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1 Introduction

We consider black holes in a weakly coupled string theory, gs � 1. They are well described
by the usual Schwarzschild solution as long as their size is much larger than the string scale,
ls =

√
α′. Interesting phenomena are supposed to occur when they approach this size. At

this point their entropy is comparable to the entropy of an oscillating string of the same size,
and it has been conjectured that they might transition into such oscillating strings [1, 2]. See
figure 1. Understanding this transition in detail could be useful because on each side of the
transition different aspects are manifest: on the string side, the microstates are manifest.
On the black hole side, the interior is manifest. With this general motivation in mind we
will study some aspects of string size black holes. See [3] for a nice review of this subject.

Let us first be a bit more precise on what is special about small black holes. The
main issue is not so much the size but their Hawking temperature. In string theory there
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Figure 1. (a) The entropy S as a function of mass M for both a free string and a black hole. The
solid line describes the region where we can trust the computation and the dashed lines represent
a naive (and incorrect) extrapolation. The extrapolated lines cross at roughly M ∝ 1/g2

s where we
can trust neither of the solutions. At this point the black hole also has a string scale temperature,
and a string scale size.

is a maximum temperature, called the Hagedorn temperature. As we approach it, we
can thermally excite more and more massive string states. The thermal ensemble is not
even approximately defined beyond this temperature [4]. The thermal ensemble involves
a thermal circle. When this thermal circle has a critical length a winding string mode
becomes massless. This mode describes several aspects of string thermodynamics. The
theory near the Hagedorn temperature is described by an action of the form [5]

−I = β

16πGN

∫
dD−1x

√
gDe

−2ΦD

[
R+ 4(∇ΦD)2 − |∇χ|2 −m2|χ|2

]
(1.1)

with m2 = β2 − β2
H

(2πα′)2 , β2 − β2
H � α′

where χ is the winding mode.1 The entropy of a configuration with non-zero χ is given by

S = β

16πGN

∫
dD−1x

√
gDe

−2ΦD
2β2

(2πα′)2 |χ|
2 (1.2)

This formula can be derived from (1.1) as S = (β∂β − 1)I, and taking the derivative only
of the explicit β dependence in the mass, since the β-derivatives of the rest of the fields
vanishes by the equations of motions. A concrete solution where this formula applies is
the self gravitating string solution [6]. To derive (1.2) we assumed that the euclidean time
circle never vanishes.

For a Euclidean black hole the winding mode always has an expectation value, even
at temperatures lower than the Hagedorn temperature. The reason is that winding is not
conserved in the black hole background and therefore we can have an expectation value.

1The winding mode is sometimes referred to as the “winding tachyon”, but it is not really tachyonic in
most of what we will consider.
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More physically, the local temperature does become very large near the horizon and we can
excite string states as we approach the horizon. So this winding mode could be qualitatively
viewed as describing such strings [5, 7]. One interesting qualitative aspect of this winding
condensate is that its contribution to the entropy is formally of order 1/GN ∝ 1/g2

s , which
has led some speculations that it could be the whole entropy of the black hole [7], though,
to our knowledge, this has not been demonstrated. See [8] for ideas in this direction.

1.1 The two dimensional black hole background

A useful example of a black hole with possibly string scale curvature is the two dimensional
black hole given by

ds2 = k(dρ2 + tanh2 ρdϕ2) , e−2Φ = e−2Φ0 cosh2 ρ , α′ = 1, (1.3)

where we wrote the Euclidean metric, valid for k � 1. From now on we will set α′ = 1. A
nice feature of this solution is that there is an exact description based on a gauged WZW
model, or SL(2)k/U(1) [9, 10]. With this description we can consider small values of k,
which amount to string scale temperatures. This allows one to see stringy phenomena which
are not manifest in the metric description (1.3). The most interesting of these phenomena
is the behavior of the condensate of the winding mode, which can be interpreted as the
stringy atmosphere of the black hole. For large k the winding condensate decreases very
rapidly away from the horizon. As we lower k it extends further and further away, and at
a critical value of k it extends to infinity and becomes not normalizable [11–15], making
an infinite contribution to the entropy of the black hole.

One disadvantage of the two dimensional black hole is that the change of k, or the
change of curvature radius translates into a change of the full theory, since k is related to
the total two dimensional central charge of the SL(2)k/U(1) theory. In other words, the
black hole has an asymptotic geometry with a linear dilaton background whose physical
gradient, (∇φ)2 ∝ 1/k, depends on k.

1.2 The large dimension limit

In this paper, we start from the observation of [16, 17], who noticed that the large D limit
of a Schwarzschild black hole gives rise to the two dimensional black hole.

We will first extend this observation to the stringy regime, to situations where the
curvatures are of order string scale and argue that we can use the exact two dimensional
black hole background to describe the system. As a check of the description we will recover
the large D limit of the α′ corrections computed in [18]. We will argue that the black
hole can have a temperature higher than the Hagedorn temperature due to the peculiar
geometry near the horizon. However as we approach a slightly higher temperature the
stringy thermal atmosphere2 expands and becomes a dominant contributor to the mass
and entropy of the whole configuration.

Using this string theory description we will also propose a computation of the chaos
(or Lyapunov) exponent which takes into account all stringy corrections.

2We can also call it the “stringy corona”.
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2 Large D black holes in string theory

2.1 Large D black holes in gravity

As shown in [16, 17], starting from the D dimensional Schwarzschild metric

ds2 = fdt2 + dr2

f
+ r2dΩ2

D−2 , f = 1− rD−3
0
rD−3 , t ∼ t+ β ,

β

2π = 2r0
D − 3 (2.1)

and defining

cosh2 ρ = rD−3

rD−3
0

, ϕ = 2πt
β

(2.2)

we get the metric (1.3) with

k =
( 2r0
D − 3

)2
∼
(2r0
D

)2
, for D � 1 , β � 1. (2.3)

Note also that the dilaton in (1.3) is a two dimensional dilaton that can be viewed as
arising from the volume of the sphere e−2Φ ∝ rD−2 ∼ cosh2 ρ, for large D. Note that the
second inequality in (2.3) is necessary due to the fact that we have not yet included the
stringy corrections. Our goal is to extend this relationship to low values of β where we
have an exact stringy background. This will allow us to incorporate stringy corrections to
Schwarzschild black holes and approach sting scale temperatures.

2.2 Large D black holes in string theory

2.2.1 Large D and the critical dimension

The reader might question whether the large D approximation is valid in string theory,
where the dimension is fixed to be 10 or 26. One answer is that we can study first the
worldsheet CFT for large D, and then set D = 10 or D = 26 with the hope that the leading
order in the large D approximation gives us an accurate answer. Whether this is the case
or not depends on the precise form of higher order corrections in 1/D, for which we provide
some estimations in section 2.6.

In addition, there is a context where the large D Euclidean black hole can be embed-
ded into string theory. We consider a (D + 1) dimensional string theory with a timelike
linear dilaton in the time direction and the Euclidean D dimensional Schwarzschild back-
ground (2.1) inD dimensions. Since the timelike linear dilaton can have arbitrarily negative
central charge, we can then consider this as a full string background.3 More explicitly, in
the bosonic string theory this works as follows. For D > 26, the metric and the dilaton of
the full background are given by

ds2
D+1 = ds2

D − dT 2, ΦD+1 = ΦD + V T. (2.4)

The vanishing of the conformal anomaly on the worldsheet requires [20, 21]

0 = (D + 1)− 26
6 −α

′

4

(
RD+1 + 4∇2ΦD+1 − 4∇µΦD+1∇µΦD+1 −

1
12H

2
)

+O(α′2). (2.5)

3Notice that This works well in the bosonic string, or the type 0 string with (1, 1) worldsheet supersym-
metry. For the type II superstring D − 2 = 8l in order to have a standard GSO projection [19].
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Since the full background is a product of the black hole and the extra time direction, the
equation factorizes into two parts: the D dimensional part which is solved by the black hole,

RD + 4∇2ΦD − 4(∇ΦD)2 − 1
12H

2 +O(α′) = 0 (2.6)

and the remaining part
D + 1− 26

6 − α′V 2 = 0 (2.7)

from which we get

V =

√
D − 25

6α′ . (2.8)

In other words, the added timelike direction and the timelike linear dilaton gives central
charge cT = 1 − 6α′V 2 = 26 −D < 0, which compensates the central charge excess from
the black hole D − 26. Of course, since we already have a timelike direction T , we cannot
continue the Euclidean black hole into a Lorenztian one, since that would lead to a back-
ground with two time dimensions. Below, we will sometimes talk about the “temperature”
of the black hole. With this interpretation, we just mean the inverse size of the circle of
the euclidean black hole.

In what follows, we will suppress the timelike direction and focus on the black hole
CFT, which has central charge D.

2.2.2 Constructing the worldsheet CFT at large D

As a first observation, we notice from (2.2) that, for large D, even with β of order one, the
value of r0 would be of order D. Therefore the curvature radius of the sphere part is much
larger than that of the two dimensional part involving the radial and time directions. This
motivates us to treat the sphere directions perturbatively in α′ but the two dimensional
part exactly in α′.

Since the radius of the sphere is large (much larger than the string scale, ls) we can
approximate it as an almost CFT. This almost CFT has a central charge that is smaller
than D − 2 due to its curvature. In fact, we can use the formula for the central charge
derived in [22]

csphere = D − 2− 6
4R ∼ (D − 2)− 6

(
D

2r

)2
∼ D − 2− 6

(
D

2r0

)2
(2.9)

where R is the scalar curvature of the sphere, and we used the large D approximation. In
principle, we could worry about higher order corrections to (2.9). However, from large D
counting we expect that the answer should be of the form Df(D/r2

0), so that given our
scaling of r0, r0 ∝ D, the terms we have in (2.9) are all that we can get. Notice that when
the proper distance in two dimensions varies over an order one amount (finite values of ρ
in (2.2)), the value of r barely changes away from r0. Therefore, for finite values of ρ, we
can set r → r0 in (2.9). This observation allows us to derive the relation between r0 and
k, with k defined as the level of the SL(2)k/U(1) coset theory. We need to use the exact
expression of the two dimensional central charge of the SL(2)k/U(1) theory

c = 2 + 6
k − 2 . (2.10)
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We then match the excess above c = 2 in (2.10) with the deficit in (2.9) to obtain

6
k − 2 = 6

(
D

2r0

)2
−→ k − 2 =

(2r0
D

)2
. (2.11)

This corrects the gravity result (2.3), and it goes over to it when k is large. However, (2.11)
is valid even when k is of order one. In this discussion, we are assuming that we are dealing
with the bosonic string. We will discuss the type II superstring case in section 2.4.

In the two dimensional cigar CFT describing the Euclidean black hole the confor-
mal dimensions have the following form. They descend from formulas in SL(2)k and are
parametrized by the SL(2) spin j, and we have [10] (see also [23] for a more recent discussion
and further references)

∆ = −j(j − 1)
k − 2 + m2

k
, ∆̄ = −j(j − 1)

k − 2 + m̄2

k
, m = 1

2(n+ kw) , m̄ = 1
2(−n+ kw),

(2.12)
where n is the momentum along the euclidean time circle and w is the winding. Winding is
not conserved in the background, but it is useful for labelling the states. When j = 1

2 + is,
which is the continuous series representation of SL(2), we can interpret 2s/

√
k as the

momentum along the radial direction at infinity. We can read off the radius of the circle at
infinity by comparing (2.12) with what we expect for a linear dilaton background to find
that the radius of the circle at infinity is

R = β

2π =
√
k =

√(2r0
D

)2
+ 2 (2.13)

where we used (2.11) in the last equality. This gives us the full stringy corrected relation
between the radius r0 and the temperature of the largeD black hole. The correction relative
to the gravity answer in (2.2) just comes from the replacement k → k− 2 we had in (2.11).

It would be highly desirable to have a formula for the entropy that we could apply to
the cigar theory. Unfortunately, we do not have such a formula. However, we expect that
it should take the form

S = e−2Φ0F (k) , e−2Φ0 ≡ rD−2
0 ωD−2

4GN
(2.14)

where ωD−2 is the area of a (D−2) unit sphere. F is some function which would take care of
the details of the cigar theory. F should go to one for large k, which is the gravity limit. In
this formula r0 and k depend on β through (2.13). Using dM = TdS we can conclude that

M = S

β
[1 + o(1/D)] (2.15)

at large D. We get this formula by noticing that the main contribution to dS comes from
the term where we take the derivative with respect to r0 in the term with rD−2

0 in (2.14),
since it leads to a factor of D. Notice that S also depends on β.

We also conclude that (2.14) and (2.15) acquire their main depedence on β through
the relation between β and r0 (2.13). In other words, we have

logS ∼ D log[r0(β)] + o(D0) = logM + o(D0) (2.16)

– 6 –
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This shows how to turn the stringy correction to r0 in (2.14) into more concrete physical
observables.

2.2.3 Checking against the first α′ corrections

We can check (2.13) against the first α′ correction which was computed in [18] for any D.
They found4

β

2π =
( 2r0
D − 3

)[
1 + (D − 1)(D − 4)

2
λ

r2
0

]
, (2.17)

where λ = 1/2, 1/4, 0 for the bosonic, heterotic and type II strings respectively (recall we
are setting α′ = 1). We see that the large D limit of (2.17) reproduces the first non-trivial
term in the D/r0 expansion of (2.13).

We can also look at the corrections to the metric and the dilaton. For the two di-
mensional black hole these were discussed in [10], see also [24–26]. These can be found by
adjusting the metric and the dilaton so that the wave equation reproduces the spectrum
in (2.12) (with w = 0). In particular, for the dilaton one has

Φ = Φ0 − log cosh ρ− 1
2(k − 2) cosh2 ρ

+ · · · , for k � 1 (2.18)

We can view the term going like log cosh ρ as arising from the dimensional reduction and
the next term as arising from the D dimensional dilaton. In fact, this matches the large D
limit of the D dimensional dilaton obtained at first order in α′ in [18]5

ΦD = −λ
(
D

2r0

)2 rD−3
0
rD−3 , λbosonic = α′

2 , λheterotic = α′

4 (2.19)

See appendix A for further discussion. There we also match the α′ corrections to the metric
of the cigar CFT to the large D limit of the corrections in [18].

2.3 The winding condensate for any finite temperature black hole

In a black hole geometry, the euclidean time circle shrinks to zero at the horizon. This
means that winding along the circle is not conserved. In addition, it also means that
winding modes can have expectation values [13, 27].

Let us denote by χ the complex field associated to the winding mode. It is complex
because the mode can wind in either directions of the circle. A simple estimate of its
expectation value for any black hole is obtained by considering a worldsheet that wraps
around the Euclidean black hole, see figure 2. This gives

χ̂ ∝ 1
gs

exp
(
−Area

2πα′
)

= 1
gs

exp(−(r − r0)R) , R = β

2π � 1 (2.20)

4One subtlety is that the definition of r0 in (2.17) from [18] is the radius of the sphere at the horizon
in the Einstein frame, not the string frame that we work in. The difference between the two involves a
factor exp

( 2ΦD
D−2

)
at the horizon, which becomes one in the large D limit. Since we are not looking at 1/D

corrections, we could ignore the difference and simply apply their formulas.
5To take the large D limit, it is convenient to start from the expression (A.3) in [18] for φ′ and then

integrate it.
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Figure 2. We can estimate the expectation value of the winding condensate by considering a
worldsheet that wraps the Euclidean black hole.

where χ̂ is the canonically normalized field, χ̂ = e−Φχ. The factor of 1/gs is due to the
fact that the topology of the worldsheet is a disk. This means that χ is of order one in the
string coupling expansion, or a classical field. Of course, the exponential of the area gives a
rapidly decreasing function. As R gets smaller, we should include the ground state energy
of the worldsheet fields on the cylinder and this replaces R→ R− R2

H
2R in (2.20). Here RH

is defined as the radius corresponding to the Hagedorn temperature, RH = βH/(2π). This
correction makes the winding condensate a bit larger. If we go to smaller values of R then
we need to include further fluctuations of the worldsheet and write a more proper expression

χ ∝ e−mr , m2 = R2 −R2
H . (2.21)

We recover the previous expressions by expanding in RH/R. Here m2 is the mass of the
winding mode at large values of r. Here we are assuming that the dilaton is essentially
constant.

We see that as R→ R+
H , m→ 0+ and the winding condensate becomes very large. We

can understand this as follows. In thermal equilibrium the black hole has an atmosphere
of strings that start and end at the horizon [7]. As we approach the Hagedorn temperature
this atmosphere is expected to grow and become larger and larger. Of course, this is not too
surprising since already in flat space the thermal ensemble contains highly excited strings.6

The discussion so far applies to any black hole at finite temperature.

2.3.1 Winding condensate for the two dimensional black hole

In this particular subsection we will assume that we have a worldsheet CFT which is the
product of the two dimensional black hole CFT times another CFT we call it the transverse
CFT with central charge ctransverse such that the total central charge adds up to 26. In
other words, 26 = 2 + 6

k−2 + ctransverse.
We now consider the winding mode, which corresponds to a string wrapping the eu-

clidean time circle of the two dimensional black hole. An important point is the following.

6In fact, for the argument so far, we do not particularly care whether these strings are fundamental
strings or weakly coupled strings of a large N theory. In the latter case, we know what happens beyond
RH : we go to the deconfined phase.

– 8 –
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Due to the dilaton gradient, there is a correction to the effective mass of the field,∫
e−2Φ

[
|∇χ|2 + (R2 −R2

H)|χ|2
]
→

∫
|∇χ̂|2+(∇Φ)2|χ̂|2+(R2−R2

H)|χ̂|2 , χ̂ = e−Φχ.

(2.22)
where here R is the radius of the circle, R =

√
k and RH = 2 is the value of the Hagedorn

temperature when the dilaton gradient is very small (when k → ∞). We can interpret
the term involving a gradient of the dilaton as a correction to the Hagedorn temperature
due to the decreased central charge of the rest of the dimensions. The effective Hagedorn
temperature is higher since the string has less degrees of freedom to oscillate into.

R2
H, eff = ctransverse

6 , ctransverse = 24− 6(∇φ)2 , RH = βH
2π (2.23)

This means that the total mass of the winding mode χ̂ becomes

m2 = R2 −R2
H, eff = R2 + (∇Φ)2 −R2

H = (k − 3)2

(k − 2) , RH = 2 , ρ� 1 (2.24)

for the bosonic string. Interestingly, we see that it never becomes negative. It does becomes
zero at k = 3 and we will discuss the significance of that in a moment.

In the cigar theory, it is possible to calculate the asymptotic form of the winding
condensate [27]7

χ̂ ∝ e−(k−3)ρ (2.25)

This is saying that the winding condensate is reasonable and normalizable for k > 3, but
it becomes non-normalizable at k = 3. When it is very close to k = 3 this winding mode
makes a large contribution to the mass or the entropy of the system

Sw ∼ β
∫
d2x
√
g 2R2e−2Φ|χ|2 ∝ e−2Φ0

( 1
k − 3 + · · ·

)
(2.26)

The dilaton dependence arises as we explained above. The factor of 1/(k − 3) comes from
integrating |χ̂|2 using (2.25). In particular we see that this contribution to the entropy
of the system diverges as k → 3. There is a similar expression for the mass, and it also
diverges as k → 3.

The entropy (2.26) contains only the winding mode contribution to the entropy, com-
puted using the formula (1.2). In principle there is also a black hole part which should
also be of order e−2Φ0 , but without the factor of 1/(k − 3). This means that as k → 3 the
winding contribution dominates the entropy. The full entropy of the system (2.14) should
include both corrections.

7This is sometimes called the Fateev-Zamolodchikov-Zamolochikov duality [27–29]. However, we do not
have to invoke this duality. The winding condensate is a feature that is present in both descriptions, the
cigar and the sine liouville. See [30] for an argument for the supersymmetric version of the FZZ duality
and [12] for the non-susy extension.
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2.3.2 Winding condensate for large D black holes

We have been discussing the two dimensional black hole, but this discussion can then
be applied to the large D black holes. We can match (2.24) to the free equation of the
winding mode in the large D limit. The equation of motion for the winding mode χ in D
dimensions is

1
rD−2∂r

(
rD−2∂rχ

)
− β2 − β2

H

(2πα′)2 χ = 0 , rD

rD0
� 1. (2.27)

We now focus on the region near but not too close to the horizon, or in the cigar coordinate
1� ρ� D. Using (2.2) we write the equation as

1
k − 2

[
∂2
ρχ+ 2∂ρχ

]
−(k − 4)χ = 0 , or 1

k − 2∂
2
ρχ̂−

(k − 3)2

k − 2 χ̂ = 0 , ρ� 1 (2.28)

with χ̂ = e−Φχ = cosh ρχ. Therefore we recovered the mass in (2.24). In other words,
the profile of the winding mode on the cigar matches the one near, but not too near, the
horizon of a large D black hole.8

However, at largeD, we should also consider the winding mode profile far away from the
horizon. The first observation is that when we reach the asymptotic Hagedorn temperature
for the bosonic string, namely R = RH = 2, we have k = 4. In the near horizon region,
the one described by the cigar, we can continue decreasing k, and increasing the local
temperature, without any problem for 3 < k < 4. Of course, if we do this, there will
be a problem in the full geometry since the mass square of the winding mode will slowly
decrease as we get away from the near horizon region and will eventually become negative.
However, since χ is exponentially decreasing it will be very small when this happens.

As the winding mode becomes massless at infinity, we expect that the integral of |χ|2

would produce a 1/m term in the mass and the entropy as m→ 0. This means we expect
a 1/(k−4) pole in the mass or entropy of the black hole. However, this does not happen in
the D →∞ limit. To see this, we can simply consider the special case of k = 4, where the
free massless equation (2.27) gives two solutions χ ∼ 1/rD−3 or χ ∼ constant. By matching
with the profile e−(k−2)ρ = e−2ρ on the cigar region, we see that we only have the 1/rD−3

part, and thus the winding mode is still normalizable. For finite D, we expect there can
be a 1/(k − 4) in the mass or entropy of the black hole. However, the coefficient of such a
pole will be exponentially suppressed in D, since the winding mode has undergone a long
period of exponential decay on the cigar region.

Of course, if we are really considering the canonical ensemble, the fact that the winding
mode becomes tachyonic at infinity for 3 < k < 4 would be a problem. However, we can
imagine that we are in the microcanonical ensemble and we have a reasonable local thermal
equilibrium near the horizon, but further away we are not in thermal equilibrium and we
have some radiation coming out of the black hole.

8Here we have plugged in the value of βH = 4π which is the value whenD = 26, i.e. βH = 2π
√

(26 − 2)/6.
An alternative interpretation is that we have a timelike linear dilaton but the winding mode has a profile
in the extra time direction of the form eV T (see eq. (2.4)) so that the β2

H in eq. (2.27) includes a factor of
(D + 1 − 2) − 6α′V 2 = 24 = 26 − 2.
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k =
(

2r0
D

)2
+ 2 = β2

(2π)2

Cigar CFT

Large D black hole

4

Winding mode is
massless at infinity
(β = βH)

3

Winding mode
becomes non-
normalizable

Winding mode
becomes non-
normalizable near
horizon

5
2

Lyapunov exponent
vanishes

?

Figure 3. We highlight some of the important values of k or equivalently
( 2r0

D

)2 + 2 where new
qualitative features appear. The question mark indicates that the black hole picture stops to
apply as the winding condensate becomes non-normalizable, and we don’t know what the correct
description of the full D dimensional geometry is after that. The discussion on the Lyapunov
exponent will be carried out in section 2.5.

More precisely, if we have an evaporating black hole we expect that the temperature
should be able to become higher than TH , and still have a reasonably stable near horizon
region. In other words, the black hole will produce a stringy halo which will be still
localized near the horizon where the effective Hagedorn temperature is larger than the one
at infinity, due to the reduced central charge of the sphere directions.

However, as k → 3, the stringy atmosphere expands and gets directly connected to
the region where the winding mode becomes tachyonic and we do not get an approximate
thermal equilibrium.

In principle we can only trust the description up to the point where k − 3 ∼ 1/D,
which is the region where the black hole can be well approximated by the two dimensional
cigar geometry. Everything that we said for the two dimensional black hole regarding the
winding condensate and its contribution to the entropy applies here. In particular, we
conclude that the winding condensate, or stringy atmosphere of the black hole, makes a
larger fraction of the contribution to the entropy as k → 3.

One might be tempted to say that the entropy increases as k → 3 due to the contribu-
tion of the winding condensate. However, in the large D black hole the value of e−2Φ0 , or
the volume of the sphere, decreases rapidly as we decrease r0. It decreases so rapidly that
we cannot conclude that the total entropy increases as k → 3, at least within the regime
we trust our approximations.

We expect that as an evaporating black hole reaches k = 3 (or the corresponding
temperature based on (2.13)), it would perhaps rapidly evaporate into a gas of strings.
However, this is a dynamical process which we do not know how to treat.

As a summary, in figure 3 we highlight some important values of k or
(

2r0
D

)2
+ 2 in

both the cigar CFT and the large D black hole.

2.4 The superstring case

In this section we will discuss the superstring case, with (1, 1) worldsheet supersymmetry.
We will not discuss the heterotic case. The supersymmetric version of the cigar theory was

– 11 –
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treated in [31]. The level of the WZW model is shifted by two so that we replace k−2→ k

in some of the formulas we had above. In particular,

k =
(2r0
D

)2
,

β

2π = R =
√
k = 2r0

D
, RH =

√
2, (2.29)

where we also gave the value of the Hagedorn radius in flat space. The fact that the
temperature is uncorrected could be checked against the first non-zero α′ correction, which
is of order α′3, coming from the R4 term. The correction is non-zero for general D. The
formulas in [32] suggest that the correction is also non-vanishing at large D. However,
some of the formulas there are incorrect and in a corrected analysis [33], the large D limit
of the correction indeed vanishes.

In this case, one might naively expect that there is no correction to the metric or the
dilaton in the large D limit. However, the correction to the dilaton is in fact non-vanishing,
see [33].

The winding mode becomes non-normalizable as k → 1, which is also smaller than
k = 2, which is the value that corresponds to the Hagedorn temperature at infinity. The
physical interpretation is similar to the one of the bosonic string in section 2.3.2.

2.5 Lyapunov exponent

In this subsection, we use the exact CFT description of the cigar theory to propose a form
for the Lyapunov (or chaos) exponent [34, 35] for the cigar theory. In the range where the
black hole picture is applicable (k > 3), what we get is also the full stringy correction to the
Lyapunov exponent in the large D limit. The idea is to use the exact CFT to compute the
spin of the exchanged state in a scattering experiment that happens near the horizon. This
is non-trivial because such states involve some analytic continuation. For example, [36]
considered the following vertex operator in flat space and imposed the mass shell condition

V = (∂X+∂̄X+)s/2eiqX , with 1 = s

2 + α′

4 q
2. (2.30)

Analytically continuing in s we can compute s = 2 + α′

2 t with t = −q2. Exchanging this
operator produces the correct Regge behavior of scattering amplitude [36].

In the cigar CFT, in principle we can find the right state by considering the appropriate
limit of a four point function. Instead, we will simply guess the right state.

In analogy with (2.30) we will look for a state with the form

|Ψ〉 = (J+
−1J̄

−
−1)γ |j,m, m̄〉. (2.31)

Here Jan are the current algebra generators of the SL(2)k model, j is the spin in SL(2), m
and m̄ are the eigenvalues under J3

0 , J̄3
0 . This combination of currents is analogous to the

ones in (2.30) near the horizon, see e.g. [37]. One question is what values of j, m and m̄ we
should choose. These values are constrained by the SL(2)/U(1) quotient to have the form

m̃ = m+ γ = 1
2(n+ kw) , ˜̄m = m̄− γ = 1

2(−n+ kw). (2.32)

We will choose w = 0.

– 12 –
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An important generator is the one performing the time translation, which is related
to the rotation B = J3

0 − J̄3
0 , or the boost in the Lorentzian section. Our objective is to

compute this boost eigenvalue b since it then sets the Lyapunov exponent via

λL = 2π
β
b. (2.33)

We could arrange the scattering to be very close to the horizon by pushing the incoming
particle towards early time. The state produced by the early incoming particle has the
property that it is very close to the past horizon. When the gravity approximation is good,
the state will simply be a gravitational shock wave which travels along the horizon. Away
from the gravity limit, one way to characterize this in an algebraic way is the following.
It is convenient to go to the covering AdS3 problem where we have additional symmetry
generators, such as J±0 J̄±0 . Under a boost that sends the particle to early times, some of
these generators are sent to zero. Therefore, we expect that the candidate stringy version
of the shock wave should be annihilated (or have very small eigenvalues) under such a
generator. This means that we want to impose

J+
0 |Ψ〉 = J̄−0 |Ψ〉 ∼ 0 (2.34)

This can be obeyed if we choose state in the continuous representation with j = 1
2 + is and

set −m = m̄ = 1
2 . The norm of J+

0 |j,m〉 can be computed using the SL(2) algebra via

J−0 J
+
0 |j,m〉 =

[1
2(J−0 J

+
0 + J+

0 J
−
0 ) + 1

2[J−0 , J
+
0 ]
]
|j,m〉 =

=
[
−j(j − 1) +m2 +m

]
|j,m〉 (2.35)

We see that it goes to zero as j → 1
2 and m = −1

2 . A similar argument works for the state
resulting from the action of J̄−0 . Note that J+

0 commutes with J+
n so that it goes through

the first factor in (2.31). Summarizing, our candidate state is

|Ψ〉 = (J+
−1J̄

−
−1)γ

∣∣∣∣j = 1
2 + is,−1

2 ,
1
2

〉
s→0

(2.36)

Imposing that it has conformal dimension one, we find

1 = γ− j(j − 1)
k − 2 + m̃2

k
= b+ 1

2 + 1
4(k − 2) + b2

4k , with b = 2γ−1 , m̃ = γ− 1
2 (2.37)

where b is the total rotation (or boost) eigenvalue. We then find that

b = −k +

√
k(k2 − 5)
k − 2 . (2.38)

Plugging this into (2.33), we get the Lyapunov constant as a function of k.
In the limit k � 1 we get that

b = 1− 1
k

+ · · · , (2.39)
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which is in agreement with a direct gravity computation of the correction using the methods
of [38] and the shock wave solutions in [39].

As k increases b goes to zero at k = 5/2. This value of k is lower than three, so it is
not useful for our black hole discussion, which was restricted to k > 3. Nevertheless, it is
an interesting value of k. At this value of k the central charge of the SL(2)/U(1) theory
is 14. This is the value that would appear in the superstring if we considered a purely
two dimensional background which has total central charge 15 and the geometry of the
cigar. The fermions would give a central charge of one, and the rest would give the central
charge of 14. In analogy with [27] and using the ĉ = 1 matrix model discussion of [40],
we expect that this theory should have a dual description as a matrix model in non-trivial
representations. In the singlet representation this model is integrable. So the fact that we
get b = 0 might be interpreted as evidence that also with non-trivial representations the
model could be integrable.

We have not tried to understand what happens when k < 5/2.

2.6 Estimation of 1/D corrections

In this section we examine how well the large D approximation works if we were to apply
the results to D = 26 for bosonic string, or D = 10 for superstring. We will be using
the relation between β and r0 as an example, which is (2.13) in the large D limit. In this
section only, we will define r0 as the radius of the sphere at the horizon in the Einstein
frame, but not the string frame, so that we can conveniently compare to the results in the
literature. As we explained in a footnote in section 2.2.3, the large D limit yields the same
relation between β and r0 regardless of which frame r0 is defined in.

One issue is what the large D expansion parameter really is. So far we’ve been loosely
writing the expansion as one in 1/D, but we could as well define it by shifting D by an order
one number. From our discussion, it is not obvious what the most natural choice is. One
natural choice is to expand in 1/(D−2), since it is really the dimension of the (D−2)−sphere
which we are taking to be large. Another choice would be to expand in 1/(D − 3), since
this is the combination appearing in the gravity expression (2.2). In the following we use
the latter choice. In other words, we write the large D result (2.13) for bosonic string as

β

2π =

√( 2r0
D − 3

)2
+ 2α′ = 2r0

D − 3

[
1 + (D − 3)2α′

4r2
0

+ . . .

]
= 2r0

23

[
1 + 529α′

4r2
0

+ . . .

]
(2.40)

where we expanded to order α′ and plugged in D = 26. This should be compared with the
finite D answer in (2.17), which we copy below and plug in D = 26

β

2π = 2r0
D − 3

[
1 + (D − 1)(D − 4)α′

4r2
0

+ . . .

]
= 2r0

23

[
1 + 550α′

4r2
0

+ . . .

]
. (2.41)

The relative error of the α′ correction term is about 3.8%. Of course, one can complain that
the reason the error is small here is because we chose 1/(D−3) as the expansion parameter,
so that no error arises in the leading order result. If we instead expand in 1/(D− 2), there
will be error in both the leading term and the α′ correction term, and the total error will
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be a function of r0. We can consider the radius at which the winding mode becomes non-
normalizable near the horizon, which is roughly at 2r0/(D − 3) = 2r0/23 =

√
α′k =

√
3α′.

In this case, we find the error to be roughly 3%. Of course, it is not clear that we can
trust (2.41) at this small radius.

For the superstring case, the large D result (2.29) is

β

2π = 2r0
D − 3 = 2r0

7 , (2.42)

where we’ve plugged in D = 10. The large D answer does not contain any α′ corrections.
Therefore we can compare this with the finite D answer containing the leading non-trivial
α′ correction [33]:

β

2π = 2r0
D − 3

[
1 + ζ(3)

16
(D − 1)(4D4 − 59D3 + 366D2 − 1113D + 1350)α′3

12r6
0

+ . . .

]

≈ 2r0
7

[
1 + 440.6α′3

r6
0

+ . . .

] (2.43)

where we’ve used D = 10 in the second line. In this case, the relative size of the error
depends on r0, and is larger when r0 is small. Similar to what we did above, we can look
at the size of the error at the radius where the winding mode becomes non-normalizable
near the horizon, which corresponds to 2r0/(D − 3) =

√
α′k =

√
α′. For D = 10, the

winding mode can become non-normalizable at some slightly different radius, but as a
rough estimation, we’ll simply take 2r0/7 =

√
α′. Note that for this value it is not clear

whether we should trust (2.43). Nevertheless, we find that ratio between the correction
term in (2.43) and the leading term is about 24%. Instead, if we used 1/(D − 2) as an
expansion parameter, we would find an error of about 21%.

3 Large D limit of charged black holes

In this section, we show that the large D limit of the near horizon geometry for a charged
black hole matches with a two dimensional charged black hole background. Our discussion
will be in the gravity limit, and we will leave a detailed comparison on the α′ corrections
to future study.

We can start with a theory in (D+ 1) dimensions and do a Kaluza-Klein reduction to
D dimensions on a circle. We consider configurations with both momentum and winding
charge on the extra circle so that, on the worldsheet, we only couple to the left moving
current of the extra circle. Of course, one could also consider general momentum and
winding charges, but this case is a bit simpler because it leads to a solution where the
extra circle has a constant size (in string frame). The D dimensional action involves the
metric, dilaton and a gauge field Aµ

I = 1
16πGN

∫
dDx
√
gDe

−2ΦD

[
R+ 4(∇ΦD)2 − 1

4F
2
]
. (3.1)
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The charged black hole solutions of this action in general dimensions was presented in [41]
(see [42] for a nice review)

ds2 = −
(

1 + rD−3
0 sinh2 α

rD−3

)−2

f(r)dt2 + dr2

f(r) + r2dΩ2
D−2, f(r) = 1− rD−3

0
rD−3 , (3.2)

with gauge field and dilaton

At =
√

2rD−3
0 sinhα coshα

rD−3 + rD−3
0 sinh2 α

, e−2ΦD = 1 + rD−3
0
rD−3 sinh2 α. (3.3)

α is a parameter of the solution, with α → ∞ being the extremal limit. Unlike the
uncharged case (α = 0), the D dimensional dilaton is excited. Also, note that we do not
have an inner horizon, in contrast with the usual Reissner-Norstrom solution. We could
do a Wick rotation on t and take α→ iα to go to the Euclidean signature.

We would like to match the large D limit of these solutions with 2d charged black
holes [43]. The two dimensional charged black hole can be studied using the SL(2)k×U(1)

U(1)
coset model [44, 45]. Similar to what we had for the D dimensional black hole, we consider a
solution that is only charged under the left moving part of the extra U(1). The background
in the limit k � 1 is given by

ds2 = k

[
dρ2 −

( tanh ρ
1− a2 tanh2 ρ

)2
dϕ2

]
, (3.4)

e−2Φ = e−2Φ0
(
1 + (1− a2) sinh2 ρ

)
, Aϕ = −

√
2a
√
k tanh2 ρ

1− a2 tanh2 ρ
. (3.5)

a is a parameter labelling the solution, with a→ 1 being the extremal limit.
We observe that under the identification

cosh2 ρ = rD−3

rD−3
0

, t ∼ t+ β,
β

2π = 2r0
(1− a2)D, sinh2 α = a2

1− a2 , (3.6)

we get the metric in (3.2) with

k =
(2r0
D

)2
, ϕ = 2πt

β
, D � 1, k � 1. (3.7)

We also see that we have

e−2ΦDrD−2 =
(

1 + rD−3
0
rD−3 sinh2 α

)
rD−2 ∝ 1 + (1− a2) sinh2 ρ ∝ e−2Φ (3.8)

in the large D limit, which means that the two dimensional dilaton can be viewed as coming
from the D dimensional dilaton multiplied the volume of the sphere.

The gauge field in (3.3) asymptotes to zero at infinity, while the one in (3.5) goes to
a constant value. This constant can be removed by a simple gauge transformation, after
which the two expressions match.
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4 Conclusions

We have shown how the large D limit introduced in [16, 17] can be extended to the stringy
regime with temperatures comparable to the Hagedorn temperature. This extension is rel-
atively simple, all that needs to be understood is the proper map between parameters. This
allows us to utilize the well studied SL(2)k/U(1) model, but now reinterpreted as giving the
near horizon geometry of the black hole. An interesting result is that these large D black
holes is that they can have temperatures a bit higher than the Hagedorn temperature in the
ambient space. Then we expect that an evaporating black hole would indeed get to these
higher temperatures. But we have not understood how it transitions into a gas of strings.

In the cigar CFT we can consider the model in the region k < 3 where the winding
condensate is not normalizable. However, we have not managed to use it in any way that
would shed some light on the full higher dimensional black hole.

In the cigar theory, the FZZ duality [28] is often emphasized. It connects the cigar to
a theory on a cylinder with a winding condensate. This is interesting because the winding
condensate could have a Lorentzian descriptions with explicit microstates, see [46–48] for
recent discussions. Presently, this is poorly understood because there is a strong coupling
region in the cylinder picture. In the Euclidean picture this is no problem because the
string is prevented from going there by the sine Liouville potential. However, it is not clear
how we are supposed to treat that region in the Lorentzian theory.
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A Matching the α′ corrections to the metric at large D

In this appendix, we check that the α′ corrections to the metric of the cigar match those of
the large D black hole. For the bosonic string, the leading correction to the Schwarzschild
metric has the following form

ds2 = f
(
1 + α′µ

)
dt2 + 1

f

(
1 + α′ε

)
dr2 + r2dΩ2

D−2, (A.1)

where f was given in (2.1). The functions ε, µ are given in [18], which in the large D limit
are9

ε = O
( 1
D

)
, µ = −D

2

2r2
0

rD−3
0
rD−3 +O

( 1
D

)
. (A.2)

To compare this with the 2d metric, we need to first understand how the relation
between ρ and r is corrected. This is determined by identifying

rD−2ωD−2
4GN

e−2ΦD = e−2Φ, (A.3)

9We work in the string frame as in other parts of the paper. It is useful to first apply the large D limit
to the differential equations for ε, µ in appendix A of [18] and then find the solutions.
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where we are setting the asymptotic value of the D dimensional dilaton to zero, ΦD(∞) = 0,
by absorbing any such constant into GN . The D dimensional dilaton is given by [18]

ΦD = −α
′

2

(
D

2r0

)2 rD−3
0
rD−3 , (A.4)

while the two dimensional dilaton is [10]

Φ = Φ0 − log cosh ρ− 1
2(k − 2) cosh2 ρ

+ . . . (A.5)

where Φ0 is some constant. We see that the corrections in (A.4) and (A.5) match with
(r/r0)D−3 = cosh2 ρ. In other words, the relation (r/r0)D−3 = cosh2 ρ which was initially
written down in the gravity limit in (2.2) is actually unmodified at least to order α′. Using
this, we can then express (A.2) in terms of the 2d variables. We get

ε = 0, µ = − 2
k cosh2 ρ

. (A.6)

Since we are already looking at the leading correction terms, we do not need to distinguish
k and k − 2 in the above formulas.

For the dt2 part of the metric we have

f
(
1 + α′µ

)
dt2 ≈ k tanh2 ρ

(
1− 2

k

1
cosh2 ρ

)
dϕ2, (A.7)

where we used the relation between t and ϕ is uncorrected. For the dr2 part we have

1
f

(1 + α′ε)dr2 ≈ 4r2
0

D2 dρ
2 = (k − 2)dρ2, (A.8)

where we used the corrected relation between r0 and k in (2.13).
Having expressed the leading α′ corrections to the metric of the large D black hole in

the 2d variables, we can compare it with the known corrections in the cigar given in [10, 24–
26], which has the form

ds2 = (k − 2)
[
dρ2 + tanh2 ρ

1− 2
k tanh2 ρ

dϕ2
]
. (A.9)

Expanding it to the leading order in 1/k, we find a match with (A.7) and (A.8).

B Matching the gravity action with the cigar

In this appendix, we compute the Euclidean action of the Schwarzschild black hole, and
discuss how it can be properly matched to the cigar. We will be neglecting all α′ corrections,
which we have not understood how to treat systematically.

The action of the Schwarzschild black hole is given entirely by the Gibbons-Hawking-
York boundary term [49]

I = − 1
8πGN

∫
dD−2y

√
h (K −K0) (B.1)
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where we subtracted the extrinsic curvature for flat space K0 = D−2
r . To evaluate the

action, we need to cutoff the spacetime at a finite radius rc. The standard discussion
involves taking the limit rc →∞, and we are left with a finite action

I = 1
D − 3

ωD−2r
D−2
0

4GN
. (B.2)

We note that there is a 1/(D − 3) factor in front. This factor is important when we use
the action to compute the entropy

S = (β∂β − 1) I = (r0∂r0 − 1) 1
D − 3

ωD−2r
D−2
0

4GN
= ωD−2r

D−2
0

4GN
. (B.3)

However, the factor 1/(D − 3) in front seems unnatural if we view the action as coming
from the cigar theory, since we would expect the action of the cigar to be proportional to
e−2Φ0 , which is the second factor in (B.2), without the extra 1/D factor. This puzzle can be
resolved by putting the cutoff not at spatial infinity, but at the cigar region. We can define
(r/r0)D−3 = cosh2 ρ as before, and put the cutoff at a finite value ρc. The action (B.1)
becomes

I = 1
D − 3

ωD−2r
D−2
0

4GN

[
1− (D − 2)e−2ρc

]
. (B.4)

So far we have not done any approximation, and we can see that if we take ρc → ∞, we
recover (B.2). However, now it is evident that if we put the cutoff at e2ρc � D, in the
large D limit we will be left with

I = −ωD−2r
D−2
0

4GN
e−2ρc = −e−2Φ0−2ρc . (B.5)

We see that the 1/D factor in front disappeared, and we have an expression that is consis-
tent with the expectation from the cigar. An interesting point is that we need e2ρc � D

to neglect the first piece in (B.4), but naively the cigar description can be applied as long
as ρc � D. This suggests that the computation of the action is particularly sensitive to
the cutoff.

The cutoff dependence of (B.5) agrees with a direct computation in the cigar the-
ory [50]. In the cigar theory, the size of the circle is fixed at infinity. If we want to compute
the variation of the action with respect to β, we would need to consider a finite cutoff at ρc,
at which we have the size of the circle βc, and vary ρc such that βc varies by a small amount.
At the same time, we should also adjust Φ0 so that the dilaton at the cutoff stays fixed.

In other words, in the cigar theory we can fix the size of the circle and the value of the
dilaton as

βc = 2π
√
k tanh ρc , Φc = Φ0 − log cosh ρc (B.6)

The action evaluates to (B.5). As a check we can compute the entropy

S = (βc∂βc − 1)I = e−2Φ0 (B.7)

When we evaluate this derivative, it is important to keep Φc constant, which means that
we need to vary both Φ0 and ρc as we vary βc.
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A key property of (B.5) is that the action vanishes as we send the cutoff ρc to infinity.
A simple argument for this is that the cigar theory on its own has a zero mode Φ0, which
will not be consistent with an e−2Φ0 factor in the action unless the coefficient is zero. For
this reason, we would expect to find zero from a string theory computation of the action,
which makes it difficult to extract the thermodynamic quantities, especially the entropy.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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