,4) supercharges are Qﬁ L QQA_,
subject to reality conditions. The SU(2)p UV symmetry is supposed to enhance to a
full SO(4) in the IR. This is because the 2d IR limit is equivalent to the strong coupling
limit, which in M-theory takes R? x S* to the large radius limit R* with SO(4) symmetry.
However, full SO(4) is invisible in the UV gauge theory. The incapability of seeing the
second Cartan of SO(4) from this UV theory will make it impossible to study the full IR
elliptic genus. This will be a motivation to study a (0,4) supersymmetric UV gauge theory
for the type ITA little strings, in section 3.1.
The coupling for the i’th U(k) gauge field is given by
1 (aiy1 — ai) Rl (o — ci)galy

= = , (3.1)
g}%M,i gs (R))?

so the coupling becomes large in the little string decoupling limit g, — 0. We shall
study the protected elliptic genera of this system in the weak coupling limit, in the (0,4)
supersymmetric version of the gauge theory that will be explained in section 3.1. One can
turn on three FI parameters C}i) for each U(k); gauge group, which is a triplet of SU(2)p
rotating 678. This corresponds to the relative position of the ¢ + 1’th NS5-brane from the
1’th NS5-brane along 678 directions. So one obtains the condition Zfi 1 ¢ [i) = 0, since one
should come back to the original NS5-brane after going around the quiver once.

The gauge theory has U(k)"Y Coulomb branch, whose scalars represent the motion of
D2-branes along 1234 directions. This would define the Coulomb branch CEFT which is
relevant for studying the ITA little strings. On the other hand, the N fractional strings
suspended between different adjacent pairs of NS5H-branes can combine to make a fully
winding D2-brane along z'', which may leave the NS5-brane along the 6789 directions
(among which z° is the circle direction of the M-theory). For instance, at k = 1, the
positions of the D2-branes along 678 is parameterized by the Higgs branch scalars, breaking
U(1)" to U(1) which lives on the D2-brane separated from the NS5-branes. The U(1) gauge
field on this D2 would dualize to a compact scalar, parametrizing the z° circle direction
probed by the D2-brane. More precisely, at £ = 1, the vanishing condition of the potential
energy is given by

2 — 000 =0, () + (o) BB = (571 2PV (32)

In the Higgs branch, one sets all a(%’s to be equal, so that the first equation is solved by

«
breaking U(1)" — U(1). There is always a nonzero solution to the second equation.

Since the Higgs branch now represents the strings leaving the NS5-branes, we are only
interested in the Coulomb branch CFT in the IR limit. However, the Higgs branch cannot
be detached from the Coulomb branch CFT by any deformation of the theory. This is in



contrast to the 2d gauge theories for the type IIB strings, in which case the Higgs branch
CFT of our interest could be detached from the Coulomb branch CFT by turning on U(k)
FI parameters. In fact, with generic FI term §§i), the Coulomb branch will be all lifted as
U(1)N — U(1). Since the elliptic genus formula of [19, 20] is computing the index of CFT
with generic nonzero FI parameters, this formula will compute the unwanted Higgs branch
index, with lifted Coulomb branch. Apart from the absence of the SU(2) 12 in UV, this is an-
other reason that the above (4,4) CFT is inconvenient for studying the little string physics.

One can also add fractional D2-branes to this construction. Namely, the number of
1’th D2-branes between i'th and 7 + 1’th NSb5-branes can be all different, n;, forming a
circular U(ny) x -+ x U(ny) quiver.

3.1 N = (0,4) gauge theory descriptions

As explained, the NV = (4, 4) gauge theories for ITA little strings only see SU(2)p C SO(4)
part of the R-symmetry. Although we expect the symmetry enhancement to happen in
IR, this means that the UV gauge theory would be of limited use. Also, studying the
spectrum of the Coulomb branch CFT will be difficult with the approaches of [19, 20].
Closely following the idea of [15, 27], we shall engineer (0,4) UV gauge theories for the ITA
string systems which resolve all these problems. We also stress that, although the main
interest of [15, 27] was studying the strings of the 6d SCFTs rather than the little strings,
figure 6 of [27] does show the (0,4) quiver for the little strings, whose QFT details and
physics we shall explain now.

Now on top of the ITA branes explained after the z?-z'! flip, we also put one D6-brane
extended along 012345, 11 and localized at 2% = 27 = 2% = 0. See table 3. Now with a D6-
brane uplifting to the Taub-NUT space in M-theory, the SU(2) which rotates 678 directions
in weakly coupled type ITA is interpreted differently in the IR, CFT in this setting. Namely,
the low energy limit of the 2d gauge theory is realized by taking the M-theory limit R}, —
oo (after the 9-11 flip): see (3.1). So the embedding of the UV gauge theory’s symmetries
into the infrared R-symmetry has to be understood in the R, — oo limit, where we have
R*. The SO(3) rotating the asymptotic R? of Taub-NUT rotates the R* as SU(2) g2 in ‘IR.’
Also, after compactifying one more circle 2°, we can turn on a background gauge field of the
D6-branes, as AL +iA}; = m' ~ (m,2m,3m, -, Nm) with nonzero Bs 11 turned on. The
parameter m realizes the chemical potential for the Cartan of SU(2) 2 [15, 27].2 Thus, we
can turn on the full set of SO(4) g chemical potentials of the partition function after 72 com-
pactification, in this setting. From the 2d gauge theory viewpoint, adding one D6-brane just
affects the way we connect the UV regime R? x S1 at weak-coupling with the IR regime R* at
strong coupling. Since the IR brane configuration is identical to the original M2-M5 system,
we expect the (0,4) gauge theory to flow to the same (4,4) CFT on the Coulomb branch.
(However, see section 4 for discussions on irrelevant sectors within this gauge theory.)

A 2d N = (0,4) UV gauge theory is engineered from this brane setting, with su-
percharges given by Q4%. The fields can be characterized again by a circular quiver of

2Note that m is turned on only after compactifying the 2d gauge theory on S* or T2. So whenever we
address (0,4) or (4,4) SUSY later, it holds for the QFT on R*! with m = 0. The SUSY preserved after
T? compactication with various chemical potentials turned on is summarized in table 1 of [15].
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20 | 2t [ 22 | 23 | 2t |28 | 28 |27 | 28| 2!(SY)
NNS5 | X | X | X | X | x| X Q;
ni D2 | x X (viy viy)
1 D6 X | X | X | X | x| X X

Table 3. Brane construction of 2d N = (0,4) gauge theory.

Figure 2. Ay_; quiver diagram of the 2d N = (0,4) gauge theory for the ITA strings. Solid lines
denote the hypermultiplets, thin dashed lines denote the Fermi multiplets, and thick dashed lines
denote the twisted hyper multiplets.

Multiplet Fields U(ny) U(l),
Vector A,(f) , S\Sf)Ad adj; 0
Hyper qﬁf), P4 n, 0
Hyper agg, )\g)_A adj; 0

Twisted hyper | ), w9 | (m;_,n;) | 1
Fermi v (mj_1,m;) | 1
Fermi LZ}EP n; 1
Fermi &9 n; -1

Table 4. Fields of the N' = (0,4) quiver gauge theory.
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figure 2. See also figure 6 of [27], in which this quiver was first discovered. Each circular
node involves N = (0,4) U(n;) gauge multipletiplet (A, A4%), and a N = (0,4) adjoint
hypermultiplet (a,, & )\é_), denoted by the solid lines. n;’s are the number of the D2-branes
suspended between adjacent NS5-branes. Thick dashed lines between two circular nodes
denote the bi-fundamental twisted hypermultiplets (P4, U%). Thin dashed lines between
two circular nodes denote the bi-fundamental fermi multiplets W, . D6-brane introduces
extra fields: fundamental hyper multiplets (gq, wf) and Fermi multiplets 1/J+,1;+. These
fields are are summarized in table 4. As explained in the previous paragraph, and just
like [15, 27|, the chemical potentials for U(1); and U(1);+1 are locked as m;y1 —m; = m,
so that one just has one U(1),,. Compared to the previous (4,4) gauge theory for the
ITA strings, the (0,4) fields on the first and third lines of table 4 are forming the (4,4)
vector multiplet, which we decomposed as above since the system does not preserve (4,4)
SUSY. Also, the fields on the fourth and fifth lines form the previous (4, 4) hypermultiplet.
They again make a twisted Higgs branch, which represents the degrees of freedom of fully
winding D2-branes leaving the NS5-branes. The Coulomb branch of the (4,4) theory is
replaced here by the Higgs branch formed by the second and third lines, which is our main
interest when we study the IIA little strings.

The SUSY action of the (0,4) gauge theory can also be easily constructed. From the
(0,2) supersymmetric formalism, one has to determine the holomorphic potentials Fy, Jg
for each Fermi multiplet ¥, ensuring the (0,4) SUSY enhancement. For instance, see [28]
for how this can be done. Here, following [28], we simply write down these potentials for
our theory. Let us call the (0,2) Fermi multiplet from the (0,4) vector multiplet as A;,
which is made of A1 and A\22. Then one should first take

Jr, = Gdi + [Bi, Bi] — éc, Ea, = ®i11®i41 — ;0 (3.3)

for (0,4) SUSY [28]. Here and below, we use the chiral superfield notation ¢4 = (q,q'),
a5 = (B,BT), by = (<I>,<1:>T) for a while. We also inserted the FI parameter {¢ for
later use, which corresponds to turning on worldvolume B, field on 1234 directions. The
above J, E should be accompanied by other J, E functions for other Fermi fields, to satisfy
> ¢ PoJy = 0 after summing over all Fermi multiplets W. This is another requirement
from SUSY. To meet the last condition, one should turn on the following potentials for
other Fermi multiplet fields:

Ej = qi1%i, J; = —®q; 1, Ey = Qiqiv1,  Jy = Gir1Pin
By, = ®;B; — B, 1®;, Jy, = Bi® — ©;B;_1,
Eg = B 1®; — ®;B; . Jg, = B;®; — ®;B;_1 . (3.4)

The bosonic potential is V =23, (|Ju|? + |Ew[*) + 3 Y, D? with D; given by?

Di = qiq] — G/ + [Bi, B]] + [Bi, B]] — ®®; + &;0 + ;10 | — @] &1y — . (3.5)

3The factor 2 in front of |Jy|*4|FEy|? has to be included if we follow the convention of [28] for (3.3), (3.4).
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After some rearrangement, one obtains

2
2 2 B

=1

N 2
1 mya  —f3 1 mo & af3 m X X
V=3 [ (qm(ff )5+ 5(0™) plaiaa, i) = ) + ((UI)AB‘I’iA‘I)f3 - (UI)ABq)Elq)i—LA)
+|(I)iAqid|2 + |®I+1,Aqid|2 + ‘(I)Mamﬁ - ail,a5q>iA|2:| (3'6)

where €3 = & and ¢! + €2 ~ &, with manifest SU(2)g; x SU(2)g2 = SO(4) g symmetry
for the (0,4) theory.

Note that with nonzero &, g;s fields should be nonzero at low energy, which lift the
twisted Higgs branch of ®;4. Namely, even if ny = ny = --- = ny, they cannot combine
and leave the NS5-branes unlike the N' = (4,4) model. Also, the previous (4,4) Coulomb
branch fields Qo form (0,4) Higgs branch fields, together with new fields g5. The (0,4)
setting will thus be computing the correct little string elliptic genus. However, the (0,4)
elliptic genus will also capture a subtle trace of the presence of a D6-brane from the sector
with ny =no = -+ = ny, in which case the D2-branes make full windings along 2. This
can be easily accounted for and factored out, after which we shall be obtaining the ITA
little string index. We shall explain this in section 4.

3.2 The elliptic genus of ITA little strings
We define the index of IIA little string theory wrapping a spatial circle along %, as follows,

ZIIA(O%', €, m; q/7 w/) = Tr (—I)Fq,HL q—/HRw/kEZﬂ'zaiHi 627rze_(2JL1)627r1m(2JgL)627rze+ (2J1r+2J2R) )

(3.7)
I1; are charges of the self-dual tensor fields, supported on each M5-brane, with the chemical
potentials, ;. ¢’ are the fugacity variable for the momentum, and w’ the winding fugacity
of the ITA little strings. 2ma; Rys are the positions of the 5-branes along 2. Zrra is the
BPS partition function of the little string theory on Omega-deformed R* x T2
An M2-brane suspended between the i’th interval between the M5-branes, (a;, ait1),
carries nonzero charges II; = 1 and 1I; 11 = —1. The charges e; —e;+1 form the simple roots
of the Ay algebra, fori =1,--- | N — 1. Finally, the charge ey — e1, accompanied by an
extra winding k = 1 on the 2'! circle, combines with the Ay simple roots to make the simple
roots of Ay_1. The fugacity variables corresponding to these simple roots are given by

— 2m __2miao: — 2mian_ _ 2mi 271 /
= p2miaiz = p2miazs = 2mMaN—1,N = E2MION,N+1 — 2N 1,/

, UN =
(3.8)

—2mia w/

U1 , Vg y Tt UN—1
where «;; = a; — ;. For convenience, we introduce a1, where e 2Nt = ¢

For large R4, the low energy degrees of freedom living on the winding strings decouple
from the 6d degrees on the 5-branes. So the index of the ITA little string theory on R* x T2

factorizes as

Zua(ai,ex,m; g w') = ZHE5 (e, m;q) Z85 o (i ex,mis 0 (3.9)
ZIII{OAm comes from the Abelian tensor theories on N separated Mb5-branes wrapping a spa-

tial circle, and carries only Hj charge in the index but carries £ = 0. Unlike the IIB
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perturbative index Z}%rt which had massive W-boson contributions, the ITA 5-brane does
not have extra massive particle states in it (because it only has strings). This contribu-
tion factorizes into N single 5-brane contributions. It can be computed either from N
Abelian tensor multiplet, or equivalently from the multiple DO-brane index bound to a

single D4-brane [22]. The result is

ZUA (ex,m;q) = PE |NI_(€19,m) | (3.10)
where N - :
Sinh mT(Mm—re— Sinh T M —€e—
_ 2 2
I-(e12,m) = sinh —2”2“1 sinh —2”22'52 (3-11)
with ex = % [22].
The contribution ZSItIrAlng comes from the wrapped ITA strings. It can be computed from

the elliptic genus of the 2d (4,4) SCFT in the Coulomb branch. Since this direct approach
is difficult, we use the elliptic genera of the (0,4) gauge theories that we have explained in
the previous subsection. Let us call the elliptic genus of the Hi\; 1 U(n;) gauge theory as

Zs(tnring ’nN)(ei, m;q'), and also define
o0
ITA _ oy s .
Zif gl cxomiq w') = 3 TR 200 (e i )
n;=0
o0
= Z (v1)™ (vg)"2 - - - (UN)”NZS(EEI;g’ )(ei, m;q’). (3.12)
n; =0
Naively, one would expect ZigrAlng Zsltlﬁng, but we discuss their relations in detail at the
beginning of section 4. Here, let us just explain how to compute Zggﬁng

Applying the contour integral formula for elliptic genus in [20], one should study

n;

n 2e’nPdus, | T ;0 T 50
Zem = ¢ [Hw 1 ”QmuI]HZ&'HZﬁ;pL” (3.13)
=1 i=1

H];é] 01 (urs) HIJ:l O1(urs +2¢)

Zie = =
[172, 01 (er £ ur) Hﬁz L01(er2 +urg)
iy _ 72y 010m 4+ wn) T2 00(m —wo) TT72 TTG2Y 01(m — e +urs)01(=m — e +uur)
hyper HI . Jz+11 0, (:I:m e+ u[]) )
where i = N + 1 by definition means ¢ = 1 (from the circular nature of the quiver).

Apparently, it may look that this contour integral is much more complicated than (2.6). But
one can use the analysis of (2.6) which led to (2.7), to get a closed form expression of (3.13).

To explain the simple structure of this contour integral, let us start by noting a 6d
interpretation of our 2d gauge theories. From the D2-D6 engineering of this system, one can
regard the D2-branes as the instanton strings of the 6d SYM theories living on D6-branes.
Namely, one starts from the 6d NV = 1 gauge theory with U(1)" = Hf\i 1 U(1); gauge
group, which form a circular quiver by having 6d bi-fundamental hypermultiplets in U(1); x
U(1);4+1. The instanton string number in U(1); gauge group is n;. Of course, from the
viewpoint of field theory solitons, U(1) instantons are singular but this is naturally included
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in the instanton counting, which is precisely what we mean by the U(1) instantons here.
Then our 2d (0,4) quiver is the ADHM gauge theory for these U(1)" instanton strings.

Now comes an important observation, that our U(1)" gauge theory can be embedded
into the 6d U(NN) maximal SYM, by keeping the diagonal modes in the N' = 1 vector mul-
tiplet and only keeping the ‘next-to-diagonal’ modes in the N’ = 1 adjoint hypermultiplet.
Namely, calling the 6d hypermultiplet field ®, given by an N x N matrix, the modes which
are kept are

0 @172 @1,N
®y7 0 Pog3---
0 @35 0
o= , (3.14)

0 PyanN

PN Pyn-1 O

ie. ;41 # 0 and ®;;_1 # 0 with ¢ = N 4+ 1 ~ 1 understood. The measures Hf\il Z\(,?C .
Hl 1 thy:errl in (3.13) are precisely the 1-loop determinants for the instanton zero modes
caused by the 6d modes kept in the trunctation of the 6d U(N) theory, after plugging in
a; = 0 in the integrand appearing in (2.6).

With this observation, all the simplifications that happened to get (2.7) apply to our
ITA elliptic genera as well. First of all, classifying the poles with nonzero JK-Res fol-

. . (ii+1)
lowing [21], one again finds that no poles are to be kept from Zhyper .
consequence of the cancelation mentioned in the last paragraph of p.6, which applies com-

This is a simple

pletely within the modes that we keep in the truncation. Then, the poles come only from
Z\(,Ze)C Since each Z\(,é)c is completely factorized with other vector multiplet determinants Z‘(,jel
with j # 4, the pole locations for uj, are simply those for the n; U(1) instanton contour
integral. So at each 4, the poles with nonzero JK-Res are labeled by a Young diagram with
n; boxes, which we call ;. So the poles of our 2d Hf\il U(n;) gauge theory’s elliptic genus
are classified by N Young diagrams, {Y1,...,Yx}, where |Y;| = n;. Now we consider the
residue at a given pole, labeled by {Y;}. The cancelation of ¢; functions in (2.6) for the
mass-deformed maximal SYM, again happens in our case with the above truncation. So
one just needs to truncate the factors in (2.7). Firstly, Z. ‘(,e)c factor has large cancelations,
after which only bosonic modes remain. The remaining factors can be obtained from the
denominator of (2.7), by keeping the modes with ¢ = j only in the product HZ =1 Simi-
larly, the measures coming from the ®; ;11 modes in (3.14) can also be obtained by suitably
truncating the factors in the numerator of (2.7). Namely, the factor 61(q; E;;+m—e_) in the
numerator of (2.7) should be truncated to j = i+1, and the factor 0, (¢; E;j —m—e_) should
be truncated to j =i — 1, from (3.14). Collecting the truncated modes only, one obtains

a,b a,b
Z(nl7 LNN) Ez(z+)1 m+6*)9 (q E( )+m+6 )

string (Eiﬂm; q,) - Z H H

a,b b
{Y1,,Yn}|Yi|=n; i=1 (a,b)€Y; t1(q /;Ei(,i )+61)91(QI;E1‘(J )—62)

)

(3.15)
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where

ESY = (Yia —b)er — (Y], —a)er, B\ =BTV (3.16)
(a, b) denotes the position of each box in a Young diagram. Y ; is the length of the a’th row
of the Young diagram Y;. YCZ;- is the length of the a’th column of Y;. Note that Y; , —b =
hi(s) and Yj:'; —b=vj(s) from the definitions of h;(s) and v;(s) given below (2.8). Also, at

a; = a; = 0 in (2.8), Ej;; reduces to —E"" ysed in (3.15), with Ei(;-l’b) defined by (3.16).

ihj
(Various —1 factors appearing by rewriting 61(¢’; —2) = —61(¢’; 2) cancel between the
numerator and denominator.) This proves that the JK-Res sum of (3.13) yields (3.15).

Z7ITA
Zstring

Naively, one might think that computed from the (0,4) gauge theory is same

as ZSItIﬁng. As we emphasized earlier in this section, the contribution from the (4,4) Higgs
branch (or the (0,4) twisted Higgs branch) formed by @X) is not completely decoupled. We
shall explain at the beginning of section 4 what kind of unwanted contribution we expect
to get from this extra sector, and proceed our studies with this extra factor divided out in

the following subsections.

4 T-duality of protected little string spectra

The IIB little string theory on a circle is supposed to be T-dual to ITA little string theory

on the dual circle, with the radiii related by Ry = E‘—];. The winding IIB little strings on

Sé is dual to the momentum on S/&, and vice versa. Their BPS masses agree with each

other, since
27TRB . RB . 1

MIIB winding = omald o Ra = TNIIA momentum - (4.1)

The fractional momenta (i.e. U(N) electric charges) of IIB little string theory are dual to
the fractional winding numbers of ITA little strings,

Qiit1 T—dual Ra
MIBKK = —o— —— (®,i11) — = ii41(2mRA)TF1
Rp o
where a;; = o; — a;. T-duality between two little string theories is demonstrated by

figure 3.
T-duality between IIA and IIB little string theories implies

Zua(os, ex,m5 ¢, 0") | g S —q = Zns (s, ex,m; g, w) . (4.2)

As we stated at the end of section 3.1, if we use an alternative 2d (0,4) gauge theory to
S1IA
Zstring’

a UV deformation of the gauge theory by putting an extra D6-brane. A spectrum change

compute the elliptic genera we shall find a subtle trace of the fact that we made

will happen in a sector with full wound D2-branes along z'!, namely with states carrying
the factors of fugacities w’ but not «a;’s. Let us first explain this small subtlety in our ITA

calculation, clarifying how to obtain Zslgéng from Zsltlﬁng.

Before explaining the difference between Zslgﬁng and ZSItIﬁng, let us first comment on

how we first discovered it, which may help the readers to better understand our following
explanations. We have first compared Zyg and ZIA ZIA (instead of Zyp = ZUA ZIA )

mom ““string mom ““string
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Figure 3. T-duality and M-theory uplift of the IIB setting. The solid lines represent the winding
little strings. The dashed lines represent the momentum along the circle.

and found that a small discrepancy happens in a subsector at w” order (with zero winding
of IIB strings), and also with no SU(N) charges, in the type IIB side. Namely, this is

a particular subsector of perturbative states captured by Zégft. Equivalently, on the ITA
side, this sector is in the (q')o order at zero momentum, with ny = no--- = ny. Since

we empirically found subtle difference only in this sector, we decided to directly count the
BPS wavefunctions in this subsector to fully derive this difference. On the IIB side, there
is no subtlety in our gauge theory description. The index in the sector with zero SU(N)
electric charges (no dependence on «;) and zero winding (w” order) can be extracted from
ZII)Ie]f’t factor. In particular, it comes from the N Cartan modes of the 6d U(N) SYM. Their
partition function is given by

PE NI (e1,2,m) (4.3)

1—gq
In the ITA dual language, the expected T-dual result is obtained by replacing ¢ — w’.
Now let us consider the corresponding sector in the ITA side, at (¢’)° order, and also
with fully wound D2-branes along z'' with n; = ng = --- = ny. The indices are computed
after turning on nonzero FI parameters £™ with one D6-brane, while the actual spectrum
should be studied at ™ = 0 without D6-brane whenever a subtlety arises. We study

the spectrum directly in both cases, in the subsector specified above, to find the relation

Z7ITA ITA
Zstring Zstring .

arises, and then proceed to make a detailed calculation. At €™ = 0 in section 3.1, there is

between and We first explain the qualitative reason of why the subtlety
an extra twisted Higgs branch which meets the Higgs branch of our interest. The former
sector will represent the little strings leaving NS5-branes. The two sectors would decouple
in IR, but the 2d gauge theory contains both in its Hilbert space. Now by turning on the
FI term &, the continuum of twisted Higgs branch will be lifted. However, after turning
on &M, it often happens that there appear extra bound states of the continuum with the
remaining 2d strings of our interest. For instance, see [21] and references therein for many

occasions in which extra bound states occur at nonzero FI parameters. Another potential
1A SIIA

Zstring Zstring

D6-brane inserted. When the D2-branes are not leaving NS5-branes, its effect is naturally

reason for discrepancies between and is that our gauge theories have one
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expected to be absent in IR, or equivalently at strong coupling when a D6-brane uplifts to
flat spacetime. However, when the branes can leave NS5-branes, the presence of a D6 at
&M # 0 will leave a subtle effect as we shall see.

We first consider the case with £&™ = 0, without a D6-brane. In the sector with n; =
.-+ =ny = n that we are considering, the D2-branes can form n full winding branes. So the
strings have the right quantum number to leave the NS5-branes. We weight n windings by
(w")™, and relax the constraint on fixed n. We would like to count the BPS bounds of these
strings with N NS5-branes directly, not using the elliptic genus formula of [19, 20]. For
convenience, we T-dualize along the z'! circle, and obtain many D1-branes along 05, N-
centered Taub-NUT on 678 and 11 circle. Firstly, any number n of wrapped D1-branes can
form a bound state of multiply wound single string. For each massive particle of this sort,
we study its ground state wavefunction on the N-centered Taub-NUT. This space has N
normalizable harmonic forms, so that there could be N possible bound states of the original
N NSb5-branes with this particle. The index for this particle is thus NIy (e 2, m)(w')",
where N comes from N normalizable harmonic forms. The I, factor appears because this
is exactly the same type of bound states as the half-BPS W-bosons in SYM, as in the IIB
setting. Summing over n and considering the multi-particle Hilbert space, one obtains

wl

PE | NI, (e1.9,m) (4.4)

1—w

This is (4.3), with ¢ replaced by w’. So the direct counting derives T-duality in this
subsector.

Now we consider the same problem after placing one D6-brane at nonzero FI parameter
(B background along 1234). Again, as in the previous paragraph, we work after T-
dualizing along z'!, after which the extra D6-brane becomes a D5-brane along 012345.
The setting of section 3 was that D6 and N NS5-branes are placed at the same point of R?
in the 678 directions. Now T-dualizing along z'!, one finds a D5-brane on top of the R*/Zy
singularity of the unresolved Taub-NUT. Now, among the N normalizable harmonic forms
of N-centered Taub-NUT, N — 1 of them are supported at the Zy singularity, where D5 is
sitting. Since the fully winding D1-branes are forced to be bound to D5 at the tip due to
the FI parameter, D1-branes stuck to D5 can still assume one of these N — 1 bound state
wavefunctions. The multi-particle index of the bounds is PE[(N — 1)I; 11”—;},] However,
the last normalizable harmonic form of Taub-NUT is not localized at the tip, so D1-branes
confined to D5 cannot be in this bound state. (The forbidden wavefunction is in the twisted
Higgs branch.) Now, note that n D1-branes can also form threshold bounds with single
D5-brane, whose partition function is given by PE[I _17_“—;,] [22]. (This extra contribution
is also from the twisted Higgs branch, since the D2-D6 bounds still exist after displacing
D6 away from NS5’s.) This is an extra bound state caused by a D6-brane (at ™ # 0).
Combining them all, one obtains

/ / /

w w
PE If 1 — w/ + (N - 1)I+ 1 — w/:| == PE |:NI+(61’2,m)1_u}, Zextra(w/) (45)
in the sector we are considering, where Zexira(w') = [0 m ~ n(w") ™!, and we used

JIIA  _ 71IA
Zstring - Zstring Zextra-

I_—1; =1 to get to the right hand side. So in this sector, one finds

,18,



In fact, (4.5) is what one finds from the formulae of section 3 from our gauge theories.

So extending this finding to the full BPS Hilbert space, we naturally conjecture Z14

string —
ZsltlﬁngZ xtra- Lhen the true partition function of the IIA little string theory is
zua (i, €12,m,q ,w')
t 15 ©1,2y s Y
ZHA(ai? €1,2,M, qla w ) ZIII{(‘)Am p— = ( )ZIITEOAmZSItI;?ng ’ (46)

Zextra(wl)

which we shall use to check the T-duality relation (4.2). We checked (4.2) using (4.6) at
N =1,2,3, as summarized in the following subsections. This will nontrivially support the
T-duality of the strong-coupling little string spectra.

4.1 One NS5-brane

We start by considering the index of the U(1) IIB theory, although this should be a free
theory. The perturbative contribution is given by

q

Z{8 (ex,m;q) = PE [u(ei, m)l_q} . (4.7)
The U(1) instanton string partition function is given by

ZsIgEng(eiam;qaw) = Zwka(ei,m; Q> ) (48)

k=0
where
- S U™ e (43)
Y:|Y|=k s€Y 91 ( ) 761)91 (Q7E(S)+€2) '

with

E(s) = —e1h(s) + eav(s) . (4.10)
The full index of the U(1) theory is given by
ZHB(Gzl:am q,w ) Zlglgrt(eﬂ:vm q>ZI11nlzt(€:t7m7 Q7w) (411)
To further explain this index, consider the single instanton string index given by

01 (Qam:l:e )
01 (q;€1)01(q;€2)

where 01(q;a +0) = 61(q;a + b)01(q; a — b). In terms of Z1, we find up to high orders in w

Z1(ex,m;q) = (4.12)

and g expansions that the multi-instanton string index is given by the Hecke transformation
of Zl,

b
Zinst(€+,M; ¢, w) = exp Z Z Z Z1 (aei,am GTC;_ ) (4.13)

ad=n b(mod d)
a,d€EL

2miT

where ¢ = ¢*™7. So we conjecture with confidence that this relation is exact. Its physi-

cal meaning is that, for U(1) instanton strings, the moduli space is given by a symmetric
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Figure 4. a) (p,q) fivebranes web dual to rank 1 little string theory. b) Triality between three
Kéhler parameters, ¢ = gy~ ', & = wy~ ', and y.

product of a single instanton moduli space, as elaborated in [6]. Since the Hecke transfor-
mation provides the partition function of the sigma model with symmetric product target
space [29], our finding naturally supports the analysis of [6].

The partition function given by the Hecke transformation appears, for instance, in con-
formal field theories on symmetric product target spaces. This is closely related to the fact
that the moduli-space of U(1) multi-instantons is a symmetric product of the single instan-
ton moduli space R*. More precisely, the symmetric product CFT was suggested to be the
theory at nonzero world-sheet theta angle @ = 7 [6, 12]. Since the elliptic genus would be in-
sensitive to the continuous parameters, away from ¢!/ = 0, § = 0, it is natural to have (4.13).

On the ITA side, the 2d N/ = (0,4) quiver gauge theory itself has an enhanced N' =
(4,4) SUSY, and becomes precisely the same to the 2d N = (4,4) ADHM gauge theory
for IIB strings. Therefore,

ZASItIéng(Eia m; q,7 w/) = Zilrga;(eia m, qlv ’LU/) . (414)
The extra factor ZI4 on the ITA side is given by
ZgoAm(G:me ¢)=PE [I (ex,m) 1 E q/} = éle]?t(ei,m, ¢') Zextra(d) - (4.15)

So the T-duality relation (4.2) is equivalent to Za(ex,m;¢,w') = ZgémZASItIﬁng being
invariant under the exchange of ¢’ and w’. The last property is in fact true, which can be
understood as the geometric duality of the 5-brane web obtained by T-dualizing our ITA

brane setting along z° [25], as shown in figure 4. If we write Zia (ex,m; ¢/, w') as

ZHA(QI:am; quw/) = PFE I_(ei,m)zsp(ei,m, qlvwl) ) (416)
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Zsp(€4,m) is given by

t 1 U Yy 1
/ / / / 12 12 ’o
,m;q, = t - P -
Zep(€x,m;q" w') = (¢ +w') + (¢ +w )+(qw)[u+u+tu+t uy 0y —uy
2 w? 1 1 ty  tu? t
/3 3 2, /o2y |42, 2 2 2
w w w t u —+ =4+ =+t — —tuty — = — — —
+4"7 +w” + (7w + ¢ ){ t et tEa Tttty Ve T Ty

2 2
Y U 1 u-y t 1w 2t 2 2 5 2 Y
R S S A A T VA N W S
tu?  ty  tuly t + u+u+tu+ t 4 y ty ot T +u2 W

—E—i—i- 2+i_~_4 + (g + w) + (P + ') t33—|—ﬁ+u—3+i+t3 +ﬁ
yoowy 4 32 ¢ v ¢ CTETE T B YT
U 1 9 3 2y 2 t2 udy Y u? 1 5 o 12w
¢ g - _ - _J_J _ = _ t 42
+ 3 - t3u WY s y udy  t2 t2ud 2y 2udy thwt et t2
1 22y 2t2u 212 2wy 2y 2u 2 2
B R e e e . A R 212 2w’ + =
+ t2u2 w y uy t2 t2u 2y tPuy A t2 * T
2 y  2tu® 2t 2y 2u? 2 uly ty?  tu
2 oy 222y 27 2 tuy? + 2+ 2=
+ tu3 + t “ u? y uly  tu? ty  tuy t + + u - 32
t y? U 1 uy? 6t 6  6u 4 4 4y 3 Y
LI, e Y VYR L R P e A Y
+uy2+tu+ty2+tuy2+ t + u+u+tu+t 4 y ty ot “ u’
31 2 w2 1 4 5y 5 5 2
S re L D S csuy - 2 2 92 S
Y usy u Y uty u u Y uy Y
tt 208 2yt?
+ (¢ w"?) |utt* +u?tt + —+ 5+ tr 4+ Pt 4 2ut® — ulytd — 2Pyt — 2ytd + T — y—z
u? o u u
B3 ytt w20 28 23 3 242
+$_%_UT_UT_?_uTy_Fy+2u4t2+7u2t2+u2y2t2+%+y2t2
3 o o byt T2 2yt? 212 243 w512 2t2 WPt? 42
—2utyt" —duyt®* - —+ - - —+ - — - — = — — —— + —— + —
u u u Y Y uy - uvy Y Y
42 A2t 2¢ 15¢
+ 2y +9t% + 5t + udytt + duy’t + yT + % + 15ut — u'tyt — Tu’yt — 12yt + o
Tt St oyt ut Tt 12 T ¢t et 4t o
w2 T3 A y Y y  uly  udy | P v? uy? | udy? | f2
4 3 2 2 2,2 2 2 2 2 2
u 4, U 3, Tu u 2, Uy 2.2 Y Y 2y Y Y
+t7+2u +t—3—uy +t72+t74+12u +t72+2uy +§+E+?+W+ﬁ
2u 203y Bbuy 9 wly 2y 2y 1 P 14y 15
2 3
A R I R R R R R TR
oY 2 12 7y 7 2y 1 4y 5 2y 1 2 Y 2
T E e w e T Ee e T w s T e B T el
y o1 W e Wt T 12 2¢ 5w b w2 U5
t3ut  ttyd Y y ty ty  ty 2y 2y 3y 3y By wy  tPuy
7 2 4 2 1 1 2u2+5+u3+4u u? 1 4
tu2y t3u2y U‘Sy t2u3y tu4y t3u4y y2 y2 ty2 ty2 t2y2 t2y2 tuy2
2 1 1 u 1 Lo @ . wy?  duy? 15u @ Tu?y
w2y? o t2uZy?  tudy? oy wyd t t t t t t
12
_Ty e (4.17)

where t = 2™+ = 2™~y = €2™™_ We checked the symmetry of ¢ <> w’ exchange up
to 5th orders in ¢’ and w’.

— 21 —



Furthermore, defining the following variables,

1w =wy Tt (4.18)

q=qy
triality of exchanging (g, w,y) has been discovered in [25]. This is also a geometric duality
of figure 4. Triality is simply realized on the universal covering of the torus, as a subgroup
of Sp(4, Z) duality. To deal with (g, w,y) in equal footing, we redefine the index, including
extra perturbative contributions at y < 1, as

Z(ex54,0,y) = PE [Leom(ex)y] Zuia - (4.19)
Iom(€+) is given by

1 t
Teom = - — = . 4.20
com(€) 2 sinh 2”%2 sinh 2”% (1 —tu)(1 —tut) ( )

Writing 7 as

Z(esid,,y) = PE[LeomZp(ex; 4,0,)], (4:21)

Zgsp 1s given by

Zeplex; Gy, y) = G+ +y — (u+ut) (G + gy + by) +

(1 +u?)(t+u+ t2u + tu?) . .
02 quy
+(@%0 + §i° + ¢y + Gy* + 0y + dy?) — (u+u (@0 + ¢Py? + @?y?)
(u2+1)(tQ(u2+1)+2tu—|—u2+1)M o
- 5 quy(q+d +y)

tu

(1+u?)(t+u+tPu+tu?)

+ (P0* + §0° + ¢y + ¢y + 0%y + 0%yP) + 5 quy(§® + o* + %)

tu
th(u® +uf u) + 3 (WS At A1)
+ T3 quy(G + Gy + wy)
t2(3u4+7u2+3)u+t(u6+4u4+4u2+1)—I—u5—|—u3+uM AP .
n 53 Guy(q + Gy + wy)
— (w+u (@ 0* + §*y® +@’y?)
(u? 4+ 1) (t* (u* +u? + 1) + 3% (u +u))
B t2u3
w4+ 1) (262 (ut +3u? + 1) + 3t (WP +u) +ut +u+1) .
| ) (22 t)ng ( ) )qu(qu +qu? + (cyclic))
T (4.22)

Gy (¢*0 + G0° + ¢y + Gy* + by + by?)

reconfirming the expected triality of [25]. It is curious to note that the triality implies the
T-duality of ITA /IIB strings.

4.2 Two NS5-branes

The index of U(2) IIB little string theory is given by

ZIIB(aia €+, M q, w) = leale]?t(ah €+, M, q)lerPsgt(al? €+,M; ¢, ’UJ) ) (423)
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where

218 (g, ex,miq) = PE | Lvy + (215 + Ly (o1 +v; ) 13(]] —PE [u LR R
o (4.24)
with v; = ?™12 and vy = qvl_l. I, is given by eq. (2.12). ZIB is given by
o0
Zi (i, ex,miq,w) = Y w* Z (i, ex,m;q) - (4.25)

k=0

7, is obtained from eq. (2.7). Expanding ZI5 (v, €1, m; q, w) with w, vy, vy = qvl_l, one

obtains

1B

1nst(€i’ m;w, Ui)

B 2t(u — y)(uy — 1) (t2+1) (t—y)(ty — 1) (y — u)(uy — 1)
Sl T ) Tt 12t — ) (tu — 1)
(#+1) (*+1) t—y)(ty — )(y —u)(uy — 1)
B3y?(t —u)(tu — 1)
2(t —y)(ty — Dy — u)(uy — 1) (Puy + t(u — y)(uy — 1) + uy)
tuy3(t — u)(tu — 1)

(#241) (t—y)(ty — 1)(y — u)(uy — 1)

tBuyd(t — u)(tu — 1)

X { —t(t+u) 1+ tu) (1 +y2) + (F+u+ 2u) (1 + £t + u))y} +oe (4.26)

+ w(v% + v%)

+ wv1v2

+ w(v%vg + Ulvg)

The index for the rank 2 IIA little string theory is given by

Z1iA = Zextra(@[)_lzg?m(eia m; w)ZAsIgﬁng(aia €+, M; W, Q) (427)

where we inserted ¢/ = w, W' = q. Zextra(q) is given by

q U1U2
Zex =PF|— | =PF|—— 4.28
extrald) [1—(1] [1—0102] (428)
ZUA (ey m;w) is given by
ZUA  (exr,m;w) = PE [QI(ei,m)lw} . (4.29)
—w
2sltlﬁng(ai, €+, m;w,q) takes the form of
[e.9]
Zihelai exomiw,g) = D (0)™ ()" 2550 (ex miw) | (4.30)
ni,no2=0
Note that Zs(gh’l?)(ei,m;w) = Zs(g?ﬁzl)(ei,m;w), from the symmetry of the quiver.
23(311717;2)(6:':7 m;w) can be easily obtained from (3.15). For instance,
O1(w,m +e;) 1,1) 01 (w,m +e_)?
710 Jw) = - (& Jw) = : 4.31
sring (€262 17 ) 01(w, e1)01(w, e2) ’ sring (- 715 ) 01(w, €1)%01(w, €2)* (431)
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2,0) (1,0) 01 (w; e + €1 =m)
Z(- €4, miw) = 2400 - — (€1 ¢+ € 4.32
strmg( + 1 ) string 91 (’U); 261) 01 (’LU; € — 62) ( ) ( )
We write the indices of the ITA/IIB little string theories as
_ . -
1IB i,k
ZnB(ag, €4, m;w,v;) = PE | Ieom(t,u) Z Ejji (tu, y)w'vivy | (4.33)
i i,5,k=0 |
- . -
1A i gk
Zna (o, €4, m;w,v;) = PE | Leom(t, w) Z ik (tw, y)w'vivg | (4.34)
i i,4,k=0 |
where Ion, is given by eq. (4.20). The coefficients inIE(t, u, 1) are polynomials of t = ™+
u = e*™¢ - and y = e?™™. It is easily checked that FinI,?(t, u,y) = Z»I,g-g(t, U, ).
T-duality implies that FinI,? = iljl}f’ = Fjjr. We check T-daulity by comparing Fg,f‘
and Fg}? We checked the agreements for
1 1 2 2
Fooo =1, F010=—t—¥+y+§, Fo11=—2t—;+2y+§ (4.35)
1 1 2 2
Fooo =0, Foor=—t——+y+ —, Fooo=—2t—— 42y + — (4.36)
t Y t Y
2 2
Fioo = —2u——+2y+—, (4.37)
u Yy
t2 u 1 t? Y 1 ty tu t Y U
Fio=—t2u——— — — Py + =+ 2+ —— 1t LA T T e
110 um T E T m Tyttt U Tt Ty
wy 5 1 g2 2 2 2
i S ) V) ) Y 4.38
tuy + t Y 2 ty? t t R Tyt y ( )
2u 22 2 o 2y 2 22 2 2u 2t
Fig=—2u— -2 2y Yy 2T o 2 S 6t
1 YT Ty T TV T e, Ty VST T e O
dy? 4 4 12
+6ﬂ+6t7y+67y bu 6t i+&7u_4t2_i_l_7_12t_7+2u2y
t u tu  ty  uwy  tuy Y t Y2 ty? t
2 2
Zy lJrzLf4uy274if4—u7i712u72+2y3+3+14y+% (4.39)
u2 U2y u y2 uy2 u yS y
o t Y 1 By tPu P uy Y
Fioo = —t'u— — — — — — 4ttty +—+ L+ — 4t L ANTL AL T .
120 U ! t4u+ y+y+t4+t4y+ uy + " + " uy T +t3u
u 30 B4 1 3 o 282 2u 2 5 217
A ) T By, Vo P R
+ t3y + t3uy Y y2 3 32 3 YT 2 2 Ty y
2y ty tu t Y u 1 uy 2 t 1 y? 2
e AR R N e TR
+t2+t2y+uy+u+y+uy tu  ty tuy+t Y 2 ty? t t
2 2
—2u— = 42y+ = (4.40)
u Y
4 4 3 3 3 3 2 3
Fioy = —t4u+yt4—t—+t— —u2t3—2y2t3+3uyt3+3y—t— r 3ut 3t i—6153
u oy w oy uy P
2 2,2 2 2,2 2 2
+ y3t2 - 3uy2t2 — 1lut®* + 2u2yt2 + 2yt + 12y2€2 — 731/ ¢ — —llt 2u’t —1% QL
u? U u y y u?y
2 2 2 3 2
L. 3L_|_L +uy5t—|— vt —5u2t—u2y2t—9y2t+13uyt+% _yt_ st 13ut
Y2 uy? 3 w w u2 w2 y
13t u’t 9t t ut t vy 3 > 202y 5
L L D o+ L 1Y 0 buy® — 20 4
uy y2 y2 u2y2 + y3 + uy3 + t2 + tu + Y uy U+ t2 +4du Y
Suy 12y y 13y 3y 4y 2y Juy 1w u? 27 6 U
20 28Y 2oy 209y o L Y 29y = - _= _ 2 _ - _ =
* 3 + 2 * t4 - tu + t3u * u? * t2u? + t2 2 3 3 3 t*
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F122:

Fso0

F10

Fo1y =

J6y 20 3y 111yt 5 1 A 22 13w 20 12 3u
U u  t2u 2w tru tu? tu? t3u? y y ty t2y  t2y 3y
L, 38 4 2 6w w9 3w 2 6 3 1
t4y tuy tBUy u2y t2U2y y2 ty2 ty2 t2y2 t3y2 Uy2 t2uy2 tu2y2
2 U 1 1 wy®  bu? Wyt 9y 13uy 24
— 4+ —+ = - - -4 = 4.41
+ y3 + ty3 + t2y3  tuys t t t t t t ( )
2t 2t 6yt> 2t 6ut® 617 4t
—2ut® 4+ 2yt* — T+ 2 2% — 4P + buyt® + LU — v — = —
U Y U u Yy uy Y
8yt? 8y*t? 32t 2t*  8ut?
—126% — 26 4 20712 — SuyPt® — 32ut® + 8ulyt? + Y 3o YL 22b 2 oU
u? u u u? Y
32t 87 8ut® 87 287 6y°t
+ —+ - GLLE N W ot — 8uy’t — 36y°t 4 2uyt + 52uyt
U A u
L B2yt 2yt 8yt 24t 2ut | S2ut 52t 2t 8wt 36t 8t | Gut Gt
w w3 u2 u2 Yy uy | udy Y2 Y2 u2y? y® uy?
2y 6y° | 2y° 8u’ 6
— 88t — 2uyt — 4’ + 2uPy® + 2L+ 2L L 2 14  30uy® — 88u+ e 4 24Py Y
t2 tu u? t2 t3
32y 2y 52y 6y 24y 8y 2y 20 Suy?  32u 2w 4P 12
244 L 49 4 949 PY 4 27T LY gy 22 22 0em 2 BT
+ 2 + t4 + tu + t3u + u? + 122 + tu? +o%y 12 2 12 3 3 3
2u  2y* 32y 88 8y 32 2 87 24 2 4 2 24u® 94
4 U U u 2w 2w t*uw tw? o tu? o w2 wd 2wl y y
Lot S & 32 6w 2 52 6 24 8 2 3w &
ty ty t2y 2y By tty o tuy  Buy  uwly Puly o tudy y? ty?
36 8 4 32 8 8 2w M 6u 2 6 2 2u
ty2 t2y2 t3y2 uyZ t2uy2 tu2y2 y3 3 ty3 t2y3 tuy3 u2y3 y4
2 6uy®  24u®  8uPy®  36y° | 2’y  B2uy 88
-~ 2 Yy _ 8wyt 36y” v’y  S2uy 88 (4.42)
uy t t t t t t t
2
—2u — — +2y+ —, (4.43)
: A u? 1 : I tu 3 U U 1 :
3,2 3 Y Y ) 3
- = — — — ——— 4t - — 2y L4 — 2t
“ u? 3 3u? truyt u + + uy + 13 + t3u - 3y tSuy
2 5 9 t2y 2’ t? u’y Y u? 1 5 ot tu t?
3 + v+ u? + y + u?y + 2 + 22 + t2y + t2uy b u y2 uy?
2 2 2 2
uy Y U 1 2 3t 3u 3 2 3t 3y 3 o 2t
- — — ——— —3t'u-— - — — — +3t — + =+ — —2tu" — —
t2 t2u Py? Puy? YT 2 t2u Tty + t2 + 2 2
2 2u? Aty Atu At 4y 4u 4 duy 5 2t 2 2¢?
- — —— 44t 4+ —+ —4+ =4+ —+ —+—= -2ty - = - — — = -8t
tu? t +Atuy + U + y + uy + tu + ty  tuy + t Y Y2 ty? t
8 u? 2y 2u 2 1 7
Sty Ll o S S 2 Ty~ (444)
t U Y usy U Y uy
4 4 3 3 3 3 3
6u 2 6t 6 2
—ty4—uy4—y——y—+2t2y3+2u2y3+6tuy3+—y+%+ Y —I—i—&—%
t u t t u tu U
9 2,2 33 2 9 2 2 9t2 2
+ 14y3 — t3y2 — u3y2 — 975112312 - 33ty2 — 9152uy2 — 33uy2 — uty — ty - 1:5} - % — Y
u

33y 9 9ty> 9 4u® 10u?
-2 S Y WY gy + Y 4082y 4+ 1000y + —a2 + 28y + 4tPuy
u t2u u? tu? t 2
52uy  duy 28y 4Atdy 52ty 52y 4y 10t%y 28y 10y 4ty = 4y
+odtuy + t +t3+t2+ u + u +tu+t3u+ u? +u2+t2u2+u3+tu3
290 86  3u® 29
+90y - 8¢° — 86%u" — 8u® — 3t°u® — 201w’ — 86t — 200°u — 86u — = — =2 — - — =%
8 20 8620 ' 20t 0 3 3¢ 8 3 4 5u
t3 t3 u u  tPu u? w2 tu? w2 wd wd 2l ty ty
106 28 du 4 52 52 4 10F 8 10 a4 &
t2y t2y By owy  ouwy  tuy  Buy  wly  wly  Puly uwdy o tudy P

— 25 —



U
9 1 262 202  6tu 14 6u 2 6t 6 2 t u 1

Ty wy T T T T T Ty T Ty T T T
1 4t 282 10t%u? 28w 4tPu 52tu 90
+ + + + + -+

B = 4.45
uy* Yy Yy Yy Y Y Yy Yy (4.45)
and further up to Fyu4(t, u,y).
Let us define the following variables,
w=wy ., U = 1)1@/71 , Uy = Ugyfl (4.46)

We can check w < y exchange symmetry of the index. This is an analog of the triality
exchanging (¢, w,y) at N = 1. It can be understood as a geometric duality of the dual

(p, q)-fivebrane web diagram figure 5 of the rank 2 little string theory. Namely, let us define
the index

Z = PE[2Icomy] Z11A . (4.47)
We find that Z is invariant under the @ < y exchange, to some high orders in fugacities.
4.3 Three NS5-branes
The index of U(3) IIB little string theory is given by

ZHB(ai, €4+, M;q, w) = Zrl){e?t(ah €+, M Q)Zilr{s%(a% €+, M;(q, 'w) (4‘48)
with
Zys, = PE [I+(U1 +v2 +v1v2) + 3145 E p
x PE [Lr (v1+o7 ! +va 4oyt + oo+ oy oy ) %q
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V1 + vg + v3 + v1V2 + V1V + V2u3 + VU203

=PFE|I
+ 1-— V1UV2V3

(4.49)

where v; = 2™ gy = 2™23 and vy = quy 1112 Z1’s appearing in ZIIE are obtained
from eq. (2.7).
The index of the rank 3 ITA little string theory is given by

Z1ia = Zexira(q) " Zhiiwn (62,5 w)Zimng(Oéi,ﬁbm'w q)

mom
= Zextra(@) ' 2 (€4, M5 w Zm VR Z5 ) (e s w) (4.50)

Zextra(q) 1s given by

Zow = PE [Q} _p [W] (4.51)
l—¢q 1 —vivgus
ZUA (ey m;w) is given by
Znom (€2, m;w) = PE [3I(€i,m)1 = ] : (4.52)
—w

Note that ZS(ZL’IZZ’M) is invariant under the permutation of nq, ns and ng, from the sym-

metry of the quiver. The elliptic genera of the ITA fractional little strings, Z (n1,m2,n5)

string , are

obtained from eq. (3.15). For example,

91(’[1) m*+e ) (110) Ql(w'mie_)él(w'mie+)
Z(lvovo) + ekl . — ’ I
suring (675 W) = 01(w, e1)01 (w, ep) = T8 (62, m; w) 01 (w;e1) 201 (w; €2) 2
(4.53)
2,0,0) . (1,0,0 01 (w;eq + €1 £m)
Zs(tring (Gi, m; w) Zstrmg) <01 (U) 261) 01 (’U} € — 62) - (61 A 62) (454)
(1,1,1) 91(w m =+ 6,)3
Zstring (fi,m w) el(w 61) 91(w,€2)3 (455)
We write the IIB/IIA indices as
Znp(ag, ex,m;w,v;) = PE | Leom(t, ) Z 11}13 (t, u, y)w'vivkok | (4.56)
3,5,k,1=0 1
- N N :
Zna (i, ex,myw,v;) = PE | Ieom (t,u) Z F}},ﬁ(t, w, y)w'vlvsvl | (4.57)
i i.5,k,1=0 ]

where I.om is given by eq. (4.20). The coefficients Fjji(t, u, y) are polynomials of ¢, u, and
y, satisfying Fjjr = Fj(ju)-
T-duality implies that FZI]I,?l FZI]IM Fjj1. We checked this for higher orders of the

fugacity variables. Fjji; are given by

1 1 1 1
F0100=—t—;+y+§, Fo200 =0, F0110:—t—2+y+§, Fo210 =10 (4.58)
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Fous = 3t — 5 3
0111 3t L +3y+ —, Fo2e0=0, Fpoo11=—1~— E !
y t YTy (4.59)

F0221:ft71+ 1 3 3
t y+y’F0222:73t*z+3y+§,F1000:f3u7§+3y+§ 4
Fiigo = —t?u — i _w 1 2 oy 1 ’ ! .
w2 %‘Fty+;+§+%+tuy+t—y+t—u+i+i+ﬂ+i
I R 1y 2 vovow
n y_?_tyj_T—2t—¥—2u—g+2y+z
. w " (4.61)
F1200—7tu7——27i+t4y+ﬁ+y L 3 ty  tu
, . t3 , Y uy t3 t3u
+ oot N A A a2 2t 2
3y tduy Y2 t3_ﬁ_2t—*—2t2u—*—£ 2 2
v t 13 w tQ—tT—FQty
LM 2wy by w1l )
y T ey T T Ty T T g L
! y o uwy tu  ty  tuy t R
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and so on.
For the rank 3 indices, we can also check the duality of exchanging @ = wy ' and .
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5 SL(2, Z) transformations of the elliptic genus

The index of the winding IIB little strings is given by

Zins (v, e, m; g, w) = Zwk Z H H 01 (q; Eij +m — ;zl (¢ Eij —m —e_)

k=1 Y3, |Vil=k i,j=1 s€Y; 01 (¢; E l(quij+62)

(5.1)
where
Eij =q; — Q5 — €1hi(8) + €2Uj(8) . (52)
q and w are given by
q= eQTriT L w= 627rip’ (53)

where 7 = i% is the complex structure on the torus, o/p = 1RgRyp is the Kahler
parameter of it, and Rg is the radius of the temporal circle.
The modular transformation of the Jacobi’s theta function is given by

o (-1; z) — i(—irh)exp <”:2> 01 (r: 2) (5.4)

IIB
inst

oo _ 1. Eijtm—e_ 0 _%;Eij—‘vrn—e,
Swrep (2n™ %) Y I T] ( (ﬁ Egeg e ).

Using this property, the S-duality transformation of Z> & in 7 is given by

k=1 Yy, |Yil=ki,g=1s€Y; T
(5.5)
Transforming the fugacity variable for the winding number, w by
m22
w— b =e T Ny (5.6)
ZHE is invariant under the following transformation,
2mi -mQ*E?&-
q=e"" s j=e"7 , wow=c 7 Ny. (5.7)
The elliptic genus of the ITA strings is given by
o0
A 15,1 ’ ? .
ZsItIrlng(aia €+, M, q,a w/) = Z o ZZ L +1Zs(trﬁng )(Ei7 m; q,) (58)
[ee]
= D )" ()" 2 (e i)
n;=0
o0
= Z (Ul)nl_nN ce (UNil)anl—nN (w )nNZS(t"ri;lgv )(Ei, m; q/)
n;=0
where v; = e2™i@ii+1) and e 2mian+1) = g=2mion )/ Zs(trir’lg’ ) g given by
\ (¢ By —m+ e )0u (g BLSD +m+ )
Zinhis "™ (e, mi ) = Z H H P L pah) ’
{Y1,,Yn}|Yi|=n; i=1 (a,b)€Y; t1(q ;Ei,z’ +€1)bh(q ;Em —€)

(5.9)
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where
E@Y — (Yia—b)er — (Y —a)e . (5.10)

) 7

Upon T-duality transformation, the complex structure and the Kéhler parameter are ex-

changed. The modular transformation of Z (gir’lg ) p =7 is given by
Ziee ™ (e, mi p) (5.11)
) e+ m 1
=exp |—— 61622 @ = Nat1)? +2(m* — €2) Zna Zb(gir’lg’ N) (,;—) .
—~ p'p’ p

where ny+1 = ny. Via T-duality relation, this would imply a definite S-duality transforma-
tion of Z"B in p, which would have been difficult to obtain directly without knowing the
T-dual expression. Note that the above S-duality transformation becomes paraticularly
simpler when ny =no = -+ = ny:

2mi
A e = e [ = ] 2 (G5 0) 6

The prefactor can be absorbed into a scaling of w’ = ¢ fugacity, conjugate to n. This
expression might be useful to understand the DLCQ of type IIB little strings, in which
U(n)" gauge theory description was used [7].

6 Concluding remarks

In this paper, we explored the 2 dimensional N = (4,4) and N = (0,4) gauge theory
descriptions of macroscopic ITA/IIB little strings. In particular, we proposed a new (0,4)
gauge theory which enables the computation of the ITA strings’ elliptic genera. We used
these elliptic genera to study the little string T-duality.

The elliptic genus is enjoying SL(2,7Z) x SL(2,Z) symmetry on the complex structure
7 and Kahler parameter p of the torus. Interesting extended dualities were studied in [25]
for 6d maximal SYM theory compactified on 72, from its Seiberg-Witten curve. It will be
interesting to see whether a larger duality than what we explored here is realized in the
elliptic genera.

It will also be interesting to see if one can study the T-duality of elliptic genera for the
heterotic little string theories, living on the heterotic 5-branes in the SO(32) and Eg x Eg
theories. Just like our ITA strings are closely related to the ‘M-strings’ of 6d (2,0) CFT,
the Fg x Eg little strings would be closely related to the so-called E-strings of the 6d (1,0)
CFT, with Eg global symmetry [30, 31]. The E-string elliptic genera have been recently
studied in [32], from 2d (0,4) gauge theories.

Finally, the self-dual string elliptic genera in 6d SCFTs turn out to be related to other
interesting observables, such as the superconformal indices [33-38]. It will be interesting
to see if the elliptic genera for little strings also find similar interesting applications.
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A N = (4,4) gauge theory of IIB strings

The Lagrangian of the 2d N = (4, 4) gauge theory for IIB strings is given by

L=L1+Ls. (Al)
L is given by
[o—= 1 T 1 2 1 u _Aa 1 w Ba 1 2
1= ——Ir _Z(F”V) —§(Du<ﬂaA)(D ® )—Q(DM%B)(D a )+§[aa;§7%f1]
9om
+ (D) (De+ DXL + S (Dy = DM+ SO (De + DAL + 5 (M) (Dr = D) haa
1 & & 1 & 3o 1 ’ ’ r /1 ’ a
+5D'D = D' (") 5 + 3 () 4la™ aas] = ¢ ) + 5DV DY = DY (5 510", ual)
i . i o i . . 1 . .
= —=(Naa) [ag, Aa] = —= (M) ags, AT+ —= (W) 0™ A5 + —=(A8) T[a™”, A
ﬂ( )'agp, Aal \/5( ) agg ]+\/§( )'[a ﬁ]+\/§( )'[a s
i R Ay ey i i
(38 o, A 4+~ (A9 [, 58] = () an, M — —= ()T Aa,m] A2
+ﬂ()[sﬁA ]+\/§( e ] \/5( ) pan,; AS] ﬂ()[sﬁ ] (A2)

Lo is given by,

L2 =T |[~Dui Duts = ¢aad’aa¢™ +i(0) (De = D)a +i(w*) (D + Do)y
+ V2(0a) (0 0aa) + V2 (ap™) +iV2000) 177 0a + V2 g0y
—iV2() ga XS = iv2(6%)1gaA )| (A.3)
In the Higgs branch, the theory describes IIB strings bound to the NS5-branes, whose

target space is the k instanton moduli space.
The reality condition of the scalar fields is given by

1 : 1

i = M 80— @, g e (A)
Par = \}5(0’ Joapr, ¢ = \}5(51 er, et =" =(pp),  (AD)
with m =1,2,3,4 and I = 1,2, 3,4. The fermions satisfy the following reality conditions,
Ao = —eageab(/\bg)Jr , /\g = eageAB(Ag)T , (A.6)

A = B, (WD) NG — (4B AB(\BBYT (A7)
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