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ABSTRACT: We study two-dimensional N' = (2,2) gauge theory and its dualized system in
terms of complex (linear) superfields and their alternatives. Although this technique itself
is not new, we can obtain a new model, the so-called “semi-doubled” GLSM. Similar to
doubled sigma model, this involves both the original and dual degrees of freedom simultane-
ously, whilst the latter only contribute to the system via topological interactions. Applying
this to the N' = (4,4) GLSM for H-monopoles, i.e., smeared NS5-branes, we obtain its T-
dualized systems in quite an easy way. As a bonus, we also obtain the semi-doubled GLSM
for an exotic 53-brane whose background is locally nongeometric. In the low energy limit,
we construct the semi-doubled NLSM which also generates the conventional string world-
sheet sigma models. In the case of the NLSM for 53-brane, however, we find that the
Dirac monopole equation does not make sense any more because the physical information
is absorbed into the divergent part via the smearing procedure. This is nothing but the
signal which indicates that the nongeometric feature emerges in the considering model.
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1 Introduction

In string theory there are a lot of extended objects: a fundamental string, an NS5-brane and
D-branes in ten dimensions. Performing string dualities in lower dimensional spacetime,
we encounter different kind of objects, called exotic branes [1-4]. The exotic brane is of
codimension less than three, and its tension is often stronger than those of ordinary branes.
These days the exotic branes have been exhaustively investigated in the framework of



supergravity theories [5—12], string worldsheet theories [13-19], worldvolume theories [20—
25], extended geometries such as doubled sigma model and double field theory [26-36],
B-supergravity and its extension [37-39], and other huge number of related works.!

The exotic 53-brane originates from the NS5-brane via T-duality along two directions
of the four-dimensional transverse space. Then the four transverse directions of the 53-
brane is written as a two-torus fibration of a two-dimensional plane. The exotic structure
is that the transition function of this geometry is governed by not only the coordinate
transformation group but also the T-duality group. This implies that, going around the
five-brane, the size of the torus is T-dualized, and the background geometry becomes multi-
valued. In order to understand this feature from the viewpoint of the string worldsheet, the
author has investigated mainly the exotic 53-brane in the framework of two-dimensional
supersymmetric gauge theory in [15]. This model is referred to as the gauged linear sigma
model (or GLSM, for short) [40]. The GLSM is the UV completion of the nonlinear sigma
model (NLSM), which provides us the string worldsheet theory.

The previous work [15] is motivated by the developed works [41-43] in the language
of the N' = (4,4) GLSM, where the target space configuration of the low energy effective
NLSM is NS5-branes or KK-monopoles. Applying further T-duality to this, the GLSM
description of the exotic 53-brane was successfully obtained [15]. However, the procedure to
derive such a model is technically complicated. This is because the duality transformation
of superfields in the model is performed only in terms of N' = (2, 2) irreducible superfields.
Then, the construction of the first order Lagrangian which derives the original GLSM and
its dual system requires introducing many auxiliary superfields, most of which are just
integrated out in the process of the duality transformation.

In this paper, we continue to construct a more useful and powerful model than the
previous one. It is known that the duality transformations without isometry can be per-
formed in terms of complex linear superfields [44] (for instance, see the review [45]). We
expect that this will leads us to some faithful features of (non)geometric structures. Ac-
tually, applying this technique to the N' = (4,4) GLSM [41], we will be able to construct
the model for the exotic 53-brane and for the exotic 53-brane. The latter is regarded as
genuinely exotic because its background geometry is even locally nongeometric. We would
like to extract such a nongeometric feature in the framework of string worldsheet sigma
model and its UV completion.

The structure of this paper is as follows. In section 2, we briefly discuss the duality
transformation without isometry. First, we find a dualized Lagrangian with the duality
relation between a (twisted) chiral superfield and a complex (twisted) linear superfield.
We notice that the former is irreducible, while the latter reducible. Next, we replace the
complex (twisted) linear superfield to the sum of irreducible superfields. This is an im-
portant preliminary to investigate the GLSM and its T-dualized systems, and their low
energy effective theories. In section 3, we develop the duality transformation in terms of
the component fields of the superfields. There emerge various fields, some of them are
redundant and integrated out. We finally obtain a new first order Lagrangian, which we

LOf course this classification is not rigorous because they are deeply related to each other.



refer to as the “semi-doubled” Lagrangian. This provides us not only the original La-
grangian but also the dual Lagrangians. In section 4, we study the “semi-doubled” GLSM
for five-branes. Applying the technique which we obtain in the previous section, we obtain
the conventional GLSM for H-monopoles (i.e., smeared NS5-branes), KK-monopoles, and
an exotic 53-brane in a straightforward way. Further, we propose a semi-doubled GLSM
for an exotic 53-brane whose background is locally nongeometric. In section 5, We obtain
the “semi-doubled” NLSM as the low energy effective theory of the semi-doubled GLSM.
Performing the duality transformations along certain directions, we precisely realize the
NLSM for the H-monopoles, the KK-monopoles, and the 5%—brane. However, we cannot
obtain the consistent description of the 53-brane because the Dirac monopole equation is
broken down. We conclude that this background is nongeometric. Section 6 is devoted to
the summary. In appendix A, the conventions in this paper are exhibited. In appendix B,
we briefly discuss the duality transformation rules with(out) isometry in two-dimensional
N = (2,2) theories. This is based on the work by Grisaru, Massar, Sevrin and Troost [45],
Rocek and Verlinde [46], Hori and Vafa [47] and Tong [41].

2 Duality transformations in superfield formalism

In this section we discuss the duality transformation which interchanges a (twisted) chiral
superfield for a complex (twisted) linear superfield in a concrete way. We should notice
that we can perform the duality transformation even without isometry, where isometry is
broken by the existence of (twisted) F-term. A generic discussion can be seen in appendix B
which is based on [45].

2.1 Chiral superfields with F-term

Let us begin with a Lagrangian
1
Ly = /d492|\11|2 + { - \/§/d20\1@+ (h.c.)}
g
_/d49{12\\m2—2\@\pc—2x/§\110}. (2.1)
9

Here ¥ and ® are N’ = (2,2) chiral superfields, while C is the prepotential® of ® defined
by ® = D, D_C. We note that the conventions of superfields are exhibited in appendix A.
g is a dimensionless sigma model coupling constant. Due to the existence of the F-term
—+/2U®, this model has no isometry.® In order to consider the duality transformation, we
introduce the first order Lagrangian of (2.1) such as

XRLC:/d49{912\3|2—2\630—2\/530—RL—RL}, (2.2)

2In this work we do not introduce the “gauge-fixing” condition discussed in [48].
3Supersymmetric sigma models with F-term and their duality transformations only in terms of irreducible
superfields were recently discussed in [18].



where R is an unconstrained complex prepotential and L is a complex linear superfield
whose definition is 0 = D, D_L. This Lagrangian leads to two second order Lagrangians.
One is the original form (2.1) and the other is the dualized form which we will show.
First, we evaluate the equation of motion for the complex linear superfield L. This
gives a constraint on the prepotential R such as 0 = D4 R. Under this field equation R is
restricted to a chiral superfield X:
R=X. (2.3)

Substituting this into (2.2) and identifying X with ¥, we go back to the original La-
grangian (2.1). On the other hand, the equation of motion for the prepotential R in (2.2)
is given as
1 —
0=—R-2V2C-1L. (2.4)
g

Plugging this into (2.2), we obtain
2
ERch—QQ/dZLG‘L"‘Q\/iO’ EXLC. (25)

This is the dualized Lagrangian from the original one (2.1). We find the duality relation
between the original chiral superfield ¥ and the dual complex linear superfield L via (2.3)
and (2.4):

1y-r+2vac. (2.6)
92

We emphasize that the above duality transformation rule is quite simple and straightfor-
ward compared with those discussed in [18].

2.2 Twisted chiral superfields with twisted F-term

Analogous to the duality transformation of the chiral superfield, we consider the duality
transformation of twisted chiral superfields with twisted F-term. We start from a second
order Lagrangian

Lo = —912 /d49 o + { G /d@@ﬁ + (h.c.)}
—/d49{ —;2@\2—2(@+@)V}, (2.7)

where © and X are twisted chiral superfields and V is a real vector superfield related to X
such as X = %ﬁ_D_V. Strictly speaking, there is a total derivative term in the second
line in the right-hand side. Here we just ignore it because this does not contribute to the
dualization, whilst it will be explicitly described in due course. This plays a significant
role in quantum analysis [16, 41-43]. Since V is real, this Lagrangian has an isometry
along the imaginary part of ©. For later discussions, however, it is important to study the
duality transformation with isometry in terms of a complex twisted linear superfield.* We

4In appendix B.2, we describe the duality transformation from a twisted chiral superfield with isometry
to a chiral superfield in a standard way.



introduce the first order Lagrangian of (2.7) in the following form:
]. ~ ~ = ~~ _— =
fézv=/d49{ —gglR\2—2(R+R)V—RL—RL}. (2.8)

Here R is an unconstrained complex prepotential and Lisa complex twisted linear super-
field defined by 0 = D, D_ L. Analyzing the equation of motion for L or E we obtain
the original Lagranglan or its dual form, respectively. First, we evaluate the equatlon of
motion for L. This gives a constraint on the prepotential R such as 0 = D+R D_R.
Hence R is reduced to a twisted chiral superfield Y:

R=Y. (2.9)

Plugging this into (2.8) with identification ¥ = ©, we obtain the original form (2.7). If we
evaluate the equation of motion for R in (2.8), we find

1= ~
0= k-2v-L. (2.10)

Under this field equation, the Lagrangian is reduced to
~ 2
2 4 _
Loz =g /d o|L+2v| =2, (2.11)

This is the dual Lagrangian from the original one (2.7). Through the equations (2.9)
and (2.10), we find the duality relation between the original twisted chiral superfield © and
the dual complex twisted linear superfield L in the following way:

1~
- 9—2@:L+2V. (2.12)

We remark that while the present transformation is the dualization without isometry,
this can be also applicable in the presence of isometry. This is a kind of generalization of
the duality transformation by Roc¢ek and Verlinde [46], and Hori and Vafa [47]. Then, in
later discussions, we will apply the duality transformed Lagrangians (2.5) and (2.11) to the
GLSM for H-monopoles (smeared NS5-branes) and its T-dualized systems [15, 19, 41-43].
Originally this has no isometry along three of four real scalar fields, which represent the
transverse directions of the H-monopoles in ten-dimensional string theory. However, smear-
ing the directions without isometry discussed in [1, 2, 6, 14, 49-51], we can geometrically
perform T-duality consistent with the Buscher rule [52]. In order to argue the same phys-
ical situation, it is better to replace the complex (twisted) linear superfields with certain
alternatives given by irreducible superfields.

2.3 Replacements

In the previous subsection, we discussed the duality transformation which interchanges a
(twisted) chiral superfields without isometry and a complex (twisted) linear superfields. In
later sections, we will apply this technique to the GLSM for H-monopoles and its T-dualized
systems, and their low energy effective theories as string worldsheet sigma models.



We should keep in mind that the superfield formalism is not so appropriate to inves-
tigate geometrical structures of the systems. Hence we expand all superfields in terms of
their component fields. Now we should notice that complex (twisted) linear superfields
are reducible. Then, even in terms of the component fields, systems given by the complex
(twisted) linear superfields might not be well understood. In this subsection, we replace
a complex (twisted) linear superfield with the sum of the irreducible superfields such as
chiral and twisted chiral superfields.’

Recall that the definition of a complex linear superfield is 0 = D;D_L. Now we
replace L with the sum of the irreducible superfields in such a way as

L=X+Y+17Z, (2.13)

where X is a chiral superfield, while Y and Z are twisted chiral superfields. All of the
irreducible superfields carry two off-shell complex scalar fields and two off-shell complex
Weyl fermions. We note that L carries six off-shell complex bosons and six off-shell complex
Weyl fermions (see appendix A). We can also replace a complex twisted linear superfield
L with the sum of the irreducible superfields such as

L=X+Y'+W'. (2.14)

Here X’ and W' are chiral superfields, while Y’ is a twisted chiral superfield. The right-
hand side of (2.14) vanishes if the operator D D_ acts on it. This is consistent with the
definition of L. Again, the number of the component fields in the right-hand side is equal
to that of the left-hand side.

Now we apply the replacements (2.13) and (2.14) to the dualized Lagrangians and the
duality relations in the previous subsection:

gLC:—gz/d4e\X+Y+Z+2ﬁc(2, (2.15)
L, = 92/d40 ’X’ +Y + W 2V 2, (2.15b)
912\If:X+Y+Z+2\/§C’, (2.15¢)
—;292 X' +Y' +W+2V. (2.15d)

Due to the replacements, one might think that the duality relations (2.15¢) and (2.15d) are
inconsistent. This is because the right-hand sides of (2.15¢) and (2.15d) carry the degrees
of freedom three times as many as those of the left-hand sides. This is true. However,
we can remove redundant degrees of freedom in an appropriate way. Furthermore, this
“unbalanced” situation will lead us to a simple description of nongeometric background
feature in the dualized system.

Here we roughly mention the reduction of the redundant degrees of freedom, though
in later discussions we will demonstrate it concretely: focus on the dynamical scalar fields,

®A similar discussion was demonstrated in [48].



i.e., six real scalars. Two real bosons are replaced by the other bosonic degrees of freedom
when we expand the duality relation in terms of the component fields. Further two real
bosons are decoupled from the system because they do not contribute to the system at all.
The remaining two real bosons are genuinely the dual degrees of freedom.

3 Duality transformations by component fields

In this section we carefully investigate the dualized Lagrangians and the duality transforma-
tion rules (2.15) in terms of the component fields of the various superfields. As mentioned
before, there exist many fields as the original fields, the dual fields and the redundant fields.
Compared with the duality transformation with isometry exhibited in appendix B.2, we
will determine which fields are redundant and integrated out.

3.1 Expansions

We prepare the component fields of the superfields in (2.7) and (2.15). Following the
generic forms (A.9), we introduce the following expansions:

U = \2(701 +ir?) +ivV20 Ty +ivV20 - + 210707 G+ ..., (3.1a)
@:\}5( S i) +ivV20tX, —ivV20 X +21070° G+ ..., (3.1b)
X = \}5(@@1 +idxo) V20T, +iV20 by + 200707 Fx + ..., (3.1c)
Yy = jﬁ(am Fioys) + V20 Xy — V20 xy_ + 2000 Gy + ..., (3.1d)
Z = \}5(02,1 —i0y0) + V20 sy — V20 Xs + 20010 Gyt ..., (3.1e)
X' = ;5(¢’X,1 +idly o) +iV20TYN | +iV20 YN + 200707 F + ..., (3.1f)
Y = \}5(0&1 +ioyy) +1V20TXy, — V20 Xy + 200Gy + ..., (3.1g)
W = (S — ilya) + VOB Ty, +VIE Ty + 2870 Fly +....  (3.1h)

S

The expansions of V and C' are expressed in (A.9c) and (A.9f), respectively. Each superfield
starts from a pair of two real scalar fields. The second and third terms contain the fermionic
fields as complex Weyl spinors whose subscripts + represent their chirality. The fourth term
in each superfield represents the auxiliary field as a complex scalar. The terms “...” involve
derivative terms.

Let us substitute (3.1) into the data in the previous section. From now on, we just
ignore the fermionic degrees of freedom because we can restore them via the supersymmetry



transformations. First, we evaluate the original second order Lagrangians (2.1) and (2.7):

1 1 1 I
Ly = —ﬁ(amrl)Q - Q—(amﬂ)? + = |G = V2(GM. + GM_,) (3.2a)
g g g
B 1 B . B :
— ' (De+ Do) + 50401 (de + 60) + %8+r1(Ac: A+ %a_rl(Bc4+ ~Bew)
_ ; _ 1 _ 1 _
— (D, — D,) + %ma_r?(@ — 80) = 50477 (Ae + Ac) = 30-1*(Bey +Bew)
oy = = (0 — 2 (B2 + = |G + Va{r*Dy + 9 Fy ~i0G +i5G} . (3.2D)
29° 29° g9 ’
where the gauge field strength is defined as Fy; = €0, A,, by virtue of the invariant tensor
whose normalization is €' = —¢!® = +1. Next, we expand the dual Lagrangians (2.5)
and (2.11):
g9’ g
Lic = —?{(877103/,1)2 + (8mUZ,1)2} + ?(8m¢X,1)2 (3.3a)
2 2
_9 2 21 9~ 2
2 Onv2)? + (0220} + L (Omx2)

2 ~ 2 ~ _ 2
—2g2]Mc]2—g2’FX+\/§Fc +g2’iGy+\/§Gc +g2‘iGZ+\/§Nc

- 92{¢X,1 +(oy1+oz1)+ 2\/§¢c,1}(Dc + D)

2
+ % 8—1-6— (QZ)X,I - (UY,l + UZ,l))(¢c + gc) + QQ(Ac: - Zc:)(Bc—H- - EC—H-)
. o . o
- %84- (¢X,1+(UY,1_UZ,I))(Acz_Zc:)_%a— (¢x,1—(ov,1—021)) (Bes —Bear)

+ 192{¢X,2 + (oy2 —oz2)+ 2\/§¢c,2}(Dc - D,)

9 0+0_(dx2 — (0v2 — 022))(¢e — Be) — g* (A= + Ac=)(Besy + Bey)

2 2
- %a+ (px2+(oy2 +UZ72))(AC:+AC:)_%8— (¢x2—(0v,2+022)) (Bey+Bear),
2 2
g g
Ly = _5{(8m¢lx,1)2 + (amQS/W,l)Z} + 5(8m0§/,1)2

2
— L] (Dl 2)? + (Dundin2)? | + L (0m2)? + V2™ (Orya) An

— 4?0 + V2 g (oG — 5C ) + g* (IF&I? + [Fiy 2 — Gy ?)
—V2¢°Dy (¢'x1+ dwi+oy1) - (3.3b)
Here we introduced the gauge covariant derivatives

Dmﬁb/X,2 = am(ﬁ/X,Z - \/iAm ) Dm(Z%/I/,z = 8m¢§/V,2 - \@Am : (3'4)

Finally, we describe the duality relations (2.15¢) and (2.15d) in terms of the component



fields. The duality relation (2.15c) provides the following relations:

1
?Tl =+(¢x1+ (ov1 +021)) +2V2¢c1, (3.5a)
1
?r2 = —(px2+ (oy2—022)) —2V2¢c2, (3.5b)
1 _
? m7ﬂ1 = — m¢X,1 + 6mnan(O'Y,l - UZ,I) - 2i(Wc,m - Wc,m) s (350)
1 _
g728m7“2 = +am¢X,2 - 6mnan(o'Y,Q + UZ,2) + 2(VVc,m + Wc,m) s (35d)
1 _
—G =V2M., (3.5€)
g
0=—iGz +V2N,, (3.5f)
0= +iGy + V2G., (3.5g)
0=Fx+V2F,. (3.5h)
Here we introduced a complex vector field W, with A.— = W9 — W1 and By =

Weo+We1, because A.— and B,y are complex vectorial fields. The relation (3.5a) denotes
that oy,1 +0z,1 seems to be the original field !, while (3.5¢) implies that oy,1 —0z, behaves
as the dual field of r!. The relations (3.5b) and (3.5d) also indicate that oy — 072 is the
same as the original field 72, while oy + o0z as the dual field. As we will see later, the
fields (¢x. 1, ¢x 2) play a distinctive role in the dual system. In the same way, we can read
off the duality relations among the component fields from (2.15d):

1

ngB = —((¢IX,1 + dw) + Ug’,l) ) (3.6a)
1

?19 = +((¢/X,2 — dwa) + Ugf,g) ) (3.6b)

1
?amr«? = —emn0" (¢x 1 — Pw1) + Omoy 1 s (3.6¢)

1
_97125 — 20, (3.6e)
0=F%, (3.6f)
0=Fy, (3.6g)
0=iG}y —V27. (3.6h)

Here we omitted the duality relations among the fermionic fields. The relations (3.6a),
(3.6b), (3.6¢) and (3.6d) give us the following interpretations: @'y ; + ¢y, and ¢y 5 — @iy
correspond to the original fields r3 and 1, respectively, whilst <]5’X71 — ‘Z%/V,l and ‘15/)(,2 + qﬁ%,m
are the dual fields of 72 and ). On the other hand, as discussed later, agﬂ and 0&2 are not
canonical fields.



3.2 Eliminating redundant fields

We now investigate the Lagrangians (3.3). They contain many redundant fields which
should be eliminated by virtue of the duality relations (3.5) and (3.6). The strategy is as
follows: in the beginning, we find that terms of auxiliary fields are simplified by the duality
relations. Second, we focus on a field whose kinetic term is not canonical. We eliminate
it via the duality relations in order that the reduced Lagrangian can generate both the
original and the dual ones when we integrate out certain dynamical fields. Finally, we
integrate out fields which do not contribute to the system at all.

Lagrangian .¢%,,. Let us first consider the Lagrangian £5,, (3.3b) dualized from the
original one Zg (3.2b). Since Zp has an isometry along 1), we can dualize it in a standard
way as 21y (B.14b) in appendix B.2. Thus we should keep in mind that (3.3b) derives
the same form as (B.14b).

In order to make (3.3b) simple, we introduce the following expressions:

¢/1j: = ¢’X,1 + ¢,W,1 ) @b,Qi = ¢,X,2 + ¢/W,2 . (3.7)

Then the covariant derivatives of (¢'y o, ¢}y5) are combined into qué’Q 4 = Omh, —2V2A,,.
Substituting (3.7) and the relations among the auxiliary fields (F%, G5, Fyy,) from (3.6) into
the Lagrangian (3.3b), we find
g9’ 2 2 9’ 2
/ / /
Ly = =L Ond1 ) + (Ond1 )} + T-(Omoty)
2 2

g g mn
— T {(Dn6s.)? + (D )} + L (O + V2 G Oy ) A

—2¢°|o|* = V2¢°Dy (¢4 + o%1) - (3.8)

We immediately find that the kinetic terms of oy, and oy, are not canonical. Then
we eliminate them by virtue of the duality relations (3.6). We symbolically express the
derivatives of (3.6a) and of (3.6b), the relations (3.6¢) and (3.6d) themselves, and the
kinetic terms as follows:

1
amag",l = _gﬁamrzi - amﬁbll-t,- ) (3.9&)
1
87715;',1 = +g728m7'3 + emnan(bllf y (39b)
1
Oy o = +?amﬁ — O, (3.9¢)
1
OnGlyy = —gﬁamﬁ + emn D"y, (3.9d)
92 /N2 92 ~1 \2 RY ~/ /
+ 2 Omy1)? = T (0n51)? = (OB 2)? + 20m.1)(0"51) | (3.9¢)
g RY: g9’ ~1 \2 BRY ~/ /
+ 2 (0m02)* = T-{ (Omh2)? = (OmBY2)? + 20y 2) (07F2) } (3.96)

~10 -



While we substitute only (3.6a) and (3.6b) into the interaction terms. We are now ready
to remove the “tachyonic” fields 03,71 and 0%2. Combining the above result into the La-
grangian (3.8), we obtain

1 mn 2 mn
Ly = =53 O = € (Or) (00t ) = M (Omh ) (O )
1 mn § mn
= 52 On9)® + " (Ond) (Dadiyy) = 5™ (O ) (Dndiy)
+ V2™ AL (0m) — V2 g2 (Ot ) An — 2¢% |02 + V213 Dy . (3.10)

This is not the end of story. We see that ¢}, and ¢5_ do not couple to the original scalar
fields 72 and . Then it is possible to integrate them out. Since their equations of motion
are trivially satisfied by virtue of the invariant tensor ¢™”, we can simply remove them
away. Then the final form is given as follows:

1 1
"gZV - —@(8m7‘3)2 - TgQ(Omﬂ)Q - €mn(am7“3)(8n¢/1—) + emn(amﬁ)(Dané-‘r)
+ V2 (O9) Ay — 2¢%|0)? + V23 Dy (3.11)

This Lagrangian involves both the original fields (r3,9) and their dual fields (¢}_, ¢}, ),
while the dual ones do not have kinetic terms explicitly. However, we can correctly derive
the dual Lagrangian if we integrate out the original fields. Focus on the (1, ¢, ) sector.
Evaluating the equation of motion for ¢, we obtain

6m'19 = gQﬁmnDn¢l2+ + \/ﬁgzﬁmnAn . (312)

Plugging this into the (1, ¢5 ) sector in (3.11), we obtain the dual form in Zpy (B.14b)
with identification ¢5, = ~%. On the other hand, if we evaluate the equation of motion
for ¢4, we obtain a trivial equation 0 = €™"9,,0,9. Then we immediately obtain the
sector in the original Lagrangian (3.2b) (or the same form as in (B.14a)). Indeed, we have
determined the relative coefficients in (3.9f) in order to realize this structure. The (73, ¢ )
sector also has the same structure, though the interaction term prevents us from obtaining
the explicit form of the dual Lagrangian.

Hence we conclude that, in principle, the Lagrangian .2, (3.11) generates both the

original system of (r®, ) and its dualized systems of (r3, ¢}, ), (¢|_, V), and (¢}_, ¢, ).

Lagrangian Z1c. Next, we analyze the Lagrangian £ (3.3a) dualized from the orig-
inal one £y (3.2a). In the same way as (3.7), we introduce the following combinations:

o1+ =0y1+xoz1, Oor =0yotozo. (3.13)
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Substituting this and the relations among the auxiliary fields (Fx, Gy,G z) into (3.3a), we

obtain
2

2 2
g g
L0 =~ (Omor)? -
2

(877101—)2 + %(8m¢X,1)2

8+af (ng,l - 01+) (¢c + ac) + 92(Ac: - Xc:)(Bc# — EC%)

4

4
1 o) g
- (Dc + Dc) + E
. 2 o . o
- % Oy (dx1+01-)(Ae= — A=) — o (¢x.1 —01-)(Bey — Bew)
2 2 2
— L (On024) = T (002 + T (Omdx2)”
22
: =, | — - =
—ir*(D, — D) — % 940_(px2 — 02-) (e — de) — g*(Acm + Ac=)(Begy + Beyr)
2

J— 2 —
- % 8—1— (¢X,2 + 02+)(Ac: + Ac:) - % 0- (¢X,2 - 0-2+)(BC-H- + Bc—H—)

— 27| M,|2. (3.14)

Analogous to the previous discussion in (3.9), we rewrite the kinetic term of ¢x ;1 in terms
of (3.5¢) and the derivative of (3.5a). The kinetic term of ¢x 2 is also rewritten by (3.5d)
and the derivative of (3.5b). Substituting (3.5a) and (3.5b) into the interaction terms, and
integrating out 014+ and o2_ which do not couple to the original fields, we finally obtain
the following description:

1
Lo = —@(amrlf + €™ (D) (Ono1-) — V2 g2€™ (Ome1 ) (Ono1 )

1
- @(&M,Qﬁ - emn(amTQ)(anUQ-&-) - ﬁgzemn(am¢c,2)(an02+>

(Dt Do) + 5(0:0-1)(9c + 80) — i(De — Do) + 5(0:0-1) (9 — 52)
2@ (Aem — Aem) + L (0-) By — Ber)
— 50 (Ao + Ae) = S(0-r)(Bere + Bey) — 2621 MLJ2. (3.15)

This Lagrangian also contains two features. One is the original Lagrangian (3.3a) if we
integrate out the dual fields 01— and o94. The other is the dual Lagrangian when we
integrate out the original fields ' and r?, though the interaction terms prevent us from
performing integration.

We conclude that the Lagrangian .27 (2.5) and its alternative (2.15a), dualized from
Ly (2.1) in terms of the complex linear superfield L and its alternative X + Y + Z,
is interpreted as a kind of the first order Lagrangian. This is because the component
expression (3.15) of .Zy¢ involves not only the original fields (r!,72) but also their dual
fields (01—, 024 ). If we integrate out one of them, we immediately obtain the second order
Lagrangian. Indeed, £ provides four second order Lagrangians, i.e., the original system
of (r',r?) and its dual systems of (r!,094), (o1_,7%), and (01_, 094 ).

Summarizing the feature of the Lagrangians (3.11) and (3.15) which contain both the
original fields and the dual fields, we refer to them as “semi-doubled” Lagrangians. In the
next section, we will apply the dualization technique to the GLSM for five-branes [41].
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4 Semi-doubled GLSM for five-branes

In this section, we investigate the N' = (4,4) GLSM for five-branes background geometry
and its T-dualized systems by virtue of the the duality transformation technique discussed
in the previous sections. We notice that the previous works [15, 19, 41-43] were based
on the duality among the irreducible superfields, while the current work is developed in
terms of the reducible superfields (L, Z) and their alternatives. We will refer to a gauge
theory applied such the dualization as the “semi-doubled” GLSM. The benefit is that we
can perform the duality transformation along directions even without isometry, i.e., we can
formally dualize any directions of the transverse space of the five-branes in ten-dimensional
string theory. This implies that we can, in principle, formulate a GLSM whose low energy
effective theory is described as the string worldsheet sigma model whose target space would
be nongeometric.

4.1 GLSM by superfields

We begin with the k-centered version [43] of the N' = (4,4) abelian GLSM for H-monopoles
(smeared NS5-branes) [41]. Its Lagrangian %4 in the superfield formalism is given by

Ly = LM + gF™M L M (4.1a)
k
1
MZZ/d4962{ — [Zal? + @2} (4.1b)
a=1 a

k k
A =3 / A'0{ Qe e Qa7 2V} -3 {ﬁ / d2ec§a<1>a@a+<h.c.>}, (4.1¢)

a=1

DE/pNHM 2/d49 ‘\II‘Q— ‘@‘2}

+Z{f/d2 0 — ) +f/d2 (ta — ©)%, —i—(hc)} (4.1d)

Here (X,, ®,) are k sets of the N' = (4,4) abelian vector multiplets whose building blocks
are N' = (2,2) twisted chiral superfields ¥, and N' = (2,2) adjoint chiral superfields
®,. Each of them carries the gauge coupling constant e,. @, and @a are N' = (2,2)
chiral superfields charged 4+1 by a-th vector multiplet. They are the constituents of the
N = (4,4) charged hypermultiplets. (sq,t,) are the complexified Fayet-Iliopoulos (FI)
parameters. They are also expressed as s, = %(s}l +is2) and t, = %(tg +it2) in terms
of the real parameters (si,t.). (¥, 0) is the N = (4,4) neutral hypermultiplet constructed
by an N = (2,2) neutral chiral superfield ¥ and an N = (2, 2) twisted chiral superfield O.

We consider the duality transformations along the superfields ¥ and © in ZYHM (4.1d).
They will also give rise to the T-duality transformations of the background geometry in
the low energy effective theories, as discussed in [15, 41]. Following the previous sections,
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we easily obtain

gNHM:g2/d40{—‘L+2\fQZCa

2+‘E+22Va
a

2} (4.2)

+3 {\/i/dZG 50 g+ \/§/d2§ta S+ (h.c.)} + V2 €0 (9 A q)
2
|

+3 {\@/(Pe Sq Py + \/§/d2§ta B, + (h.c.)} +V2) M0 (9 An) -

292/d49{—’X+Y+Z+2\/§ZCa

2 _
+‘X’+Y’+W’+22Va
a

The last term in the right-hand side of (4.2) is the total derivative term which we ignored
in section 2. We can also easily deduce the duality relations from (2.15¢) and (2.15d) in
such a way as

1 _
?@:X+Y+Z+2\f220a, (4.3a)
i

SO=X'+Y' + W +2> V. (4.3b)

<

It turns out that the resulting form (4.2) is much simpler than that of [15, 18]. Moreover,
the procedure of the dualization is also quite simple and straightforward. From now on, we
regard the sum of the Lagrangians (4.1b), (4.1c) and (4.2) under the duality relations (4.3)
as the “semi-doubled” GLSM %pg in the superfield formalism.

4.2 GLSM by component fields

It is straightforward to expand the semi-doubled GLSM Zspg in terms of the component
fields, if we write down the expansion of the superfields as follows:

S =0 FiV20T N o — V20 A, — V2010 (Dyy — iFo1a) + - (4.4a)
By = go +1V20 Ny o +1V20 A, + 2070 Doy + ..., (4.4Db)
Qo =qa+iV20 9, o +iV207p_ o + 21070 F, + ..., (4.4¢)
Qa =G +1V20 s o +iV20 o+ 20070 Fy + ... (4.4d)

The expansion of (¥,0, X,Y,Z, X', Y’ W') has already been exhibited in (3.1). The pre-
potential C, is also expanded as in (A.9f). We note that the definition ®, = D, D_C,
gives the relations among their component fields:

$a = —1Mcq (4.5a)
Dapo = ~iDeu+ 304 A + 50 Besra + 30:0-6ca (4.5b)
Ao = _i()\czl:,a + 8:|:Xc:F,a) : (4.5¢)
{Fea, Gea, Neas Yetas Ceta) @ (norelations). (4.5d)
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semi-doubled GLSM (4.6) H-monopoles KK-monopoles 53-brane 53-brane
dynamical (7'177’2,7‘3,’[9) (7,17 7‘277’3, d)/2+) (rl T » 024,77, ¢2+) (T1701—7T27 0-2+1T37 (b,2+)
integrated-out (01—, 004,91, ¢5,)  (01-,004,9]_,9) (01—, ¢y _,9) (¢h_,9)
co-existing - - (r2, o9y (rYo12), (12, 004)

Table 1. Various GLSMs from the semi-doubled GLSM Zspg (4.6).

Substituting the above into the Lagrangian Zspa, we obtain the explicit form with the
component fields. Since we have already known that there are many redundant fields under
the duality relations (4.3), we eliminate them in the same manner as in the last section.
At the end, we obtain the semi-doubled GLSM in terms of the component fields as follows:

Zoa= 5 {50000 = Ol = el | = {10 + D0} 00
- 2192{(8,”7“1)2 (Ot + (0 + (00)°)
@) (Onr1 )~ ) (G721 ) €™ ) (Onh )+ € (O (D)
+V2 Z €O (9 — t3) Apa) + V2 Z €™ (D) Ap

_29 Z Uaab“‘McaMcb _22 ’Ua|2+|Mca’ )(’CJa|2+|aa|2)
a,b

fZ 2 {lguP - P —VE -} -2

((r -5 )+1(T2752)) ‘2
Here we have introduced the gauge covariant derivatives D,,qq = Om@a —iAm. aqas Dma =
Oma + iAmaGa, and D¢y, = Opdh, — 2v/2 Y 0 Am.a. To make the description sim-
pler, we have already integrated out the auxiliary fields.® We remark that the semi-
doubled Lagrangian (4.6) involves both the original fields (r!, 2,73 1) and the dual fields
(01—, 024, ¢ _, 5, ). Selecting fields which would be integrated out from this semi-doubled
model in an approprlate way, we can obtain various kind of GLSMs for various five-branes.
Here we summarize them in table 1. We have several comments on table 1: in the first
row we listed various five-branes. We start from H-monopoles (smeared NS5-branes). Per-
forming T-duality along 1), KK-monopoles appear. Taking further T-duality along 2, the
background of the KK-monopoles is transformed to that of an exotic 53-brane which is
locally geometric but globally nongeometric [6]. Dualizing one more direction r!, an ex-
otic 53-brane will appear. This five-brane background would be even locally nongeometric.
Hence, in the second row the dynamical fields in each GLSM are listed, whilst in the third
row the fields integrated out are described. The backgrounds of the H-monopoles and the
KK-monopoles have an isometry along ¥ and ¢, , respectively. However, the backgrounds
of the exotic branes have no isometry along r2 and 7! directions. Then, in the GLSM level,
both the original field and the dual field simultaneously exist. This is exhibited in the
fourth row.

®The explicit evaluation of the auxiliary fields can be seen in [19].
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4.3 Various GLSMs

In this subsection, we derive the GLSMSs for various five-branes from the semi-doubled
GLSM (4.6) as listed in table 1. Although the computation itself is quite straightforward,
the result will play an instructive role in considering the low energy effective theories in
the next section.

H-monopoles. First, we derive the GLSM for H-monopoles. As seen in table 1, this
is a gauge theory of dynamical fields (r!,r2,73,1). We integrate out the other fields
(01—, 024, ¢} _, ¢5 ) from the semi-doubled GLSM (4.6). Their equations of motion provide

trivial equations as

0= 6m{ + emnanrl} , 0= 8m{ — emn8”r2} , (4.7a)
0= am{ - emn8”r3} . 0= am{ + emnanﬁ} . (4.7b)

Then we just remove the terms of (o1-,004,¢]_,¢5,) from (4.6). The resulting
Lagrangian is

1 (1 ~
L = Z 62{2(}7’017&)2 — |8maa|2 — ’amMc,a|2} - Z {|DmQa|2 + |DmQa‘2} (4'8)

a a

- ;gz{(amrl)Q + () + (Bmr®)? + (8m19)2}

FV2Y €0 (0~ ty)Ana) = V2 €M (0m) Ana

—20°> (040 + MeaMep) =2 (loal® + [Meal?) (Igal® + [Gal®)

a,b a

2 2
(& ~
- ;;{w —Jal = V20t - )} =3 e

a

V2¢aa + ((r' —sd) +i(r?—s2))

Up to the total derivative term, this is nothing but the GLSM for H-monopoles discussed
in [41-43)].

KK-monopoles. Second, we consider the GLSM for KK-monopoles from (4.6). Table 1
indicates that we should integrate out (o1—,094,¢;_,9). This is also straightforward.
Evaluate the equations of motion for them:

0= am{ + 6mn8"r1} , 0= am{ - emna"r2} : (4.92)

0= am{ — emnanr:a} . 0= am{;amﬂ — enn D"y, — V2 emnAZ} . (4.9b)
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Plugging this into (4.6), we obtain

11 ~
LKK = Z 62{2(F01,a)2 - |8m0a|2 - lamMc,alz} - Z {‘DmQa|2 + |qua’2} (4‘10)

a a

—~ 2;2 { (Omr)? + (Omr?)? 4+ (Omr®)? } - 922(Dm74)2+\/§ za: €™y (9 —12) Ana)
~20° Y (06T + MeaMe) =2 (|00l + [Meal*) (Jaal” + 13l”)
- . :
=3 P 1@ P VR -8}~ 3 Vg + () i)
a a
Here we rewrote ¢} 4 as v* and introduced its gauge covariant derivative as
Dy + V2D Apa=0my = V2 Apa=Dmy. (4.11)
a a

This is the correct form of the GLSM for KK-monopoles [41-43].

52-brane. Let us derive the GLSM for an exotic 53-brane discussed in [15, 19]. As
discussed before, the 53-brane is generated by the smearing along one direction without
isometry in the background geometry of the KK-monopoles. Suppose we perform the
duality transformation of the original field % and obtain the system of its dual field o
However, they do not have isometry. Then we construct the GLSM for the 53-brane by
integrating out only (o1_,¢}_, ), while both 72 and o9, are not integrated out:

0= am{ + emna"rl} . 0= am{ - emnanr3} , (4.12a)

m 1 n n
0=20 {gQOmﬁ — emn D" — V2D emnAa} . (4.12b)
Substituting them into the semi-doubled GLSM (4.6), we find

1 (1 ~
gs% = Z 62{2(F01,a)2 - ‘amo'a‘Q - |8mMc,a‘2} - Z {|DmQa‘2 + ‘DmQa|2} (413)

a a
1 92

- 2792{(37717’1)2 + (Omr?)? + (8mr3)2} — E(Dmfy4)2

— €™ (Omr?)(Ono21) + V2 ) €™M0 (9 — t3) Ana)

— 20" (0aTb + MeaMep) =2 (10al® + [Meal®) (|gal® + [7al®)

a,b a

2 2
(& ~
—;;{|qa|2—|qa|2—¢§<r3—t2>} -y

a

Vaaada + (7 —sh) +i? =)

Here we replaced (094, @5, ) to (—y?,7*) and introduced Dy,y* (4.11). It turns out that
this is still the “semi-doubled” model. Moreover, this is nothing but the GLSM for the
53-brane proposed in [15, 19].
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Sg-brane. Finally we argue the GLSM for an exotic 53-brane. This five-brane is obtained
by T-duality along the three directions of the transverse space of the H-monopoles. This
background is regarded as a locally nongeometric background. Then there are explicitly no
descriptions as a conventional geometry. Fortunately, however, we can formally describe its
GLSM where the original and dual fields coexist. This is the same strategy as in doubled
sigma model and double field theory [26, 53—-64], S-supergravity and related geometry [37,
65-67], and so forth.

Following table 1, we integrate out only (¢}_, ) from the semi-doubled GLSM (4.6):

0= am{ _ Emnanr:a} . 0= am{;Qamﬂ — e D"y — V2 emnAZ} L (414)

Then the Lagrangian is reduced to the following form:

2} =Y {IDnal + 1Dnal?}  (415)

a

.,?53

2

1(1
= 62{2(F01,a)2 —0m0al® = |0mMeq

= 557 { Onr' P+ O™ + @™} - L (D"
+ € (O ) (On01-) — €™ (Omr?)(Ono21) + V2 ) €™ 0 (9 — t4) Ana)

— 2023 (00t + MeaMep) — 2 (|0af? + | Meal?) (14l + 17a1?)

a,b a

2 2
(& ~
—;;{|qa12—|qa|2—ﬁ<r3—tz>} -> e

a

Vg (s +itr2 - 2) |

This is still a “semi-doubled” GLSM because the dual fields (¢1—, 094 ) have no canonical
kinetic terms, while they contribute to the system. In the next section we will argue how
this model gives the nongeometric structure.

We summarize this section. We started from the semi-doubled GLSM for five-
branes (4.6). Integrating out certain fields, we obtained the conventional GLSMs for various
five-branes. All of them, expect for (4.15), are the models which have already been ob-
tained in previous works. The procedure of integration is quite simple. In addition, we
proposed the GLSM for the exotic 53-brane, although we have no ideas how to justify it in
the current stage.

5 Semi-doubled NLSM for five-branes

In this section, we investigate the low energy effective theory of the semi-doubled GLSM
Zspa (4.6) discussed in the last section. The low energy effective theory is given as a NLSM
which still involves the original and dual fields. Hence we will refer to this as the “semi-
doubled” NLSM. Integrating out a certain set of fields, we will obtain conventional NLSMs
whose target spaces are five-brane backgrounds. Independently, we also briefly mention the
low energy effective theories of the various GLSMs for five-branes obtained in the previous
section. They will correspond to the ones derived from the semi-doubled NLSM.
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5.1 Low energy limit of the semi-doubled GLSM

We explore the supersymmetric low energy effective theory. The Lagrangian (4.6) has the

potential terms which vanish on the supersymmetric vacua:

0="> (040 + McolM,y), 0= (Joal®> + [Meal?) (Jgal® + |2al?) (5.1a)
a,b
0=qal® = |@l* —V2(* =3,  0=v2qga+ ((r' —s)) +i(r? — s2)). (5.1b)

We focus only on the Higgs phase in which all of the scalar fields of the vector multiplets
vanish. Then the first two equations (5.1a) are trivial. Furthermore, we can solve the
second two equations (5.1b) with respect to the complex scalar fields (qq, ¢a) [41, 42]:

i e (1= 8a) +i(r? — 57)
21/4 Ry + (3 —13)
(Ra)® = (1" = 50)? + (r® = 52)” + (r® = 13)%. (5.2b)

i
G0 = 5777 ©

et /R, + (3 —13), Gu = (5.2a)

Here «, is the gauge parameter. Plugging this solution into each kinetic term of (qq,Gq),
we obtain the following form:

~{IDmaal + 1Dl } = == { @) + (G + @™}

1
2v2 R,

2
— V2R, <moza— ma+\29m8mr> , (5.3a)
—(rt — 1) 0mr? + (r? — 82) 0t
)

" V2 Ry(Ry + (r3 — 3

(5.3b)

For later convenience, we refer to €); , as the KK-vector. The KK-vector will play a
significant role in analyzing the target space structure of the low energy effective theory.
We note that the third component 3, is trivial.” Since we have solved the equations of
the supersymmetric vacua (5.1), the Lagrangian is reduced to

2
Zspa = Z 01 a Z \fR < mQ®a — ma + — \f Qz a Omr’ > + Emn(amﬁ)(Dn'}/L)
- g{(amrlﬂ + O™ + O} = 55 (0,0
+ emn(amrl)(anal—) - emn(amTQ)(an‘n—i—) — €™ (Omr )( )

+ V2 €m0 (0 — ) Ana) - (5.4)

"The triviality is just an artifact of the explicit construction of A" = (4,4) theory in terms of N = (2,2)
supermultiplets. Indeed there exists SU(2)r symmetry in this system. Under this R-symmetry the vectors
r* and Q; o behave as the triplets.
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Here we introduced a harmonic function H whose divergence is given as a rotation of the
KK-vector:

zg +Z\fR (5.5a)

ViH=(VxQ)i, %=> Q. (5.5b)

The equation (5.5b) is interpreted as the Dirac monopole equation.

Next, we take the low energy limit of the model (5.4). This is controlled by the infinity
limit of the gauge coupling constants e, — oo because they are of mass dimension one.
Since the dynamics of the gauge fields A,, , are frozen in this limit, we integrate them out.
The solution of the equation of motion for each gauge field is

1 , 1
ﬁ Qiﬂ 8m7“l + szaﬁmn 6”19 . (56)
We have a comment that we can quite easily obtain the solution compared with the case

of the GLSM for KK-monopoles demonstrated in [43]. Plugging this into (5.4) in the low
energy limit, we obtain the following form:

Ama = Omag +

)

Zson =~ { @'V + (1) + (O + (09)°)

>
+ € (O ) (On01-) — €™ (Or?) (Ono2y) — €™ (Onr®) (On ')
+E(B,0) (aﬁ o anri) + V2SO (9 t2) Ana) - (5.7)

Here we introduced the gauge invariant field 9= Y=V2y o @a- This is genuinely the dual
field of ¥. In the topological term, /ima indicates that we substituted the solution (5.6)
into this term. This is the low energy effective theory of the semi-doubled GLSM. We refer
to this as the “semi-doubled” NLSM because both the original fields (r!,72,73 1) and the
dual fields (01—, 094, P} _, ) are involved, though the latter contributes to the system only
topologically. We can derive various NLSMs whose target spaces are backgrounds of five-
branes, if we integrate out a certain set of original and/or dual fields as discussed at the
GLSM level.

5.2 Low energy limit of various GLSMs

Here we integrate out a certain set of fields from the semi-doubled NLSM Zspn (5.7)
and obtain the various NLSMs for five-branes. First we summarize the configurations
which we analyze in table 2. We have comments on table 2. The second row exhibits the
dynamical fields which govern the NLSM. We prepare the third row because we have to
make isometry along certain directions in order to obtain the backgrounds of the exotic five-
branes. The fourth row describes the fields which should be integrated out after smearing
the fields in the second row. In the fifth column in the first row, we express the name of
the background with double-quotation marks because we will not be able to obtain the
conventional description of this background. We will discuss this issue later.

—90 —



semi-doubled NLSM (5.7) H-monopoles KK-monopoles 52-brane “53-brane”
dynamical (rt,r2 r3,9) (rt,r2 r3, 5) (rt, ooy, 3, 5) (01—, 004,73, 5)
smearing - - 2 (rt,r?)
integrated-out (01—, 094, &) _, 5) (01,000, ¢, _,0) (o1_,7%,¢,_,9) (r',r2,¢)_,9)

Table 2. Various NLSMs which will be derived from the semi-doubled NLSM (5.7).

From now on we derive the various NLSMs from the semi-doubled NLSM. In each
model we briefly mention the low energy limit of the corresponding GLSMs which we
obtained in section 4.3.

H-monopoles. Following table 2, we integrate out the dual fields (01_,02+,¢’17,1§) in
the semi-doubled NLSM (5.7). It turns out that their field equations are trivial as seen
in (4.7):

0= 8m{ + emnanrl} ) 0= 8m{ — emnanﬂ} , (5.8a)
0= am{ - emnr3} , 0= am{ + emnf?"ﬁ} : (5.8b)
We can simply remove the terms containing the dual fields. Then we obtain
B = —%{(ﬁmrl)z (Ot + D™ + (D)2} + €™ Qs (D) (D)

+ V2 €m0 (0 — ) Ana) - (5.9)

This is nothing but the NLSM whose target space is the background configuration of the
H-monopoles. Following the procedure in section 5.1, this Lagrangian also appears as the
low energy limit of the GLSM (4.8). Indeed the analysis of the low energy limit of (4.8)
was demonstrated in [41-43].

KK-monopoles. We analyze the NLSM following the third column in table 2. First, we
integrate out the fields (01—, 094, ¢} _, ). Their field equations are

0= 3m{ + emnanrl} , 0= 6’”{ - emn(?”rQ} , (5.10a)
0= aM{ - emnr3} , 0= am{H Ot — Emn (anﬁ o aw’)} . (5.10b)

Only the field equation for ¥ is non-trivial. Applying them to the semi-doubled NLSM (5.7),
we obtain the conventional form of the NLSM whose target space is the background geom-
etry of the KK-monopoles [41-43]:
H 1)2 242 312 1 3 i\?
i = = { O+ Onr®)? + O | = 5= (0 = 2 )

+ V2D €m0 (9 — th) Ana) - (5.11)

This is also obtained by the low energy limit of the GLSM (4.10) through the the procedure
demonstrated in section 5.1.
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5§-brane. We analyze the low energy theory in the fourth column in table 2. Before
doing this, we should keep in mind that the functions (H,$2;) depend on the field r2.
In order to construct an isometry along the field r? (and its dual oo ), we perform the
smearing procedure and make (H, ;) independent of 72 [2, 6, 14, 49-51].

First, for simplicity, we set (s.,#3) = (0,0) for each FI parameter. Next, we set that

the field 72 moves only on a circle of radius Rs. In other words, we introduce a periodicity
with period 27R2 = As2. In addition, we set the second FI parameter s to

s2 =2tTRoa=1x. (5.12)
In the small limit Ry — 0, the period 27Rs is also infinitesimally small with As? — dz.

This also implies the large limit £k — oo. Then we can replace the sum with respect to a
n (H, ;) to the integration as in the following forms:

(Raf? = () + (= 2 + (%) = & + (2~ 2)”. (5.130)
rl=op cosv,, r=op sin,, (5.13Db)
k L
1 1 1 1 dx
H = — + lim —— = — + lim /
g2 k—o00 ; \/iRa 92 L—oo 2T Ro L \/iRa
A 1
== +0"log—, o= ——, 5.13c
2 s Y \/§7TR2 ( )
k L 2
1 ré—x
Q=1 Vg=—-—1i
! ki)H;an_:l be ™ 90mR, LEI;O/ B R.R (Ra + (r — 12))
=0, (5.13d)
k Pl L
dx
Q=1 Doq=— lim
2 ki)HoloZ 2 27TR2 L—>OO/L \[R ( + ,r.3)
= 0"9, + (divergent part) . (5.13e)

Here L is the cut-off and A is a divergent parameter. We notice that {23 vanishes from the
beginning. Due to this procedure, the functions (H,$);) do not depend on 7? any more,
though they still satisfy the Dirac monopole equation (5.5b). Plugging the finite parts
of (5.13) into (5.7), we have the semi-doubled Lagrangian which do not depend on the non-

derivative r2.

Then we integrate out the fields (1,72 ¢|_,9) as mentioned in table 2.
The field equations of (01—, ¢}_) are again trivial. The solution of the field equations of

(r2,49) is given as

Omr? = g (emn3 o2y — &a 19) K =H?+ (Q)%, (5.14a)
H I
Omd) = (emna J+ ﬁamm) . (5.14b)

Substituting this into the Lagrangian, we eventually obtain the NLSM for the exotic
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53-brane:

Ly =~ {(On0)? + 0n9,} — 52 Ono2)? + (00}

2 2K
Q . o
+ %emn(amm)(anﬂ) +V2 Z €My (0 — t2) Apa) - (5.15)

This is the model derived in [15, 19], if we identify oo, with —y?. Applying the smearing
procedure and the reduction in section 5.1 to the GLSM (4.13), we again obtain the same
result. Indeed the GLSM (4.13) is nothing but the starting model of [15, 19].

We remark that the configuration of the target space of (5.15) is globally nongeometric.
This means that the function 25 is no longer single-valued with respect to the angular
coordinate ¥,. However, we stress that the monopole equation (5.5b) is still valid. This is
one of the features that the background is locally geometric.

“5%-brane”. Finally we try to investigate the NLSM exhibited in the fifth column in
table 2. Although the duality transformation of ¥ is straightforward, those of (r!,r?) are
difficult because they contribute to the functions (H,€2;). Then we should again perform
the smearing procedure along (r!,7?).

Here we first smear the 72 direction, and later the r! direction. The setup of the
smearing as follows. First, we split the label a into m sectors as

k m m

{a} = {{aa}, {a2}, . {as}, - {amd), Do=D>, D kij=k. (5.16)
a=1 ]:1 ajzl ]:1

Second, the FI parameters in the j-th sector are rewritten as (sjl,sgj,()), where we set

ti = 0 for simplicity. Third, we compactify the r? direction of radius Ro and take the
small limit Ry — 0, as discussed in (5.13). This limit also implies k; — oo in each sector.
More precisely, we obtain the following forms in this limit:

(Roj)? = (r' = s))2 + (r* = 55 )2 + ()" = (5)* + ()2, (5.17a)
rl— 3]1 = p; cos vy, rd = 0j sin?; , (5.17Db)
1 & N 1 - 1
H=—+ lim = — 4+ o’ log =L, o’ = , (b.17c
DS Vv y i AP Dl Vi, (17
j=1 a;=1 J j=1
m kj
=, k}linoo > g, =0, (5.17d)
-1 =1
m k; m
Qo = Z kjllgloo Qo4; = Z o9, + (divergent part). (5.17e)
j=1 a;=1 j=1

As mentioned before, this result still satisfies the Dirac monopole equation (5.5b) non-
trivially. Fourth, we compactify the 7! direction of radius R, and we set the FI parameters
3]1- to

s]l =2TR1j=s. (5.18)
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Take the small limit R; — 0. This limit indicates the large limit m — oo, and the period
27Rq is also infinitesimally small as 27R; = ds. In this limit, the functions (H, ;) are
reduced to

— 1 : - " Aj o 1 . o’ L Aj
H——2+n%gnooZa logf—g—Q+I}glr01072ﬁR1 i d810g7+(7“3)2

g = 0j L 52
_ 1 + (0’0”)r3 + (divergent part) o= ! (5.19a)
g ’ V271R,
m 3 " L 3
Qo = lim o” arctan (%) — lim —2 / ds arctan ( 17’ )
m—00 o r-—8; L—oo \/27R1 J-L r-—=s
~0. (5.19b)

Then the function K is reduced to H?. Moreover, all components of the KK-vector ©;
vanish. This reveals that the Dirac monopole equation (5.5b) is no longer valid.

We continue to analyze the semi-doubled NLSM (5.7). Since this model does not
depend on non-derivative (r!, %) any more, we can perform the duality transformation via

the integrating out the fields (r!,r2, ¢} _,9):

0= am{H O — €mm analf} . 0= am{H O + €man anaﬂ} , (5.20a)

0= am{ - emnr3} : 0= am{H O — Erum 8"5} . (5.20b)

Substitute them into the Lagrangian. Then we obtain the final form:

H

L = —5(8,”7’3)2 — %{(371101—)2 + (Omo2t)® + (6m7§)2}

+ V2 e (0 — th)Ana) - (5.21)

This NLSM tells us that there is no B-field on the target space geometry. This is also
caused by the disappearance of the KK-vector. Thus the configuration is purely geometric.
However, the geometry is not Ricci-flat. Then this configuration does not satisfy the field
equations of ten-dimensional supergravity. Hence we conclude that the NLSM (5.21) does
not correctly capture the feature of the background of the exotic 53-brane.

Go back to the GLSM (4.15) which we obtained in the previous section. This GLSM
does not have isometry along the (r!, r2) directions, neither. Then we also apply the smear-
ing procedures (5.17) and (5.19) to this GLSM after the low energy limit e, — co. However,
this again generates the trivial KK-vector. Then the NLSM from the GLSM (4.15) precisely
coincides with (5.21).

The lack of consistency with ten-dimensional supergravity comes from the breakdown
of the Dirac monopole equation (5.5b) via the smearing procedure. This is because all of the
physical information of the exotic 53-brane is absorbed into the divergent part, though the
duality transformation rule itself seems consistent. Hence we confirm that the background
is locally nongeometric, genuinely.
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6 Summary

In this paper we studied the duality transformation without isometry and applied it to the
N = (4,4) GLSM for five-branes.

We first utilized complex (twisted) linear superfields which are transformed from
(twisted) chiral superfields. After constructing the dual Lagrangians, we replaced the com-
plex (twisted) linear superfields with the sum of (twisted) chiral superfields. Expanding
these superfields in terms of the component fields, we obtained the so-called “semi-doubled”
Lagrangians which involve both the original and dual fields. Compared with the duality
transformation technique with isometry, the procedure we demonstrated here has a strong
benefit. This is the dualization along any directions irrespective of the existence of isome-
try. In particular, we can perform the duality transformation both the real and imaginary
part of the original (twisted) chiral superfields.

Applying this technique to the analysis of the NV = (4,4) GLSM and its dualized
systems, we obtained the “semi-doubled” GLSM for five-branes. This model generates the
conventional GLSMs for H-monopoles, KK-monopoles, and an exotic 5%—brane in quite a
simple way. In particular, we also obtained the formal description of the semi-doubled
GLSM for the exotic 53-brane whose background is even locally nongeometric. Taking the
low energy limit of the semi-doubled GLSM, we obtained the semi-doubled NLSM which
also contains both the original and dual fields. Integrating out a certain set of fields, we
correctly derived the conventional NLSMs for the H-monopoles, the KK-monopoles and
the exotic 53-brane.

In the case of the model for the exotic 53-brane, however, we found that the Dirac
monopole equation, which governs the background structure of the five-branes, is broken
down caused by the smearing procedure. This is the feature of the nongeometric structure
of the 53-brane. Hence we understood that the nongeometric structure can be traced if the
Dirac monopole equation is non-trivially described even in the configuration of the exotic
5§—brane. In order to realize this, we have to extend, at least, the semi-doubled NLSM
to the doubled sigma model, double field theory, and/or S-supergravity which involve the
kinetic terms of both the original and dual degrees of freedom.
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A 2D superfields

In this appendix we exhibit the conventions and the definition of various superfields in
two-dimensional spacetime. The notation is based on the previous work [19].

A.1 Conventions

Two-dimensional superspace is expanded by the conventional coordinates " and the anti-
commuting Grassmann coordinates §*. They are complex Weyl spinors. We define their
hermitian conjugate as §* = (#*)T. In order to classify superfields, we introduce the
supercovariant derivatives Dy and Dy:

Dy=——-— i?iai ﬁi = —i + iﬁiﬁi . (Al)

00+ ’ 00+

Here we used the light-cone coordinates 0+ = 0y = 01, where 9,, = Mim It is also useful
to define the integral measures of the Grassmann coordinates:

d%6 = —% dotde—, d?0 = % dotdo—, (A.2a)
~ 1 _ = 1 _
d%0 = -5 detde—,  d%0 = —5do” det, (A.2D)
440 = 29 4%9 = —d20d29 = —id9+ df—dot do—, (A.2¢)
/d29 00 =1, /d2969 —1, /d2§9+9 - % /d2599+ - % (A.2d)

A.2 Various superfields

Let us introduce various superfields in two dimensions. First, we define a chiral superfield
X in such a way as
0=D+X. (A.3)

This is an irreducible superfield. This means that the chiral superfield cannot decompose
into any other superfields. In the same way, we define another irreducible superfield, called
a twisted chiral superfield Y:

0=D,D_Y. (A.4)

There is a real superfield V = V1 which carries a vector field. In two dimensions, this is
also described as a twisted chiral superfield ¥ in the following form:

1

V2

We note that this is an abelian vector superfield.

5 D.D_V. (A.5)

Relaxing the constraints in (A.3) and (A.4), we can introduce reducible superfields.
We define a left semi-chiral superfield X and a right semi-chiral superfield Y as

0=D,X, 0=D_Y. (A.6)
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Furthermore, we define a complex linear superfield L and a complex twisted linear superfield
L as
0=D,D_L, 0=D,D_L. (A7)

Due to the definition, a complex (twisted) linear superfield can be given as the sum of
semi-chiral superfields:

L=X+Y, L=X+Y. (A.8)

It is worth describing the expansion of superfields (X ,Y,V,L,z) by means of the
Grassmann coordinates [19, 48]:8

X =¢x +iV20Tx, +iV20 Yx_ + 21010 Fy

—10T010,0x —1070 0_dx + V201070 0 bx_ +V20700TO_vx,

+ 07070107 0,0_¢x , (A.9a)
Y =0y +iV20Txy —ivV20 xy_ + 21070 Gy

— 1070 0 0y +i10707 0 oy — V2070 0T Xy — V207010 0y xy—

—0t076T0 0,0_0y , (A.9D)
V=—0T0"(Ag+ A1) — 070 (Ag— A) —V20 0 0 — V2070 @

— 200707 (0 A, + 0N ) + 2070 (07N +607A) +2070°070 Dy,  (A9c)
L=¢r+ivV20t g, +ivV20 ¢ +ivV20Tyrs +ivV20 x1—

+i0Y0 FL + 6010 GL+ 60 0" NL +6 0 A— +6070" By

—V20T0701 ¢ — V201070 ¢ + V20700 0, — V207070701

L0000 (ia_BL+F Y0 AL — a+a_¢L) : (A.9d)
L=6¢r+iV20 s +ivV20 ¢ +ivV20t Xy +ivV20 X1

+10T0 FL +i0T0 M, +0"0 GL+0 0 A +0"0T By,

V20070 0 — V2000 — 20 0T Ay + V2070070 X1

- 9@*5@*( 0.0 ¢p —i0LAr_ + ia_ém) . (A.9¢)

In the main part of this paper, we describe a chiral superfield ® in terms of its prepotential
C by ® = D,D_C. This C is unconstrained and complex. Its expansion is also exhibited
as follows:

C = ¢e+iV20Ther +iV20 thee + V20 xer +iV20 Yoo
+i0T0 F. 41070 M.+ 070G, +0 0 "N, +0 0 Aee + 070" By
— V207070 — V207070 — V20100 N — V207010 N
—20707070"D,. (A.9f)

8We do not expand semi-chiral superfields which do not appear in the main part of this paper.
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B Duality transformations
In this appendix we briefly review the duality transformations with(out) isometry.

B.1 General analysis

We briefly argue the duality transformations with(out) isometry in two-dimensional N =
(2,2) theory discussed by Grisaru, Massar, Sevrin and Troost [45]. We begin with the most
generic first order Lagrangian:

.z_/d‘le {K(A,Z,B,E)—AX—ZX—BY—EY}, (B.1)

where A and B are unconstrained complex prepotentials, and X and Y are semi-chiral
superfields. From now on, we impose various constraints on (B.1) and obtain the corre-
sponding duality transformation rules.

First, if we impose A = B on (B.1), then we obtain

7 - /d49 [K(A7) - A +Y) - AX+ 7))
- /d40 {K(A,Z) ~ AL - ZZ} , (B.2)

where we used the relation (A.8). If we integrate out L, we find the constraint 0 = DL A.
This implies that A becomes a chiral superfield. Instead, if we integrate out A, we obtain
the second order Lagrangian of L. Thus it turns out that (B.2) is the first order Lagrangian
which dualizes a chiral superfield to a complex linear superfield, and vice versa. If we want
to obtain the first order Lagrangian which dualizes a twisted chiral superfield to a complex
twisted linear superfield and vice versa, we just interchange the role of B and B:

7= /d49 [K(A7) - AX+T) - AX+ 7))
- /d40 {K(A,Z) — AL - Zf} . (B.3)

Second, assuming that the function K in (B.2) depends only on A+ A, we rewrite (B.2)
in the following way:

.,Sf:/d49{K(A+A)—;(A+A)(L+L) A-DEI-D)}. (B4

1
2
Integrating out A — A, we obtain a new constraint L = L. This implies that L is reduced

to the sum of a twisted chiral and its conjugate L = Y + Y. Then introducing a real
prepotential R = A + A, we obtain

&L = /d49 {K(R) - %R(Y + Y)} . (B.5)

Integrating out Y, we find that R becomes the sum of a chiral superfield and its conju-
gate. Instead, integrating out R, we obtain the second order Lagrangian of Y. Thus we
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understand that (B.5) is the first order Lagrangian which dualizes a chiral superfield to a
twisted chiral superfield [46, 47].

We can obtain a similar model when we assume that K in (B.3) depends only on A+ A:
—_— 1 R ~ ==
Z = /d4 { A+A)—(A+A)(L+L)—2(A—A)(L—L)}. (B.6)

Integrating out A — A, we obtain the constraint L=1. This indicates that L is the sum of
a chiral superfield and its conjugate L = X 4+ X. Introducing a real prepotential R = A+ A,
we obtain

&L = /d49{ — R(X+X)} (B.7)

This is the first order Lagrangian which dualizes a twisted chiral superfield to a chiral
superfield and vice versa. Because when we integrate out X, the prepotential R becomes
the sum of a twisted chiral superfield and its conjugate.

B.2 Twisted chiral with isometry

We demonstrate the duality transformation of the Lagrangian (2.7) established by Rocek
and Verlinde [46], Hori and Vafa [47], and Tong [41].

Superfields. First, we discuss in the superfield formalism. Since (2.7) has an isome-
try along the imaginary part of ©, we introduce another first order Lagrangian different
from (2.8):

1 _
Lory = /d46 { — 2—232 — 2BV — (T' + F)V} : (B.8)
g
Here I' is a chiral superfield, and B is a real prepotential. If we integrate out I', B is
constrained as 0 = D, D_B = D, D_B. This implies that B is the sum of a twisted chiral
superfield Y and its conjugate, i.e., B = Y +Y. Substituting this into (B.8) and identifying

Y with ©, we find the original Lagrangian (2.7). Instead, if we evaluate the equation of
motion for B of the Lagrangian (B.8), we obtain

1 _
0=—5B-(+D)-2v. (B.9)

Plugging this into (B.8), we find the dual Lagrangian
g - 2
Loy =T /d49 (r 4T+ zv) = Sy (B.10)
We also find the duality relation via the prepotential B:

~ S(©+0)=(+T)+2V. (B.11)
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Component fields. The descriptions (2.15b) and (2.15d) in the main part must contain
the information of (B.10) and (B.11), respectively. Then we express (2.7), (B.10) and (B.11)
in terms of the component fields. This is because their explicit forms play an essential role
in determining the reduction rule of redundant fields in (2.15b).

Following (A.9), we expand the chiral superfield I' as follows:

1
r= ﬁ('y?’ +ivY) +ivV201T¢ +ivV207 ¢ + 21670 Gr + ..., (B.12)

involves derivative terms. The expansion of the twisted chiral superfield © is

where “...”

exhibited in (3.1b). The duality relation (B.11) provides a set of significant equations:
r=—g*®, 2049 =—¢*Div", Dyt =0y — V240, (B.13)

We notice that the relation between ¢ and ~* is described only with derivatives. Fur-
thermore, because of the twisting, the relative sign in front of the derivatives is different.
Substituting the above expansion into (2.7) and (B.10), we obtain the explicit form of the
two Lagrangians such as

1
Lo = _ﬁ{(amﬁ)? + (8m19)2} + fz{ﬁpv + 19F01} + (other terms),  (B.14a)
g
1 2
R —@(87717“3)2 — %(Dm74)2 + V212 Dy + (other terms), (B.14b)
where Fy; = €™0,,A, and €¥' = —¢!® = +1, and we simply ignore the detail of the

contribution from auxiliary fields and fermions.
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