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1 Introduction

Strong correlated systems in condensed matter have found in non-relativistic holography
a new technique to understand their behaviour, see for example [1, 2]. The reason is that
holography is a strong-weak duality mapping. If, in the screen we have a strong coupled
quantum field theory, in the bulk we have a weak description of string theory. If we are
in a situation where the curvature of the space time is small, we can use classical gravity
instead of full string theory. In the case of non-relativistic holography in the bulk one can
use an Einstein metric with non-relativistic isometries [3-6] or non-relativistic gravities in
the bulk [7-10], like Newton-Cartan gravity [11] or Horava gravity [12]. Having in mind this
picture, it is interesting to study matter coupled to non-relativistic gravity. For example
particles [13], and extended objects [14] and Galilean field theories [15, 16] coupled to a
Newton-Cartan background.

In this paper we construct the action of a non-relativistic spinning particle moving in a
general torsionless Newton-Cartan background. The particle does not follow the geodesic
equations, instead the motion is governed by the non-relativistic analog of the Papapetrou
equation [17]. The spinning particle is described in terms of Grassmann variables. In
the flat case the action is invariant under the non-relativistic analog of space-time vector
supersymmetry, called VSUSY [18]. This model is obtained from the relativistic spinning
particle [19] with variables &, &s.

In the flat case, the limit is done at the level of the coordinates of the particle, the form
of the limit being suggested by the contraction of the algebra of VSUSY to a non-relativistic
version, that we will call NR-VSUSY. The model is invariant under this non-relativistic



symmetry and also invariant under diffeomorphisms and the non-relativistic VSUSY version
of kappa-symmetry [20-22]. The associated two first class constraints give rise to the non-
relativistic mass-shell constraint and to a Levy-Leblond type of constraint [23, 24].

In order to get the non-relativistic spinning particle in a torsionless Newton-Cartan
background, our starting point is a relativistic spinning particle coupled to a general Ein-
stein background [25] and to a U(1) gauge field with vanishing field strength [26, 27]. In
this case the non-relativistic limit is done on the background fields and not on the coordi-
nates. We find that the first class character of the constraints imposes the condition that
the U(1) connection surviving in the non-relativistic limit must have zero field strength.

The paper is organized as follows: in section II we perform a contraction of the VSUSY
algebra leading to its non-relativistic version. In section III we introduce the action of the
VSUSY particle [18]. Then, we define the non-relativistic limit of this model by performing
a transformation of the dynamical variables in agreement with the results of section II. In
section IV we study the equations of motion of the non-relativistic model showing the
presence of two first-class constraints that are associated to the diffeomorphism invariance
of the model, and to the non-relativistic version of the kappa-symmetry owned by the
relativistic model. This world-line symmetry is investigated in section V. In section VI we
start again from the relativistic model coupled to a general four-dimensional background
metric [25] and define the limit to a torsionless Newton-Cartan metric, using the group
contraction defined in section II. In section VII we derive the equations of motion, showing
that, as in the relativistic case, the geodesic equations are corrected by a term proportional
to the spin of the particle coupled to a Newton-Cartan curvature. In section VIII our
conclusions and an outlook.

2 Algebra contraction

Many dynamical models can be obtained as non-linear realizations of a space-time sym-
metry group, G. Examples are the relativistic point particle [28], the relativistic spinning
particle [18], the D-branes [29] etc. An interesting question is what happens to these mod-
els if we consider a contraction of the Lie algebra of G, Lie-G. Another related question
arises if one couples the original model to a gravitational field. Precisely one can ask what
happens to the gravitational field after the contraction. This last question will be discussed
later on. To be more explicit let us define the contraction of a given algebra. Suppose that
our starting algebra (or a superalgebra) satisfies the commutation relations

[XOH Xﬁ] = f;xyBX’Y (2'1)
and let us define an invertible linear transformation depending on a parameter w

Yo=Y Ab(w)Xgs. (2.2)
B

The Lie algebra satisfied by the new generators will be

[YavYB] = JEOZQ(W)Y% (2.3)



with
fap(w) = AL (@) AR (W) (A () for- (2.4)

Then, consider the limit w — oo and suppose that the limit of the new structure constants
7076(“}) is finite. When the limit is non-singular, we say that the algebra of the Y,’s is
a “contraction” of the algebra of the X,’s. Notice that the contracted algebra is not
equivalent to the original one. We will now define a non-relativistic contraction of the
relativistic VSUSY algebra to the non-relativistic version, NR-SUSY.

The VSUSY algebra is a graded extension of the Poincaré algebra, with odd generators
G, and G5, the relevant brackets being (see [18])

My, Mpo| = —inypMus — inueMyp + iy Myup + i0upMye, (2.5)
(M, Py| = inupPy — inup Py, (M, Gpl = Gy — iy, G, (2.6)
[G,u? Gu]—i- = 77,UJ/Za [G57 G5}+ = Zs, (27)
[Gua Gsly = —bBy, (2.8)
where the bracket [-,-]4 defines, as usual, the anticommutator. This algebra involves also
two scalar central charges Z and Z5 Here we make use of the flat metric
Nuvy = (_a+7+7+)' (2'9)
As we will see, it is useful to introduce the following combination of the central charges
Zy =7+ Zs. (2.10)

In order to define the contraction we introduce a dimensionless parameter w to be sent
to infinity. . Then, we relate the relativistic generators to the non-relativistic ones, by the
following equations

2(1 + )

Po=2H -wZ_, 7= H2wZ .,  Zy=2wZ4,
w
T + 5 W G = — )
\/ﬂQ-l- 9 Q 5 Q \/ Ql
MOi = UJBZ‘, 2 11

whereas all the other variables are left unchanged and « is a dimensionless parameter. We
will need also the inverse relations.

w ~ 1 ~ 1
Hzg(—2PQ—Z_), Z_:—Z(OZZ_"‘2(]."‘0()P0)7 Z+:27 +5
Qi =\/2(Go+Gs), Q=[5 (Go—Gs) Q—\fa
+ — 2 0 5) - — 2(&)3 0 5) 1 w 79
Bi = My, (2.12)



The relevant commutators and anticommutators, in the limit w — oo, are

[B;, H] = iP;, [Bi, P = i6i; Z_, (2.13)
Q@+, Q4]+ = H, Q- Q-]+ =0, [Q+. Q-1+ = —Z,
(Qi, Qjl+ = 26i5(Z+ + Z-), [Q+,Qil+ = —F;, (2.14)
1 .
[Bi, Q+] = —5Qi, [Bi, Qj] = —i0;;Q—, [Bi,Q-]=0.  (2.15)
If we put Q_ = 0,Z, = 0, the previous algebra collapses to the algebra found

in [30]. To complete the analysis of the NR-VSUSY algebra we will consider the rela-
tivistic quadratic Casimir [31, 32]: P2 —ZZ5. Weuse Z = (Zy+7Z_)/2, Zs = (Z+ —Z_)/2
(see eq. (2.10)). Expanding in powers of w we find:

SN2 o1 ~ 21 -\ 2
P2 _ 775 = — (QH—wZ,) + P% - i (4&2_% — <—(+a)H+2wZ> )
w w
1420 5 59 ~ 959
=5 W+ P 207 -7} (2.16)

In the limit w — oo we have a divergent term proportional to Zi Since Z+ is a central
charge, it is clear that the Z_% is a Casimir of the NR-VSUSY algebra. In this situation also
the finite part is a Casimir and coincides with the Casimir of the Bargmann algebra [33]

Cp=P>—2HZ_. (2.17)

In the relativistic case, if the bosonic Casimir vanishes, that is P? — ZZs = 0, an odd
Casimir: G,P" + ZGs5 [31, 32| is also present. . Using the definitions given in eq. (2.11)
and expanding in powers of w, we find (we have assumed Z; = 0)

1/2 -3/2

GuP" + 2G5 = % (Q’ P127.0Q, + Q_H) - %(1 +20)Q.H. (2.18)

Let us consider the coefficient of \/w/2
Co=Q-P+22_Q,+HQ_. (2.19)

It is easily checked that this is a Casimir of the NR-VSUSY if Cg = 0 (remember that we
have assumed Z, = 0). Notice also, that

[Co,Coly = —2Z_Ch. (2.20)

As we will see in the next section, the existence of the odd Casimir will imply that the
NR-VSUSY spinning particle shows a kappa-invariance [18].

Notice that the parameter «, appearing in the definition of the generators of the
contracted algebra in eq. (2.11), does not affect the NR-VSUSY algebra. As a consequence,
although we do not have a formal proof, we expect that all the expressions depending only
on the algebra itself do not depend on the choice of a. In the following we will show that
the non relativistic limit of the relativistic Lagrangian describing the spinning particle does
not depend on a.



3 Non relativistic limit of the VSUSY particle

In the context of non-linear realization of a group symmetry G, the dynamical variables
defining the model are nothing but the coset parameters. This allows us to transfer the
contraction from the algebra to the dynamical variables, %, assuming

D Xy =) a"Al(w)Yg =D 2% (w)Va, (3.1)
a a,f3 o

where we have defined the “contracted” variables

=2l A (w). (3.2)
B

The original dynamical model is defined in terms of a lagrangian depending on the dynam-
ical variables 2. As a consequence we define the lagrangian of the “contracted” dynamical
model as

Lcontracted(:i') = wh_)rglo L(:r(ic(w)) (33)

The simplest example of this procedure is the non-relativistic limit of the relativistic point
particle. One starts from the Poincaré symmetry, I0(1,3), in a four-dimensional space-
time. The model can be obtained by considering the coset 10(1,3)/0(1,3). The dynamical
variables are the coordinates x*, the coset parameters. By performing the contraction to
the Galilei group, one obtains the non-relativistic point particle, except for a divergent
total derivative. The divergent term can be eliminated by introducing the coupling to a
U(1) gauge field with vanishing field strength [27]. In the case of the model considered in
this paper, this U(1) gauge field is obtained by the gauging of one of the central charges
of the VSUSY algebra.

In this paper we will apply the previous idea to the spinning particle [19]. This model
is based on the invariance with respect to the VSUSY algebra. The construction of the
dynamical model as a non-linear realization of V-SUSY has been considered in [18]. Here
we will consider the contraction of the relativistic model to its non-relativistic version,
invariant under NR-VSUSY. In order to get the non-relativistic version, we will make use
of the contraction defined in the previous section.

The action for the VSUSY particle, introduced in [18, 19] is given by

Sla(r). &) = [ dr (—u\/ (o —igés) =6 (o4 5e6) < (e 25555)) ,
(3.4)
where z# are the space-time coordinates, £ is a Grassmann pseudo-vector, £ a Grassmann

pseudo-scalar, ¢ and cs are the bosonic coordinates associated to the two central charges
of the VSUSY algebra , 7 parametrizes the trajectory and the parameters g and v satisfy

67 = _M27 (35)

in order the system is invariant under a gauge world-line supersymmetry, i.e., kappa sym-
metry [18]. We will make the choice § = —y = —pu. The choice f = p would give rise to



divergent terms that are not total derivatives in the NR limit. The action (3.4) is Poincaré
invariant and it has a vector supersymmetry defined by the following variations of the

coordinates: )
i
dat = iehe®, St =€, e = 55“6“ (3.6)

and .
6% =€, dey = %§565, (3.7)

5 are the supersymmetric parameters. As discussed before, we define the

where the e, e
non-relativistic variables starting from the contracted algebra and requiring the following

relation (for analogous relations in the bosonic case see [26]):
L1 - . - _
2" PytcZ4cs Zs+EHG -Gy = —tH+f-P—|—§(6+Z+—|—E_Z_)+§0Q_+§5Q++§’Q,~. (3.8)

Here we have omitted the Lorentz group generators, because the related parameters do not
enter into the action. From eq. (3.8) we obtain the following relations

1 1
20 = wt — +aé,, c,:—gé,+wt, Cy = —¢C cy = c*cs,
2w 2w 2w
0_ Wz L z 5 Wi L z - |27
&= \[58 41558 €= 58— \[58  i=y/=E (3.9)
The inverse relations are:
1 0 ~ 0 ~
t=——(az” — (1 4+ a)c), - = 2w(z’ —c_), ¢y = 2wey,
w
~ w3 - 1 ~. w
& =1/5("-¢), £ =—=("+¢), §=4/5¢" (3.10)
2 2w 2

Then, performing the limit, the result is

SNR:/dTLNR:/dT lM@_fﬁwﬁMﬁ?'gﬂL%i(@ﬂLi@ﬁ%) ;o (311
2 i — €565 /2 2

where

M = (3.12)

€=

is assumed to be finite. Notice that there is no divergent term in the non-relativistic
expansion. This is due to the presence of the variables ¢4, associated to the central charges
Z 4, related to two U(1) curl-free gauge fields. In fact, we can re-express the total derivative
terms ¢ and ¢é; appearing in (3.4) in the forme 0, M;&*, i=1,2.

In order to get the NR-VSUSY transformations, we notice that the transformations
of the NR variables, are obtained, through the egs. (3.10) from the corresponding trans-
formation laws of the relativistic variables, given in eqs. (3.6) and (3.7). For infinitesimal
transformations, the NR parameters are given by the same combinations defining £* and

€5 in terms of their NR correspondent (see eq. (3.9)):
=4/ ZE 3.13

0o_ %5 [ 1 5_ W5 [ 1
€ = 564‘ ﬁE, € = 56— ﬁG,

™y



The NR variables transform as follows:

5t = 55555, 5F = i€ 565 = &, 5
6y =0, oc_ = —i(e0e5 — &¢Y), 660 =&, (3.14)

i

M,l
I
m

and it is easily seen that Lyp is invariant under the transformations (3.14). Eliminating
the total derivative term from Lypg , this would be quasi-invariant.

Let us now consider the canonical momenta associated to the non relativistic action.
We have

p= aLJXR = MM (3.15)
0x {— €552
po OLvr _ le, (3.16)
O 2 (i i)
=5 _ alL;NR :ZM(f_fg:g))g_ iMM:ZS)QQg
a¢? t—ig5¢5 /2 (t- _ 2-5555/2>
=ip- g— %EEE’, (3.17)
7= a’LJX — _iME (3.18)
3

Here the derivatives with respect to the Grassmann variables are defined as left derivatives.
These relations imply two first class constraints

¢ =2ME — 52 =0, X:fr5+%E§~5—iﬁ-£:0, (3.19)
and the second class ones
Xi = i +iME& = 0. (3.20)
In fact,
{XivXj} = —2’L'M5ij, (321)

where we have made use of the following canonical Poisson brackets for the odd variables:

The second class constraints can be eliminated using the Dirac brackets,
GGy = —igh, (@)= (3.23)
198y IM ) ) . .

For the first class constraints we have

~2

* . . p 7
X} = —iE+ oM T —m@ (3.24)



and
{x,0}" =0, (3.25)

showing that ¢ and x are indeed first-class constraints.
The symplectic action of the NR spinning particle is given by

S, = /dT [—Ei+ﬁf+iM§:-g+ 7365 _ §(2ME ) —p <7~r5 v %E? _ zﬁg)] ,

(3.26)
where the Lagrange multipliers e, p multiply the first class constraints.
The Noether generators of VSUSY are easily found
- (R R SR
Qu=7"=JHE, Q. =0, Q= +ipg —iM¢; (3.27)
Their Dirac brackets are
{Q+,Q4} =iH, {Q+, Qi} = —ipi;, {Qi,Q;} = 2iM;;. (3.28)

After quantization one can check that these Dirac brackets are consistent with the abstract
algebra of eq. (2.14), except for the opposite sign in the right hand side. This is due to
the fact that the infinitesimal variations in the classical case are generated by eG rather
than by 7eG as implicitly assumed in the case of the abstract algebra. In fact, the charges
in eq. (3.27) become anti-hermitian after quantization, whereas the abstract charges were
supposed to be hermitian. Notice that in this model Z_ = M and Z; = 0 and, as a
consequence, the NR-VSUSY algebra admits two Casimirs with zero value, corresponding
to the two constraints ¢ and x.

4 Equations of motion

Since Lyp is translationally invariant in time and space, the equations of motion for the
bosonic coordinates are simply (we will use indifferently F or H):

pP=E=0. (4.1)
For the fermionic variables we get
OLnw _ _ipgé OLNR _ippé s, (4.2)
o€ 29
from which ) =
§= 2o (4.3)

Recalling the expression (3.18) for #° we obtain

d OLNR . ) 5 . = 6LNR - i 5
=GB i S Rt SR (4.4)

d7‘ 855



implying

2 ]5’ é
Notice that multiplying (4.3) by p we get
L2
Lz PP
p-&= mfs- (4.6)

This equation is the same as eq. (4.5), after using the constraint ¢ = 0. We see that the
equations of motion for the odd variables are not independent, in fact one is a consequence
of the others. The fact that the equations of motions are not independent implies that
a local (gauge) symmetry is present in the model. In other words, this implies that a
Noether identity is present. This will be shown explicitly in the next section. Also the
even constraint generates a relation among the equations of motion. In fact, differentiating
the even constraint p? — 2EM = 0 we get the identity

P p—2EM =0, (4.7)

implying that the four bosonic equations, ﬁ = F = 0, are not independent. The local
symmetry induced by the even constraint is the invariance under reparametrization in the
time parameter.

5 kappa-symmetry

As we know, the ¢-constraint is related to the reparametrization invariance of Lyg. Fur-
thermore, the existence of the constraint y, and the fact that the equations of motion for
the fermionic variables are not independent, suggest the existence of a local (in the time-
parameter 7) symmetry. In this section, we will use the quantum notation, defining the
infinitesimal transformations of a dynamical variable F, as

OF = [ieG, F. (5.1)

In the case of the even constraint the following local transformation is generated

ox; = —2¢(T)pi, Ot(1) = —2eM, (5.2)
whereas for the odd case:
dA = [ik(T)x, Al. (5.3)
We get
5F = i€k, Ot = %55,{, 5 = %n, 585 = k. (5.4)
Let us now consider the variations of the various terms in Lyg
. 2L d /.= P = (= [
S NS . P 55 _ P s
02 — i€£”) I (z{m) ZQMnf i€k =1 <§ + 2M€ > K. (5.5)



Then,
. ;o d L~ L )~ 2
i(-300) =L () - pumsin o

Finally we have to consider the variation of the é kinetic term:

=

ME D = it P G i
S(IME - &) = ZMQM §ﬁ+zM2M/<c. (5.7)
The total variation of Lyg can be written as follows
SLnp = - 6(3 — i€E%) — E6 <t‘ - ;£5§5> +S(iME - &)
= (p §+ 55) ZE§5/€—Z* §m+z£2p . (5.8)

Adding the previous variations we finally get

d
0LNg = e <

nl‘n Uy

/.;) (5.9)

where we have used the fact that ¢ is identically zero, since here both E and p should be
considered as functions of the lagrangian variables.

Using the k-symmetry. we can fix §~5 to zero. In this way the constraint y becomes
second class. The lagrangian simplifies to:

1 z2 =
LNR=§M7+ZM§‘& (5.10)

where we have omitted the total derivative appearing in (3.11). In this form, the related
action is still invariant under reparametrization of the parameter 7. We can choose the
gauge t = 7, making also the constraint ¢ second class, obtaining

1 . > =
Lng = 5Mgzz +iME - €. (5.11)

6 The spinning particle in a Newton-Cartan metric

In this section we will study the non-relativistic limit of the spinning particle in a torsionless
Newton-Cartan background [11]. We will introduce the gravitational interaction of the rel-
ativistic spinning particle by means of a set of vierbein fields, EA where the index A refers
to the flat target space-time,, A = (0,17),7 = 1,2, 3, whereas the index p = (0,4),i =1,2,3
refers to the curved target space-time. Then, we define the “contracted” vierbeins in terms
of the same linear transformation Ag(w) defining the contracted dynamical variables [26].
On the other hand, we leave the dynamical variables unchanged. In this second way of
proceeding we get a dynamical model interacting with a gravitational field appearing as
the contraction of the original one, in such a way to preserve the contraction of the original

symmetry.

,10,



The Newton Cartan metric is defined in terms of the temporal and spatial vielbeins
(Tu, e ) where i = 1,2, 3 is an index in the flat target space, and p is defined as before [13,
14, 34]. The vielbeins satisfy the following relations
=i el
=% u )

eV = §Y — v no__
el =06, —T,7", TTh =1,
T———
ey = e, = 0. (6.1)

i
€L

In order to reduce the generic background metric to the Newton-Cartan one, we will make
use of the contraction of the VSUSY algebra as defined in eq. (2.11). In particular, we
notice that the expression for H in eq. (2.12), implies a mixing between the Poincaré
generators and the central charge Z_

H= —g(m) + 7). (6.2)

Therefore, besides introducing a gravitational field, we should also introduce a gauge field
associated with the U(1) symmetry generated by Z_. On the other hand, since the Poincaré
group has no central extension (contrarily to the Galilei group), this new field should be
non-dynamical, and therefore with zero curvature [26, 27].

We perform the contraction of the vierbeins assuming the following correspondendence

0 0
r — E,, c_ — My,
t— Ty, C_ — My, (6.3)

where M, is the U(1) gauge field associated to Z_. Then, using eqgs. (3.9) and (3.10), it
follows at once

1+« -
0 = —
E’“ = wTy, — 5% My, M, = wt, — 2wm’“
1 -
T, = _E(O‘EB — (1+a)M,), iy = 2w(M, — E). (6.4)

Notice that we do not introduce gauge fields associated to the fermionic generators G, G5
and -, @;. The change in the contraction procedure, going from the flat to the curved case,
does not affect the Grassmann variables. As a consequence we will define the corresponding
contracted variables, exactly as in egs. (3.9) and (3.10), by taking the non-contracted
variables ({A, €) in the flat target-space.

The coupling of a background gravitational field with the spinning particle has been
studied in [25]. In the present notations the Lagrangian is given by

L- fw nap(Ejlir —igAE) (B in — i€Pés)

i [nap€EP + eyt €” ) — SEE + Mt (6.5)

where w4 ] is the relativistic spin connection. Since M), has zero curvature, the expression
M, i" is a total T-derivative. In fact, M4 can be identified with p?c¢_(z(7)).

Except for the part containing the spin connection, the NR limit obtained by sending
w to infinity, proceeds exactly as in the flat case, with the correspondence i — Eg;fc“,

— 11 —



it — eia’;“, and ¢ — M,4*, and taking into account eq. (6.4). Notice also that the

quadratic divergence arising from uEB:b“ (remember that 4 = Muw), is cancelled by the
first term in the expression of M, given in eq. (6.4). The result we find is

1 6% it — Z~; £5\2

Lyr - %EHZ*M(“ Ff)

2 gim —if5¢5)2

e : Md o 1

where L' is the NR limit of the part of the Lagrangian relative to the spin connection.
Let us now consider the part of the lagrangian that contains the spin connection. We
define the following one-forms

EA = E;?dx“, wh = w;‘Bdm”, (6.7)

where the one-form defining the spin connection, wé, can be evaluated using the first

Cartan structure equation
dEA — w08 = 0. (6.8)

The expression for the spin connection is given explicitly in [35]. The result is
WulAB] = Wy EAET, (6.9)

where EY% is the inverse vierbein, defined by

ELE} =nj (6.10)
and .
Wulvp] = 2 [Q[W}p - Q[Vp}# + Q[pu]l/] ELEg, (6.11)
with
Qutp = (OuES — 0,ES ) Ec,. (6.12)

It is convenient to define the quantities

auian) = Yu)pE4ER,
Buan) = QupluFAER,

YulAB] = Q[pu}uEﬁEg (613)
It follows 1
wWulaB) = 5 [@uian) = Buas) + Vuap)] (6.14)

Let us evaluate the quantities in parenthesis. We begin with the first and the third term

QulAB] — (a,uEBu - &JEB,u)EZ}, (6.15)
VulaB] = (OpBay — 0uFa,) By = —aypa, (6.16)
Buiap) = (O,ES — 0,ES)Ec, E4EY,. (6.17)

In order to evaluate the limit of this expression, we make use of the first two egs. in (6.4).
Recalling that M, has zero curvature, we find

a

(TNJ/ — TI/,M) = ﬁ(muﬂj - 'ﬁ-l/,/’u), (618)

— 12 —



therefore (7., — 7y,,) goes as 1/w? when w — oc. This is equivalent to say that in the
NR limit the spinning particle should be coupled to a torsionless NC background. The
expressions for the inverse vierbeins, at the order in 1/w we are interested in are

1 1+a - _
£ = Loy O i, 1 (0()), (619
1
B =l + (;b;‘)fﬂegmp + (0w™)). (6.20)
In the NR limit we have
1 v — 1 NC

o] = ST (Oue;, — Ove;,) = AL (6.21)

_ 1 v ~ 1 NC
ufio] = 5, (Opmy, — Oyy,) = oo (6.22)
Culij) = (One;, — Ove; )es, (6.23)

_ 1 j —oy _ 1 one
Bu[oi] = ET e? € (8 eJ dpel) + O (w?) = ;B 03] 6.24)
Bugo) = ~Bupoip (6.25)

: o1
v P, k ky _ — S ~

Bui = € e eku(&,ep dpeyr) 2Tu(aymp Opmy) | - (6.26)

The superscript NC', that we have introduced here. refers to the Newton-Cartan quantities.
The result for the spin connection is

_ _ 1 oNOy = L Ne
Wploi] = T%plio] T 2w( Oz] - B uoi] [10]) Rk (6.27)
e oNC Y =, INC
i) = 3@~ Butiy — i) = @uis” (6.28)
with
NC v o N i j 71 L o
W 07 7V (0ue;, 8,,61#) TV e €; (8 el — 0pe}) 5 (Oumy, — Oy |, (6.29)

1
2
W = % [(8Megy — dve;, ek — e”ej [ ,;ﬂ(ayeﬁ — 8pe,if) — %ru(aymp — 8,,77%)}

(e, &,eju)eg] . (6.30)

As anticipated, also for the Newton-Cartan connections we get a result independent of «
and agree with the ones obtained in [34].
Keeping in mind that WoLio] is multiplied by p£%¢°, which is given by

ne'ed = wM\Eé \/255 = wMEE, (6.31)

we see that we get a finite result. The same happens for the rotation part of the connection,

since

pelel = 2MEE. (6.32)

,13,



Therefore the result of the NR limit for the spin connection contribution to the Lagrangian
is
LSO = i MESE MW NC + iME 5]:1;%%0] (6.33)

(0]
The presence of the spin connection relative to the Galilei boost should not surprise. In
fact, the variable £ arising from a linear combination of ¢° and ¢° does not transform

trivially under a Galilei boost. Let us define

iMEE N 1anu. (6.34)

A, = zM§5§l [m

[0]

Then, we have (neglecting the total derivative)

— £ RN
Lyg 1M<6 it = i) +iME - €4 Audt, (6.35)
2 TudH —25555/2

that is the lagrangian of a non-relativistic spinning particle in Newton-Cartan background.

7 Equations of motion in the Newton-Cartan case

Let us evaluate the momenta:

IL ) s 1 e
pu—a,]\;R—M( fo) §M ( Z§§) Ty + Ay (7.1)
v TEY — 15555/2 (Tuw” €565 /2)2
Defining
Pu=pu— Apu, (7.2)
and projecting along the vielbeins, we get
iav i Zi45)2
Purt — — (eyd” —i8'E) (7.3)
2 (1,dv — i£5€5 /2)2
and A )
i i Fieh
Puct = p et ZiEE) (7.4)
T,V — 195 /2
From which we get the mass-shell constraint
¢ = 2MP, " + (Puel')* = 0 (7.5)
and the odd constraint A )
X =7 — iPuele — %Pﬂ“é” —0. (7.6)

These two constraints are the analogs of the constraints we found in the flat case.
It is useful to introduce the “curved NR” Grassmann variables

M=t @ = (e, (7.7)

— 14 —



where
= (56.6). A=, (7.9

Their Dirac bracket are given by

. i
{<A7CB} = _mzéf(ssz

{)\'u, )\V} = *m 656}; == *mhﬂy = 7m(77l“’ — T#TV). (79)
i
The odd constraint becomes
X =7 — iPLM (7.10)
In the same notations, we can write
Ay =MW G + Mmu (7.11)

Now we should compute the Dirac bracket of the constraints ¢, x; for this it is useful
to compute

om om
* _ NC AB 4 m v
(Pam =30 (s 4} (208
where
OwlY AN
NC _ [AB] [AB] NC  NC NC  NC
(R“V )AB - Oxt oxY wl/[Az} ,u[zB] +w,u[Az] I/[ZB] (713)

is the curvature tensor for the NC structure and
B —jcAcB (7.14)
are the spin generators. Furthermore

[P AV} = NI, (7.15)

where 1", are the Christoffel symbols associated to the NC structure given by

., = (8 &4 +w'y [Az] e), (7.16)

which agrees with connection obtained in [34]. In this paper it was proved that these
connections are symmetric in the lower indices
Using the previous results we obtain

D) = a0+ 2P DU NN+ M (D, — Oy el €67
M

7[(%0)/435"‘3][(7“% T EER + (chef - efep)dE. (7T)

To preserve the continuity with the case of a flat background, it is important to require
that the two constraints (¢, x) are still first class. To this end, let us notice that the
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connection I'}, is symmetric in the lower indices. Being saturated with the antisymmetric
quantity A?A” gives zero contribution.The term proportional to the curvature is zero due
to the Bianchi identity. However, the third term proportional to the curl of 1, does not
vanish. Therefore we must require that the vector field associated to the U(1) symmetry
is curl-free. We will make use of this condition from now on.

Therefore ,
{x.x}* = ﬁé- (7.18)
Since the constraint y is odd, the following Jacobi identity
6 Dox3 T+ 06 Doxd T + e Doxd =0 (7.19)
is not trivial. Using eq. (7.18) it follows
{x.¢}" =0. (7.20)

Therefore the two constraints (¢, x) are first class not only in the flat case, but also in a tor-

sionless NC background, with a U(1) connection with zero field strength. Correspondingly

the term in the non-relativistic lagrangian containing the gauge field is a total derivative.
Since the constraint x implies the existence of the kappa-symetry, we see that a require-

ment of kappa-symmetry gives informations about background. In the case of superbranes

in a supergravity background this interplay among the world volume symmetry and a

supergravity background implies the on-shell equations of motion of supergravity [36].
The Dirac hamiltonian can be written as

H = a(2MP,r + (Puel')?) + B(7° — iP,elie’ — %Pﬂﬂé”). (7.21)

In order to get the equations of motion for the space-time coordinates, Grassmann and
spin variables it is useful to consider the gauge 5 = 0. In this case we have

" = 2a(MTH + el'eP,),
7 1

& =0,
~ ~ 1 ~
7 NC NC F5\,p
(it — g4 = 0.
: e’ oty » »
P — <e§ ai; + Tﬂa;> Pyi¥ = M(RNC) 4pSAPiv. (7.22)

We can also have the equations of motion of the spin variables S4Z defined in eq. (7.14).
They are given by

§0 w6 S0 =0, ST 4w, SV — w0 SV =0, (7.23)

Keeping in mind that in this gauge (0 = £° /2 is a constant of motion, this is equivalent to
say that the covariant derivative of the spin generators vanishes. In order to get the second
order equations for the 2#'s variables we must express P” in terms of #”. The final result is

N
i+ Ty dfit — ¥ = MRP(RNC) 4p S4Bt (7.24)
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where N = Tui“.l Choosing the gauge with a = constant it follows, from 7,2 = 2aM,
that N vanishes. Notice also that the connection is given by

v [ o (0Ohgy  Ohyy Ohy, , (01, 0T,
A CR i Rt )

By putting the Grassmann variables to zero, the equation (7.24) reduces to the geodesic
equation for a scalar particle in a torsionless NC background [13]. It is interesting to notice
that in a generic Newton-Cartan background, the left-hand side of eq. (7.24) would contain
a term with three velocities 2 given by:

1
31 hox Qs = Do) i’ go (7.26)

However, such a term vanishes in a torsionless Newton-Cartan background as it is in our
case.

8 Conclusions and outlook

In this paper we have constructed the action of a non-relativistic spinning particle moving
in a general torsionless Newton-Cartan background. The spinning particle is described in
terms of Grassmann variables. The model has two gauge symmetries, diffeomorphism and
kappa symmetry. The invariance under kappa symmetry implies that the gauge field associ-
ated to one of the central extensions of the VSUSY algebra [18] has vanishing field strength.

The equations for the space-time coordinates do not follow the geodesic equations, in-
stead the motion is governed by the non-relativistic analog of the Papapetrou equation [17]
with a coupling of the spin to the NC curvature.

One could study the construction of a non-relativistic superparticle in a NC background
by null reduction of the analogous relativistic spinning particle in one dimension more.

Note added in proof. After having completed this work we received the paper [37]
where the behaviour of a scalar particle and of a supersymmetric particle in a 3-dimensional
NC background were examined. Despite of some similarity this approach and ours are very
different, as well as the model considered here.
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