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Spontaneously broken mass
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ABSTRACT: The Galilei group involves mass as a central charge. We show that the asso-
ciated superselection rule is incompatible with the observed phenomenology of superfluid
helium 4: this is recovered only under the assumption that mass is spontaneously broken.
This remark is somewhat immaterial for the real world, where the correct space-time sym-
metries are encoded by the Poincaré group, which has no central charge. Yet it provides
an explicit example of how superselection rules can be experimentally tested. We elaborate
on what conditions must be met for our ideas to be generalizable to the relativistic case of
the integer /half-integer angular momentum superselection rule.
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Selection rules are consequences of symmetry. They dictate the possible time evolution
of states in the Hilbert space. Superselection rules instead play a different role: they
restrict the Hilbert space itself. They are a consequence of when the symmetry group
acts projectively on the physical states: in order to assure that the symmetry group acts
appropriately on our Hilbert space one must impose a superselection rule forbidding the
superposition of states with different projective representations. One such group that
naturally admits a projective representation is the Galilei group [1].

Beginning with a system of massive slowly moving particles of a typical mass m and
velocity v one can take the non-relativistic limit of the Poincaré algebra (as executed upon
the non-relativistic particle states) as an expansion in v/c < 1. To leading order one
obtains the Galilei algebra. Upon closer examination however, it is easy to show that this
symmetry group acts projectively on the physical states. One possible way to assure that
the Galilei group acts appropriately on our Hilbert space is to impose a superselection rule
forbidding the superposition of states of different masses. Alternatively, one can formally
enlarge the Galilei group with an additional generator (the “mass”) that commutes with
all the others. Our particle states are now given by standard representations and the
superselection rule has been demoted to a conservation law — a selection rule.

It may seem that the distinction between these two perspectives has no physical con-
tent, and that the choice between them is merely a matter of taste.! However, if we can
identify a physical phenomenon that relies on the superposition of eigenstates of this ad-
ditional generator, then we can identify which of these scenarios is realized in nature for a
given symmetry group. The main point of our paper is that spontaneous symmetry break-
ing is precisely one such phenomenon, and so it can be used to probe experimentally supers-
election rules or, equivalently, whether nature demands that we enlarge the symmetry group
or not. As evidence to support our claim we will show that the existence of a non-relativistic
superfluid demands that there is no superselection rule associated with mass: the non-
relativistic superfluid’s ground state is precisely such a superselection rule violating state.

Consider a superfluid at zero temperature. For our purposes, it is useful to characterize
its dynamics in terms of its symmetry breaking pattern. The simplest superfluid is a homo-
geneous, isotropic thermodynamical system that has a finite density for a spontaneously
broken conserved charge. In the case of superfluid helium 4, the charge in question is
helium atom number. The presence of a charge density obviously breaks boosts (Lorentz’s
and Galilei’s alike), but what is less obvious is that it also breaks time translations [2].
This is because the ground state |u) of the system minimizes the shifted Hamiltonian

H =H—uQ, (1)

where H is the original Hamiltonian, u the chemical potential, and @ the charge. But then
|p) is an eigenstate of H'. Given that it is not an eigenstate of Q — or else @ would not
be spontaneously broken — it cannot be an eigenstate of H either. So, time translations
are broken, along with @, down to the diagonal combination generated by H’.

'For a more detailed discussion of this view point, see [1].



This pattern of symmetry breaking is all one needs to write down the low-energy
effective field theory of the Goldstone excitations, the superfluid phonons. In the relativistic
case this is well understood — see e.g. [3]. At lowest order in the derivative expansion, the
effective Lagrangian is

L= P(=d,18"p) (2)

where 1) is a Lorentz scalar, to be expanded as

Y=pt+m 3)

with p the chemical potential, m the phonon field, and P a function that gives the equi-
librium pressure as a function of the chemical potential. Notice that one Goldstone field
suffices to realize non-linearly all the broken symmetries (three boosts and the charge): this
is a common phenomenon that arises when spacetime symmetries are spontaneously broken
— one excitation can serve simultaneously as the Goldstone mode for several broken sym-
metries [4, 5]. This is made systematic in the coset construction of effective field theories for
Goldstones, where the possible identification of a priori different Goldstone fields goes under
the name of inverse Higgs constraints. Which inverse Higgs constraints are possible — i.e.,
compatible with the symmetries — is a purely algebraic question, which can be settled once
the symmetry algebra and the symmetry breaking pattern are known. (On the other hand,
whether the inverse Higgs constraints are actually implemented by Nature is a statement
that in principle depends on the physical system under consideration [6].) For relativistic
superfluids, one finds that, indeed, there are enough possible inverse Higgs constraints to
re-express all the boost Goldstones in terms of the Goldstone associated with @ [7].

For non-relativistic superfluids in the lab, like helium 4 for instance, one expects
Poincaré invariance to be very accurately approximated by Galilei invariance. In particu-
lar, one expects to be able to recover the low-energy dynamics of the Goldstone excitations
by focusing on the Galilei group from the start. However, the mathematics of the Galilei
group exhibits additional subtleties compared to that of the Poincaré group, which will
turn out to be of great physical import in our case.

Consider a Galilei-invariant theory. The Galilei algebra is

(i, Jj] = i€iji Ji [Ji, K] = i€gjp Ky, [Ji, Pj| = i€ji Py

(K, Pj] = —idij M, [Ki, HNr] = —i P; (4)
and zero for all other commutators. ]3, J_; and K generate respectively spatial translations,
spatial rotations, and Galilei boosts. Hypg is the non-relativistic Hamiltonian, which, in

cases where Galilean invariance is just a low-speed approximation of a more fundamental
Poincaré invariance, is defined simply as?

Hyxg = P° — M . (5)

M is the total mass of the system and, in the simplest interpretation of the Galilei
group, it is just a number — a parameter fixed once and for all. In particular, its appearance

2Here and in what follows we are setting the speed of light to one.



on the right hand side of the [K, P] commutator forces the Galilei group to only have
projective representations, with a superselection rule for the mass itself [1]: one cannot
prepare a quantum mechanical state that is a linear combination of states of different
mass. We now show that superfluid helium 4 directly violates this rule.

If we interpret M as a pure number, then the symmetry breaking pattern for non-
relativistic superfluid helium 4 at zero temperature can be summarized as follows:

K
broken: 6
{ 0 (6)

P
unbroken: { J (7)

H' = Hxgr — iNrQ-

@ generates the spontaneously broken internal U(1) symmetry, and can be identified with
helium atom number. H’ generates the unbroken time translations, which must differ
from those generated by Hng, for the reason spelled out above. We are denoting the
non-relativistic chemical potential by punwr, which is related to the relativistic one by

HUNR = b — M, (8)

where m is the helium atom’s mass (assuming ) counts the number of helium atoms.) Now,
since we have four broken generators, we have in principle four Goldstone fields. Whether
some of these are redundant and can be eliminated in favor of the others depends first of
all on which inverse Higgs constraints are allowed by the symmetries. The rule of thumb
is that inverse Higgs constraints are associated with non-trivial commutators of the form

[T,Bi1] D By, 9)

where T' generates an unbroken spatial or temporal translation, and B; and Bs are broken
generators. For such a commutator, there is an inverse Higgs constraint relating the Gold-
stone of B; to derivatives of the Goldstone of By. For the case under consideration, the
commutators of the unbroken translations with the broken generators are schematically:

[P,K]~ M, [P,Q] =0 (10)
[H K]~ P, [H',Q] =0 (11)

Since no right hand side involves broken generators, there are no inverse Higgs constraints
that one can impose to remove some of the Goldstone excitations. We are stuck with four
Goldstone modes: one for @), and three for the boosts, in contradiction with the observed
physical properties of helium 4. This is to be contrasted with the relativistic analysis [7],
where the corresponding commutators are

[P,K]~H=H +uQ [P,Q] =0 (12)
[H’,K]NP, [H',Q]:() (13)



The appearance of @) on the right hand side of the [P, K| commutator tells us that we can
re-express the Goldstones of K as spatial derivatives of the Goldstone of @), thus leaving
us with only one independent Goldstone excitation — the phonon.

The bold conclusion at this point would be that the mere existence of superfluid helium
4 as we know it — a very non-relativistic system — requires full Poincaré invariance, rather
than just its Galilean limit. An intriguing statement indeed. Could we have discovered
special relativity this way?

There is however a more conservative and more judicious path that one can take. As
emphasized in [1], the interpretation of the mass as essentially a fixed parameter with a
superselection rule is just one possible interpretation of the Galilei symmetry algebra. An-
other possibility is to add the mass to the algebra as a generator that commutes with all
the others. From this perspective, the mass is now just conserved, rather than superse-
lected. However, it is clear that if we merely add mass as an unbroken generator in (7), our
algebraic analysis above still applies and we end up with four Goldstones. But there is now
another possibility open to us. In the absence of a superselection rule, we can take linear
combinations of mass eigenstates with different eigenvalues. That is, we can consider states
that are not mass eigenstates, i. e. we can spontaneously break mass. Doing so will allow
us to remove three of the four Goldstones in order to correctly describe the non-relativistic
superfluid state.

In hindsight, it is obvious that M must be broken. Each helium atom carries mass m
and helium-atom number one, so that we have

M =mQ (14)

as an operator identity, in the sense that M and m@ act in identical ways on the helium
atoms’ wavefunction.? If Q) is spontaneously broken, so is M.

Whenever we encounter M in our analysis, we can now replace it with m@. In partic-
ular, in the [P, K] commutator of eq. (10) we now have @) on the right hand side, which is
spontaneously broken. We can thus eliminate the three Goldstones associated with K in
favor of that associated with ), as desired.

As a more quantitative check that this is indeed the correct description of a non-
relativistic superfluid like helium 4, we now carry out explicitly the coset construction of
the Goldstone low-energy effective field theory. Following [9, 10], we parameterize the coset
for the symmetry breaking pattern (6), (7) as

Q(m) _ efiH’tJriP‘-feiﬂ(m)Qeiﬁ(ac)-I? ’ (15)

where 7(x) and 7j(x) are the four Goldstone fields. Using recursively the Galilei algebra (4)
(with M replaced by m@), we find the Maurer-Cartan form Q~!d:

Q90N =i|-—H +7- P+ K+ <8t7r - 75772)@] (16)

3This is an artifact of our focusing on a system of just one species of particles, all with the same
charge/mass ratio. See also a related discussion in [8].



Q19,0 =[P +8jﬁ-12+(8jw—mnj)Q] (17)
These expressions can be conveniently combined using a standard relativistic notation,
Q719,Q =ie,*(Po + Vam Q + Vo'’ Kj) (18)
where P, = (—H’, P) is the four-vector of unbroken translations, whose cofficients
ey = 5258‘ + (5{L + 5277j)5j‘»‘ (19)

play the role of a tetrad, and the covariant derivatives of the Goldstone fields are

Var = 85 |dom + S0 = 'Oy | + (07 — mn) (20)
Van' = dan' + higher orders (21)

The appearance of an undifferentiated 17 in the spatial covariant derivatives of m,
V,m=0;m —mn;, (22)

tells us that we can set these to zero and re-express the boost Goldstones 77 in terms of
derivatives of m: )
= —0;m. 23
Nj = i (23)

These are the three inverse Higgs constraints alluded to above. Once we do that, we see
that the only covariant derivatives left are

1
er = 8071' - %(@w&zw) (24)

and V7. Upon using (22), the latter involves second derivatives of 7, and can thus be
ignored to lowest order in the derivative expansion. We reach the conclusion that to lowest
order, the low-energy effective action for our superfluid must take the form?

1
S = / d3xdtP<607r — Qm(amam)> , (25)

which is indeed the correct description of a superfluid obeying Galilean relativity [8]. Notice
that this is also what one gets by taking directly the non-relativistic limit of the relativistic
action (2) and, for consistency, neglecting unxg compared to m.

Our deconstructing these subtle aspects of the Galilei algebra may appear academic,
since it is the Poincaré group that — as far as we know — correctly describes the space-
time symmetries of Nature. However, we find our Galilei algebra example instructive,
because it identifies spontaneous symmetry breaking as a potentially generic manifestation
of violations of superselection rules.

For the Poincaré group, there are no central charges in the algebra, but there is a
superselection rule of topological origin [1]: it states that it is not possible to prepare linear
superpositions of states of integer and half-integer angular momentum. The superselection

4The measure should be multiplied by the determinant of the tetrad e,”, which in our case is simply one.



rule disappears if one replaces the Lorentz group (SL(2,C)/Z3) with its universal covering
(SL(2,C)). Can we use spontaneous symmetry breaking to probe whether Nature respects
this superselection rule?

One way to violate this superselection rule via spontaneous symmetry breaking, is to
break angular momentum via the expectation value of a fermionic operator. To see why
that’s the case, consider the expectation value

WO@)|Y) (26)

where O is a local operator of half-integer spin — say %, for simplicity. If we expand the
state |¢) in angular momentum eigenstates,

[9) = col0) +esl) +all) +.. (27)

we see that the standard (i.e., not ‘super’) selection rules for angular momentum imply that
all non-vanishing contributions to the expectation value above, can only come from matrix
elements in which the bra’s and the ket’s angular momenta differ by % That is to say, for
the expectation value above to be nonzero, |¢)) must contain both integer and half-integer
spins. A fermionic expectation value would violate the superselection rule in question.

Nonzero expectation values for fermionic operators are usually dismissed as impossible,
on the basis of two independent arguments:

1. They would break Lorentz invariance (this applies to all non-scalar operators,
fermionic and bosonic alike);

2. They would violate Pauli-exclusion principle: occupation numbers can be either zero
or one, leaving no room for ‘large’, ‘classical’ backgrounds.

However, as T. D. Lee once remarked, if one feels that two arguments are needed to
explain one phenomenon, one should become suspicious [11, 12]. The first objection is
clearly irrelevant for ordinary condensed matter systems, which break Lorentz boosts by
selecting a preferred rest frame. Notice however that in addition to boosts, a fermionic
expectation value necessarily breaks rotations as well. This is to be contrasted with bosonic
operators, which can have Lorentz-violating isotropic expectation values, like for instance
(VH) = ¢} Still, there is no shortage of anisotropic condensed matter systems. From the
symmetry viewpoint alone, these could in principle harbor a fermionic expectation value.

The second objection instead relies on the notion of occupation number, which is a
useful concept at weak coupling but is not well defined at strongly coupling. As such, we do
not find this to be an insurmountable obstruction to a fermionic expectation value, although
it requires us to go beyond perturbation theory and consider strongly coupled systems. For
instance, do we know for a fact that QCD does not admit a Lorentz-violating, anisotropic
phase with a fermionic expectation value (O) ~ ASOD’ where A is the dimension of O7
Also, there is no need for such expectation values to be ‘large’ or ‘classical’ in any sense.
They could be of order one in the natural units of the system under consideration, and



they would still violate our superselection rule. Consider for instance the theory of a free

massive Dirac fermion, in a superselection rule-violating state

where |0) denotes the theory’s vacuum, and |p' = 0,+) denotes a single fermion at rest,
polarized in the positive z direction. The expectation value of the field operator ¥(z) that
annihilates the fermion is nonzero:

(WU (@) [1) oc uf_ge™™ (29)

where “;:o is the ‘coefficient function’ for a spin-up fermion at rest:

ui_g=vm(1,0,1,0). (30)

Note the time dependence in eq. (29). As we can already see from this toy example, such
non-zero fermionic expectation value states will generically break time translations. That is
because states of the form eq. (27) are generically not energy eigenstates. This is, of course,
nothing to be alarmed by as the same thing occurs in ordinary superfluids as discussed
above.

Also notice that there is nothing Grassmanian about the right hand side of (29). One
might have thought that a nonzero expectation value for a fermionic operator must be a
Grassman variable, since at first sight it should be a number that — like the operator itself
— anti-commutes with any other Grassman variable . However, this ‘proof” implicitly uses
the idea that such a 6 either commutes or anticommutes with the state [1) of the system,
depending on the total spin of [¢). But, upon closer inspection, it is clear that for states |))
that violate our superselection rule, like the state above for instance, 0 neither commutes
nor anticommutes with [¢), simply because |¢)) does not have a definite spin parity:

0(10) + 5= 0,+)) = (|0) — [F'=0,+))6 . (31)

This invalidates the argument, and in fact makes it clear that in general a nonzero
fermionic expectation value will always turn out to be a set of ordinary numbers: as
noticed above, it can only get contributions from mixed boson-fermion matrix elements of
the fermionic operator in question, which commute with all Grassman variables.

This does not necessarily mean that fermionic expectation values would be directly
measurable by a macroscopic probe, like for instance, an electric field is. Yet, in other situ-
ations we attach great physical significance to entities that can be experimentally accessed
only indirectly — like the wave function of a quantum system for instance. We see no a
priori reason why fermionic expectation values cannot fall in the same category. Consider
for instance a Yukawa-type interaction, coupling a fermion bilinear to a scalar. In a state
in which one of the fermions gets a vev, fermion number is not a good quantum num-
ber for excitations anymore, and one can have a nonzero amplitude for boson to fermion
conversion processes, which can be tested experimentally.

We are thus left with two challenging questions which we leave for future work:



. Can we devise an anisotropic condensed matter system that has a chance of exhibiting

a nonzero expectation value for a fermionic operator?

How do we experimentally test whether such an expectation value is actually there,
that is, what would its observable physical consequences be?
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