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OBITUARY

VICTOR VLADIMIROVICH VAGNER (1908-1981)
Boris M. Schein

In the night from August 15 to 16, 1981 Professor V. V. Wagner
died in Brest, USSR. V. V. Vagner was born on November 4, 1908, in
Saratov, the Russian Empire. In 1927 he finished the pedagogical
professional school in Balashov (not far from Saratov). After that
he worked as a teacher at high schools (including colonies for
juvenile delinquents). Due to his social background, he had no access
to the higher education. Already at that time he felt a keen interest
in both mathematics and theoretical physics, so he learned mathematics
and physics himself. After that, he managed to be admitted to final
examinations at the Physico-Mathematical Faculty of the Moscow
University. He passed the exams in 1930 and received a university
diploma.

His main interest was in theoretical physics (mainly, in relativ-
ity), and he tried to become a graduate student in Moscow to write his
dissertation under Academician E. Tamm. However, at that time, it was
established that relativity was a pseudoscience (fortunately for
Russian physics that result was forgotten later) and Tamm was not
allowed to bring up students in this field. Instead, he had to super-
vise theses on physics of metals. Seeing Vagner's genuine interest in
relativity Tamm gave him good advice to switch to differential
geometry. "I hope this craziness will pass over," said Tamm. "I can
wait. But you are young and you can't wait, these are your best years.
Go to differential.geometry to Professor Kagan. The very spirit of
modern geometry is close to that of relativity. They think they under-
stand physics and tell us, physicists, what to do. However, even they
don't dare to tell mathematicians what to do. The atmosphere is better
in mathematics.”

In 1932 V. V. Vagner became a graduate student of Professor

1) Of course, the name is Wagner. However, I follow the AMS
transliteration of the Cyrillic alphabet.
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Veniamin F. Kagan (in 1923 this famous geometer moved to the Moscow
University from Odessa, where he was professor of mathematics before
the revolution.) His Candidate Dissertation contained important results
on differential geometry of nonholonomic manifolds, and the Scientific
Council of the Physico-Mathematical Faculty of Moscow University de-
cided the quality of the thesis was far above that of a usual
Candidate (the Candidate degree in Russia is a rough equivalent of
the Ph.D.), and in 1935 vVagner was awarded the Doctor of Sciences
degree (there is no equivalent to the Russian Doctor of Sciences in
the West). After that Vagner moved to Saratov University where he
organized a chair of geometry. He headed this chair until 1978 when
he retired.

Vagner started his research activity at the time when differen-
tial geometry was rapidly developing and providing a part of mathe-
matical apparatus for general relativity. At that time gquite a few
people believed that the importance of new geometric theories, having
a general scientific character, transcended mathematics. All
Vagner's research is connected with differential geometry and alge-
braization of its foundations. Algebraic systems considered by
vVagner were usually related to differential geometric structures. His
research activities were connected with the Seminar on Vector and
Tensor Analysis at Moscow University.

Vagner's first papers are dedicated to theory of curvature of
nonholonomic manifolds, special nonholonomic manifolds, and applica-
tions to concrete problems of theoretical mechanics. - Later he
generalized nonholonomic geometry, and these results permit the
use of differential geometric methods for studying moving material
systems with nonlinear nonholonomic connections.

In 1943-52 vagner considered geometric methods for solving and
investigating various variational problems. The concept of a local
indicatrix of a metric determined by a variational problem was the
cornerstone of his geometrical theories of variational problems.
Vagner created geometric theories for regular variational problems
with ordinary and partial first derivatives for unconditional ex~
tremum and for corresponding Lagrange problems. While studying local
indicatrices, he considered theory of curves and surfaces of certain
dimensions in centro-affine, affine, and projective spaces. He was

the first to give geometric sufficient conditions for the existence
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of extremum in the Lagrange problem with first partial derivatives
and to create a geometrical theory of the simple n~dimensional singular
variational problem.

Since those connections which had been known could not be used
for geometrization of calculus of variations, Vagner considered theory
of connections in a "compound manifold" (in a differentiable foliation,
if one uses more modern terminology) with all fibers having a same
dimension. Up to now this is the most general theory of connections
among those used in differential geometry (e.g. theory of connections
for locally trivial foliations with a structural Lie group created by
Charles Ehresmann is a particular case of Vagner's theory).

Vagner's papers on calculus of variations are connected with his
papers on geometric theory of partial differential equations. Vagner
gave clear and explicit definitions of tangent spaces of higher dimen-
sions and of geometric objects, developed their general theory, and
clarified an important role these concepts had in differential geome-
try. In 1945 (using almost forgotten results of an Italian mathe-
matician P. Medolaghi), he established an interesting connection be-
tween differential geometric objects and Lie pseudogroups of trans-
formations. Using this theory he described all simple differential
geometric objects and gave a general method for constructing all geo-
metric objects.

Vagner's papers devoted to algebra started to appear from 1950-
1951. In 1949 he published a long appendix to the Russian translation
of “"The Foundations of Differential Geometry" by Oswald Veblen and
J. H. C. Whitehead (the appendix is almost as long as the book itself;
by the way, Vagner had nothing to do with the preface to the Russian
translation, where "vicious, depraved, and idealistic"opinions of the
authors on the subject of geometry are "unmasked"). Work on this
appendix was decisive for the crystallization of the concept of inverse
semigroup which was introduced later by Vagner. In the book, one of
the most important concepts is that of a pseudogroup of transforma-
tions. A pseudogroup of transformations is a set ¢ of non-empty
partial one-to-one transformations of a set (or a space) such that
for every $£d the inverse transformation ¢_1 also belongs to §, and
whenever ¢,y€d and the product ¢y is defined, ¢yPed. While the product
¢y was always a natural composition (or "superposition") of ¢ and ¥,

different authors defined the domain of this operation in different
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ways. For example, ¢y was defined to exist exactly when the image of
¢ was a subset of the domain of Y. In the book of Veblen and
Whitehead, ¢y exists precisely when the image of ¢ coincides with the
domain of Y. Thus, from an abstract algebraic point of view, a
pseudogroup was an algebra with a partial binary operation. Theory
of algebras with partial operations was not a very well developed
branch of algebra and this fact hindered the development of algebraic

theory of pseudogroups.

vVagner was the first to overcome this psychological obstacle -
considering the product ¢y only if ImZDomy. He introduced the
natural product of any two partial transformations - exactly in the
sense as we understand it now. In fact, this multiplication of
partial transformations was a special case of multiplication of bimary
relations, the fact which Vagner has, of course, acknowledged.

Thus, pseudogroups became algebras with an everywhere defined
associative multiplication, i.e. they were semigroups. This is what
led vagner to his semigroup studies. In 1951 he had already found an
abstract ("up to isomorphism") characterization of his pseudogroups
(he called them "generalized groups" instead). They were regular
semigroups with commuting idempotents, In 1952 he published his
famous short note, "Generalized groups", where this new class of
semigroups was introduced for the first time. In 1954 the same class
of semigroups was independently introduced by G. B. Preston who
called them "inverse semigroups."”

Vagner's first publication on inverse semigroups in "Doklady
Akademii Nauk" had to be short (the journal published papers not
longer than 4 pages). However, at that time, he already had a fairly
developed theory of inverse semigroups and lots of important results
on general semigroups of transformations. In 1953 he published a
long paper on inverse semigroups in "Matemati¥eski¥ Sbornik." In my
opinion, even now, almost 30 years after its first publication, this
paper is grossly under-estimated (probably because a good many of
researchers in inverse semigroups cannot read this paper in its
original Russian). This paper contains a wealth of results, some
(but only some!) of which have been rediscovered later (importanceof
the natural order relation, the smallest group congruence, the
greatest indempotent-separating congruence, etc). Now the theory of
inverse semigroups is one of the most vital and important parts of

semigroup theory. [By the way, inverse semigroups, or rather a
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special class of them important for differential geometry, was later
rediscovered by Ehresmann, who called them "inductive groupoids with
pseudomultiplication.” As I have already mentioned, Vagner and
Ehresmann were interested in very similar problems. For example,
Ehresmann was probably the first to recognize the importance of cate-
gory theory for differential geometry. Later, Vagner came to very
much the same conclusions and, from the mid—sixties'he was consid-
ering categories important for differential geometry. ]

Together with inverse semigroups Vagner introduced the so-called
“generalized grouds.” If M is an n-dimensional differentiable man-
ifold, then it has its "coordinate atlas™ A which is a set of partial
one~to-one maps of M into Rn, the n-dimensional arithmetic space.
Each map K € A is a local system of coordinates; if m € M, then
K(m) = (rlrz,...,rn)ERn are coordinates of m in «¥. The atlas A
satisfies simple and natural conditions. It follows from them that
if K, A, 4 € A, then the product K g AT, U, which is a partial
one~to-one map of M into Rn, can also be considered as a local
system of coordinates. From this point of view, A is closed under
the ternary operation

[kAnl = koA™* op.

Any abstract algebra with a single ternary operation, which is iso-~
morphic to a set of partial one-to-one maps between two sets closed
under the operation [...], is called a generalized groud. Vagner
gave a simple system of axioms for generalized grouds. They are
characterized by the following identities:

[loy %y Igxg =Dy Dy T J=ly ) L g 1,

[xxx]=x,

[lxyylzzl=[{xzzlyy], [xx[yyzll=lyylxxz]].
An example is any inverse semigroup considered under the operation
[xyzJ=x*y ' * z. Such operations on groups were considered by R. Baer
in 1929. The resulting system was called "Schar" by Baer. In his
pioneering works on semigroup theory, A. K. Suschkewitsch in Russia
translated "Schar" as "gruda" (which means "pile", "heap" in
Russian). Obviously, Suschkewitsch exploited phonetic similarity be-
tween Russian "gruppa" (=group) and "gruda". Thus Vagner already had
a coined term “gruda" when he considered his systems. He called
these systems “"generalized heaps." 1I try to use "generalized groud"

instead. The word "groud" means nothing in English, sounds almost
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like "group", and has no connotations (which "heap" has).

At about the same time, Vagner developed a general theory of re-
presentations of semigroups by partial transformations. He submitted
this paper to "Izvestiya Akademii Nauk SSSR." Vagner used symbolism
of mathematical logic there (quantifiers, connectives of the sentent-
ial calculus, etc.). However, as the times were uncertain then, it
was not clear if symbolic logic was in limbo or had ceased to be
something very much akin to bourgeois pseudosciences (as genetics,
cybernetics, etc. were). A contributing editor of the journal, a
famous specialist in symbolic logic himself, suggested that Vagner
replace logical symbols by plain words. After that, Vagner withdrew
his paper and submitted it to "Matemati¥eskiY Sbornik" where (at that
time) the atmosphere was more liberal. This paper appeared in 1956
and rendered a deep influence on the development of the theory of
transformation semigroups. After that Vvagner published a few other
papers on inverse semigroups and general semigroups of partial trans-
formations. From the beginning of the sixties (1962~63), he turned
to other algebras connected with foundations of differential geometry.
He considered algebraic systems with a partial binary (or ternary)
operation, the so-called groudoids, generalized groudoids, semigroup-
oids, generalized groupoids, categories and semicategories. 1In the
beginning of the seventies he returned to semigroups again considering
the so-called "antigroups" (they are exactly fundamental inverse
semigroups) and their ternary analogs. His last papers are dedicated
to the so-called "filtral algebras" and to ordered sets which are
akin to direct systems of sets and mappings.

More than 40 Ph.D. dissertations were written under Vagner's
guidance. Formerly they were in differential geometry and calculus
of variations, later in algebra. The author of these lines was the
first one who got his Ph.D. in algebra (in 1962) under Vagner's
supervision. Later we could organize two specializations at the
chair of geometry: in differential geometry and general algebra, so
our students could get their university diploma in mathematics (a
rough equivalent of M.A.) having a fairly extensive knowledge of
mathematical logic, axiomatic set theory, general algebra, groups,
rings, lattices, and, of course, semigroups as an addition to
their general mathematics background (advanced calculus, ordinary

and partial differential equations, analytic and differential
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geometry, functional analysis, analytic functions, functions of real
variable, numerical mathematics, theoretical mechanics, etc.). So
our students did very well subsequently and were appreciated at
graduate schools of various universities. The government appreciated
Vagner's outstanding contribution, giving him the Lenin Order (the
highest-ranking Soviet decoration) and even allowing him a few short
visits to free countries to lecture (to the International Congress of
Mathematicians at Edinburgh, to Paris and Rome).

In 1970-1975 vagner served as a contributing editor of "Semi-
group Forum". Due to efforts of Vagner and his former students,
Saratov became one of the major centers of general algebra in the
USSR. Then all that started to change due to general change of
atmosphere in Soviet mathematics, but that is another story and I
skip it here.

Personally, Vagner was a very agreeable man. What always sur-
prised his interlocutors was his vast erudition. He could read in
practically all European languages and even managed somehow to get
books in foreign languages. Even specialists sought for Vagner's
advice in various questions of philosophy, history, linguistics,
literature.

I remember how, when I was a sophomore (and later), I was
always accompanying Vagner, who used to walk home after his classes,
and I visited his bachelor's apartment almost weekly. The amount of
topics we discussed was innumerable. It was from him that I heard
first about Freudian psychology (a taboo topic; S. Freud's books
were on the index and could not be borrowed in the libraries),

K. Menger's dimension theory (luckily, Menger's works might be read
and I did that), "Viennese Circle" of philosophers, R. M. Rilke's
poetry, German expressionist fiction, Schopenhauer's philosophy,
comparative studies of Indo-European languages, and many many

other things. I often wondered how it was in the pre-Gutenberg era,
before printing presses were invented. I imagine that then such
conversations as ours were the principal way of transfer of the
knowledge from teachers to their disciples.

And also Vagner was a very decent man. To some people this
statement may sound shallow, trivial, almost ridiculous. Blessed

are the people who have never lived in circumstances when common
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human decency almost amounts to a heroic deed.

Farewell, Victor Vladimirovich. Thank you.

Department of Mathematics
University of Arkansas

Fayetteville, AR 72701

Received September 14, 1981
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