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Summary .  - Numerical approximation of a parabolic cont~'ol problem with a Neumann boundary 
condition control is considered. The observation is the ]ina~ state. The numerical approxi- 
mation is based on backward discretization with ¢espect to time and a Gale@in method in the 
space variables. Optimal (except ]or a logarithmic term) ~2 error estimates are derived ]or 
the optimal state. Certain error estimates ]or the optimal control are also given. 

1. - I n t r o d u c t i o n .  

Le t  9 be  a bounded  domain  in R ~, where the  bounda ry  of 9 ,  ~K2, is a ( d -  1) 

d imensional  manifo ld  of class C% We will denote  the  closure of f2 b y  9 ,  and  for 

a f ixed To > 0 let  Q = (0, To) ×-Q and  Z = (0, To) × 89.  
On the  domain  9 ,  let  L be the  second order differential  opera tor  

We will assume tha t  c > 0 on 9 and  tha t  the  ma t r i x  (a~,j(x))~× d is s y m m e t r i c  and  
un i formly  posi t ive definite on 9 .  For  convenience we also assume e, a~,~ e 0~(9) .  

Consider now the  parabol ic  init ial  bounda ry  va lue  p rob lem 

(1.1) ~-~ u ÷ Zu = o on Q, 

(1.2) ~-~ u = g on Z ,  

(1.3) u(0,-)  = v on ~ .  
d 

Here  8/~v---- ~ a,,jn~(8/Sxj) where n, is the  i - th  componen t  of the  ou tward  uni t  
i , j = l  

norma l  on ~K2. I f  the  da.ta v and  g are g iven  such t ha t  v e L~(f2) and  g e L2(X) ,  t h e n  
(1.1)-(1.3) has  a unique weak  solution u(t, x). I f  g ---- 0, we let  E(t)  denote  the  solu- 
t ion ope ra to r  of (1.1)-(1.3), so t ha t  in this case u(t, . ) =  E(t)v.  

(*) En~rata in Redazione il 4 maggie 1977. 
(**) This work was supported by the Norwegian Research Council for Science and the 

Humanities. 
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Assume now re, z ~ e L 2 ( ~ )  to  be given, and for every  g e L 2 ( X )  let, indicating 
now the  dependence on g, u(g, t, x ) =  u(g, t)(x) be the  corresponding solution of 
(1.1)-(1.3) with initial da ta  v ~ vo. t n  this paper  we shall consider numerical  approx- 
imat ion of the  following opt imal  control p roblem:  

(1.~) minimize {l]u(g, To) 2 - z d ] l . ( . )  + ~llgll~(~)) 

over  g e J~2(Z). Here  ~ > 0 is a given constant .  This problem arises for example  
as a mathemat ica l  model  of certain air conditioning problems. 

The problem (1.4) is ~nalysed b y  L m ~ s  in [8]. I t  is proved tha t  (1.4) has a unique  
solution ~ e L 2 ( Z ) ,  and tha t  this solution can be characterized by  a sys tem of two 
parabolic equations. ~¥e analyse this sys tem in Section 4 b y  introducing another  
sys tem where the  coupling be tween the  two unknown functions in simpler. For  an 
a rb i t ra ry  z e L~(D) we consider the  sys tem 

- - ~ - / + L ~  = 0 o n Q ,  

. 
~ w  = 0 on X ,  

~(To , . )  = z on O ,  

~ -  +~ = o  on Q,  

u = a - ~  on 27, 

~ ( 0 , .  ) = 0 o n  ~ ,  

and' we let  t~(To)z ~ U(To). We will show tha t  R(To) is a bounded,  positive semi- 
definite operator  on 2~(~2). The character izat ion of the  op t in~ l  control  ~ given in [8], 
can now be expressed by  the  fact t ha t  

(1.5) ~(t) -~ - -  ~ - I E ( T o - -  t ) z I~  , 

where  z e Z2(£2) is the  unique solution of the  equation 

(1.6) ([ ÷ R(To)) z = E(To)re--  z~. 

I n  Section 5 we s tudy  a discrete analog of (1.4). Here  the  control functions will 
hr--1 

be in XZ2(~2) ,  where iV > 1 is an  integer,  and the  parabolic equat ion (1.1) - (1.3) 
n = 0  

is replaced by  a discrete t ime Galexkin approximat ion.  This approximat ion  is based 
on backward  discretization with respect  to  t ime,  and for every  t ime level nk,  n --~ 1, 
2, ...~ 2~ (k = To/N),  the  solution is required to be in a finite dimensional space S~ 
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(h small and positive). The class of spaces that is considered will for example include 
spaces of piecewise linear functions on 12. We will show that the optimal control 
of the discrete problem can be determined by analogs of (1.5) and (1.6), where the 
operators E(t) and R(To) are replaced by discrete analogs EiSh and R ~ T  respectively. 
Error estimates are then derived by comparing E;,, and R ~ T  with E(t)  and R(To), 
respectively. For example, if u(t) = u(g, t) and {u,) is the corresponding discrete 
solution obtained from the discrete optimal control {&I, then we will shorn that 
there is a constant c such that 

for 0 < t = nk g To. Here Hl(12) denotes the Sobolev space of order one of functions 
on 9. 

Also by using max-norm estimates for parabolic equations, we will obtain an 
estimate of the form 

for O < t = n k ~ l ' , - - &  and any & > O .  
Section 2 will contain some necessary preliminaries, and precise assumptions on 

the subspaces 8, will be made. 
The necessary results for the discrete time Galerkin method will be described 

in Section 3. Particularly we will statae a convergence estimate for nonhomoe~eous 
equations of the type (1.1)-(1.3). 

Numerical algorithms for the discrete control problem will be studied in a forth- 
coming paper. These algorithms will be based on solving the discrete analog of (1.6) 
by iterative methods. 

We mention that a different numerical method for the problem (1.4), using nume- 
rical approximations of the Riccati equations (cf. [B]), is studied by NEDELEC [g]. 

Throttghout this paper, c will denote a generic constant, not necessarily the same 
at different occurrences. 

2. - Notation and preliminaries. 

Pulzctiolz spaces. 

For arbitrary Banach spaces ;Y and P we will denote the norm of X by /I + jl,, 
and f(X, Y") will denote the space of bounded linear operators mapping X into P. 

I f  p > 0, let H"(l2) and H2(aQ) denote the Sobolev spaces of order p of real valued 
functions on 12 and 3 9 ,  respectively. For the definitions and characterizations of 
these spaces, see e.g. LIONS and MAGENES [7]. 
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I f  p < 0, the  conventions of SCHEC~E]~ [10] are adopted,  H~(~) and  H ~ ( ~ )  
are defined to be the  dual of H-~(~) und H-~(~2),  respectively,  with respect  to  the  
inner  products  of ~5~(~) and L~(~2), respectively.  

On the  sp~ees Z~(~) and L ~ ( ~ ) ,  respectively,  we shall use the  nota t ion 

for the  inner  products  and the  associated norms will be denoted  by  II" I1 and I" l- For  
convenience we also let  I1"11~-~ I] "]l~(a) and I'[~ = H']IR~(~) for any  reM p. 

We recall tha t  for p > ½, the  restr ict ion to ~f2 is a continuous m~p f rom H~(~) 
into H~-½(~), i.e. there  is a constant  e such tha t  

(2.1) I~ol~_~ <~l l~l l~ .  

For  details we again refer  to [7]. In  B]~A~BLE and  T E O ~ E  [6] it WaS ~lso p roved  
t ha t  there  is u constant  e such tha t ,  for any  ~ > 0 ~nd ~ e H~(Q), 

(2.2) 

I f  A e ~(Hq(~2), H~(Q)), we will use IIAII~.~ to denote  its norm, i.e. 

Define now 

tlAIt~., = sup IlA~ll~ 

W(O, To) = {[]] ~ Z2(O, To~.HI(ff2))~ ~ e Z~(O, To, H-I(Q))} 

where d/dt is t aken  in the  sense of distributions on (0, To) with values in H1(/2). W(0, To) 

is ~ Hi lber t  space in the  norm 

( t 
and  was used in [7] as solution space for a weak formulat ion of the  problem (1.1)-(1.3). 
I t  wad proved  t ha t  there  is a constant  e, such tha t ,  for any  ] ~ W(0, To) and t ~ [0, T,], 

(2.3) 

For  p, q>O, let  also 

Ill(t) II < ~ II I il~(o.~,,) • 

~.O(Q) = L:(o, To, H~(~)) n Ho(o, To, L~(~)) .  
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These spaces are described in [7], and thei r  norms are defined b y  

tlfIl..,o(~) = (' 

The spaces H~'q(X), with associated norms U " ]IH~,,(z), are defined similarly b y  replac- 

ing ~ by  ~/~ above. 
We recM1 tha t  if p > ½ and q = p -- ½, t h e n  there  is a constant  e such tha t  for 

any  J E H~'~I~(Q) 

(2.4) it f lt.~,o~(~) < ~ I! t !I.~,.~(Q), 

and: i f  p > l ,  t hen  for any  ]eH~'~I~(Q), geH"~ /2 (Z)  and t ~ [ 0 ,  To], 

(2.5) 

and  

(2.6) Ig(t) 1~_~ < e tl g ll,,.~.(~) • 

The associated elliptie boundary value problems. 

Define the  bilinear form B:  H1(~9)×Hi(Y2)-> R b y  

B ( ~ , ~ )  = 2 1 a , . ( x ) ~  + e ( x ) ~  dx .  
i .  

)Tote t ha t  it  fotlows f rom the  propert ies  of the  operator  55 tha t  there  exist constants  
c1, c2 > 0 such t h a t  

and 

(2.8) B(% e)>e211fll~, 

for all 90, ~0 e Hx(D). 
We will now define solution operators for weak formulat ions of two elliptic 

boundary  value problems. 
I f  J ~ H-~(.Q), let  T / ~  Hi(D) denote  the  unique solution of the  problem 

B(TJ, q9) = (], q:) , for q~ e H ' (D) .  

T is a linear operator  on H-l(f2) and, since 

for any  f, F e 552(Y2), T is self adjoint  on 55~(D). F r o m  elliptic regular i ty  i t  also fol- 

1 2  - ~ l n n a l i  ell M a l e m a t i e a  
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lows tha t  for any  p > - - 1  

~ £(H~(~9), H~(~9) )  

and T has a unique  linear extension to  H~(D) for a n y  p < -- 1 (call it  T also) such t h a t  

(2.9) T e £(H~(Y2), H~+~(Y2)) for all p e R. 

For  details we refer  to [10]. Define similarly F :  H-~(O~9) --> HI(~Q) b y  

(2.10) B(Fg, ~) = <g, ~>, for ~ e/t1(~9). 

As above it  follows f rom [10] tha t  Focan be uniquely  ex tended  such tha t  

(2.11) Fe ~(H~(~Q), H~'+~(Q)) for all p e R. 

In  order  to introduce cer ta in  funct ion spaces we now consider the  eigenvalue problem 

L~ = ~9 in Q ,  

~-~ = 0 on ~ .  ~v 

I t  is known tha t  this problem has a sequence {2~}~ 1 of positive eigenvalues, which 
we assume are in nondecreasing order and a corresponding sequence of eigenfunc- 
tions {%}~%1, forming a complete or thonormal  set in L~(f2). For  details we refer  
to [3]. Note  tha t  if we let  ttj = X71, t h e n  

T~j = ~Av~ j : 1, 2, . . . .  

For  p > 0  we now define 

B ~ ( ~ )  = ~, ~ L~(-O) I tlt~IG ------ ( ~ (~, %)%)~ ' ' ~  < c ~  . 
\ 5 = 1  

Similar spaces were used in the case of Dirichlet boundary  conditions for example  
by  Bramble  and Thom6e [5]. /~(Y2) is a t t i lber t  space with norm HI' Ilia, and by  a 
proof analogous to the proof of L e m m a  2.2 in [5], we can show tha t  for any  non- 

negat ive  integer  p 

/ ) - - 1  
(2.12) / ~ ( D )  ---- y J e H ' ( Q )  ~vvL¢V = 0  on ~f2, for  ] < - - ~  , 



I~AG~AI¢ WrNT~ER: Error estimates /or a Galerkin approximation, etc. 179 

and there  is a constant  e such tha t  

(2,13) e-'-Iiv[]~ < Illv'lll~ < eli v li 
for all ~ B ~ ( / 2 ) .  

For  p > 6, /~-v(~)  is defined to be the  dual o f / ~ ( / 2 )  with respect to the inner 
product  of L2(zg), with norm defined by 

ItI~tll-, = (~, ~J)~?~ +. 
l =  

We note tha t  by  (2.12), (2.13) and interpolation, /~v(Y2)oily(Y2) for p > 0  and the  
injection of/~(Y2) into Hv($2) is continuous. Also by  (2.12), Hi(Y2) ~--/t1(z9). There- 
fore, by  dual i ty  and interpolation, H~(Q) =/:/v(t~) and ~-I]~ and  Hi" I]l~ are equivalent  
for a n y  p such tha t  -- 1 < p < 1. 

We will use Hl'[][~.q to denote the  norm in ~(/~q(zg),/~(f2)). 

Parabolic intial boundary value problems. 

We now consider the following weak formulation of the problem (1.1)-(1.3). 

(2.14) ~ ,  ~o + B(u,  ~o) = <g, ~o>, for ~ e H~(Q) ,  

u(O,.) = v .  

I t  was proved in [7] tha t  if v e L2(=Q) and  g e L~(X), then  (2.14) has a unique solution u 
in W(O, To), and there  is a constant  e, independent  of v and g, such tha t  

(2.15) I] u l]w(0.z0) < e( Ilv II -~ ]lg IlL,(z)) • 

I f  g ~ 0~ then  the  exact  solution of (2.14) may  be expressed by 

(2.16) u(t, x) = ~ (v, ~v~) e-~t%(x) . 
J = l  

I f  E(t) denotes the solution operator of this problem, so tha t  u(t) = E(t)v for t > 0 ,  
then  from (2.16) it follows tha t  

HIE(t)l]iv.v <1  t~>0, p e R ,  (2.17) 

and if t > 0 then  

(2.18) lllE(t) Hl~.~ < et -(~-~)/2 for p >1 q ,  

where e is a constant  depending on p and q. 
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F r o m  [7] we also have  the  following regular i ty  resul t  for the problem (2.14). 

T~E0~E~ 2.1. - Le t  p > 2  by  an integer and let  q ----- p -- ~. Assume fu r the r  t ha t  
v e Hv-*(~9) and g ~ Hq'ql~(Z) SUCh tha t  

aJ 
~t---ig(O,. ) = ( - - 1 ) J ~ L J v  ou ~9  for 0"<<?<P~22 

Then  there  is a constant  0, independent  of v and  g, such tha t  

Finite dimensional subspaees. 

A class of finite dimensional funct ion spaces will now be introduced.  
We will consider a family  {Sh}0<a< ~ of finite dimensional subspaces of H~(~9) 

with the following approximat ion  p rope r ty :  
For  any  given p, l < p < 2 ,  there  is a constant  e such tha t  

(2.19) inf {tl - xtl ÷ hll - xlt } < h tl ll  

for  al l  ~v e H ' ( 9 ) .  
This condition is satisfied for a class of spaces consisting of pieeewise linear, con- 

t inuous functions on ~9. 
L e t  Po denote  the  or thogonal  L2-projection onto S~, and  P1 the  orthogonM ~ H t ,- 

project ion onto Sh with respect  to  the  inner  p roduc t  B( . ,  -). We recall the  well known 
fact  tha t  there  is a constant  e such tha t  

(2.20) llI-_PlH~,~<vh~-~ 0<p<l ,  1-<q<2. 

For  a proof of this, see e.g. [1]. Note  tha t  b y  interpolat ion (2.20) implies tha t  there  

is a constant  e such tha t  

tIz- Potlo,~<eho o<q<2. 

Since I -  Po is selfadjoint on L2(9), it  follows b y  dual i ty  tha t  

(2.21) o<p, q<2. 

B y  using the  so called dual i ty  t r ick we also obta in  the  following resul t :  

I ~ E ~ A  2.1. - There  is a constant  e such tha t  for any  ] e Hq(Y2), 1<q~<2, 
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P ~ o o r .  - For  any  g ~ C ~ ( ~ )  we have  

< ( I - - / )~ ) ] ,  g> = B ( ( I  --  P~) ], Fg) = B ( ( I  --  t~)  ], ( I  --  JP~) I'g) . 

Hence  by  (2.7), (2.11) and (2.20) 

I<( I --  P~)], g>I < v I! (I  --  P~) fll~ It (I  - -  P~) T'g II~ < vh~it]tlq liFg li~ < eh~ I[f il~lgI½ 

which implies the  desired result .  // 

Define now T~: H - ~ ( ~ ) - ~  H~(/2) by  T~ = P~T.  
T~ f is the  unique  solution in S~ of the  problem 

Since 

Note  tha t  for any  ]eH-~(.(2) ,  

B(Th] ,  Z) = (], g ) ,  for Z e Sh. 

(T~], cf) = B(Th] ,  Tq~) = B(Th] ,  T~ f )  : (], Ta~) 

for  all f, ~ e / ~ ( ~ ) ,  it also follows tha t  T~ is selfadjoint on L~(~). I f  we let  M ---- Mh 
denote  the  dimension of S~, t hen  there  is a filfite set {/~.~ ~=~ of positive eigenvalues 
of Th and a corresponding set of eigenfunetions {%.h ~= 1, forming an L2-orthonormal 
basis for  Sa. ~ o t e  also t h a t  if 2¢.a ~ / ~ ,  t hen  

B(cfj,~, Z) = .~,~(~v¢,~, Z) , for Z ~ Sa.  

Similar to the  definition of ]l]'][J~, we now define the  following norms on S~: 
For  any  p such tha t  -- l < p < l  and ~ ~S~, define 

(2.22) 

We observe tha t  for such % 

" i = 1  ~9J,h) ',h) " 

Ilv i1(: ) = Itv i], 

and, since lI~vll~a) = (B(~v, ~))t, i t  follows f rom (2.7) and (2.8) t ha t  

By  interpolat ion it  therefore  follows tha t  there  is a constant  e such that ,  for ~0 e Sa 
and  0 < p  <-<1, 

(2.23) e- l i ly  II, < llv ) < IIv IF - 
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3. - A discrete time Galerkin method for parabolic equations. 

In  this section we will consider a discrete analog of the  problem (2.14). Firs t  we 
will consider discretization only in the  t ime direction. 

The semidiserete problem. 

Le t  N > 1 be an integer  and let  k = To/_~ ~. Define the  biline~r form A~: H~(D) 
× H~(f2) -+ R by  

A~(~, ~) : (~, ~) ÷ kB(~, ~). 

B y  backward discretization with respect  to t ime we are lead to consider the  follow- 
ing semidiscrete analog of (2.14): 

I A~(g~+~,q~) -~ (g,,q~) ÷ k(g(nk) ,~) ,  for ? eH~(D) ,  
(3.1) / ~o----- V . 

I f  we assume g(nk)eH-+(~[2), n = 0,1 ,  . . . , N - - 1 ,  t hen  it  follows f rom the  pro- 

{u~}.=o c / / ~ ( ~ ) .  pert ies  of A~ tha t  (3.1) has a unique solution - ~ 
For  any  / e H-~(Q) define E~] e H~(f2) by  

(3.2) A~(E~/, ~) : (/, ~) , for ~ e ~ ( Q ) .  

Then  E ~ i  = (1 ÷ k~j)-1~ and hence 

(3.3) IIIE~[D,~ < 1  for all p ~ R. 

I f  g -  0, t hen  the  solution of (3.1) ma y  be represented  by  ~. = E~v. By  using 
the  Fourier  expansion of the  operator  E~, the  following result  is easily obta ined 

(see e.g. [6]): 

LEPTA 3.1. - Le t  p and q be real numbers  such tha t  q < p. Then  there  is a constant  e 

such t ha t  

and if ½(p-- q)k<t  = nk<To,  t h e n  E :  e ~(/tq(9),Rp(g2)) and 

(3.5) ltlE; Ilta,o < ct -(~-")I~ • 

We note  tha t  (3.5) shows tha t  E~ has a smoothing proper ty ,  similar to (2.18). We 
now consider the  convergence propert ies  of the  operators E~. 

The following lemma may  be p roved  by  comparing the  Fourier  expansions of 
the  operators E(t) and E~ (for a proof,  see [12]). 
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L ~ f A  3.2. - L e t  p and  q be  real  n u m b e r s  such t h a t  p < q < p -[- 2. Then  there  is 
a cons tan t  e such t h a t  for 0 < t = nk <-< To 

lll/'J(t) - / ~  tIl~.~ < ct -~+(~-~)I~ ~.  

For  la ter  use we also in t roduce the  opera to r  I~ o n / J ~ ( ~ )  defined b y  

(3.6) I~F~ ----- (1 ~ k~)e-ka~Fj ~ ~ ~ 1~ 2~ . . . .  

~ o t e  t h a t  I~E~ ~ E~Ik ~- E(k). We also have :  

L ~ . ~  3.3. - There  is a cons tan t  v such t h a t  

I t 1 I -  I~11t~,~+o < c ~  

for a l l p e R  and  0 < q < 4 .  

P~OOF. - B y  in terpola t ion it  is enough to p rove  the  desired resul t  for q = 0 and  

q -=- 4. Since the re  is a cons tan t  c such t h a t  

I(1 + ~)e-~l <o 

for all v~>0, it  follows t h a t  

The  result  for q ----- 0 now follows f rom the  t r iangle inequali ty.  Also note  t ha t  there  
is a cons tan t  a such t h a t  

l l  - (1 -4- v) e -~ l  < c~ ~ 

for all z/> O. 

and  I~ t h a t  
Therefore  it follows f rom the Fourier  expansions of the  opera tors  I 

l i l t -  Iktll~,~+~ < o k  2 , 

and  hence the  l e m m a  is proved.  // 

The discrete problem. 

Consider the  following discrete analog of (2.14). Le t  z¢ {%}~=o, u ,  e S ,  for n > l ,  
be  defined b y  

(3.7) 
{ Az(~,+t ,  )~) =- (an, X) ~ k<g(nk), Z>, 

~o~V~ 

for Z E S h ,  

where  we assume g(~k)~H-½(~[2) for n == 0, 1, ..., N - - 1 .  
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Define also E,.a: H-~(~) - ->  Sa b y  

(3.8) A~(E~,J, Z) ~- (1, 2:), for Z e S~. 

I f  g ~ 0, t h e n  the  solution of (3.7) m a y  be  represen ted  b y  u~ = E~.~v for n = 0, 
1, ..., 2V. ~ o t e  also t h a t  f rom (3.8) 

and  hence 

(3.9) l [ ~ , ~ k o < : [  • 

I n  the  case of Dir ichlet  bounda.ry conditions, convergence proper t ies  of the  operators  

E~.h were obta ined  b y  ]3AKE~, :BRA~BI,E and TI-IOM]~E [2]. Their  analyses makes  
an  essential  use of the  resul ts  der ived in [4] for semidiscrete Galerkin approximat ions .  

As observed in [4], these results also hold in the  case of N e u m a n n  boundury  conditions. 
I n  t he  same way  as in [2] we therefore  obta in :  

LEPTA 3.4. - :For a n y  given p, 0 < p < 2, there  is a cons tan t  v such t ha t  for 0 < t 

= nk<To  

Note  t h a t  for a n y  ]eL~(~) ,  E~,~] = E,.~-Po], and  

(3.10) 

The  following resul t  will be  useful  la ter :  

LE_~_~IA 3.5. - Le t  --  1 < q < p < 1. Then  there  is a constant  c such tha t ,  for any  

~ 21~ and  n>~0, 

(3.11)  ti:E~",~(z - z~ .~ )~  II~ ~) < ~k((,~ + 1) ~)-~ +(~-°)~ il~ Ii~ ~) , 

and if n > l ,  t h e n  

(3.12) , (a) < c(nk)-(~-q)12 ItE;.,,vlI, l[vli(3. 

PI~ooF. - F i rs t  observe t ha t  for any  v > 0 ,  the  funct ion O(m) = (1 + ~/m) ~ (0(0) = 1) 
is a nondecreasing funct ion for m > 0 .  Hence ,  for a given r>O, there  is a cons tan t  e 

such t h a t  

T r 

(3.13) (1 + l:/m) '~<c for  ~>~0, m ~ r .  
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I f  we let  r = ( p -  q)]2, ra = n and z = nk2~.h, then  we obtain for n > l  

--2n ~ 2 --(~--q) q M (1 + k~;.h) ~.h < e (n~) ~#,h ~ = 1, 2, ..., 

and by  (3.10) this implies (3.12). 
Note  also tha t  

( 1)  
E~a(I- E~,k)%,h = (1 + k2~,~) -'~ 1 1 + ~Z~,~ %,7, 

and  as above  it  follows f rom (3.13) tha t  for n > 0  

(1 ~ -  k~j,h) - 2 (n + l )  ~q+2 < O 2 ~ . h ( ( g  b .q_ 1) k) ~-q-2  ] = 1, ~, M Lh "'" ~ • 

This implies (3.11). // 

The  following representa t ions  will also be  used. 

L E ~ ) .  3.6. - Le t  {~} and {u.} be defined by  (3.1) and (3.7), respectively,  where 
we assume tha t  v EZ2(D) and g(nk )eH-½(~D)  for ~ = 0, 1 , . . . ,  N - - 1 .  For  ~ > 0  
define fl~ = u~--  -Po u,~ and ~ = u~--  P ~ .  Then  

(3.1~) ~ = E ~ . ~ - ~ ( I - -  E k . D ( P 1 -  t ' o ) ~  , = 1, 2, .. . ,  N ,  
i=1 

and if v e H ' ( ~ ) ,  t hen  

n ~n-J t I  P1) (g~+l -  g~) n = 0, 1, 2, N. (3.15) ~ = ~ a ( I - / ' ~ )  v + ~ ~k.~ ,  - ..-, 
J=0 

P~OOF. - For  any  g e Sa we have  

= (Po~,,  Z) +/c ig(nk) ,  Z) + A , ( ( P o -  P~)~+~, Z) + ( ( P ~ -  Po )~+ , ,  Z)- 

Hence  by  (3.7) we obtain 

/L+~ = E ~ , ~  + (I - -  E<~)(P~-- ~0o)~+~, 

and, since E<~flo = 0, this implies (3.14). Similarly we have  

~+~ = E ~ , ~  + E ~ , ~ ( I -  P , ) ( ~ + ~ -  ~ )  

and (3.15) follows. //  



186 I~AG~R W~r~El~ :  Error estimates for a Galerkin approximation, etc. 

I n  the  following l emma we measure the  error  (E(t) -- E~a) v (in some sense) in 
negat ive  norms. 

L]~M~A 3.7. - There  is a constant  v such that ,  for any  0 < t = nk < To and v eHI(Y2), 

(3.16) 

and  

(3.17) 

II (E(t) - -  2 o E ; )  +]l-~< c(} ÷ h:)Iivt!, 

l! n n ( h )  v t t - i  < ch~rTvtli ~i(PoE; - -  E;,~) 

P~ooP. - Consider the  iden t i ty  

(E(t) --  POE;) v = (E( t )  - -  E;)" v + (Z - -  Po)E~" v 

Since 11 "]l~ and HI" I[[~ are equivalent  for [Pl < 1, we obtain f rom L e m m a  3.2 tha t  

tl (E(t) -- E;)  v ]1-1 < e~ HIvIH1 < ek i[v Ill. 

Also f rom (2.21) and  (3.3) we have  

I I ( I -  Po) E;  vtt-x < eh~llE~ viil < vh*iiv]]l 

and (3.16) is proved.  
F o r  n > l  we have  by  (3.!4) and L e m m a  3.5 

J = l  
n 

< c k Z  ( ( '~ -  i + 1) k)-+l l (P~-  Po)EgvI] 
5=1  

and hence by  (2.13), (2.20), (2.21) and (3.5) 

J = l  

i : 1  

which is (3.17). // 

Final ly  we give a generalization of L e m m a  3.4 to nonhomogeneous equations of 
the  t ype  (1.1)-(1.3). This resul t  is p roved  in [12], and is s ta ted here  with no proof. 

T~E01~EM 3.1. - Assume tha t  g ~ Ht'~(X) and v E H~(/2), 0 ~ p  <1,  and let  u and 
{u~} be  defined by  (2.14) and (3.7), respectively.  Then  there  is ~ constant  v, inde- 
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pendent of v and g, such that 

tlu(t) __ u~tl < et_l+',2 (1 n ~___~)2 (k ÷ h~)(IIvIl~ ÷ 

for 0 ( t - - ~ n k < T  o. 

4.  - The  c o n t i n u o u s  problem.  

We now return to the optimal control problem (1.4). In this section we shall 
essentially reduce the study of this problem to the study of a family of related self- 
adjoint positive semidefinite operators R(t) .  First we will give a precise formulation 
of the problem (1.4). 

Assume Vo, za e L~(~) and ~ > 0 to be given, and for every g e L~(X) let u(g, t, x) -~ 
= u(g, t)(x) be the unique solution of the problem 

( d u )  
-dr' q~ + B(u ,  qo) = (g,  of) ,  for ~0 ~ Hi(Q) ,  

u(g, O) = Vo. 

Define now ~ :  L ~ ( X ) - ~ R  by  

~(g )  = II~(g, To) - -  z~ll ~ + ~IIgll~o(~) • 

:Note that ¢(g) is well defined by  (2.3) and (2.15). 
The problem (1A) can now be precisely stated as follows: 

(4.1) Find y ~/~(X) such that  ~(y) = inf ¢(g).  
geL~(l) 

Iqote that  if ~ ~ I~(X) is any solution of (4.1), then ~(~)~< ~5(0). Also by  (2.17) we 
obtain 

~(0) = llE(T0)vo--z~ll~< (IlVoll + Ilz~ll) ~ , 

and hence we have 

(4.2) 

and 

(4.3) 

ITu(Y, T o ) -  z~I! < I!Vo!l + lIz~![ 

"~]i~HL,(~) < livoll ÷ fibril. 

The inequalities (4.2) and (4.3) express the stability of the problem (4.1). 
In order to see that  the optimal control exists and is unique, note that  by (2.3) 

and (2.15), for any t e [0, To] there is an operator A(t)  e ~(L~(X),  Z~(~)) such that 

u(g, t) = Eff)vo + A ( t ) g .  
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Therefore ~(g) can be wri t ten in the form 

~(g) = U(E(To)Vo-- z~) + A(To)glt ~ + ~][gl]~=(~) 

= IIA(To)gH ~ ÷ lIE(To)Vo-- z~[]~ ÷ 2(E(To)vo-- z~, A(To)g) ÷ ~ ] ! g ] l ~ ( ~ )  • 

Hence the  problem (4.1) is equivalent to minimizing the quadratic functional 

[IA(To)g[I ~ + ~Ilg]1~(~) ÷ 2(E(To)vo-- z~, A(To)g) 

over Z~(27). Since ~ > 0, it follows from a s tandard theorem about minimizing qua- 
dratic functionals over a Hilbert  space (see e.g. [8]) tha t  the problem (4.1) has a 
unique solution y e Z~(Z), and ~ is characterized by  

(4.4) (u(~, T o ) -  z~, A(To)g) ÷ ~(y, g)L~(~) = O, 

for all g e L~(Z). Here ( . ,  ")L~(~) denotes the inner product  in Z~(Z). 
In  order to obtain a more useful characterization of the optimal control, define 

w e W(0, To) by 

) - -  , q) -t- B ( w ,  ~v) = 0 ,  for  ~0 E H ~ ( D ) ,  

w( To) = ~(~, T o ) -  z~ . 

Since B( . ,  .) is symmetric,  we then have, for any  g e L~(2J) and almost  all t ~ (0, To), 

) -d-~'Ag = B ( w ,  A g ) = B ( A g ,  w ) =  ~ dt ' w  + ( g , w ) ,  

o r  

d 
dt (w, Ag) -= (w, g? . 

Hence, since A(0) = 0, we obtain by integration tha t  

To 

(u(~, To) --  z~, A(To)g) : ~ (w, Ag) d~, = (w, g)L.(~) 

0 

for all g ~/~(21), or by  using (4.4) 

g = - ~ - ~ w I ~  • 

The argument  above sketches a proof of the following characterization of the optimal 
control given in [8]. 
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L E P T A  4.1. - Le t  g e L~(X) and let  u ---- u(g, t)(x). Then  g is an optimal  solution 
of (4.1) if and only  if there  is a w ~ W(0, To) such tha t  

(~.5) 

-~  , ~ + B(u, qo) + ~-~<w, ~v> ---- O , for  ~oEH~(O), 

- -  - ~ , ~  + B(w,~o) = 0 ,  for  q ~ H ~ ( D ) ,  

u(o) = vo, ~(To) = u(To) - -  z~, 

where g = -- ~-lwlz .  
Note  tha t  since the  problem (4.1) has a unique opt imal  control, L e m m a  4.1 im- 

plies t ha t  the  sys tem (4.5) has a unique  solution u, w e W(O, To). The  numerica l  
a lgori thm for the  problem (4.1) tha t  will be considered in Section 5, will essentially 
be an approximat ion  of the  sys tem (4.5). 

In  order  to  s tudy the  system (4.5), we first s tudy  a problem where the  coupling 
be tween  the  two unknown functions is simpler t h a n  in (4.5). For  any  given z ~ L~(Y2) 
consider the  system 

(4.6) 

~7,~ ) +B(~,~) =~-1<~,~>, for ~eH~(O), 

) ~,dt ' ~o + B(@, ~) = O, for  q~ ~ H~(~2), 

~ ( o ) = o ,  ~ ( T o ) = z .  

This sys tem has a unique solution ~, @ e W(O, To). For  any  t e [0, To] we now de- 
fine an operator  R(t) : L2(t~) -> L~(Y2) b y  

R(t)z = ~(To)-  E(t) ~(To-- t), 

where ~ is defined by  (4.6). We note  tha t  R(0) ---- 0 and R(To)z  -~ ~t(To). The ope- 
rators R(t) will be impor tan t  in the  s tudy  of the sys tem (4.5). Certain propert ies  
of these operators will now be  derived. 

L E ~ [ A  4.2. - For  any  t e [0, To], we have tha t  R(t) ~ £(L~([2), H1(~2)), and  there  
is a constant  c such t ha t  

[[R(t) Hl,o < c for 0 < t < T .  

PnooF.  - Consider first the  mapping 

(4.7) z ~ e ( t ,  .) = E ( T o - -  t ) z .  

We will prove tha t  this mapping is continuous f rom L~(Y2) into HI"½(Q). By  Theo- 
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rem 2.1 this mapping is continuous from H~(O) into H2"~(Q) and if z ~ H-~(~2) = ~-x (O)  
then 

~o 

f ll ~(t ," )ll = dt 
0 

TO 

= (z, %)2e-=~(~:o-Odt = ½ ~ (z, 9~)2,;tT~(1- e-=~,~".)< ½11lzlllL<vIIz]]_,. 
0 

Hence the  mapping defined by  (4/7) is also continuous from H-x(~) into L2(Q) = 
= H°,°(Q), and by  interpolation we therefore obtain the  desired result  concerning 
the  mapping (4.7). 

Now let z e L~(f2) and let ~, dJ be the corresponding solution of (4.6). By  the  argu- 
men t  above it follows tha t  @ e H~'½(Q), and tha t  

!I ~ iI.,,~(Q~ < e II ~ If. 

--1 A I f  we now let  g ~ w]z, then  by  (2.4) 

II g lI,,~,',(:) < ~ il ¢~ lI.,.,(o) < ~ ]l" it, 

and hence by  Theorem 2.1, 4 ~ H2'X(Q) and 

II a 1].,,,<o) < * llg II.~,~(~) < *Ilzll • 

From (2.5) we now obtain 

tI~<0lll<~l]~il.,~<Q><~iiz]] for o < t < r o  

and by  (2.13) and  (2.17) we therefore have 

[IR (t)Z[[l< ][~(To)][x -[- HE(t)~(To- t)l[,< ]]~(To)]lz + o][z~(To-- t)l[~<c]lzlI 

and hence the L e m m a  is proved. //  
Note tha t  by  ]~ellich's L e m m a  (see e.g. [7]), the  result  above implies tha t  R(t) 

is a compact  operator on L~(Q). 
I f  t > 0, then  by  arguments  similar to those above, it is also possible to prove 

tha t  R(t) e £(/:/~(/2), H~+l(f2)) for any  p > 0 .  
We shall now give another,  slightly different, characterization of the operators R(t). 

For  a given z e L2(~) and  t a [0, To] let q2, @ e W(0, t) be defined by  

(4.8) 

ds ' 9 + B(~, 9) ---- ~-1(@, 9 ) ,  for 9 ~ Hi(-o) , 

- -  ~ - ,  ~o + B(@, ~) = 0 ,  for ~ ~ HI(.Q), 

~ ( o ) = o ,  ~ ( t ) = z .  
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;Note tha t  if 4, ~ is the  corresponding solution of (4.6), t hen  for 0<s<<t  

~(s)  = 4,(To-- t + s ) ,  

and  therefore  we have  

~(s) - ~ ( T o -  t + s) = E(s) ~,  

where v -~ -- ~ ( T o -  t). t t ence  it  follows t h a t  

~(s) = ~ ( T o -  t + s) - E ( s ) ~ ( T o -  t) 

for  0 < s < t. By  the  definition of the  operator  R(t) we therefore  have 

~(t) = d(To) -- E( t )¢~(To-  t) = R ( t ) z .  

We now observe tha t  if u, w is the  solution of the  sys tem (4.5) then,  if u(t) is wr i t ten  
as a sum of it 's homogeneous and nonhomogeneous part ,  we have  for any  t E [0, To] 

u(t) = E(t)Vo--  ~t(t) , 

where ~, @ ~ W(0, t) is the  solution of (4.8) with z = w(t). t t enee  we have  for any  
t e [o, To] 

(4.9) u(t) = E(t)Vo-- R( t )w( t ) .  

By  using the  characterizat ion of the  operators R(t) tha t  is obtained f rom (4.8), we 
now prove the following: 

L~,~MA ~.3. - R(t) is selfadjoint and positive semidefinite on L:(tT) for any  t e [0, To]. 

Pt~oo~. - Fo r  a given t e [0, To] and z, Zo e L~(:Q), let  ~, v~ and  uo, ~o, respect ively,  
be the  corresponding solutions of (4.8). Then  for almost  all s e (0, t) 

or, since also B(g,  #o) = (u, (d/ds)~o) and B(g. ,  #)  = (~., (d/ds)ff~), 

d d 
d-~ (~' #°) = ~ (~°' # ) "  

I tenee,  since g ( O ) =  'go(O)= O, we obtain 

t t 

0 0 
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o r  

(R(~)z, zo) = (R(t)Zo, Z). 

Therefore/~(t)  is selfadjoint. We also have for Mmost all s e (0, t) 

or by  integration 

(,, ) d ~-~l~l 0 = ~ ~, ~ + B(~, ~)  = ~ (~, ~)  

(R(t)z, ~) = ~-*j't~P ds> o. 
0 

// 

Note that ,  since R(t) is selfadjoint on L°-(sg), it follows f rom L e m m a  4.2 tha t  R(t) 
can be extended to H-~(~-2) such tha t  

(4.10) ltR(t)lIo,_,= tiR(t)l],,o<V for O<t<.To. 

Also since R(To) is positive semidefinite on L~(~), ( I-1-R(To))- '  e £(L~(X2), Z~(~Q)), 
and since R(To) also is compact on Z2(/2) 

(4.11) II (x + R(To))-lilo,o = 1 .  

I f  now ~, w is the solution of (4.5) then  u(To) = W(To) ~- z~, a n d  hence (4.9) implies 
t ha t  

~(To) + z~ = ~(To)Vo-- R(~7o)W(ro), 
o r  

(4.12) W(To) "~ (I -F R(Tol)-~(E(To)Vo-- za) • 

The equations (4.9) and (4.12) have essentially reduced the s tudy  of the  solution 
u(t) and the opt imal  control g(t)=---  o:-lE(To - t)w(To)]~ of the  problem (4.1) to 
the s tudy  of the operators R(t). In  the following section we will consider a discrete 
analog of (4.1), and we will derive formulas similar to (4.9) and (4.12) for this problem. 
Error estimates will then  be obtained by  comparing these formulas with (4.9) and 
(4.12). 

5. - The discrete  problem.  

In  this section we will consider a class of discrete analogs of the control pro- 
blem (4.1). We shall first derive counterparts of (4.9) and  (4.12) for these problems, 
and then  certain error estimates for the  solutions will be derived. Define 



~RA(]~AI~ WI~IIEI~: Er~'or estimates ]or a Galerkin approximation, etc. 193 

¢g }~-~ e JE, let  and  if g = ~ . .=o 
/V--I ½ 

Then  3~ is a g i l b e r t  space with norm II" I]Z¢. For  any  v e Z~(Y2) and g e JE, define 
~v 

{u.}~=o, u ,  e S ~  for  n > l ,  b y  (cf. Section 3) 

(5.i) 
{ A~(u,+~, ~) = (u~, 9/) + k<g,, 9/>, for Z ~ S,~, 

~o  = ~) . 

~qow for every  g e JE, let  {u~(g)} denote  the  corresponding solution of (5.1) with ini- 
tin,1 da ta  v = vo and define ~b~,~: 3E-~ R b y  

We now consider the  following discrete analog of (4.1). 

(5.2) F ind  ~ e 3C such t h a t  ¢~,~(~) = inf  ~bk,~(g). 
g ~ 3 C  

As in the  continuous case, this problem has a unique opt imal  control  ~, and ~ can 
be character ized by  a certain system of equations. 

LE~r~A 5.1. - The problem (5.2) has a unique solution. Fur the rmore ,  if g e ;E 
and {g~} ~ (u~(g)}, t hen  g is an opt imal  solution of (5.2) if and only if there  is a 

~/) 2 /  ( ~}~=o~ w ~ e g h  for n < N - -  1, such tha t  

(5.3) 

A~(u~+~, Z) ÷ ~-~k<w., 9/> = (u. ,  Z),  

A~(w~, 9/) = (w~+x, 9/), for Z e S~, 

for 9/e Sh, 

where g~ = -- o:- lw, l~ ,  n == O, 1, ..., N - -  1. 
The proof of this l emma is similar to the  proof of L e m m a  4.1 given in [8] and 

will be omi t ted  here.  
Vc~e note  tha t  Lemma. 5.1 also implies tha t  the  sys tem (5.3) has a unique solution. 

As we did in the  continuous case, we now analyse the  system (5.3) b y  introducing 
operators ~k.h~(") which are discrete analogs of the  operators R(t). The  operators ~(~)~k.h 
will be defined by  using the  operators E ~ and another  operator  G~ h. Afterwards k,h 

we shall show tha t  these operators are indeed discrete analogs of R(t). 
Define first G~,~: L2(3zg) -+ Sh by  

(5.~) A~(G~,~g, 9/) ~ o:-lk<g, Z ) ,  for 9/e S~,. 

1 3  - A n n a l i  d i  l~Ia temal ica  
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We note  that ,  for any  g EL~(~f2) and z eSh ,  

k<g, Z} = kB(P~Fg, Z) -~ A~(P~Fg, Z ) -  (P~Fg, Z) , 

w h e r e / ) i  is the  projection onto Sh with respect  to the form B ( . ,  .) and F is defined 
b y  (2.10). Therefore we obtain  

(5.5) = 

We now define R~,h: H-l(f2)--> S~ b y  

(5.6) R~,h -~ G~,~E~,~ , 

where we have used the convention tha t  G~,~E~,~z = G~,~(E~,~z)to~. For n = 0, 1, 
...~ £V we define R(~,na): H - I ( ~ ) - ~ S ~  b y  

n - - 1  n - - 1  

(5.7) = X = Y.  B L ,  . 
i = 0  ~ = 0  

W e  note  tha t  R(k.°h ) ----- 0 and R(k~ ) : Rk. h. I f  ~, ~ e L2(~) then 

(5.8) (R~,~q~, ~) = A~(R~,~% E~,~o) ~- ~-~k<E~,~, E~,~y~} . 

Hence,  by  (5.7), R(~. ~) is selfadjoint and positive semidefinite on L~(~2). 
For  a given z e Z~(~) and an integer n such tha t  0 < n < N, consider now the sys tem 

A~(~+~, Z) ~- (u~, Z) + :¢-~k<@~, Z>, for Z e S~, 

(5.9) A,(@¢, g) = (~+~, Z),  for g e S~, 

U o = O ,  @ ~ = z ,  

where { ~}~=o, {w~}~=o c Sa. This sys tem has a unique solution {~}, {~} and by  
DuhamePs  principle and (5.~) 

n n n - - 1  

5 = 1  ~ = 1  ~ = 0  

Hence  b y  (5.7) 

~ V k ,  h ~ • 

~7ote tha t  the  characterizations of the  operators R(t) and /~(~)~.h, tha t  are given by  
the  systems (4.8) and (5.9), respectively,  show tha t  =~k.~(~) is a discrete analog of/¢(t) .  
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~ o w  let (u.}, {w.} be the  solution of (5.3). B y  writing ~ as a sum of it 's  homo- 
geneous and nonhomogeneous parts ,  we have as in the  derivat ion of (~.9) tha t  

(5.10) u ,  ---- E~.~v o -- tt(k~)w,~, for  O < n < N .  

We note  tha t  as in the  continuous case, it  follows f rom the  fact  t h a t  ~(~) is posit ive ~t'k. h 

semidefinite on L~(D) t ha t  ( I  + R(~:~)) -~ e ~(L~(~9), L~(Q)), and, since R(k.~h ) is ident ical ly 
zero on the  L2-orthogonal complement  of Sh, 

(5.11) lf(Z -~- R(k~.a))-~IIo.o---- 1 for n : 0, 1, ..., 2V 

Since u~r-~ w~ ~ zd, we therefore  obtain f rom (5.9) t ha t  

(5.12) w~ ---- ( I  -~- ~k.hJ (Ek.~ Vo-- Za) • 

Error  est imates will now be derived for the  difference be tween  the solutions of (4.1) 
and (5.2) by  comparing (4.9) and (4.12) with (5.10) and (5.12), respectively.  We 
will first derive some pre l iminary results. 

LEPTA 5.2. - There  is a constant  e such t h a t  

(5.13) ltR~,~ tio,o < ~k-~. 

Fur the rmore ,  if 0 < p  < 1, t hen  there  is a constant  v such t h a t  for 0 < n k  < To 

(~) ~ R (~) < /  e ln l ' o /k  if p = l  
(5.14) 

t c if 0 < p < :  1 ,  

and if ~ e S~ t hen  

con T k (a) o/)tl~lI-~ if p = l  
(5.15) IlR(A)~II < cll~ll~)~ if o < p  < 1 .  

Here  H" H(~ h) is defined by  (2.22). 

PROOF. -- Fi rs t  no te  tha t  for 0 < p < l ,  we obtain form (2.2), (2.23) a.nd (3.12) 
• t h a t  for any  e :> 0, g e S~ and  n~>l 

iJ~,h Zt < e(~llE~,h Xilt + ~-1 llE~,h Xl!) 

< c(~(k.)-(~+,~ ~ + ~-~(k~) -~+~) ltzlt~)~. 

Therefore,  if we let  e : (kn) ~ t hen  
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We now recall tha t  E ~ , ~  Ek,hPo and if z E S ~  then  []Z]I(oh) = [lzll. F rom (5.8) we 
therefore hay% for any  z, + e £~(~), 

[(R~,~z, +)l = ~-I~I<E~,~PoZ, E~,~Po+>I <ek+HzH I1+1t 

which implies (5.13). 
I f  0 < n k < T o  and  Z a S h  we also have by  (5.7), (5.8) and (5.16) tha t  

l(N.~z, z)l = ~ E~.~N.~N.hz, z 
" J = 0  

~j=l ' 

o r  

~<,).,<,o< J e(lnTo/~)llzll if p = 1 
(5.17) 

By  (2.23) and since R(k.~ ) is selfadjoint on L~(tg), this implies (5.14). 
We also have for any  +, Z e S~ t h a t  

R(,) 

and hence (5.15) follows from (5.17). // 

~or  technical reasons we also introduce the operators 

l~(k~ = Z E~.hGk.~EI +1 for O < n k < T o ,  

where E~ is defined by (3.2). ~qote tha t  if z, + e L~(.Q) then  from (5.4) 

(,~) g-1 ~ ~ J -ok.h~, ~ +) A ~ ( t ~ . h z  , Ek.h+) k = = - <E~ z, E~.~ +>. 

As in the proof of (5.16) it  now follows from (3.5) tha t  

t E~ +1 < e(nk) -<~ + 1)/a Ill + Ill- 

for q*>l, 0-<<p<l and  any  ~v e L~(D). Hence, since If" H-1 and Itt "lll-~ are equivalent,  
we have for z, + e Z~(~2) tha t  

) l(N.~z, +)l <o ~ (~)-~ lIzI!-~tlftt, 
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o r  

(5.18) 
T .  

< l n - ; :  for  0-4< nk < To. 

The following l e m m a  gives a cer ta in  s tabi l i ty  p r o p e r t y  for the  equution (5.1). 

L ~ ) ~ .  5.3. - Assume  t h a t  z e H~(Y2) and  let  n be  an  integer  such t ha t  0 < n < N.  
Fu r the rmore ,  le t  {~} be  defined b y  (5.1), where  we assume t h a t  v = 0 and  tha t  

~t--1 g~ = o'-~(E((n --  ~) k) -- E~.a ) z[~a for ~ = 0, 1, ..., n - -  1. Then  there  is a cons tant  c, 
i ndependen t  of z and  n, such t h a t  

1)l¢ooF. - Since the  resul t  is t r iv ia l  for n ----- 0, we can assume t h a t  n > l .  ~ o t e  
t h a t  b y  D u h a m e l ' s  principle and  (5.4), u ,  m a y  be represen ted  b y  

D e f i n e  n o w  

and  

n- -1  

- -  L h  ] " 

~ = 0  

n.--1 

X  t. Gk.jE((j + 
J = 0  

n--1  

J=O 

Then  %, = u~ ) + u~ ) + u(8). The  l e m m a  will be  p roved  b y  es t imat ing  each of the  
t e r m s  in sum above.  We  first consider u O). B y  using the  iden t i ty  

w e  o b t a i n  

E(( j  + 1) k) -- E~ +~ : ~ E~- ' (E(k)  -- Ek) E(ki)  
i=O 

n - - I  J 

¢t--1 ~,--1 

i = 0  i = ¢  
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By introducing the operator Is defined by (3.6) we have 

n--I ~--I 

E ~ - ~  ~ -~+~ t r  I)E(ki)z 

n - - 1  

_ ~pi  ~(+~-OIT I)E(ki)z 

where we have used the identity E~I~= E(k). There/ore, since [l" ][~ and ill "ill~ 
are equivalent for [p] < 1~ 

11~)1] < l l~(A)k_l l iX~- / ] l_~. l l lz i l  a + o ~ I!EL~IIo.oll~£?g)llo._~lll/~- Xlll_~.~lll~(ki)tll~.ll]~lll 

and hence by (2.18), (3.9), (5.18) and Lemma 3.3 

(5.19) tlu(.~)tt < v ( l n  ~)ktlzH1 + c~11 (ln ~)k~(ki)-~llz]l~<~c(ln ~)~ k[lzl]~. 

Consider now u~ ). By (5.5) we have 

n - - 1  

j=O 

l~ote that (2.11) and Lemma 2.1 implies that 

By using (2.13), (2.23), (3.5) and (3.11) we now have 

Or 

(5.2o) 

n--1 

J~O 

n - - 1  

< c Z k((i + 1) ~)-+h~((j + 1) ~)-+ t~tt,, 
J=O 

[[u(~2)II < c (ln ~ )  h~Hzl[1. 

Finally we consider u~ ). From (3.15) we have that 

n - - 1  
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H e n c e  w e  h a v e  b y  (5.7) t h a t  

n--1 n--1 
,~,(~) ~ ~ ~ + 1 ,, = E~.~O~.~EL~ (P~--~)~ + ~ Z ~,~.~,~,~'~ ~+~-~ 'P ,~ -  ~)(E~- ~)N~ 

n--1 n--1 

i = 0  ~=i  

-Ri"~)(.P~-Z)z+Z~ ~ -('~-~),p Z)(~--~)E~ , ~ k , h ' S - V k ,  h ~ 1  ~ " 

B y  s u m m a t i o n  b y  parts  w e  n o w  o b t a i n  

~.~-'~..~ rx,-~)<pv~ ~ - I ) ( ~  +~ - Et)__.~ z ---- ~.~P.'-~P(~)<P.o~.~,_~ - - I ) ~ z -  . . ~ . ~ , .  ~(")<P - -  I ) z  
i=0  

n - 2  

:From (5.7) w e  n o w  h a v e  

a n d  h e n c e  for  a n y  in tegers  i, ~ > 0  

• i  ~ ( i +  1) P A + I  R)(J )  ~ J + i + i  /~ ~,~ k . ~ . ~  ~ . ~  . -~ .~  ~ ~ . ~  ,~k.~,~.~ -4- E~.~(I - -  E ~ ~'(~+~) - -  k , h !  " ~ k . h  " 

There fore ,  s ince  p(1) _-- Rk 4, w e  o b t a i n  (j ~-  n -  i 1) ~Wc,h , 

~--2 

- E~.h-~k.hEk.~ ( I - -  P ~ ) E ~ + l z  
i = o  

~ - 2  

i = 0  

W e  n o w  estima, t e  each  t e r m  in  this  s u m .  F r o m  (2.13), (2.20), (3.3), (3.9) and  (5.13) 
w e  ha, r e  

n--1 It Ek.h Rk.7~ ( P 1 - -  I )E~z~ < II E~.~ 111o.o II Rk.a IIo.o ]11Pl - Illo.1 ]iE~ JILl l[ZI]l 

<vk~hilz]tl <v (k  -4- h2)IizH1 • 

N o t e  n o w  t h a t  it  f o l l ow s  f r o m  (5.8) tha t ,  for  a n y  z, ~ E L~(~) a n d  in tegers  i, j : ~ l ,  

~-1 ~ - I  (/f;~.~ Rk.~Ek.~ z,/P) = ~ - l k < E ~ z , .  Ek.~}~ • 



200 I ~ ) ~ G ~  WI~:g]~g:  Error estimates ]or a Galerkin approximation, etc. 

Hence  (5.16) implies t ha t  

i--1 i -1  []E~. h R~.~E~.~ I]o.o < ck(ik)-i(]k) - i  

Therefore  b y  (2.13), (2.20) and  (3.5) 

=•0 
n n--~--i (ELRk,~E L )(I-  P1)E~+IZ 

i=  

~--2 
~ n n--i--1 i+1 lIE;.,~Rk.7~Ek.a ]lo.oll I -  P:IIo.:IIE~ [I2.~llzL 

i=0 

4=0 

l n--2 
< e~(k ~ ° ( (~ - i )~ ) -~ ( ( i  + x) ~)-~) I1~11~ < e~= tlzlI~ • 

Final ly,  since ~(~) - -  7" ~'(J) ~ k . a - - - ~ l - ~ . a ,  we obta in  b y  (2.13), (2.20)~ (2.23), (3.5)~ (3.11) and  

(5.1t) t h a t  

n--2 
Ili~0-~k.h( " ~ -  Ek,h) ~(/¢~,~-')( - / -  . e l ) E t + l z  ] 

<e 2k((i +ilk) --~ In ~,((i + 1)k)-~lI~H1 
i=0 

Hence  we have  p roved  

( II~)lI<e in (k + h')IiztI~ 

and because of (5.19) and  (5.20), this implies the  desired result.  // 
We will now use L e m m a  5.3 to prove  an es t imate  for the  difference be tween  

the  opera~ors R(t) and P(~) ~vk, h • 

LE)~[A 5.~. - There  is a cons tant  e such tha t  for 0 < t = nk<To,  

(~) _~ ~0 (k ÷ h~). I]R(t)--R~,~L,~<et in k 

PnooF.  - Le t  X = (0, 2To) x ~Y2. We recall  f rom [7] t h a t  there  exists a cont inuous 
mapp i ng  g -~ ~ f rom H~'~(2:) into H~'~(Z) such t h a t  ~ is is an extension of g. 
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Now let z e Hl(Y2) and define 

g(t) = ~-lE(~ro-- t) zla ~ for 0 < t < To.  

Then  by  Theorem 2.1 and (2.4), g~H~'~(Z)  and 

where e is independent  of z. For  a given t such tha t  0 < t ~ nk < To, define ~ ~ W(0, t) 
by  

, (p + B(g, ~v) = <go, ~} ,  for  ~ ~ / t l ( D ) ,  

g(O) = 0 ,  

where go(S) = ~(To-- t + s)~ 0 < s < T o .  ~ o t e  tha t  

where v is independent  of z and t. We also have  from the  character izat ion of R(t), 
given by  the  sys tem (4.8), t ha t  

= R ( t )  z .  

Define now {u~}~.= o c S~ by  

f 

A~(u~+~, Z) : (u¢, Z) + k<go(]k), X>, for g e Sh, 
l 

% =  0 .  

B y  Theorem 3.1 we now have  

By  using the character izat ion of t76o given bv  the  sys tem (5.9), we also obtain f rom ~ k , h  

L e m m a  5.3 tha t  

By  the  triangle inequali ty,  this proves the 1emma. // 

We now have the  following convergence result  for the systems (4.5) and (5.3). 

TI~EO~n~ 5.1. - Le t  u, w and {u~}, {w~} be solutions of (4.5) and (5.3)~ respect ively,  
where we assume v0 ~ L~(~) and z~ ~ H~(~). Then  there  is a constant  e, independent  
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of vo and zd, such tha t  

for 0 < t = n k < T o ,  and 

( (5.22) l lw(t)--~l l<~(ro--t)-~ l~ (k + h~)(tlvolt+ll~ll~) 

for O < t - - - - n k < T o .  

P~oo~. - We will first prove  tha t  

( (5.23) II~,(To)--~,~,11 = I I w ( T o ) - - w 4 < e  In (k + h~)(I lvol l+l l ,41) • 

B y  (4.12) and (5.12) we have  

o(N)~-I~ (Z(To) Vo-- zd) ~ ( r o ) -  ~ = ((z + into))  - ~ -  (z + .o~.~, j 

+ (z + R(~.~)- l (E(ro}-  Ef.~) Vo. 
Note  tha t  since 

R(To) e £(H1(~),  H2(~)) ,  R(To) is a compact  operator  on Hi(f2). Since R(To) also 
is positive scmidefinite on Z2(.Q), it  follows f rom the  al ternat ive theorem tha t  

(I  + R(To)) -1 e £(H~(9), H ' ( ~ ) )  . 

Hence  it  follows f rom (2.18), (5.11), L e m m a  3.4, L e m m a  5.4 and the  iden t i ty  

.(N)~-I~.(~) R(ro)) (z + into))-1 (I  + R(To)) - 1 -  ( I  + "~k.a~(Nh-1, ---- ( I  + -~.~1 ~'~k.l~ -- 

t ha t  

]q)(N) ~-- 1 R(/g) (Z /~(~To))-1 II~(To)-  w~li < ll(Z + ~°~.h ,  tlo.o ~ . ~ - -  R(To)]]o.lll -~ I l i . l i l E ( T o ) V o  - Zd]I~ 

+ I i ( / +  ~,(N)~-I ~" ~o~.~, Iio.olt ( ~ ( r o )  - E~.~) Vo II 

( 
( < o  In (~ + h~)(llvllo + 11"4,), 

and, since u ( T o ) -  u~ = w ( T o ) -  w~, this implies (5.23). 
Note  also t ha t  f rom (2.17), (4.11) and (4.12) 

[iw(To)ll < ll(z + R(To))-~lio,ollE(To)Vo-- z, ii 

< ll~oIl + i l~ll ,  
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and since w(To)  ~ E ( T o ) v o - -  z~ - -  R (  To) w(  To), L e m m a  4.2 implies tha t  

(5.24) liw(~Co) Ill < e(lIvoIi + il~Ill) .  

Hence  we obtain f rom (3.9), (5.23) and L e m m a  3.4 tha t  for 0 < t  -~ n k < :  To 

l i ~ ( t ) -  ~. l i  < liE(To-- t ) -  E~,:~IIo,~Ii/(~o)t]l + li~=~-~ ]io,oitw(To)- w~t] 

< e ( T o - - t ) - +  In (k + ~')(t1~.11+1t~I1~), 

which is (5.22). 
Note  tha t  if t : To, t h en  (5.21) follows f rom (5.23). 
Therefore  we can assume tha t  0 ~ t = n k  < To.  By  (4.9) and  (5.10) we obtain 

u(t) - u~ = (E(t ) - -  E~.~) v0 + (n(t) --  R~<?~)) w(t) + R~(?~)(w(t) --  w. ) .  

:From L e m m a  3.4 we have  

and  by  (2.17), (5.24) and  L e m m a  5.4 

H (n(t) - R(;D w(t)It < ltR(t) - ~(~?)~ lie+lIE(To-- t)II~,~ iIW(To)ll~ 

( < ~ t +  in (k + h~)(llv°ii+H.~ll~ ) . 

Final ly  we note  t ha t  

R(~) w t (~) N-n - -  : - -  Rk. t~(E(T o -  t) - -  E~. a ) w(To)  . 

~Ve now have  f rom (3.9), (5.14) ~nd (5.23) t h a t  

i]R(k~)hE~;n(W( To) - -  w~)  H < i]R(k~.) Ho.o i l l~ .~"  I[o.oliw( To) - w ~  ll 

( <o in (~ + h~)(Ilv0ll+ll~[l~), 

and_ by  (5.14), (5.15), (5.24) and  L e m m a  3.7 

II RI:~(E(To - -  t) - -  E~'~ ") ~(~"o)II 

( ~ )  -- P E ~ - "  II(PoEZ-o - E~,~ )~,(r°)lt_~} < c  in {ii(E(To t ) - -  ° ~ )w(T°)ii-~ + ~-° + 

<c  in (k + h~)ll+~(To)}l~<c ln-~ (~ ÷ h:)(ll~0[I + ll"~ll~), 

and hence (5.21) follows. // 
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Consider now the  case where we have errors in the  data  for the discrete pro- 
blem (5.3). We then  have the  following: 

THE0t~E)~ 5.2. -- Le t  vo, z~ ~ L:(.(2) ~nd let  u, w be the  corresponding solution of 
(4.5). Fur the rmore ,  assume tha t  (u~}, {w,} is the  solution of (5.3) with data  v and z 
instead of vo and zd, respectively,  where we assume v e L~(~) and z e H~(Y2). Then  
for any  p>~O, the re  is a constant  o, independen t  of v0, z~, v and z, such tha t  for 0 < t 

n k < T o  

(5.25) Ilk(t)- ~11<~ t-1 in (k + h~)(ll~It + little) + 

and if O < t : n k < T o  t h en  

(5.2~) t1~( t ) -  ~ I t < ~ ( ~ o - t ) - ~  in (k + h')(l[~ll+ll~tl~) + 

J 

P~ooF.  - Le t  ~, v~ be the  solution of (4.5) with data  v and z. Then  it  follows 
f rom (4.12) t ha t  

w(To) -- ff)(To) = (I  + R(To))-~(E(To)(Vo-- v) -- (z~-- z)) . 

Note  tha t  by  (4.10), R(To) is a compact  operator  on H-~(Y2), and maps H-~(/2) into 
L~(~). Since R(To) is positive semidefinite on L~(9), we therefore  obta in  from the  
a l ternat ive  theorem tha t  

Hence  by  (2.18) 

(I  + R (To ) ) - l e  £(H-1(£2), H-I(Y2)) . 

IIw(To)- ~(To)]]_l< ~(llfvo-- <Jl_~ + II~-  zII-~) 

F r o m  (2.12) and (2.13) it also follows tha t  for any  p>~O, H-~(t'-2)c/I-~(Q) with con- 

t inuous injection. Therefore  

s ince  

IJw(To)- ~(To)I]-I <e ( I lvo-  vi]-~ + []z~- ~JE-1) • 

w(t) -- ~(t) = E(To- -  t ) ( w ( T o ) -  ~(To)) 

and  II" If-1 is equivalent  to IfI'Hl-~ it  now follows f rom (2.18) tha t  

II~(t)- ~(t)II < e(To-- t)-~(]l~o-- vll-~ + I1~-- ~I!-~) • 
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Because of (5.22) this implies (5.26). Note  also tha t  b y  (2.17), 

for 0 < t < T o ,  and f rom (4.8) 

u ( t ) -  re(t) ---- E(t)(vo-- v ) -  R ( t ) ( w ( t ) -  ~(t)) . 

Therefore  we h~ve f rom (2.18) and (4.10) tha t  

]lu(t)- ~(t)ll <e(t-~l~]lVo- vtt_ ~ + []z~- z]I_~ ) 

for 0 < t < To, and hence (5.25) follows f rom (5.21). // 

Finally,  if g and {~.} denote  the  opt imal  controls of (4.1) and (5.2), respectively,  
t hen  we are in teres ted in est imating the  error  ~(nk) - -  ~ .  

We do this b y  applying certain max-norm estimates for purabolic equations. 
I f  we assume tha t  t9 c R (i.e. d = 1) and tha t  S,, consists of, say piecewise linear 

functions,  t hen  by  T ~ O ~ E  [11], for any  given s > 0 there  is a constant  v such tha t  

tl (E(t) - E~.h) v l l~(a  ) < e(k 4z h 2) IIvll 

for any  veL2(#2)  and e < t - - - - n k < T o .  (This was s ta ted in [11] only in the euse of 
Dirichlet  boundary  conditions, bu t  the proof applies, with trivial modifications, to  
the  case of Neum~nn boundary  conditions.) Therefore,  since 

w(t) - w.  = E ( T o -  t)(W(To) --  w~) + ( E ( r o -  t) - -  E f :  ~) w~ , 

it  follows f rom (2.18), (5.11), (5.12), (5.23) and Sobolev's inequal i ty  tha t  for any  s > 0 

IIw(t) _ w~II~(a )<c[  in/9_\~u)~ (k + h~)(ttvolI + I!z~tll) 

for 0 < t  ~ n k < T o - -  s. 
Hence,  since ~(t) ~ --  ~- lw( t ) t~  and g~ ~ -- g-lwnt~a , we obtain t h a t  for any  

e > 0 there  is ~ constant  e such tha t  

(k ÷ ÷ to t 1) 

for  0 < t  - -  nk .<To- -  e. 
Simi l~  results may  also be obta ined  in the  c~se when d > 1, if we apply  the max-  

norm estimates recen t ly  der ived in [2]. 
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