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Let (Q, #,%,X,,0,, P*) be a standard process with state space E (locally com-
pact with a countable base) and (V)),. , its resolvent. It is known and easy to
check that the following relation holds:

) lim AV, f(x)=f(x), for each fe%.(E) and each x€E.
A— 00

If (K,) is an increasing sequence of compact sets such that K,cK,,, and
| JK,=E, it follows from the quasileft-continuity of the process that the se-

quence of hitting times T, converges to {. Therefore if we denote by I, the
family of all A-excessive functions s which satisfy the inequality V, 1<s on the
complement of some compact set K= K(s), depending on s, then from Hunt’s
balayage theorem one easily deduces the following relation:

(2) infI;=0, for cach 1>0.

The aim of this paper is to prove a partial converse. Namely Theorem 4.3
in the text states that each sub-Markov resolvent (V)),. , satisfying the proper-
ties (1), (2) and the following one

(3) V,4.(E)<%,(E) for each A>0,

produces a Hunt process. This result generalises the classical theorem which
associates a Hunt process to each Feller semigroup (see [1] or [4]).

The paper is divided into five sections. The first section recalls a result about
convex cones of functions. Then in Sect. 2 we study the excessive functions
under the assumption that the resolvent has a finite potential kernel. This as-
sumption is also kept through Sect. 3 and 4 because it produces much simplifi-
cation in the exposition, although it is not necessary for the proof of the main
result. Two essential properties are presented in Proposition 3.2 and Corol-
lary 3.4. They state that each continuous function with compact support can be
approximated in a suitable sense with continuous excessive functions. These
properties are substitutes for the fact that each continuous function with com-
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pact support could be uniformly approximated with continuous excessive func-
tions in the case of a Feller semigroup.

Section 4 contains the construction of the process. First we use a general
theorem about Ray resolvents on locally compact spaces in order to produce a
semigroup of kernels. Then the construction of the process follows the lines of
Meyer’s proof from [4]. Therefore the details are omitted. We emphasise only
two points that are different from the classical situation. The first point con-
cerns the existence of right and left limits near {. The second point is quasileft-
continuity at {. Section 5 is somewhat independent of the preceding sections in
the sense that it does not use any of the previous results. However the main
result of this section is essentially used in Sect. 4. It retakes the construction of
a semigroup from a Ray resolvent in the case of a locally compact space.

While the probabilists were satisfied with the construction theorem which
associates a Hunt process to each Feller semigroup, other authors working in
potential theory were interested in constructing semigroups and processes from
resolvents which act on spaces of functions having a more complicated be-
haviour near infinity. So our paper follows the works of Boboc-Constantines-
cu-Cornea [8], Hansen [9] and Taylor [7].

We note that J.C. Taylor was the first to study Ray resolvents and Ray
processes on locally compact spaces and two of his results (namely Theo-
rems 1.7 and 3.4 from [7]) are generalised here.

Thanks are do to K. Janssen who pointed out the error from [6], which was the starting point
of this paper.

1. Preliminaries on Cones of Functions

Let E be a locally compact space with a countable base and let & be a convex
cone of lower semicontinuous nonnegative numerical functions on E such that
the constant function 1 belongs to & Denote by &* the family of all uni-
versally measurable non-negative numerical functions f such that u(f)<f(x)
for each xeE and each measure p which fulfils the inequalities u(s) < s(x) for all
se&. Obviously &* is a convex cone stable under infimum. Further let 7 be
another convex cone such that ¥« <« &*. If f: E-R is an arbitrary function
we use the notation

TRf=inf{seT /f <5},
provided the set in brackets is not empty. The function 7 Rf is called the re-

duite function. If f<0 we have 7 Rf=0. We shall denote by D(7) the family of
all continuous functions f which have the following properties:

- there exists seZ such that | f|<s and
- inf{7 R(ycx| f)/K compact set}=0.

It is easy to see that D(J) is a vector lattice which contains the space 4.(E)
and that 7Rf < oo for each feD(7).
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The next result was proved in [6 p.76] in the case I =%* The proof
given there is still valid in the more general case stated here.

Theorem 1.1. Let f: E-R be an upper semicontinuous function such that there
exists a function geD(T) with f<g. Then for each point xeE there exists a
nonnegative measure p Such that

w(s)<s(x)  for each se and 7 Rf(x)=pu(f).

2. The Cone of Excessive Functions

Further let (V,),,, be a sub-Markov resolvent of kernels on E satisfying the
following two conditions:

(2.1) V,%6.(E)c%,(E), for each 120, where Vy=supV, and
A

(22) lim AV, f(x)=f(x), for each fe%.(E) and xeE.
A—oc0

A function s: E—~[0, co] will be called excessive provided:

1° s is universally measurable,

2° 2V,s<s, A>0 and

3% 5(x)=lim AV, s(x), for each xeE.
A—oco

It follows from (2.2) that each lower semicontinuous function s: E—~[0, co]
satisfying conditions 1° and 2° is in fact excessive. The family of all excessive
functions is a convex cone that will be denoted by &. The subcone of all real
valued continuous excessive functions will be denoted by &,. Following G. Mo-
kobodzki [5 Chap. III] we next present some basic properties related to the
cones & and &,. We have V%" (E}=d&,. The monotone class theorem shows
that V, fe&¥ for ecach Borel nonnegative function f, and hence the same is true
for f universally measurable and nonnegative. By standard arguments on ex-
cessive functions it follows & < &X*.

Theorem 2.1. 1° If f is a lower semicontinuous function, then the reduite *Rf is
also lower semicontinuous and excessive.

2° If f is an upper semicontinuous function and there exists a function
geD(&,) such that f<g, then

é”chz é“Rf
Particularly the function *Rf is upper semicontinuous.
3° If f belongs to D(&,), then °Rf is continuous.

The proof of the theorem uses Theorem 1.1 and the method of proof of the
similar results from [5 Chap. I1T].
Further we shall use the following simple lemma.

Lemma 2.2. Let u,v be two finite measures such that u(Vyf)=v(Vof) for each
feBAE). Then p=nv.
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Proof. Let ge%,(E), g=0 be such that V,g is bounded. Then clearly u(V,g)
=v(V, g). Thercfore if fe%,(E), f=0 on account of the resolvent equation we
deduce that V, V,f is bounded, and consequently u(V, V,f)=v(¥, V.f). Then we
deduce u(V, f)=w(V,f) for each 1>0 and letting A— oo from (2.2) we deduce
u(f)=v(f). Since f was arbitrary the equality u=v follows.

Consequence 2.3. The measures V,(x, +) are nonzero for each 120 and xeE.

3. Approximation of Continuous Functions with Excessive Functions

In this section we assume that the resolvent satisfies the conditions (2.1), (2.2)
and the following one:

3.1 VofeD(&) for each fe¥,(E).
Lemma 3.1. Let fe%,(E) be such that >0 and V, fe%,(E).

If U is an open set and xcU, then

*Rtcy Vo /Y (X) < Vo f(%).

Proof. First we note that 1, feD(#). Indeed let yeE and £>0. We can choose
ge%b,(E), 0=g=1 such that V,f(y)— Vo(gf)(y)<e/2. From (3.1) we get a com-
pact set K and sed such that s(y)<e/2 and V(gf)<s on CK. Putting t=s
+ V(1 —g)f) we have t(y)<e and V,f<t on CK. Therefore V, feD(&). Then
from Theorem 1.1 we get a measure u on E such that u(s)<s(x) for each se&
and u(ycy Vo f)=h(x), where we denote by h the reduite function

hzgR(XCU Vof)-
Now let us suppose that h{x)=7V, f(x). Then we have

Vo f )= ulxcy Vo S (Vo /) Vo f(x).
and hence

w(ogN=Vegf(x),  p(o(1—8)f)=Vo(1—-2)f(x)
and

pVo g f)+ VoL =) )= (Vo f)=Vo.f (x) = Vo g/ (x)+ Vo (L —g) f ().

We deduce u(V,gf)="V,8f(x) and on account of Lemma 2.2, we get u=e,.
Since yqy(x)=0 it follows h(x)=0.

On the other hand Consequence 2.3 shows that V, f(x)>0. The assumption
V, f(x)=h(x) fails and this finishes the proof.

Proposition 3.2. Let U be an open set and K a compact set such that U <K and
denote by Ty the subspace of €,(E) consisting of all functions of the form

FAVOSin o Vofhi—anVog A Vo gy
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with r,qeR, r, 420, f;, g,€€.(E), /;=20, g;=0, i<n, j<p. Then the subspace T of
C,(U) defined by

T={}v/feT,,f=0 on K\U}
is dense in %,(U).

Proof. The space T, is a sub-vector lattice of %,(E) having the property that if
feT,, then f A1eT,. Therefore T is a sub-vector lattice of %,(U) with the same
property and the Stone-Weierstrass theorem will imply the proposition pro-
vided we prove that T separates the points of U.

Let xeU and let W be an open neighbourhood of x such that W< U. We
shall construct a function fe T, such that f(x)>0 and f=0 on K\ W. First from
condition (2.1) we deduce the existence of a function ge%,(E), g>0 such that
V,g€%,(E). Put u=V,g and choose a compact neighbourhood M of x such
that M = W, The function

v= gR(XCM u)

has the following properties: v=u on CM, u(x)>v{x) on account of Lemma 3.1
and v is lower semicontinuous and excessive on account of Theorem 2.1.1°
Then we have the following relation: v=sup{AV, h/0<h=Zv, he¥b,(E), A>0}. If
we fix ¢>0 such that u(x)>v(x)+e since v is continuous on CW, we can
choose he®,(E) and A>0 satisfying 0<h=<v on E and v<AV, h+¢/2 on K\W.
We also have AV, h<AV,v=<v. Further the relation

A2V, V,h=sup{J2 Vy IV, i/l e6,(E),0<h <1}

shows that we can choose a function h'e%.(E) such that Vo' <J*V, V,h and
A2 VyV,h<Vyh +¢/2 on K. Then we have

AV h=AVoh— 22V V,h <AV, h— Vol
and
AVoh=VohW =iV, h+e/2 on K.

Further we deduce

u=vZ AV, h+e28AVyh—Vyh'+¢/2 on KA\W
and
AVoh(x) = Vo W (x)+ &2 AV, h(x)+ e S v(x)+ e <u(x).

The function f=u—unr(AVyh—V,h'+¢/2) posseses the asserted properties.
Thus T separates the points of U.

Corollary 3.4. Let U be an open set, K a compact set and. fe€%,.(E) a function
such that supp fc U< K. For each point xeE and each >0, there exist s,teé,
such that

ls—t—fl<e onU, s=t on K\U
and

‘Rls—t—fhx)<e.
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Proof. First we choose a function ge®,(E) such that g>0 and V, ge%,(E). Since
Vo 2>0 we may suppose that | f| <V, g. Then we choose a compact set K’ such
that K <K’ and

“Rltex Vo 8) () <8/2.

Using the above proposition we get s/, t' €&, such that s'=¢ on K"\U and
I8 —t'—f|<e/2 on U. Further putting s=s'A(Vog+¢) and t=t'A(Vyg+s
AVyg+t)) we get s=s5'=t'=t on K\U and s—t=(("—t)v(=Vo2) AV, 8,
which implies |s—¢| <V, g. Since | f| £V, g we have |[s—t—f]<e¢/2 on U. On the
other hand we have

“R(s =t —f) S Rls —t =[N+ R0texels ~th < 8/2+ *Riex Vo 8)-

The Corollary is proved.

4. Construction of the Process

In this section we are going to associate a Hunt process to the resolvent (V)),.
satisfying the conditions (2.1), (2.2) and (3.1). First we are going to associate a
semigroup (B),», of sub-Markov kernels by using Theorem 5.3 proved in the
next section. Condition (A,) of Theorem 5.3 follows from Corollary 3.4 and
condition (A,) is a consequence of (3.1} (the assumption (3.1) shows that for
each fe¥,(E), V,f belongs to the cone &, defined above Theorem 5.3). From
Theorem 5.3 we have the semigroup (F),  , satisfying for each €%, (E) and each
x€eE, .

- the map t— P(x) is right continuous
- Vif ()= ] exp(—=20) B f(x)dt, Az0.
0

From condition (2.2) follows P,=1.

Now we begin the construction of the process. We set E ,=Eu {4}, where 4
is the Alexandrov point if E is noncompact or an isolated point adjoined to E
if it is compact. As usual we extend the semigroup (P) to a Markov one on E,,
which will still be denoted by (B). Furthermore we make the convention that
each numerical function f defined on E is tacitly extended on E, taking f(4)
=0. Now we prove the analogous of Theorem 3 from p. 27 in [4].

Lemma 4.1. Let (X)) be a Markov process on a complete probability space
(@, F, P) having (B) as transition function. Let S be a countable dense subset of
(0, 00). Then almost all weQ have the following properties:

(1) there exists X, (w)= lim X (o), for each teR ,

Sas>t, 5t

(2) there exists X, (w)= lim X (o), for each t>0,

Sas<t, s>t

(3) X (w)=4 if seS and s> {(w),

where {(w)=inf{teS/X (w)=4 or X, (w)=4 or X, _(w)= A4} and the limits in (1)
and (2) are taken in E,.
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Proof. For each excessive function f(fed) the process (f(X),50 is a super-
martingale with respect to the family (%), where %, is the P-completion of
o(X,,s5t) in F.

For a compact set K<E we know from Proposition 3.2 that the space {fx
~gx/f,g€8,} is dense in 4(K). If we define Ty=inf{reS/X ,eE \K}, the classi-
cal arguments used in the construction of standard processes (see [1] or [4])
can be used to show that almost all weQ have the following properties:

(4) there exists lim X (w) for each t<Tg,

Sas>t,s-1

(5) there exists lim X (w) for each t<Tj.
Sas<t, 5ot
Now let (K,) be a sequence of compact sets such that KncI&n +1 and E
=|JK, and put T,=inf{teS/X,eE\K,} and T=supT,. We choose a con-

tinuous function fe®,(E) such that f>0 on E and V,fe%,(E). Then we have
Vof>0 on E and if Y,=V,f(X,), then X(co) 4 if and only if Y(w)=0. Since
(Y)soisa supermartmgale and t—E[Y] is right continuous there exists a right
continuous version of (Y),, which we denote by (Y),>O

Let us suppose that g is an excessive function satisfying the inequality
Vof<g on CK,, for some fixed neN. Then we are going to show that
E[Y’T /T, <o0]<E[g(X,)]. In order to prove this inequality we take an increas-
ing sequence (S,), of finite subsets of S such that US =S and define R,

=inf{teS,/X,ecE\K,}. Then T, —lnka and XRk(cu)eEA\K if Ry(w)<co.
Therefore
E[ Yy, /R, < 0] =E[ Yy, /R, < 0] < E[g(X 5, )] S E[g(X ).

Letting k—oo we get the desired inequality. Further we deduce
limsup E[ ¥}, /T, < 0] SE[g(X)].

Now taking g,=%R(ycg, Vo.f), on account of relation (3.1) one can show
that limg,=0 (see the first part of the proof of Lemma 3.1), and hence
lim E[g,(X,)]=0, which implies that ¥, —0 almost surely.

A well known result on supermartingales implies that almost all o have the
property that Y{w)=0 for each teS, t> T(w), which is equivalent to

(7) X, (w)y=4 for each teS, t>T(w).

On the other hand the properties (4) and (5) imply that almost all @ have
the following properties:

(8) there exists lim X (w) for each t<T and

Sas>t,8—t

(9) there exists hm X (w) for each t<T and even for t=T(w) provided

Sas>t,5-t

weU {T,=T}.

It remains to study the left limit of the process (X,),.s at T on the set
ﬂ {T,<T}. Since almost surely ¥,=Y, for all teS from the relation Yn—>0
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folows lim Y,=0as. on ﬂ {T, <T}. On the other hand for each compact

Sst<T,t-T
set K there exists a constant c>O such that Vyf=c on K, because V,f is

continuous. Thus Y(w)=c provided X (w)eK. This implies that

lim X,=4 as. on [J{I,<T}.

Sot<T,t—»T
Now it is easy to see that the assertion of the lemma holds with {=T.

Theorem 4.2. There exists a Hunt process (9,7 ,%,,X,,0,, P¥) associated to the
resolvent (V}),. o-

Proof. On account of the previous lemma the method of P.A. Meyer [4, pages
30-51] can be applied in our situation in order to consiruct the process
(Q,F,7,,X,,0,, P) having all the properties of a Hunt process, except possible
the quasileftcontinuity. We shall check here that this process is quasileftcon-
tinuous.

Let (R,) be an increasing sequence of stopping times having a finite limit R
=lim R, < co. For each function fe%,(E), /=0 such that V; f<oco, we have

BT X = [ F (X de | = im B [1rex)ar]
—lim EX[V, (X))

k— oo
which implies that V; f(Xg )= Vo f(Xz) as.

As in the proof of the preceding lemma we consider a sequence of compact
sets (K,) such that K,=K,,; and E=[]K,. Then T,=inf{t>0/X,€E,\K,},

neN satisfy lim 7, ={.

Further using Proposition 32 one easily deduces that X — X, on the set
{R<T,} for each neN and therefore on {R<{(}.

Considering a function f>0 such that V, fe%,(E) we see that V f is bound-
ed from below by a strictly positive constant on each compact subset of E.
On the other hand V, f(X,)=0. The theorem is proved.

Now we state a more general version of the above theorem relaxing the
assumption that ¥, is a finite kernel. Its proof results similarly by using Theo-
rem 5.6 from the next section instead of Theorem 5.3 and by other standard
modifications.

Theorem 4.3. Let us assume that (V,),. , is a sub-Markov resolvent satisfying the
following conditions:

(2.1 V,4(E)c%,(E) for each 1>0,
(2.2) 11m IV, f(x)=f(x) for each fe¥,(E) and each xeE,
3.1) V,feD(&,) for each fe¥,(E) and each 7.>0,

where &, is the cone of all A-excessive functions.
Then there exists a Hunt process associated to the resolvent (V),_ .



Construction of Hunt Processes from Resolvents 175

Remark 4.4. A version of the above Theorem 4.2 was stated in [6 Chap. VI] as
Theorem 2.4 completed by Corollary 2.8, but the reasoning given there do not
cover the statements. However the arguments given in [6] work if the condition
that V, 1eD(&) assumed there (with a different notation) is replaced by the
stronger condition that V, 1eD(&,). An example making evident the difference
between these two conditions was communicated to the author by K. Janssen.

5. Ray Resolvents on Locally Compact Spaces

Let E be a locally compact space with a countable base and (V}),_, a sub-
Markov resolvent of kernels on (E, Z(E)). For each « =0 we shall denote by .%,
the family of all Borel bounded a-supermean valued functions:

& ={s: E-[0,0),seB,(E),AV,, ,s=s,(V) >0}

It is wellknown that 1, #;(E)=S, if «>0, 2% if «>f and 1e¥,. We set
o= %.
xz0
It is also known that the space V, (%,(E)) does not depend on 1>0. Its
uniform closure will be denoted by 2, ie. 2=V,(B,(EF)). The Hille-Yosida
theorem applied to the resolvent (V}),., on the space & gives us a semigroup
()20 of operators on & such that:

(1) Q,=1I and the mapt—@,f is right continuous for each fe 2.
(2) V,f={exp(—A1)Q,fdt for each 1>0 and fe2.

0
(3) if fe2 is such that 0Sf<1, then 0£Q, f<1.
4) if feDnS,, a=0, then exp(—at)Q,f<f.

The properties (3) and (4) are proved for example in [2 p. 252].
If fed,, then V, fe, and hence Q, 1V, f makes sense. We denote by & the
vector space of all functions fe4, which have the property that the limit

(5.1) 0.f()=lim 0,2V, f(x)

exists for each t=0 and each xeE. The operator 0,, t=0 defined this way
obviously map & into 4%,(E) and Q,,=0,. It should be noted that §, differs
from I in general. If fe%, we see that the map1—~Q, AV, . f is increasing and
on account of the 1nequahty AV, =42V, =1V, V,, .l So/(A+0) it follows
feD. Therefore we have & <D.

If feD and xeE we have

0joe"’”Q f(x)dt—hm je“’”Qthf(x)

A0 0
=lim AV, V, f(x)=V, f(x).
A— o0
Therefore relation (2) still holds for the operators 0,, t=0 and feD. It is easy
to see that relation (3) also holds for Q,. Further properties are presented in
the next two lemmas.
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Lemma 5.1. If feS, and xeE, then the mapt—e~* (,f(x) is right continuous,
decreasing and bounded by f(x).

Proof. From the equality V,, ,f=V,(f—4iV,,, f) it follows V,,  fe%.nD. From
the properties (1) and (4) of the semigroup we deduce that the
mapt—e~*Q,AV, , f(x) is right continuous, decreasing and bounded by f(x).
The family of all these maps is increasing with respect to / and its supremum
is t—e~*Q,f(x). It is an elementary lemma of real analysis which asserts that
the limit of an increasing sequence of right continuous decreasing real func-
tions on an interval is also a right continuous function. This implies the state-
ment of the Lemma.
For xeE and «=0 we define a semi-norm p,, on %, by putting for fe%,,

Pl f)=inf{s(x)/se 5, | f1 <5}

Lemma 5.2. Let fed, and suppose that for each x€E there exist a=0(x)=0 and
a sequence (f7),.y in D such that

lim p, (£ —f)=0.

n—>o0

Then fe9 and for each xeE and t,eR, we have

lim @, f*(x)=Q,f(x)  uniformly for te[0,t,].

R—00

Proof. First we are going to show that

0, AV, ,8(x)<e" p.(g).

for each ge,(E). Indeed, if se ¥, is such that |g| <s, then we have
0,4,4,850,0V,,,550, 55",

which leads to the asserted inequality.
Further we deduce that for each xeE and t=0 we have

lim Q, 4V, i (x)=Q, AV, . f(x),
uniformly in 4. Then it is easy to deduce that feZ. The first inequality also
implies

O =NZe™ ol 7= 1),

which leads to the uniform limit relation asserted by the lemma.

Before stating the main result of this section we introduce some notation.
We denote by 2, the family of all functions se %, having the property that for
each xeE and each ¢>0, there exist fe% (E) and ue¥, such that f<s<f+u
and u(x)<e. It is easy to see that each function seZ, is lower semicontinuous
and if f, u and ¢ satisfy the above inequalities, then

pxa(s _f) éu(x)< &.
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Let o/ be a family of functions in #,(E). We shall denote by p(«/) the family
of all functions f in %, which can be approximated with functions from &7 in
the following sense: for each xeE there exists a=a(f, x) and a sequence (f;) in
o/ such that lim p_ (f*—f)=0. With this notation we have £ < p(%.(E)).

n—00

Theorem 5.3. Suppose that the potential kernel V,=sup V, satisfies the following
A>0

[initeness property: Vy f< o for each f€%,, f=0. Moreover assume that the fol-
lowing conditions are fulfilled:

(A,) for each feB(E), f=0, there exists a sequence (s,) in #, such that lim s,

=V, f and s, SV, f for any neN.
Then there exists a unique semigroup of kernels (B),», on E such that for
each fe¥,(E) and each xeE the following properties are satisfied:

(a) the map t—P.f(x) is right continuous,
(b) V,f(x)= | exp(—A8)P.f(x)dt, for each A20.
0

Remark. In general we may have F,=+1.

Proof. From Lemma 5.2 we have p(yoo—yoo)c@. Therefore the assumption
(A,) allows us to define a family of kernels (P),,, on E such that Pf=0, f, for
each fe%,(E). The property (b) is obviously satisfied for fe%, and a monotone
class argument shows that it remains valid for any fed,. Property (a) follows
from Lemma 5.1 and Lemma 5.2. It remains to prove the semigroup property.
First we prove the following lemmas:

Lemma 54. If fe%, is such that f >0 and V, f <o, then the map t—P V, f(x) is
right continuous and bounded by V, f(x) for each xeE.

Proof. If se#, and ge%.(E) are such that 0<g<s, then Pg= th<Qts Taking
the supremum over g we get Ps<Q,s Now for a fixed point xeE we choose a
sequence (f,)=®%.(E) such that 0<f,<s and p,,(s—f,)—0. Therefore Q,s(x)
=lim Q, f,(x)£ P s(x) and we conclude that Q,s—Ps

Further let ge%,, g=0. From assumption (A,) we have a sequence (s,) = %,
such that lims,=1,g and s,<V,g, neN. Then P V,g=1lim Bs,. Since the

maps t—Fs,(x), neN are decreasing, right continuous and Ps,(x)<s,(x) their
limit t—F V, g(x) is also decreasing, right continuous and BV, g(x)< 7V, g(x).
Then a monotone class argument shows that the mapt— B V, g(x) is decreasing
and EV,g(x)=V,g(x) for each function ged, such that g=0 and {g+0} is
relatlvely compact. Furthermore for such a function g we can choose another
function g'e4,, g’ =0 such that g+g'e%,(E). We have two nonnegative decreas-
ing mapst—F V, f(x) and t—P V, g'(x) and their sum is right continuous. Thus
both of them are right continuous. Now expressing f as the limit of an increas-
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ing sequence (g,)c%,", with {g,+0} relatively compact we deduce that
t— PV, f(x) is right continuous and PV, f(x) <V, f(x).

Lemma 5.5. BEf=0Q,f for each fe 2.

Proof. Let ge#, be such that g=0 and the set {g=0} is relatively compact.
From the relation V,g=V, g+ V, V, g we deduce that V, V, g< co. Further from
the preceding lemma we have B V,g< oo and PV, V,<oo and we deduce that
the mapt—P V, g(x) is right continuous for each xeE. Since the Laplace trans-
form of this map coincides with the Laplace transform of the mapt—Q, V, g(x),
which is also right continuous we get PV, g=0,V,g. Moreover we deduce
from Lemma 5.1 that the mapt—e * PV, g(x) is decreasing.

Now for fe,,f=0 we can express this function as the supremum of an
increasing sequence (g,) < %, satisfying the property that the sets {g,=+0}, neN
are relatively compact. We deduce that the mapt—e~* BV, f(x) is right con-
tinuous. Again the unicity of the Laplace transform implies that BV, f(x)
=0, V, f(x). Then it is easy to deduce the equality P f=0Q, f for each fe%.

Finally in order to prove the relation ER=P_ let fe¥%,. Then we have

ERf=F st=}im FQ,4V,f= lim Qs VoS =0y f=Rf.

Next we give a version of Theorem 5.3 for the case when ¥, is non-finite.

Theorem 5.6. Suppose that (V,),. o is a sub-Markov resolvent satisfying property
(A,) and the following:
(A?%) for each a>0 there exists a sequence (s,) in %, such that lims,=V.1

and 5,2V, 1, for any neN.
Then there exists a unique semigroup of kernels (F),», on E such that:

(a) the mapt—PBf(x) is right continuous for each fe%b,, xeE,
(b) V,f(x)= | exp(— A1) B.f(x)dt, for each f€¥,, xeE, 1>0.
0

Proof. Let 0.>0. A slight variation of the arguments used in the proof of Theo-
rem 5.3 imply the existence of a unique semigroup (F%),;, such that V,

Ata
= | exp(— A1) P*dt.
0

Now for 0< <o we deduce B*=e~“~#*P# Then the semigroup (B), s, giv-
en by P=e* P satisfies the properties (a) and (b).
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