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Summary. The setting for this problem is a (single-server) service facility which is "time- 
shared" by m customers. A processing schedule, 5f, is introduced to prescribe the times at 
which the facility is available to each customer. The processing schedule determines the random 
order with which customers exit from the facility. The waiting time o/the jth customer, W~, is 
defined as the difference between his exit time and service time; the total waiting time, W~, is 
then defined by 

W~ = Y~ t~ * Wx 
i ~ l  

where the {fl~} are positive real numbers. The weights {fli} reflect the cost per unit time of 
delay and indicate an a priori customer preferrence. In  this paper we shall characterize the 
processing schedules 5 ~ which realize 

($) min E ( W y  ~) . 
5o 

Our main result is that the schedules which minimize E(W.~) in the m customer problem can 
be "put together" from the corresponding schedules in the 2 customer problems. 

w 1. In t roduct ion  

I n  this  pape r  we cont inue the  inves t iga t ion  of  t ime-shar ing  (or queueing) 
disciplines in i t i a t ed  in  [1]. The  se t t ing for th is  p rob lem is a (single-server) service 
fac i l i ty  which is " t ime- sha red"  b y  m customers.  A processing schedule, 5 ~, is intro-  
duced  to  prescr ibe  the  t imes  a t  which the  fac i l i ty  is ava i lab le  to  each cus tomer .  
The  processing schedule de te rmines  the  ( random) order  wi th  which the  cus tomers  
exi t  f rom the  faci l i ty .  The  waiting time o/the j-th customer, W~, is defined as the  
difference be tween  his ex i t  t ime  and  service t ime ;  the  total waiting time, W~,  is 
t hen  defined b y  

~b 

= 8 '  

i = 1  

where the  {flq are posi t ive  real  numbers .  The  weights  {tie} reflect the  cost  per  
un i t  t ime  of  delay.  W e  shall  character ize  the  schedules 5 p* which realize 

(*) minE(W~). 

Our ma in  resul t  is t h a t  the  schedules which minimize  E(W~) in the  m cus tomer  
p rob lem can be " p u t  t oge the r "  f rom the  corresponding schedules in the  2 cus tomer  
problems.  I n  w 2 we in t roduce  the  processing schedule and  give a precise formula-  

* This research was partially supported by the United States Air Force under Contract 
No. AF 49 (638)-1682. 
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t ion of the p rob lem (*). The case m ---- 2 is t rea ted  in w 3. We will show t h a t  (*) 
(for m = 2) is equivalent  to finding a "shor tes t  p a t h "  and will de termine this pa th .  
I n  w 4 we show how the pa ths  m a y  be " p u t  toge ther"  and prove  in w 5 t ha t  this 
leads to the solution of (*). 

w 2. The Processing Schedule 

We shall s tudy  a (single-server) service facil i ty which is to serve m customers.  
The facil i ty m a y  serve only one cus tomer  a t  a t ime. The i- th cus tomer  requires 
service f rom the facil i ty for a period of t ime of length Tq We shall assume t h a t  
the  (service times) {T~} are independent  r a n d o m  variables  (on some probabi l i ty  
space (~,  ~ ,  Pr)) and  t h a t  T~ assumes (with probabi l i ty  one) values in the  set 
{1, 2, . . . ,  Ni) .  We set  

@ (/c) = P r  {~o : T~ (~o) > k} 
pi(/c) = Pr{co: Tl((9) = k}. 

We define a processing schedule induct ively;  

Definition 2.1. (m = 1) 

[iJprocessingschedulewil lmeanthat  9o i sa  A 1 
0 if A = 0  

9 O =  ( i , i  . . . . .  i ) ( A t i m e s )  if  A > 0 .  

(We use the  symbol  0 to denote  the empty schedule.) 
(m > 1). 

9O is a [[ Azil Azi2 ... Am imlJ m'Pr~ schedule (A = AI -~- A2-~-"'"-]- Am)will 

mean  t h a t  
0 if  A = - 0  

9~ = ((~1, 9~ . . . . .  (~A, 9OA)) i f  A > 0 ,  
where 

(1) ~j e { i l ,  i2, . . . ,  ira}. 
(2) I f  x~ denotes the  n u m b e r  of  t imes the  symbol  " i j "  appears  in the  list 

~ 1 , ~ 2 , . . . , ~ ,  t hen  xJA = Aj (1 ~ j__< m). 
(3) I f  ~j = i~, then  9O~ is a 

i l  i2 . . .  i # - i  i#+1 . . .  im ] 
2 - - X ~  -1  - -X~ +1 - - x ? l m - 1  A1 -- x 1 A 2  - -  x i . . .  A~-z . A~+I  �9 A m  

processing schedule. 
Le t  9O = ((~1, 9Ol), - . . ,  (~t, 9or)) (t = N z -~ N 2 @ "'" @ N m) be a 

N 1 N 2 ... N rn m 
processing schedule. Define 

t 
~}~(], .) = 1 + ~ Z(0,~(T"(') - -  4 )  ~ (2.1) 

(l=<j=<m) 
~}p(. ) = rain T~o ( ] , - ) .  (2.2) 

l ~ _ j ~ m  

1 )~B denotes the characteristic function of the set B. 
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Note first that  

T~(], 50) --~ k if and only ff x~_ 1 < TJ(50) = x~. 

The processing schedule 5 ~ imposes the following time-sharing discipline. I f  
i =< ~,1 the service facility serves the customer whose "name" is " ~ "  in the 
interval i -- 1 < t < i. At time ~ f  the facility has just completed the service 
of one of the m customers 2. Thereafter the facility serves the remaining m -- 1 
customers according to the processing schedule 5 f ~ .  We call ~ the / i r s t  exit 
time according to 5P. 

The processing schedule 5 z thus determines a random order of exit i l ,  Q , . . . ,  im 
from the facility. Let ~ denote the exit time of "i1" 

0 = ~o < ~ < . . .  < ~ f  = T1 ~_ T2 + . . .  + T m  

We measure the effectiveness of the processing schedule in terms of the waiting 
times or delays it  imposes on each customer. The waiting time o/customer "i1" 
is defined by 

and the total waiting time by 
~b 
y ,wg. 

i = l  

Our objective is to characterize the processing schedules which minimize 

E (W~) = ~ W~ (50) Pr  (do)). 
D 

w 3.  The  Case rn = 2 

We start with the formulae 
t 

W~ (5o) ~ ~1 Z(o,t] (T 1 (50) 1 = --  xk)Z[o,tl(T2(co) - -  x~) 
b = l  

t 

W~ (50) ---~ ~ ~ Z(o,t] ( T2 (50) --  x~) g[o,t] ( T1 (50) -- x~), 
k=l 

where 
{ {1 ~ if v ~ , i  

~k-- ff ~ = i  ( l~<k ~< t ;  i : 1 , 2 ) .  

To establish (3.1) to (3.2) we need only note tha t  

~ Z(o,t] ( Ti (50) -- x~) Zto,t] (Ta-~ (50) -- x~ -i) 
is equal to 1 ff 

(1) ~ k # i ,  

(2) Tt(50)>x~,  and 

(3) T3-i(co) ~ x ~  - i  

(3.1) 

(3.2) 

2 The "name" of the customer who first exits from the facility is "Q" where 

T~(oJ) = T~(I1, co) = rain ~ ( i ,  co). 
l< i<m 
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and  zero otherwise. Thus  (3.1) (resp. (3.2)) counts the number  of  intervals  up to 
~ during which the  server  is occupied with  cus tomer  "2"  (resp. ' T ' ) .  The  
independence of T 1 and  T ~ thus  yields 

L e m m a  3.1. 
2 t 

I i E(W~)  = ~ f l  ~ ~ Q~(x~) [QS-~(x~-~) § p3-~(x~-~)]. (3.3) 
i = 1  k = l  

We m a y  view (3.3) as defining a p a t h  integral.  Le t  

= (x  = (xl, x2): 0 =< xt < _~i (i = 1, 2)} 

and 

u~ = (ui'l, ui'2) (u~,' = {~ 

We take  the usual  par t ia l  ordering on :~r 

if  ] = 1  / 
otherwise]" 

Definition 3.1. Le t  x, y ~ ~ with x < y .  B y  a path ~r/tom x to y we shall mean  
a sequence 

~ :  { x ~ } i = 0 ,  

which satisfies the  conditions: 

(3.1.1) x o =  x, 

(3.1.2) xt = y ,  and  

(3.1.3) for 1 --< k ~< t, xh - -  x~- i  r (u 1, u2}. 

A point  x# is a vertex of  ~ provided 

(3.1.4) k =  0, or 

(3.1.5) k = t, or 

(3.1.6) 1 < k < t  and  x h - - x k - l # X h + l - - X k .  

The  ver tex  xk is an r-vertex o / ~  provided 

(3.1.7) k = 0, or 

(3.1.8) k = t, or 

(3.1.9) 1 < k < t  and  u r - = x k - - x k _ l ~ x ~ + l - - x k .  

TI(x, y) will denote  the  fami ly  of  pa ths  joining x to y.  I f  xl  g x2 g " "  g xn 
and 7~ e I I ( x t ,  xi+l) (1 < i < n) then  we shall denote  b y  

Yf ~ ~i ~7f2~''" S Y f n - 1  

the  p a t h  joining xl  to  xn formed b y  the  juxtaposi t ion  of the pa ths  {~zi}. 

Definition 3.2. I f  z :  {xk}~ = o e / / ( x ,  y)  we define the integral along the path ~z by  
t--1 

:z k ~ 0  

where 

otherwise.  
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[1 .] 
The total waiting time for the N1 N 2 2-processing schedule 

5~ = ((~1, 5P0, . . . ,  (~N, 5%)) (N =/V~ + tW) 

is equal to ] where ~(5o) e H(O,  N) (N = (N 1, N2)) 
(5 ~ ) 

7~(5O) �9 fx(SO)]N �9 L k Yk=0 

,~[~r(1 -- ~ ) u l  Jr (fir-- 1)(1 --~2) u2] if k > 1  

We thus have the equivalence of the problems 

min E ( W so ) 
5o 

and 

To compare ~ along two paths it will be convenient to introduce the notion 

of the "area" of a rectangle. 

Definition 3.3. Let  x, y ~ ~f with x < y. The rectangle spanned by x and y is 
the set 

R ( x , y )  = { z :  (z~,z~) ~ ~f: x ~ ~ z  ~ <y~ (i = 1,2)}. 

The area o[ R (x, y) is defined by 
~t{R(x, y)} = ~ [~ lp l (z l  -~- l) Q2(z2) -- ~2 p2(z2 -~ 1) Ql(zl)]. 

z ~ R ( x , y )  

This definition of "area" leads to the following discrete analogue of S T o ~ s '  
Theorem�9 

Lemma 3.2. Let x, y ~ .~ with x < y and y = x -~ ~1 ttl _~ ~2 ire. De/ine the 
paths g ~ e l I ( x , y )  (i = 1,2) by 

if 0 ~ < k < ~  1 
if 0 1 < k ~ < 0 1 - ~  2, 

if O<_~k~<~ 2 
if 02 < k <= O~ -~ ~ 2. 

; @ ktt 1 
s~(1)~e+o' x(k~) = + + (k - 01) u2 ~i: i ~ k  Jk=O ~lul 

.f.(2),~1+,' X ( 2 ) = { : + ] g U 2  

T h e n ,  j" - -  = 

Pro@ 

I - f= 

xl ~_ zl < xl ~- qt ~v~ < z2 < x2 q-Q2 

f12 Q2 @2 A- e 2) ~ Q1 (zl) _ _  

x l < z l  <xIH-~1 

2 e1( 1)_ 
x~ '<z2<x~TQ ~ J~ < z  <xlA-O 1 

fll Ql(xl + 01) ~ Q2(z2) = # { R(x ,y )} .  
~2< Z2 < ~:2+Oz 
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The following l e m m a  plays  the  central  role in characterizing the shortest  pa ths .  

L e m m a  3.3. Let R (x. y)  and R (v, w) be two rectangles satis/ying the conditions: 

(3.2.1) x, y e 2~, x < y ,  y = x -~ ~lt t l  -~- ~2u2 

(3.2.2) v, w z ~ ,  v < w ,  w = v A- a~u ~-? a2u 2 

(3.2.3) ~ = a ~ = ~o (say) 

(3.2.4) x~ ---- V 1 = ~ ( s a y )  

Given ~1, C2 such that - -  ~ < C ~ < ~2 -4- ~ < N~ 
positive real numbers such that 

) , i ~ { R ( x , y ) }  q- 2 3 ~ { R ( v  -~ ~ l t t l  w -~ ~2ul)} = 

~2t~{R(,,, w)} + ~4~{R(x + ;lul, y + $~u~)}. 

Proo]. A s t ra ight forward  calculation verifies t ha t  the  choice 

where 

there exist 21, )~2, ).s, 24 all 

(3.4) 

A - =  ~ Ql(z l ) ,  A ' =  ~ Ql(z 1) 
~ z  ~ < ~ + q  ~+C ~ G z  ~ < ( ~ + q + C ~  

B =  ~ Q~(~), B '=  ~ Q~(~) 
:v~<z~<x~+~ ~ v ~<z ~< v~A-a ~ 

satisfies (3.4). 
L e m m a  3.3 will be used in the sequel to determine the sign of the  area of  

certain rectangles.  Define {D~} by  writ ing (3.4) in the form 

2i D i  + 23 D3 ---- ~2 D2 + ~a I2~ 

and pu t  o~ = s g n ~ i .  I n  the Table  we give the value of ~o4 determined according to 

Table 

(o)i cos, co2) ~o4 

(o, o, o) o 
(0, 0 ,  1) - -  1 
(0, 0,  - - 1 )  1 
(0, 1, 0) 1 
(0, 1, - 1) 1 
(o, - 1 ,  o) - 1  
(0, --1, 1) - -1  
0,  1, o) 
( - 1 , - 1 ,  o) - 1  
( - - 1 , - - 1 , 1 )  - - 1  

(1, 1, - -  1) 1 

(3.4) for certain values of  (o~1, e93, ~o2). 

Definition 3.4. The  p a t h  ~* e l i ( O ,  N) represents  an 
opt imum schedule f f  

Two pa ths  ~1, :~2 ~ I I ( O ,  N) are equivalent if  j" = j". 

X N Henceforth we assume that ~: { ~}~=o represents an 
optimum schedule. Let 

0 ~- Xvo < Xv~ < xv2 < ... < Xv~ = N 

denote the l-vertices of ~. 

__ __ = X 2 2 Theorem 3.4. I /  O < i < j < t, 0 < ~ < ( v,+~ --  xv,), 
o < ~ =< (x~j+l - G ) t h e n  

[L~{R(Xv, ~- o~u 2 ~- (xvl~ - -  x l ) u l ,  Xv,+1 ~- (xvll - -  xl+~ -~ /~) u l ) }  

I / O < ] < i < t , O < ~  2 2 x 1 1 = (xv,+, - -  Xv,), 0 ~ fl < ( vj+, - -  xvj) then 
1 - (%+~ - x~,) w ) }  

=< 0.  (3.5) 

> 0 (3.6) 

(see Figs. 1 and  2). 

9 Z. Wahrschein l ichkei t s theor ie  verw.  Geb., Bd. 9 
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Fig. 2 

Proo/ .  Suppose  i ~ ] and  on the  con t r a ry  

- x~,+l + / 3 ) - 1 ) }  > 0 

2 2 1 for some pai r  (~,/3) wi th  0 =< ~ < (Xv~+l - -  xv,) and  0 < / 3  =< (xv,+11 - -  xv, ). W r i t e  

where ~ = ~z * ~2 * za  
z l  is t h a t  p a r t  of  ~ joining O to  xv, + gu2 ,  

~2 is t h a t  p a r t  o f  ~ jo in ing  xv, ~_ ~u2 to  xv,+l ~_ ( _  I 1 x~,+~ + x,, +/3) ul, 
~zs is t h a t  p a r t  of  ~ joining x~,+~ + ( - -  1 1 x ~  + x~, + fi)ul to  N .  
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Define the pa th  ~ by  ~ = ~rl * ~2 * ~z3 

^ ~ +  xv2 - ~ 2 :  x ( ,+1 Xv2, ) -~  

^ [xv ,  -~  g u 2 ~ -  k u 1 i f  0 --< k ~</~ 

x ~ =  txv,  + f l u l  -]- (~ -~ k - -  i f  fl < k ~ fl - -  o: -}- (xv,+, ~ - -  Xv,) 

Lemma 3.1 now shows tha t  

f -  f =  f -  f :  ~{R(~., + ~ . ,  ~.,+i + (x~, - Xv,+. + ~) u~)} > 0 
^ 

which contradicts  the minimal i ty  of f .  
g~ 

A similar a rgument  establishes (3.6) for ] = i - -  1. 
To prove (3.5) for general (i, 2') (1 < i < ?" < t) we proceed by  induction.  

Suppose therefore tha t  (3.5) has been established for ] - -  i < A. We use Lemma 3.3 
setting 

X = XV~ -~ O~ 11, 2 

W = XV~+I -~- 2 

= XVy 

~. = x~, - x~,+l + 8 .  
Then 

Y21 = # { R ( x v ,  A- :cu e, Xv,+,)} < 0 (by (3.5) with i = i and fl -= x~v,+~ - -  x~,) 

~22 = / ~  {R (*v, + (x~,+l X~v,)"~, *v,+l + 2 2 - Xv,+.)} > - -  (xv,+. O 
(by (3.6) with i replaced by  i + 1, ] = i, fl = 0 and ~ = (xv2,+2 - -  x~,)). 

2 3 = ]~ { R  (Xv,+, -~ (xvlj x l + l )  u l  ' Xv,+ ~ _j_ 1 1 - (% - xv,+, + 8)"1} =< 0 
(by the induct ion hypothesis  on (3.5)). 

We m a y  therefore conclude from the Table tha t  

94 = ~ {R (xv, + ~ u~ + (x~ 1, -- x~,) u l  x~,+i + ~ x ~ + ~) u~} < O Xvl  - -  V ~ + l  = 

completing the induction.  
A similar induct ion proves (3.6) and we shall omit  the details. 
Equat ions  (3.5) and (3.6) provide, a priori, only sufficient conditions for the 

minimal i ty  of f.  The nex t  theorem provides a sharper  characterizat ion of the 
x t  

"shortes t  pa th" .  

Theorem 3.5. I]  ~ represents an  o p t i m u m  schedule then there is  an  equivalent  
path  which  sat is f ies  (3.5), (3.6) and the ]ollowing two conditions: 

2 x,2,>O, a n d 0 < f l <  1 1 I /  0 < i < t, xv,+1 - -  : (xv,+~ - -  xv, ) then 

- -  Xv,+~ A- 8 )  u l ) }  < 0 .  (3 .7)  

I /  O < i < t 1, x 2 - -  x 2 , > 0 ,  and 0 < r162 < 2 2 - -  (xv,+~ - -  xv,+~ ) then 

~ {R(~,+~ + ( x ~ , -  x~,+,) ul, ~,+~ + ~ ) }  > 0. (3.s) 

9* 
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Proo]. Let  vj (j -~ 1, 2) denote the following pa ths :  

Vy: t / k J k = 0  , : N J u i + ( k - - N 3 - J ) u 3 - Y  if N Y < k ~ N I + N  2 

The proof  is by  induct ion on the number,  t + 1, of  1-vertices of  ~. Note  tha t  
t ~ l  and if t =  l t h e n ~ = v l o r v 2 .  

Case 1: ~ -~ v l .  

I n  this case bo th  (3.7) and (3.8) are tr ivially satisfied. 

Case 2: 7~ ~- v2. 

I f  Vl and v2 are equivalent  we take vl as the pa th  equivalent  to ~ which 
satifies (3.7) and (3.8). Thus we m a y  assume tha t  

] - S = z {R(O,  N)} < o. 
~2 Vl 

If/~{R(O, (x, N2))} < 0 for every x, I _< x _< iV I, the path ~ itself satisfies 
(3.7) and (3.8). Otherwise define x* to be the largest value of x, I --<_ x < N I, for 
which #{R(O, (x, N2))} = 0. I t  follows that 

t~{R((x*, 0), (x, 2V~))} < 0 
x* < x ~ N 1 .  

The pa th  n* = ~1" * ~2" * ~ where 

~* joins (0, O) to (x*, O) 
~* ioins (x*, 0) to (x*, 2V2) 
~a* joins ( x * , N  2) to  (N1, N2) 

is equivalent  to ~ and satisfies (3.7) and (3.8). 
Nex t  we assume tha t  the theorem has been proved for optimal paths  with 

fewer than  t + 1 1.vertices. We assert t ha t  we m a y  assume #{R(xv,,  xv,+~)} < 0 
i f 0 < i < t a n d  2 x~, > O. For i f  

for some i0, 0 ==< i0 < t with Xv, o+~e - -  xv~,o > 0 there is an equivalent  pa th  with 
fewer than  t +  1 1-vertices. Thus for each i, 0 - - < i < t  with 2 2 

1 there exists a/~i ,  0 g fli < (x~,+~ - -  xl,) such tha t  

~(R(x~, + (xL+~ - xL + fl~)~, ~,+, + (~,+~ - x~, + ~) ~ ) }  < 0 

I t  follows, as in Case 2, t ha t  we m a y  find an  equivalent  pa th  satisfying (3.7). Thus 
we m a y  assume fli = 0. 

We assert t ha t  we m a y  assume 

- x~,+~) ~10 (x~,+~ - x~,+3 ~ ) }  > 0 

for all i, 0 < i < t - -  1 for which ~ x~,+~ - -  xv, > 0. For  if we assume the cont rary  
then there is a pa th  equivalent  to  z with fewer than  t + 1 1-vertices to which we 
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may apply the induction hypothesis. Thus there exists for each i, 0 g i < t -- 1 
for which 2 2 2 (Xv,§ --  Xv, ) > 0 an c~t, 0 =< ~ < (Xv2,§ -- Xv~§ ) such that  

~{R(x~,+~ + (x~, - x~,+,),,1 + ~ ,  ~,+~ + ~ ) }  > 0 

~ < ~ <__ (~,~,~o - x~,+~). 

Again there is an equivalen~ path for which (3.8) holds. (It is necessary to verify 
tha t  (3.7) still is valid for this equivalent path. This presents no problems and we 
omit the details.) 

A closer examination of the proof of Theorem 3.4 reveals that  we have proved 
a somewhat stronger statement; ff ~ satisfies conditions (3.5) and (3.6) then there 
is an equivalent path which satisfies conditions (3.5)--(3.8). Since, as we shall 
shortly prove, this latter path is uniquely determined, we will have proved. 

37 Theorem 3.6. The necessary and su//icient conditions that the path z :  {xk}k= 0 
(with 1-vertices 0 = xv. < Xv~ < . . .  < Xv~ = IV) represent an opt imum schedule 
are (3.5) and (3.6). 

We now turn to the uniqueness question. 

Lemma 3.7. A necessary and su//icient condition that ~1 represent an opt imum 
schedule is 

rain # {R ((x, 0), (N 1, y))} > 0. (3.9) 
0 ~ Z ~ : ~  T1, 0 ~ y____< ~'2 

Pro@ (Necessity) Suppose on the contrary that  

~{R( (~ ,  0), (iV~, y))} < o .  

Define the path 7r ---- ~rl * ~r2 * zr3 by 

~1 joins (0,0) 
~2 joins (x, 0) 
xa joins (x ,y )  

By Lemma 3.2 

to (x, 0) 

to (x, y) 

to (2Vl, y). 

f --  f = / z  {R ((x, 0), (N 1, y))} < 0 
r ~1 

which provides a contradiction. 

(Sufficiency) 

Suppose that  ~ represents an optimum schedule and let 

0 = xvo < Xv~ < . . .  < xv, = N 

denote its 1-vertices. Equation (3.9) implies that  

~{R(x~,, x~,+,)} = 0 (0 _--< i < t) 

from which we conclude that  f = f.  

Similarly 

Lemma 3.8. A necessary and su]Jicient condition that ~'2 represent an opt imum 
schedule is 

max #{R((0,  y), (x, 2V2))} g O. (3.10) 
O ~ x ~  I, O~_y~ .N  2 
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* 1 

2= 
1 

Theorem 3.9. There is a unique path ~ in ~f ]oing 0 to N which satis/ies con- 
ditions (3.5)--(3.8). 

Proo/. I t  evidently suffices to show that  the first vertex (different from O) is 
uniquely determined. Define 

= {Z = (2:1, 2:2) ~ ~ ' :  f i { R  ((2:1, 0), (~T 1, 2:2))} < 0} 
1 

= {~ = (2:1, 2:2) e ~ :  ~ {R((0, ~2), (2:1, ~V2)} > 0} 
2 

rain #{R((x, 0), (2:1, y))} > 0} 
O ~ x ~ z  ~ 
O ~ _ y ~ z  ~ 

if Z , 0  
1 

if 2 = 0  
1 

if  Y , o  
2 

if 2 = 0 
2 

[{~ e ~ :  max #{R((0, y), (x, z2 ) )}g0)  
O ~ _ x N z  t 

= O ~ _ y ~ z  2 

2 

Let g l  and <2 denote the (lexicographic) orderings on 

(~l, ~2) g l  (721, ?22) ff either 
(i) ~2 <722 or 

(ii) ~2=722 and ~1~721. 
(~1, ~2) g2  (721, ?22) ff either 
(i) ~1 < 721 or 

(ii) ~1 -= 721 and ~2 ~ 72~. 

By Lemmata 3.7 and 3.8 we have 

~ 0 ff and only ff Vl represents an optimum schedule ; 
1 

2 = 0 ff and only ff v2 represents an optimum schedule. 
2 

Let (~*, 7*) denote the maximum element of ~ (under ~1) and (~**, 7**) 
1 

$ 

the maximum element of ~ (under =<2). We assert that  the first non zero vertex 
2 

of a, ~ = (~1, ~2) is given by 
~(~*, 0) if ~* > 0 

= [ ( 0 ,  ?2**) if ~*=0 

We must examine several cases. 

Case 1: The first non-zero vertex of a is a 1-vertex. The second non-zero vertex 

is (x~, 2 1 2 g i  xv~ ). By (3.5)--(3.8) we have (x~,, xv2 , )~  so tha~ (x~,, Xv,) (~*, 7*). 
1 

2 x~, > ~*. Case 1.1: x~ < 7*, We have 

#{R((~*, 0), (x~, 7*))} > 0 (by (3.6)) 
#{R((~*, 0), (N 1, ?2*))} < 0 (by hypothesis) 

so tha* 
~{R((x~, 0), (N~, 72"))} < 0 
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showing that  (x~, 7*) e ~ .  Moreover since 
1 
~ n  ~{R((u, 0), (x~. v))} => 0 

O<=u<=x~ 

O<=v<~ * 

(by (3.6)) we have (xv11, 7*) e ~ .  This contradicts the maximality of (~*,~*). 
1 

�9 ~ 1 ~ ,  Case 1.2: X2v~ = ~]* xvl < �9 

Condition (3.7) yields 

~{R((x~, 0), (~*, v*))} < o 

which contradicts the membership of (8", ~7") in ~ .  
1 

2 7" 1 8 .  Case 1.3: xv~ < , Xvl < �9 

Condition (3.7) yields 

~{R((x~,, 0), (~*, x~J)} < o 

which contradicts the membership of (~*, 7*) in ~ .  Thus in Case 1 we may eon- 
1 

elude that  xv~ = (~*, 0). 

A similar treatment of the second ease (the first non-zero vertex of x is a 
2-vertex) yields x21 = vl*. 

One final remark; let Ix] denote the number of vertices of x. The proof of 
Theorem 3.5 implies. 

Theorem 3.10. I / x *  is the (unique)  path satis/ying (3.5)--(3.8) then 

Ix ]* < 1 + min {] x [: x represents an optimum schedule}. 

This fact is of practical interest since we desire schedules which minimize the 
number of "switchings". Theorem 3.9 displays a curious asymmetry�9 This is due 
to our choice of a preferred coordinate (the "1"  coordinate) which is evidenced in 
conditions (3.7)--(3.8). There is a dual set of conditions (favoring the "2" coordi- 
nate) which yields a unique path x**. I t  is easy to show that  

rain Ix* ], [x** I = min{] z l :  x represents an optimum schedule}. 

Definition 3.5. Let d2 x z x 2 denote the minimum value of 
#i #2j 

E @ w~ + #9, w~) 

where the service times T 1, T 2 have distributions 

Pr{eo: T1(w) > k} -- Q1(k+xl) 
QI (xl) 

Pr{co: T2(~o) > k} -- Q2(k+x2) 
Q2 (x2) 
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(d2 is defined for xt < Ni as above and is equal to 0 for x 1 > N 1 or x 2 > N2.) 

Theorem 3.11. d2 x 1 x 2 satis/ies the recurrence 
81 8~ 

1 

d2 x 1 
81 

,} / x2 = r a i n  8 1 +  Q2(x~) d2 
8~ 

Ql(xl + 1) 
8 2 §  Ql(xl) d2 

1.} 
x 1 x ~ , + l  

81 8 ~. 

x l §  x2 

(3.11) 

Proo/.  We must  find a shortest pa th  from @1, x 2) to N. The first vertex (diffe- 
rent from (x 1, x2)) must  either be a 1-vertex or a 2-vertex. I f  the first vertex 
(different from @1, x2)) is a 1-vertex then the average total  waiting time is 

0.1  fx 
8 2~- Qi(xi) d2 x i - I - 1  x 2 

81 8~ 

while ff the first vertex is a 2-vertex the average total  waiting time is 

QU(x2 A- 1) / 1 2 
i l l +  Q2(x 2) d2 x 1 x 2 J r l  ( fll 82 

This proves (3.11). 
The techniques of this section may  be applied to obtain a shortest pa th  joining 

x to N. Among all such shortest paths there is a uniquely determined pa th  satis- 
fying the analogue of conditions (3.7)--(3.8). We shall say tha t  such a pa th  is a 
m i n i m u m  path. 

w 4. Consistency Conditions 

We begin in this section by  establishing certain consistency conditions relating 
the minimum paths. 

L e t l ~ $ < ~ - - < _ m a n d  

~ ' ~ /  = {(Z 1,Z2): 0 ~ Z  1 ~ V ~ ,  0 ~ Z  2 ~V~?}. 

We shall use superscripts to denote the space ( ~ , ~ )  in which a rectangle lies 
and its area. Thus R~, , (x, y) denotes the rectangle in ~ ,  v spanned by  x und y 
(in ~ , ~ )  and #~,~(R~,v(x,y)) will denote its area 

/t$, ' (R$, n (x, y)) ~- ~. [fl~p~(z 1 ~- 1) Qn(z 2) - -  f l v p , ( z  2 --~ 1) Q$(zl)]. 
ze lt~. ~(x ,y) 

Let  ~ ,  v denote the minimum path  (in ~r ~) joining O to (N~, N,) .  

* We assume here that x ~ < N t (i ~- 1, 2). 
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Lemma4.1.  I /  l ~ ~ ~ ~ ~ ~ ~ m, O ~ x ~ ~ y~ G N~, O g x~ ~ y~ ~ N v a n d  
0 ~ x 3 < y3 ~ N ~  then 

~ [ Q~ (x~) 
+ fie [Qe(xq 
=/~,  [Q' (x~) 

_ Qr (ya)] #~, ~ {Re, v ((~1, x2), (y~, y2))} 

--  Qe(y~)] #v, r {R~, ~((x e, xa), (y~, ya))} 

- -  Qv (y~)]/~r r {Re, r ((x ~, x~), (y~, ya))}. 
(4.1) 

Proo/. The proof of (4.1) 
Let  

{~ if the 
Y~(~, V) = if the 

is by direct calculation and we shall omit the details. 

first non-zero vertex of ae, v is a ~-vertex, 
first non-zero vertex of at ,  v is a ~-vertex. 

Theorem 4.2. 

I[ ~ ( ~ , ~ ] ) = ~  and $/'(~, ~) : ~ then ~ ( ~ , ~ ) = ~  (4.2) 

I]  $ / ' ( ~ , ~ ) = ~  and tP (~ / ,~ )=~  then $/~(~,~)----~ (4.3) 

I] $/~(~,V)=~ and ~ ( ~ ,  ~) = ~ then ~ ( ~ , ~ ) = ~  (4.4) 

I] r ~) = ~7 and tP(~, ~) ---- ~ then V(~ ,  ~) =- ~ (4.5) 

I /  $/'(~, ~) - :  ~ and tz(8,  ~) = ~ then $ / ' ( ~ , ~ ) = ~  (4.6) 

I /  r ~) = ~ and tP(~/ ,~)= ~ then :f~(~,~/)=~. (4.7) 

Proo/. We shall only prove (4.2) since the proofs of (4.3) to (4.7) are similar. 
Let  the first vertex of ae, v be (A, 0), the first vertex of sv , ;  be (B, 0) and 

suppose on the contrary that  the first vertex of ze, ~ is (0, C) (with A ~ 0, B ~ 0, 
C ~ 0). In L e m m a 4 . 1  set 

X 1 = X 2 = X 3 = 0 yl = A y2 = B y3 = C. 

Then 

fie [1 - Q; (c)] ~e,, {Re, ,((0, 0), (A, B))} 
+ fie[1 -- Q~(A)] #v, ; {Rv,;((0, 0), (B, C))} (4.8) 

= fir [1 -- Q', (B)] #e, r {Re,: ((0, 0), (A, V))}. 

The left-hand side of (4.8) is non-negative. Suppose for the moment that  we know 
Qv (B) < 1. Then, the right-hand side of (4.8) must be non-negative and this is 
a contradiction to (3.7). But  ffQv(B) = 1 then Q~(C) ~- 1 and this contradicts 
the fact that  ze, r is a minimum path. 

Let  

s ..... m :  {z ~_ (z 1 . . . .  ,zm): O <--z i ~ Ni  (1 G i G m)} 

and 

f l  
u~=(u~ , l ,  ui, 2 . . . . .  u~, m) u t , i = l O  

By a path / rom x to y we shall mean a sequence 

t 
~: {x~}~=0 

satisfying ~he conditions; 

if { = i  
otherwise 
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(1 )  x 0  = x 

(2)  x t  = y 

(3) if 1 < k then x~ - -  x ~ - i  ~ {u 1, u 2 . . . . .  urn}. 

Let  E~, v be the projection of  ~1 ,  2 ..... m onto ~ ,  v. I f  ~ is a pa th  in Lrl, 2 ..... m 
joining x to y then E~,v ~ is the pa th  in ~ , v  joining (x~, x v) to  (yg, yv). 

Lemma 4.3. There exists  a unique  path ~z in  ~ 1 , 2  .. . . .  r~ jo in ing  0 to ( N 1 , N  2 . . . . .  
N m) such that 

Proo/ .  Lemma 4.3 is an immediate  consequence of  

Lemma 4.4. There exists  a unique  i*,  1 < i* < i, such that 

~f'(i, i*)  -= i* 1 g i < i*  
(4.9) 

3e'(i*, j) = i* i* < ] < m .  

Proo]. The proof  is by  induct ion on m; for m = 3 we use Theorem 4.2. Suppose 
therefore tha t  Lemma 4.4 has been proved for m < n. Thus there exists an 
j*, 1 ~ j* < n such tha t  

r i*) = i* 1 <= i < i* 

r  i* < i < n .  

We mus t  consider two cases; 

Case 1 : r n) = j* .  

We then  set i* = j* and note  t ha t  (4.9) holds for m -= n. 

Case 2: $/~(i*, n) = n. 

For  1 ~ i < ?'* we have 

Or(i, j*) = i* r n) = n 

and hence by  (4.3) 3~(i, n) = n. 
For  j* < j < n we have 

~ ( i * ,  i) = i* r n) = n 

and hence by  (4.4) r n) --~ n. We set i* = n and (4.9) has been established 
for m = n .  

w 5. General m 

Let  x = (x 1,x 2, . . . ,  x m) (0 < x~ < N~; 1 < i <~ m).  We begin by  defining a 
class of  processing schedules 3V(x i~, x i~, . . . .  x i p )  (1 ~ il < i2 < "'" < i v ~ m) ; 
5~(x i~, x i~, . . . .  x i~) is a processing schedule for the p-customer gme-shar ing  problem 
in which 

(1) The names of  the customers are 

" i l  ~ ~2 � 9  . . . . . . .  i v " .  (5.1) 

(2) The service t ime distribution of  "i j"  is 

1)r{~o: Ti'(oo) > k}  - -  Q~j(k + x~) (1 ~ i  ~i0) .  (5.2) O*j (x~j) 
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Let  ~u, ~' (xu, xV) be the unique min imum pa th  (of Theorem 3.9) joining (xU, xV) 

to (Na, Nv). We note t h a t  ~z,V(xa, xV) determines a processing schedule, say 
5 #, for the t ime-sharing problem of  (5.1) to (5.2) a; we shall write ~u, v(xU, x v) +~5# 
to indicate this correspondence. We define 5#(x  i~, x i~, . . . .  x i~) induct ively;  

Def in i t ion  5.1.  (p = 2) 

~ ,  ~ ( z ~ ,  x~,) ~ ~ ( x  ~ ,  xi~) 

(p > 2) 
5~(xi~,  . . . .  x i~) = ( ( ~ ,  ~ f  ~) , . . . , (~t  , ~ t )  ) 

P 
t = ~ ( ~  - x~O, 

where 

(1) 

(2) 

(3) 

(4) 

in 

~7~ ~ { Q ,  i2 . . . . .  ip}  (1 _< i ~ t), 

I f  x~ ~ denotes the number  of  times the symbol  " i t "  appears in the list 
V l , W , . . . , ~ ,  then x~J = N i ~ -  x ~ (1 ~ ]  ==_p), 

I f  ~ - -  i~ then 

~fv  ~ (  x i l  il  xi~-i i~-~ Xt~+~ i~+~ " i~ 

t The pa th  z :  {~}~ = o 

~ =  x ~ u  i~ + ( x  ~ , x  i~, . . . .  x i~) if  1 < ~ l ~ - t  
t ] = ~  / 

----(x ~ , x  ~, . . . .  x ~) if k~O 

~ i  ...... i ~ = { z = ( z  1,z 2 . . . . .  z~): 0- -<zJ- -<N iJ ( l _ _ < ] g p ) }  

u i '~-  (0, 0 . . . . .  0, 1, 0 . . . . .  0) (1 in ]-th coordinate) is the unique pa th  of  
L e m m a  4.3 joining (x i~, x i~, . . . ,  x i~) to ( N  i~, N i~, . . . ,  N i~) whose projection on 
~ i u ,  i, is 7~i~'i'(xiu, X i~) (1 __</~ < v ~ p). 

Theorem 5.1. L e t  

dm 

1 2 3 . . . m |  

J X 1 x 2 x 3 . . .  X m 

be the expected total w a i t i n g  t i m e / o r  the process ing  schedule  

~ ( X  1, x 2, . . .~ x m) 4. 

3 Forp  = 2, Q =/~, i2 = v. 

4 dm is defined as above for 0 ~ x i < )V~ (1 ~ i =< m). We extend the definition of din for 
0_<x ~-<N i a s  follows; f f 0 ~ x ~ < N  ~ for i e {]l, ?'2 . . . . .  jp} ( l < = ] l < . . . < ] p < = m )  and 
x l = N ~ for i ~ {jl, ]2 . . . . .  ]~} then 

dm x I x 2 . . .  x m = dp xJ 1 xJ 2 . . .  xJP 
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T h e n ,  

dm x 1 x 2 x m : ~ d2 xtt x v 

l_~g<v_~m 

(5.3) 

P r o @  The proof  of  (5.3) is by  induct ion on m;  for m = 2 (5.3) certainly holds. 
We now assume t h a t  (5.3) has been proved  for m - -  1. We begin b y  not ing t h a t  

dm 

1 
X 1 

81 

o.. } m 
X 2 . . .  X m = ~ 8 ~ -~- 

�9 �9 " i - - > - k  

Q~(x I~ + 1) [ 1 
-[- QtC(xlC ) d m  ] x l  

81 

2 . . . k - - 1  k k + l  . . .  m 
x 2 . . .  x ~-1 l + x  ~ x ~+1 x m [ 82 .. .  8/r 8/~ 8k+1 /~m 

(5.4) 

x l  § x2 + . . .  -4- x m = K .  

1 2 . . . k - - 1  

dm x 1 x 2 . . .  x ~-1 

81 8~ ... 8~-1 

~ d ~  
(~, ~) 

l~_~t<v~m 
,u,v~k, 

(by the  induct ion on K).  

d in -1  

1 2 . . .  k - - 1  k q - 1  . . .  m 
x I x 2 . . .  x ~ - i  x k + l  . . .  x m 

(by the  induct ion on m). Final ly  we observe t h a t  

Q~(x~ + 1) 
d~ x~ x~ = 8 " +  d~, x~' 1-4-x~ 

(1 g ~ < k )  

We have  

k k + l  . . . m  
X k Xlc+I . . .  X m 

X~ 

l _ g < k  

x~ l ~ - x  k -~ ~ d2 

8 ~ 8 ~ J k<:_~ 

(5.5 

k | 
1 ~-x~ x ~ / 

8 ~ 8'J 
/ 

/ d2 x~ ', 
(~, v) / ~ 

(5.6) 

(5.7) 

1 2 . . .  k 1 k-4-1  . . .  } - -  m 
-~- Q~(x~) - Q~(x~ .% 1) 

Q~(x~) d m - 1  x 1 x 2 . . .  x ~-1 x ~+1 x m 

81 82 ... 8~-1 8~§ 8 m 

where 0 g x  t < N ~  ( l ~ < i ~ < m )  and 

(1) the  first ve r t ex  (different f rom (x~, x~)) of the  m i n i m u m  pa th  ~ ,  ~(x~, x k) 
is a 2-ver tex  for 1 g tt < k, 

(2) the first ve r t ex  (different f rom (x k, x~)) of  the  m i n i m u m  p a t h  7r ~, ~ (x ~, x~) 
is a 1-vertex for k < v < m. 

Certainly (5.3) holds for x 1 + x 2 -4- "'" -~ x m > K for some sufficiently large K.  
(We need only t ake  K so t h a t  a t  least  one x~ = N~.) We  assume now t h a t  



A Note on Time Sharing with Preferred Customers 129 

/ Q~(1 ~- x ~) 
d2 x ~ x v = # v ~ -  d2 x ~ + 1  x v (5.8) 

(]~ < ~ < m ) .  

Substituting (5.5) and (5.6) into (5.4) and using (5.7) and (5.8) proves (5.3) for 
x J- -~  x 2 ~ . . .  ~-  xra = K and thus completes the proof of Theorem 5.1. 

Let  

, ~  x 1 X 2 X m 

1 # 2  # m  

denote the class of all processing schedules for the m-person gme-sharing problem 
(with customers " 1 " ,  " 2 " , . . . ,  " m " )  in which the service time distributions are 

Pr  {~o: T~(co) > k} -- Qi(x~ + k) 

(1 <_i _<m). 

Theorem 5.2. min E (Ws~) = dra 

5 m ~  x 1 x 2 xra 

1 #2 #ra 

P r o @  Let 

1 2 m 
X 1 X2  . . .  x m (5.9) 

1 2 m }  
era x l  x 2 . . .  x m (5.10) 

#i #2 #ra 

denote the left-hand side of (5.9). Clearly era = d m  for m = 2. We suppose that  
(5.9) has been proved for time-sharing problems with fewer than m customers. 
Nex~ we observe that  (5.9) holds for x 1 ~- x 2 + . . .  -~  xra sufficiently large. We 
assume that  (5.9) holds for x 1 -~  x 2 + . . .  + x m larger than K and at tempt  to 
verify (5.9) for x 1 -~ x 2 + . . .  A- xra = K .  

But  (5.10) satisfies the recurrence relation 

l; ern X 1 X 2 . .  x m ~ m i l l  i 

1 #2 #ra 
l < k ~ m  

11 _q_ Q ~ ( x  ~ q- 11 xl Q~(x~) era 
#1 

-4- Q~(x~) - Qk(x~ + 1) 
Q~(x ~) 

2 k - - 1  k k - ~ l  m | 
x 2 . . .  x k - 1  1 - ~ - x  k x k+l . . .  x m I 
e r a - 1  x 1 x 2 . . .  x k - 1  x k+l . . .  X m �9 

#1 #2 #k-1 ~k+l #m 

(5.11) 
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We a p p l y  the  induc t ion  hypothes is  in  (5.11); 

l 1 2 / c - - 1  /~ / c + l  

em x I x 2 . . .  x ~-1 1 - ~ x  ~ 

L#l #2 

-~ ~,  d2 x~ 
(~, ~) I~tt 

tt, ~*b 

I 2 /c--I /~ -t- 1 

#1 #2 #k-1 #k+l 

#k-1 #k 

X~ § d2 x~ 

#r I_~.<~ #" 

o} 
x k+l . . .  x m 

x ~ + l  + d2 x ~ + l  

#~ ~<~ L# ~ 

. . .  X m ~ -  ~ Xlt X ~' 

#, v ~ b 

Fina l l y  we note  t h a t  for each k, 1 ~ / c  g m 

d~ x .  x~ < f t . +  Q~(x~+l )  

(1 <=~<k)  

Q~(x~ + 1) 
d2 x ~ x '  ~ # i r - ~  d~ l + x  ~ x r 

I# ~ #~ Q~(~) #~ #~ 
(k < v ~ m) .  

x r (5.12) 

(5.13) 

(5.14) 

(5.15) 

b y  Theorem 3.11, Subs t i t u t ing  (5.12) and  (5.13) in to  (5.11) and  using (5.14) and  
(5.15) we ob ta in  

e m  x 1 x 2 . . .  x m ~ d m  x 1 x 2 . . .  x m 

#1 #2 #,~ #1 #2 #m 

f rom which we i m m e d i a t e l y  deduce  equal i ty .  
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