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1 Introduction

Lifshitz and Schödinger spacetimes [1–3] are primary candidate backgrounds for study-

ing non-relativistic condensed matter systems via the AdS/CFT correspondence. These

systems exhibit a dynamical Lifshitz scaling near some critical fixed points

t → λzt , xi → λxi , z 6= 1 . (1.1)

Instead of the conformal invariance corresponding to having z = 1, the temporal and

spatial coordinates scale anisotropically. Lifshitz and Schödinger geometries embed such

anisotropic scaling invariance in one dimension higher via radial foliation with the radial

coordinate r scaling as r → λ−1r. (In the case of Schrödinger geometry, there exists

an additional internal null direction ξ that scales as ξ → λ2−zξ.) They are homogenous

generalization of the anti-de Sitter spacetime (AdS) in planar coordinates, and reduce to

the AdS when the scaling exponent z becomes unit.
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The theories proposed initially in [1–3] that admit the Lifshitz and Schrödinger vacua

do not have fundamental origins in string or M-theory, where the AdS/CFT correspondence

is better established. There has been great succuss in the embedding of these vacua in string

and M-theory [4]–[15]. However, there is yet an example of such vacua in lower-dimensional

(gauged) supergravities. The embedding of the Lifshitz or Schrödinger solutions in D = 10

string or D = 11 M-theory typically involves additional transverse directions that cannot

be dimensionally reduced to give a clean Lifshitz or Schrödinger solution in some lower-

dimensional supergravity.

One goal of this paper is to construct a class of Lifshitz and Schrödinger solutions in

gauged maximal supergravities. Gauged maximal supergravities can be obtained from the

consistent Kaluza-Klein sphere reduction of eleven-dimensional supergravity or type IIB

supergravity. In particular, the S7 [16] and S4 [17, 18] reductions of eleven-dimensional

supergravity give rise to gauged maximal supergravities in D = 4 and D = 7 respectively;

the S5 reduction of type IIB supergravity is expected to give rise to gauged maximal su-

pergravity in D = 5, although the full reduction ansatz has not been given. The explicit

reduction ansätze for gauged half-maximal supergravities can be found in [19–22]. Also

known is the full S5 reduction ansatz for the SL(2,R) singlet of type IIB supergravity [23].

The consistency of sphere reduction appears to be closely related to the global symme-

try enhancement associated with the torus reduction where the sphere is replaced by the

torus of the same dimensions [24]. The reduction ansätze can be complicated and theory

dependent. The fact that the full ansatz of the S5 reduction of the type IIB theory is yet

unknown demonstrates the point. However, by examining various known reduction ansatz

in the literature, we find that there is a universal description of the embedding for a subset

of fields, namely the SO(n+1) gauge fields Aij and all the scalar deformation T ij of the Sn.

The consistency of the reduction requires an additional constraint that is easily satisfied

for the static charged solutions we construct in this paper.

We focus on the gauge potentials that are associated with the Cartan subgroup of the

SO(n + 1) and the diagonal entries of T ij , which is a further consistent truncation. The

theories describe STU models in gauged supergravities with additional hyperscalars ϕi [25].

The vector potentials acquire massive terms with the masses determined by the stationary

points of the scalars ϕi, analogous to the Abelian Higgs mechanism. In the AdS vacua,

where ϕi’s vanish, the vector fields are massless, However, we show that there exist other

vacua where ϕi’s are non-vanishing, and hence the vector fields become massive. This

allows us to construct both Lifshitz and Schrödinger vacua in these theories, with some

specific scaling exponent z.

In section 2, we give the ansatz for the Sn reduction focusing only on the gauge fields

Aij and the scalar deformation T ij . We obtain the lower-dimensional Lagrangian and the

consistency constraint. Our result is a summary of the previously-known individual exam-

ples of consistent sphere reductions. One can then perform a further consistent truncation

to the Cartan subgroup with A1 = A12, A2 = A34, etc. and the diagonal entries of T ij .

The resulting theories are the STU models in gauged supergravities with additional hy-

perscalars ϕi. Each vector Ai acquires a massive term with mass sinh2 ϕi. This procedure

of acquiring the mass for Ai is analogous to the Abelian Higgs mechanism, but with more

– 2 –



J
H
E
P
0
2
(
2
0
1
4
)
1
2
2

complicated scalar potentials. This truncation was obtained in [25]. The new result we

obtain is that for the case with only A1 and/or A2 non-vanishing, we can generalize the

Lagrangian in a natural way to arbitrary dimensions, with the essential properties kept. In

four or five dimensions, when all the U(1)4 or U(1)3 vectors of the STU modes are set to

equal, we find that a hyperscalar ϕ with a specific scalar superpotential can be introduced

to the Einstein-Maxwell theory. Furthermore, we obtain a natural higher-dimensional gen-

eralization of this system.

In section 3, we consider cosmological Einstein gravity with a massive vector and we

review the construction of Lifshitz and Schrödinger solutions in this theory. This provides

the general relation how the exponent z is related to the massive parameter and the cos-

mological constant. In section 4, we construct a class of Lifshitz and Schrödinger solutions

for the single-vector theory in general dimensions; they are solutions in gauged maximal

supergravities in the relevant lower dimensions. We find no further Schödinger solutions if

we turn on more vector fields. The equations become rather complicated for the Lifshitz

ansatz when multiple vector fields are turned on. We obtain solutions when all the vectors

are set to equal.

Gauged maximal supergravities have only one non-trivial parameter, the gauge cou-

pling constant g. Furthermore the scalar potential associated with diagonal entries of the

T ij has few extrema. It follows that the scaling exponent z in our solutions is highly re-

stricted, with fractional or even irrational numbers. In section 5, we tweak the supergravity

Lagrangian by either modifying the superpotential or relaxing the coupling constant of the

mass term. We find that Lifshitz or Schrödinger solutions with the scaling exponent z = 2

can emerge in these supergravity-inspired theories.

In section 6, we turn to a different application of the Lagrangians obtained in section

2. It is well-known that the STU models admit multi-charged AdS black holes in gauged

supergravities. In the BPS limit, these solutions become “superstars” [26] that have naked

singularity. These singularities can be resolved and the solutions become smooth BPS soli-

tons using the bubbling AdS technique [27]. Some of these bubbling AdS configurations

in M-theory or type IIB become smooth solitons in lower-dimensional gauged supergravi-

ties [25]. In this section we show that the generalized D-dimensional theories of single or

two-vector or equal-vector theories admit the bubbling-AdS type of solitons. In particular

this allows us to resolve the naked singularity of the Reissner-Nordstrøm AdS superstars

in arbitrary dimensions. We conclude the paper in section 7.

2 Sphere reduction and maximal gauged supergravites

2.1 Sphere reduction of M-theory and type IIB

Eleven-dimensional supergravity and type IIB supergravity admit maximally supersym-

metric vacua of (AdS7 × S4, AdS4 × S7) and AdS5 × S5 respectively. The corresponding

consistent Sn-reductions give rise to gauged maximal supergravities with SO(n+1) gauge

group in lower dimensions, with the maximally supersymmetric AdS vacua. For our pur-

pose, we shall concentrate on the subset of fields, namely the SO(n + 1) gauge fields Aij

and all the scalar deformation Tij of the Sn. By examining the known examples of the
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explicit reduction ansätze in the literature ([16]–[22] and [23, 25]), we find that for this

subset of fields, the reduction ansatz has the same general structure:

dŝ2D+n = ∆αds2D + g−2∆βTijDµiDµj ,

Ĝ(D) = −gUǫ(D) + g−1(Tij∗DTjk) ∧ (µkDµi)

− 1

2g2
T−1
ik T−1

jℓ ∗F ij ∧Dµk ∧Dµℓ , (2.1)

where ǫ(D) is the volume form of the metric ds2D and

µiµi = 1 , ∆ = Tijµ
iµj , U = 2TijTjku

iuk −∆Tii ,

Dµi = dµi + gAijµj , F ij = dAij + gAik ∧Akj ,

DTij ≡ dTij + gAikTkj + gAjkTik . (2.2)

The constants α and β are given by

(D,n) = (7, 4) : (α, β) = (
1

3
,−2

3
) ,

(D,n) = (4, 7) : (α, β) = (
2

3
,−1

3
) ,

(D,n) = (5, 5) : (α, β) = (
1

2
,−1

2
) . (2.3)

Note that i = 1, 2, · · · , (n+1) and Aij is antisymmetric in i, j. The scalars Tij are symmetric

in i, j, but with det(Tij) = 1, giving a total of 1
2n(n+3) degrees of freedom. The resulting

lower-dimensional Lagrangians have a universal structure for all D = 4, 5 and 7:

LD = R∗1l− 1

4
T−1
ij ∗DTjk ∧ T−1

kℓ DTℓi −
1

4
T−1
ik T−1

jℓ ∗F ij ∧ F kℓ − V ∗1l ,

V =
1

2
g2

(

2TijTij − (Tii)
2
)

. (2.4)

Since we deal with only a subset of the fields of the gauged maximal supergravities, the

reduction is in general not consistent. The consistency requires an additional constraint

on the U(1) fields

F [ij ∧ F kℓ] = 0 . (2.5)

For all the static charged solutions we consider in this paper, this condition is satisfied. To

further simplify the Lagrangian, we consider the diagonal truncation of the system. We

set all the fields to zero, except for

A12 = A1 , A34 = A2 , A56 = A3 , etc. ,

Tij = diag(X1e
−ϕ1 , X1e

ϕ1 , X2e
−ϕ2 , X2e

ϕ2 , · · · ) , (2.6)

where Xi’s satisfy
∏

Xi = 1.

In other words, we keep the gauge fields associated with the Cartan subgroup and

diagonal entries of Tij . This diagonal truncation from (2.4) is consistent. Note that for

n = 2k, the last entry of the diagonal Tij in (2.6) is X0 = (X1X2 · · ·Xk)
−k without a

corresponding ϕ factor.

It turns out that when we keep only the A1 and A2 fields, the theory can be generalized

naturally to arbitrary dimensions. In what follows, we list the theories organized by the

number of U(1) fields.
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2.2 Single-vector theory

It is consistent to keep only the A12 = A and the first two entries of the diagonal Tij

in (2.6). We find that the theory can be naturally generalized to arbitrary dimensions.

The Lagrangian is given by

e−1L = R− 1

2
(∂φ)2 − 1

2
(∂ϕ)2 − 1

4
eaφF 2 − 2g2 sinh2 ϕA2 − V (φ, ϕ) , (2.7)

where

a =

√

2(D − 1)

D − 2
, ab = −2(D − 3)

D − 2
. (2.8)

Here we have defined a constant b for later purpose. (Note that in this paper we define

e =
√−g that appears in e−1L only, which should not be confused with the exponential

symbol. Also we use the parameter g to denote the gauge coupling constant, and it should

not be confused with the determinant of the metric that appears only in
√−g.) The scalar

potential V (φ, ϕ) can be expressed in terms of superpotential W

V =

(

∂W

∂φ

)2

+

(

∂W

∂ϕ

)2

− D − 1

2(D − 2)
W 2 ,

W =
√
2g

(

e−
1
2
aφ coshϕ− a

b
e−

1
2
bφ
)

. (2.9)

Explicitly, we have

V = 2g2
(

e−aφ sinh2 ϕ− 2(D − 1)

D − 3
e−

1
2
(a+b)φ coshϕ− 2(D − 1)

(D − 3)2
e−bφ

)

. (2.10)

Note that (φ, ϕ) = (0, 0) are stationary points for both W and V , with

W0 =
2
√
2(D − 2)

D − 3
g , V0 = −4(D − 1)(D − 2)

(D − 3)2
g2 , (2.11)

giving rise to the AdS vacuum. It is worth noting that setting the gauging parameter g = 0

simply yields the Kaluza-Klein theory in D dimensions.

ForD = 4, 5, 7, the theory is a subset of gauged maximal supergravity discussed earlier.

In fact, theD = 6 case can also be embedded in six-dimensional gaugedN = 1 supergravity

with some appropriate matter multiplet. The Lagrangian in general dimensions with ϕ = 0

was studied in [28, 29].

2.3 Two-vector theory

The generalization to arbitrary dimensions is possible if we keep A12 = A1, A
34 = A2 and

first four entries of the diagonal Tij in (2.6). The Lagrangian is given by

e−1L = R− 1

2
(∂φ1)

2 − 1

2
(∂φ2)

2 − 1

2
(∂ϕ1)

2 − 1

2
(∂ϕ2)

2

−1

4
X−2

1 F 2
1 − 1

4
X−2

2 F 2
2 − 2g2 sinh2 ϕ1A

2
1 − 2g2 sinh2 ϕ2A

2
2 − V , (2.12)
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where

Xi = e−
1
2
~ai·~φ , i = 1, 2 , (2.13)

with

~ai · ~aj = 4δij −
2(D − 3)

D − 2
. (2.14)

To present the scalar potential V , let us define

X0 = e−
1
2
~a0·~φ , with ~a0 · ~a0 =

2(D − 3)2

D − 2
, ~a0 · ~ai = −2(D − 3)

D − 2
. (2.15)

In fact, ~a0 can be given in terms of ~ai by:

~a0 = −1

2
(D − 3)(~a1 + ~a2) . (2.16)

In other words

X0 = (X1X2)
−D−3

2 . (2.17)

The scalar potential V is again expressible in terms of a superpotential

V =

2
∑

i=1

[

(

∂W

∂φi

)2

+

(

∂W

∂ϕi

)2
]

− D − 1

2(D − 2)
W 2 ,

W =
√
2g

(

X1 coshϕ1 +X2 coshϕ2 +
2

D − 3
X0

)

. (2.18)

The V and W have both the stationary point φi = 0 = ϕi, with the same (2.11). Note that

if we set g = 0, the two vectors A1 and A2 can be viewed as the Kaluza-Klein and string

winding vectors in the S1 reduction of the bosonic string. (The constraint (2.5), which now

becomes F1 ∧ F2 = 0, implies that we can set the 3-form field strength to zero.)

The condition (2.14) can be solved up to an arbitrary orthonormal rotation. One way

to solve it is to let

~a1 = (a, 0) , ~a2 = (b,

√

8

D − 1
) , (2.19)

where a, b are given in (2.8). This choice makes it explicit how to reduce the two-vector

theory to the single-vector theory, by letting φ2 = 0 = ϕ2 and A2 = 0. An alternative

choice is to let

~a1 = (

√

2

D − 2
,
√
2) , ~a2 = (

√

2

D − 2
,−

√
2) . (2.20)

This parametrization makes it easier to set two vectors equal, by letting φ2 = 0, ϕ1 = ϕ2 ≡
ϕ/

√
2 and A1 = A2 ≡ A/

√
2, giving

e−1L = R− 1

2
(∂φ)2 − 1

2
(∂ϕ)2 − 1

4
eãφF 2 − 2g2 sinh2

(

ϕ√
2

)

A2 − V , (2.21)

where

W = 2
√
2g

(

e−
1
2
ãφ coshϕ− ã

b̃
e−

1
2
b̃φ
)

,

V =

(

∂W

∂φ

)2

+

(

∂W

∂ϕ

)2

− D − 1

2(D − 2)
W 2

= −4g2
(

e−ãφ +
4

D − 3
e−

1
2
(ã+b̃)φ cosh

(

ϕ√
2

)

− D − 5

(D − 3)2
e−b̃φ

)

, (2.22)
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with

ã =

√

2

D − 2
, ãb̃ = −2(D − 3)

D − 2
. (2.23)

For D = 4, 5, 6, 7, the Lagrangian can be embedded in gauged half-maximal supergravities.

The two-vector theory with ϕi = 0 was considered in [30]. The two-equal-charge Lagrangian

is a special case of a more general class of theories considered in [31].

2.4 Three and four-vector theories

The three-vector and four-vector theories are the truncations of five-dimensional and four-

dimensional gauged supergravities respectively. The theories can be read off from (2.4) with

the constraint (2.6) and were obtained in [25]. For completeness, we give the Lagrangian

also. In terms of form Language, the three-vector theory is given by [25]

L5 = R∗1l− 1

2

3
∑

i=1

∗dϕi ∧ dϕi −
1

2

2
∑

α=1

∗dφα ∧ dφα − 1

2

3
∑

i=1

X−2
i ∗Fi ∧ Fi

−2g2
3

∑

i=1

sinh2 ϕi ∗Ai ∧Ai − V ∗1l + F1 ∧ F2 ∧A3 , (2.24)

where Xi are related to φα as

X1 = e
− 1

√

6
φ1− 1

√

2
φ2 , X2 = e

− 1
√

6
φ1+

1
√

2
φ2 , X3 = e

2
√

6
φ1 . (2.25)

We find that the scalar potential can be expressed in terms of a super potential:

V =
2

∑

α=1

(

∂W

∂φα

)2

+
3

∑

i=1

(

∂W

∂ϕi

)2

− 2

3
W 2 , W =

√
2g

3
∑

i=1

Xi coshϕi . (2.26)

The Lagrangian is given in form language because of the FFA term. The Lagrangian is also

the full bosonic sector of the gauged N = 1 supergravity with two vector multiplet. The

bosonic theory can be consistently truncated from the SO(6) gauged maximal supergravity

without needing the additional constraint (2.5).

The four-vector theory in four-dimensions is given by [25]

e−1L4 = R− 1

2

4
∑

i=1

(∂ϕi)
2 − 1

2

3
∑

α=1

(∂φ)2 − 1

2

4
∑

i=1

X−2
i F 2

i − 2g2
4

∑

i=1

sinh2 ϕiA
2 − V , (2.27)

where

X1 = e
1
2
(−φ1−φ2−φ3) , X2 = e

1
2
(−φ1+φ2+φ3) , X3 = e

1
2
(φ1−φ2+φ3) , X4 = e

1
2
(φ1+φ2−φ3) .

(2.28)

The scalar potential is given by

V =
3

∑

α=1

(

∂W

∂φα

)2

+
4

∑

i=1

(

∂W

∂ϕi

)2

− 3

4
W 2 , W =

√
2g

4
∑

i=1

Xi coshϕi . (2.29)
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2.5 Einstein-Maxwell theory with a hyperscalar

We find that in both four and five dimensions discussed in the previous subsection, there

exists a further consistent truncation

Ai =
A√
N

, ϕi =
ϕ√
N

, (2.30)

where N = 4 and 3 respectively, together with letting all φα = 0. The resulting theory has

a natural generalization to arbitrary dimensions:

LD =
√−g

(

R− 1

2
(∂ϕ)2 − 1

4
F 2 − 2g2 sinh2

(

ϕ√
N

)

A2 +
2Ng2

D − 3

(

D − 2 + cosh
2ϕ√
N

))

,

(2.31)

where F = dA and

N =
2(D − 2)

D − 3
. (2.32)

The superpotential is given by

W =
√
2Ng cosh

ϕ√
N

. (2.33)

The scalar ϕ can be consistently truncated out yielding the usual Einstein-Maxwell theory.

Note that the constant N is integer only in D = 4 and 5, indicating the number of basic

U(1) building blocks, and the theories can be embedded in the respective gauged maximal

supergravities. In higher dimensions, the theory cannot be embedded in string or M-theory

and interestingly N is no longer an integer.

3 Massive vector

As we have seen in the previous section, analogous to the Abelian Higgs mechanism, the

gauge field Ai of the Cartan supgroup in maximal supergravities acquire a mass term with

the effective mass mi determined by the modulus scalars X0
i and ϕ0

i :

mi = 2gX0
i sinhϕ

0
i . (3.1)

For the (supersymmetric) AdS vacua, we have ϕ0
i = 0, and hencemi = 0, as one would have

expected. When ϕi acquires a non-vanishing expectation value ϕ0
i , mi becomes non-zero.

Einstein gravity with a cosmological constant coupled to a massive vector allows one to

construct both Lifshitz and Schrödinger vacua. In this section, we review such construction.

Let us consider in D dimensions

e−1LD = R+ (D − 1)(D − 2)g2 − 1

4
F 2 − 1

2
m2A2 . (3.2)

The equations of motion are

Rµν + (D − 1)g2gµν =
1

2
m2AµAν +

1

2

(

F 2
µν −

1

2(D − 2)
F 2gµν

)

, ∇µF
µν = m2Aν .

(3.3)
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Lifshitz solution: the ansatz for the Lifshitz solution is given by

ds2 = ℓ2
(

−r2zdt2 +
dr2

r2
+ r2dxidxi

)

, A = qrzdt . (3.4)

Substituting the ansatz into the equations of motion, one finds that

ℓ2 =
(D − 2)z

m2
, m2 =

(D − 1)(D − 2)2g2z

z2 + (D − 3)z + (D − 2)2
,

q2 =
2(z − 1)(z2 + (D − 3)z + (D − 2)2)

(D − 1)(D − 2)g2z
. (3.5)

We can without loss of generality treat g as fixed, then z can be determined as a quadratic

function in terms of parameter m2. For each m, there can be two solutions for z. Although

m2 can be negative for non-asymptotic flat spacetimes such as AdS, we consider only

m2 > 0 since the Lagrangian (3.2) is simply the toy model for the gauged supergravities

discussed previously for which m2
i are all non-negative. It follows that we must have z ≥ 0.

Furthermore, the reality condition for A and hence q implies that solution (3.5) is valid

only for

z ≥ 1 . (3.6)

This condition restricts the parameter range of m. For an m value whose z lies in the range

0 < z < 1, the solution can be analytically continued to a Lifshitz-like anisotropic vacuum

ds2 = ℓ2
(

r2zdy2 +
dr2

r2
+ r2dxµdxµ

)

, A = qrzdy ,

q2 =
2(1− z)(z2 + (D − 3)z + (D − 2)2)

(D − 1)(D − 2)g2z
, 0 < z < 1 , (3.7)

with m and ℓ still given in (3.5). Now the anisotropic scaling occurs on one spatial direction

rather than on the earlier temporal direction. It is thus more natural to redefine r̃ = rz

and z̃ = 1/z, we have

ds2 = ℓ2
(

r̃2dy2 +
z̃2dr̃2

r̃2
+ r̃2z̃dxµdxµ

)

, A = qr̃dt ,

q2 =
2(z̃ − 1)(1 + (D − 3)z̃ + (D − 2)2z̃2)

(D − 1)(D − 2)g2z̃2
, z̃ > 1 . (3.8)

We shall see that this type of solutions also emerge in gauged maximal supergravities.

Schrödinger solution: the ansatz is given by

ds2 = ℓ2
(

−r2zdt2 +
dr2

r2
+ r2(−2dxdt+ dyidyi)

)

, A = qrzdt . (3.9)

The solution is

ℓ = g−1 , m2 = z(z +D − 3)g2 , q2 =
2(z − 1)

zg2
. (3.10)
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The reality condition requires that we must have z ≥ 1 and z ≤ −(D − 3). For 0 < z < 1,

the solution can be analytically continued to a real solution

ds2 = ℓ2
(

r2zdt2 +
dr2

r2
+ r2(−2dxdt+ dyidyi)

)

, A = qrzdt ,

q2 =
2(1− z)

zg2
, (3.11)

with (ℓ,m) the same as (3.10). Both types of solutions can emerge in gauged maximal

supergravities.

4 Lifshitz and Schrödinger vacua

Having reviewed both the Lifshitz and Schrödinger vacua in Einstein gravity with a negative

cosmological constant coupled to a massive vector field, we are now in the position to

construct such solutions in gauged maximal supergravities obtained in section 2.

4.1 Lifshitz vacua

Let us first consider the single-vector theory given in section 2.2. The ansatz for the Lifshitz

solution is still given in (3.4) while the scalars φ and ϕ are treated as constants. Make a

vielbein choice e0̄ = rzdt/ℓ, er̄ = dr/(rℓ) and eī = rdxi/ℓ, we have

R0̄0̄ = z(z +D − 2)ℓ−2 , Rr̄r̄ = −(z2 +D − 2)ℓ−2 , Rī̄i = −(z +D − 2)ℓ−2 ,

A2 = −q2ℓ−2 , F 2
0̄0̄ = (qz)2ℓ−4 , F 2

r̄r̄ = −(qz)2ℓ−4 , F 2 = −2(qz)2ℓ−4 . (4.1)

Here we use barred indices to denote tangent flat indices. The equation for A implies that

z(D − 2)eaφ = 4g2ℓ2 sinh2 ϕ . (4.2)

To obtain the equations for the scalars, we first define

Ṽ = −1

4
eaφF 2 − 2g2 sinh2 ϕA2 − V

=
1

2
q2z2ℓ−4eaφ + 2g2q2ℓ−2 sinh2 ϕ− V . (4.3)

The scalar equations are then given by

∂Ṽ

∂φ
= 0 =

∂Ṽ

∂ϕ
. (4.4)

The Einstein equations of motion are

z(z +D − 2) = 2g2q2 sinh2 ϕ− ℓ2V

D − 2
+

(D − 3)q2z2

2(D − 2)ℓ2
eaφ ,

z2 +D − 2 = − ℓ2V

D − 2
+

(D − 3)q2z2

2(D − 2)ℓ2
eaφ ,

z +D − 2 = − ℓ2V

D − 2
− q2z2

2(D − 2)ℓ2
eaφ , (4.5)
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The system has a total of five parameters (φ, ϕ, ℓ, q, z), but six equations, and hence a

priori there may not be any solutions. However, we find that a real solution exists in each

given dimensions D:

D = 4 : L =

{√
3− 1,

1

4
(
√
3− 1),

1

2
(
√
3− 2), 1,

√
3

}

,

D = 5 : L =

{

1

4
(
√
57− 3),

(

9

256
(
√
57 + 21)

)
1
3

,
3

4
,

√

1

3
(
√
57− 7),

√

1

2
(
√
57− 5)

}

,

D = 6 : L =

{

4

3
, 2

9
8 11

3
8 3−

3
4 ,

44

9
,

3

2
√
22

,
5√
22

}

,

D = 7 : L =

{

√
6− 1, (629 + 291

√
6)

1
5 , 2(4 +

√
6),

√

1

5
(3
√
6− 7),

1

2

√

3(
√
6− 1)

}

, (4.6)

where L denotes the list of the following quantities L = {z, g2ℓ2, g2q2, e 2
a
φ, coshϕ}. Here

we have presented the details only for D = 4, 5, 6, 7 associated with gauged supergravities.

For general D, the solutions become too complicated to present. Instead we give only the

solution for z:

z =
1

4(D − 3)

(

√

D4 + 2D3 − 47D2 + 112D − 32− (D2 − 7D + 16)
)

. (4.7)

Note that for D = 4, we have z < 1 and consequently, as discussed in section 3, we have

q2 < 0. The solution can be real by an analytical continuation to the type (3.7). For

D ≥ 5, we have 1 < z < 2, and z → 2 as D → ∞. The values for z are all irrational except

for z = 4
3 in D = 6.

For the two vector theory, the ansatz is equally straightforward, but the equations

become much more complicated. We shall present only the case with the two vectors being

equal, namely the Lagrangian (2.21). The equations are then given again by (4.2)–(4.5),

but with a replaced by ã and the scalar potential given instead by (2.22). We find that the

scaling exponent z in gauged supergravities is

D = 4 : z = real root of 3z3 + z2 + 4z − 2 ∼ 0.4076,

D = 5 : z = 2
2
3 − 1 ∼ 0.5874,

D = 6 : z ∼ 0.3120, or z ∼ 0.6792,

D = 7 : z ∼ 0.4663, or z ∼ 0.7352. (4.8)

In D = 6, 7 or higher, there are two solutions for the scaling exponent. All the numbers

are less than 1, indicating that it is one of the spatial direction that is singled out in the

anisotropic scaling.

For the three and four vector theories in five and four dimensions, the equations of the

general Lifshitz ansatz are complicated. We shall consider only the equal-charge case, for
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which the theories were generalized to arbitrary dimensions (2.31), and we find

ds2 = ℓ2
(

r2zdy2 +
dr2

r2
+ r2dxµdxνηµν

)

,

A =

√

2N

D − 3
ℓrzdy , cosh2

ϕ√
N

=
(D2 − 5D + 7)(D2 − 2D − 1)

(D − 3)(D3 − 5D2 + 7D − 1)
,

z =
(D − 3)2

D2 − 4D + 5
, ℓ2g2 =

(D − 3)3(D3 − 5D2 + 7D − 1)

4(D2 − 4D + 5)2
. (4.9)

Owing to the fact that z < 1 with z → 1 as D → ∞, the solution has anisotropic scaling

along a spatial rather than the temporal coordinate.

4.2 Schrödinger vacua

For the Schrödinger ansatz, we find solutions only for the single-vector Lagrangian (2.7)

in general dimensions. There are two branches of solution. The first branch has z > 0,

given by

ds2 = ℓ2
(

r2zdt2 +
dr2

r2
+ r2(−2dxdt+ dy2)

)

, A = qrzdt , (4.10)

with

z =
−(D + 1)(D − 3) +

√

(D + 1)(D3 − 5D2 + 19D − 7)

2(D + 1)
,

g2ℓ2 =
1

4
(D − 1)(D − 3)

(

D − 3

D + 1

)
D−1

2(D−2)

,

g2q2 =
(D − 1)(D − 3)

(

D2 − 1−
√

(D + 1)(D3 − 5D2 + 19D − 7)
)

2
(

− (D + 1)(D − 3) +
√

(D + 1)(D3 − 5D2 + 19D − 7)
) ,

eφ =

(

D − 3

D + 1

)
D−1

2(D−2)

, coshϕ =
D − 1

√

(D − 3)(D + 1)
> 1 . (4.11)

For D = 4, we have z > 1 and q2 < 0, and hence the solution should be analytically

continued to become the standard type with gtt < 0. For D ≥ 5, we have 0 < z < 1 and

q2 > 0. The scaling exponent z approaches positively to zero as D → ∞.

The second branch has z < −(D − 3), given by

ds2 = ℓ2
(

−r2zdt2 +
dr2

r2
+ r2(−2dxdt+ dy2)

)

, A = qrzdt , (4.12)
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with

z = −(D + 1)(D − 3) +
√

(D + 1)(D3 − 5D2 + 19D − 7)

2(D + 1)
,

g2ℓ2 =
1

4
(D − 1)(D − 3)

(

D − 3

D + 1

)
D−1

2(D−2)

,

g2q2 =
(D − 1)(D − 3)

(

D2 − 1 +
√

(D + 1)(D3 − 5D2 + 19D − 7)
)

2
(

(D + 1)(D − 3) +
√

(D + 1)(D3 − 5D2 + 19D − 7)
) ,

eφ =

(

D − 3

D + 1

)
D−1

2(D−2)

, coshϕ =
D − 1

√

(D − 3)(D + 1)
. (4.13)

In this case, the scaling exponent z approaches −∞ as D → ∞. Both the Schrödinger

vacua are consistent with those of massive vector discussed in section 3.

It is easy to understand the absence of the Schrödinger solutions in the two equal-vector

theory (2.21) and the Einstein-Maxwell theory with a hyperscalar (2.31). The Schrödinger

ansatz implies that the quantity AµA
µ vanishes. It follows that the scalar ϕ is determined

by the scalar potential only. Thus for (2.21) and (2.31) we must have ϕ = 0 by the ϕ

equation, in which case A becomes massless.

5 Supergravity-inspired theories

In the previous sections, we obtained the truncated Lagrangian in gauged maximal super-

gravities for the gauge fields that belonged to the Cartan subgroups. We then obtained

a class of Lifshitz and Schrödinger solutions. In these solutions, the scaling exponent z is

completely fixed in a given solution. Furthermore, aside from a few examples of rational

z, most of the solutions has irrational numbers for z. In this section, we shall tweak the

supergravity Lagrangians in a mild way so that the theories can admit a more general

scaling exponent. Let us consider the Lifshitz vacua first. The simplest class of theories

in this paper that give rise to Lifshitz solutions is clearly (2.31). Let us tweak the theory

by altering the coupling in the A2 term from g to g̃, so now the theory consists of two

independent couplings g and g̃. In other words, we consider the Lagrangian

LD =
√−g

(

R− 1

2
(∂ϕ)2 − 1

4
F 2 − 2g̃2 sinh2

(

ϕ√
N

)

A2 +
2Ng2

D − 3

(

D − 2 + cosh
2ϕ√
N

))

.

(5.1)

We can now obtain Lifshitz solutions with the general continuous scaling exponent z instead

of it being fixed:

ds2 = ℓ2
(

r2zdy2 +
dr2

r2
+ r2dxµdxνηµν

)

,

A =

√

2(1− z)

z
ℓrzdy , cosh

2ϕ√
N

= 1 +
(D − 1)(D − 2)(1− z)

(z +D − 2)(z +D − 3)
,

g̃2 =
2(D − 2)z

(D − 3)2(1− z)
g2 , ℓ2g2 =

(D − 3)2(z +D − 2)(z +D − 3)

4(D − 1)(D − 2)
. (5.2)
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If we let g̃ = g, we recover the previous result. The reality of the solution requires that

0 < z < 1.

For the application in the condensed matter system, it is perhaps more interesting

to consider the cases with z > 1, with the z = 2 particularly useful. Although we have

constructed Lifshitz solutions with z > 1 in section 4.1, but they all have z < 2. To obtain

the z = 2 solutions, we can tweak the superpotential (2.33) as follows

W =
√
2Ng cosh

αϕ√
N

. (5.3)

In maximal supergravities in D = 4 and 5, the constant α is fixed to be unit. Instead, we

can choose a different α, solutions with z = 2 can emerge. As a concrete example, let us

consider α = 2. The scalar potential is then given by

V = − Ng2

D − 3

(

5D − 13− (3D − 11) cosh

(

4ϕ√
N

))

. (5.4)

The Lagrangian is

LD =
√−g

(

R− 1

2
(∂ϕ)2 − 1

4
F 2 − 2g̃2 sinh2

(

ϕ√
N

)

A2 − V

)

. (5.5)

For the Lifshitz ansatz of the type (3.4), we find ϕ must satisfy

cosh2
2ϕ√
N

− z2 + (D − 3)z) + 2((D − 2)2

(D − 2)(2D − 5) + 2z2 + (3D − 8)z
cosh

2ϕ√
N

− 4(D − 3)(D − 2)(z − 1)

(3D − 11)(2z2 + (3D − 8)z + (D − 2)(2D − 5))
= 0 . (5.6)

It is easy to verify that for real ϕ, we must have z > 1, opposite to the case (5.2), corre-

sponding to having α = 1. Let us present some explicit low-lying examples of z = 2: they

all have q = ℓ and

D = 4 :

{

1

96
(39 +

√
69),

16

11
(5 +

√
69),

1

11
(5 +

√
69)

}

,

D = 5 :

{

1

48
(57 +

√
511),

24

37
(17 +

√
511),

1

37
(17 +

√
511)

}

,

D = 6 :

{

21

320
(35 +

√
265),

8

9
(13 +

√
265),

1

28
(13 +

√
265)

}

,

D = 7 :

{

1

120
(447 + 5

√
2001),

25

79
(37 +

√
2001),

1

79
(37 +

√
2001)

}

, (5.7)

where the quantities in the lists are those of {g2ℓ2, g̃2/g2, cosh 2ϕ√
N
}.

Another relative simple example that we can tweak is the single-vector theory given

in section 2.2. We replace the coupling constant g in the A2 term with g̃, namely

e−1L = R− 1

2
(∂φ)2 − 1

2
(∂ϕ)2 − 1

4
eaφF 2 − 2g̃2 sinh2 ϕA2 − V , (5.8)
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with the scalar potential V being the same as (2.10). we can obtain a general class of

Lifshitz solutions with z as a free parameter. However as in the case of (5.2) which requires

that z < 1, the generalized solutions require z < 2. We expect that the z = 2 solution can

emerge if we change the structure of the superpotential.

Now let us consider the Schrödinger solutions in these supergravity-inspired theories.

Since AµA
µ vanishes in Schrödinger ansatz, the ϕ vanishes in the theory such as (5.1). It

follows that the Lagrangian (5.1), even with the superpotential replaced by a more general

one (5.3), does not admit Schrödinger solutions. On the other hand, the Lagrangian (5.8)

can admit the Schrödinger solution (3.9) with a generic value of z that depends on the

ratio g̃2/g2:

g2ℓ2 =
1

4
(D − 3)(D − 1)eaφ , g2q2 =

(D − 3)(D2 − 1)(z − 1)(2z +D − 3)

2(D + 1)z2 + 4(D − 1)
,

eaφ =

(

D + 1

D − 3

)− D−1
2(D−2)

, coshϕ =
D − 1

√

(D + 1)(D − 3)
,

g̃2

g2
=

(D + 1)z(z +D − 3)

4(D − 1)
. (5.9)

The generalized Lagrangian (5.8) has two non-trivial coupling parameters (g, g̃). The last

equation above shows that z is determined by the ratio of these two parameters. For z = 2,

we have
g̃2

g2
=

1

2
(D + 1) . (5.10)

Thus we see that both Lifshitz and Schrödinger solutions with z = 2 can emerge if we

tweak the Lagrangians. Although these supergravity-inspired theories no longer have the

string or M-theory origin, they are simple generalizations to either the Kaluza-Klein or

Einstein-Maxwell theories, and can be used as gravity models to study some non-relativistic

condensed matter system.

6 Bubbling AdS solitons

We have so far considered Lifshitz and Schrödinger solutions in the STU modes in gauged

supergravities with additional hyperscalars and their higher-dimensional generalizations.

We now turn to a different application of these theories.

6.1 Charged AdS black holes and superstars

The STU models in gauged supergravities also admit another important class of solutions,

the static charged AdS black holes [20, 32–36]. In the BPS limit, when the mass is a

linear summation of charges, the solutions cease to have a horizon, but develop a naked

singularity. To illustrate this, let us consider the Reissner-Nordstrøm (RN) AdS black hole

as an example. In the p-brane coordinates, the solution is given by

ds2 = −H−2fdt2 +H
2

D−3

(dr2

f
+ r2dΩ2

D−2

)

, A =
√
N coth δ H−1dt ,

f = 1− µ

rD−3
+

4

(D − 3)2
g2r2HN , H = 1 +

µ sinh2 δ

rD−3
, (6.1)
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where N is given in (2.32). The “BPS” limit, for which the mass becomes equal to charge

(up to a numerical constant depending on the convention,) is given by setting µ → 0,

δ → ∞ while keeping Q ≡ µ sinh2 δ fixed as a finite and non-vanishing quantity. The

solution is then given by

f = 1 +
4

(D − 3)2
g2r2HN , H = 1 +

Q

rD−3
. (6.2)

It is easy to verify that the space at r = 0, which for g = 0 would be the horizon with

zero temperature, is not a horizon and the metric has a naked curvature singularity when

H = 0. This behavior is rather generic for the charged AdS black holes in the STU models

and these BPS solutions are called superstars. It turns out that in the single-charge case,

the singularity can be resolved via bubbling AdS technique in D = 11 or D = 10 [27]. For

some special AdS bubble configurations, the higher-dimensional solutions can be reduced

to become smooth solitons of relevant gauged supergravities, in which the single-vector

theory with an additional hyperscalar can be embedded. In [25], multi-charge superstars

were resolved by adding multiple hyperscalars.

As we have discussed in section 2, we obtain the natural generalizations of the STU

modes with hyperscalars in arbitrary dimensions. These theories without hyperscalars were

shown to admit charged AdS black holes [30, 31]. The superstar limit was obtained and

discussed in [31]. The question was raised of whether the singularity of such superstars

in general dimensions can also be resolved. In the following subsections, we demonstrate

that this can indeed be done with the theories we construct. In particular, we obtain the

smooth soliton that is the resolution of the RN superstar.

6.2 Single-charge soliton

The theory is given in section 2.2. The theory with ϕ = 0 was constructed in [28, 29]. It

admits charged AdS black holes that has the superstar limit [31]. With the ϕ turned on,

we find

ds2 = −H−D−3
D−2 fdt2 +H

1
D−2

(dr2

f
+ r2dΩ2

D−2

)

, A = H−1dt ,

φ =
1

2
a logH , f = 1 +

4

(D − 3)2
g2r2H , coshϕ = (ρH)′ , (6.3)

where ρ = rD−3 and a prime denotes a derivative with respect to ρ. The function H

satisfies

ρ
D−5
D−3 (ρH)′′f +

4g2

(D − 3)2
[(ρH)′2 − 1] = 0 . (6.4)

The solution can be obtained as follows. Comparing the equation for A and φ and then

getting rid of the H ′′(r) term, we find

coshϕ = H +
r

D − 3
H,r = (ρH)′ . (6.5)

The equation (6.4) then follows straightforwardly from the equation of motion for A. The

solutions for D = 4, 5, 7 were obtained in [27].
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In D = 5, the equation (6.4) can be solved exactly [27], given by

H =

√

1 +
2m

ρ
+

q2

ρ2
− 1

g2ρ
. (6.6)

When the parameter m = q, then H = 1+(q−g−2)/ρ, and the solution becomes the usual

superstar with ϕ = 0. For the solution to become a smooth soliton, H must be regular at

ρ = 0, implying that q = 1/g2, leading to

H =

√

1 +
2m

ρ
+

1

g4ρ2
− 1

g2ρ
. (6.7)

We must have m ≥ 1/g2 ≡ q so that H stays positive definite for ρ running from 0 to ∞.

In general dimensions, we have not found any exact solutions. The numerical analysis

indicates that the solutions describe smooth solitons with the similar patten of the D = 5

example. There exists a parameter choice such that the function H at ρ = 0 is finite

and non-zero with a regular Taylor series expansion for small ρ. At large ρ, the function

H approaches constant 1 with the two sub-leading terms always being 1/ρ and 1/ρ2. In

particular, the linearized equation for u defined by H = 1 + ǫu with ǫ → 0 can be solved

exactly:

u =
c1
ρ

+
c2
ρ2

2F1

(

1

2
(D − 3), (D − 3);

1

2
(D − 1);−(D − 3)2

4g2
ρ−

2
D−3

)

. (6.8)

6.3 Two-charge soliton

The theory is given in section 2.3. The charged AdS black holes with vanishing ϕi were

obtained in [30] and the superstar limit was discussed in [31]. Turning on ϕi, we find

ds2 = −(H1H2)
−D−3

D−2 fdt2 + (H1H2)
1

D−2

(dr2

f
+ r2dΩ2

D−2

)

, Ai = H−1
i dt ,

f = 1 +
4

(D − 3)2
g2r2H1H2 , coshϕi = (ρHi)

′ , Xi = (H1H2)
D−3

2(D−2)H−1
i , (6.9)

where ρ = rD−3 and a prime denotes a derivative with respect to ρ. The function H

satisfies

ρ
D−5
D−3 (ρHi)

′′f +
4g2

(D − 3)2
[(ρHi)

′2 − 1]H1H2H
−1
i = 0 . (6.10)

Note that the solutions for Xi can be equivalently expressed as

~φ =
1

2
~a1 logH1 −

1

2
~a2 logH2 . (6.11)

The solutions with D = 4, 5, 6, 7 were obtained in [25]. Numerical analysis indicates that

the solutions describe smooth solitons whose asymptotic infinities match those of the cor-

responding superstars. The two sub-leading orders are of the structure 1/ρ and 1/ρ2. In

particular, the linearized equation of Hi around 1 has the same equation as the one in

single charge case, discussed previously.
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6.4 Soliton resolutoin of the RN superstar

The theory is given by (2.31). For vanishing ϕ, it becomes Einstein-Maxwell gravity with

a cosmological constant. The RN AdS black hole and its superstar limit were discussed in

section 6.1. We find

ds2 = −H−2fdt2 +H
2

D−3

(dr2

f
+ r2dΩ2

D−2

)

, A =
√
N H−1dt ,

f = 1 +
4

(D − 3)2
g2r2HN , cosh

ϕ√
N

= (ρH)′ , (6.12)

where ρ = rD−3 and a prime denotes a derivative with respect to ρ. The function H

satisfies

ρ
D−5
D−3 (ρH)′′f +

4g2

(D − 3)2
[(ρH)′2 − 1]HN−1 = 0 . (6.13)

It is clear that if we let ϕ = 0, which requires that H = 1 + Q/ρ, the solution becomes

the RN superstar (6.2). In general, the solution describe a smooth soliton with H runs

from a constant at ρ = 0 to 1 + c1/ρ + c2/ρ
2 + · · · at the asymptotic AdS infinity. This

result implies that the bubbling fermi droplets in super conformal Yang-Mills theories in

four dimensions may exist in general dimensions.

7 Conclusions

In this paper, we studied gauged maximal supergravities via the sphere reduction of eleven-

dimensional and type IIB supergravities. We considered the subset of fields, namely the full

SO(n + 1) vectors Aij and the scalars T ij that parameterize the sphere deformation. We

note that sphere reduction ansatz takes a universal form for this subset. The consistency

of the reduction requires a further constraint (2.5) on the gauge fields, which is satisfied

for the solutions we constructed in this paper.

We then focused on a further consistent truncation to the abelian gauge fields associ-

ated with the Cartan subgroup and the diagonal entries of the scalars T ij . These theories

describe the STU modes in gauged supergravities with additional hyperscalars [25]. With

only one or two U(1) fields turned on, we find that the theory can be naturally generalized

to arbitrary dimensions. In four and five dimensions, when all the U(1)4 or U(1)3 gauge

fields are set to equal, the theory reduces to Einstein-Maxwell gravity with one hyperscalar.

We find that it can also be generalized naturally to arbitrary dimensions.

The hyperscalars turn out to provide mass terms for the gauge fields analogous to the

Abelian Higgs mechanism. In the supersymmetric AdS vacua, the hyperscalars vanish and

the gauge fields are massless. We constructed a class of Lifshitz and Schrödinger vacua in

which the hyperscalars are non-vanishing and play an important role. However, gauged

maximal supergravities have only one non-trivial parameter g and the scalar potential

associated with diagonal entries of the T ij has few extrema. The scaling exponent z in our

solutions is severely restricted, taking fractional or even irrational numbers. We tweaked

the theories by introducing a new coupling constant g̃ to the mass term and/or changing

the scalar superpotential slightly. We then obtain Lifshitz and Schrödinger solutions with

– 18 –
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a generic exponent, including z = 2. The tweaked theories are simple generalizations of the

Einstein-Maxwell or Kaluza-Klein theories and can be used to study some non-relativistic

condensed matter system.

It is of interest to note that in addition to the z > 1 solutions, we also obtained

solutions with z < 1. There are two types of such solutions. The first is that 0 < z < 1

which occurs for both Lifshitz and Schrödinger solutions. A typical Lifshitz solution with

z < 1 has an effective speed of light that diverges at z < 0, which makes it not useful

for studying non-relativistic field theory. However, in our case, the reality condition forces

that one specific spatial direction y acquires the anisotropic scaling, and hence it gives rise

to an effective z̃ = 1/z > 1, as in (3.8). In other words, the effective speed of light along

the y direction diverges at large r, but vanishes as r → 0, whilst the Lorentz symmetry

around the other directions is maintained. In Schrödinger solutions, negative z solution

can arise also. From the field theory point of view, a negative z implies an expansion in the

Lagrangian in terms of the inverse of the spatial derivatives and the theory is non-local.

Furthermore, the tidal force singularity occurs not at r = 0 but at asymptotic infinity, and

hence the boundary field theory cannot be well defined in this case. Such solutions are

typically ignored in literature.

In a different application, we use our new theories with hyperscalars to obtain smooth

solitons that are resolutions of singular superstars that arise commonly as the BPS limits of

the charged AdS black holes in STU models. In particular, we obtain the soliton resolution

of the RN superstars in general dimensions. The existence of such solution justifies the

“naturalness” of our generalizations of the supergravity Lagrangians to higher dimensions.

It may indicate that the picture of the AdS bubbling fermion droplets found in the four-

dimensional superconformal Yang-Milll theories may exist in higher dimensions.

To summarize, we obtain a class of Lifshitz and Schrödinger vacua in maximal gauged

supergravities. We also obtain the higher-dimensional generalizations of these theories that

admit such vacua. It turns out that these theories also admit smooth bubbling AdS solitons

that have played some important role in the AdS/CFT correspondence.
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[32] K. Behrndt, M. Cvetič and W.A. Sabra, Nonextreme black holes of five-dimensional N = 2

AdS supergravity, Nucl. Phys. B 553 (1999) 317 [hep-th/9810227] [INSPIRE].

[33] M.J. Duff and J.T. Liu, Anti-de Sitter black holes in gauged N = 8 supergravity,

Nucl. Phys. B 554 (1999) 237 [hep-th/9901149] [INSPIRE].
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