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1 Introduction

Six-dimensional superconformal field theories (SCFT’s henceforth) have received a great
deal of attention in recent years. The reasons for such a renewed interest are numerous,
and arguably well-justified.

First of all, their existence is ascertained only through an embedding into string [2—6]
or M/F-theory [7, 8], but a rigorous and purely field-theoretic definition is still lacking.
Most notably, a lagrangian description (in terms of fundamental, microscopic fields) of the
quantum theory is not available at the moment. (Classical Lagrangians for N (2,0) tensor
multiplets coupled to (1,0) vector multiplets have been constructed in [9, 10].)

For (2,0) SCFT’s of type Ay_1, i.e. the theory on N coincident M5’s, it has been
known for a long time [11-16] that the number of degrees of freedom grows like N3, which
is more than (naively) expected for a theory of N tensors in six dimensions. This num-
ber can be estimated by computing the so-called conformal anomaly of the theory, an
observation that we will heavily exploit. The N3 growth suggests that these theories are
interacting, and follow the rough scaling pattern for an SCFT in d dimensions given by
N4/21 However their less-supersymmetric counterparts — (1,0) theories — with only
eight Poincaré supercharges and which make up a much richer class of theories [27-29],

!Examples of theories evading this “paradigm” are well-known in odd dimensions, where the free energy
F := —log|Zga| of the theory (Zga being its d-sphere partition function) can be used to estimate the
number of degrees of freedom (see e.g. [17] for the ABJM [18] case, and [19] for five-dimensional theories with
AdSe massive ITA duals [20, 21]). For instance, the three-dimensional N' = 3 Chern-Simons-matter necklace
quivers of [22, 23] exhibit an N°/2 scaling [24], and five-dimensional A" = 1 SCFT’s of “long quiver” type [25]
engineered by simple N D5, M NS5 brane webs exhibit an N2M? scaling [26] (i.e. N* when M ~ N — c0).



are characterized by an even more surprising scaling. The number of degrees of freedom
depends in this case on multiple parameters (a fact first discovered in [27, 30, 31]). Even
when the latter are taken to scale in the same way (like N) we get an N° growth, which
clearly does not exhibit the expected dimension-dependent exponent. This behavior can
be explained by looking at the M-theory origin of the field theories.

In M-theory a large class of “orbifold” (1,0) SCEFT’s can be constructed by having a
stack of N coincident M5-branes probe a line of singularities R x C2/T, with I" a discrete
subgroup of SU(2), i.e. one in the ADFE list. In particular, in the Ay (kK > 2) and Dy
(k > 4) cases, the extra parameter is provided by the order of the finite group — k and
2k respectively — and it can be shown that the number of degrees of freedom scales like
IT|2N3, explaining the N° growth when k ~ N as N — oo.?2 Although the theories we
consider in this paper do not have a realization in M-theory as simple orbifolds (because
of the presence of D8’s in their brane engineering), we will see that such a scaling behavior
carries through nonetheless.

Second, despite the abundance of nonperturbative constructions and embeddings into
string or M/F-theory, very few exact results in field theory are known for these SCFT’s.
For instance, the conformal bootstrap program has not been applied to constrain the space
of (1,0) theories and check the classification efforts of [8, 29] (however see [33] for attempts
in this direction), nor has been localization to compute their S partition function, given

the lack of a lagrangian description.?

(It is true however that such embeddings have
been very fruitful. For instance, they allow us to classify six-dimensional theories [29]
and, partially, their compactifications [39-44]; compute quantities such as dimensions of
moduli spaces [32], defect and autmorphism groups [45, 46]; determine RG flows and their
hierarchy [47, 48] and the global symmetries [28, 49, 50]; compute anomalies from the
six-dimensional anomaly polynomial [51].)

Therefore it appears particularly important to check the stringy constructions against
properties of the field theories they supposedly give rise to. Focusing on the (massive)
type IIA string theory embeddings of (1,0) SCFT’s (dating back to [3, 4]), an independent
and explicit check of their soundness can in principle be obtained through the AdS/CFT
correspondence. Indeed one expects that the holographic limit of quantities that can be
computed purely in terms of the brane configuration data match those computed in the
AdS supergravity duals. Very few tests of the AdS/CFT duality in this higher-dimensional
setting have been attempted to date, starting with [27] and culminating in the “precision
test” of [1]. There it was shown that the a conformal anomaly of (1,0) theories engineered
by NS5-D6-D8 brane configurations in type IIA perfectly agrees with the supergravity
result computed using the massive AdS7 vacua of [27, 30].

Emboldened by this nontrivial result, we extend the six-dimensional holographic a
anomaly match to cases where orientifolds are present.* We may in fact add O6 and OS8-

2Notice that for I' = E,, the limit n — oo is not meaningful, nor is N — oo given the lack of a weakly-
coupled (eleven-dimensional) supergravity description that could produce an nN® growth. The a conformal
anomaly has been computed exactly at finite N in [32].

3We thank B. Van Rees and F. Yagi for discussion on this point. Exact results for compactifications on
S* or T? are known for some (1,0) SCFT’s. See e.g. [34-38] and references therein.

4We use conventions whereby an Op*-plane has +£2P~% Dp charge.



planes to the aforementioned suspended brane configurations in order to engineer SO and
USp gauge and flavor groups. The supergravity data associated with such setups change,
but we will show that the holographic match holds true in all of these cases just as in [1].
The leading order of the a anomaly takes the simple form
a~ %2(77_1)2‘]‘ héhé,

where héi are the dual Coxeter numbers of gauge groups G; in a linear quiver description of
the SCFT tensor branch, and 7 its so-called Dirac pairing. In [1] all gauge groups are SU(r;),
and héi = r;. Here the groups will be allowed to be SU, SO and USp according to the theory
at hand. We thus provide further compelling evidence for the advocated duality between the
AdS7 vacua of [27, 30], the brane configurations of [3, 4], and a vast class of (1,0) SCFT’s.

To obtain such a result we had to generalize the simple combinatorial formalism of [1]
in order to construct more general AdS7 vacua featuring orientifold sources. (The possiblity
of having vacua with an O8-plane source was suggested in [30] but left unexplored. [52]
recently constructed a first concrete example which is dual to the so-called massive E-string
theory.) As an interesting byproduct of this, we exhibit for the first time the supergravity
duals to some of the “formal” massive IIA brane setups of [32], which are characterized
by the same a conformal anomaly as certain nonperturbative F-theory configurations. We
argue that these type IIA AdS; solutions can be understood as gravity duals to the F-
theory quivers, thus complementing a very scarce class of AdS vacua of type IIB with
varying and monodromic axiodilaton.

Finally, we propose a version of the holographic a-theorem for six-dimensional RG
flows induced by Higgs branch deformations of the quiver theories. We identify a monotonic
function in the supergravity duals which decreases along the flow. The function is extremely
simple, and controls the position of D8-brane sources in the supergravity vacua.

This paper is organized as follows. In section 2 we explain how massive type ITA brane
configurations can be used to construct (1,0) SCFT’s on the tensor branch, and how very
general dual supergravity solutions can be constructed by relying on the same combina-
torial data. (This data also determines the various integration constants the supergravity
solutions depend on. The relevant computations are carried out in appendices A and B.)
In section 3 we compute exactly in field theory the a conformal anomaly of general (1,0)
SCFT’s, whose tensor branch is characterized by a linear quiver of SU, SO, USp gauge and
flavor groups, and matter in various representations. (This is done by exploiting the six-
dimensional anomaly polynomial, whose derivation we carry out in appendix D.) We then
take the holographic limit of the exact field theory result. In section 4 we match this limit
to the supergravity result, which can be obtained as an internal space integral (carried out
for general AdS; solutions in appendix C). Section 5 contains several new examples, ob-
tained by specializing the formulae of section 3 to concrete linear quivers. We show how the
formalism put forward in this paper can be used to check the AdS;/CFTg correspondence
in particularly interesting cases, such as when the dual SCFT can be engineered nonper-
turbatively in F-theory or when both O6 and O8 sources are present in supergravity. In
section 6 we provide evidence for the existence of a holographic a-theorem. We present an
outlook and our conclusions in section 7.
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0... 26 ‘ 2T S 9

ith M5 x i
i-th NS5 x i 0 0 0
r; D6’s X (i, Pit1] 0 0 O
06+ X (Gishis] O 0 0
fi D8s X <€ [piyPiv1] X X X
08+ X 0 X X X

Table 1. NS5-D6(-06)-D8(-O8) brane scan. A - means the brane is sitting at a point along that di-
rection; X means it is infinitely extended along that noncompact direction. When I' = D;, O6-planes
are present, and are overlaid onto the D6-branes. The O8-plane can either sit at 0, between the first
NS5 at ¢ and its image at —¢1, or be stuck on the first NS5 say at ¢, which we choose to put at 0.

2 Brane configurations in massive ITA and supergravity solutions

2.1 The dictionary between branes, quivers, and vacua

We shall now summarize the proposed correspondence between NS5-D6(-06)-D8(-08) sus-
pended brane configurations of [3, 4], (1,0) linear quivers, and the massive type IIA AdSy;
vacua of [1, 27, 30, 31].

2.1.1 Only SU(k) groups: M5’s on C2/Z,

Consider N M5-branes probing the C?/Z;, singularity, i.e. the quotient of the transverse
space R* C R® by the discrete subgroup A;_; of SU(2). Resolving the singularity produces
the so-called k-center Taub-NUT space, which gives rise to k D6-branes upon reduction to
type ITA [53], together with N NS5-branes. The situation is summarized in table 1.

Supersymmetry is halved due to the orbifold, and the (2,0) tensor multiplets from the
M5’s each reduce to a (1,0) tensor multiplet plus a (1,0) hypermultiplet. We then have
N — 1 finite-length stacks each containing k D6-branes, giving rise to a chain of SU(k)
gauge groups, as well as two semi-infinite D6 stacks.® The N NS5’s contribute Ny = N —1
tensor multiplets as well as Nt — 1 = N — 2 bifundamental hypermultiplets. This is the
type ITA description of this orbifold (1,0).

The real scalars ¢; inside the tensor multiplets are related to the positions of the
NS5’s along direction 2% we say we are on the tensor branch of the (1,0) SCFT when we
give (nonzero) vevs to these scalars. This corresponds to having finite-coupling Yang-Mills

terms in the Lagrangian of the quiver, and separates all NS5’s.% In particular, we see from

®In principle we would have U(k) gauge groups. The U(1) centers are all anomalous, but the Green-
Schwarz-West-Sagnotti mechanism involved in the anomaly cancellation renders them massive [3]. They
are therefore decoupled from the low-energy dynamics of the linear quiver description.

5The numbers Nt of dynamical tensor multiplets and Nt — 1 of bifundamental hypermultiplets are now
explained. One tensor multiplet scalar, corresponding to the center-of-mass motion of the quiver along z°,

decouples from the dynamics. Supersymmetry tells us the whole multiplet is lost. Then, only N — 1 —1



figure la that the left- and rightmost SU(k)’s are actually flavor groups, since they are
associated with (two stacks of) semi-infinite D6-branes. Through a Hanany-Witten move
we can trade each of the two for a stack of D8-branes sourcing a nonzero Romans mass Fj
(although the latter has to vanish globally), where each D6 ends on a different D8. The
k D8’s contribute k£ fundamental hypermultiplets of the left- and rightmost gauge groups
(see figure 1b). We can now activate vevs for the former (much as in [54, 55]), and slide
finite segments of D6-branes trapped between two D8’s off to infinity. We have modified
the tail structure of the linear quiver by moving onto the Higgs branch of the SCFT.

In particular, its quiver will be characterized by two “massive tails” (of “lengths”
i=1,...,Land N—i=N—1,...,N — R), where D8’s cross D6-branes, and a central
“massless plateau” (of length N —L—R) where there are no D8-branes and the Romans mass
is identically zero. (Clearly, there can be nongeneric situations where the plateau disappears
or we only have one massive region.) This engineers a situation (depicted in figure 1d)
where we can have f; fundamental flavors of the i-th gauge group, for i ## 0, N. The ranks
r; — 1 of the SU(r;) gauge groups need not equal k — 1 anymore (but  Jnax = k), due
to the various Higgsings we have performed. However, in the massless plateau r; = k for
it=1L,...,N—R: we will dub this number “height” of the plateau. To all this data one can
easily associate combinatorial objects, in the form of two Young tableaux pr,, pr (one for
each tail). They are associated to a (ordered) partition of the maximal rank &k (and therefore
to a nilpotent orbit of su(k) [56]) as follows.” Define the depth (p'); of the rows of the
transposed tableau p* by (p*); == r;j—r;_1 =:s;,i =1,...,L (forp)ori=N-R,...,N—1

(for pr). Then pr, = [p1,p2,...,p1) and —pr = — [p1, p2, - .., pr] are partitions of k:
l L R r
D (o)=Y (ph)i=ro=k=rv-r=—Y (pR)N-i=—Y_(PR)N-i- (2.1)
i=1 i=1 i=1 =1

(The numbers [, r depend on the specifics of the tableaux at hand, and can easily be found
by transposing p£7R.) In the above equation we have crucially assumed rg = ry = 0; this
assumption will be relaxed momentarily. The theory at the origin of the Higgs branch —
the “unHiggsed” theory in figure 1a — will be labeled by two trivial partitions p}, = —p} =
[1,1,...,1] =: [1*] (both corresponding to the trivial nilpotent orbit {0} of dimension zero),
since p, = —pr = [k] = r1 = —(—rn—_1). The Higgsed quiver of figure 1c¢ has instead

] nm
oL Zf% L= P —PR= —pr=H- (22

corresponding to the nilpotent orbits (’)[Ig)gg’l] and O[Pt“:, g of su(10).

Finally, gauge-anomaly cancellation implies [3]

fi=2ri—rig1 —rici = —(rign — 1) + (i —rim1) = —sit1 + 8> 0. (2.3)

bifundamental hypermultiplets coming from the NS5’s will be charged under two neighboring gauge groups
engineered by the D6-branes.

"See [32] for a full exploitation of this observation in the more general context of (1,0) quivers engineered
through F-theory.



The positivity of the f; implies that the function ¢ — r; be convex. A simple consequence
of this is that for ¢ = 1,...,L the numbers r; have to grow, and to decrease for i =
N—R,...,N.® Given that the f; are the numbers of D8-branes sourcing a nonzero Romans
mass Fp, the latter will be monotonous and decreasing along x°, crossing a region where
it is zero (the massless plateau) and eventually becoming negative (the right massive tail),
so that we always have D8-branes instead of anti-D8’s.

As already mentioned, we can further generalize this situation by slightly modifying
the quiver in figure 1d. In fact, as long as relation (2.3) is satisfied at each node, we can have
nonzero numbers 7q, 7 of flavor D6-branes escaping off to infinity at the left and right of the
quiver. For i = 0, N the left hand side of (2.3) then reads 9+ f1 and ry+ fy_1 respectively.
The left, right Young tableau will give a partition of ki, := r;, —rg, kr := rN_gr — 7N respec-
tively, with & = r;, = ry_g the height of the plateau. As we will see, although we are simply
adding some flavors of the first and last gauge groups, this has the effect of modifying the
“poles” of the internal space of the dual supergravity AdS vacuum (topologically, an S3).

We now move on to describe how the AdS7 vacua of [27, 30, 31] are related to the
above constructions. A possible interpretation of these vacua as near-horizon limits of the
brane configurations first appeared in [27]. (See also [52, 57-60] for more general Ansatze
of localized intersecting brane metrics with AdS; near-horizon.) Bringing all NS5’s on
top of each other (the origin of the tensor branch, where the SCFT sits), we can imagine
zooming in close to the NS5-D6 intersection, say at 2% = 0. This limit cannot forget the
information about the D6-D8 intersection though, which labels the particular SCFT and
is collected in the Young tableaux pr, g of the linear quiver. In fact, the D6-D8’s transform
into magnetized D8 sources in the supergravity solution (with D6 charge smeared over their
common worldvolume); the N NS5’s turn into N units of quantized H flux. Intuitively,

two among directions 2% and z7%*

mix, and parameterize the base of the three-dimensional
(compact) internal space M3 of the AdS vacuum, plus its radial direction. In fact unbroken
supersymmetry dictates that this space be a fibration S? < M3 — I = [0, N|, where the
(finite-length) base interval is now parameterized by a coordinate we call z. The remaining
seven directions parameterize AdS7 and are filled by the D8 sources, which also “wrap” an
S? fiber inside M3.? Their position along z is fixed by supersymmetry [1, 30]. Moreover
the Romans mass Fj that is sourced by the branes will be a step function supported on I:
its value decreases whenever we cross a D8 stack starting from z = 0.

The supergravity vacuum (metric, dilaton, warping factor, fluxes) can be defined in
terms of a single cubic polynomial of z that we call «(z); it is defined piecewise in the
subintervals [i,7 4 1] we decide to divide [ into (i = 0,..., N —1). In the coordinate z, the
position of the i-th D8 stack is conveniently fixed to be at z = i (i.e. the lower endpoint
of [i,i+ 1]) by the second derivative of a(z), namely &(z)|,—; = —(97)?r;. The number of
D8’s in the i-th stack at z = i defines the value of the Romans mass Fy in [¢,7 + 1] (which
is related to the third derivative of a(z) via (2.12) and (2.11), given below). This way, the

8The minus in front of pr accounts for the fact that in the right Young tableau the columns have
“negative depth”, given that r; > r;41 (for i = N — R, ..., N) implies s;4+1 < 0. However the r; themselves
are obviously positive for all i.

9The D6 charge of the magnetized D8’s is equivalent to turning on a (nontrivial) gauge bundle on the S2.



supergravity vacuum depends on the quiver data only through Fy. The data associated
with the tails of the quiver (i.e. the Young tableaux, when D8’s are present, or simply
the groups SU(f1), SU(fn—1) when we have semi-infinite flavor D6’s) dictates what the
coefficients of the polynomial a(z) are for i € [0, L] (where Fy > 0) and ¢ € [N — R, N]
(where Fy < 0). In particular, for i = 0, N, such coefficients will be called “boundary
data”, and can be related to what kind of brane sources are located in the vicinity of the
“poles” of Ms at the extrema z = 0, N of the base interval I.

We remark that, in case rg,ry # 0, the left impression in figure le will be slightly
modified (as depicted in the right one): the smooth poles of the internal space M3 will now
be singular points for the metric due to the presence of (flavor) D6-brane sources. The
creases representing magnetized D8 sources will be displaced along z so as to satisfy (2.3).
The correspondence that we have just sketched will be made much more precise in section 2.

2.1.2 Alternating SO-USp groups: M5’s on C2/D;,

In case N Mb5-branes probe the C2?/D;, singularity, there are two interesting effects. In
M-theory, the M5’s “fractionate” (i.e. we have N = 2M half-M5-branes) [61]; in the ITA
reduction, we have O6-planes on top of D6-branes (intuitively, the former “lift” to the
extra generator of Dy, which is not present in Aj_1) suspended bewteen NS5-branes. The
NS5’s also fractionate, producing a sequence of alternating SO(2k) and USp(2(k—4)) gauge
groups [28].10 (See figure 2a for the brane setup and 2b for the unHiggsed quiver.) They
will contribute Ny = N —1 = 2M — 1 (1,0) tensor multiplets. The first gauge group is
engineered through an O6~ projection on SU(k), the second through an O6™ one (the O6
charge changes sign whenever the plane crosses an NS5, an effect first discussed in [62] for
O4’s). The rank of both gauge groups is always even, a fact that is related to the number
of k mirror pairs of D6’s under the O6 projection. Moreover, the “jump” in the ranks of
consecutive gauge groups (2k — 2k — 8 or 2k — 8 — 2k) can be explained in field theory as
a consequence of condition (2.3), and in string theory as the fact that an O6%-plane has
+4 D6 charge (thereby modifying the effective number of D6’s in a finite-length stack).

As before, we can modify the tail structure of the orbifold SCFT by adding D8-branes,
as depicted in figure 2c. Gauge-anomaly cancellation at each node enforces the following
condition [32, egs. (4.11), (4.12)] (which can be derived from (3.10)):

fi+16=2p;—¢q¢ —q-1, ¢ —16=2¢;—p;—pi—1; t=1,...,M. (2.4)

fi (g:) is the number of half-hypermultiplets in the (real) vector representation of a gauge
SO(p;) (USp(g;)) group; N —1 =2M — 1 when f; = p; = 0 (i.e. the quiver starts off with
a USp(q1) gauge group), or N — 1 =2M if fi,p; # 0.

As usual, adding D8-branes corresponds to a Higgsing of the theory which will be
specified by two nilpotent orbits of s0(2k) (one for each tail), defined by two (transposed)

10For real compact symplectic groups we use the following notation: USp(2k) = Sp(k), of real dimension
k(2k+1) and rank 2k. The notation implies that the real compact symplectic group is isomorphic to the one
of unitary 2k x 2k symplectic matrices. Indeed we could also write Sp(k) = U(k, H), unitary k X k matrices
on the quaternions. The real compact special orthogonal group SO(2k) has real dimension k(2k — 1) and
rank 2k.



“even” partitions A' of 2k [56, thm. 5.1.4]. The quiver can now be written as in (the left
frame of) figure 2d. (Notice that in a Higgsed quiver we might encounter odd-rank SO
groups as well, see e.g. [48, figure 6]. This corresponds to a so-called 66_, whereby a
half-D6 is stuck on the O-plane. K-theory then requires having an odd quantum ng of
Romans mass Fy [63], i.e. an odd number of D8-branes crossing the D6-06 stack.)

For each massive tail, suppose we define p; := X! —Af | for i = 1,...,n — 1 and
pn = AL using A' = (A} AL .0 Y], (The number n can be found by transposing the
chosen partition.) The p; give the numbers of D8-branes crossing the i-th D6-O6 stack,
whereas the “ranks” are defined as sums of parts of A' as follows [32, eq. (4.34)]:

i i
0i = —8+ Z)‘}f’ for i odd; p;:= Z)\t , for i even. (2.5)
k=1 k=1

Here p; is the rank of a gauge USp (SO) group for ¢ odd (even). In figure 2d, the former
is represented by a black circle, the latter by a gray one. The number of D6-branes in
each color stack is given by 2r; := 22:1 A!, and this is what we will call rank of the
gauge group in the large N computation of sections 3.2 and 4.2. (The factor of 2 comes
from counting physical branes and their images, in our conventions.) Using this partition-
inspired notation, (2.4) reads (for each massive tail) [32, eq. (4.36)]:

p2i—1+ 16 = 2091 — 02i—2 — 02, p2i — 16 =209 — 02i-1 — 02i+1; i=1,...,n. (2.6)

If there is a massless plateau, the maximum rank is given by 2k, and in this region the
quiver looks like that in figure 2b.

We also remark that, in the SO-USp case, the perturbative IIA picture may break
down due to the appearance of (hypermultiplet) spinor representations which cannot be
engineered in string theory. One must then turn to the F-theory description of the (1,0)
theory [28, 32, 48]. However one may still use a “formal” massive ITA brane configuration
(where we formally allow for a non-positive number of D6-branes in some finite-length
stacks) to compute the a conformal anomaly of the (1,0) quiver engineered in F-theory [32].
As it turns out, the result agrees with the nonperturbative F-theory calculation. [32] also
found a necessary and sufficient condition to engineer one such formal massive ITA quiver:
the largest part A} of an ordered transposed even partition ' of 2k is less or equal to 8.
One immediately notices that the principal (or regular) orbit O _1 1) of 50(2k) satisfies
this condition (since A\* = [2,1%72]). In section 5.1 we will construct for the first time
the AdS7 vacuum dual to this quiver (depicted in figure 5.1a), and we will extract its a
conformal anomaly at large N.

The corresponding supergravity vacua will differ from those dual to NS5-D6-DS8-
engineered quivers only for the presence of a nonzero constant term of the cubic polynomial
a(z) in the intervals [0,1] and [N — 1, N]. We call them o (when «(z) is supported on
[0,1]) and an (when «(z) is supported on [N — 1, N]). These constants are vanishing in
the pure SU(k) case, but are nonvanishing when O6-planes of negative charge are present
at the end of the quiver. As we will explain in greater detail in section 2.3, ag,ay can
indeed be related to the effective D6 charge of a D6-O6~ source localized at the poles of the



internal space M3. This charge is given by 7o y := —4 + 2ny = —4, -2,0, with np = 0,1,2
pairs of D6-branes, or by 7o x := —4+2ns + 2% = —3,—1 with ny = 0, 1 if also a half-D6 is
present. (For ng = 2 the total D6 charge is zero, and the pole is regular.) A nonvanishing
D6 charge ng (or ng + %) can then be associated with flavor symmetries SO(g1,p = 2n2)
(or SO(g1,m = 2n2 + 1)) of positive rank in the unHiggsed quiver of figure 2b or the left
Higgsed quiver of figure 2d (when f; = p; =0).

In both cases, the metric will be singular at the poles, and the dilaton divergent. The
S? fibers of M3 will be replaced by RP? ones due to the antipodal action of the O6-planes.

2.1.3 SO or USp flavor, USp, SO, SU gauge groups: O8T onto D8’s

Finally, let us discuss what happens when we overlay an O8-plane onto a stack of flavor
D8-branes in the pure SU(k) case, and then in the alternating SO(2k)-USp(2(k —4)) case.
In the first case we have to distinguish two possibilities: when the O8 sits between two
consecutive NS5’s along 2° (i.e. an NS5 at ¢; > 0 and its image at —¢;) and when the
08 is stuck at the location ¢; of an NS5.'! In the second case there exists only the first

6. we decide to put

possibility. Given that the O8-plane acts as a mirror along direction x
the origin of 2 at its position. We will describe the linear quiver that ensues by considering
only the “physical half” (say the one supported on [0, +00)) of the gauge and flavor groups.

Let us first discuss the case without O6-planes. All consistent brane configurations are
depicted in figure 3. In the first situation the O8%-plane (carrying +16 units of D8 charge)
will cross the (i = 0)-th segment of ry = k D6-branes, projecting the gauge group to SO(2k)
or USp(2k) respectively.!? (The first NS5 at ¢; > 0 contributes a single (1,0) tensor mul-
tiplet and a decoupled hypermultiplet which is neutral under the 0-th gauge group.) The
next finite-length D6 stacks are not affected by the O8 projection, and their gauge group
will be SU(r;) with even ranks r; = 2k Fi(8 £ng) fori =1,..., N — 1. As we will see, this
is obtained by repeatedly applying condition (3.10) (which is a generalization of (2.3)) at
each node, starting with ro = 2k and fy = 2ng half-hypermultiplets (i.e. flV = % in (3.10)).
For i = N the semi-infinite D6-branes engineer an SU(ry = 2k F N(8 — ng)) flavor group.

We can now add more D8-branes (as in the pure SU(k) case), and engineer a left mas-
sive region, followed by a massless plateau, followed by a right massive region as long as
condition (3.10) is satisfied. (Notice that, without extra D8’s, the number k is constrained
by N and ngy upon requiring 2k F+ N (8 & ng) > 0, in order to have a meaningful SU(ry)
flavor group). Moreover, the ng D8 pairs overlaid onto the O8% engineer an extra USp(2no)
(SO(2np)) flavor symmetry. Finally, on top of the fy_; fundamental (of SU(ry_1)) hy-
permultiplets contributed by D8-branes, we can have ry flavor D6-branes escaping off to
infinity. The quivers are depicted in figure 4a.

A very interesting subcase arises when k = 0 = rg = 2k = 0, i.e. the first gauge group
is empty, and we stick say 8 —ng D8 pairs on the O8~ (see figure 4c). There is no orientifold

" Given that 2% parameterizes R, we need not worry about D8 charge cancellation, but we still need to
impose gauge-anomaly freedom, (3.10), i.e. an appropriately modified version of (2.3).

12Notice that, because of the projection around z® = 0, the 0-th stack of D6-branes engineers a gauge
group, rather than a flavor one as in the pure SU(k) case. That stack is connected to its image at finite
distance on the other side of the O8.



projection on any of the gauge groups, and condition (2.3) simply imposes r; = ngi for
i=1,...,N —1 (with a flavor symmetry SU(ry = Nng) on the right). The (1,0) SCFT
corresponding to this quiver is very similar to the so-called (rank-NN) E-string theory [8],
with the crucial difference that it cannot be engineered in M-theory because of the D8’s
(sourcing a nonzero Romans mass Fy = 52). For this reason it was dubbed (rank-NV)
“massive E-string theory” in [52]. (In particular when ng = 1 we have an extra Eg flavor
symmetry on the left, whose presence can be argued for by lifting the particular D8-O8~
system to M-theory as in [64];'® more generally, for 1 < ng < 8 we have an E1(8—ng) Sym-
metry, using the definitions of [66].) The quiver was constructed in [52, figure 6] (which we
reproduce in figure 4c), the dual AdS7 vacuum is given by [52, eq. (5.2)] and its a conformal
anomaly at large N by [52, eq. (5.13)].1* Given that this case has already been discussed at
length in [52], in the remainder we will only treat the generic case where k # 0, i.e. rg # 0.

In the second situation, the O8% sits on top of a half-NS5-brane stuck on the plane, at
2% = 0. The orientifold projects out the tensor multiplet contributed by that NS5, does not
act on the gauge group SU(rg), but acts on the bifundamental matter coming from strings
D6¢-image D6y: we have a hypermultiplet in the (anti)symmetric of SU(r¢ = k). If we also
overlay ng pairs of image D8’s onto the O8F, all gauge groups will be SU(r; = k¥i(8+2n¢))
fori =1,...,N—1, and we have a flavor symmetry SU(ry = kF N (8£2n¢)) (again, this is
due to (3.10)). We can also add D8-branes as usual. The quivers are depicted in figure 4b.

The corresponding supergravity vacua will be defined in terms of a polynomial «(z)
that, in the first subinterval z € [0, 1], is characterized by a nonzero constant term «q as
well as coefficient rg of the quadratic term, and in the last subinterval z € [N — 1, N] by a
nonzero quadratic coefficient 7y (this is a singular pole), but vanishing constant term o,
as the right tail of the quiver is the same as for the pure SU(k) case. The correspondence
will be made more precise in section 2.

Let us now discuss the case with O6-planes overlaid onto D6-branes. The brane con-
figurations are depicted in figure 5. Given that the O6 charge changes sign whenever the
former crosses an NS5, the situation where an O8 is stuck on the latter at 2% = 0, reflect-
ing an O6% into itself, is not consistent. Thus we only need to consider the first situation
(O8-plane between an NS5 at ¢; > 0 and its image at —¢1). The combined O61-O8~
projection produces an SU(rg = k) gauge group (i.e. only half of the k£ D6 pairs under
the O6 projection count), followed by a sequence of gauge groups SO(p;) x USp(g;) for
i=1,...,N —1, and an SO(py) or USp(gqn) flavor symmetry, according to the particular
theory at hand (i.e. gv = 0 or py = 0 respectively). Notice that by simultaneously flip-
ping the O6 and O8 charge we can exchange the gauge factors as to produce a sequence
USp(g;) x SO(p;). Once again, we can add flavors of each gauge group by inserting D8-
branes across the finite-length D6 stacks (e.g. ng D8 pairs overlaid onto the O8*-plane will
produce a USp(2ng), respectively SO(2ng), flavor group) as long as conditions (3.10) are
satisfied at each node. The quivers are depicted in figure 5c.

'*The nonperturbative enhancement SO(2(8 — 10)) — Ei4(8—no) is due to DO-branes [65, 66], which
become tensionless as gs — co since Tho ~ gs L

141n that formula M is the number of D6-branes in the rightmost semi-infinite flavor stack, i.e. M := Nno,
which also diverges as N — oo.

~10 -



The supergravity vacua will be characterized by a smooth pole of M3 at z = 0, i.e.
the cubic polynomial a(z) supported on [0, 1] will have nonvanishing constant term o and
quadratic coefficient ry = k, and by a singular pole at z = N, that is the cubic polynomial
will have nonvanishing constant term ay but vanishing quadratic coefficient ry (due to
the rightmost D6-O6~ stack of total negative charge), or vanishing ay but nonvanishing
rn (due to the rightmost D6-O6F with total positive charge). The fibers of Mz are RP?’s
due to the antipodal action of the O6-planes.

- 11 -



fi=k ri=k rN—1 =k 1=k

(a) The reduction to IIA of N M5’s probing C?/A;_;. Circles represent NS5’s spread out along x°
(the horizontal direction); solid black lines represent finite-length D6-branes. ro = ry = 0, given
that the O0-th and N-th stacks are made of (semi-infinite) flavor D6-branes.

W=k Wiy .=k
C e —m e — e
ri=k  ro=k ry_o=k ry_1=k

(b) The fully unHiggsed quiver engineered by the brane configuration in figure la. Blue circles
represent SU(r;) gauge nodes (vector multiplets, D6;-D6; strings), connected by bifundamental
hypermultiplets (D6;-D6;11 strings) and tensor multiplets (D6;-NS5; strings). Red boxes represent
SU(f;) flavor nodes, connected to the former by fundamental hypermultiplets (flavor D6; - color
D6; strings). The fi, fy—1 = k fundamental flavors of the SU(ry = k) and SU(ry_; = k) gauge
groups respectively are equivalently engineered by k semi-infinite D6-branes or k D8-branes via a
simple Hanany-Witten move (that does not modify the rest of the configuration).

8 6 4 2

fi=1 fa=2 fiz=1

(¢) Adding D8-branes to the setup in figure la, and Higgsing the theory as in [55]. Vertical lines
(extending along directions 27%9) represent flavor D8-branes crossing the D6-branes.

H W ) L) )1
l—l—.—.—l—.—.—.—.—.—i—.—i—.—.—.
4 7 8 9 10 10 10 10 10 10 10 9 8 6 4 2
(d) A more general quiver corresponding to the brane setup of figure lc: N =17, L =5, R = 6,
the partitions of 10 are given by (2.2), and 7o = ry = 0. The SCFT is at a generic point of its

tensor and Higgs branch.

(e) The internal space M3 = S of the AdS7 vacuum which is dual to the quiver in figure 1d. The
impression depicts the S? fibers over the base interval I = [0, N] parameterized by z (related to
2% by the near-horizon limit). Notice that the poles of S?, at the extrema of the base interval, are
smooth points for the metric (the S? fiber smoothly shrinks to zero size). A black crease represents
a stack of f; magnetized D8-branes (we will call stack even a single D8-brane) wrapping a particular
S? fiber over the point z = i.

Figure 1. Brane configurations and quivers for SU gauge and flavor groups.
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1 1 1 1
g1 =2k ; q1 =2k—8 ; 2 qn =2k —8 2 gnm = 2k
06~ o6t o6t 06~

(a) The reduction to ITA of M M5’s probing C2/Dy,. A % superposed on a black dot indicates a
half-NS5-brane. A red dashed line represents an O6" overlaid onto k pairs of D6-branes (the stack
has an effective 2(k — 4) D6 charge), a blue one an O6~ overlaid onto k pairs.

.g1:2]€ .gAIZQk‘
|

° — e — ° — e = ° — °
q=2k—8 p1=2k q2=2k-8 pyv—1=2k  qp=2k—8
(b) The quiver engineered by the brane configuration in figure 2a. Black (gray) circles represent
USp(g;) (SO(p;)) gauge groups, whereas black (gray) squares represent USp(f;) (SO(g;)) flavor
groups. There are M — 1 SO(2k) gauge groups and M USp(2(k — 4)) gauge groups, Np = N —1 =
2M — 1 tensor multiplets and N — 2 = 2M — 2 hypermultiplets (both represented by a —).

P1 P2 P3 P4

(c) Stacks of p; D8-branes crossing the D6-O6 stacks in a massive tail. The O6% projects the SU
flavor group engineered by the i-th D8 stack to SO(p;) ( USp(p;)), which is represented by a vertical
gray (black) line. All NS5’s are half-branes.

Tfl Tsh Tfi ng' TfM TQM Tm sz Tps TP4
o — 0 —---— 90— —---— 0 — @ = e — o — 0 — 0 —---
P1 Q1 P G PM QM 01 02 03 o4

(d) A more general quiver corresponding to the brane setup of figure 2c. On the left we use the
same convention as in figure 2b (there are N = 2M or 2M — 1 gauge groups, the latter when
p1 = f1 = 0); on the right we use the partition-inspired convention (2.5), (2.6).

Figure 2. Brane configurations and quivers for alternating SO-USp gauge and flavor groups.
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D8-08+

ro = 2k r1 =2k — (8 + no) ro =2k — 2(8 + no)

fo=12no

(a) NS5-D6-D8-0O8 configuration with an O8*-plane between an NS5 and its image, and crossing
the 0-th D6 stack. A red dashed line and two vertical black lines represent an O87% overlaid onto ng
pairs of D8-branes, engineering a USp(2ng) flavor group and contributing 2n half-hypermultiplets.
A blue (gray) horizonatal line represents a D6 stack engineering an SU (SO) gauge group.

D8-O8~

ro = 2k r1 =2k + (8 — ng) ro = 2k + 2(8 — ng)

(b) NS5-D6-D8-08 configuration with an O8~-plane between an NS5 and its image, and crossing
the 0-th D6 stack. A blue dashed line and two vertical gray lines represent an O8~ overlaid onto ng
pairs of D8-branes, engineering an SO(2ng) flavor group and contributing 2n half-hypermultiplets.
A blue (black) horizonatal line represents a D6 stack engineering an SU (USp) gauge group.

D8-08+t

r1 =k — (84 2ngp) ro =k —2(8 + 2ngp)

fo=2no

(c) NS5-D6-D8-08 configuration with O81-plane overlaid onto ng pairs of D8’s (engineering a flavor
USp(fo = 2ng) flavor symmetry and contributing 2n¢ full hypermultiplets), and a stuck half-NS5.

D8-08~

ro ==k r1 =k + (8 —2ng) ro =k + 2(8 — 2no)

go = 2ng

(d) NS5-D6-D8-08 configuration with O8 -plane overlaid onto ng pairs of D8’s (engineering a flavor
SO(go = 2ng) flavor symmetry and contributing 2ng full hypermultiplets), and a stuck half-NS5.

Figure 3. Possible NS5-D6-D8-08 brane configurations without O6-planes or extra D8-branes.
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(a) The left quiver corresponds to the brane setup of figure 3a (O8% between NS5 and its image),
the right one to that of figure 3b (O8~ between NS5 and its image).

Tfo Ny My, Hf; TQO Hy My, Hyf;
| | | | | |
O e —e— 0 — 0 — - O e — 0 — 0 — 0 — -
ro=~k 1 T2 T3 ro=~k 1 T2 3

(b) The left quiver corresponds to the brane setup of figure 3¢ (O8% stuck on a half-NS5); there is a
hypermultiplet in the symmetric representation of SU(rg = k), which we represent by ©. The right
one to that of figure 3d (O8~ stuck on a half-NS5); there is a hypermultiplet in the antisymmetric
representation of SU(rq = k), which we represent by ©.

D8-08~

ro=0 r1 =ng ro = 2ng fnN-1=DNno

go = 2(8 —no)

(c) NS5-D6-D8-O8~ brane configuration engineering a rank-N massive E; (3_p,)-string theory on
the tensor branch (simply called massive E-string theory when ng = 1). There are 8 — ng pairs of
D8-branes overlaind onto the O8~. The flavor group SO(2(8 — ng)) can be argued to enhance to
E14(8—n,) at strong coupling [66].

.90:2(87n0) Mfy_1=Nng
| |
e — o — o — e —.-i— °

ro=0 7r1=no ro=2ng r3=3ng rnv—1=(N—1)ng

(d) The rank-N massive E1(g_y,)-string theory quiver. The first gauge group is empty, but there
is a tensor multiplet (with E} (s_p,) enhanced flavor symmetry) which we represent by the leftmost

Figure 4. Quivers engineered by NS5-D6-D8-O8% brane configurations. Notice that we have
added possible flavors for each gauge node for i = 1,...,N — 1. (fo = go = 2no is the rank of
the leftmost flavor USp /SO group respectively.) This can be done as long as condition (3.10) is
satisfied at each node. We use same colors and names as those in figures 1d and 2d. In figures 4c
and 4d we see the brane engineering and the quiver describing the rank- N massive E-string theory.
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1
1
|E ro =k q1 D2 q3
O——— CEEEEE G Q- G o
|: 06~ o6+ 06~ o6+
.
fo=2no

(a) NS5-D6-06-D8-08 configuration with O8"-plane between an NS5 and its image, and crossing
the 0-th D6-O6~ stack. A red vertical dashed line paired up with two black lines represent an O8*
overlaid onto ng pairs of D8-branes, engineering a USp(2ny) flavor symmetry and contributing 2ng
half-hypermultiplets. A blue (black/gray) horizonatal line represents a D6 stack engineering an SU
(USp/SO) gauge group.

D8-08~
1
1
|E ro =k p1 q2 p3
00— CREEEEE Q@ G Q———— L
|: o6t 06~ o6t 06~
:
go = 2ng

(b) NS5-D6-06-D8-08 configuration with O8 -plane between an NS5 and its image, and crossing
the 0-th D6-O6™" stack. A blue vertical dashed line paired up with two black lines represent an O8~
overlaid onto ng pairs of D8-branes, engineering an SO(2n¢) flavor symmetry and contributing 2ng
half-hypermultiplets. A blue (gray/black) horizonatal line represents a D6 stack engineering an SU
(SO/USp) gauge group.

Tfo Tgl sz TQS Tgo Tfl ng Tfs
e — 90— 90— 0 —--- e — 0o — 0 — 0 —---
ro=k q1 P2 q3 ro=k D1 q2 P3

(c) The left quiver corresponds to the brane setup of figure 5a (O8+-O6~ combined projection), the
right one to that of figure 5b (08 -O6™ combined projection). Notice that we have added possible
flavors for each gauge node. This can be done as long as conditions (3.10) are satisfied. Notice the
difference with figure 2d (we use same colors and names for gauge and flavor nodes).

Figure 5. Possible NS5-D6-O6-D8-0O8 brane configurations and the linear quivers they engineer.
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2.1.4 The holographic limit

Having heuristically explained how the near-horizon limit of the various brane configu-
rations might work, we now set out to find the correct “holographic limit”. By this we
mean the limit that suppress curvature and g5 corrections to the closed string spectrum
sourced by the brane setup, allowing us to reliably use the classical AdS7 supergravity
vacua. Usually this also turns out to be a so-called large N limit in the dual field theory.

For the NS5-D6(-06)-D8(-O8) configurations that engineer six-dimensional (1, 0) linear
quivers, [1] identified the correct limit to achieve the aforementioned suppression and at the
same time keep track of the nontrivial information contained in the Young tableaux pr, gr.
(We know that this information labels the Higgsed theory and is associated with the massive
tails of the quiver, so it should not be washed away in the limit.) The limit is the following:

LR/{:Q

NaL7R7kari_>oo7 N7N7N7N

finite . (2.7)
In particular we see that, in six dimensions, “large N” means infinite number of gauge
groups. k,r; — oo also tells us that the ranks of the various gauge and flavor groups are
infinite. In light of table 3 this means that their dual Coxeter numbers (which will play
an important role in the holographic match of a) are infinite, and approximate the ranks:
h¢. ~ 1k G — oo. We will write ~ to indicate the holographic limit of all relevant quantities.

2.2 Constructing generic solutions with z

We shall now describe in greater detail how to construct the supergravity AdS7 vacua dual
to the quivers just introduced, by relying on the same combinatorial data.'®

The generic AdSy supergravity vacuum of massive type IIA can be described in terms
of a single function «(z) on which all physical fields (metric, dilaton, warping factor,
fluxes) depend. The coordinate z parameterizes the base interval I of the three-dimensional
internal space M3, which is a fibration of two-spheres over I. The total space of the
fibration can be made compact by requiring that the fiber shrink at the extrema of I.
(Thus, topologically, M3 = $3.) This in turn imposes boundary conditions for the internal
metric at the poles of S3. Different boundary conditions correspond to different physical
sources, such as branes and orientifolds. The existence of these global solutions was first
established numerically in [30].1¢ The solutions were later given a fully-analytic expression
in [67], where the function «(z) we just introduced was called 3(y). Here, we will present
the solutions as in [1], which further generalizes the formalism of [67].17

In [1] it was imposed that at the poles of S the metric be either regular or have
the asymptotics corresponding to D6-brane sources. Under the correspondence between
NS5-D6(-06)-D8(-O8) brane configurations and AdS7 vacua we explained in the previous

'5Notice that, once we construct a general AdS; vacuum of massive ITA, we can easily obtain AdSs and
AdS4 ones from it by applying the one-to-correspondences in [67, 68]. It is also possible to construct a
nonsupersymmetric AdS7 vacuum following the construction in [69].

163ee [70, 71] for an earlier AdS; x S® Ansatz with smeared sources, and [72] for a local construction.

17 A change of variables is needed to go from the presentation of [67] to that of [1] and the present paper.
It is shown in appendix A.
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section, a regular asymptotics corresponds to having a stack of D8-branes (with D6 charge
smeared on the common worldvolume) wrap an S? fiber in the vicinity of the pole, whereas
the second case to a stack of D6-branes localized at the pole. Both D6 and D8 sources
are spacetime filling. (These statements are to be understood after having taken the near-
horizon limit of the localized closed string spectrum — sourced by the brane configuration
— which produces the AdS vacuum.)

In this work we generalize this situation, and allow for several new boundary conditions.
For instance, we will construct the most general solution with D6-brane poles and an O8-
D8 wall along the equator of S3. A version of this solution — dual to the so-called massive
E-string theory — has already appeared in [52]; here we will generalize it further. We will
also see how to introduce O6-planes on top of D6-branes, and show what the boundary
conditions for such a combined object look like.

Explicitly, the ten-dimensional metric reads

1 o o} a?
42y =8, 2ds? -2 d? - dsk. ) | 2.8
™2 710 o Sadsy + a\"* +d2—2ad %52 (28)

whereas the dilaton
(—a/d)3/

Va2 — 2ad

(Morever, as reviewed in appendix A, & < 0.) We also have

B:7r<—z+_aa)volsz, ng( e 4 e >v0152. (2.10)

ed’(z) = 25/4,5/234

a2 — 2ady 16272 &2 — 2aa

The (continuous) coordinate z parameterizes the base interval I = [0, N], which will be
divided into subintervals [i,7 4+ 1], ¢ = 0,..., N — 1. The integer N is precisely the number
of NS5-branes in the ITA configuration (and is related to the quantized flux of H via
N = —ﬁ st H, see e.g. [67, eq. (5.42)]). The Romans mass Fj is a step function with
different values for different subintervals [¢,7 + 1], namely

Fo={Fo1,....,Fon}, Foip1=2mngip1 =2m8i41 1= 2m(rip1 —15), (2.11)

where ng; € Z (due to flux quantization) and r; — 1 are the ranks of the gauge groups
SU(r;) in a linear quiver description of the dual SCFT’s (in the pure SU case). The above
combinatorial relation between Romans mass and ranks was derived in [1, eq. (2.15)]

As discovered in [67], the supergravity equations that each vacuum is a solution to
reduce to a single ODE, which in the language of the present paper can be recast in the
following form:!'®

G(2) = —(97)%s;01, z€[i,i+1]. (2.12)

This allows us to determine « as well as its first and second derivative (which will be very
useful in the following) by successive integration. Calling

1 1 1

Y() im = 0(2)s a(2) = i) = o 5(2) 20, (213)

18For its derivation see (A.2) and explanations around it.
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in each of the intervals z € [i,i 4+ 1] we have

T 2 T 2
o(2) = o~ 200z~ 1)~ Cobria - - O p, s
y(2) = yi + 97%(2 _i)+ %siﬂ(z _ )2, (2.14b)
q(z) = %Ti + %Si—i-l(z —1i), (2.14c)

where y;, a; are integration constants. To determine the latter it suffices to impose conti-
nuity of a(z),y(z) at every interval upper endpoint z =i+ 1, for i =0,..., L — 1 and then
N —R,...,N — 2. The results depend on the “boundary data” yo, yn, ao, an (which will
be determined shortly) and the physical ranks r;, and read

9 9 1 =t

97%‘ = 9?3/0 + 5(7“0 + 1) + kzl Tk, (2.15a)
and
2 i1
. (977) . 2 .
a; = ag — (97m)(2i)yo — 5 ((3i = 1)ro+r;) — (97) (1 — k)rg (2.15b)
k=1
for i € [1, L] and
2 2 1 —
QR YN=i T g YN~ §(TN +rN-i) — ETNI@ ) (2.15¢)

1
((3i — V)rn +ry—i) — (912 (i —k)ry_p (2.15d)
1

.
|

an—; = an + (97)(20)yn — (9?2

i

for i € [1, R]. (The derivation is carried out in appendix B.)
We now have to determine the boundary data themselves. This can be done by im-

posing continuity at z = L and z = N — R, which in turn implies the useful constraints [1,
eq. (2.20) and above (A.5)]:*

97
yN—R_yL:?k(N_R_L)a - yN_R—ynggk(N—R—L),

2
AN_R—QL= %(yi —YN_R); an-p—ar=—97(N—R—L)(yL+yn-r),

(2.16)

where r;, = rny_g = k is the height of the massless plateau, which is equivalent to maximum
rank in each of the two massive regions. (2.16) are two equations, and in general cannot
determine four independent parameters (yo, yn, o, @n). However in all practical situations
we will encounter we only need to determine a subset of them, as some may be identically
vanishing. This is because different brane or orientifold sources impose different boundary
conditions on the internal part of the metric (2.8), telling us which boundary data are
vanishing, and which are not.

9Notice that there is a typo on the right-hand side of [1, eq. (2.20)]: % should be replaced by 97”.
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A remark is in order here. In presence of O6-planes, finite-length D6 stacks will actu-
ally comprise r; — 2r; branes (i.e. we count both the physical ones and their images) due
to the orientifold projection, and the height of the plateau (the maximum rank) becomes
k — 2k (see the discussion in section 2.1.2). (Moreover an SO gauge group can have odd

rank if there is a stuck half-D6 on top of the O6~, in which case the latter is known as 66_)

2.3 Boundary conditions

Let us describe the possible boundary conditions of the internal metric around z = 0.
(Those around z = N can be found analogously.) Let us define the quantity o(z) :=
&(z)? — 2a(z)é(z) for convenience. Given (2.14), at the lower endpoint of each subinterval
[i,7 + 1] we have:

a(2) =i = iy a(2)|=i = 2091 yi,  G@(2)|2=i = —(97r)2 T, (2.17)

and
0(2)| =i = 05 = 2(97r)2(nai + 2y22) . (2.18)

In terms of a(z),0(z) the metric of the internal space M3 reads (see (2.8)):

L 2 _ _d(z) 12 2 2 2 2 o _d(z) 1/204(2)2
ﬂﬂds]\@—( a(z)> dz" + R*(z)dsg, R(2) .—< a(z)> o) (2.19)

R%(z) is the squared radius of the S? fiber over the generic point z € [0, N]. To have a

compact M3 we should impose R?(0) = R?(N) = 0. Focusing on the first condition we see
that this is equivalent to requiring

1/2 3/2
To %

R%(0) =
(0) 187 (agro + ng)

=0 r=0Uqy=0. (2.20)

Moreover, recalling (2.9), the boundary value of the dilaton is found to be

3/4
e?(0) = 93/47437 % . (2.21)
r3/4(roozo + 2y3)1/2

The criteria of [52, section 5.1] to determine which kind of physical object we have at the
endpoint z = 0 can now be phrased as follows:

e regular pole (the metric is finite and the space approximates R3): ag = ro = 0, 09 #
0 = yo # 0. These are the boundary conditions considered in [1], and correspond to
having magnetized D8-branes wrapping an S? fiber close to the pole;

e D6 pole: ag =0, 79 # 0, 09 # 0 = yg # 0. We will call D6 pole even one produced
by a D6-O6F stack whose total effective D6 charge is positive; however in this case
the fibers of the internal space are RP? rather than S? (due to the antipodal action
of the O6-plane around the z direction);

e 06 pole: ag x 79 # 0, 70 = 0, 09 # 0 = yo # 0. Also in this case the S? fiber is
replaced by RP2. The total D6 charge 7 of the D6-O6~ source is negative;
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e 08 pole without D6 charge: 19 = 09 = 0 = yo = 0. In this case ¢(z), R*(z) —
as z — 0, as is appropriate for a D8-O8 source of divergent dilaton type.? (ag may
not be zero, for otherwise R?(z) tends to a constant as z — 0.) These boundary
conditions are appropriate for the AdS; vacuum constructed in [52, eq. (5.2)], dual
to the massive E-string theory (described in section 2.1.3). Therefore we will neglect
this case in the following;

e 08-D8 pole with D6 charge: 79 # 0, yo = 0 = 09 = 2(97)?rp (and as before ag #
0). In this case ¢(z), R?(z) are finite and nonvanishing at z = 0, which corresponds
to the equator of M3 = S3. (As already explained, the physical half of the internal
space lies in [0, N].) In other words, the D6-brane charge r¢ resolves the dilaton and
metric singularity at z = 0. (For 79 — 0 this case reduces to the previous one.)

One can indeed check [30] that the metric ds%JS, dilaton, and the relevant bulk fluxes close
to z = 0 have the correct asymptotics to justify the presence of the above brane and
orientifold sources. We summarize all possible requirements in table 2.2! We now realize
that there exist only two cases with a nonvanishing subset of boundary data:

e if regular or D6 poles occur at z = 0 and z = N then oy = ay = 0 automatically,
and we simply need to determine yg,yy. These are two parameters, and can be
determined by (2.16). The result is given in (B.24) (plugging in ag = anx = 0).
If O6 poles occur instead, ag and ay do not vanish but can be determined via an
independent physical argument (namely by expanding the bulk F5 flux in the vicinity
of z =0, N, respectively)?? which suggests the definitions

9 Toyo 9 TNyN
Qp = ———, ay:i=—— 2.22
0= on r1 N 21 ry_1 (2.22)
where 79, 7n = —4,...,—1 can be interpreted as the effective D6 charge of a flavor

D6-0O6~ stack.?> Once again we can use (2.16) to determine yo,yy. The result is
given in (B.32).

e The second case corresponds to having an O8 pole at z = 0. (The orientifold acts
as a wall around the origin of the z direction, and we choose to parameterize the
physical half of the space by z € [0, N].) In this case yg = 0, hence we only need to
determine ag, yn,an. Moreover ay either vanishes (in case of a regular or D6 pole
at z = N) or can be defined as in (2.22) in terms of yy and the effective charge of a
D6-O6~ stack, if the latter is present. We can then use (2.16) to find expressions for
ap and yy, which are given in (B.40) and (B.38) respectively.

208ee [20] for another well-known example.

2IThe analysis of the boundary conditions at the other endpoint, z = N, is greatly simplified if one labels
the subintervals starting from the latter rather than z = 0,i.e. z € [N — (i + 1), N —¢] with¢ =0, ..., R—1.

22This is shown in section B.3.

ZNotice that ap,y > 0. E.g. by expanding the dz? component of the metric (2.19) around z = 0, with
%, which

requires 7oyo > 0. Given that 7o < 0, we must also have yo < 0. At large k, N, this can be proven by

a(z) in [0,1] given by (2.14a) with ¢ = 0, the constant term is found to be proportional to

directly inspecting (C.30a) (since Y, 7; > >, %7;). A similar argument holds for ax.
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asymptotics of als%3 at z =0, N resp. Qo,N  Yo,N TO,N

regular point: D8-branes (&% — 2 # 0) 0 #0 0
D6 pole (&% — 2adi # 0) 0 #0 >0
06 pole (&% — 2aé # 0) >0 #0 0
08 pole with D6 charge at z = 0: &% — 2aét < roag | # 0 0 #£0

Table 2. The requirements for having a regular point, a D6 or D6-O6% source, a D8-O8 source
with (smeared) D6 charge at the poles of the supergravity solution, characterized by an internal
space S? < Mz — I = [0,N] (or RP? — M3 — I = [0, N]). Different sources impose different
boundary conditions on the metric of M3 at the extrema of the base interval I. Notice that we can
have an O8-plane only at z = 0. The former acts as a mirror along direction z, and we choose to
parameterize the physical half of the space by z € [0, N].

3 Computation of a in field theory

After having explained how to engineer (1,0) theories with massive ITA AdS; duals, we now
explain how to extract a very important observable of the SCFT, namely its a conformal
anomaly. We will then take the holographic limit of the latter, and compare it to the result
obtained in supergravity.

The (eight-form) anomaly polynomial Z of a six-dimensional (1,0) SCFT is a sum of

various contributions (see [51] and appendix D), which can be summarized as follows:*

I= aCQ(R)Q + /BCQ(R)pl(T) + PYpl(T)Q + 5p2(T) + Iﬂavor . (31)

The coefficients «, ..., d are functions of the group theory data, the number of tensor mul-
tiplets Ny = N —1,?° and the so-called Dirac pairing defined in (D.17), namely the matrix

nij :ndij —(5“'_1 —(5“'4_1, n= {no,...,nNT}. (3.2)

Explicitly, they are given by:

1 1

= g (VT = M)+ 07 D hi e, 330
1 1, Y
ﬁ = @ (NT - NV) + 5(77 )inith , (3.3b)
1 1
7= 60 (23Nt — 7Ny + 7Nu) + %(77 Y KK (3.30)
1

**¢2(R) = 1 Tr Fj denotes the second Chern class of the (background) SU(2) R-symmetry bundle, and
p1, p2 the first and second Pontryagin classes of the tangent bundle of a formal eight-manifold.

*In the F-theory construction of these (1,0) theories, Ny = N — 1 coincides with the number of —2
curves in the base (after having blown down all possible —1 curves).
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where Ny and Ny are the total numbers of vector and hypermultiplets respectively,

N
Ny => dg,, (3.4)

=1

Nt
Ne =Y (eld e fid; + eiiv1ds dm) , (3.5)

i=1

and

K=, — & Wd(pi) = sc, (€ri1dio1 + eriadin + e fi) (3.6)

h\/, is the dual Coxeter number of the ith gauge group G;, sg, the constant defined
in table 3, and the coefficients €;, €41, € Z = {1, 2,0} account for the presence of full
hypermultiplets (1) as appropriate for SU quivers, half-hypermultiplets (%) as appropriate
for alternating SO-USp quivers, or no hypermultiplets at all (0). Ind(p;) is the index of
the hypermultiplet representation p; of real dimension d; := dimg(p;).2 (The dimension
is called f; for flavor hypermultiplets.)
Finally, the a conformal anomaly is given by the following combination of anomaly
polynomial coefficients [74, eq. (1.6)]:
384

o= —(a—=B+7)+ 75 (3.7)

Plugging the expressions (3.3) into the above equation we obtain the very general formula
(in which a sum over repeated indices is understood):

1
0= 5,5 (199NT — 251Ny + 11Ny) + (3.8)

16 _ _ 1, _
+ = <12( Dighthé, = 2017 )i Kihg, + 7501 1)z‘jKin> :

In this section we shall compute explicitly the leading term of the a conformal anomaly in
field theory for a few linear quivers as héi ~ N — oo, which we claim to be

192, _
a ~ 7(77 1)Z-j héihéj . (3.9)
This leading behavior can be proven by showing that the last two terms in parentheses
in (3.8) are subdominant w.r.t. the first, namely (3.9). This is easily done as follows.
First of all, as explained above (D.14), the cancellation of the gauge anomaly involving
the term % Tr(F}') implies the constraint

tq, = €0y, + <€z‘i—1di—1 + €iip1dip1 + E?sz) , (3.10)

26By index we mean the eigenvalue of the quadratic Casimir in the representation, normalized such
as to be an integer. If p is an irreducible representation of the Lie algebra g associated with G, then
Tr,(T*T") = Ind, §°°. More intrinsically, it can be defined in terms of d := dimg p and ord g := dimg(adj)
Ordg(A A + ) [73], where A is the highest weight of p and
0 =(1,1,...,1) is (half) the sum of all positive roots in the so-called Dynkin basis (the one in which the

(i.e. the number of roots of g) through Ind, :=

rows of the Cartan matrix of g give its simple roots).
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where the constants ¢¢, have been defined in (D.11),
trag; (F;L) =tg, tl“fund(F;l) + ..., (3.11)

and «, is the quartic Casimir of G; in the representation p;, which is defined in (D.12).
(Notice that in the pure SU(k) case (3.10) precisely reduces to (2.3).)

As one can see from tables 3 and 4 by direct inspection, the above constants satisfy
the following relations for h¢, ~ N — oo:

he,. Ind,,
ta, ~ —CL, oy (3.12)

K3

S5G; SG;

Using (3.10) inside (3.6), and subsequently plugging in (3.12), we immediately realize that
K; is independent of N (i.e. it tends to a constant as N — o0), hence any term in (3.8)
with a bilinear involving K; is subdominant w.r.t. (n71);; hts h: .
i Gy
We now turn to the computation of a in some important classes of theories. By special-
izing the general formulae provided below, one can easily obtain the leading contribution
to the a anomaly of any (1,0) linear quiver with massive type IIA dual (including the
so-called “formal” quivers of [32]).

3.1 SU quivers on the tensor branch

The possible brane configurations realizing linear quivers with only SU(r;) groups are
depicted in figures la (without D8-branes) and 1c (with D8-branes — the latter is a specific
example, easily generalizable to others). In the first, we have semi-infinite flavor D6’s
extending beyond the left- and rightmost NS5-branes; in the second, stacks of magnetized
D8-branes. As explained in section 2.1.1, in the supergravity AdS7 solution we then have
D6 (ro,rn # 0) or regular (rg = ry = 0) poles respectively (see table 2); ap = any = 0 in
both cases.

The regular poles case has already been treated in [1]. Those results carry through
to the case with D6 poles, i.e. the computation of a is totally equivalent in both cases.
The ultimate reason is that rg,ry only appear in the gravity computation as coefficients
of subleading terms (w.r.t. the dominant O(N?®) order), and are also washed away in the
field theory computation as r; ~ k, N — oco. Thus we may completely neglect them.

The quivers, depicted in figures 1b and 1d, are given by a collection of SU(r;) gauge
groups (flavor groups for ¢ = 0, N); therefore héi =pr;fori=1,...,N —1 = Np. The
(inverse) Dirac pairing (D.23b) is the (inverse) Cartan matrix of Ay_;. Therefore:

192

ar 7(%5%)@' iy - (3.13)

Dividing the sum over i, j into left massive region, massless plateau, and right massive
region, and keeping only the leading terms in IV, we find:

192 (& NI N L N-R-1  N-1
T (Z+ " Z ) Z+ Z + Z (Mpg)ijrir;  (3.14a)
i=1 =L+l i=N-R/ \j=1 j=L+1 j=N-R
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Lawk—Z—(N L—R*(N*+2(L+R)N —3(L — R)?) +

192 N 12
k L
+ N —L-R) ((N L+R)) iri+(N+L-R) sz ) +
=1 =1
L j—-1
_1_7 ZZZUHTN J—i-z —)7; +2ZZZ J)riry +
=1 j=1 7j=1 =1
R j-1
—i—Zz — i) QZZZ — J)rv—irn—; | , (3.14b)
=1 7j=11i=1
which is exactly [1, eq. (3.15)]. The only nontrivial identity that one needs is the following:
L N i—1
Z i(N 7“,,7’]4—2 N(j—i)rir; = Zz —1)r; —I—QZZ J)riry, (3.15)
i,j=1 i=1 j=1 i=1 =1 1<j

and likewise for L <+ R (in the summation extrema) and ¢,7 <> N — i, N — j (inside the
sums).
To get a more explicit result one can specify a linear quiver corresponding to a chosen
brane configuration. E.g. selecting the theory in [1, figure 6], we have to impose N = L = k,
=0, {r;}f_, =i+ 1 (that is, we only have a left massive region occupying the whole
mterval I = [0, N]). Notice that, for ¢ = 0, N, the groups SU(r;) are flavor symmetries;
we trade r9g = 1 D6 for a D8 on the left via a Hanany-Witten move, whereas we keep
ry = k + 1 semi-infinite D6’s on the right. Plugging this into (3.14) gives

a~——Fk> as k— oo, (3.16)

which is the holographic a conformal anomaly of the “simple massive solution” of [30,
section 5.2] and [67, section 5.5], sourced by a single D8 and defined (in the sense of
section 2.2) by the function

3
a(z) = 3n)Fy(Nz — 2%) = yo = —§7r2F0N2, s1=21Fy =21 =11, (3.17)

supported on [0, N]. Such a vacuum is characterized by a regular pole at z = 0 (where
ro = ag = 0, op o< N*) and a D6 pole (with k£ 4+ 1 branes) at z = N (where ry o
N, ay =0, oy o< N%). Its integration constants and boundary data fall into the class of
section B.2.3 without massless plateau and with ag = ay = 0.

The theory in [1, figure 7] requires instead taking L = R =k, {r;}*_, = {ry_i}f_, =1,
and plugging this information into (3.14) gives [1, eq. (3.18)] (with u = k — see also [67,
eq. (5.71)] for an earlier computation):

1 1
an~ 7618 <N3 — 4kEN + 561<;3> as k,N — oo, (3.18)

which is the holographic a conformal anomaly of a typical massive theory with two equal
tails and a massless plateau of height k. (The supergravity solution is defined by a function
a(z) whose integration constants and boundary data fall into the class of section B.2.1.)
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Notice that, for both theories, a is of order O(N?®) as anticipated in section 1, and all
terms come from supergravity (not stringy corrections).

3.2 Alternating SO-USp quivers on the tensor branch

The possible brane configurations realizing linear quivers with alternating SO-USp gauge
groups are depicted in figures 2a (without D8-branes) and 2c¢ (with D8-branes). For the
unHiggsed quiver in 2b, since k > 4, the left- and rightmost flavor symmetries correspond
to D6-O6~ stacks of total positive D6 charge. Therefore the dual massless vacuum has
D6 poles at 2 = 0,N: 79 = ry = k (whereas 7o = 7y = 0) and the fibers are RP?’s.
For the generic Higgsed quiver of figure 2d, the poles of the supergravity dual are of O6
type whenever the flavor symmetry has rank low enough (i.e. SO(0,...,3)) as explained in
section 2.1.2; hence ag, any # 0 = 79,75 # 0 (but ro = ry = 0).

For D6 poles the large N field theory computation falls into the pure SU case. Therefore
here we will only discuss the O6 poles one. The inverse Dirac pairing is given by (D.23c).

Therefore:

192 _ 192, _

Its entries depend on the components v; of an auxiliary vector v of dimension Nt, which are
all equal to either 1 or 2: we have 1 for an SO group, and 2 for a USp one. Using table 3, we
see that vihgo(%_) =2r;—2 ~ 2r; as7; ~ N — oo, and similarly vthvJSp(Qri) =2r;+2 ~ 2r;,
where r; can be viewed as the number of brane pairs on top of the O6-planes as in figures 2b
and 2d. For this reason and because of (3.19), the large N computation of the a conformal
anomaly from field theory is analogous to the case without O6-planes.

3.3 Quivers from brane configurations with an O8-plane

The brane configurations realizing USp(rg)-SU(r;) (resp. SO(rg)-SU(r;)) linear quivers
with an SO(2ng) (resp. USp(2ng)) flavor symmetry, engineered by a D8-O8 stack, are
depicted in figure 3. (We will defer the computation of the a anomaly in the case with
O6-planes to section 5.3 for clarity of exposition.) The gravity duals will be characterized
by an O8 pole with D6 charge at z = 0, i.e. 79, ag # 0 but yo = 0, and by a regular (or D6
pole) at z = N, i.e. ay =0 and ry =0 (ry # 0).27

When the O8 sits at 2% = 0 (corresponding to z = 0 in the near-horizon limit) between
an NS5 and its image, the quiver are of the type of the ones given by figure 4a, where the
introduction of more D8 stacks is allowed. The Dirac pairing nos is given by (D.16a), and
its inverse is given below in (3.24). We will use the latter to compute the leading term
of a. The dual Coxeter number héo of the first gauge group Gy is given by % + 1 (for
USp(rg)) or ro — 2 (for SO(rp)). For i > 0 the gauge groups are all SU(r;), and h¢,, = 7;.
When r; ~ k ~ N — o0, all numbers héi scale like V. The holographic a anomaly can be

2TFor the case without D6 charge at z = 0, i.e. 70 = 0, see the discussion in section 2.1.3.
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computed as follows:

192 '—1 N-1 L R'—1
aN<Z+ >+ Z) YIRS +Z (o8 )ig hé,hé, (3.20a)

= i=L+1 =R’ j=1 j=L+1 j=R’

? L
é ];(N L -R) (N—L+2R)—|—/~c(N—L—R)(k(]\f_LJFR);mJr
L L -1
+2va )+Z —ip?+2) (N _ZWJJFZWNI
=1 1
R i—1 L]
+2ZZZTN iTN— J+QZJTN erl (3.20b)

i=1 j=1

The only nontrivial identities needed to obtain the above result are the following:?®

L L L i-1 L

ZT’Z —J)r ZZ(z—j)rjm—Z — )15 —i—QZZ —i)riry

i=1 j=1 i=1 j=1 i=1 i=1 ]<z

R R R i—-1 (3:21)
Z Z TN—j Z (1 —j)rN—jrn— ZszrN Z+2ZZZ7“N iTN—j -

=1 =1 i=1 j=1 =1 j<i

When the O8% is stuck on an NS5 at 26 = 0 (z = 0 in the near-horizon) the quivers
are the ones in figure 4b, and the corresponding brane configurations are given in fig-
ures 3c, 3d respectively. This case is slightly more subtle, being entirely characterized by
SU(r;) groups: hf;, = r; ~k as k ~ N — oo for all i. However the Dirac pairing (which
can again be found by applying (D.16a)) turns out to be equivalent to 7g5g in (3.23) for
both O8%. Hence the computation (3.20) holds in this case, too. Moreover (as will be
explained in greater detail at the end of the next subsection) the leading order of the a
conformal anomaly cannot distinguish between the two configurations.

3.3.1 Computation of a in O8% and D8-O8~ theories

We will now make the result (3.20) much more explicit. Consider the quivers in figure 4a.
They are engineered by having an O8-plane sit between the first NS5 and its image.

If we overlay ng = 16 D8 pairs onto the O8~, this stack has the same D8 charge as
a single O8" without overlaid D8-branes (hence no flavor symmetry). The theory on the
right in figure 4a has two flavor symmetries: SO(32) with 2ny = 32 half-hypermultiplets in
the fundamental of the first gauge group USp(2k), and SU(2k + N (8 — 16)) with 2k — 8N
hypermultiplets in its antifundamental representation and in the fundamental of the last
gauge group SU(2k — 8(N — 1)). The theory on the left only has an SU(2k — 8N) flavor
symmetry leading to 2k—8 N hypermultiplets in its antifundamental and in the fundamental

28We are not being careful about the summation extrema due to L—1 ~ L, R—1 ~ R in the holographic
limit.
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of the gauge group SU(2k — 8(IN — 1)). The two product gauge groups are:

N-1

08~ +32 D8’s : USp(2k) x [] SU(2k — 8i), (3.22a)
=1
N-1

o8t : SO(2k) x [ SU(2k — 8i). (3.22b)

i=1

The Dirac pairings for these two theories are the following (N — 1) x (N — 1) matrices:

1 =10 -0 4 =20 -0
~12 —-1---0 22 —1---0
: (3.23)

7708_: 0 -1 2 ---0 , 7708+: 0O -1 2 ---0

0 0 —-1---2 0 0 —-1---2

Notice that for 7og+ there is a discrepancy between what we would obtain from for-
mula (D.17) and the gauge-anomaly freedom requirement (D.16a) which we derived from
the six-dimensional anomaly polynomial. The former gives the adjacency matrix of base
curves (of negative self-intersection) 422 .. .2 in an F-theory engineering of the same SCFT.
The disagreement, which has to do with a subtle effect due to the presence of a frozen IAZI
Kodaira fiber over an O7", disappears once the F-theory formula is modified so as to
include the O7* case [75].%
In order to compute a we need to evaluate the inverses of (3.23). We find:

N-1N-2N-3---1 Mol N2 N2s o]
N-2N-2N-3---1 N2 N-2N-3-.-1
Mog- = |[N=3N-3N-3---1| , nil.=|¥32N-3N-3---1 (3.24)
1
1 1 1 1 3 1 1 1]
Thus:
(Nog-)i s hés, = by | (N — Z )2k —8( —1)) | +

N-1 1—1
+ 3 2k —8(i— 1)) [ (N —i)hdy + (N —i) ) (2k—8(j — 1))
=2 i

[|
N

YN -EE-8G-1) | (3:25)

29We thank T. Rudelius and A. Tomasiello for discussion on this point.
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(N - 1)

(7708+)U hG hv = h 4

hé, +

N-1 . i—1
+ ) (2k - 811)((N2)h¥;0+(Ni) (2k —8(j —1)) +
=2

+ Y (N-H2k-8(G-1)] . (3.25b)

where h, = k+1 for USp(2k) and hy, = r; = 2k +4(8 — 16) for SU(r;) (in case of ng = 16
pairs of D8’s on O87), or h¢, = 2k — 2 for SO(2k) and h¢, = r; = 2k — 8i for SU(r;) (in

case of a single O8"), with i = 1,..., N — 1 in both cases. Therefore, all ranks scale like
2k at large kK ~ N — oco. All in all we obtain:
192 [/1 4 )
aog- = % <6N5 — 4kN* + 3k:2N3> + (—=16N* + 16kN? — 4k*N?) + O(N®) +...| ,
- (S.Zéa)
192 [ (16 5 4, 4003 4 3 2 Ar2 3 ]
dogr = = || 5 N7 — 4kN* + 2k°N + (—16N* + 16kN°® — 4k*N?) + O(N®) +

(3.26b)

We observe that agg- and agg+ are equal up to order O(N?). Therefore the dual AdS;
vacua, which only capture the leading O(N?®) contributions, cannot distinguish between the
two field theories and will be defined by the same solution a(z)og to (2.12). However we can
compute ang- and apg+ to all orders in field theory, by evaluating the exact formula (3.8).
Calling a5 and a4 the order O(N?®) and O(N?) terms in (3.26) respectively, we obtain:

192 202 , 101 7 829 , 829 5051
a08:7{a5+a4+( 5 N3 - c —kN?+ - k2N> (180N2 360kN+5760k2>+
9787 5921 \ 105
(2N 2 =2 2
(2880 2304’“) 64]’ (8:27a)
192 262, 131 7 4429 , 4429 5051
a08+:7{a5+a4+< g NG BN RN >_< TR 5760k2>
28613 3133k \ 105
N- 2 3.27b
(2880 1280 > 64] (3.27b)

We expect that the exact subleading O(N?) and lower contributions be reproduced by
stringy and curvature corrections to the supergravity solution «(z)pg. We leave this for
future investigation.

3.4 Quivers from brane configurations with O6-planes and an O8-plane

We shall now add O6-planes to the configuration considered in the previous subsection.
The allowed brane setups and resulting quivers are depicted in figure 5.

As can be seen there, we have an SU gauge group followed by a chain of alternating
SO-USp groups. As we explained towards the end of section 2.1.3, the former is engineered
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through a combined O6%-O8F projection: SU(rg) — USp(2rg) — SU(rg) (resp. SU(rp) —
SO(2rg) — SU(rg)). The dual supergravity solutions are characterized by an O8 pole at
z = 0 with effective D6 charge provided by the one of the D6-O6 stack (that is, yo = 0 but
ag # 0) which can be either positive or negative, and a D6 or O6 pole at z = N where
ry # 0, yy # 0 but ay = 7y = 0, respectively ry = 0 but yy # 0,any # 0 = 7y # 0,
depending on the total effective D6 charge. In either case, this information will be washed
away in the holographic limit, and the two leading field theory results are equivalent.
In this case, the inverse Dirac pairing is given by (D.23e). Therefore:

192, _ 192  _
anr 7(770(1508)13‘ héhés, = ﬁ(noé—)ij vivy héhe, - (3.28)

Its entries again depend on the components v; of an auxiliary vector v of dimension N,
which are all equal to either 1 or 2: we have 1 for an SO group and the first SU group,
and 2 for a USp one, ie. v = {1,2,1,2,1,...} or v = {1,1,2,1,2,...}. From table 3
we also see that voh\S/U(rg) =70, vih\s/o(%) =2r; — 2~ 2r; as r; ~ N — oo, and similarly
vih{gsp(%) = 2r;+2 ~ 2r;, where r; can be viewed as the effective number of D6-branes in a
D6-06 stack as in figures 5a and 5b. For this reason and because of (3.28), the computation
of the a conformal anomaly from field theory is analogous to the O8 case without O6-planes.

4 Holographic match

In this section we will perform the a conformal anomaly holographic match for the brane
configurations and quivers of section 2.1. Namely, we will match the holographic limit of
the exact field theory results we have computed in section 3 to the supergravity results
(called ay) in the following) at large r;, k, N that we derive below.

The leading order of a can be computed in supergravity as an integral over the internal
space Mj of the AdS; vacuum [67, eq. (5.67)]:3

128

@hol = 789 72

N
| et ae. (@)
0
where a(z) is the cubic polynomial in (2.14) by which the vacuum is defined.

4.1 Solutions with regular or D6 poles

In this subsection we aim to match the supergravity computation of the a conformal
anomaly with the holographic limit of the field theory result obtained in section 3.1.

In this case ap = any = 0 and we must use the integration constants yg,yn
in (C.30a), (C.30b). The parameters 7o, 7y may or may not be zero, according to the type
of poles (regular or D6, respectively) we want that the internal space M3 have. However,
as it turns out, the holographic match is completely insensitive to rg,ry, which enter in
subleading terms w.r.t. the leading O(N°®) order (i.e. they are subleading as k ~ N — 00).

30See appendix C for an expanded discussion.
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All is left to do is to straightforwardly match (3.14) to (C.29) — which we reproduce
below for reference — with yo, yn given by (C.30a), (C.30b) respectively. (The comparison
is easier order-by-order in the parameter k, i.e. the height of the central plateau.)

z:lk:l
192 R i—1 9 R
S ik~ ey iy
i=1 k=1 i=1
192 1 91
- N-—R—1L) |3k | Lyo— Ryn + — > (L —i)r;
7 309m) ) (yo yN+2;( Dri +

(4.2a)

2 ¢ 4
=1

97 R . ) 97
+ =) (R—i)yry—i | - —k*(N—R— L)

The only nontrivial identity needed to carry out the comparison is the following;:

I L
S iy + 30 NG~ i = 3N~ + 3N . (43)
ij=1 =1

=1 j<i =1 j<i

and likewise for L <+ R (in the summation extrema) and ¢,j <> N — i, N — j (inside the
sums).

4.2 Solutions with O6-planes

In this subsection we aim to match the supergravity computation of the a conformal
anomaly with the holographic limit of the field theory result obtained in section 3.2.

Here we have three cases to distinguish depending on the boundary data (i.e. type of
poles) compatible with the presence of the O6-planes:

e 7o =7y = 0 but ag,an # 0, the latter being defined in terms of the (negative) D6
charges 7o, 7y of a D6-O6~ source localized at the poles z = 0, N of Mjs;

e 1o =1y # 0 but ag, any = 0, that is the total charge of the D6-O6 system at each of
the two poles is positive;

e One pole has a D6-O6~ source with negative effective charge and the other has
positive effective D6 charge.

The holographic a conformal anomaly from the gravity dual is obtained by plug-
ging (C.30c) and (C.30d) into (C.29). As is the case with only D6-branes, the numbers
70,7n or 7g,7n do not play any role at leading O(N®) order: they appear only in sub-
leading terms and hence are washed away in the holographic limit. The match then works
equally for the three cases mentioned above, and it is exactly equivalent to the one in the
previous section, with the following subtlety though: due to the orientifold projections, all
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ranks are effectively multiplied by two, 7; — 2r;, but the volume of the RP? fibers in the
solution with O6-planes is half of that of S? in the solution with only D6’s.3!

4.3 Solutions with an O8 at z = 0, regular or D6 pole at z = N

In this subsection we aim to match the supergravity computation of the a conformal
anomaly with the holographic limit of the field theory result obtained in section 3.3.

In this case 7o, g # 0 but yg = 0, whereas at the other pole of M3 (z = N) we have
ay = 0 but yy # 0, and ry may or may not be zero (in case of a regular, resp. D6, pole).
We have already determined the appropriate integration constants in appendix B.5 (we
simply need to plug ay = 0 in there). Taking their holographic limit yields:

97 % .
Yj ~ 7 ZT’U J € [LL] 5 (44&)
=1

YN - ""yN_*ZT'Nu j€ LR, (4.4b)

(971_)< L—-1 )
yn ~ [ K(N = L — R+Zm+zmz ; (4.4¢)

1

J

aj~ag— (9m)2Y (j—d)ry, €L L], (4.4d)
=1
7—1
ay—j ~ (97)(2))yn — (97)2 D "(j — i)rn—i, (4.4e)
(971')2 . L-1 R—1
a0 ~ ¢ <3k(N ~L-R)(N+L—-R)+6 (Z(N LRSS ier)) . (4.4f)
=1 =1

We can now sum (C.14), (C.20), and (C.24), plug in the integration constants given by (4.4),
and keep only the leading terms. Doing so yields:

192
i <122 (o Lo (g S v +

L—11i1-2 R—11:1-2
+ Z Z rlrk + TN iTN— k> +
i=1 k=1 i=1 k:l
27 3 9
+ 35735 WN-r —y1) | Gk(ar +an-r) + (yv-r —yL)” ) , (4.5a)

31 Another subtlety is the following. In appendix B we have derived the boundary data and integration con-
stants of a generic supergravity vacuum assuming the latter describes the near-horizon limit of an NS5-D6-
D8(-08) brane configuration. In such a case, the height of the plateau (i.e. the maximum rank) is k. Notice
however that upon introducing O6-planes, the height of the plateau becomes 2k as explained towards the end
of section 2.3 (see also figure 2b). Therefore we should also send k — 2k in those formulae for the alternating
SO-USp case. The same applies to boundary data and integration constants of sections 4.4, 5.1, and 5.3.

~32 -



L-1

ﬁgah(ﬂN Z — ) —1—222 TZT]+22TZZ]TN]+ZZT‘NZ
Jj=

=1 i=1 j<t
R—1 - -
+2> > iry_irn-j+ k(N - L—R) (Z irN_; + k(N — L+ R) Z ri> +
i=1 j<i i=1 =1
k‘2
+ 5 (N-L-R(N-L+ 2R)> . (4.5b)

It is a simple exercise to match this expression to the field theory one (3.20) term by term.

4.4 Solutions with an O8 at z = 0, and O6-planes

In this subsection we aim to match the supergravity computation of the a conformal
anomaly with the holographic limit of the field theory result obtained in section 3.4.
Here y9 = 0, but rg # 0 and ag # 0, while at z = N we can have two possibilities:

e ry =0but ay # 0= 7y # 0, when the total charge of the D6-O6~ system at z = N
is negative. The number 7y is interpreted as the effective D6 charge of a D6-O6~
source localized at the pole z = N of Ms;

e ry # 0 but ay = 0, when the total charge of the D6-O6 system at z = N is positive.

We can define the rank 2ns of a flavor SO group as explained in section 2.1.2.

The holographic a conformal anomaly is obtained by plugging the expression for yxn
and the expression (B.40) for ag into (4.5) with r; — 2r; for ¢ > 1. As in the case without
O6-planes, the numbers 7y or 7y do not appear directly at leading O(N?) order, and hence
do not affect the holographic computation. The match of the gravity calculation of a with
the field theory result 3.4 works just as in the previous section, keeping in mind the caveat
concerning the factor of 1/2 from the integrated volume of RP? with respect to S?, and
that r; — 2r; as well as k — 2k due to the orientifold action from the O6-planes.

5 New examples

In this section we shall compute the holographic a anomaly from supergravity for a few
novel examples of (1,0) theories. Given that the latter fall into the classes treated in
section 3, the holographic result is guaranteed to match the one obtained in field theory.
Along the way, we will also construct their AdS; supergravity duals for the first time.

The first theory we focus on is an example of (1,0) linear quiver engineered by a so-
called “formal” massive type ITA configuration [32], which we have already defined towards
the end of section 2.1.2. The second example is the theory engineered by the NS5-D6-D8-
O8~ brane configuration depicted in figure 3b (in particular, we will match the gravity
result to (3.26a)). Finally, we will tackle the case characterized by a combined O6T-O8~
orientifold action: the quiver of which we compute the holographic a anomaly is the right
one in figure 5Hc, and is engineered by the brane configuration in figure 5b.
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5.1 A formal massive ITA quiver and its dual vacuum

In presence of O6-planes, the perturbative type IIA description of an alternating SO-
USp quiver may sometimes break down due to the appearance of hypermultiplet spinor
representations in the F-theory engineering of the same SCFT [48]. One must then turn
to the latter description to reliably compute field theory observables. However [32] made a
remarkable observation: one may still use a type IIA description to compute the a conformal
anomaly of the quiver theory, at the price of using a so-called “formal” brane configuration,
where some gauge groups have a non-positive rank. As anticipated in section 2.1.2, this
always happens for a (1,0) theory one of whose tails is labeled by the principal orbit
Ojgk—1,1) of s0(2k) (i.e. 2k = (2k — 1) + 1 with 2k — 1 odd, since 2k is even). Using the
notation of the right quiver in figure 2d, we see that the (1,0) theory is given by

L L Mok
lfo—ofofo—o—o—o—o—---— e — l — o — @ — - — l (5,1a)
—6 3 —4 5 —2 7 0 9 2 2k—1 2k—8 2k 2k—8 2k—8
s5U, g2 509 usp, 509k —1 WSPor_g s09, USP2g-—8 Uspor_g
2 2 3 1 4 1 ce 4 1 4 1 cee 1 [SO(Qk)]
[Ny=3]

(5.1b)

Notice that (5.1a) corresponds to a Higgsing of the quiver in figure 2b, with a left massive
tail, then a massless plateau. We have also overlaid the formal type ITA construction onto
the F-theory engineering (5.1b) of the same quiver. We see that, superficially, the two
are very different. For instance, the latter features the exceptional gauge algebra go, a
half-hypermultiplet of the leftmost usp(2k — 8) algebra (at the beginning of the massless
plateau), and an SO(2k) flavor symmetry (denoted by square brackets) corresponding to the
gray square of rank 2k in (5.1a). Nonetheless in [32, eqs. (4.42)—(4.48)] it was checked that
the coefficients «, ..., (3.3) through which a is defined agree on both sides at finite k, N.

Here we will extract the large k, N behavior of a, and also construct the AdS7 vacuum
dual to (5.1a). We propose that the latter provide the gravity dual to the nonperturbative
F-theory configuration (5.1b). This partially reduces the scarcity of AdS; “solutions” of
F-theory, extending the class of those claimed to exist in [76-79] (for d = 5), [80] (for d = 3)
and [81] (for d = 4) to the case d = 7.3

The supergravity solution is constructed as usual by reading off the combinatorial data
from the quiver in (5.1a). We have, for 2k — 1 odd:

—8+(2i—1)+1 iodd

fori=1,....,k—=1. (5.2)
21+ 1 1 even

L=2k—-1, R=0; Qi:_{

Notice that in the holographic limit, i.e. when g; ~ k ~ N — oo, we can simply put
0; :=2r; +1 = 2i+ 1 for all ¢, as constant shifts are unimportant. We have p; := rg =0,

32Notice however a crucial difference. In the cited examples, the AdS vacua are type IIB supergravity
solutions with varying axiodilaton (with or without seven-brane monodromies). Here we have a type ITA
vacuum producing the same a conformal anomaly as an F-theory configuration, in the holographic limit.
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but 7o = —3, given the leftmost flavor SO(1) which is engineered by an O6 (see the
discussion in section 2.1.2). This effective charge will define an ay o Toyo # 0 via (2.22).
On the other hand, the rightmost SO(2k) group corresponds to a D6 pole (i.e. a source with
positive D6 charge) given that & > 4 (remember that this is a Higgsing of the theory of N
M5’s probing C?/Dy, k > 4); therefore we will take yn # 0,ay = 0. Finally L = 2k — 1
but R = 0, since we only have a left massive tail before the plateau.

We have already computed the integration constants and boundary data in the generic
(i.e. ro,n, ap N nOt necessarily vanishing) asymmetric (i.e. L # R, L, R < N) case in ap-
pendix B.2.3. However since R = 0 this falls into the limiting case treated in section (B.6),
with g; — 2i+1 from [0, L] (the left massive tail) and g; — 2k from [L+1, N] (the massless
plateau). With the above choices, (B.32a) and (B.30) become:3

_ 93 (k(4(k — 3)k — 3(N — 1)N + 10) — 3)

% 4+ 612N ’ (5.32)

3m3k (4k? — 6k + 3N (N + 3)) + 187 (kN + k — 1)
yN = 2 5 (53b)

4+ 47N
8172 (k(4(k — 3)k — 3(N — 1)N + 10) — 3)
oy = — 5 130N . (5.3c)
The integration constants, in the subintervals z € [i,i+1] for: =1,..., L—1, are given by:
9m3(3(i(i+2) —1)N +2k(4(k—3)k—3(N —1)N+10) —6)+18x (i(i+2) —1) (5.40)
i 8+12m2N SRS
54(i(i(i+3) —3)+3k(4(k—3)k—3(N —1)N +10) —8)
o =— +
44-6m2N

81m2(i((i(i+3)—3)N —2k(4(k—3)k—3(N —1)N+10)+6)+N)

+ . (5.4b)
4+6m2N
In the massless region z € [i,7 + 1] with i € [L, N — 2] we have instead:
_ 3 : 2 2 .
Yi= S omIN [97° (2k (6(i4+1) N +4k* —6k(N+2)—3N?+10) +3(i—1)N —6) +
+ 187 (4ik+i—4k*+2k—1)] (5.5a)
1
i=———— (8172 (6i°k N +i (2k (—4k? —6k(N —2)+3N (N +1)—10) =5N
o 4+67T2N[87r (6i* kN +i (2k (—4k*—6k(N —2)+3N(N+1)—10) —5N +6) +

+ 4(k—1)k(2k—1)N +N)+54 (6i*k+i(—12(k— 1)k —5) + k(4k(5k —12)+
— 9(N—-1)N+34)-8)]. (5.5b)
Plugging the above integration constants and the ranks g; = 2r; + 1 into (2.14) defines

the corresponding supergravity solution a(z)formal- Performing the internal space inte-
gral (C.29) (and setting to zero by hand the contribution from the right massive region),

33Notice that (5.3a) is indeed negative (as required by the argument in footnote 23), once we fix the
dependence of k on L ~ N via k := Ele s; = 1, — 1o, which is of order O(N*'). In particular k = kN with
0< k< \/§/ 2. This region may seem “small” and nongeneric; however notice that it becomes large if we
invert the dependence as N = 1/k k, which is just another admissible way of achieving (2.7).
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Figure 6. An artist’s impression of the internal space M3 of the AdS; vacuum dual to the quiver
in (5.7) with N = 80 and k = 10. The topology is that of a half-S3. (This is somewhat reminiscent
of the half-S* internal space of the vacuum in [20], dual to the D4-D8-O8~ configuration of [66].).
The O8~ source wraps its equator (i.e. is localized at the z = 0 pole). The z = N pole is of D6
type, i.e. is a singular point for the metric ds?WS. Notice that, in contrast to figure le, there are no
black creases representing D8’s wrapping S? fibers, since here ng = 0.

the leading order of the a conformal anomaly is found to be

32 64 16 k*
Gformal ™~ 7k2 <N3 + 8k2N - gk‘S - 3N> , ask, N — 0. (56)

One can check that this indeed agrees with (3.19), specialized to the present case.

5.2 The gravity dual of the O8~

In this section we shall construct the AdS7 dual to the right quiver in figure 4a without
flavors, and extract the holographic a conformal anomaly. We decide to focus on the theory
engineered by a single O8~ (that is, ng = 0 in the notation of figure 3b but ng = 8 in the
notation of figure 4c), instead of a D808~ stack.

The O8 source sits at the z = 0 pole of the internal space M3, and enforces the
conditions 19 = 2k, ag # 0 (but yg = 0); at the other pole (z = N) we have a stack of
2k 4+ 8N semi-infinite D6-branes, therefore ry = 2k + 8N, ay =0, yny # 0 (here k should
not be confused with the maximum rank — i.e. maximum number of D6-branes in the
configuration, which is 2k + 8N in this case). The product gauge group is

N-1
USp(ro = 2k) x [ ] SU(r; = 2k + 8i). (5.7)
i=1
There is only a left massive region, occupying the whole base interval I = [0, N]. Therefore
L=Nand R=0.

The boundary data fall into the class of section B.6, since we are in a limiting case (i.e.
L = N and R = 0). In other words the solution is parameterized by a single increasing
ramp of r;. The boundary data are found to be

yn = 97 (kN + 2N?) | (5.8a)
ap = 2712 N?(3k 4+ 4N). (5.8b)
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In each subinterval z € [i,i+ 1] with ¢ € [1, N — 1] the integration constants (2.15a) become

yi = 9mi(2i + k), (5.9a)
o; = —277% (4i® + 3i*k — N*(3k + 4N)) . (5.9b)

We can now use the above boundary data and integration constants to define a function
a(z)pg- characterizing the vacuum dual to the right quiver in figure 4a (with f; = ng = 0).
Performing the internal space integral (4.5) produces, at leading order, the following a
conformal anomaly:

Oginglo 08— ™ % (1561\75 + 4kN* + §k2N3> , ask,N — o00. (5.10)
Notice that this is exactly the O(N®) order of the field theory expression (3.26) albeit
with a sign difference in the second summand, which is simply due to the different D8
charge of a single O8~ w.r.t. what considered there. More generally, for a D8-O87T stack
(with ng pairs of image branes) the first two coefficients in parenthesis read %(4 —ng)? and
+(4—np) respectively. Thus when ng # 0 but £ = 0 = ro = 0, (5.10) precisely matches [52,
eq. (5.13)] under the identification n§ere := 8—nfPere = 2phere 34 Qur expression generalizes
that formula to cases with nonzero D6 brane charge ro = 2k. A single O8~ engineers a
so-called massive Fp-string theory.

5.3 The gravity dual of the O8~ with O6-planes

In this section we shall compute the holographic a conformal anomaly of the right quiver
in figure 5c, engineered by the brane configuration of figure 5b featuring a combined O6™-
O8~ orientifold projection on the first gauge group SU(k) — SO(2k) — SU(rp = k). As
done in the previous subsections, by computing the appropriate integration constants and
boundary conditions we are able to construct the dual AdS7 solution «(z)o6.0s-

Given the presence of the D8-O8~ stack, the quiver has an SO(32) flavor symmetry of
the 0-th gauge group (and the physical D8’s contribute ng = 16 full hypermultiplets). If we
do not insert any other D8 in the brane configuration, the rightmost D6-O6~ stack escaping
off to infinity engineers an SO(gy) flavor symmetry. Using rg = k, go = 2n9 = 32 and
applying condition (3.10) repeatedly at each node, the product gauge group is found to be

N-1
SU(k) x J] SO(pi = 2k — 24i + 8) x USp(g; = 2k — 24i) . (5.11)
=1

In the holographic computation (k ~ N — oo) we will use 2r; = 2k — 24i + 8 for the ranks.
Moreover since the latter are decreasing as 4 increases, the z = N pole will be of O6 type

34Notice that [52] only counts physical branes in the reduced space, whereby the Dp charge of an Op*
is £2P75. So for ng # 0 and k = 0 (5.10) gives the conformal anomaly a ~ 18-%(8 — 2pf®)2N° =

7 15
Lﬁ%(nghEYE)sz’ of the massive EHngere/Q—string theory of n§®®/2 pairs of D8’s overlaid onto an O8~.
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if the effective D6 charge becomes negative. This means gy = 0 but gy := py = 2ry # 0.
To have a meaningful rightmost flavor symmetry we must impose

oy =2k —24N+8>0, (5.12)

which is saturated by an empty flavor group SO(2ry = 0 = 2ng), i.e. k = 12N — 4. In this
case Ty = —4 + 2n9 = —4, since there are 2ry = 0 D6-branes on top of the semi-infinite
O6~. Thus, ay = yy by (B.31). Moreover notice that 2r; = 2k — 24i + 8 = 24(N — 4),
so we might as well label the gauge groups starting from the right, 2ry_; = 24i. We
only have a right massive tail filling up the whole base interval I = [0, N]. Hence L = 0
and R = N. Also, in the supergravity solution we have to use 2rqg = 2k at z = 0, which
corresponds to the total number of D6-branes on top of the first O6-plane.

At z = 0, the O8 enforces the conditions yy = 0, g # 0. Therefore, we simply need
to determine g and yy. This has already been done in appendix B.6, but again we are
in a limiting case, i.e. the massless region is absent and we just have a ramp of decreasing
ranks ;. We find:

27
a0 =5 (3N? +87*(BN(N(2N —3) +2) —1) — 1) , (5.13a)
yn =187 (3N? —1) , (5.13b)
3 27
= —yv=—(3N?2-1). 1
an 47TyN 5 (3 ) (5.13c¢)
The integration constants in the subintervals [N —i, N — (i —1)] fori=1,...,N — 1 are
given by:
yn—; = —18m (3i* —=3N? + 1) , (5.14a)
27
ay-i == (247%° —3N? +1) . (5.14b)

We can now use the above boundary data and integration constants to define a function
a06.08- Performing the internal space integral (4.5) finally yields:

162 122
a06.08 ~ — —N°, as N — co. (5.15)

One can check that this agrees with the leading order of (3.28), which reads

122 ? <156N5 —2N* + O(N3)> . (5.16)

6 On the holographic a-theorem

In this section we would like to provide evidence for the existence of a holographic a-theorem
for Higgs branch RG flows.

As explained in sections 2.1.1 and 2.1.2, any quiver belonging to the pure SU class,
respectively alternating SO-USp one, is obtained by Higgsing the theory of N M5’s probing
the C?/Aj_, singularity, respectively C?/Dy. In either class, the supergravity dual of
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the unHiggsed theory is the AdS; x S*/T' Freund-Rubin solution of eleven-dimensional
supergravity, that can be reduced to a massless (i.e. Fy = 0) type IIA AdS7 x M3 vacuum.
The gravity dual of a Higgsed quiver is instead a massive vacuum, the Romans mass being
sourced by flavor D8-branes. The quiver is then labeled by (two) nilpotent orbit(s) of su(k),
respectively so(2k), specifying the way color D6-branes end on the D8’s at its two tails.

A six-dimensional a-theorem for tensor branch flows has been proven in [74]. For Higgs
branch flows, [32] computed a exactly at finite k, N for these two classes of quivers, and
established an a-theorem:*> The “massless” quiver is characterized by an anomaly ayy,
whereas any “massive”, that is Higgsed, quiver by ajr such that ayy > aigr. Moreover,
Aa > 0 for any two massive quivers, one lower than the other on the so-called (nilpotent
orbits) Hasse diagram.

It is then natural to ask whether this statement has a holographic counterpart. We
believe the answer is positive. In the pure SU case, our AdS7; massive type IIA solutions
can be consistently truncated to minimal gauged supergravity vacua [83], and therefore a
holographic a-theorem can be established following the arguments of [84, 85]. As usual,
the seven-dimensional solutions which interpolate between two critical points (of the scalar
potential) along the holographic flow will be obtained by giving appropriate vev’s to scalar
fields. In the alternating SO-USp case, in principle one has to worry about the presence
of orientifolds in a Romans mass background, which are sources of repulsive “attraction”
due to their negative tension (at least the O67’s). However for any physically sensible
effective theory in seven dimensions (the gauged supergravity), the kinetic term of the
scalar fields should be positive definite, as the O-planes cannot contribute any ghosts (being
nondynamical objects). Therefore the positive energy conditions and considerations of [84]
are unscathed, and the holographic a-theorem holds true as without O6’s.

It remains to be understood what is the function that decreases monotonically along
the holographic flow. A natural candidate is obviously provided by

Qhol ~ /dza(z)q(z) oc/ P4 %yoly (6.1)
I M3

given that this integral captures the leading order of the holographic a conformal anomaly
(see (4.1)). We observe however that there is an even simpler function that satisfies the
required monotonicity property, namely g. Moreover ¢ > 0 implies that | ;dzq(z) >0,
which can be understood as a “volume function” that decreases along the flow. Indeed in
any theory (massless or massive) we have [30, eq. (4.41)]:

e G Re(2) = q(2) > 0, (6.2)

where Rgs is the radius of the S? fiber of M3 over z € I = [0, N|, which was given in (2.19).
(82 is replaced by RP? in presence of O6-planes, i.e. in the so(2k) case.) Focusing on the
simpler su(k) case, in a Higgsed quiver ¢ is defined in terms of a (transposed) partition in
each of the massive tails [0, L] and [N — R, N|], and is constant across the massless plateau

350ther evidence for its existence was previously given in [82], where three monotonically-decreasing
functions along the flow are identified.
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[L, N—R] (where it equals %) The partitions can be naturally inverse-ordered starting from
p' = [1*], i.e. p = [k] (which corresponds to the regular orbit Op of maximum dimension),
and moving one box at the end of a row to a lower row until we reach the trivial partition
pt = [k] <+ p = [1¥] (corresponding to the trivial orbit {0}). E.g. for k = 4:3

Opig <> 0 :E%EJ%BH%B:D%DEH O, = {0}. (6.3)

Notice that the “graphical” ordering prescription — on the transposed partitions precisely
corresponds to the (partial) order on the nilpotent orbit Hasse diagram.®”

The massless theory has p} = pf; = [1¥] corresponding to biggest orbits (’)[I;C’}R, whereas
the “most massive” quiver will have p} = p} = [k], i.e. is characterized by two tails labeled
by (’)[Ll’,f]{ at the bottom of the Hasse diagram. In particular it is easy to convince oneself
that, for k, N — oo, the graph of the piecewise linear function 2¢(z) = r; + s;+1(2 — 9)
with z € [0, N] (see e.g. [1, figure 2(b)]) corresponding to two partitions lower on the su(k)

Hasse diagram is always dominated from the above by that of one higher on the diagram,

and in particular by the massless theory. Consider e.g. O, s, . s, and (’)fs,1 sl if
O > O’ then by definition Zgzl s; > Zgzl s, & Ti—rg > 1"3 —rg for 1 < 7 < m,n, that

implies r; > ré. Then for at least one j we will have r; > r;, implying that the graph of
qgor is dominated by that of go.*® (This is also true for so(2k) orbits.) Given the positivity
of ¢ throughout the base interval I, we also have

R E— / a2 q(2)o > / dz (=)o > / a2 4() 10y (6.4)

I

which proves the monotonicity of the integral along the holographic flow.

7 Conclusions

In this paper we have computed exactly in field theory the a conformal anomaly of a vast
class of six-dimensional (1,0) SCFT’s admitting a holographic dual in massive type ITA
supergravity. We have done so by leveraging the six-dimensional anomaly polynomial. On
the tensor branch each such field theory is described by a linear quiver of SU, SO, and USp
gauge and flavor groups (and matter in various representations). The last two possibilities
are engineered through orientifolds inserted in the brane configurations.

We have extracted the leading behavior of a as the number N of gauge groups as well
as the maximum rank k become large, and compared this result to the one obtained in

36This observation has been heavily exploited in [32], where the dimension of the Higgs branch of the
SCF'T has been related to the dimension of the orbits Or, r.

37For classical Lie algebras g the ordering is only partial, i.e. the orbits (and associated partitions) form
a poset whereby some may have equal dimension. However for g = su(k) (or rather its complexification
sl(k)) [56, thm. 6.3.2] proves that the transposition of partitions is indeed an order-reversing involution on
the Hasse diagram. For g = s0(2k) one needs to be more careful, and must apply the so-called Spaltenstein
map [56, thm. 6.3.5].

38 A similar observation using the nilpotent orbit hierarchy, albeit from the field theory perspective, was
made in [48]. (See egs. (3.10) and (3.19) in that paper.)
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supergravity. The latter can be computed as an internal space integral of a cubic polynomial
called a(z) by which the dual AdS7 vacuum is defined.

We have provided general formulae for all classes of theories engineered by the brane
configurations of figures 1, 2, 3, and 5. We have then specialized them to a few important
examples, such as the formal massive type ITA quiver (5.1), and to the theory engineered by
inserting a single O8 -plane, or a combined O61-O8~ orientifold projection, in a suspended
NS5-D6 brane setup. By exploiting the general formalism laid down in the paper we were
also able to explicitly construct their AdS; dual vacua for the first time.

Finally we have given evidence for the existence of a holographic a-theorem for Higgs
branch RG flows among the quiver theories, and we have also identified a function that
decreases monotonically along the holographic flow.

In the following we wish to propose a few possible avenues of future investigation.

e It would be interesting to compute stringy corrections or use the brane on-shell action
(along the lines of [79]) to distinguish between the two configurations considered
in section 3.3.1, namely a single O8" and an O8~ overlaid onto sixteen pairs of
image D8’s. This should reproduce the subleading terms in the exact a conformal
anomaly (3.27) that do not come from supergravity, and can therefore be trusted.
Computing the subleading terms directly from string theory could also shed light
on the nature of the O8", which is related by T-duality to the O7" with a frozen
singularity in F-theory [75, 86] (i.e. an Ej Kodaira fiber — engineering a usp(0)
algebra — that cannot be resolved, probably because of a discrete flux [61]).

e It would be possible to adapt our general formalism to compute the holographic a
anomaly of six-dimensional conformal matter of type (Es,I") [28, section 6], that is
the theory of N M5’s probing the intersection between an Eg Hofava-Witten wall
and a C2/T singularity, with I' = Aj_1, Dg. The (rank-N) massive Eg-string theory
is an example thereof, and we have explicitly shown in section 5.2 how to extract
the large N behavior of a for all Ey(g_p,-string theories, 1 < ng < 8 (with nonzero
D6-brane charge r). By modifying the massive tail, we could easily accommodate
an alternating sequence of SO-USp groups, ending on the D8-O8~ wall.

e Finally, it would now be a simple exercise to extend the computation in section 5.1
to all formal type ITA quivers derived in [32], in order to enlarge the class of massive
AdS7 vacua producing at large k, N the same a conformal anomaly as nonperturbative
F-theory quivers.
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A Change of variables: from y to z

The AdS7 solutions that we consider in this paper are direct generalizations of those first
constructed numerically in [30], and then given an analytic description in [67]. (The analytic
form was obtained by leveraging the existence of a one-to-one correspondence between AdSs
and AdSy vacua of massive ITA, as summarized in [31].) In the latter paper, the analytic
vacua depend on a single variable y parameterizing the base interval I of M3z = S3.

All physical fields (metric, dilaton ¢, warping A, fluxes) can then be written in terms
of a single function 5(y) (a prime denotes differentiation w.r.t. y):

N\ 1/2 /
24 = 2 <_6> e - i q(y)=—4y@ (A-la)

9\ vy T 12i3 -5 5

!/
dsty = e*! (dsids7 - 116560@2 t s ﬁﬁ _/ 4y 5 ds§2> : (A.1b)
and more complicated expressions hold for RR and NSNS fluxes (see e.g. [1, eq. (2.9)]
and [67, eq. (5.11)]). The function B(y) satisfies a nonlinear ODE: any solution to the
latter (with appropriate boundary conditions) produces an AdS; vacuum. Moreover said
ODE can be conveniently recast in a much simpler form if one introduces an auxiliary
function ¢(y), that turns out to govern the position of D8-brane sources. It simply reads
(a(y)®) = %Fo, (A.2)
where Fj is the Romans mass of the solution.
In this paper we have characterized the vacua in terms of quiver gauge theory data,
e.g. in the pure SU case the ranks r; and their differences s; := r; — r;—1 (i.e. the depths
of the pr, g Young tableaux’s columns). As explained [1, section 2.2.2] and reviewed in
section 2.1.1, one can further relate these data to the supergravity ones, such as the value
of the Romans mass Fy = 52 (with ng € Z) in a certain region of the internal space M3,
the number of D8-branes (sourcing Fp) in each stack, and their D6 charge. The relation is

quite simple, and reads
Sivl = M0+l 4 = ST (A.3)

with ng 41 the value of the Romans mass between the i-th and (i 4+ 1)-th D8 stack, and ¢;
the value of ¢(y) at the location y; of the i-th D8 stack. The most general solution to (A.2)

then reads 1

1 :
*(y) = gsz#l(y — i)+ 17”12 with y € [yi, yit1] , (A.4)
and y; further satisfying yiy1 — yi = 2 (ris1 + ;). In [1] a clever change of variables was
found that simplifies quite a bit the solutions to (A.2). It reads:

1 ody 1. _ 1 :
) q(z) = -u(2), y(z)=— B(z), (A.5)
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where a dot means differentiation w.r.t. z. (Notice that (A.5) then implies \/((z) < 0.) In

effect, using the above definition and calling «(z) := /f(z), we have
a() = grit gsinz—i), z€fiitl], (A.6)
with .
q(z) = —Wd(z)- (A.7)

Notice that g(z) has become piecewise linear, a fact that is interpreted as a (supergravity)
continuum version of the discrete (quantum) field theory group data (the r;’s and their
differences). As r; ~ N — oo, the piecewise function will be characterized by a smooth
graph (see e.g. [1, figure 2b]). Once a solution to (A.2) (which becomes (2.12) in the
z coordinate) is found, the function «(z) can be obtained by double integration, which
produces (2.14a).

B Integration constants and boundary data

In this appendix we will determine the integration constants y;, a; appearing in (2.14) for
i=1,...,N —1, as well as the “boundary data” yo,yn, g, an.>? We first determine the
former by direct computation; we then attack the cases i = 0, N by exploiting some extra
physical input.
We start by evaluating (2.14a) and (2.14b) at z = i + 1 (call y;41 = y(i + 1) and
aip1 :=a(i+1)),i€[0,N —1]:
(9m)?  (97)?

Q41 — O = —2(971')(%‘ — B r; — 6 Si+1 (B.la)

I
Yivl = Yi = Z(Tiﬂ + 7). (B.1b)

Summing (B.1b) over ¢ from 0 to j — 1 and solving for y; gives (B.2a) here below; summing
instead yn—i — yn—(i+1) over i from 0 to j — 1 and solving for yn_; gives (B.2b):

j—1

2 2 1 .
Ui = g0+ 5(ro+ 1) +) i, jel,I]; (B.2a)
=1
2 2 1 i1 ,
OrIN=I = g YN~ 5( N+ TN—j) — ZTNﬂ', je[LR]. (B.2Db)

i=1

Evaluating (B.2) at z = L and z = N — R gives:

97 or K2
YL =yo + Z(T’o +rp) + 3 ZZ:; i, (B.3a)
R—1
I I
YN-R = YN — Z(TN +7TN-R) — o5 Z TN—j- (B.3b)
i=1

39Notice that in [1} Yo, yn are called integration constants rather than boundary data (whereas ao, an
are assumed to be identically zero).
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In the solutions of [1] the left and right Young tableaux must have the same number of
boxes. If we generalize this to the case where 7o,y # 0, we have:

L R
k:ZSi:’I“L—’Fo, k:—ZsN_(i_l):TN,R—rN. (B.4)
i=1 i=1
Given that r;, = ry_pr by construction — this number in fact defines the height of the
central plateau, which must of course be constant across it — we also seem to have the
constraint
ro=TN . (B.5)

However the above condition need not hold in the generic setup (this is the case when the
numbers of branes in the left and right stacks of semi-infinite D6’s differ). Therefore we
conclude that the total number of boxes in the left and right tableaux are unrelated in
generic (massive) solutions. We define

L
kL Z:ZSZ‘ =7rr—"To, (B6a)
i=1
R-1
kg = —ZSN_Z‘ =rN_R—TN (B.6Db)

with k1, # kr generically. If we now call k := rp = ry_pg, we can re-express ki, and kg in
terms of the former, which will play the role of the (constant) height of the plateau as in [1]:

k:er:TN_R = kL:k—T’o, kR:k—TN. (B7)

In passing we note that in the holographic setup k, rather than ki, g, corresponds to the
order of the orbifold in the eleven-dimensional supergravity solution AdS7 x $*/Z;, (which
we reduce on an S C S* to obtain the massless ten-dimensional one [30]). kg are only
defined for ten-dimensional massive AdS; x M3 vacua (corresponding to Higgsed quivers
of pure SU type, as explained in section 2.1.1).

Let us now sum the y; in (B.2a) over ¢ from 0 to j — 1 (with j = 1,..., L), and let us
do the same with the yy_; in (B.2b) from 0 to j — 1 (with j =1,..., R):

j—14i-1
Zyz yoJrZyz (.2 ]yoJr* (-1 To+2n+2ZZm] (B.8a)
i=1k=1
j—1li—1
ZyN i yN+ZyN z(BZZb)]yN_gl 1 7‘N+ZT’N Z-i-QZZTN k] (BSb)

i=1k=1

These expressions will be needed to determine the «;, to which we now turn. Sum-
ming (B.1a) over i form 0 to j—1 (and trading Z]-;é y; for (B.8a)) and solving for o yields:

(97)°
6

j—1
a; = ag — (97)(24)yo — (35 = Dro+ry) = (9m)?> (G —i)rs, je[L,L]. (BY)
=1

More explicitly, (B.9) has been determined as follows:
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1. evaluate (2.14a) at z = i+ 1 to obtain (B.1la) (remember that in (2.14a) z € [i,7 + 1],
so we are evaluating the expression at the interval upper endpoint);

2. sum (B.1a) from 0 to j — 1 over ¢, with j =1..., L;

3. the left-hand side of this sum is o; — g, whereas the right-hand side entails summing
the quantities y;, r;, $;41 over ¢ with appropriate coefficients;

4. we trade the sum of the y; over i for the right-hand side of (B.8a);

5. summing all contributions, the ensuing expression is the part of the right-hand side
of (B.9) that does not depend on .

To determine ay_; with j = 1,..., R we can proceed in two different ways: we can
either repeat the procedure outlined above starting from the right endpoint at z = N and
summing towards the interior until we hit 2 = N — R =: R/, or we sum from 2z = R’ to
z=N —1. In fact

N-1

— (QN—(Z'—H) — OzN,i) = —aN_Rt+aNy = —arp +ay = Z Qi1 — Q. (B.lO)
=R/

vl
_

I
=)

i

(Notice the crucial sign in front of the summand in the first sum.) The left (right) sum
in (B.10) corresponds to the first (second) way we just explained. We will show how the
first works. Given (B.la), we have to compute the sum

/2 1 1
— (9m)? <97ryN—(i+1) + TNt + 63N—i> = (B.11)
=0
2 i1 1
= —(97) o ZyN—i + Z 5 N=(i+1) T gSN—i
=1 1=0
[ 2 [ 1 1
= —(977) g YN—i — YN + YN—j + Z 57‘]\[_(7;_;'_1) + 65]\[_7; s
i=0 i—0

for j =1,..., R. We must now trade the sum Zg;& yn—; for (B.8b) and yn_; for (B.2b).
Doing so yields:

(971')2 i1
T((3]'—1)rN+rN_‘,~)—(97r)2 (j—i)rn_i. (B.12)

1

an—j = ay + (97)(27)yn —

7

Using the above results for the integration constants, we will now show how to determine
the boundary data yo ny and ag n.

B.1 Recovering [1, appendix A]: only regular poles

To recover the boundary data of [1, appendix A] we simply set 7o = ry = ap = ay =
0, given that only the regular pole case is treated in that paper. Plugging all this

45 —



into (B.2), (B.9), and (B.12), and evaluating at z = L, z = N — R, we find:

k=kL=rp=rn-gr= kR; (B.13a)
YL —y0+*TL+*ZTu (B.13b)
97
YN-R =YN = TN R_*ZTNM (B.13c)
L1
ar = —(97)(2L)yo — (97T) er — 2 Z — i), (B.13d)
=1
)1 R—1
an-r = (97)(2R)yn — (97)? GTN-R 2> (R—i)ry_i. (B.13e)
i=1

We need now to determine the boundary data {yo,yn,p,an}, in terms of the
N, L, R,r;, and in the following sections we will assume that L, R # N. When this happens,
we need to take care of these cases separately since the constraint that fix the boundary
data will be slightly modified. We will call these limiting case, i.e. no massless region and
just an increasing or decreasing ramp of ;.

B.1.1 Symmetric case

In the symmetric case we have p;, = —pr and L = R, and the equations we need to solve
in order to determine yo and yy are [1]:°
9
YN—R — YL = ?k‘(N*R*L), (B.14a)
Yn—-r +yL =0. (B.14b)

Plugging (B.13) into (B.14) and solving for yo and yx we obtain:

97 o, 97T
— T er-N—Dk—2%"r|, un=
Y= ( )k i:lT] YN T

L—1
(2L — N — 1)k —2ZTN ] .

=1
(B.15)
We shall now make use of the fact p, = —pgr: this simply means that the collections of
ranks r; that define the two tableaux are identical term-by-term, that is r; = ry_;, for
i=1,...,L.*" Therefore:

L—-1
9

which is precisely [1, eq. (A.2)].

“ONotice that there is a typo in [1, eq. (2.20)]. However [1, egs. (A.2), (A.5)] are correct.

41 The minus in pr, = —pr accounts for the fact that in the right Young tableau the columns have “negative
depth”, given that ri41 < 7; (fori = N — R,...,N — 1) implies s;4+1 < 0 for every i. However the ranks
themselves are obviously positive, hence the meaningful identifications rny_; =r; fori=1,...,L = R.
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B.1.2 No-massless symmetric case

A subcase of the above is when there is no massless region: N—L—R=0ie. L=R = %,
and yr = yn—g (given that r; = ry_g = k). Therefore:
YNn-r—yrL =0, yn-r+yr=0 (B.17)
obviously yielding y;, = yny—r = 0. Solving the latter equations for yg, yn gives
O L—1
yO:—yN:—Z k+2zn] , (B18)
i=1
which is the N = 2L limit of (B.16).
B.1.3 Asymmetric case
We have pr, # pr and L # R, and the relevant equations we need to solve are [1]:
9 9
YN—-r—Yr=—=k(N—R—L), e = (N—R—I
22 N YN-R—YL 9 ( )s (B.19)
AON-R—OL=7 (Y1 —YX—R); an-—g—oaL==91(N-R-L)(yL+yn-r)-

Plugging (B.13) into the latter and solving for yo,yny we obtain the expressions [,
eq. (A.5)]:*2

4 L L-1 9 L—-1 R—-1

gU0=7 L= N=R)(N+1-L-R)-2) ri+ (Zin—ZirN_i> : (B.20a)
i=1 =1 i=1

4 k R-1 9 L-1 1

—yn=-(L+N—R)(N+1-L—R)+2 e D

g IN N( +N—R)(N+ R)+ ;TN ity (;m

z‘er) . (B.20Db)
i=1

B.2 Generic poles: none among rg, 7N, g, XN iS zero

We will now determine the boundary data both in the symmetric and asymmetric case
for the generic setup, i.e. when rg, 7y, g, @y are not necessarily zero. The specific AdS7
solution might require setting some (or none) of them to zero. We have:

kL:k—T():T’L—T(), ]CR:k—T’N:TN_R—TN; (B.21a)
97 o K2
yL:yD+4(T0+k)+2;Ti7 (B.21b)
R-1
I 97
yN—R—Z/N—4(7’N+k)—2;TN—i, (B.21c)
L1
a1 1 2 ‘
ap=og—(97)(2L)yo— (97) <6(3L—1)r0+6k>—(97r) > (L—i)ri, (B.21d)
i=1
R-1

1 1 .
an_r=an+(97)(2R)yn — (97)* (6(3R— 1)TN+6k> —(97)? Z(R—Z)TN_i. (B.21e)
=1
42Notice that there is a typo in the upper extremum of the sum Zf:ll rN—s, in the second line of [1,

eq. (A.5)]: L — 1 should read R — 1.
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B.2.1 Symmetric case

We have pr, = —pr (i.e. i =ry_; fori=1,...,L = R) and L = R. Upon solving (B.14)
for yo, yn we find:

L—1
I
=7 (2L—N—1)k—r0—22m], (B.22a)
=
or L-1
=7 [(2L—N—1)k—rN—221Ti] : (B.22b)
1=
Clearly, in the subcase 19 = 7y (which implies ki, = kr = k — r¢) we have yop = —yn,

mimicking (B.16). Notice that yo, yn do not depend on ag, . This situation corresponds
to having rp D6-branes at one pole of the solution, and ry at the other, if ag = ay =0,
and to a D6-06 stack if agp, any # 0 — see table 2.

B.2.2 No-massless symmetric case

In the no-massless-region subcase (i.e. N — L — R =0, N = 2L) we have:

9
Yo = e

-1 o
k+7'0+2217“i], UN =
1=

L—1
/C+TN+2ZT'i] , (B.23)
=1

which is just the N = 2L limit of (B.22).

B.2.3 Asymmetric case

We have pr, # pr and L # R. Solving (B.19) for yo, yn yields:

A L L—1 o (L1 R-1
g =L -N-R(N+1-L-R)=23 ri+ <ZiT¢—ZZ’TN—z‘) +
T i=1 i=1 i=1

4 ag— an B i

T on 2N(97) 3N
4 k R-1 9 L—-1 R—1
GoUN = N(L+N—R)(N+1—L—R)+227~N_i+ﬁ (Zm— va_z) +
=1 ] L
4 ag—an 1
T oran(m) 3N

(BN =Dro+rn), (B.24a)

(BN =1)ry + 7o) . (B.24b)

These expressions correctly reduce to (B.20) once we plug in rg = ry = ag = ay = 0.

B.3 Using F5 to determine o, apy: physical interpretation

We would like to express the boundary data ag, an in terms of the physical ranks which
define both the brane configuration and the supergravity solution.
Consider the expression (2.10) for Fj:

FQ(Z) = (1025(22732 + 7Fy Oé(j-)(ZY)(Z)) volge . (B.25)
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Evaluating (2.14a) in the first interval z € [0, 1] gives

97)? 97r)?
a(z) = ag — (97)(2y0) 2 — <72r>7“0 22 — ( g) 5125, (B.26)
We also know that the Romans mass is given in that interval by Fy = 2mng = 27s; =
27(r1 — o), so we can replace the coefficient of the cubic term in (B.26) by Fp. Plug-
ging (B.26) into (B.25) then gives us the expression for F» in the first interval z € [0, 1]:

A (rg—r1) (972 (ro(—2) —r12) —4yo) (200 +972(372(ro (2 —3) —112) —4yo))
9(727 (11 —70)yo2% =8 (o (ro(—2)+r12470) +2y3) +27m2(ro—11) 23 (10 (2 —4) =11 2))

—I—(To—rl)z—rO) volgz. (B.27)

Taylor expanding in z around z = 0 gives:

1 (47T040(7”0 — )Y volgs (B.28)

Folz) ~ [2 9 (aoro + 243) TO) Tow)

For an O6 pole we have rg = 0 whereas ag # 0 (see the third row of table 2), thus we might
hope to determine the latter parameter by using the flux F5. Plugging 79 = 0 into (B.28)

yields
o

Yo

(B.29)

whereas plugging in a9 = 0 (which is appropriate for a regular or D6 pole) would give

—%ro. We interpret this fact as saying that the F> flux close to the pole gives the D6-brane

charge; along the same lines, we interpret the value (B.29) as the “effective charge” —%7’0
26—4

in presence of an O6T-plane (which has itself + = F4 D6 charge, and is overlaid onto

image pairs of D6-branes). This suggests the following definition:

9 royo
o = ———.

= B.30
27 (A ( )

7o will be determined case by case, i.e. it is specified by the brane configuration with a
leftmost D6-O6~ stack of negative charge. Similarly, we can define

9 TNyNn
2 rN-1 ’

an = (B.31)
which is obtained from the expression of F» valid in the subinterval z € [N — 1, N|.
Equations (B.30) and (B.31) are only valid for solutions with ag,any # 0 due to

O6 poles. Moreover, since the ag,ay we just defined depend on the yg,yyN, the expres-
sions (B.24) are not valid anymore (as they assumed that the former be independent of the
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latter), and we should solve (B.19) keeping this fact in mind. Doing so yields:

ye = (47N + 4(Fo — ANT2r )y 1) (—97rr1FN ro+ry +2k(N+1-L—R)+

L—-1 R—-1
+ 2 (Z T + Z V“N_,‘)
=1 =1
L—1 R—-1
+ (BN = Drg+ry+6Y (N —i)ri+6» z'rN_,)] ) ., (B.32a)
=1

=1

+ 1273y | -3k(L— N -R)(N+1—L—R) +

y}s\? = (4FN7’1 + 4(7o — 4N7r27’1)7“N_1)_1 (97T7“N_1f0 ro+rn+2k(N+1—-L—-R)+

L—-1
(Z r; + Z TN_ Z)] — 127r3r17“N,1

L-1 R—1
+BN =Dy +r0+6Y iri+6Y (N —i)ry_ )D (B.32b)

=1 =1

3k(L+N—-R)(N+1—-L—R) +

Whenever «ag, any # 0 the expressions (B.24) should not be used, and the above should be
used instead. Therefore (B.24) makes sense only when ag = an = 0.

B.4 Limiting cases
Suppose e.g. that R = 0; then we have the following constraints from (B.19):

97
yL-i-?(N—L):yN, ar, —9m(N — L)(yr + yn) = an . (B.33)

Plugging (B.21b) and (B.21d), with k = r;, = rx, into (B.33), we get:

ro+k+2k(N (Z“)
)

(3L—1)ro+k+3k(N—L)(N—L+1) +6Z —i)r ]

ng: (4?1\77‘1 +4(fo—4Nﬂ2T1)TN_1)_1 ( ImrirN

+1273r N1 (B.34a)

y?\{[{‘:(4?]\]7"14’4(7:0*4]\771’27‘1)7”]\[,1) (97”"N 170

L—-1
ro+k+2k(N (Zrl>

=1

—127r37'1rN,1

L—1
(3L—1)k+r0+3k(N—L+1)(N+L)+62iri]) . (B.34b)
=1

where we also used the definitions (2.22) of ap y in terms of 7, 7. Similarly when L = 0,
we have from (B.19):

97
YN—R = Yo + 7(1\7 —R), an_-r=oag—97(N — R)(yn—r + o) - (B.35)
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Plugging (B.21c) and (B.21e), with k = ry_g = 79, into (B.35), we get:

R—1
k+ry+2k(N +2( n)]
=1

R-1
+12m3r Ny [(3]\7—1)k+rN+3k(N+R)(N—R+1)+6Zim\/_i] > , (B.36a)
=1

R—1
rN+k+2k(N —I—2< 7‘2>]
=1

R—-1
—1271'37‘17"]\[_1 [(3N—1)k+3k(N—R)(N R+1)+TN+6Z —1 TN i ) <B36b)

=1

ygﬁ: (47:]\[?”1 —|—4(?:0—4N7T27“1)?”N_1)_1 ( 9mrirN

Y= (4TN7’1+4(7”0 ANTr)ry— 1) (97‘('7”]\7 170

1

Notice that in the large k, N limit the expressions (B.34) and (B.36) approximate
nicely (B.32), since they only differ from the latter by subleading O(N!) terms.

B.5 Special case: O8 at z =0

As summarized in table 2, an O8 pole with D6 charge at z = 0 requires yg = 0, but
To, 0 7& 0.

To determine the boundary data yy,ap, oy we start by plugging yg = 0 into the
expressions (B.2), (B.9), and (B.12). The latter have to satisfy the conditions (B.19) for
i =L, N — R, and we can use them to relate yy and ag, an. In fact

97 g L1
L= (ro + k) + > ; Ti, (B.37a)
_ o +k——§ (B.37h)
YN—-R = YN 1 N TN—i, .

and solving yny_r — yr, = {k(N L — R) for yy yields

(9 ) L—-1 R—-1
I <2k(N+1 L— R)+r0+?”N+2<En+ZrN Z)) (B.38)

=1 =1
On the other hand

L-1
1 1
ap=a9g—(9m)* ( =(BL—1ry+=k | —(9m)*> (L—i)r;, (B.39a)
6 6 —
1 1
an_g=an+(97)(2R)yn — (97)? (6(33—1)7«N+6k> —(9m)*) (R—i)ry_i, (B.39D)
and solving any_r —ar = —(97)(N — L — R)(yn—r + y1.) for oy yields
(97)?
aO:aNJrT Bk(N+1—L—-R)(N+L—-R)+ (3N —-1)ro+rn+

L—-1 R—-1
+6 (Z(N SRS irNi> ) : (B.40)
=1

i=1
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A remark is in order here. In section B.3 we used extra physical input to determine «g, an
in terms of the defining data of a generic solution (i.e. the ranks r; and the effective charges
7o,v). Here we are simply relating the two via the conditions (B.19), in case ay # 0. The
point is that the latter are two linear equations in g, yn, but given that yo = 0 we only
need one to determine yy. The other can instead be used to relate ag to ap, which
is (B.40). In case of a regular or D6 pole at z = N, axy = 0; in case of an O6 pole ay
can be defined via (B.31). (Moreover notice that in the holographic limit ay drops out
of (B.40) as N — oo, since it is subleading w.r.t. the O(NN?3) contributions.)

B.6 Limiting cases with an O8

Suppose now we have R = 0, i.e. the quiver is characterized by a single increasing ramp of
i, and a massless region. Once again we must impose (B.33). (B.37a) and (B.39a) with
k = rr = ry yield the following boundary data:

L-1

T (2k(N—L)+ro+k)+ 9; > i, (B.41a)
=1

97T

YN=7

(97)? .
Qo =an+g ((3N—1)r0+k+3k(N+1—L)(N+L)+6 <Z (N—z')n) ) . (B.A4lb)
i=1

Similarly when L = 0 we must impose (B.35). By using (B.37b) and (B.39b) with k =
rN_gr = ro we find:

9w
yo=—— (k+rn+2k(N ZrN 0 (B.42a)

(97)°
6

ap=anN+

N-1
((BN—1)k+rN+3k:(N+1—L)(N+L)+6 (Z ier)) . (B.42b)

i=1
C Gravity side: the a conformal anomaly

The leading order of the a conformal anomaly can be computed in supergravity as an
integral over the internal space Mz of the AdS7 vacuum (see [67, eq. (5.67)], [1, eq. (4.6)]
or [52, eq. (D.9)]). This integral is then to be compared with the holographic limit (i.e.
N, L, R, k — oo with f[, ]I\%,, ]]f, finite) of the field theory result, which can be extracted from
the six-dimensional anomaly polynomial.

The relevant integral is the following;:

3 5A(2)-26(2) 192 1
o= D=20() yoly = ——n [ 2g(2) | =5
Qhol 5674 /M3 e vol3 7/, q(z) 02

z

24(2)] s

N
:1;§i2/0 a(z)q(z) dz, (C.1)

where by 9,2 we mean the second primitive. The strategy to tackle this computation is as
follows:
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. Divide the integral over I parameterized by z € [0, N| into subintegrals, one for each
subinterval z € [ —1,1], I = 1,...,N. In each of the latter q(z) = 2rj_1 + 3s;(z —
(I —1)) and «(z) is given by the expression (2.14a) if the subinterval corresponds to
a “massive” region of the supergravity solution (i.e. Fy # 0 there). If the interval
corresponds instead to a massless region (Fyp = 0) we put s; = 0: «a(z) becomes
quadratic in z whereas ¢(z) is constant, q(z) = r,_1.

. Letting the subintervals start from the left, i.e. [ = 1,...,L, a(z) (supported in
[l —1,1]) depends on all ranks {ri}izo (through y;_1 — see (B.2a) — and s;) and
on the boundary data yo, ag, ay_1. If 7o # 0, the first is given by (B.22a) in the
symmetric case (L = R), by (B.23) in the symmetric no-massless case (N—L—R = 0),
and by (B.24a) in the asymmetric case (L # R). The second can be either zero, when
there is no O6-plane at the pole z = 0, or given by the effective rank 7y according
to (B.30), when an O6-plane is present. The third is given by (B.9) for [ =2,..., L;
for | = 1 (ie. in [0,1]) it is given by ag. Moreover, if 7o # 0, yo is given by ygt
in (B.32a) in the asymmetric case (in the symmetric case the equations determining
yo,n do not depend on ag n at all).

. If we perform the integration starting from the right, the subintervals can be written
as z € [N—I,N—(I—-1)] with I = 1,...,R. Then «(z) depends on the ranks
{TN_i}i-ZO and on yn,an,ay_q-1). If rn # 0, the first is given by (B.22b) in the
symmetric case (L = R), by (B.23) in the symmetric no-massless case (N—L—R = 0),
and by (B.24b) in the asymmetric case (L # R). The second is given in terms of the
effective rank 7x according to (B.31). The third is given by (B.12) for | = 2,..., R;
for | = 1 by ay. If 7y # 0 then yy is given by y§¥ in (B.32b), in the asymmetric case.

. We perform the sums

L R
> [ etz >

N—(I-1)

a(z)q(z) dz; (C.2)
N-I

the integrands are given by the expressions of a(z) and ¢(z) appropriate for the
different subintervals, as explained at points 1 through 3.

. Finally we have to compute the contribution from the massless region z € [L, N — R].
This splits into subintervals z € [i,i+ 1], 4 = L,...,N — R — 1. In this (sum of)
subinterval(s) we have s;;1 = 0 (essentially because the latter is given by the value
of Fy in the interval), and therefore

[\

(97) 1

Given that the ranks do not change (the massless region coincides with the constant
plateau), a(z) in (C.3) is supported on the whole [L, N — R] interval, and it suffices
to compute one “full” integral

a(2) =0 = @i — (97m)(2y;) (2 — i) — ri(z—14)%,  q(2)R=0 =

N-R
/ qo(z)p=0dz . (C4)
L
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The integration constants ay,ay_pg are respectively given by (B.21d) and (B.21e)
if 7o, 7N, g, an # 0 (or by (B.13d) and (B.13e) if these numbers are all vanishing).
The former also depend on ¥y which in the generic symmetric case are given
by (B.22), and in the asymmetric one by (B.32).

Actually, we will find it more convenient to perform the change of variables (A.5)
backwards, and compute (C.4) over the integration variable y, namely:

[ e

yL

YN—-R

VB(y)dy, (C.5)

dy =

97rq or

with ¢(y) and /5(y) in the massless region as in appendix in A.

C.1 The contribution from the left massive tail

The left massive region is defined by the left Young tableau pr, in terms of its length L and
column depths s;11 (giving the differences between the ranks {r;}~ ).
Let us first compute the integral

l
intl = /l_l al2)q(x)dz, 1€[1,L]. (C.6)

The result is the following:*3

-2

7 1
16 int: T 21 +4r +6(0—k —1)(r +m-1)] + 5(12172_1 + 21rry_y + 2rF) +
k=1
4
+ 9—y0 [3(l — 1)(7”1 + 7”1_1) + 2r; + Tl—l] + 79 [3(l — 1)(7“1 + 7‘1_1) + Tl] +
6
— Wao(n =+ Tl,1) . (C7)

Now we have to sum these contributions from [ =1tol =L

L

Inty, := /OL zi:/ 2)dz = int]. (C.8)

=1

In the first identity we used the fact that there is one «(z) supported in each interval
[l —1,1] defined by (2.14a).

The first summand in (C.7) yields the following contribution to the sum on the right-
hand side of (C.8) (remember that k :=rp = ry_g as per (B.7)):

L—2 L—11-2 L—11-2
2k Y m[3(L—1) 1] +1222lnrk—1222kmrk+8zrm 1 (C.9)
=1 =1 k=1 =1 k=1

*3Notice that there is a typo in [1, eq. (4.11)]: there should be a yo in front of -, which is instead missing.
This propagates to [1, eq. (4.12)] too, so that a direct comparison between the latter and our (C.14) must
be done with care.
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Notice that the first summand (i.e. for [ = 1) in the last sum in (C.9) is nonzero due to
rog # 0 generically (contrarily to what happens in [1]). The second summand gives:

L-1 L1
1
- <2k2 + 120G + 20k g + 14> 17 21 rm_l) ; (C.10)
1=1 =1
the third gives:
4 L-1
g0 (k‘(?’L —1)+ro+6 ZZ; lTl) ; (C.11)

due to various canceling contributions. (C.9), (C.10) and (C.11) match exactly?* with the
respective terms in [1, eq. (4.12)] once we impose g = 0. We now take care of the last
two terms in (C.7), which were not present in [1]. The fourth summand (i.e. the term
proportional to 7 in (C.7)) gives

L-1 L—1
o (k(3L ~2)+6) I — 2277) : (C.12)
=1 =1

whereas the fifth

6 L-1
- 5 (k:—i—ro +22n> . (C.13)

=1

All in all we get (renaming the dummy index | — i for ease of comparison with the field
theory result):

L—-111-2

7 , 6 .
—ElntL =2 Z i [Bk(L —i)—k—1ro— (97T)2a0] +12 Z Z(z — k)rirg +
=1 i=1 k=1
61 k=1 L—1 L—1 4
+*ZT1T¢71+*ZT‘2+6 i [To—Fyo]-l-
5 =1 5 =1 Z =1 I (014)
2 21 4 6
kl-k+—rp—1+—yBL—-1)— — kro(3L — 2
+ [5 + 5 rp—1+ gﬂyo( ) (97r)2a0] + Ero( )+
n 12 5 n 4 6 12
o 5 To TL-1 97Ty0 (Or)2 Qg (97)? QaorL—1 -
The above generalizes [1, eq. (4.12)].
C.2 The contribution from the right massive tail
We have to compute the integral
N—(I-1)
it ::/ a(z)q(z)dz, le€][l,R]. (C.15)
N—I

4Modulo the typo reported in footnote 43.
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In each of the intervals z € [N —I1, N — (I —1)], which can be equivalently written as
[N—(i+1),N—i] with i := [ —1 = 0,...,R — 1, the function «(z) is given by the

expression
alz) =an—; — (91)2yn—i) [z — (N — )]+ (C.16)

(97) (9m)?
2 6

3

iz — (N —i)]? — SN—it1 [z — (N =),

and not by (2.14a), as in the left region. (yy—; and ay_; can be found, respectively,
in (B.2b) and (B.12).) The function ¢(z) simply reads
1 1

q(z) = STN=i + 3 SN—it1 [z — (N —1)]. (C.17)

We now have to sum the integrals int}DL froml=1tol=R:

R

N R AN—(1-1)
ntR := a(z)q(z)dz = a(z)q(z)dz = int]e . .
i< [ au@a=3 [ el = Y i (©18)

N—-R =1

We will not show the various steps of this computation, as the result can simply be
obtained by applying the following substitutions to (C.14):*?

L— R, rg = TN, Yo — —YN , g — ay, (C.19a)
Ti—1 = "'N—(i—1) 5 Ty = TN—(i—1)+1> Tk = TN—k - (C.19b)
All in all
7 = 6
—EIHtR =2 lz:; rN—(i—l)—i—l |:3k(R — ’L) — k- N — (97[_)204N:| +
R—1i-2
+12) 0> (i = k)ry—nsrN—k +
i=1 k=1
R-1 R-1
61 14
+ 5 TN—(i—1)+1TN—(i—1) T 5 Z 7“12v_(i—1)+1 +
i=1 i=1
R-1 4 (C.20)
+6 Z I N~ (i—1)+1 [T’N - %yN} +
i=1

2 21 4 6
k|=k+—rn_ - —yn@BR-1) - ——
+ [5 + 5 TN—R+1 97TyN( ) (QW)QQN] +

12 4 6
krn (3R — 2 S N = 2PN_RAl — — YN —
+ krn( )+ TN [ £ N T 2'N—R+1 ~ g YN (QW)QO&N] +

12
- WO!NTN—RJA .

Notice that ry_gr41 is the image of r;_1 under (C.19) with ¢ = L.

45Notice that in [1, section 4.3] it is said that the contribution from the right region can be found by
sending yo — yn. This is a typo, and the correct substitution should be yo — —yn, as in (C.19).
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C.3 The contribution from the central massless plateau

To evaluate the contribution from the massless plateau we must use a function «(z) sup-
ported in z € [L, N — R]. To do that we cannot simply impose s;11 = 0 on (2.14a), given
that the latter expression depends on y; and «;, which are only defined for ¢ = 1,...,L
and not for ¢ = L,...,N — R. Therefore we revert to using the coordinate y. In that
coordinate, in the massless region we have (see [1, egs. (2.10), (2.18)] and (A.5)):

1 dy 2 59 2 1 k B(y)
= VBW=2(Ro—y), qy)=gri=5=—4y : C.21
given that in the massless region s;11 = 0andr; =k =rp =ry_gforalli=L,... N—R.
Ry = R% is a constant parameter the massless solution depends on, and Ry may be

interpreted as the radius of S* in the eleven-dimensional supergravity solution AdS; x
S4/Z;. A% In the ten-dimensional AdS; x M3 massless solution of [30] it is determined via

3AW) =0l = —2n2\/% = R} (see [30, eq. (5.4)] and [67, below eq. (5.41)]),%" and
can also be related to k via Ry = 4mkN (see [27, below eq. (5.4)]).
We have:
N-R-1

128 YN-R 1 dy 928 Yit1 ]
Intplatean = y — = d
Ntplat 807 ), VW) g ) " 7 ;:L / k(R y?)dy

i

o8 _ N-R-1 | VR
= 357k (R(Q) (Yit1—yi) 3 Z yz—‘,—l )
i=L i=L
28 = 1, 4 3 (C.22)
= 357-3p (Ro(yN—R—yL)—3(yN—R—yL)
2° s2 Lo 2
= 357W(9N—R—QL) Ro_g(nyR"FyL_QyN—RyL)_Z/N—RyL
2° mo 1 2
:m(yN—R—yL) Ro—g(yN—R—yL) —YN-RYL | -
We may now use the massless expression for \/f(y) in (C.21) to determine R3:
~ 1
R = Z(aL +an_gr)+ 3 ((yn—r—yL)®> +2yn—rYyL] . arN-r:=+/ByLN-r). (C.23)
Trading R? for the above expression in (C.22) yields:*3
I 27 3 5 G
Dtplatean = 36737 (yN—rR — YL) §k(04L +an—r)+ (Yyn—r —yL)"| - (C.24)

“The RZ constant in (C.21) (which is taken from [1, eq. (2. 10)]) should be converted to R — see [1,
eq. (4.13)] and the older [67, eq. (C.17)] — hence the definition Ry := Rj.

_ 2 1/4
“"These fields read z7(y) = (Wygﬁ;(y))7 AW = %(_%@) . and *® =

, 5/4 _
5 (- 222) " (4B(y) - yA,B(y) /2. See [67, ea. (5.20)]
“Notice that there is a typo in [1, eq. (4.13)]: the 2% factor in the numerator of that formula should read 27.
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We can now use (B.19) in the above equation, that is yy_g — yr = %2 k(N — R — L) and
any-r—ar =—91(N — R — L)(yr + yn—r). This gives:
20k

9
asym __
It ens = 5373 (N~ R—L) (aL+ 0

(N—R—L)(3h(N—R—L)~2(y; +y—r))
(C.25)
The above expression holds in the most generic situation, i.e. the asymmetric case when
none among 7o, N, o, &y are zero. The parameters yr, yn—g, oy are given by (B.21) and
depend on the boundary data y§T, y$¥ in (B.32) (or on yo,yn in (B.24) if ap = ay = 0).
In the symmetric case (L = R) we must use (B.14) instead, that is yy_r — yr =
ZE(N —R—L) = Zk(N —2L) and yn—g + yr = 0. The latter also implies that
an_r —ar =0 (see (C.21)). Plugging this into (C.24) yields:
. 20 & 97 9
In t;{ateau =352 (N —2L) (aL + T 3rk(N — 2L) > , (C.26)
which is of course the yy_gr + yr = 0 limit of (C.25).
The parameter ay can be found in (B.21) but now depends on the boundary data
Yo, yn in (B.22). In the subcase where the plateau shrinks to zero size (N — 2L = 0) we
see that (C.26) automatically vanishes, as expected.

C.4 The full gravity result in the generic case

We now put together the contributions (C.14), (C.20), and (C.25) to obtain the full inte-
gral (C.1) in the generic case:

128 [N asym
a(z)q(z) dz = Inty, + Intg + Int . (C.27)

Ahol = W 0 plateau

Expressing the parameters ap,yr,ynv_gr as functions of rg,rny and the boundary data
v 4S8 ap, v (the latter being themselves functions of the ranks {Ti}iL:() , {TN,Z-}QO)),
we obtain the very long expression:

12 16 9
ol = (g7 KN = R=1) <aL+(N—R—L) (37rk(N—R—L)—2(yL+yN_R))>
6 16 4 16
———(k 2ry,_ - — L—-1k
(97)2 7( + 70+ 2rp-1)a . —((3 )k + 1o)yet +
16 21 16 12
— 7]{: < kz’ + ETL 1> — 7]{:7“0(3L — 2) — 77"0 (57"0 — 27‘L_1> +
L—2 L—1
12 16 24 16
a Z HZ”’Z
6 16 416 "
2k 2 = (B3R -1k ;
Om2 7 —(k+ry+2rv_py1)an + - (BR—1k+rN)yy +
16 2 21 16 12
- 7]€ <5k + 5T'NR+1) - 7]€TN(3R 2) - 77"N <5TN - 2TNR+1> +
R—2
12 16 24 16
+W CVNZT'N l+7 GHZZ’I“NZ
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32 192
ri [3k(L —1i) — k —ro] — — (i — k)rirg +
I 7
=1 =1 k=1
976 % 3281 , 96 2
35 i1 E Ty — 77‘0 1y +
=1 =1
R—11i-2
32 . 192
— 5 er[3k:(R—z)—k—rN (i — k)ry—irg +
=1 =1 k=1
— R—1 R—1
976 32 9 96 .
— g - 'N—iTN—i+1 — Zz; TN—i — 77’]\7 ; IrN—; . (C.28)
1= = =

We remark that this expression depends only on the ranks r; describing the brane configu-
ration, i.e. on the combinatorial data defining the quiver contained in the tableaux pr,, pR,
and nothing else.

In the holographic limit N, L, R, k,r; — oo with ]%,, ]If}, ]’f,, % fixed (which we denote

asym
plateau with

by a ~), it simplifies quite a bit: ano; = Inty, + Intg + Int

192 [ 2 2 L
. eff .
Inty, ~ —7 (Z Z(Z — k)ri’l"k + gyo Z ZTi) , (C29a)

i=1 k=1 =1
R i-2 R
192 2
Intg ~ _% (Z (1= K)rN—iTN—k — gfy]e\?z iTNi) ) (C.29Db)
i=1 k=1 L
asym 192 1 off o ‘
Intplgteau ~ _?3(97{_) (N - R— L) lgk (Lyo - RyN + 7 Z(L — Z)Ti +
=1

97 & , ) 97 4 ]
+ =) (R—i)ry_; THFW-R-L). (C29)

The quantity ape is now of order O(N?). To obtain its expression we only kept the highest
order (i.e. O(N?)) terms of the boundary data:

yowgzr[_]];(zvju}z L)(N-L—R) 227% (Zm va )] (C.30a)

=1
I | k L R
UN~ L [N(N+L R)(N—-L—-R +QZTN it = (erl Z’LTN @>] ; (C.30b)
Y~ g0 given by (C.30a), (C.30c)
v~y N given by (C.30Db); (C.30d)
927 | k 2 (& , no
o~ g !N(N+R—L)(N—L—R)—N (;(N—z)m—i—z:mwi)] , (C.30e)

aNN_gj TN []'I:T(N—FL—R)(N L—R)+ (Zzn—i—z —i)ryn— l)]; (C.30f)
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L R
9 9
i i
yL~Yo Elﬁ', UN-R™YN — ElTNi, (C.30g)
1= 1=

ap~ag—(97)(2L)ysE— (9m)2Y " (L—i)ry; (C.30h)

M= M=

(2

an_r~ay+91)2R)yE—(97)2Y (R—i)rn_s. (C.301)

i=1

In the four quantities (C.30g)—(C.30i) g™, y?\g are respectively given by (C.30c), (C.30d)
if g, oy # 0, and should be replaced by (C.30a), (C.30b) if ag = ay = 0. Finally notice
that ag,ay are subleading terms (as they are of order O(N?)) in (C.30h), (C.30i) which
are of order O(N?3); therefore we are left with:

L
ar ~ —(9m) <2L vl 4 9n Z(L - z)rz> , (C.305)
=1
R
QAN_R ~ —(971') (—QR yf\? + 97 Z(R - i)TNi> . (C30k)
=1

D Field theory side: the anomaly polynomial

In this section we shall compute a exactly in field theory by leveraging the six-dimensional
anomaly polynomial. We will then extract its leading contribution in the holographic limit.

D.1 Extracting a from the six-dimensional anomaly polynomial

We will now extract the a conformal anomaly of six-dimensional (1,0) SCFT’s on the
tensor branch that feature SU, SO or USp gauge and flavor groups, as appropriate in
the presence of O6 and O8-planes. The a anomaly will be given as a combination of
coeflicients appearing in the six-dimensional anomaly polynomial Z; the ¢; anomalies are
all proportional to @ in the holographic limit [87-89] (¢; ~ —%a,cz ~ icl,03 ~ —11—201),
so their holographic match follows from that of a and will not be considered here. We will
then estimate the leading behavior of the exact formula for a as N — oc.

Strategy. More concretely, the strategy will be the following:

1. Collect all contributions to the six-dimensional anomaly polynomial Z without assum-
ing that gauge and flavor groups are restricted to being SU; use instead the general
formulae provided below. a can be written in terms of the coefficients of 7.

2. Estimate the behavior of a as N — oo and extract its leading term; disregard sublead-
ing terms. The former depends on the inverse of the Dirac pairing of the (1,0) theory
(which is given e.g. by the Cartan matrix of Ay_; in the case without O-planes).
Estimate its inverse recursively.
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3. Break the leading term into contributions corresponding to central massless plateau
and massive tails.

This will greatly facilitate the comparison with the gravity result.
Let us first focus on the computation of the anomaly polynomial Z of six-dimensional
(1,0) theories. We will list all the supersymmetry multiplets that contribute to it.

Tensors. The multiplet content of (1,0) six-dimensional theories comprises Nt tensor
multiplets
(¢, By, )i, i=1,...,Np=N—1, (D.1)

where ¢ is a real scalar, B, the two-form potential, and 1) the fermion superpartners.
Our AdSy solutions are dual to SCFT’s amenable to a weakly coupled quiver gauge theory
description, which is obtained by giving the ¢;’s a suitable vev. In general the configuration
of gauge groups has the following form

G1><G2><...><GNT, (D.2)

where on each gauge node we can have a possible flavor symmetry. (For theories on N
separated NS5-branes we will take N7 = N — 1 since one tensor — corresponding to the

center-of-mass motion of the branes along direction 2% — decouples from the dynamics.)
Vectors. We also have vector multiplets
(Au, N, i=1,...,Ny, (D.3)
where A, is the gauge potential and ); the fermion superpartner.
Hypers. Next we consider hypermultiplets in the bifundamental of G; X Gj41,
qo¢,x®Xx), k=1,...,Nug, (D.4)

with ¢ the complex scalar in the fundamental and x the fermion superpartner, and ¢¢, x¢ in
the conjugate representation. We can also have hypermultiplets which are not in the bifun-
damental, but instead in the fundamental (antifundamental) of the gauge (flavor) group.
There can also be hypermultiplets in the symmetric or antisymmetric representations.

One-loop polynomial. The (one-loop, gauge and mixed) anomaly polynomial eight-
form of the theory is given by a sum of various contributions. We have the tensor multiplets
contribution

fows = 1 (2R + GBI (1) + 5y (B (TP = 1om(7) ) . (D)

and the vector multiplets contribution

Nt
T = <—tradJ(Fi4) + Geo(R)tr(F7) + dg,c2(R)* pi(T) <tradj (F?) + dGiCQ(R)>

ra 24 48
7p1(T)? — 4po(T)
—dg, < L =760 )) , (D.6)
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where the trace tr,qj is taken over the adjoint representation of the gauge group G; (of real
dimension dg;) and F; are the field strengths of the gauge potentials A;. The hypermulti-
plets in the representation p; contribute:

N-
() = (D) e, (Fm(T) | e (F)
Ihyp - ;Ei (d 5760 + L 48 + p24 > ) (D7)

where d; is the dimension of the representation p;. Sometimes we can have half-
hypermultiplets instead of “full” ones.*® The associated anomaly polynomial contribution

is then divided by two; for this reason (and for convenience) each hypermultiplet comes with
1

DRI

in the bifundamental p; ® p;+1 contributes

a factor ¢; = {1 O} in front (zero means there are no hypermultiplets). A hypermultiplet

Np—1
1 1
Inypvi = D €iig1 (Eﬁfj()did”l (Tpu(T)? — 4po(T)) + = (@) (ditrp, ., (Ffy1) (D.8)

=1

1
2 4 4 2 2
+ di+1 trpi (Fz )) + ﬁ (dl trPH—l (Fi—i-l) + di+1 trPi (Fz ) + 6trPi+1 (Fi-i-l) trpi (Fz ))) )
where the trace is taken over the representation p; of dimension d;, and the number €;,,1 =
{1, %, 0} accounts for the presence of a full, half, no hypermultiplet between two consecutive
gauge groups G; x G;;1. If flavor symmetries are present, we need to add the extra
hypermultiplet contribution

< e 4, pi(T) o, Jidi 2
Ingpiv = Y ox \Jitre (F70) + = | fitn, (F7) + 50 (Tp1(T)* = 4p2(T)) ) (D.9)
=1
pi(T
it (F) 4 P50 g () + 6t (PR ) 1, (7))

where Fjy; are the flavor field strengths, f; the dimension of the hypermultiplet flavor
.7

Many traces over different representations appear in the various contributions. We
define Tr 2 as in [51] to be the trace in the adjoint of G divided by h; the former is also

related to the trace in the fundamental by a constant s that depends on the group:

representation, and E?V = {1 0} as for ¢; and €;;41.

traaj(F?) =: hG Te(F?),  trpana(F?) = sq Tr(F?),  trpma(F*) = Tr(FY). (D.10)

Moreover 3
2
tradj(F4) = te traund F* 4 ZUG (Tr(F2)) . (D.11)

We have collected the constants hY%, s¢, ta, ug for groups SU, SO, USp in table 3. For gen-
eral (1,0) theories, matter can be in other representations than just the (anti) fundamental
(this is the case when O6 and O8-planes are present);’” we need a generalization of (D.10)

49This means that in (D.4) we do not have the conjugate representation, just (g, x).
50For instance, spinor representations appear in the F-theory engineering of the quiver in figure 2b with
k=4 [48].
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SU(k) SO(2k)  USp(2k)
rank rg k—1 k k
dual Coxeter number h/, k 2k — 2 E+1
dg = dimg G kK2 —1 Kk(2k—1) k(2k+1)
dfunq = dimg (fund) k 2k 2k
sG 1/2 1 1/2
ta 2k 2k — 8 2k +8
UG 2 4 1

Table 3. The group theory constants appearing in (D.10) and (D.11). Notice that tgo(sy = 0. The
constants are taken from [51, 90].

1) type d = dimpg p index ap 4c,
SU(k), k> 4:
fundamental complex k % 1 0
symmetric complex %(k: +1) $(k+2) k+8 3
antisymmetric complex Kk —1) (k=2 k-8 3
adjoint real k-1 k 2k 6
SO(2k), k > 4:
vector = fundamental real 2k 1 1 0
adjoint real k(2k —1) 4k -4 2k—-8 3
USp(2k), k > 2:
vector = fundamental | pseudo-real 2k % 1 0
antisymmetric real (k—1)2k+1) k-1 2tk—-8 3
symmetric = adjoint real k(2k + 1) E+1 2+8 3

Table 4. The constants are taken from [73, 91] (with c'*r® = 4¢pere).

and (D.11) to compute the traces tr,(F?) and tr,(F*) appearing in (D.7), (D.8), and (D.9).
This can be done at the expense of introducing two more constants:

tr,(F2) = Ind, tr(F2), tr,(F*) = a,ttF* + ¢, (r(F?))? (D.12)

where tr = trpq for G = SU(k) and tr = trye. for G = SO(2k), USp(2k). Ind, is the index
of the (irreducible) representation p (which has been defined in footnote 26). When p is
the fundamental, Indg,ng coincides with sg. We have collected the constants «, and ¢, in
table 4.
The one-loop contribution of the anomaly polynomial is given by the sum of all these
terms:
Jtloor — Ttens + Ivec + Inyp + Inyp-bi + Ihyp-flv - (D.13)
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We now need to cancel all terms involving field strengths of gauge groups from the one-loop
contribution, in order to guarantee the quantum consistency of the field theory. This is
done via a Green-Schwarz-West-Sagnotti (GS henceforth) mechanism [92, 93]. However
the coefficient in front of Tr(Ff) cannot be canceled by a GS-type mechanism; hence we
need to impose that it vanish by hand. This leads to the following constraint:

tq, = €y, + (Q’ifldifl + €iit1dip1 + G?Vfi) : (D.14)

The rest of the one-loop gauge anomaly polynomial can be written as a product of matrices
and vectors as follows:

v (F2 Tr(F? 2
I;;l(l)go:-i- mixed — _%ni]' (T (fl )> ( (4 ! )> - (Acz)i <Tr(éf—;)> 02(R)+

r(F2 r( F2 Tr FQV.
+ (Ap, )i <T (fl )> p11(2T) + (Agv)ij (T (fl )> ( (4ﬁ J)> , (D.15)

where ¢, = 1,..., N7 and

4
Nij 1= (UGi - 36icpi> 0ij — 4(€ii115@,5G, 1 0iiv1 + €i-15G;5G,_,0ii-1),  (D.16a)

(Aey)i == h (D.16b)

k3

(Ap1)i = fh\él + € Indpl. +sq, (Ei(difl + di+1) -+ G?Vfi) , (D16C)

(Aﬁv)ij = 4diag (6?\]3(;1'8%\/)

i

(D.16d)

ij
In particular, the quadratic part (in Tr F) of the one-loop gauge anomaly polynomial must
have nonnegative and properly quantized coefficients 7;;. This is due to the Bianchi identity
of the anti-self-dual two-form potential B, which schematically reads dH = c¢Tr(F A F)
(with dB = H away from sources): that is, the instanton string in six dimensions is
charged under B with quantized charge c. Indeed one can define a Dirac pairing 7;; on the
six-dimensional string charge lattice [51, section 3.2], {c,c)pi e = 7ij i €}, that collects
the charges of the instanton string of each gauge group under the B;’s in the Nt tensor

multiplets. As one can check from (D.16a), we can write:*!

, n={ny,ng,...,nn.t (D.17)
—1 j=i—1,i+1 B

Nij = M0i5 — Oji—1 — Oiit1 = {
with 4,7 = 1,..., Np. The diagonal entries n; of the pairing matrix (which we collected in
a vector n) are associated with the gauge groups G; and must be integers to insure charge
quantization. These integers also agree with the diagonal entries of the adjecency (or inter-
section) matrix of the F-theory configuration realizing the SCFT (see e.g. [8, 28, 29] and in
particular [51, section 3.3]). In the latter context each n; gives the negative self-intersection
of the i-th compact curve in the F-theory base (the curves intersect each other at one
point, hence the off-diagonal —1). This is the convention we use throughout the paper.

*However, see the discussion below (3.23) for an exception to this rule.
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As we will see momentarily, the Dirac pairing plays a central role in the cancellation
of the remaining gauge anomalies via a GS mechanism. In passing, we note that it can
also be used to write down a weakly-coupled effective Lagrangian for the (bosonic part of
the) tensor multiplets (when the SCFT is on its tensor branch):

Lot D 1 (0,0 (0" ¢7) + miy H A xH . (D.18)

GS term. The GS term can be derived via a descent mechanism involving auxiliary
two-forms potentials, and its associated eight-form reads

1 o
Igs = 5%'[1[] , j=1,...,Nr, (D.19)

where the I* are defined as follows

- 1 pi(T) , 1
; 1
=y i Tr(F?) + yic2(R) + K; oty Te(F2,,), (D.20)
j=1
and the quantities Kj,y;, z;; are such that

MijYj = (Aes)i = hés, » (D.21a)
ni; Kj = —(Ap,)i = h¢y, — & Ind p; — s¢, (Eu‘qdzel + €ip1dip1 + e?vfi) ., (D.21b)
Nikzkj = —(Aay)ij = —4 diag <6?VSG,L.3%‘;> . (D.21¢)

Adding the GS contribution to the one-loop piece of the anomaly polynomial eight-
form (D.15), all the coefficients of the monomials involving the field strengths of the gauge
groups vanish. The theory is completely gauge anomaly-free. (Notice that, in principle,
there can be several GS contributions that cancel the gauge and mixed anomalies, and
these are classified by automorphisms of the Dirac pairing. See [46] for more details.)

It now suffices to put all contributions together to obtain Z. From that, one can extract
the a conformal anomaly (3.8), as explained in section 3.

D.2 The holographic limit of the exact field theory expression

The expression (3.8) is an exact field theory result. To perform a comparison with its grav-
ity counterpart, we should first take the holographic limit. This limit will wash away many
of its terms. When N — oo, we can safely assume all ranks of the gauge groups G; scale
like N. As we have shown below (3.8), the leading (~) contribution to a is then given by

192 _

This is the expression we will be comparing (C.1) to.
To compute (D.22) we simply need to estimate the inverse of the Dirac pairing 7. This
is done as follows. For the case with only D6 and D8-branes, all gauge groups are SU(r;)

and, by relying on table 3, we conclude that n = {2,2,...,2} from (D.16a). Therefore the
Dirac pairing (D.17) is simply the Cartan matrix of Ax_1 and its inverse has already been
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estimated in [1, eq. (3.13)], which we reproduce below. (Notice that the left- and rightmost
flavor groups engineered by r¢, 7y D6-branes respectively do not have corresponding entries
in the Dirac pairing among gauge groups.)

In the case with O6-planes, we have seen in section 2.1.2 that we have an alternating
sequence of SO and USp groups. Starting with SO (USp), the string charge vector reads
n={4,1,4,1...,1,4} ({1,4,1,4...,1}), and the inverse of 1 can be estimated recursively
starting from Nt = 2,3,4,.... To write down a closed form for the latter we have actually
made use of an auxiliary vector v = {’L)Z},fiTl ={1,2,1,2,...} or {2,1,2,1...}: the first
entry is 1 if the first group in is SO, 2 if it is USp."?

In the case with an O8-plane at 2% = 0 between an NS5-brane and its image, we
have seen in section 2.1.3 that we have a sequence of groups starting off with SO or
USp followed by a string of SU’s. Therefore n = {4,2,2...,2} or n = {1,2,2...,2}
respectively. However, given the subtlety discussed below (3.23) in the USp case, we
cannot use formula (D.17) to write down 7 when the source is an O8*-plane; rather, we
must use (D.16a). If the source is an O8~, the two formulae agree and the inverse of
n is the one in (D.23d). If the O8F is stuck on a half-NS5 at 8 = 0, all groups are
SU’s but the Dirac pairing is again given by (D.23d) (due to the presence of symmetric or
antisymmetric matter of the first gauge group). Finally, in case of a combined O6T-O8~
projection, application of formula (D.16a) produces an n whose inverse has been written
down in closed form in (D.23e). All in all we find:

_ 1 Ji(N—=j) i<j
regular poles (ro =ry =ap=ay =0): (n ! i = — ; D.23a
( TS O £
D6 poles (rg, 7y # 0, ap = ay = 0): (Mpe)is = (Mg )i ; (D.23b)
_ 1 Ji(N —jviv; i<
06 poles (rg =ry =0, ag, ay # 0): " D= — ; (D.23c
( 605 = oy Ly o (0239
N i) i<
O8 pole at z =10 (yo =0, ap # 0): (naé, )ij = ( J) =] ; (D.23d)
(N—i) i>;
O8 pole at z =0, O6 pole at z = N (Yo =0,00#0,ry =0, ay x yy # 0):
_ LJ(N—juv; i<
1 j
n ii = = . D.23e
V000 2{(N—z’)vivj iz OB
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