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1. Introduction

The stepping stone model is a generalization of the Wright-Fisher model in
population genetics, by taking account of geographical structure, [7], [8], [12].
For this we are particularly interested in the influence of geographical factors
on stationary states in the genetical evolution. The model is originally for-
mulated as a discrete time Markov process with values in an infinite product
space which describes an evolution of a population consisting of a number of
colonies, having non-overlapping generations. However we here treat a dif-
fusion model which, obtained by taking a diffusion approximation, is an
infinite dimensional diffusion process.

In the absence of mutation and selective force one of the authors obtained
in [13] a complete characterization of stationary states in terms of migration
rates as geographical factors. In the present paper we consider the stepping
stone model involving mutation and selection, and investigate stationary states
and their stability paying our attention to the mutual influences of mutation,
selection and migration. Furthermore we also discuss regularity of finite di-
mensional marginal distributions of the stationary states.

For the discrete time model it is to be noted that analogues to some of our
results are recently obtained by Itatsu in [6], but our method can essentially
cover the discrete time case.

Before stating the present problem and our results we here give a de-
scription of the discrete time model and briefly survey the diffusion approxima-
tion of it.

Let S be a countable set. Each element i of § corresponds to a sub-
population, which is called a colony. Assuming that there are two alleles 4,
and A, in each colony, we denote by 0<x;<1 the gene frequency of the A4,-
allele in the colony i. We assume that a genetical evolution is caused by
migration among colonies, and mutation, selection and random sampling drift
within each colony.
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Let N be the population size of each colony, and let

Xy=1{0,1/N,2/N,...,1}%
={x={x;}:x;€{0,1/N,2/N, ..., 1}  for all ieS}
be the totality of configulations of gene frequencies of the population size N.

Then the time evolution is defined as a discrete time Markov process
{x™(n), P} taking values in Xy with the following transition probability:

(1.1) P[x™(n+1)=k;/N,icA|x™n)]

~H( ) P O () (1 — o (e (Ve

icA

for any finite subset A =S and 0<k,<N (ieA). Here p'™(x) involves genetical
factors, which is assumed to be determined in the following way:

(1) Let u™ 20 ({2 0) be a mutation rate from A4, to 4, (from 4, to 4,)
in the colony i, and set

P ()= {p; () =(1—u™) x;+ vV (1 —x,)},

(2) let ¢’ 20 be a migration rate from i to j satisfying Y ¢{¥'=1 for any
i€S, and set Jes

PP ={p{(x)=2 a3 x/Y ¢}, and

jes keS

(3) et —1<sM < oo be a relative fitness of A, in the colony i, and set
p3(x)={p} () =(1+s%) x;/[(1 +s{V) x; + (1 —x))1}-
Then p™(x) is defined by their composition, namely

PN (x)=p*(p*(p* (x))).
In order to get a diffusion approximation we assume that

(1.2) uM=u/N+0o(1/N), v\ =v,/N+0(1/N),
4V =q,/N+o(1/N) (i+)),
gV =1-=> ¢, and sM=s/N+o(1/N).

ij »
J¥Fi

In addition, we impose the following technical assumption:

(1.3) sup( Y. g+ u;+v,+1Is) < + 0.

ieS j=i
Then it is not hard to show that if xy—»xeX as N—oo, {xM(t)=x"([Nt]), B}
converges to a Feller diffusion process {x(t), B} taking values in X =[0,1]°
={x={x;}: 0=x,<1 for all ieS} and governed by the generator L,

(1.4) L=1 Za(x)(3 2—f—Zb(x

ieS ieS
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where
a;(x)=x,(1 —x,)
b;(x)= Z mji(xj_xi)+ui_(ui+vi) x;+8;%,(1 —x;)
JFi
with mﬁzqﬁ/k;qki.
Now we state our model and results about it. Let C(X) be the Banach
space of all continuous functions on X with the supremum norm | || (X is

equipped with the product topology), and let C7(X) be the totality of C™-
functions on X depending only on finitely many coordinates.

Let L be the operator formally given in (1.4) and defined on C%(X). Under
the assumption (1.3) it is known that there exists a unique semi-group {T;} of
contraction operators on C(X) such that

(1.5) T1=1,T,f20 forany f=z0 of C(X), and

t
T.f=[T,Lfds forany feC}X),
0

which is associated with the above diffusion process {x(t), P} (cf. [14], [2]).

Let 2(X) be the totality of probability measures on X, equipped with the
topology of weak convergence. Denote by T,* the adjoint operator on P(X)
associated with 7,, and denote by & the totality of stationary states of {7},
that is

F={uecPX): T*u=p for all t=0}.

Then & is a non-empty, convex and compact set. We denote by 4, the
totality of extremal elements of &
In this paper we restrict our consideration to the following class of parame-

ters:

(1.6) S=Z? (d-dimensional integer lattice space); u;, v;, and s; are

[7 17
independent of ieS; and m;;=m;_, ,.

Accordmgly, we write u;=u, v;=v, 5;=s, and m; ,=m,. Furthermore we assume
that {m,} is 1rredu01ble namely {zeZ" m, >0} generates Z¢ as an additive
group.

Let #7° be the totality of Z%translation-invariant probability measures on
X =[0,1]%". Then pe.f%" is extremal in #%° if and only if u is ergodic with
respect to Z%-translations.

According to values of the parameters u, v and s, let us introduce the
following classification, which exhausts all possibilities:

Case l. u=v=s5=0,

Case 2. u>0, v>0, and s is arbitrary,

Case 3. u>0, v=0 (or u=0, v>0) and s is arbitrary,
Case 4. u=v=0, and s +0.
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Let M={m,} with m, =m0——2mj, and set P=exptM*, where M*

stands for the transposed matrix of M Then P, is a transition matrix of a
continuous time random walk on Z° For xeX 5 denotes the Dirac measure
at x. In particular 6, and 4, are called genetical uniform states, where ¢
={x;=c}eX for 0<c<1. Then the following theorem is known. (See [13].)

Theorem 1.1. Assume Case 1. If d=1 or 2, then ¥ =
peP(X), im T* u=2156,+(1—A) d, holds if and only if

={8,4,0,}; moreover for

t—> 0
lim Y PG, j){x;udx)=4 for all ieZ’.
100 jezZd
If d=3, then & ,={v,:0Zc<1} where v,=lim T,*0,. Moreover for ue?(X),
t— o0
lim T* u exists if and only lf hm 7, W(=u,,) exists, where

t— w

n,X= {(ntx)i'__ Z Pt(l:]) xj}EX:

jezd

and n,u denotes the image measure of u by m,; in this case, p,[x=c for some
0<cz1]=1and
lim T u= | v,u,(de).
=0 [0’ 1]
Our main results of this paper are the following theorems:

Theorem 1.2. Assume Case 2. For every s there exists a unique stationary state v,
and lim T* u=v holds for all ue ?(X).

1=
Theorem 1.3. Assume Case 3. If u>0 and v=0 there exists a critical parameter
0<s,<oo such that if s<s,, &, is a unique stationary state and lim T* p=9,

[ Aude o)
holds for every ue?(X), while if s>s, there exists another extremal stationary
state v and (¥ NFIZ),  ={8y,v}. Furthermore, if s>s., v is stable and J, is
unstable in the following sense:

lim T* u=v holds for every pe 5% satisfying u[{0}1=0.

t—=r 0o
If u=0 and v>0 the same statement is valid by replacing 0 by 1.

Theorem 1.4. Assume Case 4. Then (¥ N F%), =18y, 0,}. Furthermore, under an

additional assumption: Y |iim;< oo, if s>0, &, is stable and J, is unstable, while
iezd
if s<0 8, is stable and &, is unstable in the sense of Theorem 1.3.
Next, we will discuss regularity of finite dimensional marginal distributions
of stationary states.

Let pe?(X). We write A€Z? if 4 is a finite subset of Z%. Denote by u, the
marginal distribution of x on X, on X,=[0, 1]% Then we obtain
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Theorem 1.5. Let v be any extremal stationary state other than 6, and 04,
appearing in Theorems 1.1 to 1.3. Then for every A€Z‘ v, is absolutely con-
tinuous with respect to the Lebesgue measure on X ,, and admits a probability
density p,(x,) that is strictly positive and of C®-class in )Z'Az(O, DA,

Our basic tool for the proof of these results is the dual process, which has
been used very successfully in the theory of interacting particle systems. It
would be worthwhile to note that our dual process indeed is a branching
random walk with an interaction, of which extinction problem leads us to the
proof of Theorem 1.3 and 1.4. Readers unfamiliar with such field we refer to
Liggett’s book [10].

2. Dual Process

In what follows we may assume that the selective fitness s £0, because the case
5>0 can be reduced to this case by interchanging the roles of 4, and A4,. In fact
changing all the variables x; according to x;—1—Xx; transforms the operator L
and this transformation simply amounts to replacing s, u and v by —s, v and u,
respectively.

Let I be the totality of multi-indices on Z¢, that is

I={o={o};z20,€{0,1,2,...}, and [o|=) a;<o0}.

iez?

If ;=0 for all ieZ’ « is denoted by 0 and if «,=1 and «;=0 for j+i, « is
denoted by &,. We write a> g if a,;= f, for all ieZ“. For « and B of I we define
a+f and a—pf (if «=pf) by componentwise addition and subtraction. For ael
set f,(x)=]] x¥ and fy(x)=1. Then the linear hull of {f,(x)},; is dense in
C(X). ieZd

Let (a(t), P,),.; be a continuous time Markov chain generated by the infini-
tesimal matrix {Q, ,},

(21) Qa,a~ai=%ai(“i - 1)+O(i 2
Qa,a+£i=(xi( —S)’
Qa,a-5i+aj:aimji:ocimj~—i (14:]),

0,,=0 for all the other B(+a).

(Here and below Q,, is understood to be — Z Q,.;) Noting that Lf (x)

BFa

=>0. p(fp(X) — f,(x)) —ulo] £,(x), by the Feynman-Kac formula we have the
el

following relation of duality between {T,} and («(2), P,).

Lemma 2.1.

(T £ =[G L oxp ila(S)l as) |
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Thus we see that the dual process (x(f), P,) has a complete information of
T*u. It also is interesting to understand the dual process (x(t),P,) in the
following way. Ignoring the quadratic term of Q,, ., it is nothing but a
branching random walk with a binary branching rate y= —s, a death rate v
and a transition rate {m;}. In addition, an interaction works on it so that
multiple occupancies may make the death rate increase rapidly. Thus we may
say that it is a branching random walk with an interaction.

Now the proof of Theorem 1.2 follows immediately from this lemma. Let
o, be the extinction time: o,=inf{t=0: a(t)=0}. Since |a(t)|=1 for all t<a,,
we see that

t
lim (1% £ = i B, [ <o g ex ( —u [l ds ) 120 |
t— o 0

=

t—> o0

+limE, [<u, S €XD (—u 5;|oc(s)| ds); > 00]

=E, [exp (—u loloc(s)l ds); 0o< oo],

which completes the proof of Theorem 1.2.
It is well noted that the positivity of v is not used in the proof given above.
Since o,=o00 as. if v=0, we actually proved that lim T* u=4, (resp. é,) if

t—=> 0
u>0, v=0and s<0 (resp. u=0, v>0 and s=0).
For the remaining cases it suffices to discuss under the assumption,

(2.2) (= —5)=0, v=20 and u=0.
Then the duality relation turns into

(23) <T;* ﬂﬂfa>:Em[<iu’fa(t))>] for ael.

For two stochastic processes (x(t), P!) and (a(f), P?) taking values in I we
write (a(t), PY) = (a(2), P?), if

(24) E'[f@]ZE*[f ()] forall t20

for all bounded and monotone non-decreasing function f defined on I. Here f'is
called to be monotone non-decreasing if f () = f(B) holds whenever a = f.

The following lemma is intuitively clear from the form of the generator of
the dual process (for the proof see Corollary A.1 and Corollary A3 in Appen-
dix.

Lemma 2.2,

(@) (o(8), PY=(a(0), Pp) if a < B,

(i) (x(2), P, p) S(a* () + (1), P, @ Pp),
where («*(1), P,), k=1, 2, are copies of («(t),P,) and P, QP stands for the product
measure of P, and P;.

Let S, be the translation operator by keZ% ie. S oa=1{0;, .}, Spx={x;1},
S, f(x)=f(S;x), ..., etc.
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Lemma 2.3. For t>0 and m=2 and for f,,f,,....f, from C(X)
1S, S e, J2) o (S Ju)) = (S0, TSNS, T f3) - (S, TS

vanishes as min |a;—a|- co.

1<i%j<m
Proof. Since the proof is essentially the same for all m=2 we will prove the
lemma for m=2 only. It is enough to show it for f, = f, and f, = f; with every
and B from I. Let t=inf{r>0:0,(t)>0 and B,(t)>0 for some icZ%} be the
collision time of two independent processes a(f) and f(t). Notice that S, T,
=T,5;, 8, f,=fs ., and (a(t), Pg ) =(S, «(¢), P,). Then for t>0 we have

TS i f) () = T, £,(0) TSy f3(x)]
=T, fur 56 = LA T, S5, ()]
= !EaH— Sib [fa(t) )1-E,® ESkﬁ [fa(r) +8(t) (]l
=P, QP [t<t]-0 as [k|-o0,

because the sum of the two independent processes a(t) and f(¢) is identical in
law to the single process starting from «(0)+ £(0) until the collision time 1.

For ael we write suppa={iecZ?: «,>0}, and denote by |supp | the cardi-
nality of supp a.

Lemma 2.4. For any N> 1

lim lim P,, [lsuppa(t)i=N]=1.

nég
t]0 n=w

Proof. For acZ® satisfying m,>0, we introduce a simpler Markov chain
(@(t), P,) on I, governed by the following infinitesimal matrix {Q, ,}:

Q_a,a—gi:%ai((xi —D+ov+ ) mp),
Jj¥0,a

Qa,a~ei+ei+a:(xi ma>

0, =0 for all the other § with o

By Corollary A.2 in Appendix it is easily seen that (x(z), P,)=(&(t), P,) for all
ocl. Let us introduce a sequence of stopping times {ty}y_o; To=0, 7,
=inf {t>0: 2,()=u,—)+1 and &y()=&,(t—)—1}, ..., 1y, =7, 0., Where 0,
stands for the shift operator.

We first claim that
(2.5) lim P,

neo

[ty<t]=1 forall r1>0 and N=L

Using the strong Markov property we have for N> 1

- on) =
Eneo [exp(—1y)] :m E(n—« 1eo fexp(—1y)]

nm =

+1+qzn) o tyeor s lXP{=Ty )]
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where

gn)=3nn—1)+nw+ m) and d(m)=q(n)—nm,.
=0

Set u¥(n)=E,, [exp(—14)]. Since u¥(n)=E,,, ., [exp(—1y)],

N l4nam, oy NN
(2.6) u(n)—u (n_l)—l-{—q(n) @ tn=1)—u"(n—1))
1 N—1(, _
_1+q(n) u " Hn—1).

We observe that the sum of the left-hand sides and that of the second terms of
the right-hand sides over n are bounded and that u™~'(n)Zu"(n) to obtain

ni %quv_l(n—l)—u”(n—l)|< %,
which together with i iin?:l; =0 implies that lim (u®~!(n)—u"(n))=0.
Since u°(n)=1, by inducn:t=ién 1130 4" (n)=1; hence we ha\n/g OEZ.S).
Next, we show that e
2.7 lim P, [3,(ty)=N]=1 forall N>1.

n—

It is trivial for N=1. Assume that (2.7) holds for some N. Using (2.5) and
Lemma 2.2 we see that for all m=1 and t>0,

lim P, [&(ty) 2 m]

n— o

2lim P, [G,(s)=m for all se[0,£], and ty<t]

n— oo

2P, [3,()=m for all se[0,t]].
Thus, letting t—0, we have

(2.8) lim P,, [, (ty)=m] =1.

n— o0

Using (2.5) again it follows that for all k=1
(2.9) lim P, [%(t)=k+1]
> lim P,, ®P,, [a%(s)=ke, for all se[0,1})]

=1’

where 1} stands for the corresponding one to , for the copy (&' (), I_’,,so).
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Combining these with the assumption of induction we obtain

lim i)nsg[&a(TN-f— 1) =N+ 1]

n— o

—lim Y B, [0 =N, Bo(ry) =m] P

n—> 0 m=0

[&(t)=N+1]

meo+ Néea
:1’

which proves (2.7).
Furthermore, using (2.5} and (2.7) we see that
P, [7,()=N]
=P, [3,0=N,ty<t and &,(ty)=N]
P, [ty<t,8,(ty) =N1Py, [%,()ZN for any se[0,(]]
exp (—q(N) 1) P, [Ty <1, ,(ty) =N1.

neo

IV IV

Hence we have for all N>1 and t>0

(2.10) lim P,, [&@,(1)2 N]Zexp(—q(N)1).

n— o0

Finally we claim that for all k=1 and all N=1

(2.11) lim lim P,, [a,()2 N, a,,()ZN, ..., 5, ()= N1 =L

t|0 n->w

If k=1, it follows immediately from (2.10). Assume that (2.11) holds for some
k=1. Then for t>0, s>0 and n=n,
P, [%,(t+S)ZN, &t +)=N, ..., 85, a(t +5)ZN]
2P, [G,()2n,, &t +)ZN, ..., By 1y,(t+5)ZN]
~P,, [8,(t+5)<N]
2P, [20)Z1,] P, [F:u)Z N, .., Ty 1)a(5) 2 N]
—P,, [3,(t+s)<N].

Letting n—o0, t[0, n,—o0 and s|0 in this order, and using (2.10) and the
assumption of induction we obtain

lim lim lim P,, [@,(t+8)2 N, 8,,(t+S)ZN, ..., &y, +9)ZN]=1.
s10 t|0 n>w

Therefore, (2.11) holds for all k=1, which completes the proof of Lemma 2.4.
Lemma 2.5. Suppose that ue#%* and u[{1}]1=0. Then, for all t>0

lim sup <{T*uf,»=0.

n— oo |suppa|2n
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Proof. 1t follows from Lemma 2.3 that for every >0, #>>0 and k=2 there

exists L>0 such that if min |a;—a]>L,
1gi%j<k

|"1;f;:al+sa2+~--+sak_7: EalTl‘fSaz"' thsak” <n.

Using the Holder inequality and the translation invariance of T, we have

CT* I foy gyt v SHT Lo (Y @)+

Hence for all k=1

lim WS ST fo S (TS o) ),

n—co |suppajzn
If x+1 and ¢>0, then T, f, (x)=E,_[f,,(x)]1<1, since P, [a()=a]>0 for all
ael. Therefore, letting k— co, we obtain Lemma 2.5.

Theorem 2.6. Suppose that ve ¥ NI and v[{1}]1=0. Then v[x,<1 for all ieZ*]
=1.

Proof. For m=1, t>0 and t,>0 we have

vixo=11=lim (v, f. > = Nm (T3 v, freg)

n— o0

=1lim E,,,[<T*V, f,40>]

n— 00

é Sup <Tt* v’fzx> + hm Pnso [|Supp OC(tO)l < m]

[suppalzm

By Lemma 2.4 and 2.5 the last line vanishes in the limit as ¢,/0 and m—co (in
this order), so that v[x,=1]=0. This proves Theorem 2.6 by virtue of the
translation invariance of v.

3. Proof of Theorem 1.3.

Let us consider the subcase: ©=0 and v>0. The other subcase is reduced to it
by exchanging the role of 4, and A4,. Furthermore, we assume that y= —s=0,
for it has already been shown that lim T,* =4, for any pe?(X) if s>0 (see a

=0
remark made after the proof of Theorem 2.2 given in the previous section).
Recall that ¢, is the extinction time of a(f). From v>0 it follows that
P,[o,<0]>0 for all ael. Lemma 2.1 implies that lim T;*u=4, for all
pe?(X) if and only if e
(3.1) Plo,<ow]=1 for any ael.
On the other hand we have the following:

Theorem 3.1. Suppose that
(3.2) P,lo,<w0]<l for some oael,

and define ve % by the relation {v,f,>=P,[6,< 0] (=lim T, f,(0)) for all acl.
t—=w
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Then,
(i) (FnI?) ={04, v}, and

(i) lim T* p= 28, +(1—A)v for all pes? with A=p[{1}].

t— O

Lemma 3.2. If the condition (3.2) holds, then

P,[lim|a(t))=00|0,=00]=1 for all acl
t— oo

Proof. Lemma 2.2 implies that
P,[6,<0]2P, [6,<0]".
Since P, [0,< o] is a bounded martingale we see

hm Pa(t) [00 < OO:l =0 a.s. on [GO = o()]
>

Hence by the condition (3.2) we get the equality in the lemma.
Now, let us prove Theorem 3.1. Let pe#% satisfy u[{1}]=0. It follows
from Lemma 2.5 that for every ¢;>0 and #>0 we have some m=1 such that
sup (T*puf,><n. By Lemma 2.4 there are some t,>0 and n,=1 satisfying

[suppa|zm

P, [suppa(tylzm]>1-n for all n=n,.

Hence,
CLEL 4 s frso) =B [T 1 £ 21 521

for all nzn,. Also,

E,[KTE ot fayr s 1<00]
SE,[KTE. . Sy Isupp a(t) > M]
+E[CTE L s fuw s Isupp (D= M, ja(t) > nM]
+E, KT, i fows eI SnM, t<0,]
< sup (TE, f) +TE s frey)

|suppal>M

+P,[la(t)| =nM,t<a,].

First letting t— oo, and then M —oc, we get by Lemma 3.2 and Lemma 2.5

lim B, [T, o fyos <06 SCTE, L, i frugy <20,

t— 0

which shows that the left-hand side equals zero. Hence,

Um (T* p, fo =Uim (TY, L, 1 fo

t— o t— 0

=lim (E, [<T;3<+t1 22 .fa(t)>; < 0'0] +P, [‘70 <t])

=V fo-

Thus the part (ii) has been proved, and (i) follows from (i).
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By virtue of Theorem 3.1 the proof of Theorem 1.3 is reduced to the
extinction problem of the dual process. Since the extinction probability is
monotone in y, it suffices to prove that (3.2) holds for a sufficiently large y>0.
Note that if we neglect the quadratic term of Q,, ., the dual process is
nothing but a branching random walk. This shows that (3.1) holds if
y(=—s)=v.

Let us introduce a simpler Markov process (x(t), P,), taking values in I
={ael: 0,e{0,1,2} for any ieZ"}, with the infinitesimal matrix {Qa g}: Choose
aeZ satisfying a+0 and m,>0, and set

Qa,u—a‘- = 51(0(1- > 0)>
Qa,a+si :))I(Oli = 1)
Qa,a—£i+ai+a Zmal(ai _2a OCH_a 0)
Q~M,=O for any other B(=0),
where 6=1+2v+2 Y m;, and I(A) stands for the indicator function of A= 1.
j*0
Since, as easily seen from Corollary A.2, (a(t), P,)=(a(t), P), our problem is
reduced to showing that P [0,=00]>0 holds for some ael for a sufficiently
large y.

Theorem 3.3. There exists y,>0 such that if y>7y,,P,[0,=00]>0 for all a40
from 1.

Proof. 1t is enough to show the theorem for d=1 and a=1. For each 0<g<1
let us associate a set-valued Markov process {B(n)};>,, which is called a
branching process with interference, to be compared with (a(t), P,). It is defined
by simply setting

B(0)=B, and B(m)= |) By for nx1,

ieB(n—1)

where {B/}, ;s ,>; is a system of set-valued random variables which are mu-
tually independent and have a common probability law given by

Prob [B'={i,i+1}]=¢% Prob[B'=¢]=(1 —9q)%
and
Prob [B! = {i}]=Prob [B'={i+ 1}]=g(1 —q).

We need the following lemma (see [1] for the proof).
Lemma 3.4. There exists a critical value 0<q,<1 such that if ¢>q,
Pi[Bmyx=¢ for all n21]1>0 for all B¢,

and if 4<q,
Pi[B(n)=¢  for some nz1]=1 for all B.

Therefore, the proof of Theorem 1.3 is reduced to the following.



Stepping Stone Model 99

Lemma 3.5. Let a=1 and set m=my, in the definition of Q"m’ g- For every m>0,
5>0, and q>q, there exists t,>0 and y>0 such that if BEZ" and a2 ) ¢,, then

ieB
(B(n), B) <(supp a(nt,), P,).

Here the order relation is defined according to the understanding that a
set-valued process is considered as a process on I by identifying B&€ Z* with «

=Y ¢.

ieB
Proof. Fix BEZ', B+ ¢, and introduce a modified Markov chain ((z), P¥) on [

associated with B, with the infinitesimal matrix {Q} ;} as follows: decomposing
B into intervals of Z! such that

B={[a;,bJulay,b,]u...ula, b]

with

a,=b, b +1<a,5b,,...,b,_, +1<a,Zb,,
we set
=0I(e,>0) if ie{b,,..., b},
=06I(0;>0)+ml(o;=2) otherwise,

O wre=71(0=1),

) =ml(o;=2,0,,  =0) if ie{b,,....0},

o,k — &+ &+ 1

aaa

=0 otherwise,
)% ;=0 for any other B(+a),

where m=m,. Then it holds that

(3.3) (oc(t),f—‘ )= (x(t), P¥)  for all ael,
(3.4) (a(6), PR =(Y ol (1), ®P*) for a=) ¢,
ieB ieB

For ieB\{b,,....,b;} set c(m,d,7, t):f’;‘j[ai(t)glj and for ie{b,..., b}
set d(m, d,y,1)= P* [oc (Hz1, a;, ,(£)=1]. The both ¢ and 4 are independent of
B and of partlcular choice of i.

For a fixed >0 we write B*(1)={ieZ': «,()2 1} and B} =P* with a=} &,

ieB
We note that {B}>i} and {B}si+1} are independent events for each i and n,
showing that the events {B(1)3i}, ieZ", are mutually independent. Then, taking

this fact together with (3.4) into account, it is easy to check that if
(3.5 c(m, 8,9,)=21~(1—¢)* and d(m,d,y,0)=1~(1—q)°
it holds that

(3.6) (B(1), B) =(B*(1), B).

(The meaning of “<” would be clear))



100 T. Shiga and K. Uchiyama

Thus we obtain by (3.3) that if a=Zsi, then (B(1), BY) < (a(t), P,). By Corol-
ieB
lary A.1 in Appendix we also have (a(), P,) < (a(t), i’ﬂ) if <. Finally we apply
the Markov property to conclude that (B(n), BY) <(a(nt), P).
To complete the proof of Lemma 3.5 we have to check (3.5) for some ¢ >0,
y>0, and ¢g>g¢,. Let m>0 and >0 be fixed. We claim that

(3.8) lim P*[o,()=1]=1

P o

uniformly in ¢ of any compact interval and in ieZ% Let ie{b,,....be}. u,(t)
=P} [o,(t)=1] and u,(t)=P%, [«;(t) 2 1] satisfy the following system of differen-
tial equations:

du
——1=y(u2 —uq) —0uy,

dt
du, -
_;lT=5(u1 _u2)+m(Pai+s,-+1[ai§ 1] ““2)9
with  u;(0)=u,(0)=1. From these equations and the inequality
P¥ ... [o;()=1]1Zu,(t), we can easily deduce an integral inequality for u, (),

and by passing to the limit as y— oo we get (3.8). (The details are omitted.) For
i¢{b,,...,b,} the same proof is valid.
Letie{b,,...,b,}. We will next show that

(3.9 lim d(m, 3, y,) =21 ~exp(~(m+0)1).
y— o0
Note that v, (t)=d(m, 8,7, 1) and v, (1) =P%, [w() =1, o, ()= 1] satisfy
dv
d—;zy(vz —vy)—0v,,
dv, =
W:é(vl —v)+mPr, | [e,)=2L 0, (Z1]—0,),

with v,(0)=0,(0)=0.

Noticing that by (3.8) lim P* Loz(B) =1, o, 1 (1)=1] =1 uniformly in ¢ of any

git+eEi+1 13
Y=

compact interval, (3.9) is obtained in the same process as taken for (3.8) and
briefly sketched above.

Consequently, for every m>0, >0, and g>gq, there exist t>0 and y>0
that satisfy the condition (3.5).

Finally Theorem 3.3 follows immediately from Lemma 3.4 and Lemma 3.5.
Furthermore, we obtain Theorem 1.3 by combining this with Theorem 3.1.

4. Proof of Theorem 1.4

In this section we will prove Theorem 1.4. So we assume that u=v=0, y(=
~5)>0. Then the dual process (a(t), P,),; is a branching random walk with an
interaction, which does not extinct.
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We first show the following:
Lemma 4.1. (¥ nSF%)_ ={3,,6,}.
Proof. Let ve# n.#%. For every t>0 and aeZ? it holds that
P, [x(1)=2¢,]>0, and P, [a(t)=¢,+¢,]>0,

because of the irreducibility of {m,}. Using the translation invariance of v, we
see

s foo? =B [V, foy2]
S S0 Pog [2(0) = 2801+ <V, fog 45,0 P [2(8) =20+ ¢,]
+ o) P [0 {280, 80 +2,}],

which implies that {v,f, > =V, f,,.> =, [, 4,03 hence (v, f,> ={v,f, > for all «
#+0. Thus we have

v=40,+(1—14)d,, where 2=v,f, >.

Remark. If d=1 or d=2, and if ) im;=0 together with the certain moment
iezd
condition, we can show that &  ={d,,0,}, by making use of the fact that any-

ext

excessive function of a recurrent random walk is constant.

Theorem 4.2. Assume, in addition, that Y |i|m;< co. Then

iezd

P [limisuppa(t)=00]=1 for all a=0.
t=>

Once we have shown this theorem the proof of Theorem 1.4 follows
immediately. In fact by the duality together with Lemma 2.5 and Theorem 4.2
for all pes?* with u[{1}]=0

tlim (T . fo =t1im (TS =tlim E, [<TF s fun» 1=0.

The idea of our proof of Theorem 4.2 is to define arbitrarily many one-
particle processes which are embedded in o(f) and move with mutually distinct
asymptotic velocities so that they eventually occupy different sites of Z¢. Fix a
=0 of Z¢ satisfying m,>0. For 0<c<1 arbitrarily given let us introduce a
Markov chain (f(z), I—’g) taking values in I,={ael:a=¢;, or a=2¢ for some
ieZ%}, with the infinitesimal matrix {Q, ,}:

Q—ﬁi: 26 Vs Qei,aj = mi—j (l :4:])5 and

0..;,=0 for any other B(+F¢);
Q_Zsi,ei: 142 ; mj—2cma, QZEi’€i+a=2cma, and
j*a

0,., ;=0 for any other B(2¢).

It is easily seen that f(¢) can be embedded in a(z). (See Appendix for the proof)
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Let { be the first jump time of {f(¢), 1—);}, namely {=inf{t>0: B(¢)+ (0)}.

And let o, =inf{t=(:|p(t)| =1} and 0,=0,_,+0,-0,  for n=z2.
Note that for j=i
5, m_ |y 2cm,
(41) Psi[ﬁ(al):&‘j] = + Joita>

y+m y+m 1+42m
y 142m—2cm,
y+m 142m

P [B(o,)=¢]=

?

where m= )’ m;.
j¥0
Denoting by X°(¢) the (unique) site which is occupied by a particle of B(z),
we see that X°(s,) is a spatially homogeneous Markov chain (a random walk)
with values in Z¢ and with the transition law (4.1) so that by the law of large
numbers we get

(4.2) lim %a"):f(c)eRd as. (PS),

where
= 1 2ycm
—F° [X° - PRt
&(0)=E;,[X“(g,)] Hm(}_;d%]ﬂ”m a)

Also, the distribution of (al,f’gi) obviously is independent of i€Z? Hence
{c,}> , also is a random walk with the mean increment

— 1 y
¢ = 1 .
E.lo] y+m( +1+2m>

Accordingly, using the law of large numbers again, we have

(4.3) lim 72 =E¢ [0,] as. (P%).

- n— oo

From (4.2) and (4.3) it follows that

Xt
lim [()

t— o0

=x(c) as. (f’j,),

where

x(c)={(1 +2m)zmjj+2ycma a}/(14+2m+7y).

This implies that if 0<c¢=<1, then with probability one we can trace among
particles of the configuration process a(t) a specified particle that moves with
an asymptotic velocity k(c). Such tracing can be made simultaneously for
countably many values of ¢, completing the proof of Theorem 4.2.

In below the state O is discarded from the state space of the dual process
a(t), since it does not communicate with the other states at all.
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Theorem 4.3. Suppose that Y |jl>m;< oo and

jezd
(4.4) sup &q-0<0,
ol=1
where

2y
J;de i+ 142m (,.oziomj]) m j;om})’

the dot - indicates the inner product in R® and the supremum is taken over all unit
vectors in R% Let { be the first jump time of a(t) and t* the first passage time
through the set {acl:o,>0} after the first jump: {=inf{r=0: a(t)Fa(t—)} and
t*=inf{t={: a(()>0}. Then E, [t*]< co; in particular {o: oq>0} is a positive
recurrent set for {a(t), P,; a0}, ie.

(4.5) lim P, [ (t)>0]>0  for a+0.

=0

If {a:0,>0} is a recurrent set, then every non-increasing bounded har-
monic function for the process a(t) is constant. In fact for such a harmonic
function f (o) we have h(x)=E,[h(x(;))] where t;=inf{t > 0: o,;(t)>0}. Taking «
=¢; and using monotonicity of h we see that h(e)<h(e;). Since i and j are
arbitrary, h(e)=h(e,) for all ieZ’. This shows that the maximum value of h is
attained at ¢,. Therefore i is constant, for every point of I other than 0 can be
reached from ¢, with positive probability.

Since ve¥ implies that h(a)=<v,f,> is a harmonic function for the dual
process, we have the following Corollary of Theorem 4.3.

Corollary 4.4. Under the assumption of Theorem 4.3, &, ,={04,0,}-

Proof of Theorem 4.3. Let N be a (large) positive integer. Define a Markov

process a(t) on I, as in the proof of Theorem 4.2, but this time the infinitesi-

mal matrix {Q, ;} is not spatially homogeneous; it is given by

m;_; foralli and j with i=j,

0, s=142 3 m; if [i[2N,
jriz0

Q*Zal_,mj:zm. if i|ZN and i-j<0, and

J

0,,=0 otherwise (af).

0s.e
0.2

By tracing the (unique) site that is occupied by at least one particle along the
successive times o, at which the occupancy changes so that {@(s,)|=1 we have
a Markov chain X, on Z? (see the proof of Theorem 4.2 for the formal
description). We can take N so large that X, is irreducible. By the same
computation as before we have

EDXy =X, X, =i = if | =N,

Siflif
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and

1+2m+2y
SUp E[1X,, =X, 2| X,=i]S— =V § i = M,
up ELX e =X =0 < 2ml

so that if [i|= N

E[X,, | X,=]=li*+E[X,,, - X,*| X,=i]

2
el DY
,))_l_m él/lll
2|
S+ sup &,- 0+ M.
- y+m |o|=p150

If N is large enough, the last member above is less than |i|* —1. Clearly we also
have E[|X,|*|X,=i]<oo for |ii<N. These together imply that X, is positive
recurrent (see Tweedie [17], Theorem 6.1). Set T=inf{n>1: X, =0} and let 7*
be the first time for %(f) to arrive at the set {ael,: o,>0} after its first jump.

Then
k

E[7*|2(0)=¢,]< ¥ E[ 3 (6,—0,o 03 T=k150) =]
k=1

n=1

<E[T|X,=0]supE[o,|X,=i]
< 00 (0():0)'

Here the second inequality is verified by using either of the strong Markov
property of &(t) (after changing the order of the summation) or the fact that the
distribution of the minimum of independent exponential holding times is not
affected by knowing which one attains the minimum. Since @(t) can be embed-
ded in «(t) so that the first jump of a(f) precedes that of #(t), we have
E, [t*] <. Now (4.5) follows from an application of the renewal theorem. In
fact by Lemma 2.2 (i) u(t) =P, [ (t) >0] satisfies

u®)zP, [(>t]+ j u(t—-s)P, [t*eds]
0

so it is bounded by the solution of the corresponding renewal equation, which
by virtue of the celebrated renewal theorem converges to a positive constant
E, [{]/E, [t*] as t approaches infinity. The proof of Theorem 4.3 is complete.

Remarks. 1) The condition (4.4) is far from being necessary for (4.5). One can
improve it by allowing the multiple occupancy in each site for the embedded
process defined in the proof of Theorem 4.3, but still stays off critical criteria.
(4.4) is trivially fulfilled if m;j=0 and y>0 (under the irreducibility of {m}).
jezd

if jezz:dmjjzko and the cumulant generating function of {m;} is finite in a
neighbourhood of the origin of the parameter space, then there is a positive y
such that for any ael

P,[o,()=0  for all sufficiently large t]=1,
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as is easily seen by comparing o(f) with a branching random walk (see e.g.
[18], ii) of Sect. 7).

2) If the state space of the process a(t) is I, = {«: [supp a|= 00, &, < o0 for all
ieZ% rather than I, it has an stationary distribution, say =, which is the direct
product measure of the Poisson distributions on {0,1,2,...} with common
parameter 2y (providing ) m;|j|<oo as well as u=v=0). This fact implies that
for any ael Jjezd

4.6) lim supP,[a,(t)>N]=0.
Now t>0
3) The relation (4.5) together with (4.6) has an important implication to the
stepping stone model. Let x be an element of X such that 0<x;<1 if ieB and

x;=1 if i¢ B for some nonempty finite subset B of Z°. Then from (4.5) and (4.6)
it follows that for ael, a0

0<lim<T*5., f,> <lim (T*3,, f,> <1.
t— o0

t— o0

It is quite plausible that <T*§_,f,> would converge to | f,(x)n(da), but we do
not known how to prove it. Teo

5. Regularity of Stationary States

In this section we will discuss regularity of finite dimensional marginal distri-
butions of stationary states of a certain class of infinite dimensional diffusion
processes which includes the stepping stone model. The subject of this sort is
studied by Holley and Stroock [4], (their results do not (at least formally)
apply to our processes), but our method is much simpler and more elementary
than theirs.

Let us consider the following stochastic differential equation (5.1) restricted
on the space X =[0, 1]%* under the conditions (5.2) to (5.4).

(5.1) dx,() =1/ a(x,(t)) dB,(&)+b,(x(t)dt  (ieZ*),

with x(0)={x;}eX,
where {B;(t)};.« is an independent system of standard Brownian motions on a
complete probability space (@, Z, Z,, P),

(5.2) a(0)=a(1)=0, a(u)>0 for O<u<l, and ]/E(u) is 1/2 Holder continuous
on [0,1],

(5.3) {b;(x)},.z« are functions defined on X, and there exists a matrix Q
={0,;}:. jeze satisfying that Q;;20 for all i and j, sup ), Q;;< 0, and
icZd jezd

Ib;(x)—b;()| = ZZ Qij|xj—yj| for x and yeX,
jez4

(54) b,(x)z0if x,=0, and b,(x)<0 if x,=1.
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Then it is known [14] that (5.1) has a pathwise unique solution, which defines
a diffusion process (x(¢), B) taking values in X, governed by the generator L,

L=} Za(x) +2 b,

iczd ieZd l

We furthermore assume that

(5.5) a(u)eC*(0,1) and j <0,

]/a(u)
(5.6) b(x)e C7(X) for all ieZ.

(The definition of C}(X) is given in the introduction.) Under these conditions
(5.2) to (5.6) we obtain

Theorem 5.1. Let v be a stationary state of the diffusion process (x(t), B) that
satisfies

(5.7 v[0<x,<1]=1 for all ieZ".

Then, for A€ Z°, denoting by v, the marginal distribution on X ;=[0,1]4 of v, v,
is absolutely continuous with respect to the Lebesgue measure on X ,. Further-
more, its probability density admits the continuous version p ,(x 4) that is strictly
positive and of C®-class in X =(0, )4

Proof. We first show that v, has a C®-probability density in X . By (5.7) it
suffices to show that the restriction of v, on each compact subset of X, has a
C*-density. Let

£ x)={&(x)};s, and set

0 ]/(
2V m

e, (x)=exp for each n={n;}, ,eZ4

(ZA=1{0, +1, +2,...}%), where M = fl/‘f’:u)

Let D,={¢eC7(X); for some compact set K of (0,1)*, ¢(x)=0 if x,
={x;};c4¢K}. For ¢eD,

(5.8) L(¢e)=(Ld)e +EEZZda(x lqsai .
+3 ZZ a(x )¢>(x e..+Zb (x)p(x

=(Lg)e, ———Inl deat Y ni(K;P)ey,

ied
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where

zny 1 L Bil990)_1a6)9()
(V( V) 4 Yat) )

Thus L¢eD, and K; peD, for all icA4 if ¢eD,. Since v is a stationary state of
(x(t), P), it holds that

K¢

l

(5.9 {v,L¢p>=0 for all ¢€C (X).
By (5.8) and (5.9) we have

510) ey (l rCu ey + T

ic4

|2 (K den >)

Apply this relation with L¢ and K, ¢, ie4, in place of ¢ and substitute those
obtained thereby into the right-hand side of (5.10). By repeating such procedure,
it follows that for every p >0 there exists a constant C,= C(p, 4, ¢) satisfying that

p

(5.11) 1<, qben>|_| [” for all neZ4,

Let ¥, be a signed measure on [0, 174 defined by

Gal>=1f (EA( )) $()v(dx) for any feC([0, 174,

Then by (5.11) we obtain

lf exp(2n)/ — 1<y ,n)) VA(dyA)|—|_‘T'

Hence, 7, has a density p%(x ) of C*((0, 1)*)-class with respect to the Lebesgue
measure on X ,, which is given by

Fhx )= exp(—2n)/ ~1{x,,n)) Xf exp 2y — 1<y, ) ¥,(dy ).

Therefore, v, also has a probability density of C%-class in X,, because
x4~ Ex(x)/M is a C*-diffeomorphism from (0, 1)# onto itself.

We next claim that p,(x,) is strictly positive in X 4. Otherwise, p,(x,)=0
for some X = {X;},.,€X,. Since p, is smooth in X, there are positive constants
gy and C; such that

Pax)=Colx,—X, if |x;—X;]<e, forall ied.
This implies that for some C,>0
(5.12) VAUE)ISC e+t if <,

where U,(x )=[](X;—¢, X, +¢).

ied
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We choose §>0 so that U, (X)<(5,1—~06)* and v,[(5,1—0)*]>0. Let t
0
=inf {t>0: x;(t)e (5, 1—%) for some i€ A}, and set
t t 2
Mo—exp {—Zf bx6AD) g sy §BEEAT) ds}_

ied 0 ]/E(xi(s AT)) : iean alx(sAT)

Then it is easy to check that if §<x;<1—9¢ for all ie4, M, is a B-martingale
with E, [M,]=1, and for some constant C,>0 depending on ¢, t>0 and p>1

(5.13) E,[Mf]=Cs.
For xeX satisfying that 6<x;<1~¢ for all ie4, we define a new probability
measure P. on (@, % %) and new processes {B;()},., by
Pdw)=M,(w)P(dw) on &% foreach r>0, and
t b, x(S/\’C))
By=B,)+] R
][(x (sAT)

Then P is well-defined as a probability measure on (Q, %, %) and {B;()},.,

turns into an independent system of standard Brownian motions with respect
to P. Let us consider the following system of stochastic differential equations:

(5.14) yi(t)—x; —h/a (5)dBi(s) ieA.
By the condition (5.2), (5.14) has a pathwise unique solution, so that {y;(t)};., is
2

icA, we see that t=min {z;: ie A} and y,(t)=x,(t) for 0=t <t. Accordingly, if
0=x;=1—4 for all ieA

o o
mutually independent. Moreover, setting ri=inf{t>0: yi(t)e (*,1—5)} for

(5.15) Bx,0)eU (%), t<1]
=B[y,()-x|<et<t, forall ied]
=[TB0y(t)—%|<e, t<7,]

icA
= C48|A],

where C,>0 is a constant depending on ¢t and §. Here the last inequality is
deduced from the fact that the stopped diffusion y;(t At) has a transition
. L - . . o 0\2
density p(t, x, y) which is positive and continuous in (x, y)e (5’ 1—§> .
On the other hand, if 6<x;£1—6 for all ied, we have by Holder’s
inequality
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(5.16) Blx,()eU/(x,), t<t]
=E [M,;x,0)eUx,),t<1]
<E [MI1VP R [x,(t)eU(x )1'%,

where p>1,g>1and 1/p+1/g=1.
Combining (5.15) and (5.16) with (5.13) we have some constant C >0
satisfying that if 6 <x;<1—6 for all ie4,

(5.17) B Lx4(0€U,(X )] Cs et
Using the stationarity of v and (5.17)

(5.18) valU(x )]z | v(dx) B [x,()e U (x,)]

0Sx;51-6,ied

= Cy ey, [(6,1-6)"].

Choosing g such as 1<g<(|4]|+1)/|4], we see that (5.18) acnd (5.12) contradict
each other. Therefore it holds that p,(x)>0 for any x,€X,, and the proof of
Theorem 5.1 is complete.

Remark. Although b,(x) of the stepping stone model does not satisty (5.6) if m;
+0 for infinitely many i, the above argument is valid with a slight modifica-
tion so that Theorem 5.1 holds for it.

Theorem 5.2. Let v be a stationary state of the diffusion process (x(t), B) corre-
sponding to (5.1) under the conditions (5.2) to (5.4). For ieZ® we set

b(0)=min {b,(x): xeX, x,=0}, and
b,(1)=max {b,(x): xeX, x;=1}.

If b,(0)>0, then v[x,>0]=1, while if b,(1)<0, then v[x,<1]=1.
1/2

. . . . d
Proof. We will show it only in case that b;(0)>0. Since j —(u—)=oo by (5.2),
o a\u

there exists a sequence {e,} satisfying that ¢,>¢,, ;>...—0 as n—o0, and

&n du
En+1 a(“)

Let g,(u) be a continuous function on {0,1] such that the support of g, is
contained in [¢,, ,,¢,], {g,(u)du=1, and

1
<——
g, W= 2@ or &,

Suss,.
u 1
Set ¢,(u)= [g,(s)dsdt. Then a(u) @, (u) converges to zero boundedly as n— co,
and 0t
lim b,(x) ¢,(x;)=0  boundedly in x,>0, and

n— oo

bi(0) §,(x)2b0)>0  if x,=0.

=X
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Hence, applying (5.9) for ¥, (x)=¢,(x,), we get
0=lim {v, Ly, > 2 b;(0) v[x;=0],

which completes the proof of Theorem 5.2.

Now, we are in position to prove Theorem 1.5. Let v be an extremal
stationary state distinct from J, and 8,, appearing in Theorems 1.1 to 1.3. By
Remark of Theorem 5.1 it suffices to check the condition (5.7). We first notice
that if 6,€.%, then v[{1}]=0, since v has a non-trivial decomposition unless
v[{1}]1=0. Indeed, the conditional distribution v[-|{1}°] is stationary and v
=40, +(1 = v[-1{1}] with A=v[{1}]. In particular, if the selection parame-
ter s is non-positive, by virtue of Theorem 2.6 it holds that v[x,<1 for all i]
=1.

Hence (5.7) is verified for v=v, (0<c<1) in Case 1, because &%,
={v10=ZcZ1}, vy=394 and v, =9, (by Theorem 1.1}, and the process is in-
variant under the transformation {x,}—{1—x;}. In Case 3, if u=0, v>0, and
s<s,(<0), (£NFE, ,={»,6,} (by Theorem 1.3), so by the above observation
we have v[x;<1 for all i]=1. Moreover, we note that Theorem 5.2 is applica-
ble in this case, because b;(0)>0 for all i, and we get v[x,>0 for all i]=1. Thus
the condition (5.7) is verified in the subcase of Case 3: u=0, v>0 and s<s,. In
another subcase of Case 3 is also fulfilled the condition (5.7) since it is reduced
to the former subcase by the transformation {x;}—{l—x;}. In Case 2 there
exists a unique stationary state v by Theorem 1.2, and both b,(0)>0 and
b.(1)<0 hold because u>0 and v>0. Hence by Theorem 5.2, the condition
(5.7) is verified. We complete the proof of Theorem 1.5.

Remark. In the situation of Theorem 1.5 let A={0}. Then, the probability
density of the one-dimensional marginal distribution py(x,) of an extremal
stationary state v other than 6, and d,, appearing in Theorems 1.1 to 1.3,
satisfies the following equation;

(5.19) Polxg)=C-x3° =1 (1 —x,)**

{ ey, )

X eXp (2sx0+ ) yi—y)
1

where C>0 is a normalizing constant, m= ) m;, and
Jj*0

1
r(xg)= ‘;0 m; (f)x}. Do, 5 (X0s X ) dX ;fmpo(x,).
4

Here we note that 0 <r(y)<1 for any O<y<1.
(5.19) is deduced from (5.9) or specifically from the equation

(5.20) ‘f> (@d” +b¢)x)po(x)dx=0

where a(x)=x(1—~x)/2 and

b(x)=v—(u+v)x+sx(1—x)+mr(x)—x).
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In fact the Eq. (5.20) which is valid for all ¢ from C*[0, 1] is uniquely solved
among Lebesgue integrable functions on [0,1] up to a constant factor; a

solution is given .by C-a(x)” 1exp{ § (b/a)(y) dy}, which coincides with the
expression in (5.19).

To obtain a more information concerning p,(x,) we need to investigate the
function r(x,) in detail, but this problem remains open.

Appendix

In Sects. 2-4 we frequently applied certain comparison arguments as a basic
technique, whereas none of them so far are proved, leaving proofs depending
on them incomplete. So in this appendix we will establish some criteria upon
which to test the validity of comparisons which are made in this paper.

Let (x(t), P) and (x(t), P*) be two stochastic processes on the state space I:
={o=(0);s: %,=0,1,2,... (i€S), Y a;<co} where S is a given countable set.
For a, fel we write a<f if o, <p, for all ieS. Let A={(«, f)el xI: a Zf}. We
will say that the process (x(¢),P) can be embedded in (), P*) and write
(x(t), P)<(a(t), P*), if one can construct a process ((a(z), a*(t)), P) on the state
space A such that (x(t), P) and (o*(t), P) are stochastically equivalent to («(t), P)
and (a(t), P*), respectively.

Let («(t), P,),; be a Markov process on I and Q, , its infinitesimal genera-
tor. Here and below it is supposed that all Markov processes are minimal and
conservative without instantaneous states, so that — Z Q,,g<oo for all

o, and (a(f),P,) is the unique Markov process on I generated by {Q, ). Let
(a(?), B),er be another Markov process on I with a generator {QF ;}. Set

Io)={pel- P, (x(t)=)>0 for some (all) t>0}
and similarly for I*{(a). Given (x,, af)e A we also set
Aoy, af) = {(a, a*)e A: ael (o), a*el*(a¥)}.
Then for the order relation
(A1) (x(t), P, )<(a(2), P%)
to hold it is sufficient that there exists a family of non-negative numbers

R, . &, neAug, of), EFn such that

Ry, 6= Qo
yel*(ug), y2

(A2)
Ry, (7,0 = Qi g
vel(zo), v = f*
for all (o, &*), (B, f*)e A(2y, «§) with «=f and o* + *. In fact {R, ,} generates a
Markov process on A which realizes the required embedding, provided that it
satisfies (A.2).
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We write a £ as a complementary statement of a < f; and allow f; to take
negative integers under the convention that QF ;=0 if f£0. (The addition,
inequality etc. are extended naturally.)

Theorem A.1. Let (o, 0f)eA. i) Assume that for all (x, a*)e A(xq, 2F) and =+
(even for B2 0) the following condition is satisfied:
(A3) Qa,p.Z_Q::-v,ﬂ-yy lf _'yiﬁ—aéy

Qa,ﬂ§Q;k+y,ﬂ+y lf _’yéﬁ_aiy

Qa,ﬂ=Q:‘+?},ﬂ+y lf _yiﬁ—‘x$y
where y=o*—a. Then (a(t),B)<(a(t), P;’ia). ii) Assume that Qf ;=0 if acl*(af)
and Y min {f;—a;,0} < —2. Then (A.3) holds for all 20, so that (A.3) restricted

ieS

to Pel (f+a) implies the same conclusion as in i).

Proof. Given &=(o, a*)eA(0,, af) we must define non-negative numbers R,.,
appropriately. In below positive numbers will be assigned to R, , only when 7
is of the form

n=(f,a*), (@, a*+p—a) or (B a*+p—u);

and zero otherwise. Writing y=a* —a, we set for f+a

R o = .

S Q:ﬁ } if a—y<psa+y
Ré,(a,ﬂ+y) = Qa*,ﬂ+?
R

& (8,a%) =Qaﬂ—Q:*ﬁ :
T " P ila—yEpsadty
Ré,(ﬁ,ﬂ+7)=Qa*,ﬁ+v

Rf,(a,ﬁ+y):Q:*-ﬂ+Y_Qa’ﬁ} if a—y=pLo+y
Ry g.p:n=0usp

Re g.p4n=%0s if a—yfEBLa+ty

and R, ,=0 for all the other transitions. Clearly the condition (A.2) is satisfied,
so i) is proved. For the assertion ii) it suffices to check, under its assumption,
the claim that if 20, f+y% o and f+720, then Q% , ,=0. But, if one sets ¢
=f+y—a* the former three relations in this claim are transformed into ¢
+a%0, 6+7%0 and S+a+y=0, respectively, which together imply that

Y min {f;—«;,0} < —2; hence, by the assumption of the part ii), Q% .., ;=0,
ieS
completing the proof of the part ii).

Corollary A.1. Let (o, af)eA. Assume that Q*=Q and for all (o, a*)eA(0y, 0F)
and B=a, el the following conditions hold:

(A4) Q, ;>0 only if B is of the form:
B=ote or ate+e (i),

(AS) Q. 520y, p4y if BSa+y and B;<u; for some i¢suppy,
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(A.6) Q0 p=Qusypry if BHyza and ;>0 for some i¢suppy,
(A7) Qo p=0Qusypry I =P for all iesupp?y,
where y=a*—a. Then («(t), P, )<(a(t), Pag).

Proof. If —y£f—a, then either f,<o; for some i¢suppy or §;<a,—2 for some
iesuppy. Thus by (A4) and (A.5) we have the first inequality of (A.3); and
similarly for the second. If —y£B—aLy, then either there are two distinct
sites i and j outside of suppy such that f;>a, and f;<a«; or |¢,— ;22 for
some iesupp y, proving the last relation of (A.3) in view of (A.4) and (A.7).

In the next theorem will be compared two Markov processes (a(t), P,),.,
and (a(t), Py),.; governed by infinitesimal generators Q, ;, and Q7 ;, respectively.
We will suppose the stochastic monotonicity for one of them:

(A.8) (a(t), PY) S((t), B¥)  whenever a<p.
(See (2.4) for the meaning of the inequality above.)

Theorem A.2. Let o el be given. Assume that (A.8) holds and that for every
ael(a,) and for every finite sequence B, ..., " in I

Y (QF;—Q, S0 if axpt forall k
A9 B: B BF for 3k
(42 Y (QF;—Q. )20 if a<p* for some k.
B: B£ B for Vi

Then («(t), P,)<(«(t), P}) whenever ael(a,) and a < p.

Remark. i) For the conclusion of Theorem A.2 the condition (A.9) is necessary
regardless of whether the other assumption is valid. (Observe that if (A.9) is
violated, then dw/dt in the proof of Theorem A.2 actually attains a positive
value at t =0 for a non-increasing f) ii) Instead of the condition (A.8) one can
assume the corresponding monotonicity condition for (a(t), P,) without chang-
ing the rest of the theorem.

For the proof of Theorem A.2 we prepare two lemmas, which are varia-
tions of well known facts.

Lemma A.l. Let {a,} be a family of real numbers indexed by acl such that
Y la,| < co. In order that the inequality Y a, f (@) <0 holds for every non-negative,

ael ael

bounded and monotone non-increasing function f defined on I it is necessary and
sufficient that every finite sequence o*el, k=1,....n

(A.10) Y a.=<0

oz <ok for Ik

Proof. Set I'(t)={ael:f(x)>t} and h(t)= ) a, Then Y a, f(0)={h(t)de. I'()
aeI (1) a 0

is a2 monotone non-increasing subset of I'; hence it is a monotone limit of a set

of the form {o: a=Zo* for some k,1<k=<n}. (To see this make a truncation of

I'(t) and take as {«*} all the elements of the truncated.) Therefore (A.10)

implies h(£)<0, so Y a, f(x)<O0.
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Lemma A.2. Assume (u(t),P,) <(a(t),P}) whenever a<f and wel(x,). Then
(a(1), P)<(au(t), Pf) whenever o = and ael(a).

Proof. We will apply a compactness argument to a sequence of probability
measures of stochastic processes taking values in I. Let Q be the space of right-
continuous step functions from [0,c0) into I which is equipped with the
Skorohod topology. For two elements w, and w, from Q write 0, <, if
w;t)Zw,(?) for all t=0. This is a partial order relation, which is closed (i.e.
the order relation “<” is preserved in the procedure of taking a limit), for the
convergence in the Skorohod topology implies the convergence at every point
of continuity of the limit function. Now let the assumption of the lemma hold.
For simplicity we assume I(x,)=1. For each n there exists a stochastic kernel
p™(E, 1), &, nel x I such that if £=(o, ), then Y, p™(& n)=1 and the first and

ned

the second marginals of the probability p®(&,+) on the product space Ix I
coincides with the laws of «(1/n) induced from P, and P, respectively (set
P&, )=06,() eg if {¢A). The kernel p™ is constructed by applying an
allocation lemma as found in Pollard [10] together with a truncation argu-
ment; also its existence is a special case of Theorem 11 of Strassen [16] (cf.
also Theorem 2.4 of Liggett [9]). This kernel determines a discrete time Mar-
kov chain on the state space I xI. For each (x, f)eA it naturally induces a
probability measure P™ on the product space 2 x Q (equipped with the pro-
duct topology) in such a way that the first and second marginals of P® agree
with the laws on Q induced by {a([nt]/n), =0} from P, and P}, respectively,
and P™ is concentrated on A={(w,,w,)eQ2xQ: w,Sw,}. {P™} is relatively
compact in the weak topology of probability measures, for its marginals are
relatively compact. Let P be a limit point of P®. By the well-known lower
semi-continuity property of probability measures evaluated for a closed set the
probability P is concentrated on the closed set 4. Clearly the marginals of P
are identical to (a(t), P,) and (a(z), Py). Thus P realize the required embedding,
completing the proof of Lemma A.2.

Proof of Theorem A.2. Let f be a bounded non-increasing function defined on I
and set u(t,2)=E, [ f(a@)] and u*(t,0)=E}X[ f(x(t))]. Let us prove that w(t, «)
s=u*(t, ) —u(t,0) 0 for ael(ny). To this end we can assume f=20 so that
u*>0. In view of the differential-difference equation dw/dt=Qw-+(Q* —Q)u*
with w(0)=0 it suffices to show that (Q*—Q)u*=0 (on I(xy)). But this in-
equality is immediate by an application of Lemma A.l1 with the help of the
assumptions (A.8) and (A.9), if it is noted that (A.9) is a paraphrase of (A.10)
with a;=0%;—0Q, ;. Now Theorem A2 follows from Lemma A2 and the
monotonicity (A.8).
The next corollary is intuitive.

Corollary A.2. Let a,el be given. Assume that (A.8) holds and that for all
ael(a,) the following conditions are satisfied:

(A.11) *s>0 onlyif Bza—g,  for some i
(A.12) wp2Qup ¥ Pfa
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(A.13) Y (QF—0.9)50,, ,—0F, , foralli
Bra—eishta

Then (a(t), P)<(a(t), P§) whenever ael(a,) and a <p.

Proof. We must check the condition (A.9) of Theorem A.2. The second in-
equality of (A.9) trivially follows from (A.12). To check the first we note that
the sets of § under the summation sign in (A.13) are mutually disjoint for
different #'s. Let ¢; denote the left-hand side of (A.13) minus the right-hand one.
Then by (A.11) and (A.12) the left-hand side of the first inequality of (A.9) is
dominated above by the sum of ¢; over those i for which o;—120 and f*=«
—¢, for some k. Thus (A.9) is proved. The proof of Corollary A.2 is complete.
Let (), P)yers (@' (1), PY),.; and (a%(t), P2),.; be three Markov processes
with their generators Q, ,, Q) ; and Q7 ;, respectively. Let I'(x) and I*(x) be
defined in the same way as I(x). Recall the convention that Q% ,=0if f20.

Theorem A.3. Let a, and B,el be given. Assume that (a(t),P,) satisfies the
monotonicity condition (A.8) with P. in place of P* and that for every ocl'(o,)
and BeI*(B,) and for every finite sequence y*, ..., 7" in 1

Y (0, 440, —Qup )=S0 if a+BEY  for all k,

y:p <k for Ik

Yo ©Qh, 10k, =0, )20 if atf=y* for some k.
y:yE£yk for Yk

Then (a(t), P, ) S (o (1) + o2 (1), P} QP) for all aeI'(ay) and all feI*(B,).

Remark. The first one of Remarks to Theorem A.2 applies to Theorem A.3,
while the second one does not (at least as far as our proof is concerned). The
latter is because the sum of the two independent processes is no longer
Markovian.

Proof. We will proceed as in the proof of Theorem A.2. For a bounded, non-
negative and monotone non-increasing function f on I set

u(t, )=E,[f(@@®)], (o p=E, ®EF[f(«'()+a*()]

where the last expression means the expectation by P; @ P;. Let QNM be the
infinitesimal generator of ((o* (), (1)), P} @ P7):

;,a, if oo’ and f=p
Q(a’m,(a,’ﬂ,): wa, if p£=p and a=o
0 otherwise (but (2, f) =% (a', ).

Then w(t, o, B):=ii(t, o, f)—u(t, o+ ) satisfies the equation dw/dt=Qw-+R,
where

R(t9 aa ﬂ): z Q(a,ﬁ),(a’,ﬂ') u(t7 a,+ﬁ/)_ZQa+[3,y U(t, ’y)
Y ¥
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But R is rewritten ) h, 4 ,u(t,7), where
¥

(A.14) ha,ﬁ,vz olz.v~ﬂ+Ql%,y*a"Qa+ﬁ,v;

so the assumptions of the theorem verify that R £0 as in the proof of Theorem
A.2. Accordingly w=0.

We can state a corollary parallel to Corollary A.2, but here give another
version.

Corollary A.3. Let o, f,cl. Assume that the condition (A.8) with P, in place of
P* is satisfied and that for all ael'(a,) and all pel*(B,) the following relations
hold

Quip,>0 onlyif ySa+f+e, Jor some i,

ha,B,yéo lf’}’%(x-f—ﬂ,
Z RogyZ =Py g arpye Joralli

via+tfEyvSatfte
vi=ai+ i+l -

where h is defined in (A.14). Then the conclusion of Theorem A.3 holds.
The proof of Corollary A.3 is similar to that of Corollary A.2.

Remark. We so far restricted the state spaces of processes to elements of I, ie.,
configurations of non-negative integers on S, because only comparison between
such processes were concerned in the main body of this paper. When one
allows configurations to take negative integers too, do Theorem A.1 to Theo-
rem A3 remain valid? To make statements precise we set I
={aeZ5: Yle;] < co}. Then this is correct for Theorems A.2 and A.3 as well as
ieS

for their corollaries without any change except that I replaces I. To see this we
must extend Lemmas A.1 and A.2. The extension of the latter together with its
proof is valid with no alternation. Lemma A.1 also is extended, but for its proof
we need to think out a suitable manner of truncation: given a monotone non-
increasing subset I' of I, set I'"={aecl: a=f for some BeI’ such that f,<n if
ieS, and B;=0 if ieS,}, where S, is an initial segment up to the n-th in any
enumeration of S, to have that I'"1I, I'" is a non-increasing subset of I and the
maximal elements of I'™ is finite (the last of these three statements may be
proved by induction on n with a little difficulty). As for Theorem A.l its first
part is even more naturally stated for I than for I; the second part is rather
motivated by restricting it to I. Corollary A.l1 as well as i) of Theorem A.l
remains valid after replacing I with I. Finally we add one more remark: in
Theorem A.1 and its corollary one can replace I by I ={0e{0,1,2,...}%: ¥ |,
—nl<oo} (n=1,2,...). fes
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