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1 Introduction

The study of cohomogeneity-one Einstein metrics by employing the techniques used in ho-

mogeneous cosmology [1] was initiated in [2–5]. The Einstein equations lead to second-order

differential equations which were shown to follow from a suitable Lagrangian. Imposing

the condition that the metric have reduced holonomy was shown to lead to first-order dif-

ferential equations that implied the second-order equations. In many cases these first-order

equations admit simple explicit solutions. It was later shown that in many cases when this

reduction is possible, the potential may be derived from a superpotential [6]. A particu-

larly interesting class of examples consists of (2n+2)-dimensional metrics with the isometry

group SO(n+2), and these are the subject of the present paper. Specifically, the metrics we

shall consider have cohomogeneity one, with level surfaces that are homogeneous squashed

Stiefel manifolds V2(R
n+2) ≡ O(n + 2)/O(n) ≡ SO(n + 2)/SO(n), consisting of the set of
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orthonormal dyads in Rn+2 [7].1 In addition to the references cited above, some relevant

previous work can be found in [8–13].

Perhaps the best-known example of a metric in the class we shall be considering is

Stenzel’s Ricci-flat 6-metric on the tangent bundle of the 3-sphere [10], which figures in

string theory as the deformed conifold [14]. Recently, Kuperstein [15] has studied the

behaviour of the conifold in the presence of a positive cosmological constant, and he found

numerical evidence for a solution of a set of first-order equations that provides a complete

non-singular cohomogeneity-one Einstein metric on a “compactification” of T ⋆S3. The 6-

manifold is fibred by an open interval of five-dimensional principal orbits which degenerate

at one end of the interval to an S3 orbit, as in the case of the deformed conifold, and at

the other end to an S2 × S2 orbit.

In this paper, we construct three families of simple exact solutions to the equations

of motion for Stenzel-type Einstein metrics with a positive cosmological constant, and we

study the global structures of the manifolds onto which these local metrics extend. Al-

though the metrics are written in a cohomogeneity-one form, all three classes of metrics

that we obtain are actually homogeneous. The first class of solutions we obtain, which sat-

isfy the first-order equations and therefore are Einstein-Kähler, extend smoothly onto the

manifolds of the complex projective spaces CPn+1. In fact, as we subsequently demonstrate,

these are precisely the standard Fubini-Study metrics on CPn+1, but written in a rather

unusual form. The principal orbits of these metrics are the Stiefel manifolds V2(R
n+2),

divided by Z2. The CPn+1 manifold is described in a form where there is an Sn+1 degen-

erate orbit or bolt at one end of the range of the cohomogeneity-one coordinate, and an

SO(n + 2)/(SO(n) × SO(2))/Z2 bolt at the other end. The case n = 1, giving CP2, cor-

responds to a solution of the first-order equations obtained by a geometrical construction

presented in [9]. Here, we give a generalization of this construction to all values of n.

We find also a second family of exact solutions of the first-order equations. We demon-

strate that these Einstein-Kähler metrics extend smoothly onto the Grassmannian mani-

folds G2(R
n+3) = SO(n+3)/((SO(n+1)× SO(2)) of oriented 2-planes in Rn+3. The level

surfaces are again the Stiefel manifolds V2(R
n+2) ≡ SO(n+2)/SO(n), which can be viewed

as U(1) bundles over the Grassmannian manifolds G2(R
n+2) = SO(n+2)/(SO(n)×SO(2)).

(In these metrics, unlike the CPn+1 metrics described above, the Stiefel manifolds of the

principal orbits are not factored by Z2.) The metric we obtain on G2(R
n+3) is homoge-

neous, described as a foliation of squashed Stiefel manifolds V2(R
n+2) = SO(n+2)/SO(n).

The metric has an Sn+1 bolt at at one end of the range of the cohomogeneity-one coordi-

nate, just as in the Stenzel form of the CPn+1 metric, and an SO(n+ 2)/(SO(n)× SO(2))

bolt at the other end. The case n = 2, corresponding to the Grassmannian G2(R
5), is

in fact the exact solution for an Einstein-Kähler metric that was found numerically by

Kuperstein in [15].

1The reader is warned that there appears to be no standard notation for the Stiefel manifolds

Vp(R
n) and their cousins the Grassmannian manifolds Gp(R

n). For us and in [7], the Stiefel manifold

Vp(R
p+q) = O(p+ q)/O(p) = SO(p+ q)/SO(p) is the space of p-frames in Rp+q. However, we differ from [7]

on Grassmannian manifolds. For us Gp(R
p+q) = SO(p+q)/(SO(p)×SO(q)) is the space of oriented p-planes

in Rp+q. In [7] Gp(R
p+q) = O(p+ q)/(O(p)×O(q)) is the space of un-oriented p-planes in Rp+q. The latter

is a Z2 quotient of the former.

– 2 –



J
H
E
P
0
1
(
2
0
1
6
)
1
3
5

The third family of metrics that we obtain arises as solutions of the second-order

Einstein equations, but they do not, in general, satisfy the first-order equations. Thus

they are Einstein but not Kähler. We provide a geometrical construction for those metrics,

which demonstrates that they extend smoothly onto the product manifolds Sn+1 × Sn+1.

In the case n = 1, the geometrical construction coincides with one first given in [16] and

described in detail in appendix B of [13]. The n = 1 case is exceptional in that the metric,

on S2 × S2, is Kähler as well as Einstein.

Some of the metrics discussed in this paper may play a role in studies of consistent

M-theory or string theory compactifications, and in the context of the AdS/CFT corre-

spondence. For example, a consistent compactification of Type IIA supergravity on CP3

results in an N = 6 supersymmetric four-dimensional gauged supergravity theory. This

was shown in [17], where it was obtained via a reduction of the S7 compactification of

D = 11 supergravity on the Hopf fibres of the S7 viewed as a U(1) bundle over CP3. The

CPn+1 spaces also provide a natural base for constructions of elliptically fibered Calabi-

Yau (n+2)-folds, relevant to studies of F-theory compactifications to (8− 2n) dimensions

(cf. [18] and references therein). In the context of the AdS/CFT correspondence, CPn+1

or G2(R
n+3) backgrounds, as opposed to compact Calabi-Yau (n+ 1)-folds, have the pos-

sibility of avoiding the appearance of singular D-(p + 2) brane fluxes in the presence of

anti-D-p branes (cf. [19] and references therein).

The relevance of the metrics discussed in this paper is not only restricted to problems

in quantum gravity and in M-theory or string theory. The ideas presented in appendix B

of [13] were taken from the quantum theory of triatomic molecules in the Born-Oppenheimer

approximation. At a more fundamental level, CPn is the space of physically distinct quan-

tum states of a system with an (n+1)-dimensional Hilbert space, and forms the arena for

the geometrical approach to quantum mechanics that exploits the Kähler geometry of its

Fubini-Study metric [20–22]. The calculations on CP2 in [9] were aimed at evaluating the

Aharonov-Anandan phase for a 3-state spin-1 system using the Kähler connection. More

recently there have been interesting applications using ideas from toric geometry [23]. In

this paper we shall further elaborate on applications of this formalism, including the study

of the quantum entanglement of qubits.

The paper is organised as follows. In section 2 we give a brief outline of the geometric

approach to quantum mechanics, and its further applications. This includes a discus-

sion of the quantum entanglement of systems comprising two qubits and three qubits.

In section 3 we summarise the Stenzel construction of the Ricci-flat metrics on the tan-

gent bundle of Sn+1, which lends itself to the generalisation that allows us to construct

Einstein-Kähler metrics with a positive cosmological constant. In section 4 we construct

the explicit Einstein-Kähler metrics of the Stenzel type on CPn+1, and analyse their global

structure. In section 5 we obtain the Einstein-Kähler metrics on the Grassmannian mani-

folds G2(R
n+3) = SO(n+3)/(SO(n+1)×SO(2)), as further exact solutions of the first-order

equations for the metrics of Stenzel type. We also obtain exact solutions of the second-

order equations, for Einstein metrics of the Stenzel type that are not, in general, Kähler,

on the product manifolds Sn+1 × Sn+1. Furthermore, by means of analytic continuations

we obtain the metrics, with negative cosmological constant, on the non-compact forms of
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the CPn+1, G2(R
n+3) and Sn+1 × Sn+1 manifolds. In section 6 we discuss the case of six

dimensions in detail, with an explicit coordinatisation of the left-invariant 1-forms on the

five-dimensional principal orbits. We also provide a detailed comparison of our exact so-

lutions with Kuperstein’s numerical and asymptotic analysis. A summary and conclusions

are given in section 7.

2 Quantum mechanics on CPn

The goal of this section it to spell out the key steps in formulating a geometric approach

to quantum mechanics, based on the Kähler geometry of the Fubini-Study metric on CPn.

We begin by reminding the reader that in the standard formulation of quantum mechanics,

Schrödinger’s equation is just a special case of Hamilton’s equations [24, 25]. Let |a〉, for
a = 1, 2 . . . , n+ 1, be an orthonormal basis for Cn+1, and

|Ψ〉 = Za |a〉 , Za =
1√
2
(qa + ipa) , H(qa, pa, t) = 〈Ψ|Ĥ|Ψ〉 = Z̄aHabZ

b , (2.1)

where qa ∈ Rn+1, pa ∈ Rn+1 and Hab = 〈a|Ĥ|b〉 = H̄ba. Thus

dZa

dt
=

1

i

∂H

∂Z̄a
, (2.2)

or
dqa

dt
=

∂H

∂pa
,

dpa
dt

= −∂H

∂qa
. (2.3)

In effect, we are making use of the fact that Cn+1, considered as a Hilbert space, is a flat

Kähler manifold with Kähler potential K = Z̄aZa, metric

ds2 =
∣∣d|Ψ〉

∣∣2 = ∂2K

∂Za∂Z̄a
dZ̄adZa = dZ̄adZa =

1

2
(dqadqa + dpadpa) , (2.4)

symplectic form

ω =
1

i

∂2K

∂Zm∂Z̄n
dZm ∧ dZ̄n =

1

i
dZ̄a ∧ dZ̄a = dpa ∧ dqa , (2.5)

and complex structure

J
dqa

dt
=

dpa
dt

, J
dpa
dt

= −dqa

dt
. (2.6)

This formalism, however, has a built-in redundancy, since |Ψ〉 and λ|Ψ〉 with λ a

non-vanishing complex number are physically equivalent states. We can partially fix this

freedom by normalising our states, requiring that

〈Ψ|Ψ〉 = Z̄aZa = 1 . (2.7)

This restricts the states to S2n+1 ⊂ R2n, but it still leaves the freedom to change the

overall phase: |Ψ〉 → eiα |Ψ〉 with α ∈ R. To obtain the space of physically-distinct states,

we must therefore take the quotient S2n+1/U(1). As a complex manifold this is just CPn,
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with the orbits of the U(1) action being the Hopf fibres. An atlas of complex coordinates

is provided by the inhomogeneous coordinates ζab = Za/Zb, a 6= b.

In order to endow CPn with a metric, we project the standard round metric on S2n+1

orthogonally to the fibres:

ds2 =
∣∣d|Ψ〉

∣∣2 − |〈Ψ|d|Ψ〉|2 = dZ̄adZa − |Z̄adZa|2 . (2.8)

Introducing the inhomogeneous coordinates ζi = Zi/Zn+1 , i = 1, 2, . . . , n we find that the

Kähler form is given by

K = log(1 + ζ̄iζi) . (2.9)

If n = 1 we get the Bloch sphere [26], with metric 1
4 the unit round metric on S2. This is

the space of spin 1
2 states, or of a single qubit. For a spin-J state we get CP2J . If J = 1

one speaks of a q-trit and in general a q-dit with d = (2J + 1). For N qubits we have

n + 1 = d = 2N , because in this case the Hilbert space is (C2)⊗N and not (S2)N as one

might imagine for N classical spin-12 particles.

The physical significance of the Fubini-Study metric is that the distance sFB between

two states |Ψ〉 and |Ψ′〉 is given in terms of the transition probability |〈Ψ|Ψ′〉|2 between

the two states by

cos2(sFB) = |〈Ψ|Ψ′〉|2 . (2.10)

Since in inhomogeneous coordinates

|Ψ〉 = 1√
1 + |ζ|2

(
ζi |i〉+ |n+ 1〉

)
, (2.11)

we have

cos(sFB) =
|1 + ζ̄iζi|√

(1 + |ζ|2)(1 + |ζ ′|2)
. (2.12)

The instantaneous velocity of the evolution of a normalised state |Ψ〉 under the action

of a Hamiltonian Ĥ, which could be time-dependent is, using (2.8), given by

dsFB
dt

=

√
〈Ψ|Ĥ2|Ψ〉 −

(
〈Ψ|Ĥ|Ψ〉

)2
= ∆E , (2.13)

where ∆E is the instantaneous root mean square deviation of the energy in the state |Ψ〉.
Note that (2.10) and (2.13) are discrepant by a factor of two from [27], whose metric is 4

times the Fubini-Study metric, that is sAA = 2sFB.

2.1 Darboux coordinates and shape space

One may replace the inhomogeneous coordinates ζi by

ai =
ζi√

1 + |ζ|2
, ⇐⇒ ζi =

ai√
1− |a|2

, (2.14)

by which an open dense subset of CPn is mapped into the interior of the unit ball in

Cn ≡ R2n. Since if K = log(1 + |ζ|2),

1

2

∂2K

∂ζi∂ζ̄j
dζi ∧ dζ̄j =

1

2
dai ∧ dāi = idpi ∧ dqi (2.15)
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where ak = qk + i pk . Thus (qi, pi) are Darboux coordinates for CPn. If n = 1 we recover

what geographers call the coordinates associated to Lambert’s Polar Azimuthal Equal Area

Projection. By contrast, if n = 1 and the inhomogeneous coordinate ζ1 is used, we have

what astronomers and crystallographers know as The Equal Angle Stereographic Projection

of Hipparchus.

In terms of the Lambert-Darboux coordinates we have

|Ψ〉 = ai|i〉+
√

1− |a|2 |n+ 1〉 , (2.16)

and hence H = 〈Ψ|Ĥ|Ψ〉 is given by

H = āiHija
j + (1− |a|2)H(n+1) (n+1) +

√
1− |a|2

(
āiHi (n+1) +H(n+1) i a

i
)
, (2.17)

which is considerably simpler than its expression in inhomogeneous coordinates

H =
1

(1 + |ζ|2)
(
ζ̄iHijζ

j + ζ̄iHi (n+1) +H(n+1) i ζ
i +H(n+1) (n+1)

)
, (2.18)

In particular, if H(n+1) i = 0 , the Hamiltonian is purely quadratic in the Lambert-Darboux

coordinates. It is possible to express cos δFS and the Fubini-Study metric in terms of

Lambert-Darboux coordinates, but the expressions don’t appear to be especially illumi-

nating.

There is interesting application of the foregoing theory to the statistical theory of

shape [28–30]. A shape is defined to be a set of k labelled points xa, a = 1, 2, . . . n

in Rn modulo the action of the similarity group Sim(n), i.e the group of translations,

rotations and dilations. The space of such shapes is denoted by Σk
n and hence has dimension

nk−n− 1
2n(n− 1)− 1. If we translate the k points so that their centroid lies at the origin

of Rn, and we fix the scale by demanding that

k−1∑

1

x2
i = 1 , (2.19)

we see that

Σk
n = Sn(k−1)−1/SO(n) . (2.20)

Moreover, the flat metric on Rn(k−1) descends to give a curved metric on Σk
n.

In the special case when n = 2, we find that Σk
2 = S2k−3/SO(2) = CPk−2, with its

Fubini-Study metric. Thus the space of triangles in the plane may be identified with the

Bloch sphere CP1. Using complex notation, the k − 1 coordinates Zi, may be regarded as

homogeneous coordinates for CPk−2. The inhomogeneous coordinates are ζi = Zi/Zk−1,

i = 1, 2, . . . , k − 2, and the Darboux coordinates are

ai =
Zi

Zk−1

1√
1 +

∑k−2
j |Zj |2/|Zk−1|2

= e−iθk−1Zi , i = 1, 2, . . . , k − 2 , (2.21)

where θk−1 is the argument of Zk−1. Thus if e−iθk−1Zi = xi + iyi, the volume measure on

the shape space Σk
2 is uniform in these Lambert-Darboux coordinates, i.e. it is

k−2∏

1

dxidyi . (2.22)
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For a description of entanglement and other aspects of quantum mechanics in terms of

shapes see [30].

2.2 Entanglement and Segre embedding

As noted above, the Hilbert space for two qubits is C2 ⊗ C2 = C4, and the space of states

is CP3, which as a real manifold is six dimensional. However, for two non-interacting

completely independent spin-half systems, each of whose state spaces is the Bloch sphere

CP1 = S2, one might expect a state space of the form CP1 ⊗ CP1 = S2 × S2. This will be

the case if we consider only separable or unentangled states in C4 = C2 ⊗ C2, for which

|Ψ〉 = |Ψ〉1 ⊗ |Ψ〉2 , (2.23)

with

|Ψ〉1 = a1| ↑〉1 + b1| ↓〉1 , |Ψ〉2 = a2| ↑〉2 + b2| ↓〉2 . (2.24)

If | ↑↑〉 = | ↑〉1 ⊗ | ↑〉2, etc., then

|Ψ〉 = Z1| ↑↑〉+ Z2| ↑↓〉+ Z3| ↓↑〉+ Z4| ↓↓〉 , (2.25)

with

(Z1 , Z2 , Z3 , Z4) = (a1a2 , a1b2 , b1a2 , b1b2) , (2.26)

and so there is a non-linear constraint on the set of bi-partite states, namely

Z1Z4 = Z2Z3 . (2.27)

We conclude that the set of all separable states with respect to this factorization of the

Hilbert space C4 is not a linear subspace of C4, but rather (2.27) is a complex quadratic

cone in C4. This projects down to a complex hypersurface in CP3, given, in terms of the

inhomogeneous coordinates (ζ1 , ζ2 , ζ3) = (Z1/Z4 , Z2/Z4 , Z3/Z4), by

ζ1 = ζ2 ζ3 . (2.28)

The Kähler function for CP3 is

K = log(1 + |ζ1|2 + |ζ2|2 + |ζ3|2) (2.29)

and so this restricts to

K = log(1 + |ζ2ζ3|2 + |ζ2|2 + |ζ3|2) = log(1 + |ζ2|2) + log(1 + |ζ3|2) . (2.30)

Thus we get the product of Fubini-Study metrics on CP1 × CP1. This construction and

its generalizations are known to mathematicians as Segre embeddings. In physical terms,

a linear superposition of unentangled states is, in general, entangled. The span of all such

states, that is, the union of complex lines on CP3 through all pairs of points on the Segre

embedding of CP1 × CP1 into CP3, is all of CP3.
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The simplest notion of entanglement depends upon the factorization of the total Hilbert

space into a tensor product of two Hilbert spaces. In our present case, since 2× 2 = 2 + 2

the second Hilbert space is orthogonal,

H = H⊗Hs = H1 ⊕⊥ H2 . (2.31)

Each factorization amounts to finding a two-dimensional linear subspace of C4. The space of

such linear subspaces is is the complex Grassmannian G2(C
2) = SU(4)/(SU(2)1×SU(2)2),

where SU(2)1 acts on H1 and SU(2)2 acts on H2. In fact this is the only such simple case

since the only integral solution of the equation n1n2 = n1 + n2 is n1 = n2 = 2.

One physical situation where this decomposition arises is when SU(2)1 is isospin and

SU(2)2 is ordinary spin. Then | ↑〉 ⊗ |Ψ〉2 are states of the the proton with electric charge

|e| and | ↓〉 ⊗ |Ψ〉2 are states of the neutron with zero electric charge [31]. Since electric

charge is absolutely conserved, we have a super-selection rule [32]; no other superpositions

are allowed. Thus the proton states correspond to a point at the north pole of S2
1 ×S2

2 and

the neutron states to a point at the south pole of S2
1 × S2

2 .

2.3 Tripartite entanglement and Cayley hyperdeterminant

The significantly more complicated case of three qubits with the possibility of tripartite

entanglement

C8 = C2 ⊗ C2 ⊗ C2 , (2.32)

which may be quantified by means the Cayley hyperdeterminant [33, 34], has arisen re-

cently [35, 36] in the study of STU black holes [37, 38]. If we adopt a binary digit notation,

according to which ↑ corresponds to 0 and ↓ corresponds to 1, we have

(
ζ1 |0〉1 + |1〉1

)
⊗
(
ζ2 |0〉2 + |1〉2

)
⊗
(
ζ3 |0〉3 + |1〉3

)

= ζ000 |000〉+ ζ001 |001〉+ ζ100 |100〉
+ζ010 |010〉+ ζ110 |110〉+ ζ101 |101〉+ ζ011 |011〉+ |111〉 , (2.33)

where (ζ1, ζ2, ζ3) are inhomogeneous coordinates for CP1 ×CP1 ×CP1 and (ζ000, . . . , ζ011)

are inhomogeneous coordinates for CP7. In this case the Segre embedding is given (lo-

cally) by

(ζ011, ζ101, ζ110) = (ζ1, ζ2, ζ3) ,

(ζ001, ζ100, ζ010) = (ζ1ζ2, ζ2ζ3, ζ3ζ1) ,

ζ000 = ζ1ζ2ζ3 . (2.34)

or as a sub-variety of CP7 by the four equations in seven unknowns

(ζ001, ζ010, ζ100) = (ζ011 ζ101, ζ011 ζ110, ζ110 ζ101) ,

ζ000 = ζ011 ζ101 ζ110 . (2.35)

In [36] the general state in C8 is written as

|ψ〉 =
∑

a

ψa|a〉 , (2.36)
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where a = 0, 1, . . . , 7 correspond to the binary digits used above. Thus

(ψ0, ψ1, ψ2, ψ3, ψ4, ψ5, ψ6, ψ7) = (ζ000, ζ001, ζ010, ζ011, ζ100, ζ101, ζ110, 1) . (2.37)

The Cayley hyperdeterminant is given by [33, 34]

D(ζ) = −1

2
bij bkℓ ǫik ǫjℓ , where bij = ζikℓ ζjmn ǫkm ǫℓn (2.38)

and ǫij = −ǫji with ǫ01 = 1. In terms of the components ψa, this implies

D(|ψ〉) =
(
ψ0ψ7 − ψ1ψ6 − ψ2ψ5 − ψ3ψ4

)2
− 4
(
ψ1ψ6ψ2ψ5 + ψ2ψ5ψ3ψ4 + ψ3ψ4ψ1ψ6

)

+4ψ1ψ2ψ4ψ7 + 4ψ0ψ3ψ5ψ6 . (2.39)

Substituting in (2.35), we see that the Cayley hyperdeterminant or three-tangle vanishes

on the image of the Segre embedding, as expected. We can also see the embedding geo-

metrically, in that the Kähler function for CP7,

K7 = log(1 + |ζ000|2 + |ζ001|2 + |ζ010|2 + |ζ011|2 + |ζ100|2 + |ζ101|2 + |ζ110|2) , (2.40)

becomes the sum of Kähler functions for three CP1 factors after using the equations (2.35):

K7 −→ log(1 + |ζ1|2) + log(1 + |ζ2|2) + log(1 + |ζ3|2) . (2.41)

If the components ψa are taken to be real, then the entropy of the BPS STU black holes [37,

38] and the Cayley hyperdeterminant are related by [35, 36]:

S = π
√
−D(|ψ〉) , (2.42)

provided that the four electric {qi} and four magnetic{pi} charges are identified as:

(p0, p1, p2, p3, q0, q1, q2, q3) = (ψ0, ψ1, ψ2, ψ4,−ψ7, ψ6, ψ5, ψ3) . (2.43)

C8 also admits a bi-partition as C2 × C4, and thus a Segre embedding of CP1 × CP3.

This works out as follows. The analogue of (2.33) is
(
ζ0 |0〉1 + |1〉1

)
⊗
(
ζ1 |0〉2 ⊗ |0〉3 + ζ2 |1〉2 ⊗ |0〉3 + ζ3 |0〉2 ⊗ |1〉3 + |1〉2 ⊗ |1〉3

)

=
∑

a

ψa|a〉 . (2.44)

The analogue of (2.35) is

(ψ0, ψ1, ψ2, ψ3, ψ4, ψ5, ψ6, ψ7) = (ζ0 ζ1, ζ0 ζ3, ζ0 ζ2, ζ0, ζ1, ζ3, ζ2, 1) , (2.45)

giving three equations in seven unknowns:

(ψ0, ψ1, ψ2) = (ψ3ψ4, ψ3ψ5, ψ3ψ6) , (2.46)

or in other words

ζ000 = ζ011 ζ100 , ζ001 = ζ011 ζ101 , ζ010 = ζ011 ζ110 . (2.47)

Substitution of (2.45) in (2.39) shows that the Cayley hyperdeterminant of the three-tangle

vanishes in this case as well. We also find that the Kähler function (2.40) for CP7 becomes

the sum of Kähler functions for a CP1 and a CP3 factor after imposing the conditions (2.46):

K7 −→ log(1 + |ζ0|2) + log(1 + |ζ1|2 + |ζ2|2 + |ζ3|2) . (2.48)
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2.4 Direct sums and nesting formulae

We have seen above that as well as partitions into tensor products, it is often convenient

to decompose Hilbert spaces into direct sums. This gives rise to an iterative “nesting

construction” for Fubini-Study metrics [39].

Consider the case

Cp+q = Cp ⊕⊥ Cq (2.49)

with p ≥ q. Let

Z =

(
cosαX

sinαY

)
, (2.50)

with

X†X = Y †Y = 1 , (2.51)

and hence Z is a unit vector in Cp+q:

Z†Z = 1 . (2.52)

If we define dΣ2
m, to be the Fubini-Study metric (2.8) on CPm, we have

dΣ2
p+q−1 = dZ†dZ−|Z†dZ|2

= dα2+cos2 α
(
dX†dX−|X†dX|2

)
+sin2 α

(
dY †dY −|Y †dY |2

)

+cos2 α sin2 α |X†dX+Y †dY |2 (2.53)

= dα2+cos2 αdΣ2
p−1+sin2 αdΣ2

q−1+sin2 α cos2 α |X†dX+Y †dY |2 , (2.54)

where we have have used the fact that

ℜX†dX = ℜY †dY = 0 . (2.55)

Note that −iX†dX and −iY †dY are the Kähler connections on CP p−1 and CP q−1

respectively.

If p = n, q = 1, Y = eiτ̄ and α = 1
2π− ξ , we recover the iterative construction of [39],

in which given the Fubini-Study metric on CPn, one obtains the Fubini-Study metric on

CPn+1. Carrying out the iteration gives the metric as a nested sequence of metrics ending

with the the round metric on CP1. In the first non-trivial case, one obtains CP2 in Bianchi-

IX form [3]. It is clear that one may decompose the higher-dimensional metrics into further

direct sums by using (2.54) applied to dΣ2
q−1 or dΣ2

q−1 or both.

3 The Stenzel construction

We begin by recalling the Stenzel construction of (2n + 2)-dimensional Ricci-flat metrics

on the tangent bundle of Sn+1 [10]. It was described in detail, in a notation close to

that which we shall be using here, in [6].2 Let LAB, which are antisymmetric in the

2The only change in notation is that we now take the index range for the SO(n) subgroup of SO(n+ 2)

to be 1 ≤ i ≤ n rather than 3 ≤ i ≤ n+ 2.
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fundamental SO(n + 2) indices A,B, . . ., be left-invariant 1-forms on the group manifold

SO(n+ 2), obeying the exterior algebra

dLAB = LAC ∧ LCB . (3.1)

Splitting the indices A = (i, n+1, n+2), the Lij are the left-invariant 1-forms of the SO(n)

subgroup. We make the definitions of the 1-forms

σi ≡ Li,n+1 , σ̃i ≡ Li,n+2 , ν ≡ Ln+1,n+2 , (3.2)

which lie in the coset SO(n+ 2)/SO(n). They obey the algebra

dσi = ν ∧ σ̃i + Lij ∧ σj , dσ̃i = −ν ∧ σi + Lij ∧ σ̃j , dν = −σi ∧ σ̃i ,

dLij = Lik ∧ Lkj − σi ∧ σj − σ̃i ∧ σ̃j . (3.3)

We then consider the metric

ds2 = dξ2 + a2 σ2
i + b2 σ̃2

i + c2 ν2 , (3.4)

where a, b and c are functions of the radial coordinate ξ. We define also the vielbeins

e0 = dξ , ei = a σi , eĩ = b σ̃i , e0̃ = c ν . (3.5)

The spin connection, curvature 2-forms and the Ricci tensor are given in [6]. It is also

shown there that if one defines a new radial coordinate η such that an bn c dη = dξ, then

the Ricci-flat equations can be derived from the Lagrangian L = T − V where

T = α′ γ′ + β′ γ′ + nα′ β′ +
1

2
(n− 1)(α′2 + β′2) ,

V =
1

4
(ab)2n−2 (a4 + b4 + c4 − 2a2 b2 − 2n(a2 + b2)c2) , (3.6)

and a = eα, b = eβ , c = eγ .

Writing the Lagrangian as L = 1
2gij (dα

i/dη) (dαj/dη) − V , where αi = (α, β, γ), the

potential V can be written in terms of a superpotential W , as [6]

V = −1

2
gij

∂W

∂αi

∂W

∂αj
, W =

1

2
(ab)n−1 (a2 + b2 + c2) . (3.7)

(For a systematic discussion of when superpotentials can be introduced for the

cohomogeneity-one Einstein equations, see [40, 41].) This implies that the Ricci-flat con-

ditions are satisfied if the first-order equations

dαi

dη
= gij

∂W

∂αj
(3.8)

are obeyed. This leads to the first-order equations [6]

ȧ =
1

2bc
(b2 + c2 − a2) , ḃ =

1

2ac
(a2 + c2 − b2) , ċ =

n

2ab
(a2 + b2 − c2) , (3.9)

where ȧ means da/dξ, etc.
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These first-order equations are in fact the conditions that follow from requiring that

the metrics be Ricci-flat and Kähler, namely that Rab = 0 and that the Kähler form

J = −e0 ∧ e0̃ + ei ∧ eĩ = −c dξ ∧ ν + ab σi ∧ σ̃i (3.10)

be covariantly constant. In fact, they can be derived more simply by requiring

dJ = 0 , dΩn+1 = 0 , (3.11)

where

Ωn+1 ≡ ǫ0 ∧ ǫ1 ∧ · · · ∧ ǫn (3.12)

is the holomorphic (n+ 1)-form and we have defined [6]

ǫ0 ≡ −e0 + i e0̃ = −dξ + i c ν , ǫi ≡ ei + i eĩ = a σi + i b σ̃i . (3.13)

It is easy to incorporate a cosmological constant Λ, so that the equations of motion

become Rab = Λ gab. As was shown in [12] , this Einstein condition is satisfied if the

first-order equations (3.9) are modified to

ȧ =
1

2bc
(b2+c2−a2) , ḃ =

1

2ac
(a2+c2−b2) , ċ =

n

2ab
(a2+b2−c2)−Λ ab . (3.14)

These Einstein-Kähler first-order equations can also be derived by modifying the Ricci-flat

Kähler conditions (3.11) to

dJ = 0 , DΩn+1 = 0 , (3.15)

where D is the U(1) gauge-covariant exterior derivative

D ≡ d− i ΛA , (3.16)

and A is the Kähler 1-form potential, J = dA. From (3.10) and the equation (ab)′ = c that

follows from dJ = 0, it is easy to see that we can take

A = −ab ν . (3.17)

The potential V and superpotential W appearing in (3.7) should be modified in the

Λ 6= 0 case to

V =
1

4
(ab)2n−2 (a4 + b4 + c4 − 2a2 b2 − 2n(a2 + b2)c2 + 4Λ a2b2c2) ,

W =
1

2
(ab)n−1 (a2 + b2 + c2)− Λ

n+ 1
(ab)n+1 . (3.18)

(The new superpotential for the special case n = 2 was given in [15].)
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4 CPn+1 metrics in Stenzel form

We may now consider solutions of the first-order system of equations (3.14) for Einstein

metrics of the Stenzel form. It is easy to see that for each value of n there is a solution

of (3.14) given by

a = sin ξ , b = cos ξ , c = cos 2ξ , (4.1)

with cosmological constant Λ = 2(n + 2). (Of course, one can trivially apply scalings to

obtain other values of the cosmological constant.)

As we shall now show, the metric (3.4) with a, b and c given by (4.1) is in fact the

Fubini-Study metric on CPn+1, written in a non-standard way. To see this, we shall present

the generalisation of a construction of CP2 given in [9], extended now to an arbitrary even

dimension D = 2n+ 2.

Let en+1 and en+2 be an orthonormal pair of column vectors in Rn+2, where

en+1 = (0, 0, . . . , 0, 1, 0)T , en+2 = (0, 0, . . . , 0, 0, 1)T , (4.2)

and let R be an arbitrary element of SO(n + 2), which acts on Rn+2 through matrix

multiplication. We then define the complex (n+ 2)-vector

Z = R (sin ξ en+1 + i cos ξ en+2) , (4.3)

which clearly satisfies Z† Z = 1.3 The standard construction of the Fubini-Study metric

on CPn+1 is given, for Z ∈ Cn+2 and satisfying Z† Z = 1, by

ds2 = dZ† dZ − |Z† dZ|2 . (4.4)

Defining the 1-forms LAB on SO(n+ 2) by

dRR−1 =
1

2
LAB M̃AB , (4.5)

where M̃AB are the generators of the Lie algebra of SO(n + 2), and introducing also the

SO(n+ 2)-conjugated generators

MAB = RT M̃AB R , (4.6)

we see from (4.3) that

dZ = R
[
(L ·M) (sin ξ en+1 + i cos ξ en+2) + (cos ξ en+1 − i sin ξ en+2) dξ

]
, (4.7)

where we have defined (L ·M) = 1
2LAB MAB. We may take the generators MAB to have

components given simply by

(MAB)CD = δAC δBD − δAD δBC , (4.8)

3Since Z and −Z are the same point in CPn+1, this means that when n is even (and hence −R is in

SO(n+2) if R is in SO(n+2)), the group that acts effectively on CPn+1 is the projective special orthogonal

group PSO(n+ 2) = SO(n+ 2)/Z2. By contrast, when n is odd SO(n+ 2) is centreless, and so the entire

SO(n+ 2) acts effectively on CPn+1.
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and so we can choose a basis where eTA (L · M) eB = LAB. Note that the LAB are left-

invariant 1-forms of SO(n+ 2). It then follows that

Z† dZ = i sin 2ξ Ln+1,n+2 ,

dZ† dZ = dξ2 − sin2 ξ [(L ·M)2]n+1,n+1 − cos2 ξ [(L ·M)2]n+2,n+2 , (4.9)

with

[(L ·M)2]n+1,n+1 = Ln+1,ALA,n+1 = −(Ln+1,n+2)
2 − (Li,n+1)

2 ,

[(L ·M)2]n+2,n+2 = Ln+2,ALA,n+2 = −(Ln+1,n+2)
2 − (Li,n+2)

2 . (4.10)

In view of the definitions (3.2), we therefore find that the Fubini-Study metric (4.4) on

CPn+1 can be written as

ds2 = dξ2 + sin2 ξ σ2
i + cos2 ξ σ̃2

i + cos2 2ξ ν2 , (4.11)

which is precisely the metric we obtained above in (4.1).

The curvature 2-forms, which can be calculated from equations given in [6], turn out

to be

Θ0i = e0 ∧ ei − e0̃ ∧ eĩ , Θ0̃i = e0 ∧ eĩ + e0̃ ∧ ei ,

Θ00̃ = 4e0 ∧ e0̃ − 2ei ∧ eĩ , Θij = ei ∧ ej + eĩ ∧ ej̃ ,

Θĩj̃ = eĩ ∧ ej̃ + ei ∧ ej , Θij̃ = ei ∧ ej̃ − eĩ ∧ ej + 2(ek ∧ ek̃ − e0 ∧ e0̃) δij ,

Θ0̃i = e0̃ ∧ ei + e0 ∧ eĩ , Θ0̃̃i = e0̃ ∧ eĩ − e0 ∧ ei , (4.12)

where we are using the vielbein basis defined in (3.5). The CPn+1 metrics are Einstein,

with Rab = 2(n+2) gab. Note that as expected for the Fubini-Study metrics, the curvature

has constant holomorphic sectional curvature, and can be written as

ΘAB = eA ∧ eB + JAC JBD eC ∧ eD + 2JAB J , (4.13)

where J is the Kähler form, given in (3.10).

It will also be useful for future reference to note that the CPn+1 metric (4.11) can be

rewritten in terms of a new radial coordinate τ = log tan(ξ + 1
4π) as

ds2 =
1

4
sech 2τ dτ2 + sinh2

1

2
τ sech τ σ2

i + cosh2
1

2
τ sech τ σ̃2

i + sech 2τ ν2 . (4.14)

The radial coordinate ranges from τ = 0 at the Sn+1 bolt to τ = ∞ at the SO(n +

2)/(SO(n)×SO(2))/Z2 bolt. [We note that in the appendix A of [42], an analogous, though

less geometric construction of CPm+n+1 as a nesting of CPm × CPn surfaces was given.]

4.1 Global structure of the CPn+1 metrics

The radial coordinate ξ lies in the interval 0 ≤ ξ ≤ 1
4π. As ξ goes to zero, the metric (4.11)

extends smoothly onto a space that has the local form Rn+1 × Sn+1. As can be seen by
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comparing with the Ricci-flat Stenzel metrics as given in [6], the metrics take the same

form in the vicinity of the origin. The principal orbits when 0 < ξ < 1
4π are the Stiefel

manifold SO(n+ 2)/SO(n) divided by Z2.

At the other end of the range of the ξ coordinate, we see that as ξ approaches 1
4π, the

metric (4.11) extends smoothly onto R2 × G2(R
n+2)/Z2. The reason for the Z2 quotient

was discussed in footnote 3. It is reflected in the fact that the integral
∮
ν around the

degenerate orbit at ξ = π/4 must equal π, rather than 2π. This can be compared with

the situation in metrics discussed in section 5.1 below, for which one has
∮
ν = 2π at the

analogous degenerate orbit.

In the language of nuts and bolts, the CPn+1 manifold is described here in a form where

there is an Sn+1 degenerate orbit or bolt at ξ = 0 and an SO(n+ 2)/(SO(n)× SO(2))/Z2

bolt at ξ = 1
4π.

Since
∮
ν = π at the bolt, this implies that the level surfaces at fixed ξ between the

endpoints are the Stiefel manifold SO(n+ 2)/SO(n) divided by Z2.

Although the local form of the CPn+1 metrics near to the Sn+1 bolt at ξ = 0 is similar

to that of the Stenzel metrics on T ∗Sn+1 near their Sn+1 bolt, the Z2 factoring of the

SO(n + 2)/SO(n) principal orbits in the CPn+1 metrics that we discussed above means

that one cannot, strictly speaking, view the CPn+1 metrics as “compactifications” of the

Stenzel metrics. Rather, CPn+1 can be viewed as a “compactification” of the Z2 quotient of

the Stenzel manifold. As can be seen from the construction of the Stenzel metrics given in

section 2.1 of [6], where the Stenzel manifold is described by the complex quadric za za = a2

in Cn+2, one can divide by Z2, with the action Z2 : za → −za, and since this acts freely the

quotient is still a smooth manifold. As a further cautionary remark, it should be noted that

the Ricci-flat Stenzel metric on T ∗Sn+1 does not arise as a limit of the CPn+1 metric (4.11)

in which the cosmological constant is sent to zero.

5 Other exact solutions of Stenzel form

There are two other simple examples of Einstein metrics, with a positive cosmological

constant Λ, that take the Stenzel form (3.4), on the manifolds G2(R
n+3) and Sn+1×Sn+1.

We present these in sections 5.1 and 5.2. In section 5.3, by making appropriate analytic

continuations, we obtain Einstein metrics with negative cosmological constant on non-

compact forms of CPn+1, G2(R
n+3) and Sn+1 × Sn+1.

5.1 Metrics on the Grassmannians G2(R
n+3)

It is easy to see that the functions a = sin ξ, b = 1, c = cos ξ give a solution of the first-order

equations (3.14), with Λ = n+ 1. This gives another Einstein-Kähler metric,

ds2 = dξ2 + sin2 ξ σ2
i + σ̃2

i + cos2 ξ ν2 . (5.1)

The coordinate ξ ranges from 0 to 1
2π. Near ξ = 0 the metric again looks locally like

the Stenzel metric near its origin, and there is an Sn+1 bolt at ξ = 0. The met-

ric extends smoothly onto ξ = 1
2π, provided that the integral

∮
ν around ξ = π/2 is

equal to 2π. Thus in contrast to the CPn+1 metrics discussed in the previous section,
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where we found that regularity at the degenerate orbit required
∮
ν = π and hence im-

plied the non-degenerate level surfaces were SO(n+ 2)/SO(n)/Z2, in the present case the

level surfaces are SO(n + 2)/SO(n). The bolt at ξ = 1
2π is the Grassmann manifold

G2(R
n+2) = SO(n+ 2)/(SO(n)× SO(2)).

For future reference, we note that here if we introduce a new radial coordinate defined

by τ = 2 log tan(12ξ +
1
4π), the metric (5.1) becomes

ds2 =
1

4
sech 2 1

2
τ dτ2 + tanh2

1

2
τ σ2

i + σ̃2
i + sech 2 1

2
τ ν2 . (5.2)

The radial coordinate ranges from the Sn+1 bolt at τ = 0 to the G2(R
n+2) bolt at τ = ∞.

The curvature 2-forms, which can again be calculated from equations given in [6], turn

out to be

Θ0i = e0 ∧ ei + e0̃ ∧ eĩ , Θ0̃i = 0 ,

Θ00̃ = e0 ∧ e0̃ + ei ∧ eĩ , Θij = ei ∧ ej + eĩ ∧ ej̃ ,

Θĩj̃ = eĩ ∧ ej̃ + ei ∧ ej , Θij̃ = (ek ∧ ek̃ + e0 ∧ e0̃) δij ,

Θ0̃i = 0 , Θ0̃̃i = e0̃ ∧ eĩ + e0 ∧ ei . (5.3)

(We have chosen the vielbein basis e0 = dξ, ei = sin ξ σi, e
ĩ = σ̃i and e0̃ = − cos ξ ν here.)

Note that if we now define the indices

I = (0, i) , Ĩ = (0̃, ĩ) , 0 ≤ I ≤ n , (5.4)

where Ĩ = I + n + 1, then the curvature 2-forms in (5.3) can be written in the more

compact form

ΘIJ = eI ∧ eJ + eĨ ∧ eJ̃ , ΘĨ J̃ = eĨ ∧ eJ̃ + eI ∧ eJ , ΘIJ̃ = eK ∧ eK̃ δIJ . (5.5)

From this it can be seen that the metrics (5.1) are Einstein, with Rab = (n+ 1) gab.

The metrics (5.1) are in fact metrics on the Grassmannian manifolds

G2(R
n+3) =

SO(n+ 3)

SO(n+ 1)× SO(2)
. (5.6)

This can be seen by starting from the left-invariant 1-forms L̂AB of SO(n + 3), with 0 ≤
A ≤ n+2, decomposing the indices as A = (I, a), where I = 0, . . . , n and a = n+1, n+2,

and then defining the 2(n+ 1)-bein

eI = L̂I,n+1 , eĨ = L̂I,n+2 , (5.7)

for the metric ds2 = eI ⊗ eI + eĨ ⊗ eĨ , where Ĩ = I + n + 1. The spin connection is then

given by

ωIJ = −L̂IJ , ωĨ J̃ = −L̂ij , ωIJ̃ = −δIJ L̂n+1,n+2 , (5.8)

and hence the curvature 2-forms are

ΘIJ = eI ∧ eJ + eĨ ∧ eJ̃ , ΘĨ J̃ = eĨ ∧ eJ̃ + eI ∧ eJ , ΘIJ̃ = eK ∧ eK̃ δIJ . (5.9)
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Thus the curvature for these metrics on the Grassmannian manifolds G2(R
n+3) is in precise

agreement with the curvature (5.5) that we found for the metrics (5.1). It is easily verified

that the 2-form

J = eI ∧ eĨ (5.10)

is closed, and furthermore covariantly constant, and hence it is a Kähler form for G2(R
n+3).

Since the metrics (5.1) are locally similar to the Ricci-flat Stenzel metrics near the Sn+1

bolt at ξ = 0, and the principal orbits for ξ > 0 are the Stiefel manifolds SO(n+2)/SO(n),

just as in the Ricci-flat Stenzel metrics, one may view the metrics (5.1) as a kind of

“compactification” of the Stenzel metrics. However, as we remarked earlier in the context

of the CPn+1 metrics, one should view this interpretation with some caution, since there

is no Λ → 0 limit of the the metrics (5.1) that gives the Ricci-flat Stenzel metrics.

5.2 An S
n+1

× S
n+1 solution of the second-order equations

We can also find a solution of the second-order Einstein equations that is not a solution

of the first-order equations (3.14), and thus it is not Kähler (at least with respect to the

almost complex structure defined by J in (3.10)). This is given by

a = sin ξ , b = cos ξ , c = 1 , (5.11)

and it is Einstein with Λ = 2n. This is in fact the standard product metric on Sn+1×Sn+1.

This can be seen by introducing two orthonormal vectors in Rn+2, as in (4.2), and then

defining the two real (n+ 2)-vectors

X = R (sin ξ en+1 + cos ξ en+2) , Y = R (sin ξ en+1 − cos ξ en+2) , (5.12)

where R is again a general element of SO(n + 2). Note that these satisfy XT X = 1 and

Y T Y = 1. The suitably scaled metric on Sn+1 × Sn+1 can be written as

ds2 =
1

2
dXT dX +

1

2
dY T dY . (5.13)

Following analogous steps to those we used in the CPn+1 case, we find that here the metric

on Sn+1 × Sn+1 becomes

ds2 = dξ2 + sin2 ξ σ2
i + cos2 ξ σ̃2

i + ν2 , (5.14)

which is precisely the one given by (5.11).

The coordinate ξ here ranges over 0 ≤ ξ ≤ 1
2π. The metric has Stenzel-like behaviour

near each endpoint, and can be viewed as a flow from an Sn+1 bolt at one end to a

“slumped” Sn+1 bolt at the other end.

The curvature 2-forms are given by

Θ0i = e0 ∧ ei + e0̃ ∧ eĩ , Θ0̃i = e0 ∧ eĩ + e0̃ ∧ ei ,

Θ00̃ = 0 , Θij = ei ∧ ej + eĩ ∧ ej̃ ,

Θĩj̃ = eĩ ∧ ej̃ + ei ∧ ej , Θij̃ = ei ∧ ej̃ + eĩ ∧ ej ,

Θ0̃i = e0̃ ∧ ei + e0 ∧ eĩ , Θ0̃̃i = e0̃ ∧ eĩ + e0 ∧ ei , (5.15)

from which it can be seen that the metrics are Einstein, with Rab = 2n gab.
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5.3 Non-compact manifolds with negative-Λ Einstein metrics

By performing straightforward analytic continuations we can obtain Einstein metrics with

negative cosmological constant on non-compact forms of all three classes of manifolds that

we have considered in this paper. The procedure is the same in all three cases, and

comprises the following steps. First, we perform a Wick rotation of the cohomogeneity-one

coordinate ξ, sending ξ → i ξ. Next, we perform a Wick rotation on the coordinates xA of

the Rn+2 Euclidean space, sending xn+2 → i xn+2. This has the effect of sending

σi −→ σi , σ̃i −→ i σ̃i , ν −→ i ν . (5.16)

Finally, we reverse the sign of the metric. The metrics (4.11), (5.1) and (5.14) then become

C̃Pn+1 : ds2 = dξ2 + sinh2 ξ σ2
i + cosh2 ξ σ̃2

i + cosh2 2ξ ν2 ,

˜G2(Rn+3) : ds2 = dξ2 + sinh2 ξ σ2
i + σ̃2

i + cosh2 ξ ν2 ,

Hn+1 ×Hn+1 : ds2 = dξ2 + sinh2 ξ σ2
i + cosh2 ξ σ̃2

i + ν2 , (5.17)

where C̃Pn+1 and ˜G2(Rn+3) denote the non-compact forms of CPn+1 and G2(R
n+3), and

Hn+1 denotes the hyperbolic space that is the non-compact form of Sn+1. The left-invariant

1-forms σi, σ̃i and ν, which now span the coset SO(n + 1, 1)/(SO(n) × SO(1, 1)), satisfy

the exterior algebra

dσi = −ν ∧ σ̃i + Lij ∧ σj , dσ̃i = −ν ∧ σi + Lij ∧ σ̃j , dν = −σi ∧ σ̃i ,

dLij = Lik ∧ Lkj − σi ∧ σj + σ̃i ∧ σ̃j . (5.18)

The cosmological constants for the three metrics in (5.17) are given by Λ = −2(n + 2),

Λ = −(n+ 1) and Λ = −2n, respectively. In each case the coordinate ξ ranges from ξ = 0

at the Sn+1 bolt to ξ = ∞.

6 Six dimensions

The case of six dimensions, corresponding to n = 2, is of particular interest for a variety

of applications in string theory. In this case the numerator group in the coset SO(n +

2)/(SO(n) × SO(2)) of the level surfaces of the Stenzel construction is SO(4), which is

(locally) the product SU(2)× SU(2). In this section we introduce Euler angles and discuss

their coordinate ranges. We also make a comparison of our six-dimensional exact solutions

with the numerical results obtained in [15].

6.1 Euler angles and fundamental domains

The left-invariant SO(4) 1-forms LAB are related to two sets of left-invariant SU(2) 1-forms

Σi and Σ̃i according to

Σ1 = L23 + L14 , Σ2 = L31 + L24 , Σ3 = L12 + L34 ,

Σ̃1 = L23 − L14 , Σ̃2 = L31 − L24 , Σ̃3 = L12 − L34 . (6.1)
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These therefore satisfy

dΣi = −1

2
ǫijk Σj ∧ Σk , dΣ̃i = −1

2
ǫijk Σ̃j ∧ Σ̃k . (6.2)

In view of the definitions (3.2), we therefore have that

σ1 = − 1

2
(Σ2 + Σ̃2) , σ2 =

1

2
(Σ1 + Σ̃1) ,

σ̃1 =
1

2
(Σ1 − Σ̃1) , σ̃2 =

1

2
(Σ2 − Σ̃2) ,

ν =
1

2
(Σ3 − Σ̃3) , L12 =

1

2
(Σ3 + Σ̃3) . (6.3)

The SU(2) left-invariant 1-forms Σi and Σ̃i may be parameterised in terms of Euler

angles (θ, φ, ψ) and (θ̃, φ̃, ψ̃) in the standard way:

Σ1=sinψ sin θ dφ +cosψ dθ , Σ2 = cosψ sin θ dφ−sinψ dθ , Σ3 = dψ+cos θ dφ ,

Σ̃1=sin ψ̃ sin θ̃ dφ̃+cos ψ̃ dθ̃ , Σ̃2 = cos ψ̃ sin θ̃ dφ̃−sin ψ̃ dθ̃ , Σ̃3 = dψ̃+cos θ̃ dφ̃ . (6.4)

There are four inequivalent connected Lie groups whose Lie algebra is so(4), namely

SU(2)× SU(2) , SO(4) , SU(2)× SO(3) , SO(3)× SO(3) . (6.5)

These are distinguished by their fundamental domains in the (ψ, ψ̃) plane. We have

SU(2)× SU(2) : 0 ≤ ψ < 4π , 0 ≤ ψ̃ < 4π ,

SO(4) : 0 ≤ ψ < 4π , 0 ≤ ψ̃ < 4π , and (ψ, ψ̃) ≡ (ψ + 2π, ψ̃ + 2π) ,

SU(2)× SO(3) : 0 ≤ ψ < 4π , 0 ≤ ψ̃ < 2π ,

SO(3)× SO(3) : 0 ≤ ψ < 2π , 0 ≤ ψ̃ < 2π . (6.6)

These identifications can be expressed in terms of the following generators:

T : (ψ, ψ̃) −→ (ψ + 4π, ψ̃) ,

T̃ : (ψ, ψ̃) −→ (ψ, ψ̃ + 4π) ,

S : (ψ, ψ̃) −→ (ψ + 2π, ψ̃) ,

S̃ : (ψ, ψ̃) −→ (ψ, ψ̃ + 2π) ,

D : (ψ, ψ̃) −→ (ψ + 2π, ψ̃ + 2π) . (6.7)

Clearly, these all commute, and they obey

S2 = T , S̃2 = T̃ , D2 = T T̃ . (6.8)

Starting from (ψ, ψ̃) defined in R2, the four groups are obtained by quotienting by the

action of the generators listed below:

SU(2)× SU(2) : T , T̃ ,

SO(4) : T , T̃ , D ,

SU(2)× SO(3) : T , S̃ ,

SO(3)× SO(3) : S , S̃ . (6.9)
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Defining the oblique coordinates

ψ± = ψ ± ψ̃ , (6.10)

the fundamental domains given above for the four cases can be re-expressed in terms of ψ+

and ψ−. This can be done straightforwardly by plotting the domain in the (ψ, ψ̃) plane,

partitioning where necessary into triangular sub-domains, and acting with the appropriate

translation generators listed above in order to achieve a connected fundamental domain in

the (ψ+, ψ−) plane. This gives

SU(2)× SU(2) : 0 ≤ ψ+ < 8π , 0 ≤ ψ− < 4π ,

SO(4) : 0 ≤ ψ+ < 4π , 0 ≤ ψ− < 4π ,

SU(2)× SO(3) : 0 ≤ ψ+ < 8π , 0 ≤ ψ− < 2π ,

SO(3)× SO(3) : 0 ≤ ψ+ < 4π , 0 ≤ ψ− < 2π . (6.11)

Consider first the CP3 metric, given by (4.11) with n = 2. Near the upper endpoint of

the coordinate ξ, at ξ = π/4, we may define ξ = π/4− α, and the metric approaches

ds2 → dα2 + α2 (dψ− + cos θ dφ− cos θ̃ dφ̃)2 +
1

2
(σ2

i + σ̃2
i ) . (6.12)

This extends smoothly onto α = 0 provided that ψ− is assigned the period

∆ψ− = 2π . (6.13)

Comparing with the periodicity conditions in (6.11) for SO(4), we see that the SO(4)

group manifold is factored by Z2. This is consistent with the fact that Z, defined by (4.3)

is equivalent to −Z in CP3: since −R is in SO(4) if R is in SO(4), we should identify R

and −R in the construction (4.3), and hence we should impose (6.13). This identification

divides SO(4) by its Z2 centre, giving the projective special orthogonal group PSO(4) =

SO(3) × SO(3). Thus the principal orbits are V2(R
4)/Z2, where V2(R

4) is the Stiefel

manifold SO(4)/SO(2).

Turning now to the metric on the six-dimensional Grassmannian manifold G2(R
5) =

SO(5)/(SO(3)× SO(2)), given by (5.1) with n = 2, we see that near the upper end of the

range of the ξ coordinate, at ξ = π/2, the metric takes the form

ds2 → dα2 +
1

4
α2 (dψ− + cos θ dφ− cos θ̃ dφ̃)2 + σ2

i + σ̃2
i , (6.14)

where we have written ξ = π/2 − α. The metric extends smoothly onto α = 0 provided

that ψ− has the period

∆ψ− = 4π , (6.15)

and so from (6.11) we see that in this case the group acting on the ξ =constant level surfaces

is precisely SO(4). The principal orbits are the Stiefel manifold V2(R
4) = SO(4)/SO(2),

which is often called T 1,1.

Finally, in the case of the S3×S3 metric given by (5.14) with n = 2, it is evident from

the general construction described in section 5.2 that the group acting on the level surfaces
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should be precisely SO(n+ 2), and thus when n = 2 we should have ∆ψ− = 4π. This can

by confirmed by noting from (5.15) that the metrics (5.14) satisfy Rab = 2n gab and thus

when n = 2 it must be isomorphic to the product metric on two 3-spheres of radius 1/
√
2.

Calculating the volume using the metric (5.14) then confirms that indeed we must have

∆ψ− = 4π. The principal orbits are the Stiefel manifold V2(R
4) = SO(4)/SO(2).

6.2 Comparison with numerical solution in [15]

A solution of the first-order equations (3.14) in six dimensions was obtained recently by

Kuperstein [15]. The left-invariant 1-forms on the five-dimensional principal orbits were

denoted by (g1, g2, g3, g4, g5) in [15], and one can show that these may be related to our

1-forms by

g1 =
1√
2
σ1 , g2 =

1√
2
σ2 , g3 = − 1√

2
σ̃2 , g4 =

1√
2
σ̃1 , g5 = 2ν . (6.16)

Comparing the metric given in eqn (2.1) of [15] with our metric (3.4), we see that the

metric functions ew, ey and ez in [15] are related to our metric functions a, b and c by

ew =
3

2
a2b2c2 , ey =

a

b
, ez = 2ab . (6.17)

The radial variable used in [15] is the same as the τ variable that we introduced in the

rewriting of the CPn+1 metrics (4.14) and the G2(R
n+3) metrics (5.2). Note that both for

our CP3 and our G2(R
5) metrics, we have ey = tanh 1

2τ , as in [15].

It is now a simple matter to compare the asymptotic forms of the metric functions

found in the numerical solution in [15] with those for the exact solutions we have obtained

in this paper. In particular, we see that near τ = 0 the function ez takes the form

CP3 : ez = tanh τ = τ − 1

3
τ3 + · · · ,

G2(R
5) : ez = 2 tanh

1

2
τ = τ − 1

12
τ2 + · · · . (6.18)

Ar large τ , we have

CP3 : ez = tanh τ = 1− 2e−2τ + 2e−4τ + · · · ,

G
(
2R

5) : ez = 2 tanh
1

2
τ = 2(1− 2e−τ + 2e−2τ + · · · ) . (6.19)

Comparing with the asymptotic forms given in eqns (3.4) and (3.5) of [15], we see that the

metric that was found numerically there coincides with our exact solution for the Einstein-

Kähler metric on the Grassmannian manifold G2(R
5) = SO(5)/(SO(3)× SO(2)), with the

scale size R =
√
2/3, and the expansion coefficients CIR = 1, and CUV = −2. Of course,

one can trivially rescale our metric to obtain any desired value for R.4

4The coefficient CUV associated with the large-τ expansion in [15] is said to be approximately +1.96 in

that paper, but clearly, given the form of the asymptotic expansion ez = 3R2(1+CUV e−τ+ 1

2
C2

UV e−2τ+· · · )

appearing there, CUV must be negative rather than positive, since ez approaches 3R2 from below rather

than above, as τ goes to infinity.
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7 Conclusions

In this paper we constructed three classes of exact Einstein metrics of cohomogeneity one

in (2n + 2) dimensions. These are generalisations of the Stenzel construction of Ricci-flat

metrics, in which a positive cosmological constant is introduced. We also studied the global

structure of the manifolds onto which these local metrics extend.

• The first class of metrics, which satisfy the first-order Stenzel equations with a

positive cosmological constant, are therefore Einstein-Kähler. We demonstrated

that these metrics are the standard Fubini-Study metrics on the complex projec-

tive spaces CPn+1, though presented in an unusual form. The study of the global

structure revealed that the principal orbits of these metrics are the Stiefel mani-

folds V2(R
n+2) = SO(n + 2)/SO(n) of 2-frames in Rn+1, quotiented by Z2. As the

cohomogeneity-one coordinate approaches ξ = 0, there is an Sn+1-dimensional de-

generate orbit or bolt, while at ξ = 1
4π there is an SO(n + 2)/(SO(n) × SO(2))/Z2

degenerate orbit. The special case n = 1, giving CP2, corresponds to a solution

obtained by a geometrical construction in [9].

• The second class of metrics are also exact solutions of the first-order Stenzel equations

with a positive cosmological constant. These homogeneous Einstein-Kähler metrics

extend smoothly onto the Grassmannian manifolds G2(R
n+3) = SO(n+3)/((SO(n+

1)× SO(2)) of oriented 2-planes in Rn+3, whose principal orbits are again the Stiefel

manifolds V2(R
n+2) (not factored by Z2 in this case), viewed as U(1) bundles over

the Grassmannian manifolds G2(R
n+2). The metric has an Sn+1 bolt at ξ = 0, and

an SO(n + 2)/(SO(n) × SO(2)) bolt at ξ = 1
2π. The case n = 2, giving G2(R

5) =

SO(5)/(SO(3)×SO(2)), is a solution that was found numerically in [15]. It represents

a generalisation of the conifold metric (6-dimensional Stenzel metric) to include a

positive cosmological constant.

• The third class of Einstein metrics does not, in general, satisfy the first-order equa-

tions. A geometrical construction for these metrics demonstrates that they extend

smoothly onto the product manifolds Sn+1 × Sn+1. The n = 1 case was first con-

structed in [16] and described in detail in appendix B of [13]. This is also the only

case in this class where the Einstein metric is also Kähler.

By making appropriate analytic continuations, we also obtained Einstein metrics with

negative cosmological constant on non-compact forms of CPn+1, G2(R
n+3) and Sn+1×Sn+1.

The compact Einstein spaces presented in this paper should play an important role

in further studies of consistent compactifications of M-theory and string theory, as well in

the context of the AdS/CFT correspondence. In addition to the CP3 metric in the Stenzel

form, the role of the other classes of metrics with n = 2, as well as those with n > 2,

deserves further investigation.

Kähler, but not Ricci flat, metrics on the deformed conifold arise in the theory of moduli

space of CP1 lumps [43, 44]. The method developed in this paper should be applicable to

those metrics as well.
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In this paper we also treated the geometrical approach to quantum mechanics, where

CPn is the space of physically-distinct quantum states of a system with an (n + 1)-

dimensional Hilbert space, thus employing the geometry of its Fubini-Study metric [20–

22]. The calculations involving CP2 in [9] were aimed at evaluating the Aharonov-Anandan

phase for a 3-state spin-1 system. We have elaborated further on the formalism, and spelled

out applications to the discussion of quantum entanglement for systems with two qubits

and three qubits. A linear superposition of two unentangled states is in general entangled.

The set of such bi-partite states is spanned by the set of physically-distinct unentangled

product states, which form the complex sub-variety CP1×CP1 ⊂ CP3, given in section 2.2

as an explicit Segre embedding.

The notion of entanglement depends on the factorisation of the total Hilbert space.

In the case of two qubits the Hilbert space could be split into a product of two orthog-

onal two-dimensional subspaces, forming a complex Grassmannian manifold G2(C
2) =

SU(4)/(SU(2)1×SU(2)2). An example of that type is a two qubit system consisting of nu-

cleons, with SU(2)1 and SU(2)2 playing the role of isospin and spin symmetry respectively.

Studies of quantum entanglement for more complex systems, such as a three qubit

system, are of great current interest, and the proposed geometric approach could shed

further light on these important questions. Within this context, we studied the tripartite

quantum entanglement of qubits, showing the vanishing of the Cayley hyperdeterminant.

Another area where the geometry of CPn comes to the aid of physics is in quantum

control theory [45].
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[13] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, Bianchi IX selfdual Einstein metrics and

singular G2 manifolds, Class. Quant. Grav. 20 (2003) 4239 [hep-th/0206151] [INSPIRE].

[14] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990) 246

[INSPIRE].

[15] S. Kuperstein, A deformed conifold with a cosmological constant, JHEP 08 (2015) 026

[arXiv:1504.02079] [INSPIRE].

[16] C.N. Pope, Instantons in quantum gravity, Ph.D. Thesis, Cambridge University, Cambridge,

U.K. (1979).

[17] B.E.W. Nilsson and C.N. Pope, Hopf fibration of eleven-dimensional supergravity,

Class. Quant. Grav. 1 (1984) 499 [INSPIRE].
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