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Summary. Estimators of the Palm measure of a stationary point process on
a finite-dimensional Euclidean space are developed and shown to be strong-
ly uniformly consistent. From them, similarly consistent estimators of re-
duced moment measures, the spectral measure, the spectral density function
and the underlying probability measure itself are derived. Normal and
Poisson approximations to distributions of estimators are presented. Appli-
cation is made to the problem of combined inference and linear state
estimation.

0. Introduction

“Frequency domain” statistical inference for stationary point processes has a
reasonably lengthy but also somewhat sporadic history. Such early papers as
Bartlett (1963, 1964, 1967) proposed methods of estimation for spectral density
functions that are analogous to techniques used for ordinary time series;
asymptotic properties, however, were often only incompletely described. With
the exception of Brillinger (1972, 1975) relatively little development has occur-
red since. At the same time, enormous strides have taken place in the theory of
stationary point processes, most notably concerning the fundamental role of
Palm measures. In addition, recently derived spatial ergodic theorems permit
one to obtain new kinds of consistency results.

One purpose of this paper is to apply these recent developments in order to
establish strong uniform consistency and asymptotic normality of estimators of
spectral measures and spectral density functions of stationary point processes
on IR% These we obtain as consequences of results that extend and refine
consistency properties of estimators of Palm measures demonstrated in Kricke-
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berg (1982). Our more powerful consistency theorems also allow estimation
of the law P of the point process, rather than only the Palm measure P*.

Organization of the paper is as follows. Section1 contains background
material on stationary point processes, Palm measures, and ordinary and
reduced moment and cumulant measures, together with a spectral representa-
tion theorem for stationary point processes. In Sect.2 we present a variety of
strong consistency theorems: for Palm measures, reduced second moment
measures, spectral measures, spectral density functions and the probability law
of the point process; the first four of these establish strong uniform con-
sistency. The setting is completely nonparametric and the underlying space,
while Euclidean, is of arbitrary finite dimension. Normal and Poisson process
approximations to (scaled) stationary point processes are described in Sect. 3.
Our central limit theorem generalizes that of Jolivet (1981). Finally, Sect.4
applies consistency theorems to the problem of combined statistical inference
and linear state estimation.

1. Preliminaries

Let E=IR? where the dimension d is arbitrary but fixed and for each xeE let
1, be the translation operator y—1,y=y —x. Lebesgue measure on E is denoted
by dx or 4, as convenient. Let the sample space 2 be the set M, of locally
finite, simple point measures on E, endowed with the Borel os-algebra %
engendered by the vague topology (see Kallenberg 1983); let N be the coor-
dinate point process N(w)= . For each x define 8,: Q—>Q by

Nef =N<;'; (1.1)

note that 0,=1I, the identity mapping on Q, and that 6,0,=0,,  for each
x and y. Given a probability P on (2,9), N is stationary with respect to P
if the flow (0,) is measure-preserving for P: PO '=P for all xcE. The for-
mulation is due to Neveu (1977), to which the reader is referred for details;
equivalently, N is P-stationary if and only if Nt '=N in P-distribution for
each x. An event I'e¥ is invariant if 7' T'=T for all x; the probability P is
ergodic if P(I')=0 or 1 for every invariant event I. Our consistency results are
proved within the statistical model & of ergodic probabilities under which N is
stationary. For asymptotic normality we require further assumptions - finite-
ness of reduced cumulant measures - that bring about only weak dependence
of distantly separated portions of N. In all cases our asymptotics pertain to
single realizations of N observed over increasingly large compact, convex
subsets of RY,

For each probability P under which N is stationary there exists (Neveu
1977, Theorem 114} a unique o-finite measure P* on Q, the Palm measure of P,
satisfying

E[{H(0,», x) N(w,dx)]=E*[{ H(w, x)dx] (1.2)

for every bounded, measurable function H: 2 x E—~IR, where E* denotes “ex-
pectation” with respect to P* When P*(Q)<oco the probability PRy(-)
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=P*(+)/P*(Q) is the Palm distribution; its heuristic interpretation is that P(-)
=P{-|N({0})=1}, ie., B, is the distribution of N conditional on the (null)
event that a point is located at the origin.

Moment measures are also important. For each k, let N* be the k-fold

product measure
N¥dxy, ...,dx)=N(dx,) ... N(dx,);

then N admits a moment of order k with respect to P if the measure
wdxy,...,dx)=E[N*(dx,, ...,dx,)] (1.3)

is locally finite, in which case y* is termed the moment measure of order k. For
zeE*=1 let 4, be the image of Lebesgue measure 2 under the mapping x —
(z,+x,...,2z,_, +xx) of E into E*. By stationarity, each extant moment measure
p* admits a disintegration (see Krickeberg 1974, 1982)

pr= | 2, 4dz), (1.4)
Ek*l
where p¥, a measure on E*7', is the reduced moment measure of order k. In
particular, for k=1, E*"'={0} and u}=ve,, with the scalar v known as the
intensity of N.
Cumulant and reduced cumulant measures are defined analogously. If N
admits a moment of order k then the measure

k
A (T14) =Z (= 07-0r1- e (11 4) (15)
j=1 ¢ jedy
is the cumulant measure of order k. In (1.5), ([]f) (x)=[]f,(x) and the sum-
mation is over all partitions #={J;,....J 5} of {L,....,k}. The reduced cu-
mulant measure % satisfies

Y= | AvEdz); (1.6)
Ek-1

it is a signed measure in general, but whereas moment measures, reduced
moment measures and cumulant measures are not finite except in trivial cases,
reduced cumulant measures may be finite, in the sense of having finite total
variation; this finiteness (which is analogous to integrability of the covariance
function of a stationary process on R) implies that distant parts of N are
nearly independent.

The covariance measure p is the reduced cumulant measure of order two;
for it the disintegration (1.6) becomes

pldx)=pZ(dx)—v*dx, (1.7)

so that estimation procedures applicable to reduced moment measures yield —
by substitution - estimates of the reduced covariance measure; these are
applied in Sect.4 to the problem of combined inference and linear state
estimation. When N is a Poisson process with intensity v, then p =vg,, a
manifestation of the independent increments property of N.
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The crucial relation between Palm measures and reduced moment measures
is that the latter are ordinary moment measures with respect to the former.

Lemma 1.1. Let N be a stationary point process admitting moment of order k=2.
Then
e =E*[N*-1]. (1.8)

The proof is given, for example, in Krickeberg (1982), as is that of Lem-
ma 1.2 below. Under the convention that E°={0}, so that ul=ve,, (1.8)
obtains for k=1 as well, becoming v= P*(Q). Thus P*(Q)< co if and only if N
admits a moment of order 1.

Frequency domain analysis of a stationary point process is based on the
spectral representation. Denote by & the class of infinitely differentiable func-
tions on E with compact support and denote the Fourier transform of eZ by

Y (v)= |y (x)dx, (1.9)

where {-,*) is the inner product on R?; J belongs to the class & of rapidly
decreasing functions on E (see Rudin 1973, or Yoshida 1968). The inverse
Fourier transform of ye% is

Y(x)=(1/2m) [ e~ ® Y (v) dv. (1.10)

If N is a stationary point process admitting moment of order two, there exists
(see It6 1955, and also Daley 1971 and Vere-Jones 1974) a unique complex-
valued random measure Z on E, with orthogonal increments, such that for

Ve, .
N(l//)=}_sf ¥ (v) Z(dv); (1.11)

this is the spectral representation of N. The measure

F(dv)=E[|Z(dv)|*] (1.12)
is the spectral measure of N.
As might be anticipated, the spectral measure and reduced second moment
measure are linked intimately; this link is used in order to estimate spectral
measures.

Lemma 1.2. Let N be a stationary point process with moment of order two. Then
the reduced second moment measure and spectral measure fulfill the Parseval

relations .
L) =F) (1.13)
and .
F(y)=pi(¥) (1.14)
for Yyep.

We conclude the section by describing the nonparametric estimators whose
properties are developed in the remaining sections. Let N be a stationary point
process with unknown probability law P, and suppose that a single realization
of N has been observed over a compact, convex subset K of R% The funda-
mental estimators are those (see Krickeberg 1982), of the Palm measure: for
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H: QR _, P*(H)= [ HdP* is estimated by

*(H)~m}< (N 7Y N(dx). (1.15)

While a “method of moments” justification stems from (1.2):
E[P*(H)]=A(K)"" E[| H(N>0,) N(dx)]
K

= 2(K)~'E*[H(N) [ dx]=E*[H(N)]= P*(H),
K

in other words these estimators are unbiased, a more compelling justification is
based on the conditioning interpretation of P*. For each xeK that is a point
of N - and only such x contribute to the integral in (1.15) - Nt;! has a point
at the origin, and therefore P*(H) is just a weighted average of H-values of
translations of N placing each point in turn at the origin. In (1.15) and
throughout the paper we suppress dependence on the “sample size” K, but this
interpretation is only rather loose because P*(H) may not be measurable with
respect to the o-algebra #Y(K)=o(N(B): BcK) representing observation of N
over K. In many specific cases, there is a bounded set A (depending on H) such
that H(u)=H(u,), where u, is the restriction of u to 4, which renders P*(H)
measurable with respect to % N(K+4A). This is not true, however, of the
estimators F and f below.

The remaining estimators are derived from P* by substitution. For esti-
mation of the intensity, taking H=1 in (1.15) yields the (obvious) estimator V¥
= N(K)/A(K), which is #"(K)-measurable. For estimation of the reduced sec-
ond moment measure, choosing H(N)=N(f), where fe C, (E) (the set of posi-
tive, continuous functions on E with compact support), gives

()= i(K { N(dx) [ f(y~x) N(dy) (1.16)

as #"((supp f)— K)-measurable estimator of uZ(f)={fdpu’. Using (1.14) and
(1.16) we then obtain

Fip)=p W)= fN(dX)W(y x)N(dy) (1.17)

as estimator of the spectral measure F.
The appropriate spectral density function is not that of F, but rather that of
the covariance spectral measure F,, which satisfies the Parseval relation

(W) =F,). (1.18)

It follows that the covariance spectral density function J,(v)=(dF,/di)(v) satis-
fies

1 .
f,,(v)=§—7;E*UE‘“”’”(N—M) @y, (1.19)



60 A.F. Karr

and therefore we have substitution estimators

1
27 A(K) &

)= [ N(dx) e~ 12— (N —v J) (dy). (1.20)
A shared shortcoming of the estimators F and f; is that they cannot be
calculated from observation of N over compact sets. One method of approxi-
mation by estimators requiring only observation over compact sets is trun-
cation. For example, the estimator F would be replaced by

P = I NG9 [y = N @)

Since

\F(p)—F' [N@x) | W(y—x)IN@y),
RAK

e
and since { is rapidly decreasing, asymptotic properties of the Fowill -
possibly under mild additional assumptions ~ be those of the F.

Finally we investigate estimation of P itself, using estimators

P(H)= : §N@x)[H(N<;!)dy. (L.21)

vAK) &

For these and all of the other estimators, we establish strong consistency.

2. Strong Consistency Theorems

For K bounded and convex, let §(K) be the supremum of the radii of Eu-
clidean balls contained in K. In order to have the “infinitely much” data
necessary for consistent estimation we shall require that 6(K)—oo; the crucial
geometric consequence of convexity is that convex sets grow more rapidly than
their boundaries: for every >0, A((0K)%)/A(K)—0, where (0K)® is the set of
points within distance ¢ of the boundary of K.

Here is our main consistency theorem, for the estimators P*,

Theorem 2.1. Assume that P is ergodic and that the intensity v is positive and
finite, and let # be a uniformly bounded set of continuous functions on Q that is
compact in the topology of uniform convergence on compact subsets. Then almost

surely with respect to P,
lim sup|P*(H)— P*(H)|=0, (2.1)

5(K)— 0 Hedt
where P*(H) is given by (1.15).
Proof. We combine appeal to the spatial ergodic theorem of Nguyen and

Zessin (1979) (as in Krickeberg 1982) with arguments adapted from Karr
(1985). First let H be a fixed element of C(Q); then the random measure

M(A)= [ H(N =z ) N(dx)= | H(N°6,) N(dx)
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is covariant with respect to (6,), i.e, M(r A)o8 =M(A4) for all 4 and x. It
follows that Proposition 4.23 of Nguyen and Zessin (1979), which even though
the argument provided there requires minor emendations, is correct, applies,
with the consequence that

lim P*(H)= lim M(K)/A(K)=E[M([0, 1]%]=P*(H) (2.2)

S(K)~> 0 5(K)— o0
almost surely (and in L'(P) as well, but we do not pursue this aspect). In
particular, from the choice H=1 we infer strong consistency of the estimators
V= N(K)/AMK):
lim ¥= lim N(K)/A(K)=v (2.3)
S(K)— S(K)— o0

almost surely with respect to P.

Turning to the set #, given ¢>0 there exists by finiteness of P* (recall that
P*(Q)=v) a compact subset I' of Q such that P*(Q\I')<e; we may without
loss of generality suppose that I' is a P*-continuity set, i.e., P*(0I')=0. More-
over, there exist ﬁl,...,ﬁLe% such that to each H et there corresponds
¢(H)e{1,...,L} for which |H—Hgl, (=sup{{H(@)—H,gl0)l: wel})<e
Then assuming, as we may, that (2.2) holds for H,, ..., H;, and that (2.3) bolds
as well, in the decomposition

sup 1ﬁ*(H)—P*(H)|§I§u§ \P*(H)— P*(H )|
+max ’P*(H[) - P*(I'NI/)I
¢

+Is{u;;[P*(I-IZ(H))—P*(H)[, (2.4)

the second term converges to zero almost surely by (2.2). Concerning the third,
for each H,

|P*(H, ) — P*(H)| S [P*(Hy gy 1) — P*(H 1)
+[P*(FII(H) Lpe)—P*(H 11|
SePX()+ P*(I)sup [H|,
He

Se(v+sup [H| ), (2.5)
Hest

so that this term can be made arbitrarily small by proper choice of &. Finally,
by straightforward arguments (Karr 1979), (2.4) implies that almost surely
P*— P* vaguely as Radon measures on Q, and hence also weakly, by appeal to
(2.3). Because I' is a P*-continuity set, almost surely P*(I)<e for all suf-
ficiently large K; consequently

sup | P*(H) — P*(H, )| <& P*(I')+ P*(I")sup | H| ,,
Hex Hes#
<ev+sup |H| )
He#

once 6(K) is large enough, which completes the proof. [
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Strong consistency of the estimators 42 of (1.16) of the reduced second
moment measure will be shown in two forms, the first more intrinsically useful
for estimation of p2 and the second directed at estimation of the spectral
measure.

Theorem 2.2. Assume that P is ergodic and that under P, N admits a moment of
order two, and let [i% be given by (1.16). Let A be a compact, uniformly bounded
subset of C_(E), each element of which is supported in the same compact subset
K, of E. Then almost surely

lim sup|a;(f)—pa(f)=0. (2.6)
3K)— o fex

Proof. Given feX, define H;: Q—IR by H.(u)=pu(f). Then H, is continuous,
and the proof will be effected by showing that the mapping f—H, of C_(E)
into the set of bounded, continuous functions on  is itself continuous, for then
# ={H;: fex'} is the continuous image of a compact set, and is hence
compact; at this point, (2.6) follows from (2.1). Let I' be a compact subset of Q;
then a=sup{u(K,): uel'} is finite, and consequently for f, ge A

sglrngf(u)—Hg(u)l =it€1plu(f)-ﬂ(g)l Sallf—gle

which verifies the requisite continuity. [

Theorem 2.3. Assume that P is ergodic and that N admits a moment of order two.
Let A" be a compact subset of 9, all of whose elements are supported in the
same compact subset K, of E. Then almost surely

lim sup| a3 ()~ 3 () =0. 2.7)
3(K)—> o0 yreX
Proof. Since 1\ does not have compact support, (2.7) does not follow from (2.6).
Instead, we follow with minor modifications the reasoning used to prove
Theorem 2.2. In view of (2.3) we first replace Q=M, in the proof of Theorem
2.1 by M,(v)={u: lim u(K)/A(K)=v}. As in the proof of Theorem 2.2, define
H, ()= u(lﬁ), WeA; then it suffices to show that the mapping n//—>H,,, is con-
tinuous, for then we may appeal to a minor alteration of Theorem 2.1 in order
to conclude the proof. By compactness of J and continuity of the inverse
Fourier transform (Rudin 1973, Theorem 7.7), given ¢>0 there is a compact
subset K, of R? such that
sup [ [f(x)|dx<e. (2.8)

yed K$
Given a compact subset I' of M, (v), for all ¥, pe A
sulew(u)—H(;,(ﬂ)l=Suplu(tﬁ)—u(q3)l
ne

ssupl [ Fdu— [ au

uel K,

+sup| [ Ydp— f¢dul

uel' K¢

< [sup p(Ky)] b — ¢H o126
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(by (2.3) and (2.8))
< [Sugu(Kl)] Y-l +2¢

(Rudin 1973, Theorem 7.5)
< [Sug#(Kl)] I — bl ., A(Ko)+2e,
ue

which gives the necessary continuity since K, depends on neither  nor ¢. [J

Corollary 2.4. Let A be as in Theorem 2.3 and let F be the estimator of the
spectral measure given by (1.17). Then almost surely

lim sup|F(y)—F()=0. (2.9)
S(K)— o et
By the same pattern of reasoning, that is, because the mapping of velR?
into the functional

H,(w=[e """ (u—v2)(dy)

on M,(v) is continuous, we obtain the following consistency theorem for the
estimators f,(v) of the spectral density function.

Theorem 2.5. Assume that P is ergodic and that under P, N admits covariance
spectral density function f, satisfying (1.19). Let f, be given by (1.20); then for
each compact subset K, of E, almost surely

lim supl|f,(v)—f,()=0. (2.10)
3(K)— 0 veKy
It is instructive to compare the estimators f; with periodogram estimators
commonly used in statistical analysis of stationary point processes (see for
example Brillinger 1975; or Cox and Lewis 1966). In our setting the per-
iodogram is given by

f)=re

— —i(u,x)N 2‘
37K I{ ¢ (@x)l

Even for E=R and K=[0, T] with T— oo, the periodogram is not a consistent
estimator of the spectral density function, which is related to second moment
properties of the periodogram. By contrast, the estimators f; of (1.20) are
strongly uniformly consistent in the sense of (2.10) - but at the price (even if
truncation is imposed) that their computation is quadratic in N(K), rather than
linear. Thus neither estimator seems clearly superior.

Finally we consider estimation of the probability law P itself. Even though
P is uniquely determined by the Palm measure P* and even though, as the
preceding development confirms, many of the main functionals of P of interest
in inference are easily expressed as functionals of P* as well, estimation of P
remains an important problem. Qur estimators P(H), given by (1.21), are
motivated by the identity

E[N(K)H(N)]=E*[| H(N tZ;)dy], (2.11)

which follows at once from (1.2).
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In the following theorem we establish strong - but not uniform ~ con-
sistency of the estimators (1.21); indeed strong consistency in Theorem 2.6
requires the full force of uniformity in Theorem 2.1.

Theorem 2.6. Assume that P is ergodic and that the intensity is positive and
finite, and let H be a bounded, continuous function on Q. Then for the estimators

_ 1 )
P(H)=W£N(dx)£H(NTx_1y)dy,

we have P(H)— P(H)= { HdP almost surely as 6(K)— 0.
Proof. For each K, by (2.11)

i
vy 4

dx) | H(N r;_ly)dy—P(H)I

< [P(H)— ELH(N) N(K)/MK)]}

{EX[H(N z;)]dy—~ _fN(dx)jH(Nt Jdyl. (212

JX(K)
Since N(K)/A(K)—v in L' (see discussion in the proof of Theorem 2.1),
v~ E[H(N}N(K)/2(K)}]— E{H(N)]= P(H), so that the first term in (2.12) con-
verges to zero. By Theorem 2.1 applied to the family # ={u—H(ut2)} (we
omit the straightforward verification of the hypotheses) we infer that

A? (K)

2 (K) {H(N <21, N(@dx)—E*[H(N 1~ })] (2.13)

uniformly in y, which by an analytical argument (for which uniformity in (2.13)
is crucial) implies that the second term in (2.12), whose components are A(K)*
times the dy-integrals of the two sides of (2.13) over K, converges to zero
almost surely. []

3. Normal and Poisson Approximations

In this section we present a central limit theorem and Poisson approximation
theorem complementing the consistency theorems of Sect.2. For brevity we
work only in the context of Theorem 2.1, which is, after all, the principal result
in Sect. 2.

Our central limit theorem extends the conclusion of the central limit
theorem of Jolivet (1981) for estimators or reduced moment measures (of which
the estimators (1.16) correspond to the reduced second moment measure), but
does not weaken the hypotheses.

Theorem 3.1. Suppose that P is ergodic, that under P moments of N of every
order exist, and that each reduced cumulant measure 7, of order k=2 has finite
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total variation. Then there exists a centered Gaussian process {G(H): He C(Q)}
such that for each H,

MKYE[P*(H) — P*(H)] - G(H), (3.1)
where — denotes convergence in (P-) distribution.

Proof. Consider the class A of functions H of the form
Hp= ) ;o= ()%, (32)
j=1

where the ¢; are real constants, k; and d; are positive integers and fe C(E%—1).
This class 4 of “polynomials” is a vector space and an algebra (i.e., is closed
under pointwise multiplication) and evidently separates the points of €; con-
sequently by the Stone-Weierstrass theorem, the (uniform) closure of A is C(£).
It suffices, therefore, to show that (3.1) holds whenever H has the form (3.2). By
the continuous mapping theorem, this last assertion holds if for each n,
ki,...k,and f;, ..., 1,

AKYELEL (S, -or SN = WS, s (S (G(HY), ..., G(H,)), (3.3)
where Hj(u)=p%~'(f;) and where 2% (f)=A(K)~' | N*~'o0 (f) N(dx). Using the
K

Cramér-Wold device we can reduce (3.3) to show that for each k and f,

AR LA (f) = ()] —— G(Hy), (3.4)

where H (u)=u*"'(f), but (3.4) holds, in the presence of our hypotheses, by
Jolivet (1981), Theorem 1. [

The hypotheses of Theorem 3.1 are rather severe, in part because of the
generality of the convergence condition that 6(K)—oo. Another shortcoming of
normal approximations in general is that they are ineffective for estimation of
small probabilities. Poisson approximations, by contrast can estimate small
probabilities and, moreover, have a lengthy history (see for example, Cinlar
1972) in the context of point processes. Unfortunately, however, in the follow-
ing theorem the severity of the assumptions in Theorem 3.1 is not mitigated.

For each r>0 let B, be the closed ball of radius r centered at the origin.

Theorem 3.2. Let I, r>0, be decreasing events for which there exists a finite
measure & on Q such that

Hm rP*(- N L)=£&(¢) (3.5)
in the sense of weak convergence. For each r let N, be the point process on
Q x B, defined by

N=Y 1(N 15 eD) 1(X,€B,) énezt, xyn- (3.6)

If the hypotheses of Theorem 3.1 are satisfied, then as r—co, N,—%>N,
where N is a Poisson process with mean measure #(I" x B)=&(I") A(B).
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Proof. We verify first that E[N,]—# in the sense of weak convergence; indeed
for I' a &é-continuity set,

E[N(I' xB)]=E[[1(Nt;'el nI;})1(xer B) N(dx)]
B,

(where r B={rx: xeB})
=P*(Nel'nI)A(B,nrB)

(by (1.2))
=P*(NelI' nI)r* (B, B)
=P*(Nel nL)r* A(B)~&(IN) A(B).

It follows from this computation {cf. Kallenberg 1983, Lemma 4.5) that (N,) is
tight and hence it suffices to show that for any “subsequence” (N,) converging
in distribution the limit is Poisson with mean measure #. For this, it is
sufficient by (Kallenberg 1983, Theorem 4.7) to verify that

P{N,(I' x B)=0} e~ " *B® (3.7)

for I' a &-continuity set and B a Borel subset of B,. Under the assumptions of
Theorem 3.1, in the manner of Jolivet (1981), one may use (3.5) and the
computational rules of Leonov and Shiryayev (1959) to evaluate the cumulants
of N.(I' x B); with computational details omitted, the result is that for each ¢£"-
order cumulant ¢, of N.(I'xB) converges to 5(I xB). Consequently (3.7)
holds. [

4. Combined Inference and Linear State Estimation

In this section we apply the estimation procedures developed in Sects. 1 and 2
to construct approximations to minimum mean squared error (MMSE) linear
state estimators of unobserved portions of N, when the probability P - under
which N is stipulated to be stationary - is unknown.

Let us first suppose that P were known, and introduce the centered process

M(f)=N(f)—vAf)=[fdN-v|fdi, (4.1)

where v is the P-intensity of N. The linear state estimation problem is this:
given data #~(A) representing observation of N over a bounded set A with
2(4)>0 and a function f (without loss of generality, vanishing on A), calculate
that function f on 4 for which

E[(M(f)-M(PISEIM() —M(g)*] (4.2)

for every function g on A. Thus M(f) is the optimal (in the MMSE sense)
linear predictor of the unobservable random variable M(f) given the obser-
vations #¥(4), and hence M(f)+v i(f) is the optimal linear state estimator of
N(f). With P known, derivation of f is straightforward.

Proposition 4.1. Assume that N admits a moment of order two under P and let p,
be the reduced covariance measure. Given f vanishing on A, the function f
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satisfying (4.2) is the unique function such that
[jlf(y)p*(dy—XF [10pdy—x) (4.3)

for A-almost all xe A.

Proof. By standard Hilbert space theory, M(f) is the projection of M(f) onto
the linear space spanned by {M(g): geL?(A)}, and consequently the unique
solution of the normal equations.

E[M(/)-M(/)M(g)]=0, gel*(4). (4.4)

With p the ordinary covariance measure,

E[M(f)M(g)]= [ g(x) f(y) p(dx,dy)
=£ gX)[f f(¥) p,(dy—x)]dx;

consequently (4.4) is equivalent to
0= g [ fO) pudy—x)= [ f() p,(dy—2)]dx,
A 4

confirming (4.3). []

Suppose now that P is not known, specifically that p, is unknown; nev-
ertheless state estimation may be equally as important as when P is known.
We shall construct “pseudo”-state estimators that approximate the “true” state
estimators M(f) arising from (4.3) and describe their asymptotic behavior.
More precisely, let fe C(E) be fixed (recall that f has compact support) and
suppose that N is observed over compact, convex sets K such that K n(supp f)
=@. We then construct, using estimators p,=p2 —9>1 of p, based on the
observations #~(K), estimators f of the solution to (4.3) with A=K, and
establish that M(f— f)—0 (in an appropriate sense) as 6(K)— co.

The estimator

pu=ily— 0% (43)

is obtained by substituting into the identity (1.7) the estimators V= N(K)/A(K)
and 12, the latter given by (1.16). Given p,, let f=f; be the unique function
on K minimizing

0B oldy =)= f3) Py(dy—),- (4.6)
As pseudo-state estimator based on the observations #~(K) we then take
M(f)= I{ FAN =D Mf 1. (4.7)

While the function f in Proposition 4.1 seems to depend on A there, in fact it
does not: there exists a single function feI?(E) such that for each 4, f,=f1,
is the solution to (4.3). Consequently M(f) is an approximation to the true
state estimator.
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M(f)= [ fdN—v1(f1y). (4.8)
K

Theorem 4.2. Assume that P is ergodic and that the reduced covariance measure
Py has finite total variation. Then as 6(K)— oo, M(f)—M(f)—0 almost surely.

Proof. We begin with the decomposition
M(N)=M(f)= [(f= AN+ =D U1+ IS ) =M 1]- - (49)

The second term is dealt with most easily; by ergodicity of P, #—v almost
surely and hence since feI2(E) this term converges to zero as d(K)— oo.
We next show that almost surely f —f converges to zero in I2 Indeed,

1§ F0) D uldy =)= FO) pdy—2)I
I FO) D,y =)= F() puldy =),
I fO) Aldy—) = f) pudy—)l,
SIS SO puldy—)=§ f(3) pldy =),
HIF SO Aaldy =) =§ SO pyldy =),
(by (4.6))
SIS f0)puldy =) =J fO) puldy =)
20 W) Buldy ) =§ fO) py(dy—)l;
= 1§ f0) puldy =)= T pldy =),
F2 W) Py =) =[ fF) p(dy =)l
which converges to zero by Theorem 2.1 applied to the estimators g,.

In view of the preceding paragraph, the third term in (4.9) converges to
zero almost surely, and so also does the first, which completes the proof. [
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