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Introduction

Dualities are an intriguing property of string theory. They identify the dynamics of a string

propagating in two backgrounds which are at a first glance totally different. Nevertheless,

for the string these backgrounds are completely indistinguishable. There are two different

dualities: S-duality identifies a strongly coupled theory with its weakly coupled counterpart

and T-duality which e.g. relates string theories defined on two different tori. Finally, S-

and T-duality can be unified into U-duality. Over several years, the study of dualities has

revealed some fundamental properties of string theory and has also led to the formulation
of M-theory.



Double Field Theory (DFT) is an approach along these lines [1-7]. In order to visualize
its significance, consider first supergravity (SUGRA). It describes the target space dynamics
of massless closed string excitations and T-duality is only accessible through the Buscher
rules [8]. However they are non-linear transformations mixing metric and B-field, which
in general do not correspond to symmetries of the supergravity action. DFT solves this
problem by making T-duality a manifest symmetry. It extends the D-dimensional target
space to a space with 2D dimensions called doubled space. In this space a T-duality
transformation corresponds to a simple O(D, D, Z) rotation.

DFT was derived from Closed String Field Theory (CSFT) expanding it up to cubic
order on a torus! [2]. In addition to the D center of mass coordinates x; of the string, D
extra coordinates & were introduced. They are conjugate to the string winding wj, like the
coordinates x; are conjugate to the string momentum p’. The fields on the doubled space
are restricted by level matching, a consistency constraint of CSFT. A sufficient condition
for closure of the DFT gauge algebra is the strong constraint [3]. It is more restrictive
than level-matching, which is hence also called weak constraint. Equipped with the strong
constraint, a background independent version of DFT was derived in [4] and shown to be
equivalent [9] to a theory proposed by Siegel [1] long before. Its gauge algebra is governed
by the C-bracket, which is equivalent to the Courant bracket of Generalized Geometry
if the strong constraint holds. Finally, the trivial solution to the strong constraint with
vanishing #° dependence transforms DFT back into SUGRA.

Meanwhile, also an extension of DFT was constructed implementing U-duality as a
manifest symmetry. It is called Exceptional Field Theory [10-13] and is constrained by the
section condition, a generalization of the strong constraint of DFT.

Thus, it is clear that the strong constraint is a fundamental ingredient of DF'T. There
are also attempts to soften it, motivated by the fact that it is impossible to obtain all
gauged supergravities arising from the embedding tensor formalism (see [14] for a nice in-
troduction) by flux compactifications of SUGRA. Performing a generalized Scherk-Schwarz
compactification [15-19] in DFT and substituting the strong constraint by the weaker so-
called closure constraint, one is able to reproduce all electrically gauged half-maximal
supergravities suggested by the embedding tensor [20, 21]. This result suggests that DF'T
with a weakened constraint is more general than SUGRA. Indeed, the backgrounds related
to these gaugings are not accessible from SUGRA and are globally or even locally not well
defined. Thus, they are called non-geometric backgrounds. Standard diffeomorphisms and
B-field gauge transformations are not sufficient to patch them properly. In special cases
this problem can be cured by performing a field redefinition [22-26], but in general it is
not possible to describe non-geometric backgrounds in a consistent way in D-dimensional
target space. Nevertheless, they are totally well defined in the 2D-dimensional doubled
space of DFT with closure constraint. Already before the advent of DFT, the need of a
doubled space to treat non-geometric backgrounds was discussed in a series of papers by
Hull and Dabholkar [27-29].

'"Much earlier, Siegel derived a doubled theory from Ist-quantized closed string theory [1]. It is back-
ground independent and introduces the strong constraint for the first time.



Motivated by these findings, the flux formulation of DFT was developed [6, 30]. Up
to total derivatives it is equivalent to the original formulation after applying the strong
constraint. In general, the flux formulation substitutes the strong constraint by the closure
constraint so that additional terms are allowed in the action. Furthermore, all dynamical
fields are encoded in the O(D, D) covariant fluxes Fapc. These are equivalent to the
embedding tensor mentioned above.

The picture outlined by these developments shows the power of dualities: starting
from a reformulation to make T-duality manifest, one is allowed to go beyond well known
geometric string backgrounds. However often for this general approach, the uplift to string
theory and conformal field theory is not clear. There are examples related to asymmetric
orbifolds [15, 19, 31, 32] which provide some evidence that at least for these cases uplifts
to string theory exist.

In this paper we intend to provide a new perspective upon the traditional version
of DFT, in particular on the issues related to the strong constraint, background (in-
)dependence and uplifts of non-geometric configurations. For that purpose, we are going
back to the root of DF'T and evaluate the CSFT action up to cubic order for a non-toroidal
solution to the string equations of motion. Indeed, instead of considering a flat torus as
the background, like in the work of Hull and Zwiebach [2], we use a string propagating
on a compact group manifold with fluxes. Due to their isometries, these manifolds have
the same local properties at each point. Generically, these isometries are non-abelian, but
they include also the torus with abelian isometries. Group manifold are also well suited to
study various properties of doubled geometries [28, 33].

On the world-sheet, the exactly solvable background is described by a Wess-Zumino-
Witten model (WZW) [34] in the large radius/level limit (k > 1). Employing the occurring
current algebras, we derive a cubic action and the corresponding gauge transformations
from CSFT. Just like in DFT, we find that one also has to impose a weak /strong constraint,
which however takes a different form. Instead of partial derivatives, it exhibits additional
terms which can be adsorbed into a connection forming a covariant derivative. The same
pattern also appears for the generalized Lie derivative and the C-bracket. Therefore, the
gauge algebra we derive resembles the one proposed by Cederwall [35] with the difference
that the connection encountered in our approach turned out not to be torsion-free.

Due to the split into left- and right movers, the gauge algebra closes even for asym-
metric backgrounds, i.e. for backgrounds not solving the traditional strong constraint of
DFT. Thus, our set-up is general enough to describe fluctuation around backgrounds that
violate the strong constraint and, in this respect, goes beyond the framework of traditional
DFT. These asymmetric WZW backgrounds, at least in the large radius/level limit, are
candidates for the uplift of non-geometric configurations beyond the well studied locally
flat asymmetric (toroidal) orbifold examples. All these findings suggest that the theory
we derive in this paper is a generalization of traditional DFT, though containing it for a
toroidal background. In order to distinguish them, we call it DFTyyzw.

This paper is organized as follows: in section 2, we review the relevant features of
the WZW model and its current algebra. Furthermore, we give a representation for two-
and three-point correlators involving these currents in terms of scalar functions on a group



manifold in the limit of large level k. Section 3 presents the derivation of the action and
its gauge transformations to cubic order in CSFT. In section 4 we discuss the generalized
Lie derivative, the gauge algebra and the constraint necessary for its closure. Finally in
section 5, we start an investigation of the relation between the theory constructed in this
paper so far and the flux formulation of toroidal DFT. There, we also propose the string
theory uplift of non-geometric flux backgrounds arising from a generalized Scherk-Schwarz
compactification of traditional DFT.

2 World-sheet theory for strings on a group manifold

In this section, we briefly review the WZW model and its current algebra providing the
notation for the rest of the paper. For a more detailed review of WZW models, we refer
to e.g. [36] or the appendix of [37]. Additionally, we show how the various representations
of a semisimple Lie algebra can be expressed in terms of scalar functions on the group
manifold. Afterwards, we use this result to express two- and three-point correlators and
show that they fulfill the Knizhnik-Zamolodchikov equation [38]. Finally, we provide the
two- and three-point off-shell amplitude for Kac-Moody primary fields.

2.1 Wess-Zumino-Witten model and Ka¢-Moody current algebra

A string propagating on a group manifold of a semisimple Lie group G is described by the

non-linear sigma model
1

= m o K(wfy, *ny) + SWZ (21)

on the world-sheet two-sphere S? = M. Note that its prefactor does not match the com-
mon choice —k/(87), but it is very convenient for comparing (2.1) with a non-linear sigma
model given in terms of a metric and an asymmetric two-form field. We will compensate
for this uncommon choice in the definition of the Killing metric (2.3). The action given
here is exactly the same as the one presented in [36].

Let us explain the notation used in (2.1) in more detail. As usual, x denotes the Hodge
dual and w, is the left-invariant Maurer-Cartan form.2 The function (o), which appears as
subscript of w,, maps each point of 52 to an element of the group G. In this way the string
world sheet is embedded into the target space. In order to fix a certain group element v € G,
one needs D different parameters 2* where i runs from one to D. Infinitesimal changes of
them at a fixed 7 create the tangent space TG of the group manifold. At the identity,
T.G is identified with the Lie algebra g associated to G. The tangent space at an arbitrary
group element T, is mapped to g by the left- or right-invariant Maurer-Cartan form

0
oxt’

Wy = v rdy =471y dat or Wy = dyy ™t = 0yy tdat with 9; = (2.2)

They arise if v is assumed to act as a left or right translation of G. Both of them take
values in the Lie algebra g. Two elements of this algebra are contracted to a scalar by the

*We could also use the right-invariant Maurer-Cartan form and would obtain the same results. But in
the literature it is common to use the left-invariant one.



symmetric, bilinear Killing form?

o'k Tr(ad, ady)

/C(x,y):— 9 2RV )

with z,y€g (2.3)
where ad, is the adjoint representation of z and h" denotes the dual Coxeter number of
g. The generalization of this equation to n-forms is straightforward: one has to insert a
wedge product A between ad, and ad,. With these definitions at hand, one is able to
expand (2.1) as

1

Ve

S

/ gij da’ Axdz! + Swz  with  gi; = K(v'0iv,70;7) (2.4)
oM

where g;; is the target space metric of the group manifold. The parameters x! parameteriz-
ing the elements of the group G are equivalent to coordinates on the manifold. They are re-
lated to the word-sheet coordinates o by the mapping x*(c%) giving rise to do’ = dyz'do®.

Since the metric part (2.4) of the action S alone spoils local conformal symmetry, one
has to add the topological Wess-Zumino term

1 1
= = — H 2.
Swz orad /M]C(va[w%wv]) ol /M (2.5)
with the 3-form flux
A dd A dgt e (L m =19 1
H = —Hjjpdz' Nda? Ndz® and Hj, =K ('y i, [V~ 057, 8k'y]) ) (2.6)

3!

Here, the H-flux is the field strength associated to the massless, antisymmetric Kalb-
Ramond field B;;. Both are linked via the relation?

1 . .
H=dB with B = iBijdwz ANdx?  and Hijk = 38[1Bjk] . (27)

Of course, a physically meaningful sigma model only depends on the world sheet OM and
not on its extension to the three-dimensional space M. Thus, physics has to be independent
of the specific choice for M. For GG being a compact semisimple Lie groups with non-trivial
homology 73(G) = Z, this is only the case if Swyz is an integer multiple of 27 [39]. Thereby,
the H-flux of a compact background is quantized.

The variation of the action with respect to the G-valued field ~y gives rise to the equation
of motion

1aa 1 o
0a(7710%7) + Seasd® (v 19%4) =0. (2.8)

3We use the common convention that the length square of the longest root in the root system of g is
normalized to 2.
4Within this paper we use the notation

1 . 1
T[aln.an] = E Z Slgn(U)le...on and T(alman) - E Z Tol...an )

oc€eP " oep

to denote the (anti)symmetrization of rank n tensors. P is the set of all permutations of the indices

A1y...,0n.



It is interesting to note that the second term in this equation origins from the Wess-Zumino
term in the action. By fixing the word sheet metric to h** = 2, h** = h** = 0 and writing
out the components of the totally antisymmetric tensor €,5 with €.z = 1, one obtains

o(y1oy) = 0. (2.9)
One can directly read off the anti-chiral Noether current
= 2 4z
i) =-=9710y (2.10)

from the equation of motion. Note that, without the second term in (2.8), we would

not obtain an anti-holomorphic current. To obtain the chiral current, we apply complex

-1

conjugation to (2.10) and substitute v by v~ afterwards. By this procedure we get

. 2 _
i(2) = =0 (2.11)
To motivate the normalization of these currents, consider the infinitesimal transformations
d¢y(w, @) = E(w)y(w, @) and  dgy(w, @) = —y(w, 0)E(D). (212)

of the field v. Here, £(w) and £(w) are the Lie algebra valued parameters of the transfor-
mations. It is sufficient to discuss the chiral part £(z) only. Applying (2.12) to the action
S, we obtain

1
0eS=——— P dzK ,J 2.13
S =57 P ATKER) 5D (2.13)
where j;w dz denotes a closed contour integral around the point w. Here, we have chosen the
normalization factor of j, in (2.11) to obtain precisely the factor 1/(27i) in this expression.

With 0S5 one can compute small changes

FelX) = (365X) = 5 f d=(0(E). 5(2)%) (2.14)
of an arbitrary expectation value
e—Sh]
(X) = W (2.15)

in the Euclidean path integral.
As a brief interlude, let us discuss the D = dim g generators ¢, of the Lie algebra g.
They form a basis of the adjoint representation. We define the symmetric tensor

'k Tr(taty) 1

cp d
= — . 2.1
2 233)\ 2BV fad fbc ( 6)

TNab = K(taatb) =

In the last step we have expressed the generators in terms of the structure coefficients of
the Lie algebra appearing in the commutation relation®

/ 2 c c : c._ | 2 c
[ta,tb] = mfab te = Fgpte with  Fp° = o'k Jab© - (217)

5There are different conventions. Some use an additional ¢ in front of the structure coefficients. We stick

to the convention in [37] without i.



For later convenience, we defined the rescaled structure coefficients F,;°. Note that it is
always possible to choose the generators t, of a semisimple Lie algebra g in a way that 74
is a diagonal matrix with entries £1. Thus, 74 is completely specified by its signature.
A compact Lie group G has a Lie algebra with a negative definite Killing form, i.e. the
signature of 7 is (—,...,—). In combination with its inverse 5%, 7, is used to raise and
lower flat indices a,b, . ...

Coming back, the chiral current (2.11) can be written in terms of the generators ¢, as

J(2) =t%ja(z)  with  ja(2) = K(ta,j(2)). (2.18)

In this form, the infinitesimal transformation d¢ of the chiral current reads

Oev(w) = Fap je(w) £ (w) + %nabaéa(m with  &a(w) = K(ta, (w)) - (2.19)

Plugging this into (2.14) one obtains

Selib(w)) = 5§ deia(e)iw))6"(2) = P Ge(w))€'(w) + —madE*(w)  (220)

- 2mi
allowing to read off the OPE

in(edin(w) = T B (2.21)

of the chiral currents. The analogous algebra holds for the anti-chiral current j(z). Nor-
mally one would expect the level k in front of the flat metric 7, instead of —a//2. Here,
k is hidden in the rescaled structure coefficients F,;¢. For this reason, the OPE (2.21)
corresponds to the usual form of the Ka¢-Moody algebra at level k. Applying the same
procedure to the transformation in (2.12), we get the OPE

5) = (@)

Ja(2)y(w, w W (2.22)

defining a Kac-Moody primary. Introducing the mode expansion
Ja(2) = jamz " (2.23)
n
the OPE (2.21) is equivalent to the Ka¢-Moody algebra

. . . 2
Ua,ma Jb,n] = Fabc Jem4n — a mMab 6m+n . (224)

2.2 A geometric representation for semisimple Lie algebras

In the following we will show that there exist highest weight representations of a semi-simple
Lie algebra in terms of scalar functions defined on the group manifold. For that purpose,
let us first change from the abstract notation with Maurer-Cartan forms to a more explicit
one by introducing vielbeins. Expressing w, in (2.2) in terms of the generators t,, we obtain

Wy = tg e da’  with the vielbein e%; = K(t%, v '9;7). (2.25)



It carries two different kinds of indices: flat ones are labeled by a,b, ¢, -+ and curved ones
by 4,7, k,---. Flat indices are raised and lowered with the metric 7,5, whereas for curved
indices we use the target space metric g;; in (2.4), which in terms of the vielbein reads

gij = Nape”i €’} . (2.26)

Moreover, e,’ denotes the inverse transposed of e%; and the H-flux defined in (2.6) can be
written as

Hijk = 6ai ebj eck Fabc- (227)

Introducing the flat derivative
D, = e,'0; (2.28)

the commutator of two of them satisfies
[Daa Db] - FabCDc 3 (229)

with

Fabc = 26[ai8i€b}jecj = 2D[aeb]ieci . (2.30)
Thus, we found a representation of the generators t, in terms of the differential operators
D, acting on functions defined on a patch of the group manifold. We will see that these
functions include all highest weight representations of the Lie algebra.

Flat derivatives are mainly used under volume integrals with the volume element
dPx/|g| where g denotes the determinate of the target space metric gij- In this case,

/dD:z: \/]gDav:/dD:Uai( lglea'v) (2.31)

where v is an arbitrary scalar function depending on the target space coordinates z*. Thus,

one finds

the right hand side reduces to a boundary term, which we always assume to vanish. Then
one can perform integration by parts

/de lg|(Dgv)w = —/dDac lg|lv(Dyw) . (2.32)

Note that (2.31) is not restricted to semisimple Lie algebras, but is much more general and
always holds if
Ful =0 orequivalently Trad, =0 Vzeg (2.33)

is fulfilled. Lie algebras with this property are called unimodular.

The well known procedure of building highest weight representations also carries over
to the flat derivatives discussed above. Take e.g. the group SU(2) parameterized by Hopf
coordinates ' = (', 1% 7n%) with 0 < n! < 7/2 and 0 < >3 < 27. A detail derivation of
the vielbeins for this group is presented in appendix A. Here we are only interested in the
flat derivatives

. o'k 7

Dy =~/ =~ D3 = —\/5(82 +03) and (2.34)



~ 'L
Dy = —\/%(iiDl — Dy)

jeFim+n?) . 1 .2, 1 2.1
= _\@T(in) [+isin(2n) 9) + 2sin*(n') 8, — 2cos®(n') ds] . (2.35)

We look for eigenfunctions of Ds which are annihilated by D+. A short calculation shows
that this is the case for ‘
ya(z') = C)(sin 771)\/@\62'\/5)‘7]3 (2.36)

where C denote normalization constant constants fixed by the requirement

w/2
212 (a'k)3/?
dPx fyy =|Cy 2 4n? (K 3/2/d L cos(n!) sin(nh) T2V =|C T,
[P Vgl =IcaPara'h) [ ot st <22

(2.37)
which is only possible if v/2\ +1 > 0. Furthermore, we know from su(2) representation
theory that ) is an element of the 1-dimensional weight lattice A = Z/+/2.Therefore, A has
to be an element of INg/v/2 in order to allow the normalization (2.37). Starting from these
highest weight states, one can construct the full su(2) representation by acting with D_
on yy. We denote the resulting functions according to their Dj eigenvalues as

Yng = C)\q([)_)()‘iq)/\/iy)\ with ﬁgy)\q =qyy and g=—-\—-A+ \/i, AL (2.38)

Some of these functions are listed in appendix A. According to the integral

/dD‘r V ’g‘ yf\lql y}\QQQ = 5)\1)\25111(12 Y (239)

which fixes the normalization constants C),, they form an orthonormal basis of the Hilbert
space of square-integrable functions on the 3-sphere Lo(S®). It is straightforward to gen-
eralized this procedure for other compact semisimple Lie algebras. In this case A and ¢ are
not just scalars, but vectors of dimension r = rank g.

For non-compact Lie algebras, the structure becomes more involved: first, one has to
consider lowest weight states in addition to the highest weight states discussed so far. These
are states annihilated by all negative simple roots. A representation is build by acting with
all negative simple roots on highest weight states vy and with all positive simple roots
on lowest weight states v_y. In contrast to a compact Lie algebra, this process does not
terminate. Thus, there is an infinite tower of states for each highest and lowest weight. A
simple example for a non-compact Lie algebra is s[(2). Its representations are discussed in
the context of the SL(2) WZW model in [40].

2.3 Two- and three-point correlation functions of Ka¢-Moody primaries

In order to perform the CSFT calculation in the next section, we need to know the corre-

lation functions (v (w1) ... vn(wy)) of Kaéc-Moody primary fields. We have already defined

their OPE in (2.22). These have to fulfill the Knizhnik-Zamolodchikov equation [38]
2k bt @ )

Ow, + o k+ hY ; w; — w; (r(w1) ...y (wy)) =0 (2.40)




where the notation t((f) indicates that the generator t, acts on the ith field ~;(w;). The

chiral energy momentum tensor is given by the Sugawara construction as
o k
T(2) = —— o : %5a(2)0(2) : . 2.41
Again, the uncommon factors in the Knizhnik-Zamolodchikov equation and the energy
momentum tensor are due to the normalization we performed in section 2. With the OPE
of the chiral currents j,(2) in (2.21), it is straightforward to calculate

jo (W Owja(w
(:j—(w))2 n ZJ_(w) n
c 2T (w) 0T (w)
2(z —w)* * (z —w)? L—

T(Z)ja(w) =

and (2.42)

T(2)T(w) = +... (2.43)

with the central charge

kD
C = Z;;j?;y aIKi D = dinlg. (2.44)
From there, one can compute the OPE
h Oy (w) ) o'k
T =— — 4+ ... th h=————1,". 2.45

For ~(w) to be a Kac-Moody and a Virasoro primary, it needs to be an eigenstate of the
Lie algebra’s quadratic Casimir operator 7%ty

The CSET calculation in this paper will be performed only up to quartic order so
that we need to know the two-point and three-point correlation functions. Recall that for
Virasoro primaries, these are completely determined up to some structure constants. We
introduce a Fourier-type expansion of the Ka¢-Moody primary

Yw) = eag dag(w, z) (2.46)
Aq

in terms of the Virasoro primaries ¢y,(w,z’) with constant coefficients cy,. Due to the
linearity of the correlation functions, it is sufficient to know the correlations functions of
®xq- As mentioned above, these are fixed by conformal symmetry as

Arig1 Aoqe 5h)\1 hx,

(a1 (W1)Prygy (w2)) = o, with w2 = w1 — wa, (2.47)
Wig
C>\1Q1 A2g2 A\3q3
<¢)\1q1 (w1)¢AQQQ(w2)¢A3Q3(w3)> = hay Hhng —Ting Ry thag—hing  Tiny Thag—hag (2.48)
w w w
12 23 13

In these equations, hy denotes the conformal weight of ¢y, as written in (2.45). Note that
it is independent of .

Finally, we apply the Knizhnik-Zamolodchikov equation (2.40) to fix the constants
dxiqi Aage ANA O g1 Aogo Aags 1D (2.47) and (2.48). To do so, we realize that the functions

,10,



yAq(:ci) we introduced in the last section are eigenstates of Lg, too. Therefore, a natural

candidate for the two-point structure constant is

d>\1¢11 Aaqe — /dD"L' V |g| y;ﬁ\lql Yroge — 5>\1)\25q1q2 . (2'49)

We now show that this is compatible with the Knizhnik-Zamolodchikov equation. It au-
tomatically implies the delta function dp, 5,, in (2.47) by its dx,n, part. Plugging the
correlation function into (2.40) gives rise to

o k D = -

haidaig dags — EW /d zVldl Day}k\l‘h Daykzqz =0. (2.50)
where we used that the differential operators D, give a representation of the Lie algebra
generators t,. Now, we perform integration by parts, pull the factor in front of the integrand
and obtain

hx,dx gy Apgo — /de\/ 9l Lo yilql Yroge — 0. (2.51)

Recalling the eigenvalue equation Lo yyg = h) ¥)¢, one immediately sees that the Knizhnik-
Zamolodchikov equation is indeed fulfilled. A similar calculation proofs that in order to
fulfill (2.40) for the three-point correlation function (2.48), we have to set

D /
C>\1Q1 A2g2 A3q3 — /d z /gl y;uh Yxnage Yrsgs - (2.52)

Let us discuss how the usual toroidal case fits into this scheme. A torus corresponds
to an abelian group manifold with F,;¢ = 0 and a coordinate independent vielbein e,’.
Applied to the torus metric g;; = 0d;;, it gives rise to the flat metric 7y, = 6aigijebj .
Plugging these quantities in (2.24) and introducing the abelian currents

Oé/

Qim = —1 ?eai ja,m; (2.53)
we obtain the same current algebra
[ai,ma aj,n] = m gij (Sm—l-n (254)

as used for the derivation of DFT on a torus in [2]. To reproduce the zero mode «; g, we
perform the substitution j, 0 — D, giving rise to
a/

Q0 = —1 EDZ (2.55)

Finally, the Virasoro zero mode read
o . Iy : i
Lo = *Znab Z “Jan Jb,—n ‘= N + 59” D; Dj with N = Zg” AjnQj —n (2'56)
n n>0

Note that the operator D,D® is the Laplace operator on the group manifold. As we
have seen above, the functions y,, are its eigenfunctions. Consider now flat space where
we find

yp(zt) = —¢tki® (2.57)
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as eigenfunctions of the Laplace operator. The corresponding expansion (2.46) is noth-
ing else than a Fourier expansion. According to (2.52), the constant in the three-point
correlation function reads

Ckl ko ks — 6—k1+k2+k3 . (258)

Physically, this reflects momentum conservation in a scattering process with two incoming
particles (momentum ks and k3) and one outgoing particle (momentum k). Switching to
the SU(2) example discussed in appendix A, one obtains [41]

Cxigr Aago Asqs = (719117242 j3qs) (2.59)

with (j1¢1]j242 j3¢3) denoting the Clebsch-Gordan coefficients. In contrast to flat space, the
corresponding scattering process is not ruled by momentum conservation but by angular
momentum conservation.

2.4 Doubled space and fundamental CSFT off-shell amplitudes

In the previous subsection we considered only the chiral primary ¢y,(w). Now, we take
also their anti-chiral counterparts ¢(w) 5g into account. In order to keep the notation as
simple as possible, we introduce the following abbreviations:

R=(\q,7\q) and ¢r(w, @) = drg(w)pxy(). (2.60)

For the WZW model in section 2.1, the anti-chiral current j,(2) is governed by the same
Kac-Moody algebra as the chiral one.
In analogy to (2.28) and (2.25), we introduce a flat derivative D; defined in terms of
the vielbein
e’ =Kt d:yyl) as Dz = e;f&i. (2.61)

In order to distinguish between the chiral and the anti-chiral part, it is convenient to use
bared indices so that the commutator is written as

[Da, Dy] = Fy;°Ds. (2.62)

In the left/right symmetric WZW model corresponding to a geometric background, the
bared and unbared structure coefficients are related by

Ft = —Fut. (2.63)

a

However in general, we want to treat them as independent quantities. The derivative
in (2.61) acts on the right-moving coordinates z only. Combining these D right-moving
coordinates with the D left-moving ones, we obtain a doubled space parameterized by
the 2D coordinates X! = (27, xz) From this world-sheet perspective it is very natural to
introduce the doubled derivative d; = (9;, ;) and the doubled vielbein

a0
Eal = (e ) (2.64)
0 eaz
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giving rise to a doubled flat derivative
Dy =EA'0; with [Da,Dp] = Fap“Dc. (2.65)

At this point, one realizes a striking similarity to the flux formulation of DFT. The latter
also uses a flat doubled derivative giving rise to the same algebra (see e.g. [9, 30]). How-
ever, the details are different, as here we are considering a CFT background, whereas in
traditional DFT the doubled vielbein is introduced for fluctuations. The individual entries
in the vielbein are also different, e.g. in (2.64) the background B-field is sort of hidden in
the left and right moving frames e, and es'. Recall that the distinction between these two
frames only exist for a CFT in the first place.

It is straightforward to generalize the structure constants dx, g, xogs a0d Cx gy Aago A3gs
to the combination of the chiral and anti-chiral fields ¢r

dr, R, = /dQDX\/\H\ Yp Yp, =0r R, and (2.66)

CRl Ro Rz — /dZDX V |H‘ Y}% YRz YR3 (2'67)

with
. - A A n“b 0
YR(XT) = yrg(a') §3q(z"),  Hpg=E“EP;Sap and SP = 0 i) (2.68)
n

As we will see, all expressions arising in the CSFT calculation in the next section can
be eventually reduced to two different off-shell amplitudes of the primaries ¢r. In the
vertex notation [42, 43|, these amplitudes read

(Ri2|¢ri)1|0R,)2 = lim (I o dp, (wi,w1) dp, (w2, w2))  and (2.69)
(Vslori)1|@Ro)2l0Rs)3 = lim (T fi o dp,(wr, 1) fo o dr, (w2, w2) f3 0 R, (w3, w3))
(2.70)

where (R12| denote the so-called reflector and state (V3| the three-point vertex. Moreover,
I is the BPZ conjugation defined as

I(w) = % and T o pp(w, @) = w 2R @28 g (I(w), (7)) (2.71)
Furthermore,
fi(w;) = wio + pyw; + O(w?) =w (2.72)

is a conformal mapping between the local coordinates w; around the i-th puncture of the
sphere S? and global coordinates w. We fix the punctures to (w1, w20, ws0) = (00,0, 1).
The parameter p; appearing in f; is called mapping radius [44]. We will comment on its sig-
nificance later. Note that for Virasoro primaries, like ¢, a conformal transformation act as

fro omws,m) = )h (dﬁ' )h or(fi(we), Fi@n) (2.73)
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An important consistency condition of CSFT is that all primaries have to be level
matched (hg = hg). In this case, the off-shell amplitudes take the simple form

(Ri2l¢r, )1|0Ry)2 = dry R, and (2.74)
(Vslor,)110Rs)2|Rs)3 = o125 | p2| 52 | p3|*1Bs CR, gy R, - (2.75)

Now, we have introduced all the necessary tools to perform the CSFT calculations in the
next section.

3 DFTwzw action and gauge transformations from CSFT

After having discussed the details of the world sheet theory, the corresponding CF'T corre-
lation functions and off-shell amplitudes, we present the CSFT calculations in this section.
We start with introducing the string fields describing a massless closed string state on a
group manifold and the parameter for its gauge transformations. Then, from CSFT we
derive the effective DFTywzw action and its gauge transformations up to cubic order. After
introducing a version of the strong constraint, we simplify the results by applying the same
field redefinitions as in [2]. Interestingly, the form of the strong constraint differs from
the one of DFT. Finally, we calculate the gauge algebra (C-bracket) and check its closure
under the new strong constraint.

Throughout the remainder of this paper, we will work in the large level k£ limit corre-
sponding to the large radius limit of the group manifold. Therefore, many of the quantities
we will compute receive higher order in k="' corrections corresponding to o’ corrections.

3.1 String fields for massless excitations and the weak constraint

The starting point for the CSFT calculations are two string fields |¥) and |A). They are
level matched and in Siegel gauge [45]. Thus they are annihilated by

Lo — Eo and ba = bo — BO . (3.1)

The first one has ghost number two and the second one has ghost number one. The general
string field consists of fields corresponding to all order Kac-Moody modes acting on the
Kaé-Moody ground states |¢r). Recall that for toroidal DFT, one restricts the string field
to just the lowest lying massless oscillation modes acting on the Kaluza-Klein (momentum)
and winding ground states. Since in this case there does not exist a regime for the radius
such that all these states are lighter than the first excited oscillation mode, this is not a
low-energy truncation of the theory. However, the strong constraint prohibits simultaneous
winding and momentum excitations in the same direction. In this sense, for DFT the torus
can always be chosen in a way permitting a consistent low-energy truncation.

For the WZW model the situation is similar. Analogous to the toroidal case, we first
remove all massive string excitations from the string field. Then, we recall the explicit
Sugawara form of the Virasoro operator

a/

Ly, = _Z(l - hvk_1>nab§ : ja,nfm jb,—n : +O(k_3) (32)
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where we have expanded the prefactor as

o k o

TR 4(1—th—1+---) (3.3)

and have taken into account that the chiral currents j, and j, include a normalization
factor k~1/2. Hence, we find exactly the order O(k~3) stated in (3.2). Then, e.g. the state
Ja,~1Jp,—1 c1¢1|¢R) is still present in the truncated string field and its mass is given by

(Lo + Lo)ja, 15, —1c181|dR) = i(l — hYE"N) (e2(N) + c2(N))da,— 15,1 c181ldR) + O(K™)

(3.4)
where () denotes the quadratic Casimir of the representation with the highest weight
A. Now, for a fixed ground state in the representation A, one can always choose the level
k large enough so that the mass in (3.4) is much smaller than one. For fixed level k, there
exist always ground states with a mass much larger than one.® This is the same behavior
as for the toroidal case, but only after one applies the strong constraint there. Thus, the
truncated string field is given by

W) = Z {eab(R) Ja,—1 51 ¢1C1 + e(R) cre_1 + &(R) &1e 1+

F G e+ PR Gad ) |0, 69

and for the gauge parameters the corresponding string field is

18 = S [3 Rcsen — PR 1+ () o) (36)
R

with ¢i = (co£ o). The fields eal_’(R), e(R) etc. can be considered as fluctuations around

the WZW background. In contrast to the toroidal case [2], in (3.5) one does not sum over

winding and momentum modes but over the different representations R = (Ag Aq).

Now, let us derive the consequences of the level-matching constraint (3.1) in more
detail. This will guide us to the DFTywzw generalization of the weak and strong constraint.
For that purpose, let us take a closer look at a component of the string field, like e.g. e(R).
We assume that the group manifold G is simply-connected so that the functions Yz(X)
introduces in section 2.4 form a basis for the square-integrable functions L?(G) on G.
Hence, we are able to express each e(X) € L?(G) as

e(X) =) e(R)Yr(X). (3.7)

R

For this field, the level matching constraint (3.1) translates into

(DuD® — DgD") e = 0. (3.8)

SFor instance for SU(2)y, there are finitely many highest weight representations with conformal dimension

h= i&'f?)) with 0 <1 < k. The state carrying highest mass is | = k with h = k/4.
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This can be compactly expressed in terms of the doubled index notation introduced in
section 2.4. Introducing the O(D, D) type constant metric

ab
0 0
P = g . and it’s inverse nap = flab , (3.9)
0 —n“b 0 —nap
the level matching constraint reads
nBDaDp-=DyD* =0. (3.10)

Here, - stands for the physical fields e, e, eal_’, fe, fE and the gauge parameters \%, )\E, 1
In this notation, it closely resembles the weak constraint of usual DFT. However, it is given
in flat and not in curved indices so that for a proper comparison, we have to transform it
into curved ones. To this end, we employ the identities

Q0 = O + &-gije“j with the coefficients of anholonomy €,,° = eaiaiebjecj (3.11)

and
Fabb =0= 2Q[ab]b = Qabb - Qbab = Qabb = Qbaba (3'12)

which follows from unimodularity of the Lie algebra g, as required in (2.33). Moreover, for
a constant dilaton ¢ one gets

2D% = 0%", where d=¢— %log VIG| (3.13)
is the generalized dilaton of DFT. Combining these results we obtain the relation
Q0 = —2D% 4 0;9" e (3.14)
by which one finds
DyD = (U Dy + g 9;0;)- = (—20;d 0" + 8;9") - . (3.15)
The analogous relation holds for bared indices, as well. Thus, with
0" = Ba'Eg'nAP = <gij 0_._.> (3.16)
0 —g¥
we obtain for (3.10) in curved indices
(901 —28;d0")- = 0. (3.17)

Note that curved doubled indices are raised and lowered with n// which in this case is
not constant. This is an essential difference to traditional DFT. It implies that one cannot
pull »// in and out of partial derivatives so that e.g. the expressions '9; = n’/9;0; and
0101 = 0r(n!’70;) are not equivalent.

The weak constraint (3.17) can be further simplified by invoking the definition of a
covariant derivative

ViV =0 v 4+ Ty VE (3.18)
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In general, not all components of the generalized Christoffel symbols I';x” are fixed but,
as we will show in section 4, the compatibility with partial integration yields

;=T =—-20,d. (3.19)

Hence, one can rewrite (3.17) as
viol-=0. (3.20)

We will also see in section 4 that one can require metric compatibility V9% = 0. Using
this, the expression (3.20) does not suffer from the problem 9;0- # 9’9;- outlined above.
Indeed, it follows immediately that V;0!- = V/0;-.

Applying (3.10) to a product of two elementary objects we arrive at the strong con-
straint

Daf DA =08;f0lg=0. (3.21)

Note that in curved indices this constraint also involves the non-constant metric n’”.

3.2 Action and gauge transformations

In closed string field theory, the tree level action is given by [2, 42]
9 2 1 1
(2k%)S = ] {T,QU} + g{\I/, U, Uy + 3—4{‘11, U Uhy+... (3.22)

where 1) denotes the string field (3.5). It is a sum over infinitely many string vertices
{-, -+, -}o evaluated at the genus zero world-sheet S2. These are also called string func-
tions. Asin [2], here we will evaluate these vertices up to order three. The fourth order term
is already quite challenging as it involves an integral over a region in C, whose boundary
is not analytically known. First we will calculate the quadratic order and then discuss the
appearance of Ward identities which will be used along the line of [46] to calculate the cubic
order. This will give the simplest interactions among the components of the string field.

Besides the action (3.22), CSFT admits to calculate gauge transformations of the
action, too. They read

1

and are parameterized by A, the ghost number one string field introduced in (3.6). Here,
the string product [-, -]o appears, which is connected to the string function by the identity

[Bi,.- . Balo =Y ¢s){¢5, B1, .., Bu}o. (3.24)
S
The string fields ¢¢ are called conjugate fields of ¢s. Since for CSFT on the torus, the CFT
is free, it is straightforward to obtain the conjugate fields. However, on group manifolds, the
world-sheet theory is in general interacting so that the notion of conjugate fields becomes
more involved. We will tackle this problem while discussing the gauge transformations at
quadratic order.
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3.2.1 CSFT at quadratic order
Let us start with the leading order CSF'T action

{0, QU} = (¥, QW) (3.25)

with the BRST operator given by’

1
Q= Z( CemLm : —|—§ : c_mL%l :) + anti-chiral . (3.26)
m

We know the exact definition of L., and L%l in terms of the modes jum, ¢m and b, but
for most purposes we only need to employ the commutator

(L, 6] = ((h —m— n) (3.27)

between a Virasoro generator and a primary field ¢ of conformal weight and similarly for
the ghost contribution L%L h.

As we have already defined in (2.74), a convenient way to express the expectation
value (3.25) is in terms of the reflector state (Ri2|, namely

(Wley Q¥) = (Ria|¥)1c; D QP w), (3.28)
Then, we can use the identities [42]

) =0 (3.29)

(Raa|cll) + C(_27)n =0 and <R12U¢(1,17)n + ](52
to move operators from one side of the reflector to the other. As (3.28) is bilinear, one
can treat each term in the string field (3.5) separately. To continue, we use the following
algorithm: on each side of the reflector state we move operators annihilating the primary
|¢r) or the ghost vacuum to the right by using the commutation relations (3.27) and (2.24).
This procedure is called normal ordering. It is performed in such a way that the Virasoro
generators are transported directly to the primary field in each slot of the reflector state.

Only Lo and L_; survive this procedure. According to (3.2), one can replace Ly and L_ by

o _ ab .
Lolor) = _Z(l —hVET 4 0™ Gao dbolOR)

/

@ _ ab - .
L_1|¢Rr) = —5(1 —hET ) b]a,fl Jb,0|OR) (3.30)

for large k. Afterwards, we perform normal ordering again until only zero modes or cre-
ation operators are left over. All operators acting on the first part of (R12| are moved to
the second one utilizing the identities (3.29). We establish normal ordering and so that,
finally, only zero modes are left over.

"In a theory free from conformal anomalies, the BRST operator has to be nilpotent. This is only the
case if the central charge cg, = —26 of the ghost system cancels the one of the bosons. Thus, we have to
add 26 — D (D is the dimension compact Lie algebra g) abelian directions. Furthermore, for finite level k
we need a linear dilaton in one of the abelian directions.
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Just to give an impression, one of the many terms of the resulting expression is

/

« .
{0, QU} =+ > e(Ry) e(Ra) n™ (Raal$r, J1c-18-1€0¢181 Ja0 Jooldry)2 + - - -
R1, R
(3.31)
To get rid of the ghost zero modes c_1, ¢y and ¢; we apply the ghost overlap®
(bR, lco1co1cgcgerci|dr,) == 0rry & (PRile—1c0c16-180C1|OR,) = 20R, R, -
(3.32)
Recalling the two-point amplitude (2.74) and combining it with the substitution
ja,0|¢R> = ta|¢R> and ty — Da ; (333)
we obtain the final result
/
(QKQ)S:...jLOQ‘/dQDX\/\H]éDaD“eqL.... (3.34)

After a tedious computation, at leading order O(k~!) the complete quadratic action reads

1 —
(262) 821 = /dﬂ’ V] H| [4%56“ +2e0e — fo f*— f5 f°
— fu(Dpe™ = 2D%) + f;(Dge®™ + 2D%) (3.35)

where the generalized Laplace operator is defined as

1

0= (DaD" +DiD") . (3.36)

Let us make a couple of comments:

e Note that we assumed the auxiliary fields f, and f; to be proportional to k~1/2

, as
otherwise we would also find additional terms in (3.35). This situation is in total
accordance with toroidal DFT, where the auxiliary fields are also weighted by an

additional factor v/o/.

e On the torus, the vielbein E4! is independent of the coordinates X', so that one
can simply substitute the flat coordinates in (3.35) by curved ones. In this way, one
exactly reproduces the result derived in [2].

e Even though (3.35) looks like the one for toroidal DFT, there is a substantial differ-
ence in that the derivatives appearing there do not commute.

At subleading orders in k! the difference become even more striking. Recall that such
corrections have the interpretation of o’ corrections.Whereas for the toroidal case such
corrections are absent in the CFT action at quadratic order, for the WZW model there
exist a whole series of them. Thus, all quantities on the world-sheet receive corrections

$We use the convention of [2] which differs by a sign from the earlier works like [42].

,19,



which is already reflected in (3.30), where the Virasoro generators Ly and L_; receive
corrections in all orders of £~ 1.

Now, we come to the evaluation of the gauge transformation (3.23) at second order,
which involve the conjugate fields ¢s. These are defined by the relation

{5, dw 3o = (6C]cy [dsr) = (Raald)1cg P s )o = Sss (3.37)

Since j,,—1 and Jp,—1 are the only creation operators appearing in the massless string fields,
it is sufficient to know the conjugate field of ¢5 = jo —1|¢r) with s = (a, R) (and its anti-
chiral counterpart). A first guess for this conjugate field is ¢S = j%,|¢r), which is along
the lines of the abelian case. Evaluating (3.37), we obtain

-a . a cC . 2 a
(Ruali23" 16m )1 G521 |0ma)2 = —F0 (Rualom, )1 G |oma)2 + 5 0 Omypa- (3.38)

We realize that, even though the second term on the right hand side looks quite good, the
first one spoils everything. We can get rid of this term by instead defining the conjugate

field as
o o'\ 3/? 1\ /. o b o .
o5 = (2 - (2> k ) (J—l + 5 F Jc,ojb,l) . (3.39)

Indeed, after some algebra and using (2.16), up to order k~!, this ansatz gives rise to the
desired result

(Ru2|6¢)155 01 |6R,)2 = 68 Ry Ry + O(K™3/2), (3.40)

which is an improvement in comparison to our first guess. There it was only satisfied up
to the order k=2, In general, one has to determine the conjugate fields order by order
in inverse powers of k. However, for all orders we are considering in this paper, (3.40) is
sufficient.

Now, we have collected all ingredients to calculate the gauge transformations

oA¥ = Z ‘¢s>{¢§7 QA}O ) (3'41)

using the same techniques as for computing the CSFT action. In the end, at leading order
O(k~1) we obtain the gauge transformations

1 1
On€gp = Doy + DypAg ope = — §Da)\a OAfa = Doy — §D>\a (3.42)
1 5 1
OAE = p+ §D5)\b onfy = Dy + 500N (3.43)
These and the quadratic action (3.35) possess the Zo symmetry

€ < €yr Do < Da, fo < —fa, e < —€, g & Ag and p < —p,
(3.44)
which is a direct consequence of vanishing (anti-)commutators between chiral and anti-
chiral operators in the theory.
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3.2.2 Interactions at cubic order

In this section we compute the string function
{U, U, U} = (V3|U)1|P)a| )3, (3.45)

which forms the cubic part of the tree-level action (3.22). Even though [46] considers open
string field theory, our closed CSF'T computation is very analogous.

From the discussion in section 2, we know that each mode j,,, of the current j,(z) is
a symmetry generator of our theory. Hence, the variation

dfz-<€(2)ja(2)f ofioVi faoVa f30V3) =0 (3.46)

0c(fioWr f2OV2f3OV3>—j{2m

has to vanish for arbitrary vertex operators V;. In the vertex (V3| notation introduced
in (2.70), this expression translates into [46]

3

S ¢ L ile(e) ) = 0. (3.47)
c. 2mi

i=17/Ci

Here, we do not explicitly write the right hand side of the equation, because it holds
for arbitrary V;. The integral in (3.46) receives only contributions around the punctures
introduced by the vertex operators. These punctures are enclosed by the contours C; .
To pull the integration directly in front of the corresponding vertex operator, one has to
change the integration variable from z to z; = fifl(z). Since j,(z) has conformal weight
one, this transformation gives rise to

dz; \ dz
with &;(z;) = e(fi(2i)). Thus, for (3.47) we obtain

N1
d2e(2) jul2) = dz; (d) ) al2) = dea(e) julz) (3.48)

3
> e (Vslei(zi) ja(zi) = 0. (3.49)
¢, 2mi
=1 i

The functions z = f;(z;) map the local coordinates around the punctures at zg; = {00, 0,1}
to a common coordinate system z. In doing so, they describe the world-sheet geometry of
the three-point interaction. As shown in more detail in appendix B, they are given by

fa(z2) = pza + d1(pz2)? + da(pz2)® + ..., (3.50)
1 1
fa(z3) = m and  fi(z1) =1— m (3.51)
with the constants
1 dy =-1/2 and dy =—-1/16. (3.52)

P = _ﬁ )
Choosing £(z) = p/z and utilizing the mode expansion of the chiral current j,(z;) in (2.23),
we obtain the Ward identity

Val(pdd — o238+ 321 — pdi 550 + 023 — aB) 5P — o250 L) =0 (3.53)
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A similar argument holds for the c-ghosts, which are Virasoro primaries of conformal weight
—1. Thus, the main difference is the transformation behavior of

N\ -1
G0 ) = sy () oG e = ddlaelz) (35
with ¢;(2;) = (f'(2:)) 2 ¢(f(2:)). Again, for the specific choices
B 1 (2 —2)p
o(z) = =2 and ¢(z) = 1B (3.55)

the two Ward identities

Vsl (pc + e + p(1+ 2d1) P = pP) =0 (3.56)

2 2 2

<v3] <—p2 i)+ +E (1201 off + 5 (1421 ~4di +6dp) o -2 c§3)> 0 (3.57)
follow. For bared operators, analogous Ward identities hold.

Equipped with these Ward identities, we one can now proceed and compute the string
function (3.45). Like for the quadratic term, we again use the bilinearity of the string func-
tion and obtain 5% = 125 different terms to calculate. Considering also their symmetries,
it is sufficient to calculate only 35 different terms and weight them with the corresponding
combinatoric prefactors.

To evaluate each of these 35 remaining string functions, we apply the following al-
gorithm: first we use one of the Ward identities (3.53), (3.56) or (3.57) to remove the
corresponding operator from the second slot of (V3|. Afterwards we establish normal or-
dering of all slots and remove terms where annihilation operators hit the primaries. We
repeat this procedure until slot two of (V3| contains the operators ¢;, ¢; and jg, 0 only. Now,
we rotate the vertex according to the rule

(V3|Vi)1 Va)a Va)s = (=) V102 V) (1151 V3)5 V3 ) (3.58)

and start over again by applying the Ward identities and normal ordering. Then we rotate
again and we continue until all slots of (V3| contain c1, €1, ja0 and jz o operators only.
Finally, we apply the ghost overlap (3.32) giving rise to the substitution rule

Vil e eV = v (3.50)
where the [p|® term in the denominator arises because we have 6 ghosts with conformal
weight —1. It is canceled completely by the |p|® due to the successive application of the
Ward identities. After all these steps, only the fundamental three-point off-shell ampli-
tudes (2.75) are left over. Writing them in terms of an integral over the doubled space,we
have to take care of the |p|?" factors in (2.75). However, they can be expressed as

/

‘p’2hR — |p|72(1€ﬁT)D = ]_ — % 11’1 |p“:, + .- = 1 + O(k_l) (360)
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and therefore, at leading order, do not give any contribution to the action.” Finally, at
leading order O(k~!), the cubic part of the action can be expressed as

1 — - - — — -
(26%)83—1) = /dZDX\/ |H | [—8%5 (—Dced’ Dge" — Do De® — 2D% 5 D’

+2D% ; Ddecb + 2D%% DBECJ)

1 I oo

— 4 Cab (F“cd € Dae® + Fb(-xz € Dee“d> — EFace Far € od cef (3.61)
1 5 1 _ 1 _

=+ §€a5faf - §fafae+ §fafa6’
1 — — _ _

- S (D“Dbe & — D% Db — Dbe D% + e D“Dbé)

1 5 5 1
- Zfa (2%5 D + D, é) + Zf“ (Dae €— eDaé>
1 7 1 -
_ ZJcb (26(15 D% + D% 6) + 1fb (Dl;e e— eDbé>} . (3.62)

Like already observed for the second order action (3.35), large parts of it resemble the orig-
inal result obtained by Hull and Zwiebach. However, there are also additional terms (3.61),
linear and quadratic in the structure coefficients F,p.. On the abelian torus they vanish and
then the action (3.61) reduces to the one derived in [2]. Whereas in toroidal DFT, there are
kinetic terms in the action only, one of the additional terms (3.61) represents a potential

1 — — _
V= BT Foce Fyay e ecd ¢ef (3.63)

for the fluctuations €.
In order to evaluate the gauge transformations in cubic order, we again use the conju-
gated string fields ¢¢ from section 3.2.1. They allow to express the string product

(@, Ao = [@s){e5, U, Abo (3.64)

in terms of string functions, which we compute like those appearing in the action. One
finally obtains for the gauge variations of the fluctuations

1
e =4 ()\C Daeg — DaX® €5+ Ao Dl + 2DN\g €5 — Ao D5 — 20 DC%)
1 i N 1 e
—Z()\aDge—DI;)\a ‘) 52 fr+ 5 X gy (3.65)
1 1 1
=——f¢ a —eD” a - aDa '
dre 4f)\+8e )\—1-4)\ e (3.66)
1 1
e — —_Da a — aDa_. *
dre 166 Aa + 8)\ € (3.67)

9Even though the algorithm presented here is straightforward, the calculations are lengthy and cum-
bersome. For that purpose we developed a Mathematica package that was inspired to some extent by
Lambda [47], a package to evaluate operator product expansions in vertex algebras. It also extensively uses
MathGR [48] to simplify tensor expressions.
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The corresponding ones for \; arise after applying the Zy symmetry (3.44). Here, we are
not interested in the gauge transformations of the auxiliary fields f, and f3, because they
are eliminated by their equations of motion in the next subsection anyway. A p-type gauge

transformation acts as
3 _ 3 _
Ou€y =0, b= —gue and J,e = gue. (3.68)

3.3 Simplifying the action and gauge transformations

Following [2, 49], we simplify the action by first fixing the pu gauge in such a way that
e=d and e=—d. (3.69)

Afterwards, we redefine the fields

1 —
er=cptepd, d=d+ 35 6ab ™ (3.70)

and the gauge parameter
3 1.3
M= A + ed - 1/\17 €.5- (3.71)
Let us briefly discuss how the level matching condition works for these redefined fields. We
know that the unprimed fields in (3.70) have to satisfy the weak constraint (3.10). Since
the primed ones contain products of unprimed fields, they do not automatically satisfy it.
However, requiring also the strong constraint (3.21) guarantees that the primed fields do it.
Therefore, already at the level of this field redefinition the strong constraint is necessary.
Now, plugging the redefined quantities into the quadratic and cubic gauge transforma-
tions and removing all contributions that are not linear in the parameter A\ or the fields,

we obtain

1
0réap = Dida+ 5 (Dad” € = DD g5+ e Degy + Fac X g +

1 _ _ _ -
+ D+ 5 (D5X° €z = D°Ag az + As Do+ Fy X eq) (3.72)
Syd = — 2Dy + e Dod— Lo + e Dd
A= 4 a 2 a A a 9 a s

where for simplicity of the notation we dropped the prime. Except for the flux term, they
have the same form as the gauge transformations of toroidal DFT.

As already mentioned above, it is convenient to simplify the action by eliminating the
auxiliary fields f, and fz. To this end, we solve their equations of motion up to quadratic
order in the remaining fields, yielding

1 1/ 2 1 ; ;

f* = =5 = D+ 5 (eab Dyd + dD“d) +3 (Dced; eab — dDgeab) (3.73)
S DS D sy 1 ; ;

J" = 5Dac + DV — 5 (eab Dad + dDbd> -5 (Dceaé €ab — dDae“b) . (3.74)
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Furthermore, we apply the field redefinitions (3.70) which we already used to simplify the
gauge transformations so that finally we obtain

1 ;o1 1 ;
(26%)8 = / d*PX\/|H| [4% Oe + Z(Dbea;,)2 + Z(D%al—,)2 —2d DDV ; —4d0d

1 _ _ R _ —
+ 7 €ab (Daecg Dbecd — DaechdECb — D¢ Dbecg>

1

1
~ J€ab -

- face phif ¢ ¢ s

(Facd Déedl; €cs + FBEJDBECLJ Eeé) _

1 1 1 7 _
+ 5d((pa%)2 + (DPe)? + 5 (Decgp)® + 5 (Dees)” + 26 (DaDles + DyD%ee))

+4e,5d D*DPd + 4d> Dd]
(3.75)

where we defined e.g. ) )
(D%45)° = (DPegp)(Dec™) - (3.76)

Thus, we have derived the leading order form of the DFTwyzw action,which reduces to the
form of the usual DFT action for a flat torus, containing, though, additional terms which
go beyond it. First, the derivatives D, are non-commuting and, second, the fluxes Fy.
appear explicitly.

4 Generalized Lie derivative and C-bracket

In this section, we analyze the obtained action and gauge transformations further, focusing
in particular on the generalization of some of the salient features of DFT, like the Lie
derivative, the generalized metric, the C-bracket and its closure. Recall that in DFT, the
latter is closely related to the implementation of the strong constraint.

To simplify the gauge transformations (3.72), we change to doubled index notation
introduced in section 2.4. Hence, we define the doubled parameter of the gauge transfor-
mations and the doubled derivative as

M= (2,09, Dy = (O, 0a) - (4.1)

As in section 3.1, capital indices are raised and lowered with the tangent space metric 7
defined in (3.9). Following this prescription we obtain

A= (Ao, —a), DA = (99, -9%). (4.2)

Similarly, the structure constants in capital indices are defined as

Fabc Fabc
Fap® = F;° which e.g. gives rise to  Fapc = { —Fy3
0 otherwise 0 otherwise .

(4.3)
In the remainder of this section, these conventions will be often used.
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4.1 Generalized Lie derivative and metric

Now, we want to see whether the gauge transformations (3.72) encode the notation of a
generalized Lie derivative. The non-trivial issue is that the right hand side of (3.72) is
given in terms of an expansion up to linear order in the small fluctuation €,;. Therefore,
we first have to “integrate” this relation, which we do following the procedure outlined for
the generalized metric formulation of DFT in [4, 50].

For that purpose, consider first the symmetric transformation #4? leaving 7 invariant

HACWCDHDB = nAB . (4.4)

A simple example for such a matrix is SAZ. A small perturbation of it,which is still
compatible with the properties of HAB is called eZ. Therefore, ¢” has to be symmetric
and has to satisfy the relation

EACUCDSDB + SACUCDEDB + 0(62) =0. (4.5)
The most general, symmetric solution for this equation reads
0 —eob i 7
AP = ) with € = (el)be. (4.6)
—e

Therefore, the small fluctuations initially introduced in the string field ¥ in (3.5) can be
thought of parameterizing ¢4, These are D? different entries and allows us to express
HAB in a series expansion

1
HAY = S48 4+ AP 4 2l Sep PP 4 - = exp(e?). (4.7)

Guided by the flux formulation of toroidal DFT [6, 30|, let us define the generalized Lie
derivative of DF Twyw as

LVA =MDV 4 (DN — DpAY) VB 4+ FA5cAPVe (4.8)

Objects transforming like 5,V4 = £,V4 are called generalized vectors. The generalized
Lie derivative extends to tensors in the usual way so that e.g. the generalized Lie derivative
of €AB reads

Lre?? = X\ Doe'P + (Do — DoAt)e P+
+ (DBAe — DeABYeAC + FAGPACEPB - FBopACerl (4.9)

Moreover, it leaves n? invariant
Ly =0 (4.10)

and for a closed gauge parameter it acts trivially, i.e.

Lpa,VE =0 (4.11)
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after applying the strong constraint (3.21). The gauge transformations (3.72) affect fluc-
tuations only. They are trivial
5,S48 =0 (4.12)

for the background metric. A straightforward computation shows that the gauge transfor-
mation of e#? can be expressed in terms of the generalized Lie derivative as

SreP = (ﬁ,\SAB + LeB 4 £,8U1 08P ECD) . (4.13)

N | =

With (4.12), one can evaluate the gauge transformation of the generalized metric
S\HAP = 5,48 + %(A@AC ScpePP + %eAC ScpdrePB + O(e) (4.14)
= %(KASAB + L3P + £8P 1 OS5, SBIP) + O(2)  (4.15)
_ %(CASAB +LreB) 4 O(2) = %EAHAB +O(A). (4.16)
Being equivalent to (4.5), we applied the identity
SAG e = — 9B, A (4.17)

in the step from the second to the third line. In a similar vein, the gauge transformation
of the generalized dilaton d

1 1
ord = FExd with  Lyd = MDyd — 5DAAA (4.18)

can be expressed by using the generalized Lie derivative for a density. In summary, we
obtain the very compact notation for the gauge transformations

1 1
HHAP = §£A”HAB and  0xd = o Lxd. (4.19)

4.2 The C-bracket

Let us analyze whether the gauge transformations (3.72) close to give the algebra of the
theory. In CSFT, at cubic order the commutator of two gauge transformations 5, and
0A, gives another one parameterized by

A1z = [A2, Mo (4.20)

Using the techniques presented in section 3.2.2; it is straightforward to evaluate this ex-
pression and obtain

1 1 5
Moo = =5M Dodaa + (Ao Dad + Mo Doy = X Dido.a + Aaa it + fane N 5
1 —
- gh2a D\ — (1 2). (4.21)

Due to the Zsy symmetry (3.44), the equation for the A\j25 has exactly the same form. Note
that these commutators hold before the field redefinition of the gauge parameter (3.71) is
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applied. As explained in section 3.1 of [49], after the field redefinition, we have to adapt
A124 according to

3

1 _ _ _
Moo = M2at <4 (Dira Ms+Dady 528 ) = (DoA Aa.a+-Dodf Ao ) (1 2 2)> . (4.22)

In addition, we have to set
1 1 -
_Ipae—Lpaa 42
h=g 1 (4.23)

which takes into account the p gauge fixing performed in the last subsection. After remov-
ing all terms which are not linear in A\; or Ay (or in both), we obtain the result

1 ; 1 ;
20 = =5 (MDs+ M D) dza 7 (Mo Dk = Ay Dads = fune i N5 ) = (15 2). (4.24)

For the bared parameter we obtain by the same procedure

a

1 3 1 3 3z
20 = =5 (MDy+ 28 D) Asa = 5 (Mo DaXs = A DaXs = faic AL A5) — (15 2). (4.25)

At linear order, \ is equivalent to A\’ and therefore \ can be substituted by A on the right
hand side of these two equations. Using the conventions (4.1), (4.2) and (4.3), one can write
this result in terms of the double index notation, where it takes the very compact form

1 1 1
AL = _gxf DpA\j + Z)\f’ Do p — 1FABC MY —(1e2). (4.26)
This motivates to introduce the C-bracket of DFTwzw as
1 1
AL, Ao]d = =20, = ABDpAs — §A?DAAQB + §FA30A§A§ —(1+2) (4.27)

which differs essentially in the third term from the expression for DFT presented in [3].
Furthermore, please keep in mind that the derivatives appearing in (4.27) do not commute.

At this point we observe that the C-bracket of DFTy7zw can also be expressed in terms
of the generalized covariant derivative

1 1
VAVE =D,vE + gFBACVC and VaVp = DaVp + gFBACVC (4.28)

as 1
A1, Ao)d = AP upag — 5/\’13 VAN g — (1 2). (4.29)

In section 4.4, we will discuss this generalized covariant derivative in more detail. The
generalized Lie derivative (4.8) can also be expressed in terms of the covariant derivative as

LAVA=XVVA + (VAN = Ve VO (4.30)

Due to the total antisymmetry of the structure coefficients Fiapc, the weak constraint (3.10)
when acting on a generalized scalar can also written with the covariant derivative

1
VaDAf = <DADA + SFAABDB>f = DsDAY. (4.31)

A

In the context of the weak/strong constraint, the quantities ¢A? and A\ appearing in the

string fields are treated as generalized scalars. Thus, e.g. V4 DA\P gives rise to

1
VaDNB = DADANE  instead of DsDANE + gFB 4cDANC . (4.32)
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4.3 Closure of gauge algebra

In this section we check the closure of the gauge algebra. There are two different ways to
prove closure which are completely equivalent. First, one can compute the Jacobiator

J(A1, A2, A2) = [A1, [A2, As]clc + [As, [A1, A2lc]c + [A2, [As, Ai]cc (4.33)

and impose that it vanishes up to terms parameterizing a trivial gauge transformations.
According to (4.11), then the constraint

ﬁJ(Al,AQ,Ag)VA =0 (4.34)

has to hold. Alternatively, one can show that the commutator of two generalized Lie
derivatives closes in the sense that

‘C[)\l)\z]cVA = (Lx L, — »C)\Z»CAl)VA‘ (4.35)

Here, we will show this second property of the generalized C-bracket.
In the course of the computation, we make extensive use of the commutator of two
covariant derivatives

[Va,VBVe = Rapc”Vp = TP 4pVpVe (4.36)
containing the torsion
T pc = —éFABc (4.37)
and the Riemann curvature
Rapc® = %FABEFECD. (4.38)

In calculating the Riemann curvature, we used the Jacobi identity
Fap®FpeP + Foa®* Fpp® + FpePFpa?” =0 (4.39)

for the structure coefficients F45¢. Note that both the curvature and the torsion of this
generalized covariant derivative do not vanish. Thus, the algebra we consider here can
be considered as a generalization of the one proposed by [35],!? which assumed vanishing
torsion. We think that it is remarkable that Cederwall proposed a similar algebra by just
considering possible generalizations/extensions of the DFT algebra.

Evaluating the condition (4.35), one eventually arrives at the expression

[’[MJ\Q}CVA = (Lx, L, — E)\Q.C)\l)VA

1

3

where the second line vanishes due to the Jacobi identity (4.39). Let us emphasize that

(Fpc" Frp™ + Fpp" Fpe™ + Fop" Fr?) | (4.40)

this closure result goes beyond what one would expect from the CSFT construction. A
priori CSFT at cubic order only forces the V4 independent part of (4.35) to hold [49]. For
all terms depending on V4, there are in general corrections and closure is only guaranteed
on-shell. However, here we do not face any of these problems. Moreover, for the closure
of the usual DF'T algebra, the strong constraint was essential for the fluctuations and the
background, whereas here one only needs the Jacobi-identity for the background flux.

10We thank David Berman for bringing this paper to our attention.

— 29 —



4.4 Properties of the generalized covariant derivative

Until now, we did not show that V4 really deserves to be called covariant, i.e. that it
satisfies the mandatory compatibility conditions [6, 9, 51]:

e Compatibility with the frame requires
VaiEgl =0. (4.41)

Here the covariant derivative acts on a tensor with both, flat and curved indices.
Thus, we have to extend its definition

1
VaEg! = DsEg! + gFBACECf + EAET /' Eg” =0 (4.42)

by the curved connection I'7x”. We already made acquaintance with it in section 3.1
while expressing the weak constraint (3.20) in terms of a covariant derivative. Due
to (4.41), it is completely determined

1 1

in terms of the coefficients of anholonomy Qapc = DaE!Ecr and the vielbein E4”.
e Compatibility with the invariant metric
Vanse = Dange + FeaPnpc + FeaPnpp = Fpac + Foap =0 (4.44)

is fulfilled due to the total antisymmetry of Fapc, a direct consequence of the total
antisymmetry of its components fqp. and fzz.. Split into bared and unbared indices,
the non-trivial contributions of (4.44) read

Joac + feav =0 and  — froo — fap = 0. (445)
e Compatibility with the background metric
VaSpc = DaSpc + FBADSDC + FCADSBD = FBADSDC + FCADSBD =0 (4.46)

is checked along the same lines as for 1. The only difference is a plus sign instead of
a minus sign in the bared part of (4.45).

e Compatibility with integration by parts
/d2DX e MUV, VM = —/dQDX e vy U vM (4.47)

fixes the trace
Lyl =T = —20;d (4.48)

of the curved connection. Employing the relation between curved and flat connec-
tions (4.43), unimodularity

FABB:QABB—QBAB:() = QABB:QBAB (4.49)
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and (3.13), linking Q45? with the flat derivative of d, we obtain
I = —-E4Qup? = 2B Dsd = —20;d. (4.50)
This proves compatibility with integration by parts.

e Let us now consider the generalized torsion of V4. Like for DFT, it is defined
as the difference between the usual C-bracket and the C-bracket where the partial
derivatives are substituted by the covariant ones. In our case, this leads to

1
A, Xalé = TEa e M A = Ao — ix{a%] —(1+2) (4.51)

with MNPOASTL = [EB N, EC AK]A E4T. Evaluating this expression by using the
compatibility with the frame, results in the non-vanishing torsion

1
—§<QQ[JK}I+QQI[JK]+Q[JIK]) . (4.52)

Thus, in contrast to the covariant derivative of toroidal DF'T, the generalized torsion

T ik =20r)" + T g =

of the covariant derivative of DFTvwzw does not vanish.

5 About the relation of DFTwzw and DFT

Closely following the original derivation of DFT from CSFT on a toroidal background,
we have derived a third order action and the gauge transformations for a DFT describing
fluctuations around the WZW model. Note that, since we are working at string tree level
and in a large level limit, the left and right moving sector of the background completely
decouples so that at this stage we can straightforwardly extend the formalism to left-right
asymmetric backgrounds.

We observed that the usual notions of DFT like a generalized Lie derivative, a C-
bracket and the strong constraint receive a natural generalization, which encodes, however,
the background fields in an intricate way. Both the frame fields and the fluxes of the
background appear in the corresponding relations making the above DFT notions explicitly
background dependent.

The original double field theory was claimed to be background independent so that
the question arises how DFTwzw and DET and related. If DFT is indeed background
independent, then the schematic relation should hold

SDFT(F + 6) = SDFTWZW (E) (5.1)

i.e. the DFT action expanded around the WZW background H should be physically equiv-
alent to the action of DFTwyzw. Here we indicated that there might exist a non-trivial
map between fluctuation € in DFT and fluctuations € in DF Tywyzw.

In this section, we start to analyze the relation between these two theories. A more
exhaustive analysis requires the knowledge of the complete action of DF Twyzw in terms of
the finite generalized metric (4.7). The construction of this action is beyond the scope of
this paper and is postponed to future research [52]. Therefore, in this section we cannot
yet provide a fully conclusive picture but merely collect some indications and observations.
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5.1 Asymmetric WZW models as solutions to DFT

In this section, we show that the asymmetric WZW models, we used as backgrounds, indeed
arise as solutions to traditional DFT in the flux formulation [6, 30].

First, we face the problem that quantities like the generalized vielbein E4’ or the
metric ny; are defined differently in the flux formulation and the theory presented here.
Hence, it is not straightforward to compare them. The most obvious difference is that
the index structures in both formulations are not the same. In the generalized metric
formulation of DFT [50] the coordinates and partial derivatives read

XM= (3,37, M= (5, ). (5.2)

Indices marked with a hat are lowered with the O(D, D) invariant metric

0 4
NP J
N = (53 0) (5.3)

and for the lower-case ones, like 7, j, k, ..., the background metric g;; is used. To relate
these quantities to the ones used in DFTwyzw, we consider the diffeomorphism

7= —(z’ — :1:’) and it =

(2" + z7) (5.4)

-

which is mediated by the matrices

y L (95 =95 oxM N 1 (g7 g7 0X
MMy = — ) = = M N=—""|(7 7 _ | =M )
e (553 5 ) oxv Mt =5y g ) Taxy s ©Y

J 7 7

Note that it is not a large gauge transformation of DFT [53-55], but an ordinary diffeo-
morphism in the 2D dimensional doubled space. By construction, it links the invariant
metric 777 in DFTwzw with its counterpart in traditional DFT according to
g &+ X
2N T = (P él. " 51'_._4 ="V gy = g5 (5.6)
o5 + (5% g7 — g
For this relation to hold, it is inevitable that in DF Tyyzw the metric i for the right movers
and g;; for the left movers coincide. For geometric backgrounds this condition is fulfilled.
As we will explicitly see in this section, tree-level DF Twzw makes sense also for a large class
of genuinely non-geometric backgrounds. Thus, from this simple point of view, traditional
DFT and DFTwzw can at best only be equivalent for left-right symmetric backgrounds.
Recall that there are only two quantities, which carry all physically relevant infor-
mation about the group manifold and can be compared directly. These are the totally
antisymmetric generalized fluxes

Fapc = 3D[AEB[EC]I” (5.7)
Fa=0Ppa+2D4d=0. (5.8)
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Please note that the definition of Fapc given here is the one used in the flux formulation
of DFT. It differs from our definition (2.30) by a prefactor so that we have to perform the
rescaling

3
Fapc = §FABC- (5.9)

Both, Fapc and Fyu, are constant on a group manifolds. In this respect, they are very
similar to generalized Scherk Schwarz compactifications [17, 18] of traditional DFT.! In
this context, they have to fulfill several consistency constraints [20, 30]. Besides

F4 = const. , and Fapc = const., (5.10)
the most important one is the quadratic constraint
FeapF cp =0 (5.11)

which in our setup corresponds to the Jacobi identity of the Lie algebra g. Recall that it
was mandatory for the closure of the gauge algebra (4.39) discussed in section 4.

Now, let us check whether the WZW background solves the equation of motion of
usual DFT. For left-right symmetric WZW this is of course expected, as the background is
a solution already to the supergravity equations of motion. One possible way to derive the
DFT equations of motion starts from the generalized Ricci scalar R, which in flat indices
reads [30]

1 1 1
R = fABCFDEF <4SAD’I73ET]CF o ESADSBESCF o GUADHBET]CF> ’ (512)

after taking into account that F4pc = const. and F4 vanishes. By variation with respect

SAB

to the flat background metric , we obtain the symmetric tensor

1
Kap = ZFACDfBEF (n“FnPr — sCEgPE) (5.13)
which, after the projection

Rap =2P,“Pp\PKcp  with Pyp = %(UAB +Sap) and Pap = %(UAB —SaB),

(5.14)
gives rise to the generalized Ricci tensor (see e.g. [19] for details). For each solution of the
equations of motion, this tensor and the generalized Ricci scalar have to vanish. An alter-
native way to write the equation of motions make use of an antisymmetric tensor GI45 [30].
However, we will stick to (5.14) because it is more convenient for expanding the double
indices A and B into their bared and unbared components. For the left-right asymmetric
structure coefficients F'4 g used in this paper, expanding (5.14) into components give rise to

4 -
0=3 weeFypan®n®™ and (5.15)
16h"
0=—--F7D. 5.16
27k ( )

"'Similar effects arise in massive type 11 theories, which were discussed in DFT [56], too.
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Note that the first equation is automatically satisfied as long as we have a strict separation
between left and right movers, i.e. the structure coefficients

Fipe = Fi3, = 0 and all permutations thereof (5.17)

vanish. We note that the second equation (5.16) is closely related to the k=! corrections
of the central charge (2.44)

CcC =

kD hY 1—9
k+hv—D<1—k>+O(k‘ ). (5.18)
In an appropriate number of dimensions, the k£ independent part is canceled by the ghost
contribution, whereas the k~! part is canceled by a linear dilaton. In the k — oo limit
this correction vanishes. Thus we conclude that (5.16) is in perfect agreement with our
theory, too. Therefore, at this stage even the left-right asymmetric WZW backgrounds are
consistent solutions of usual DFT. Note that such an asymmetric background generically
violates the strong constraint of toroidal DFT. To see this, consider the term

1
ngBcfABC —I-]'_A./TA (5-19)

which vanishes under the strong constraint [30]. According to (5.8), F4 is zero and thus
we are left with

FapcFAPC = 0®n ! Foee Fyap — ™00 FaeeFygp # 0 (5.20)

for Fupe # £F ;.

Let us close this subsection with a comment related to the background independence
of toroidal DFT. For the aforementioned background not satisfying the strong constraint,
we cannot find even a local frame so that &. = 0, i.e. the background cannot be described
in supergravity. Since the weak constraint of DF'T for fluctuations around this background

0101 (F + ¢) = 070" f + 079" = 0 (5.21)

receives an extra additive contribution 9;07 f # 0, it looks very different from the strong
constraint of DFTwyzw. Therefore, at least from this perspective we do not see any pos-
sibility how the background independence relation (5.1) can ever be satisfied. Thus we
conjecture that DFTwyzw for asymmetric WZW models cannot be described by perturb-
ing toroidal DFT around this background.

However, even for the geometric WZW model, the situation is far from being obvious,
as there are some substantial differences between DFTwyzw and toroidal DFT. As already
mentioned, the metric 7 is constant in DFT, while it is space dependent for DF Tz .
Moreover, as opposed to DFTwzw , the generalized covariant derivative of DF'T has vanish-
ing torsion. Thus, without a deeper analysis it appears to be difficult to settle these issues.
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ID | MunVk/cosa M"\/k/sina | gauging algebra

1| diag(1,1,1,1) diag(1,1,1,1) | SO(4) | su(2) x su(2)
2 | diag(1,1,1,—-1) | diag(1,1,1,—1) | SO(3,1) | su(2) x si(2)
3 | diag(1,1,—1, 1) | diag(1,1,—1,—1) | SO(2,2) | sl(2) x sl(2)

Table 1. Duality orbits of consistent semisimple gaugings with d = 3 internal dimensions and
—m/4 < o < w/4. This table is an extract from table 6 in [20] which in addition includes non-
semisimple setups.

5.2 Uplift of genuinely non-geometric backgrounds

In the previous subsection we have seen that also asymmetric WZW models are solutions
to the equation of motion of toroidal DFT. Moreover, they are very similar to generalized
Scherk-Schwarz compactifications of the latter theory. First, they satisfy very similar con-
sistency constraints and second they violate the strong constraint. Therefore, it is natural
to suspect that the WZW models provide the fully backreacted solutions corresponding
to the minima of the effective scalar potential induced by the Scherk-Schwarz reduction.
Note that the latter potential is nothing else than the scalar potential of half-maximally
(electrically) gauged supergravity. It is important to keep in mind that here we are only
working at string tree-level so that e.g. modular invariance at the one-loop level can easily
spoil the existence of such a left-right asymmetric CFT.

Let us elaborate on this for the concrete case of d = 3 dimensional internal back-
grounds. In this case, the authors of [20] have classified all consistent backgrounds with
constant generalized fluxes explicitly. Considering only the ones which give rise to semisim-
ple gaugings, we are left with the three different possibilities listed in table 1. Each of them
describes an orbit of physical inequivalent backgrounds parameterized by a real parameter
«. It is sufficient to focus on the compact orbit 1 because the other two orbits are only the
non-compact generalizations of it. Its structure coefficients read

1 1
Vi VE

For o = 7/2, they reproduce our prime example, the S with H-flux and inverse string

Fope = \/ﬁeabc(cos a+sina) and Fg = \/ieabc(cos a—sina). (5.22)

tension o/ = 2, which is discussed in appendix A.'? A T-duality transformation along
all internal directions flips the sign of the right movers structure coefficients Fz.. It is
equivalent to a —7/2 shift of o and acts as

My <5 —M™" (5.23)

on the parameters M,,, and M™" of the embedding. Thus, the notion of T-duality pre-
sented here completely agrees with the convention in [20]. Except for e« = 0, all other
backgrounds in the orbit do not have a geometric T-dual counterpart. They are called

12Comparing (5.22) with (A.10), they differ by the imaginary unit ¢. This is due to a different conventions
used in DFT. Whereas, we have a negative definite S4B with signature (—,...,—), DFT uses a positive
definite one with signature (+,...,+).
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genuinely non-geometric backgrounds and violate the strong constraint of toroidal DFT.

To see this, one computes

24
FapcF*PC = 5 sin(20) =0 onlyif o= gn with neZ, (5.24)
for orbit one in table 1. Only the background T-dual to the S? with H-flux is compatible
with the strong constraint. All other backgrounds with « # 0 in the orbit violate the
strong constraint. This finding is reflected by the fluxes

M = diag(H13, Q1%°,Q2°",Q3"%) and M = diag(R'*, fos', fs1%, f12°), (5.25)

too. For a # 0 we alway find H- and R-flux at the same time.

Thus we conclude that asymmetric WZW models are candidates for the uplift of gen-
uinely non-geometric backgrounds of toroidal DFT. Until now, this uplift was only studied
for locally flat backgrounds in terms of asymmetric orbifolds [31, 32]. Here, we found a
generalization which also works for curved backgrounds.

6 Conclusion and outlook

In this paper we have investigated the effective theory of a closed string propagation on
a group manifold with H-flux. We started from a purely geometric setup giving rise to a
WZW model with two equivalent Kac¢-Moody algebras for the left and right moving parts
of the closed string. For this setup, using CSFT we computed the effective action and its
gauge transformations up to cubic order in a large level k£ limit. Consistency required the
introduction of the weak constraint (3.17) implementing the CSFT level-matching condition
on the fields. In contrast to toroidal DF'T, it contained an additional term which could be
written as the connection of a covariant derivative. This covariant derivative also appeared
when we calculated a generalized Lie derivative and the corresponding C-bracket. It turned
out that this generalized covariant derivative has non-vanishing torsion.

Even without having the complete action in terms of a generalized metric yet, we
also started to investigate the relation of the new DFTwyzw with traditional DFT. We
showed that the coordinates used in both descriptions can be related by an ordinary 2D
diffeomorphism, but that the metrics 7’7 only transform properly for left-right symmetric
backgrounds. In this respect, the metric 77[ 7 of DFTwyzw turned out to be coordinate
dependent, indicating a possible connection to the work of Cederwall [35]. Moreover, we
checked that the equations of motion of toroidal DF'T were satisfied not only for left-right
symmetric (geometric) backgrounds but also for asymmetric ones, where the latter do not
satisfy the strong constraint of toroidal DFT. These asymmetric WZW backgrounds only
had to fulfill the closure constraint for guaranteeing the closure of the gauge algebra under
the new strong constraint (3.21).

Despite the fact that supergravity is background independent, even for geometric back-
grounds, we could not yet conclusively show that usual DFT expanded around a WZW
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background is physically equivalent to DFTwzw. For non-geometric backgrounds violat-
ing the strong constraint of toroidal DFT, we found strong indications that DFTwyzw goes
beyond toroidal DFT. Finally, we studied a concrete class of such asymmetric backgrounds
and conjectured that they are related to minima of Scherk-Schwarz reductions of toroidal
DFT. In fact, the asymmetric WZW models provide candidates for their string theory
uplift. All these findings suggest that DFTwzw contains structures going beyond toroidal
DFT. In relation to toroidal DFT, we are still at a very early stage of developing the full ac-
tion of DFTwzw. One should learn more about the properties of the generalized metric and
then try to find a fully self-consistent action of DFTwyzw in terms of the generalized metric.
Expanded in fluctuations of the metric, this action should reduce to the third order action
derived from CSFT in this paper. We hope to report on this in a future publication [52].
Besides these fundamental challenges, DFT in (asymmetric) WZW backgrounds opens
up many possibilities to study non-geometric backgrounds. The latter can be found via
generalized Scherk-Schwarz reductions of toroidal DFT. However, let us emphasize again
that the derivations in this paper are all performed at string tree level so that one should
analyze whether the proposed up-lifts of these non-geometric gauged supergravity vacua
admit e.g. modular invariant one-loop partition functions. From such an analysis one
might also learn something about the construction of non-geometric branes [57-59]. For
instance, it is known that the near horizon geometry of k NS5-branes is precisely the
SU(2) WZW model plus a linear dilaton. Finally, the implications for non-commutative
and non-associative target space structures, as are expected to arise in non-geometric flux
backgrounds [60-64], deserve a renewed study in the framework of DF Twzw.
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A The toy model SU(2)

A nice toy model is the group manifold SU(2) which corresponds to a S® with H-flux. On
this background we compute now all relevant quantities discussed through the paper. We
start with the generators

1 .
to = PR with a=1,2,3 (A1)

in the fundamental representation. Here, o, denote the Pauli-matrices
01 0 —i 10 10
, 09 = ! , 03 = and og = . (A.2)
10 1 0 0 -1 01
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The normalization of the generators is chosen in such a way that, according to (2.16), they
give rise to the Killing metric

'k Tr(t, 1
Nap = _O;kQ(iftb) = djag(—l,—L —1) with Ty = B (AS)

denoting the Dynkin index of the fundamental representation. Each group element
g9 =1y’00 — iy, (A4)
is parameterized in terms of four coordinates 3 which have to fulfill
W2+ @+ (") + () =1. (A.5)
Doing so they describe the embedding of a unit three-sphere S? into the four dimensional eu-
clidean space R4. To parameterize the sphere, we choose Hopf coordinates z* = (nt, n?, 1)
with
y° = cosn? cosn' y' = sinn? cosn’ (A.6)
y? = cosn’ sinn’ y® =sinnsinnt. (A.7)
After this preparation, we apply (2.25) and (2.61) to obtain the vielbeins
0 cos? nt sin? n!
e = —ivka' [ cosn?® sinnlcosnlsinn?® —sinn' cosn® sinn?3 and (A.8)
sin ni3 —sinn! cosn! cos 77-23 sinn' cosn! cos 77-23
0 cos? ! —sin?nt

e’ = —ivka' | cosn?® sinn!cosn'sinn® —sinn' cosn'sinn?? (A.9)

—sinn?3 sinn' cosn! cosn?® sinn' cosn' cosn??

with the abbreviation 733 = n? & 7%. They give rise to the structure coefficients (2.30)

2i 21
Fabc = \/ﬁﬁabc and FE,BE = —\/ﬁﬁabc (AlO)
which, as expected for a geometric background, fulfill F,,. = —F,;.. The target space
metric obtained form the vielbein e%; reads
gi; = o'k diag(1,cos® n',sin’ ') . (A.11)

It belongs to a S3 with the radius R = v/a’k. With the structure coefficients (A.10), (2.6)
and (2.27), we calculate the 3-form

H = 2d'k sinn! cosntdn® A dn® A dn?. (A.12)

As a consistency check we evaluation the quantization condition

21 27 7r/2
1 k
/ H= /dnz/dns / dn' sinn' cosn' = 27k (A.13)
2o Jgs s
0 0 0
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for the H-flux. It reproduces the quantization condition £ € IN for the level on compact
group manifolds.
Following the prescription outlined in section 2.2, one obtains the functions

Yag A=0 A=1/V2 A=12
) \/§6i27’3 sin? n'
q 3 \/iw(a’k)‘g/‘l
1 e sinn!
= V2 m(a'k)3/4
—0 0 B - V3t =% cog n' sinn?
q9= y 1 m(alk)3/4
1 e " cosn
- V2 m(a'k)3/4
-3 \/ge—mﬁ cos? 771
q V2 (a'k)3/

which form an orthonormal basis of the Hilbert space of square-integrable functions on the

S3.

B Geometry of the three-point string vertex

The quadratic differential for the three-punctured sphere with punctures at z;o = (00,0, 1)

reads [65, 66]
0(2) = 9(2)(d=)* with ¢(z) = —(Z_IDQ —t (1“) | (B.1)

A local coordinates system around these punctures reproducing ¢(z) is given in terms of
the functions z = f;(z;) with the property

P V. (B2)

Expanding the left and right hand side of this equation into a Laurent series around zo9 = 0,
it is straightforward to show that the function

(V3= i) [(i+2)%° + (i = 2)*%]

2 == B.3
) = R T 22 T 20— 2T (B:3)
is a solution of (B.2). A Taylor expansion of f(z2) around 2z gives rise to
4 8§ , 4 4 16 , 52 .
29) = ———=29 — —25 F ——25 + ——25 — ————2z5 + -, B4
Ja2(22) 33 27 5% 532 T o™ T s (B.4)
We compare this expansion with (3.50) and finally obtain
4 1 1 3 13
=———, di=—, dy=——, d —, di=— B.5
P 3\/3) 1 9 ’ 2 16 ’ 3 16 ) 4 256 ’ ( )
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as stated in (3.52). The remaining functions f3(z3) and fi(z1) arise from the Mobius

transformations )
and z—1-—— (B.6)
-z z

Z—
1
which permute the punctures of the sphere.
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