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Summary. Let {X;, G bounded Borel subset of IR”} be a subadditive spatial
process with finite constant y. It will be proved that as G—co (in some
sense), the average (1/|G|). X converges in L', and if in addition the process
1s strongly subadditive, it converges almost surely towards an invariant
random variable with expectation 7.

0. Introduction

In [7] general multidimensional spatial processes were investigated; under
reasonable conditions mean and individual ergodic theorems were obtained,
many applications were given. This paper is concerned with multidimensional
subadditive spatial processes of the type recently considered by other authors.

Our work provides a full generalization of the results of Kingman. The main
results are Theorem (3.10) and (4.6). For almost sure convergence we assume
strong subadditivity. The L'-convergence theorem is proved in an analoguous
way to that of Kingman; with the strong subadditivity assumption it can also be
proved in another way. The almost sure convergence is proved by a different
method; this turns out to be a special case of a more general theorem in our
joint paper [7] (Theorem (4.10)). The decomposition theorem is obtained, in
contrast to Kingman, as a by-product of the almost sure convergence theorem.

A structure which is specific to spatial processes is the covariation. This
means that, if we translate the realisation (= configuration) w and the domain G
at the same time, then the process does not change its value: X, (7, )
= X ;(w). This property, which until now has not been taken into account, will
be exploited to overcome certain difficulties (see, for example [10]). Note that
the ordinary one-dimensional stochastic processes have in the canonic repre-
sentation the same property: x,, ; ., (®)=x, ,(Tw), where T is the shift trans-
lation.

The underlying space is IR”, but the results remain valid for the case of the
integer lattice Z’. In this case the subsets G have the usual form, being
parallelepipeds, and |G| denotes the cardinality of G.
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At the end of the paper we discuss some subadditive but not strongly
subadditive processes, namely the cluster processes in discret and continuous
cases, and prove the ergodic theorems.

1. Preliminaries

To avoid unnecessary repetition, we use the same definitions, notations and
assume knowledge of the fundamental facts of Sects. 2 and 3 in [7].

A spatial process is a family X ={X,, Ge¥} of integrable random variables.
X is said to be covariant if

(1.1) (Covariation) X ,(T)=X.(.) as.

G+u
It is called subadditive is, for any disjoint sets 4, Ge¥
(12) X, =X, +X; as,

and strongly subadditive if it is subadditive and if
(13) X, 6+X, 65X, +X; as.

for any A, Ge¥ with AnG =4,
We define the random variables X , as follows

(1.4) XG,AZXAUG_XA

when ANG =0 and 4, Ge¥ (with the convention X o=X).
Then one can easily check that the strong subadditivity is equivalent with
the property that:

(1.5) for any Ge¥, the family {X; ,, A€%, AnG=0} is decreasing:
Xo 45X 1SXgas when A'>4, AnG=0.

(1.5) yields a practical criterion to find out quickly whether the process is
strongly subadditive or not.

We can define the strong superadditivity analogously by chainging, in (1.2)
and (1.3), “£” to “=”, and in (1.5) “decreasing” to “increasing”.

2. Subadditive Set Functions

A set function is a real valued function D defined on . We write D
={D,, Ge%}. We can analogously define subadditivity or strong subadditivity
for set functions as above.

If we set for any spatial process X

D,=EX, (Ge%)

then D has the same property of subadditivity or strong subadditivity as X. If X



Ergodic Theorems for Subadditive Spatial Processes 161

is covariant, D is translation invariant, i.e.
(21) Dg,.,=D; forany ueS, and Ge9%.

(2.2) Lemma. If D is a translation invariant subadditive set function, then

D D D
23)  lim _Z=lim " =inf %"
@ 6 el 6,
d{G)— o0
for any sequence {G,} in 2 with d(G,)— co. The limit may be — oo,

Proof. It is easy. See for example Ruelle [9], Proposition (7.2.4). It is enough to
require that D is defined on 2. [

We define D, , for 4, Ge¥, AnG =0, by
2.4 DG,A:DAUG_DA’

with the convention D; y=Dg;. The following lemma is helpful and will be
used later in the proof of the almost sure convergence theorem. We first remark
that because of the strong subadditivity the limit

(25) = lim Dy ,
AeF i n%
A—-F 4

always exists (but may be — c0).

(2.6) Lemma. Let {D;, Ge¥} be a translation invariant, strongly subadditive set
Sfunction, with spatial constant vy, defined by

1
27 y=inf— D, .
( ) Y |Fn| Fy,
Then vy is finite if and only if | is finite, and we have
28) I=7-|F,|.

Proof. We suppose that [ is finite; the case when [ is infinite can be proved in an
analoguous manner.
Then, given >0, there exists an integer m =m(e) such that

(29) Dy, 4=l+e forall AoF,nF_, AeF_n%.

Let Fe2 and define F! to be the subset of FnS, consisting of those points x
whose distance to the boundary of F is at leat equal to m+1, and F?
=FnS,\F'. Then, if xeF', we have Fn(F, +u)>Fn(F,NF, +u); hence by
(2.9)

(2.10) D(F—u)mFo, (F~u)nF, :DFn(Fo+u), FA(FmnF 4 +u)
<l+e;

otherwise it holds from the strong subadditivity property
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(211) Dy, 4Dy, forall AeF, n%.

The decomposition, for Fe2,

(212) Dp= Z Dy wynFo, F-wnF. >
ucFnS;
which is similar to (2.8) in [1], leads, by means of (2.10) and (2.11) to the
inequality
1 1

L 1
W-Déﬁ (#F )-(l+s)+|—F—|-(#F2)-DFO.

1
By Lemma (3.1) in [7], the first term on the rhs tends to m-(l—!—s) and the
0

second to zero when d(F)— co. Hence

1
= Dys—— (I +e),

y= lim
| Fol

ap-o [F|
which implies y<[/|F|.
The direction “=” is simple: the decomposition (2.12) and the definition of |
imply

1 ap HEOS)
|F| |F]
hence, by Lemma (3.1) in [7], yZ!/|F;|. The lemma is proved. [

Note that if the basis in IR” is orthonormal or if S=2Z", we have |F;|=1 and
the limit in (2.5) is just equal to y. Recall that the limit in (2.5), supposed to be
finite, with (2.8) means that

(2.13) given £>0 there exists an integer m=m(¢) such that

|Dp,. 4= 7 |FollSe  forany AsE,nF,, AeF_n%.
With the help of Lemma (2.6) we now prove a limit theorem for strongly
subadditive set functions.
(2.14) Proposition. Let D be a translation invariant, strongly subadditive set
function with finite constant y. Suppose that

(215  sup |Dg|=K<oo.

GeFon¥

Then

D
2.16) lim—St=
(2.16) 1m|G| Y

as d(G)— o, Gei (i.e. convex).
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Proof. Firstly, because of the strong subadditivity we have for GeF,n¥ and
Al n%

D¢, 4=Dg

and

DG, 4=Dy 6Dy :DAuFo -D, —(DAuFo _DAUG)
EDFO, A —DFO\G

hence by (2.8) and (2.15)
(217) [Dg 4=yl [Fol+ K=K’ < + 0.

Secondly, by virtue of Lemma (3.1) in [7],

number {u: ueS, NG} )
— "

(2.18) 7-IFyl- G

when d(G)— 0, GeA.
Now let £>0 and m be as in (2.13) and let & be a number greater than the
diameter of F,. Using the decomposition

(219) Dg= 3 D unre G-unFs

ueS; N (G\GM)
+ Z D(G—M)ﬂFo,(G*u)nFﬂL

ueS1nGh
(Fo+9)nG+0

we obtain for Ge A" the estimate

1
Dg;—7v-|Fyl - — - number {u: ueS; NG}

(2.20) Gl

1
|G
1 1
<e- Gl number {u: ueS, N(G\G"} +(K'+zs)- Gl number {u: ueSNG"},
due to (2.17) and (2.13).

1
As d(G)— oo, the first term on the rhs tends to ¢- Al while the second tends
[¢]
to zero. Thus, by (2.18), the therem is proved. [

(2.21) Remarks. The statement (2.16) is in fact true when the convergence
“d(G)— 0” and the convexity of G are replaced by van Hove’s convergence.
The proof is the same. What we need is the negligibility of the boundary effect,
which is already assured by van Hove’s convergence.

Proposition (2.14) generalizes slightly a result of Robinson and Ruelle ([8],
Proposition 2) in connection with mean entropy in statistical mechanics. In [8]
D was assumed to be nonpositive.
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3. 1-Convergence

Let us now consider a subadditive and covariant spatial process X = {X, Ge2}.
We limit ourselves in this section on 2, instead of ¥. We call the number

3.1 —1nf
(31 vy IFI

the (spatial) constant of the process. By Lemma (2.2) we have

EX EX
32) y= lim ¢ =1im — F=
R o |1

For special processes we obtain the following.

(3.3) Proposition. Let X be a subadditive spatial prozess with finite constant 7.
Suppose

(B4 Xg,,=X; as. forany Geld

Then there exists an invariant random variable ¢, éeL!(P), such that

1 1
3.5 = lim — X;=lim— X in I}
(32) &= 4G |G} |G on

al

for any sequence {G,, ncIN} of subsets in 2 with d(G,)— co. ¢ has the form

1 1
(36) &= lim — - -X.=inf —-X; as

4G) =0 G| 2 1G]
1 1
=lim — =inf-— - X a.s.
|G, | IG,|

for any sequence {G,, nelN}, G €2, and d(G,)— 0.

Proof. Note that (3.4) is stronger than the covariation, and that if we have

37 é=lim ——-X, in L'

1
G,
for any sequence {G,},, G,€2, d(G,)— oo, and ¢ independent (up to null set} on
{G,},, then

1
(38) ¢= lm — - X, in L'
d(G)~w|G|

in the sense (2.14) in [7], that is, given ¢>0, there exists a positive number d
=d(e), such that
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holds for all Ge2 with d(G)=4d.

Now, since 2 is countable, it follows from Lemma (2.2) that a random
variable ¢ is well defined by (3.6).

As will be proved in the theorem below (in the first step of the proof), for any
regular sequence {G,, neN}, G,€2, d(G,)— oo, the limit

(39) i X =s

1
m —_—
|G|
exists in I! and

1
s=lim sup Gl X as,

n

hence, by (3.6).
s=¢ almost surely.

To complete the proof it remains to prove (3.7) for any sequence {G,, nelN},
G,e2, and d(G,)— oo. This will be done in the last step of the proof below. We
have only to use the fact that the limit in (3.9) does not depend on the choice of
the sequence {G,},. [

We now state the mean ergodic theorem.
(3.10) Theorem. Let X ={X;, Ge2} be a covariant subadditive spatial process
with finite constant v.

Then there exists an invariant random variable & such that

1
(3.11) ¢= lim — -Xg in I}
4Gy~ o |G|
Ge?2
El=y,

and moreover,

1
(3.12) C=limsup —— X, almost surely for any regular sequence {G,}, in 2.

G,

Proof. 1. Without loss of generality we can assume that X non-positive, since if
not we consider the auxiliary process X’ defined by

Xo=Xg— ) Xp(T.),

ueS1nG

which is non positive and subadditive, with finite constant, the asymptotic
behavior of the second term on the rhs is well-known by Theorem (3.7) in [7].
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For any fixed kelN, we define the lattice.
S,={x', .., x)eR": x'=n" -k, n'eZ, i=1,...,v}.

Then for any kelN the limit

. 1
(3.13) Y}cr—hml-G—l Yo X (T
" Ft S G

exists almost surely for any regular sequence {G,}, in 2, and

(3.14) IEY, EX,, .

IRl

(One needs to replace in Theorem (3.7), [7], S, by S, and F, by F,). Let {G,}, be
now a regular sequence in 2 and define

_ 1
(3.15) s=limsup Gl Xe

| "
n

_1__ . _—)0'
G| 1

Using the subadditivity, covariation and non-positivity of X, we have for any
fixed kelN

We prove that j|s— X,

Lo, !
G| T

(3.16) Y X (T,

IGn| ueSk "
(Fr+u)< Gy

It follows from (3.13) and (3.14) that

al

1
— EX,,.

Es
LF,|

I\

Hence

(3.17) Es<y.

1
On the other hand, applying Fatou’s lemma for the sequence {—|G—| X Gn} we
obtain with the help of (2.3)

X [EX
Es=IE (lim sup ]GGY> =lim sup ﬁ:y.

al

Thus, together with (3.17),

(3.18) IEs=y.
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The random variable s is integrable. This allows us to apply Lebesgue’s
dominated convergence theorem to the sequence {—Z,},, with

1
ansgp {I—G—! XGW}

and this leads to

(3.19) [s=Z,1,~0

IEZ,—y
Now, since Z,,;rG—l X, and
Z ! X EZ ! EX 0
— = _— —_—Ay Yy =
n |Gnl Gn i n IGni Gn /) ’)) 3

it follows from (3.19) that

(3.20) |s

Xg,

__@.

1

It is trivial that s is invariant.

I1. We prove that s as defined in (3.15) is independent (up to a null set) of the
sequence {G,},. This is simple. Proposition (3.3), applied to the process
{X5, Ge2} with

1
Xe=FE|—X
G (IG| G Ij) 3
yields an invariant random variable &, £eL'(P), and, for any regular sequence
{Gn}n’

1
(621 ¢=limg— X in L,

nl

by (3.5).
Thus, in view of (3.20) and (3.21), we obtain.

s=¢  as.

III. Finally we prove the convergence in (3.11). This convergence does not
depend on the position of the sets G in 2, but only on the inner radius d(G). This
is plausible, since X; and X, have the same distribution and for the mean
convergence this fact is decisive. Suppose that the convergence in (3.11) does not
hold. Then we can find a sequence {G,}, in 2 with d(G,)— o0 and

1
(3.22) Hg “G] X,

>6>0
1
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for some 4. We may clearly assume that the sets G, are choosen in such a way
that they can, in a suitable manner, be translated into sets G, with

G <G, c

Then the sequence {G,} is regular, however we have

1 1
x| =le—— x
”5 TARE ”5 G, X

This is imposible, by steps I and II.
The theorem is completely proved. [

(3.23) Remark. 1t results from step II and Proposition (3.3) that the limit & in
theorem above has the form

(3.24) ¢= 1nf1E(1

Gl Xol5)= lim IE(I G| Xel#)

MGr*w

almost surely.
In the next part we will give another form of & if X is strongly subadditive.
In that case, the I}-convergence theorem can be proved in another way.

4. The Almost Sure Convergence Theorem

We now go on to the individual ergodic theorem for strongly subadditive spatial
proceses. Before stating and proving it, we recall a fundamental result in [7],
Theorem (4.10).

(4.1) Theorem. 1. Let {X;, GE¥} be a covariant spatial process. Suppose there
exist random variables Y, ZeL'(P) with Y =0 such that

(42) X5 A=Y as.  forany AeF . n% and GeFynA';
43 lim X, ,=Z

A= F 4

AeFn%
almost surely (in the sense of (2.12), [7]).
Then
44 L ! X ! E(Z|¢#) a
. im—, Xg,= S.
|Gn| ¢ iFOI

for any regular sequence {G,}, of subsets in A.
IL. If (4.2) is replaced by the weaker form

(42) |Xp, JSY as.  forany AeF N4,

then (4.4) holds for any regular sequence {G,}, in 2.
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The random variable X , is defined in (1.4).
A consequence of (4.4) is the decomposition of the process. Let X be a
spatial process satisfying (4.2') and (4.3). If we write

(45) Xg= Y Z(T_)+W; (Ge?)

ueS;1nG
WG
G
the essential part of X is an additive process.

We will use Theorem (4.1) to prove the almost sure convergence theorem for
strongly subadditive processes.

To avoid inconvenience we assume that, concerning the covariation and
strong subadditivity, (1.1), (1.2) and (1.3) are true, independently of ueS,, A and
G in %, pointwise on a set of measure 1 and therefore without loss of generality
on the whole propability space, although the result is true without this assump-
tion. We now formulate the result.

then, by (4.4), will tend to zero almost surely when G becomes large. Hence

(4.6) Theorem. Let X be a covariant, strongly subadditive spatial process with
finite constant 9.

1. Then there exists an invariant random variable £ such that
IE¢=y

47 1 X =¢  almost surely

m_ .
|G|

Jor any regular sequence {G,}, in 2.

IL. If moreover the process is non-positive, or if, more generally, there exists a
random variable Y,, Y,eL! and Y,20 as. such that

(4.8) |X4l=Y, as.  forany GeFyn%,

then the convergence in (4.7) is valid for any regular sequence {G,} in A"

(4.9) Remark. Condition (4.8) just says that the essential supremum of
{X s, GEFyN¥%} 1s integrable.

Proof of Theorem. The strong subadditivity implies the following decreasing
property

(410) X, S£Xp =X for A>G, A,GeF, n%.
Therefore the limit

(411) Z= Im Xp ,=lmXp p 5 ~F.,
A-F 4 n-— o
AeF . n¥€

exists almost surely and defines a random variable. It holds for any AeF, %
that

(4.12) |Xp, ,Emax{|Xp|IZ]} as.
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Thus conditions (4.2') and (4.3) of Theorem (4.1) will be satisfied if ZeL'(P), and
in view of the monotone convergence theorem, this is the same as having

(413)  inf EX, ,<co.

AeF 4 n¥

But Lemma (2.6) applied to the set function
Ds=EX, (Ge%)

just yields

(414) lim EX, ,= inf IEX; ,=y-|F),

A—>Fy AeF .+ n%

hence, by the monotone convergence theorem,
(4.15) IEZ=y-|F,|

and

(4.16) |Xp, ,—Z1,»0 as A-F,

(in the sense of (2.13) in [7]).
Thus, statement I of the theorem follows from Theorem (4.1), part II. We
have

i
(4.17) gzﬂ E(Z|g) as.

IES

i
=|F ‘ 7+ |Fol=7.
0

To prove part II we have to verify condition (4.2). The strong subadditivity
implies for AeF, N and GeF,n¥
X6, 212X,
Xo 4=Xr, 4= X g0r, =X 4006)
=Z—Xp6

hence
(4.18) X4 JA=Z1ZI+Y, as.

Thus condition (4.2) is fulfilled, and the theorem is proved. [

(4.19) Decomposition. As mentioned above, any spatial process, under assump-
tions of Theorem (4.1), can be decomposed into an additive process plus a
process W= {W,, Ge2} whose asymptotic behavior is negligible. What more do
we know about W if X is strongly subadditive? According to (4.5) W is strongly
subadditive. Moreover all terms in the sum on the ris of

Xe= Z X(G—u)nFo,(G—u)nF.,.(T—u)a Ge,

ueS; NG
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have the form X, , or X , hence by (4.10)

Xs2 ) Xp (T,

—u
usS1nG

so that W;=0.

Those are exactly the properties which Kingman (1968) obtained in the one-
dimensional case. Here the decomposition theorem is a by-product of the almost
sure convergence theorem, while Kingman used it to prove the latter.

We see, thanks the covariation property, that the decomposition of X has a
nice form and the individual ergodic theorem for X is practically reduced to
Birkhoff’s ergodic theorem. The random variable Z as defined in (4.11) plays the
same role as f, in Kingman (1968), but here, due to the strong subadditivity, it is
simply obtained.

(4.20) Processes of Finite Range. Bach random variable X ,, for ANG=0,
can in general be interpreted as the value of the process in G, given the external
condition in A. A wide class of processes has the property that, given any area
Ge¥, there exists a “boundary” domain, say dG, bounded, disjoint from G, such
that

421) X4 ,=Xg,6 VA% with 450G, AnG=0.

This means that the influence on G remains unchanged if the external domain
increases over the boundary 6G. Such processes are called of finite range. In
these cases Z has the following form

(422) Z :XaFonFo, OFgnF 4 *

Hammersley’s example (1974, Sect. 10) about the specific volume covered by
spheres or figure processes in Minlos (1967) fall under this category.

If X is strongly subadditive and of finite range, then the spatial constant is
necessarily finite, by Lemma (2.6). In fact, it follows from (4.12) and (4.22) that

inf [EX, ,>—c0.
AeF 4 n¥€

We can also apply Theorem (4.1) directly. We resume this in

(4.23) Corollary. Theorem (4.6) is true for strongly subadditive covariant spatial
processes of finite range.

(424) Remarks. In the situation of Theorem (4.6), say partIl, the L!-
convergence theorem can be proved as follows. It results from (4.18) that

(4.25) sup{IE|X; 4,: AeF, n%, FeFyné} <+ 0.
But this and (4.16) are exactly the conditions of Theorem (4.1) in [7], thus

1 1 1

426) — - X, = IE(Z|d
(420 15 Xome  E=pr EZ])

as d(G)— w0, GeA.
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If in (4.26) the set G is limited to be a parallelepiped in 2, we don’t need (4.8),
since from (4.12) we have

sup{IE| X, i AeF, N} <o,

and this, together with (4.16), is sufficient for (4.26) (see Remark (4.28) in [7]).
Theorem (4.1) in [7] is much earlier to prove than theorem (3.10).

(4.27) Results valid for parallelepipeds in 2 are also valid for their translates by
(1/2,...,1/2); we need to translate F, and F, by the same vector and repeat all
the proofs. They are also true for open or closed parallelepipeds. We have only
to use Lemma (3.1) and Theorem (3.7) in [7] to remove the boundary effects.

Conclusion. Our approach to the multidimensional subadditive processes is
different from that in the one-dimensional case of Kingman. It shows that
subadditive processes in fact fall under a wider class of processes, for which the
ergodic theorems, under weaker conditions, are valid.

However, Kingman’s idea to prove the almost sure convergence theorem in
fact works if one takes the property of covariation into account. One first proves
the decomposition theorem, as done by Smythe,

(428) X,=Y,+W, (Ge2)

where {Y, G2} is an additive process with the same constant and {W;, Ge 2}
is a non-negative strongly subadditive process with constant zero. But by [7]
(Corollary (4.20) or statement (3.9) of Theorem (3.7)),

1
429) — -, S.
( 2) |Gn| Gn_)é a.s

for any regular sequence {G,} in 2. Moreover (3.11) and (3.12) of Theorem (3.10)
imply

1
(430) — W, =0 as.

G,
Hence
! X ¢ a
— — S.
G| ~ ¢

Note that the condition of regularity of sequence {G,}, in the almost sure
convergence theorem is very important and can not be omitted. If this condition
is not satisfied, the almost sure convergence theorem does not hold. Counterex-
amples can be found in Tempel’'man (1972), Chap. 9. Our regularity condition is,
for the sake of simplicity, stronger than the original by Tempel'man.

All the above considerations and results remain valid without change when
S is the v-dimensional integer lattice Z°, instead of R”. In this case S =S, and |G|
denotes the counting measure of G. The sets G, in all limit passages are the usual
parallelepipeds

(4.31) G,={xeS:E<x'sl+d,=1..,v},
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with I}, dleZ and a,20. All sequence {G,} are countable. A sequence {G,} is

regular if min a, — o0 and G,=G,, , for any n; or if min &, — oo and there exists a
i i

positive constant ¢ such that
(4.32) |G, lzc-[IG,)]* forany n,

where I(G,)=maxa,.

5. Cluster Processes

The Lattice Case. Grimmett (1976) has considered independent processes on the
two-dimensional integer lattice which are constructed by randomly and inde-
pendently coloring each site of the lattice with a given probability p(0Sp<1).
He proved the mean and almost sure convergence theorems for the cluster
number per site. We now describe the situation in arbitrary multidimensional
integer lattices and prove his theorem in a more general form.

Let S=7Z", Q=1{0,1}% be the configuration space (=phase space), equipped
with the product o-field Z and let ¥ be the collection of all finite subsets of S. A
point xeS is occupied in w iff w,=1. An weQ is a configuration with occupied
(black) and vacant (white) sites. We join two occupied nearest neighbors by a
bond. In this way each w induces a graph in S. A cluster of w is a connected
component of this graph.

Let T, (ueS) be the usual translation operator in Q, and P be an invariant
probability measure (=state) on & We now define, for any finite subset G of S
and wef,

(5.1) Xg{w)=number of clusters in G, induced by the restriction of @ to G.

Then X={X,, Ge¥} is a subadditive covariant process, but not strongly
subadditive'. Indeed we have for any disjoints sets A, GE?

(5.2) Xg, 4(w)=4# {clusters of w, ; in AUG having occupied vertices in G}
— 3 {cluster of w, in A which can be extended to some occupied sites in G}.

Both terms on the rhs are naturally equal to zero if each point of A has no
neighboors in G, or if none of the sites in G is occupied.

The function A—X ,(w), defined for Ae¥ and AnG =4, is not monotone,
as one can easily check (see Fig. 1).

A'\kA‘
7’1
s

! The author thanks G.R. Grimmett for his indication to this point



174 X.X. Nguyen

However the process X satisfies the hypotheses of Theorem (4.1). We have

(5.3) Theorem. Let P be an invariant probability measure on %. Then there exists
an invariant random variable &, E€L}, such that, firstly

(5.4) L'—lim X =&, E&zinf,;, -IEEX

F

n

1
G|
for any sequence of parallelepipeds with min a.— o0 ; and secondly

(5.5 I X, =¢

n

m _—
|Gl
almost surely for any regular sequence {G,} of parallelepipeds.

Proof. The statements (5.4) follows from Theorem (3.10), since the process is
subadditive and the spatial constant is finite. In the expression (5.2), the first
term on the right hand side is at most equal to the number of occupied sites in
G. Furthermore, any occupied site in G can be linked with the other ones in at
most 2v ways, therefore

(3.6) |X; s(@)=ng(@)+2vng(w),

where ng denotes the number of occupied sites in G. In particular, if G=F, (in
this case, ={0} and hence |F,|=1), (5.6) gives

(5.7) |Xp, al@)=2v+1, forany AeF, n%.
On the other hand, it is easy to check that the limit

(58) lim X, ,=Z

A—F 4
exists everywhere. In fact

(5.9 Z(w)= # {clusters of wy ,p, in F, UF, which contain the point origin}
— 3 {clusters of w,_in F, which can be extended to the origin}.

For v=2, Z has the form

0 if wy=0
1 if wo=1 and A(w)=0

(5.10) Z(w)= 0 if wg=1 and A(w)=1
~1 if wy=1 and A(w)=2
|
R ': o
e o o .

[

[

.

[}
P

L

Fig. 2
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where A(w) denotes the number of clusters of wy, in F, which can be linked to
the origin.

With (5.7) and (5.8), conditions of Theorem (4.1), part II, are satisfied, hence
statement (5.5) is proved and we have

E=IE(Z]| #) as.
y=IEZ=(for v=2) P{w: wy=1, A(w)=0}
—Plw:w,=1, Alw)=2}.

The proof is completed. [

The probability measure P in the theorem is not necessarily independent. It
can be, for example, a Gibbsian state with non-zero interaction. For an ergodic
Gibbsian state the limit & is almost surely constant, and equal to y. In particular
processes arising from independent colorings are of these type; this is the case
which Grimmett considered.

The Continuous Case.> Now let S=R" and Q be the space of all countable point
sets {x;, x;€S} which have only finitely many points in bounded subsets of §; Q
is equipped with the usual vague o-field. The automorphismes {7,, ueS,} are the
translations. ng(w) denotes the number of points of w in G. Now let § be a fixed
positive number. Then we join any two points of a configuration w by a bond if
their distance is not greater than 4. In this way w induces a graph in R". Any
connected component of this graph is called a J-cluster. We define for Ge%

(5.11) X ;(w)=number of clusters in G induced by the restriction wg,

. . . . 1
and will investigate the asymptotic behaviour of the average -|—G—I-X ¢ a8 G

becomes large.
As in the lattice case, X ={X_, Ge¥} is subadditive but not strongly
subadditive. For disjoint sets A4, Ge¥ we have

(5.12) Xg 4(w)=# {clusters of w,,; in AUG which have points in G}
— 4 {clusters of w, in A which can be extended into G},

and
(5.13) (X4 o) Snglw)+k;-ng(w),

where kg is the maximal number of points with pairwise distance not greater
than ¢ which a sphere of radius J in S can contain. In particular

(5.14) X, (@) =1 +ky) np (0)=Y(w)
for any GeFyn%¥ and AeF, n%.

> The author thanks R. Lang for his suggestion about this example.
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The limit

(515) lim X, ,(@)=Z(w)

AZF 4

again exists everywhere and has a form analogous to (5.9).

If the probability measure P on Q is supposed to be of first order, i.e. the first
moment measure is a radon measure on S, then the random variable Y in (5.14),
and therefore Z, is integrable, so that the conditions of Theorem (4.1), part I, are
satisfied, as well as the conditions of the mean convergence theorem in [7] (see
Remark (4.28)). Hence we obtain

(5.16) Theorem. Let P be an invariant (w.r.t. T, ueS,) probability measure on Q
(=point process) of first order. Then there exists an invariant random variable ¢
such that

(517 L'— lim |G[~Xc=f, Eé=infIEX, /|IF],
‘@5
and

1
518) lim—-X.=
( ) 1m|Gl G 6

almost surely for any countable regular sequence of convex subsets {G} of S.
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