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1 Introduction

In a recent paper [1] there was proposed the gauged matrix model of SU(2|1) supersym-
metric mechanics. It describes a new N = 4 extension of the Calogero-Moser multi-particle
system,! such that the particle mass m is identified with the parameter of deformation of the
flat N = 4,d = 1 supersymmetry into curved SU(2|1) supersymmetry. Models of SU(2|1)
supersymmetric mechanics pioneered in [2—4] play the role of one-dimensional analog of
higher-dimensional systems with a rigid curved supersymmetry [5-8]. The one-dimensional
models possessing such a deformed supersymmetry and built on different worldline SU(2|1)
supermultiplets were further studied in [9-11]. All these systems dealt with single SU(2|1)
multiplets of the fixed type. There were also studied SU(2|1), d = 1 supersymmetric mod-
els [12] simultaneously involving chiral (2,4,2) and vector (3,4,1) supermultiplets. The
common feature of this class of the SU(2|1) mechanics models is that the Lagrangians for
the relevant physical bosonic d = 1 fields contain the standard kinetic terms of the second
order in the time derivative.

The off-shell construction of [1] was based upon a new SU(2|1) harmonic superspace
with two sets of harmonic variables, as a generalization of SU(2|1) harmonic superspace of
ref. [11] defined according to the standard lines of [13-15].2 This bi-harmonic superspace
approach provided the proper generalization of the gauging procedure of [17, 18] and en-
abled to define SU(2|1) analog of the semi-dynamical spin variables of ref. [19], as well as
to construct the interaction of dynamical and semi-dynamical supermultiplets.

"We use the definition “multi-particle” instead of “multi-dimensional”, in order to avoid a possible
confusion with the space-time dimensionality.
2The bi-harmonic formalism of the similar kind was firstly used in [16] in a different context.



An evident next problem was to quantize the new kind of N' = 4 superextended
Calogero-Moser systems and inquire whether it inherits the remarkable quantum properties
of its bosonic prototypes.

In the present paper, as the first step towards this goal, we perform quantization of
the simplest one-particle case of the multi-particle models constructed in [1]. In this case,
the original off-shell formulation involves the superfields describing the SU(2|1) multiplets
(1,4,3) and (4,4,0), as well as the “topological” gauge multiplet which accomplishes
the U(1)-gauging. After eliminating the auxiliary fields, as the dynamical variables there
remain the d = 1 bosonic scalar field z(¢) and the fermionic SU(2)-doublet fields v¢(t),
() (t) = 1b; . They come from the multiplet (1,4,3). The bosonic SU(2)-doublet fields
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24, (29T = % coming from the multiplet (4,4, 0) describe the semi-dynamical degrees of

freedom. The corresponding on-shell component action of the model is written as
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This action respects local U(1) invariance. The U(1) gauge field A originates from the
topological gauge supermultiplet and plays the role of Lagrange multiplier for the first class
constraint, as we will see in the next section. Note that only at ¢ # 0 the Lagrangian (1.1)
defines a non-trivial spin-variable generalization of the original model of [2, 9]: for ¢ = 0
the constraint effected by A becomes z¥Z, = 0 that implies 2/ = 0. At ¢ # 0 the kinetic
term of the bosonic variables 2%, z; in the Lagrangian (1.1) is of the first-order in the time
derivatives, in contrast to the dynamical variable z with the second-order kinetic term.
Just for this reason we call 2%, 2 semi-dynamical variables.> In the Hamiltonian these

variables appear only through the SU(2) current z(;Z;) and in the interaction terms.
The odd SU(2|1) transformations of the component fields leaving the action (1.1)

invariant read
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Their characteristic feature is the presence of the parameter m which can be viewed either
as a mass of d = 1 component fields or as a frequency of the one-dimensional oscillators.
It plays the role of the parameter of deformation of the supersymmetry algebra. While for
m # 0 the transformations (1.2) generate SU(2|1) supersymmetry, in the contraction limit
m = 0 they become those of the flat N’ = 4,d = 1 supersymmetry.

3 As opposed, e.g., to the multiplets exploited in [12], which all are dynamical, with the standard kinetic
terms for bosonic and fermionic fields.



The system (1.1) is a generalization of the N'=4 superconformally invariant models of
refs. [19-22] to the case of non-zero mass. On the other hand, in the papers [23-26] (see
also [27, 28]) there were found different realizations of N’ = 4, d = 1 superconformal groups
and established some relations between the deformed supersymmetries and superconfor-
mal symmetries. One of the purposes of our paper is to clarify the role of the deformed
SU(2|1) supersymmetry and its superconformal extension in the quantum spectrum of the
systems with semi-dynamical variables. In particular, we find out the presence of hidden
superconformal symmetry in the model (1.1), on both the classical and the quantum levels.

We start in section 2 with presenting the Hamiltonian formulation of the system (1.1).
We find the Noether charges of the SU(2|1) transformations of the component fields. In
section 3, the quantization of the model is performed. The energy spectrum and stationary
wave functions are defined. The latter are characterized by an external SU(2) spin g € (Z>0,
1/2+ Z>0), and involve a non-trivial holomorphic dependence on the semi-dynamical spin
variables. All energies also depend on ¢q. The states on each energy level belong to an
irreducible representation of the supergroup SU(2|1) (and of its central extension @(2\1) ,
with the canonical Hamiltonian as the “central charge”). The sets of these representations
are defined from the dependence of the wave function on the semi-dynamical variables.
Section 4 is devoted to the analysis of hidden N'=4,d = 1 superconformal symmetry of the
model under consideration. We identify it as the OSp(4|2) superconformal symmetry in the
“trigonometric” realization and present the explicit form of its generators. We also compute
the quantum OSp(4|2) Casimir operator and show that the physical states with different
energy levels and fixed spin ¢ are combined into an irreducible OSp(4|2) supermultiplet.
Section 5 collects the concluding remarks and some problems for the further study.

2 Hamiltonian analysis and Noether charges

Performing the Legendre transformation for the Lagrangian (1.1), we obtain the canonical

Hamiltonian
He=H—A(T—¢),
Lo 2,.2 k7 S(ij)S(ij) w(%j)s(ij)
H =5 (P +m°e®) + miiy — — 5 4 ———, (2.1)
where S(") are bilinear combinations of 2’ and z; with external SU(2) indices,
S) = lizd) (2.2)
while 7" is the SU(2)-scalar
T :=2Fz,. (2.3)
The action (1.1) produces also the primary constraints
Pt ga a0, pF a0, (24)
1 - 1
Pyk — 5 ¥e =0, p@k—yﬂk%m (2.5)
pa=0. (2.6)



The constraints (2.4), (2.5) are second class and we are led to introduce Dirac brackets
for them. As a result, we eliminate the momenta p .y, pyr and c.c.. The residual variables
possess the following Dirac brackets

{z,p} =1, {,2} =i}, (v, ¢;} = —idi. (2.7)

So, the bosonic variables 2, Zj describing spin degrees of freedom are self-conjugated
phase variables. The triplet of the quantities (2.2) form su(2) algebra with respect to the
brackets (2.7):

{509, 5601 = i [egh 4 eilgib] . (2.8)

Requiring the constraint (2.6) to be preserved by the Hamiltonian (2.1) results in a
secondary constraint
T—c=2"%—c~0. (2.9)

The field A is the Lagrange multiplier for this constraint, as is seen from the
Lagrangian (1.1) and the Hamiltonian (2.1). So in what follows we can omit the con-
straint (2.6) and exclude the variables A, p from the set of phase variables.

Applying Noether procedure to the transformations (1.2) we obtain the following ex-
pressions for the SU(2|1) supercharges:

Q' = (p—ima) ' + % Sy Q= (p+ imz)P; — éS(jk)z/_Jk. (2.10)

The supercharges (2.10) generate the centrally-extended superalgebra su(2|1) with respect
to the Dirac brackets (2.7):

(Q,Q;} = —2i6iH — 2im (I - 6F)
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Here, the SU(2) and U(1) generators are defined as
I = ey [0 1 u09) P = %wkqj)k. (2.12)

The Hamiltonian H commutes with all other generators and so can be treated as a central
charge operator. As was shown in [10], su(2|1) can be represented as a semi-direct sum
su(2|1) ~ su(2]|1)® u(l) of the standard su(2|1) superalgebra and an extra R-symmetry
generator F'.

Let us compare the model defined above with the model of refs. [9, 10]. As opposed
to these papers, here we consider the system with the spin degrees of freedom added. As
a result, the supercharges (2.10) acquire additional terms with the su(2) generators S
which produce extra conformal potential-like terms in the Hamiltonian (2.1). Moreover,
the generators S(¥) make an additional contribution to the su(2) generators 1) of the
su(2[1) superalgebra (2.11).



3 Quantization

At the quantum level, the system (1.1) is described by the operators x, p; 9, Vi, 7', 7
which obey the algebra

xopl =i, |2 =-d {vfe) = (3.1)

The quantum counterpart of the first class constraint (2.9) is the condition that, on the
physical wave functions,
T —2¢ =122, —2¢~0. (3.2)

The constant 2¢ in (3.2) is a counterpart of the classical constant ¢ in (2.9); the difference
between ¢ and 2¢ can be attributed to the operator ordering ambiguity.
The quantum supercharges generalizing the classical ones (2.10) are uniquely deter-

mined as
 §(KD) 4. B S i
QF = (p —imx) @bk—l—%, Qi = (p+imx) wk—(k;)q'b. (3.3)
Their closure is a quantum counterpart of the classical superalgebra (2.11):
{Q",Qx} =25,H +2m (I}, — 6, F),
1 _ 1 -
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The quantum Weyl-ordered Hamiltonian appearing in (3.4) and generalizing (2.1) reads
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Here, SUF) = 2(izk) = z(izk) satisfies [S(ij), S(M)] = ¢*SUD 4 ¢3!8(F)  The remaining even
generators in (3.4) are defined by

H=_ (p* + m’x?) — (3.5)
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and also the first class constraint (3.2), we observe that the bosonic Hamiltonian, when
applied to the wave functions, can be cast in the form

1 1
Hbose — — p2 + m2x2 + M . (38)
2 x?

It involves the potential which is a sum of the oscillator potential and the inverse-square
(d =1 conformal) one.



3.1 Casimir operators

The second- and third-order Casimir operators of su(2|1) are constructed as [11]
C=(LH-F 2—11i1k+i[Qi Qi (3.9)
>~ \m 27k T am RS '
Co=(C+ ) (ta-r)+ Ll (lu-r)-v Q. Q] (3.10)
AT 2) \m sm | " \m ‘ Bl '

Here the combination s H — F plays the role of the full internal U(1) generator. Both
su(2]1) Casimirs involv?just this combination, not H and F separately. For the specific
realization of su(2|1) generators given by (3.3), (3.5) and (3.6) the Casimir operators (3.9)
and (3.10) take the form

() (=) a0, 1)
Cs = %HCQ- (3.12)

Their eigenvalues on a wave function characterize the irreducible representation of the
supergroup SU(2|1) to which this wave function belongs. So we come to the important
conclusion that states on a fixed energy level form irreducible multiplets of SU(2|1). Such
SU(2|1)/\multiplets can equally be treated as irreducible multiplets of the extended super-

group SU(2|1), with H as an additional Casimir taking the same value on all states of the
given SU(2|1) multiplet.

3.2 Wave functions and energy spectrum

To define the wave functions, we use the following realization of the basic operators (3.1):

0 D

- 0
X=, pP= 181‘7 z zZ, Zj azka 'l;b 1/]7 ¢k‘ awk

(3.13)
Here z and z* are real and complex bosonic commuting variables, respectively, whereas
Y* are complex fermionic ones. Then the wave function ® can be defined as a superfield
depending on x, z¥ and ¥¥, i.e., as ®(x, 2F, F).

The quantum constraint (3.2) amounts to the following condition on the physical wave
functions

zkazkz D) = 24 (20, (3.14)

whence the superscript (2¢) for the wave functions of physical states.
The solution of the constraint (3.14) is a monomial of the degree 2¢q with respect to z*.
Thus the constant ¢ is quantized as:

2q € Z>y . (315)



On the other hand, this constant defines the conformal potential [see (3.8)]. Hence, the
strength of the conformal potential is quantized in our model. The constant ¢ has the
meaning of the external SU(2) spin. In what follows we will restrict our study to the
option ¢ >0 only, since quantization in the simplest case ¢ = 0 was earlier considered in [2]
and, in more detail, in [9].* No tracks of the spin variables remain at ¢ = 0.

Let us find the energy spectrum of the model, that is, the allowed energy levels E, and
the corresponding wave functions (2% determined by the eigenvalue problem

To this end, we start with the general expression of the wave function ®(2¢8) for ¢ >0

o) = AP0 1 i pETY) L yioPr g iy, A%00, (3.17)
AGH) = AL P2,

BEYD = BY) sk R

C’Z.(Qq’e) = C((f,zlmbq)zkl gk

Here, qu’g), A(_Qq’e) stand for the bosonic states with the SU(2) spin ¢ and BZ-(Qq’e), C’Z-(Qq’e)
for fermionic states with the SU(2) spins ¢ F1/2, respectively.

For the component wave functions in (3.17), the eigenvalue problem (3.16) amounts to
the following set of equations

Ll o 0.0 qlg+1)] (0)
5 [p + mx® + 7}(2 A:I:(k:l...kgq) = (Eg + m) A:I:(k1...k2q) , (3.18)
L] o 2.0, (@+1)(g+2)] L@ - 0
3 [p + m x- + e B(kln-qufl) =F, B(k1...k2q71)’ (3.19)
Hprymee y 24Dl g0) g0 (3.20)
2 X2 (ik1...k2q) ¢ (ik1...k2q) : :

Now we should take into account (see, e.g., [29-32]) that the solution of the stationary
Schrédinger equation,

w27

[ 2+m2x2+7

where v is a constant, is given by

|0, v) =27 Ll(ﬂ_l/z) (ma?) exp(—maz?/2), (=0,1,2,..., (3.22)
1
Eg=m <2€ + v+ 2> , (3.23)
where L?*l/ D s a generalized Laguerre polynomial. The parameter v takes the values

g+ 1, ¢+ 2 and ¢ for the equations (3.18), (3.19) and (3.20), respectively.

“The quantum Hamiltonian given in ref. [9] coincides with the quantum Hamiltonian (3.5) for ¢ = 0 up
to a constant shift by m/2.



It is worth noting that there exists another solution of (3.21) given by

|Z'y/> =17 Lél/Q_w) (ma?) exp(—mxz?/2), ¢=0,1,2,..., (3.24)
& =m (2@ ot 2) . (3.25)

It is singular at « = 0 for y>1. For v = 1 and v = 0, this solution spans, together
with (3.22), the total set of solutions of the harmonic oscillator [29-32]. For example, at
~v = 0 the solution (3.22) yields the harmonic oscillator spectrum for even levels ¢, while
the second solution (3.24) corresponds to odd levels. The choice of v = 1 gives rise to
the equivalent spectrum. When v = 1/2, the solutions (3.24) and (3.22) coincide. In
order to avoid singularities at x = 0 for the case of ¢ >0 we are interested in here (and
thereby ensure the relevant wave functions to be normalizable), we are led to throw away
the solution (3.24). Although for ¢ = 1 this type of solution of eq. (3.20) contains no
singularity at = = 0, the result of action of the supercharges on the relevant state still
produces singular solutions. So, the solution (3.24) suits only for the case of ¢ = 0, which
corresponds to supersymmetric harmonic oscillator without spin variables [2, 9]. Note that
for ¢ = 0, the equation (3.19) is absent, since BW =0 in this case.
Applying (3.22) to egs. (3.18)-(3.20), we solve them as

) _ ) _

A+(k1...k2q) - A—i—(kl...kgq) |‘€a q+1 > ; C(ikL..qu) - C(ik1...k2q) |£7 Q> ; (326)
¢ ¢

A o = Ao = La+ 1), B =By k[0 1,g+2), (3.27)

and determine the relevant energy spectrum
1
Eg:m<2€+q+2>, (=0,1,2,... (3.28)

Note that the solutions (3.26) for qu,e) and Ci@q’g) exist for £ > 0, while the solutions (3.27)
for A(_gq’é) and szq’g) exist for £>1 only.

We see that the energy spectrum is discrete. Thus the total wave function at fixed
spin g is a superposition of the wave functions at all energy levels:

20 — i P2ab) (3.29)

=0
According to eq. (3.28), at the fixed parameter ¢ to each value of ¢ there corresponds the
definite energy E,. Taking into account this property, the expressions (3.11) and (3.12) for
SU(2|1) Casimirs, and also the expression (3.6) for the generator F, we observe that the
states @229 form irreducible multiplets of the supergroup SU(2|1), such that the internal

U(1) generator % H — F has a non-trivial action on the states within each fixed multiplet.
The central charge H takes the same value on all states of the given SU(2|1) multiplet and
distinguishes different such multiplets by ascribing to them different level numbers ¢. In
this way, the space of all quantum states splits into irreducible multiplets of the extended
supergroup S/I\J(2|1) (see also the remark in the end of section 3.1).

As the last topic of this section, we will analyze the precise SU(2|1) representation
contents of the wave functions for ¢ > 0. A brief description of SU(2|1) representations [33]
can be found in appendix C of [11].



The ground state, £ = 0, corresponds to the lowest energy

Fo=m <q + ;) . (3.30)

This energy value is non-vanishing for ¢ >0. The relevant eigenvalues of the Casimir
operators defined in (3.11) and (3.12) can be shown to vanish, i.e.,

Thus the ground state corresponds to an atypical SU(2|1) representation containing unequal
numbers of bosonic and fermionic states, with the total dimension 4q + 3. Its wave function
0(22.0) involves, in its component expansion, only two terms

§a0) _ 4200) | yic(2a0) (3.32)

Indeed, this expansion encompasses 2g+ 1 bosonic and 2q+ 2 fermionic states. These

states can not be simultaneously annihilated by the supercharges (3.6). Hence, SU(2|1)

supersymmetry is spontaneously broken for ¢ > 0, as opposed to the case of ¢ =0 [2, 9].
For the excited states with ¢ >0, Casimirs (3.9) and (3.10) take the values

CQ q)(Zq,€>O) — (/32 o )\2) (I)(Qq’e>0), C3 @(2g,f>0) — B (ﬂ? o AQ) @(2q,€>0)’ (333)
where

1 1
ﬁ:2£+q+§, )\:q+§. (3.34)

Thus these states comprise typical representations, with the total dimension 8\ = 4 (2¢ + 1)

24,6>0) shows

and equal numbers of bosonic and fermionic states. The wave functions !
up the full component expansions (3.17) involving equal numbers of the bosonic and
fermionic states.

As an instructive example, let us consider the structure of wave functions for ¢ = 1/2.
In this case, the bosonic states Ai; are doublets, while the fermionic states B and C(;j
form singlets and triplets. The relevant degeneracy is depicted in figure 1.

The degeneracy picture for ¢ > 0 drastically differs from that for ¢ = 0 found in [2, 9].
Here we encounter the vacuum (3.32) comprising 4q + 3 states which belong to an atypical
representation of SU(2|1), while for ¢ = 0 the unique ground state is SU(2|1) singlet
annihilated by both supercharges. The states at first excited level for ¢ = 0 form an
atypical fundamental representation of SU(2|1) spanned by one bosonic and two fermionic
states. For ¢ >0 the states at all excited levels belong to typical SU(2|1) representations
with equal numbers [2(2¢ + 1) +2(2g + 1)] of bosonic and fermionic components. Also, the
spectrum (3.28) has the level spacing 2m, while the spectrum found in [9] displays the level
spacing m . This distinction is due to discarding the additional solution (3.24) for ¢ >0,
while for ¢ = 0 both the solutions (3.24) and (3.22) should be taken into account, which
results in doubling of energy levels in the latter case.

The coefficient in the expansion of the full wave function (3.17) over spin variables z°
for £ >0 (i.e. for typical representations) can be interpreted as a chiral superfield “living” on
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Figure 1. The degeneracy of energy levels for ¢ = 1/2. Circles and crosses indicate bosonic and
fermionic states, respectively.

SU(2|1) quantum superspace, such that it carries 2¢ external symmetrized doublet indices
of SU(2) € SU(2|1). Such chiral SU(2|1) superfields with 2s external symmetrized SU(2)
indices were considered in [34]. They describe d = 1 models obtained by a dimensional
reduction from supersymmetric d = 4 models defined on curved spaces [35].

In conclusion, let us point out once more that in our model SU(2|1) supersymmetry is
spontaneously broken and the vacuum energy (3.30) depends on the spin ¢. In the SU(2|1)
mechanics model considered in [35], the vacuum energy (Casimir energy) depends on some
U(1) charge, such that the sum of U(1) charge and vacuum energy is zero. This feature
is related to the fact that there the vacuum state is SU(2|1) singlet and so does not break
supersymmetry. In our case we encounter a spontaneously broken vacuum described by
a non-trivial atypical representation of SU(2|1), with the spin ¢ as an intrinsic parameter
of this vacuum. For example, in the case ¢ = 1/2 depicted in figure 1 the vacuum states
are represented by the fields A4; and C(;) which are the doublet and the triplet of the
internal SU(2) group with the generators I7. So, the vacuum is not invariant under the
action of the subgroup SU(2) € SU(2|1), and this SU(2) is spontaneously broken too. It is
instructive to give explicitly how the supercharges act on the vacuum states in this case.
In accord with (3.26), the vacuum state (19 is written as

o0 = 27 A1 110,3/2) + UM C 1 10,1/2). (3.35)
It is straightforward to find the action of supercharges on these functions

Q2P A, 1 10,3/2) = —ipUZP A, 1]0,1/2), Q'zFA,,10,3/2) =0,
QivUzNC 1y 10,1/2) = 2imd] ¥ Cj1y[0,3/2), QM Cjiy[0,1/2) = 0. (3.36)

The action of the bosonic generators can also be directly found, using the explicit expres-
sions for them.

,10,



4 Hidden superconformal symmetry

In this section we show that the action (1.1) is invariant under N' = 4 superconformal
symmetry OSp(4/|2) . Part of it appears as a hidden symmetry of the model. This property
is somewhat unexpected, since the system (1.1) includes the mass parameter m .

This additional symmetry can be easily revealed after passing from the original
fermionic fields to the new ones

Xi = wie—imt7 )_(] = 'l;jeimt ) (41)
In terms of these new variables the Lagrangian (1.1) takes the form
; kz )2 (ixd) 5, 5.
. . i - 2"z XX 2z
(Zkzk _ Zkzk) 4! <kak _ Xka> _ ( 2) -~ 2(Z )
2 8z T

+A (zkék - c> . (4.2)

.2 .
X 2
c=2"42

2 73
m2$2

2
In contrast to the Lagrangian (1.1), the Lagrangian (4.2) does not contain mass terms for

the fermionic fields.
Obviously, the Lagrangian (4.2) remains invariant under the SU(2|1) transforma-
tions (1.2), which, after the redefinition (4.1), acquire the following ¢-dependent form

Sr = — 6_i_kxkezmt + Eﬁikeilmt7

. . €. 1200k .
' = [EZ+ (it —mzx) + W] et

T
GIj_Z(]Zk) _-—
5)_(]' = |—€4j (zx—i—mx) + | e"™ ,
T
52 = % [ngk)eimt i ggi kxk)e—imt} ’
_ zF mt | = < _—imt
02 = = — [er xwe™ + e gxpe ™, (4.3)
where
€4k = €k, gﬁ_ = e (4.4)

We see that the Lagrangian is an even function of m, it depends only on m?. Hence, it is
also invariant under the new type of e_j and € transformations

Sr = —e_ kaefimt + EIiXkeimt’
T e L]
Sy = [é_ (id +mz) + W] et
X

k
€L 252 .
oX; = [— €t (it —mx) + M] e—zmt,

5o — %k [ngk)e—imt +Eg kxk)eimt} ’
> Zk —imt = = imt
0z = = — e~ e + & Xme™] (4.5)
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which are obtained from (4.3) just through the substitution m — —m. This feature
is typical for the trigonometric type of superconformal symmetry [25]. As we will see
below, the closure of these two types of transformations gives the superconformal group
D(2,1;—1/2) =2 OSp(4|2), where the superconformal Hamiltonian is defined as

H:=H — 2mF. (4.6)

Such a redefinition of the Hamiltonian, together with passing to the fermionic fields (4.1),
ensure a proper embedding of the extended superalgebra su(2|1) = su(2|1)3 u(1) into the
superconformal algebra osp(4(2).

4.1 Hamiltonian analysis and extended superalgebra

The Lagrangian (4.2) yields, modulo the constraint-generating term A (zkzk — c), just the
conformal Hamiltonian (4.6) as the canonical one:

SDSay , XX Sy

?{—l(p +m2z?) — 5

4.
42 T (4.7)

Like the Lagrangian (4.2), the Hamiltonian (4.7), as opposed to (2.1), does not contain
mass terms for the fermionic fields.
The canonical Dirac brackets of the variables entering the system (4.2) are given by

{z,p}* =1, {zi,éj}* = iéj-, {Xi,)zj}* = —i(5§. (4.8)

The transformations (4.3) and (4.5) are generated by the Noether supercharges

; . % i 7 “m A . - l - —im

L= [(p—zmx)x —i-fS( k)Xk:| et Q= [(p—i—zmm)xj—mS(jk)Xk’] e7im o (4.9)
Computing the closure of these supercharges

{QL,Qx;} = —2i6i H ¥ 2im (I} + 6iF)

{QL,Q4;} = —2i6i N, {QL,Q_;} = —2i6i N

{ i,Qli} = 2ime* @, {QH,Q,k} = —2ime;i, G, (4.11)

we recover the bosonic generators H, Ij’:, F defined in (4.7), (2.12), along with the new
bosonic generators

1 -1
Gzikakv G:§>Zk>_<k>
1 SENG . DS
—2imt | . 2 (i5) (i5)
N=e 5 (p +imx) 12 =3 ,
B ol Slij) g x9S,
= eZimt [2 (p —imx)” — 4$2( ) =~ Gl (4.12)

— 12 —



The bosonic generators (2.12), (4.7) and (4.12) satisfy the following Dirac bracket algebra

{io} =i (ot - o).

{G,G}" = —2iF, {F,G}" = —iG, {F,G}" =G,

(NN} = dimH, {(H, N} ==2imN,  {HN} =2imN.  (4.13)
It is a direct sum of three mutually commuting algebras

I; ® (G,G.F)® (H,N,N) = sur(2)®sur(2) ®so(2,1). (4.14)

The algebra so(2,1) with the generators H, N, N is just d = 1 conformal algebra. The
supercharges (4.9) and (4.10) transform under the generators (4.14) as

A x Y L o 5t

(FQL} =-2aL, {F.QaY =1 Qs

{67 Qit}* - ieikQﬂ:k 3 {G7 Q:l:]}* - Ze]kQIZCF 3

{H,QL} = +imQL {H,Q;}" = FimQxy,

(N, QLY =2imQ", (N.Q} = —2imQ,

(N, Q") = —2imQ’, (N, Q_;}" =2imQ.; . (4.15)

All the remaining commutators between the supercharges (4.9), (4.10) and the genera-
tors (4.14) are vanishing.

The superalgebra defined by (anti)commutators (4.11), (4.13), and (4.15) is the su-
perconformal algebra osp(4]2) in “AdS basis”. The parameter m appearing in r.h.s.
of (4.11), (4.13), (4.15) plays the role of the inverse radius of AdSs ~ O(2,1)/0(1,1).

The standard form of the osp(4]2) superalgebra [20-22] is recovered after passing to
the new basis

Q= —% (QL+QL), Q; = *% (Q4; +Q-5),

§'i= o (@4 - QL) Syi= 5 (@1~ Q-y).

k=g s wem]. a=g e wen).
::ﬁ(/\/—/\‘/), m #0. (4.16)

In terms of the redefined generators, the Dirac bracket algebra (4.11), (4.13) and (4.15) is
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rewritten as

(01, 0;} =—2idi 1, (81,8} =—2i0'K |

{98} =—2i6iD+Ti+3iF, {8',Q;} =—2i6iD-I} -6 F,
gxs@*:_ﬁc, (0,8} =— G, (4.17)
(i1} =i (it -oi17).

{G.G}" =-2iF, {F,G}*=—iG, {F.G}"=iG,

{ﬁ,f(}*zzf), {p.a} =-1, {D.E} =K, (4.18)
{r.¢"} =z<5§9i;6;gk>, {I,Qk}*zz’(ciligj;ajgk),

{r.s} _—z<5§3i—;5§.5k), {IZ,SR}*zz'(é,iSj—;d;Sk), (4.19)
(RO} =—10" (RO} =30, {RS}=-38 (RS} =18
{G,Q")} =iQ, (G,0;}" =i9;, (G,8)V' =i§,  {G,8) =is;,
(po}=-to. {poy=-to. {ps}-le. (ps)-ls
(rsy-o.  (ms)-o. {ke}--s {ro)-s

This is the standard form of the superalgebra osp(4]2) .

In contradistinction to the relations in the basis (4.11), (4.13) and (4.15), the rela-
tions (4.17), (4.18) and (4.20) do not involve the parameter m , though it is still present in
the expressions for almost all generators [see (4.7), (4.9), (4.10) and (4.12)]. Now it is easy
to check that the new generators defined in (4.16) are non-singular at m = 0 and so one
can consider the “pure conformal” limit m — 0 in these expressions without affecting the
(anti)commutation relations (4.17)—(4.20). In this limit, the generators (2.12), (4.16), (4.12)
coincide with those given in [20]. In particular, the conformal generators acquire the
“parabolic” form

S |

42 2

(i50) 8. . - 1 5 % ? )
XX 5 D= apt i, K:%—txpﬂm.

(4.21)

B 2
g7
2
The parabolic realization of OSp(4/|2) leaves invariant the m = 0 limit of the action (1.1).
It is just the action considered in [20].

4.2 Superconformal symmetry of the spectrum

Here we consider the implications of the hidden superconformal symmetry for the spectrum
derived in section 3.2.

— 14 —



Quantum counterparts of the superconformal odd generators (4.9), (4.10) and (4.16)

are uniquely determined:
. . . ~ 1 ~
Q=-3(Q,+Ql), szfg(Qﬂ'ﬁLQ—j),

S—5-(QL-QL),  S=-3(Qi-Q), (4.22)

DN |

where
; ; . 7 { 7 a —im . o i o
Q, =" [(P—WLX) X't S( k)Xk] ;o Q=™ [(Pﬂmx) Xi— % S(jk)Xk} , (4.23)
i —im . 7 i 7 M im . = i -
QL =e [(pHmX) X'+ S k)Xk] , Q= {(p—sz) Xi— 2 S(jmx’“] o (4.24)

Their anticommutators,

{Q,Q;} =20 H, {s'.5;} =20/ K,
{Q.S;} =28,D+il; +i0}F,  {S',Q;} =26;D—il; — i’ F,
{@,st} =—ieta, (Q;,5:) = —iejr G, (4.25)
give the expressions for the quantum even generators
1 1 |
F — _ k o — — k = — Y vk 4
4[x,x;c], G=5xxk,  G=5xxX", (4.26)
I = (S(ij) + x“;zj)) : (4.27)
| 1 _
H=_-|H+_-(N+N)|,
2 2
K- \g-t(vin
- 2m? 2 ’
- i _
D=—(N-N). 4.2
4m ( ) (4.28)
Here
L,y 5 oy SIS, xlixds;;
H= 3 (p® + m°x?) w2 T e (4.29)
Slig x'ix?S
—2imt . 2 2]
N =e (p +imx)” — e 3 ,
o oimt |1 (o )2 B S(J)Sl.j X(i)_(j)sw (4.30)
=e 5 (P —imx y 2 .

are the quantum counterparts of the classical quantities (4.7) and (4.12). The genera-
tors (4.23) and (4.24) will go over to the trigonometric realization of the OSp(4]2) gener-
ators given in [26], if we pass to the case without spin degrees of freedom. Note that the
spectrum and the energy of the vacuum states in the models of the D(2,1; «) supercon-
formal mechanics is known to exhibit an explicit dependence on « [21, 26]. The vacuum
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energy of the “conformal” Hamiltonian (4.29) including the case of ¢ = 0 is also defined by
the expression (3.30). This vacuum energy for the spinless system (i.e. for ¢ = 0) coincides
with the one given in [26] (for « = —1/2), if we choose m = 1/2
The second-order Casimir operator of OSp(4|2) = D(2,1; —1) is defined by the follow-
ing expression [20, 22, 36]°
e o) oy 1o 0 1o, 1o I S

Ci=5 {HK}-D? - 2 {G,G} -5 F? + [ T¥Iy — 1[Q,S) - 1 [QiST. (4.31)
Here % {I:I, K} — D? is the Casimir operator of 0(2, 1), whereas % {G, G} +F? and %Iiklik
are the Casimirs of sur(2) and sur(2). Substituting the explicit expressions (4.23), (4.24),
(4.26)—(4.30) for the generators, we obtain

Lia el _p2o _Llaa L G <)
2{HK} D = -2 8Ws; + xSy, -

16’
1 - 3 3
5 {GGH+F == (X' xix” - 2x' Xz) +
1._. 1 .
Ly, = Ls@s, 1 xlixis,; + (x xi XkX" — 2x' Xz)
2 2 8
and
E[Qi Si] + . (Q;, S = _1 Q.. Qi) + 1 Q,Q_i] = (IS, — 1 (4.32)
4 5 91 4 2y - m 4+ et Sm. Wi =X X 1 2- .
Then the OSp(4]2) Casimir operator (4.31) for the specific system we are considering is
equal to
_Llgtng,, 1

Taking into account eq. (3.7) and the constraint (3.14) for the physical states, we find
that the Casimir operator of the superconformal group OSp(4]2) on these states takes the

fixed value
(2¢+ 1)
16

Thus we come to the following important result: all physical states of the model with

Ch=— (4.34)

SU(2|1) supersymmetry, obtained in the section 3.2, belong to an irreducible representation
of the N'=4 superconformal group OSp(4]2). The states with a fixed eigenvalue of the
Hamiltonian of the deformed mechanics H presented in section 3.2, form an irreducible
multiplet of the supergroup S/I\J(2|1) C OSp(4]2). The operators Q' and Q_;, defined
n (4.24), mix physical states associated with different energy levels, i.e. mix different
SU(2|1) (or S/I\J(Z\l)) multiplets of the wave functions. It is straightforward to check that
no any smaller subspace invariant under this action can be singled out in the Hilbert space
spanned by all physical states.

This mixing of states under the action of the supercharges Q' , Q+; can be made more
explicit and transparent, if we consider the eigenstates of the operator H = H — 2mF

5The OSp(4|2) generators in our notation are related to those quoted in the papers [20, 22], through the
substitutions I — I, Q - Q, S — S.
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Q\Qjr —j //// Qt
P
om ZaN RK—X X
_ — _
-j _— = QL Qi QY
=
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Figure 2. The degeneracy of energy levels with respect to H = H — 2mF for ¢ = 1/2. Circles
and crosses denote bosonic and fermionic states, respectively. Solid lines correspond to the action
of Qi and Q+j7 while dashed lines correspond to the action of Q% and Q,j.

[a quantum counterpart of (4.6)]. Each energy level of the operator H (see figurel) is
properly split after passing to the energy levels of the operator H: bosonic states AL
acquire the additions +m to their energy and so give rise to additional (intermediate)
levels in the spectrum of H; the levels of the fermionic states remain unchanged. The
origin of such a splitting lies in the fact that the eigenstates of H do not form irreducible
SU(2|1) multiplets, because H does not commute even with the SU(2|1) supercharges Q%
Q.. The operators Q%,, Q; mix adjacent bosonic and fermionic levels. This picture for
q = 1/2 is given in figure 2.

5 Concluding remarks and outlook

In this paper, we presented the quantum version of the one-particle model of the multi-
particle SU(2|1) supersymmetric mechanics with additional semi-dynamical degrees of free-
dom which has been formulated in [1]. Using the semi-dynamical variables leads to the con-
siderable enrichment of the physical spectrum. The relevant physical states are the SU(2)
multi-spinors due to their dependence on spin variables. We found that the states residing
on a fixed energy level possess the fixed external SU(2) spin ¢ € (Z>0, 1/2 + Z}()) and
form an irreducible SU(2|1) multiplet. On the other hand, the states belonging to different
energy levels with a fixed value of ¢ are naturally combined into an infinite-dimensional
irreducible multiplet of the more general N' = 4 conformal supergroup OSp(4]2). So this
OSp(4]2) can be interpreted as a spectrum-generating supergroup for our model.

In the future we plan to consider the quantum version of a more general model of
SU(2|1) supersymmetric mechanics defined by the superfield action displaying an arbitrary
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dependence on dynamical (1,4,3) superfield [1]. We hope that the corresponding quantum
system with deformed supersymmetry will possess the hidden D(2,1;«) supersymmetry
for an arbitrary «. Also, it is interesting to explore the quantum structure of the generic
matrix model of ref. [1], which is a multi-particle generalization of the model considered
here, and thus obtain a quantum realization of this novel N'=4 supersymmetric Calogero-
Moser system.
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