
Some Results about Smoothing Methods of Fourier Series(*)(**). 

]LEONEDE ]DE ~ICHELE ~ DELI~INA I~OUX 

Summary.  - I n  this paper we compare the Fourier polynomial's approximatio~,b in C(T ~) or 
i'~ L~'(T'~), with that one obtained by a class o] smoothing methods, which naturally arise in 
solving ill posed problems. I t  is also given a sharp evaluation o] the above approximation 
in the space Lip (~., C(T)), 0 < ~ < 1. 

1. - I n t r o d u c t i o n .  

Let  us consider sn integrable, sufficiently smooth, function ] defined on the 
3T-dimensionM torus. In  order to obtain both  a good graphic representat ion and a 

good L ~ approximat ion of ], some years ago M. F~O?CTI~I and L. Gocvsso  ([4], [5]) 
approximated  ] in the case _AT = 1, 2 by  tr igonometric  polynomials obtained with a 
technique similar to tha t  one used by  D. L. PI~ILLIPS [11] for smoothing the approx- 

imated solutions of an integral equation of the first kind. 
This smoothing process was obtained by  means of kernels of the form ~ ( 1 -  

- -  aP(n) )  -~ exp (2z in t ) ,  where P is a suitable homogeneous polynomial  of degree 4 

and a is a real positive smoothing parameter .  
M:any results were l~ter obtained ([6], [3], [7]) on the subject, concerning the 

hr-dimensional torus and general homogeneous polynomials of even degree k such 

tha t  P(x) > 0 for every  z ~ R ~, x =/= 0. 
Briefly, we recall some of the ment ioned results. 
I f  _u ~ 1, le~ Z ~ be the l~ttice of integer points of R ~ and Y-~= R-~'IZ s the f~T-di- 

mensiona,1 torus. Le t  us name B, indifferently, the Lebesgue space L~(T~v), 1 G 

_< p < + co, or *he sp~ce of continuous functions C ( T  ~) and denote their  norm by  
]! II . 

I f  ] ~/ ;~(T ~') and a > 0, let 
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Whenever  ! ~ B, also !~e B and "~/- !~II, ~ 0. Moreover, if k is big enough (e.g. 
1r > N),  the series (1.1) is absolutely and uniformly convergent to i~ over / ' ; .  Then 

in this case we can approximate  every  ] + B as close as we want bo th  b y  t~ and by  
Fourier  polynomials of b ,  also in L~(T ~) and C(T,,+'), where generally the approxima- 
t ion by  Fourier  polynomiMs fails. 

In  t.his paper  we compare the approximat ion given in B by  the above method 
and by  more general other smoothing methods with tha t  one given by  Fourier  

polynomials. 

2. - For  every  integer m > 0 and for every  real G ~ 0 let us set 

' I,I .... :l ~ ~aP(n) exp (2~i~t) ,  . 

In  the In t roduct ion  we observed tha t  if B --  Z 1 or B ~ C there exist functions 

such tha t  the inequal i ty  

(2.2) = Lit- P=,olI~ 

is satisfied at least for sufficiently small a and large m. 

:Nevertheless, this is not  enough to ensure tha t  2 ~  give an essentially be t te r  
approximation of / than  tha t  one obtained by  Fourier  polynomials JP~.o. Indeed 

for every  smoothing method,  by  using the properties of the lacunary Fourier  series 
can be easily proved the following theorem. 

T~IEOI~E~ 1. - For  every  e > 0 there exists a function ! r B (which is not  
t r igonometric polynomial) with an ~bsolutely convergent Fourier  series such tha t  
every  polynomial  

Q(t) = ~ ~ J ( n )  exp (2~in t ) ,  t ~ r=" 
l ' l  =< 

satisfies the inequal i ty  

(2.3) 

where 

i~ K B  !i 

�89 if B = Z~(T,,), 1 < p < 2 

p-~ if B = L ~ ( T ~ ) ,  2 < p < §  

1 if B = OG- ' ) .  
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3. - I f  ] is a t r igonometr ic  polynomial  of d%oTee s # 0, obviously (2.2) doesn ' t  
hold if m > s. 3ioreover,  in the case B -= C(T), for every  function ] of the form 

f(t) =-= ~ a~, cos 2zrnt, t ~ T 

+oo 

with a~ > 0 and ~ a,, < ~ c~, it can easily be seen tha t  (2.2) doesn ' t  hold whatever  
is m > 0  a n d a .  ,=o 

The following theorem shows tha t  the same happens in the  case B = L~(T). 

THEORES![ 2. - There exist  functions ] + s such tha t  

(3n) 

for every  real  a > 0 and for every  posit ive integer m. 

This theorem is a par t icular  case of the following more general result. 

Le t  M: (R + ~3 {0}) x N-+  C be such t ha t  M(o, 0) = 1, V~ > 0 and M( 0, n) ~ 1, Vn e N  +. 

If / a  Lx(T) let us set 

L(t) = L,.(t)~-- ~ :u(~, ~i)](~) exp (2~i+u), 
n~Z 

Q~,o(t)  = Q ~ , ~ , g t )  - ~ ,  M(~, I n l ) f ( n )  exp ( 2 ~ i n t )  . 

THEOREM 3. -- Suppose t ha t  

1) M(q, 1) v~l, V ~ > 0 ;  

':1 - -  M ( ~ ,  n ) i  / 
2) Sup ~, i + O<3 , W'~, ~ N + . 

Then there  exist functions ] ~ LI(T) (which are not  t r igonometr ic  polynomials)  

such t h a t  

(3.2) it1- %,2,1 > !Li- q~o,,o][~ 

for every  real a > 0 and  for every  posit ive integer ra. 

I~E~RI;S.  -- 1) Obviously,  condition 1) cannot  be relaxed if (3.2) has to be 

satisfied for every  a > 0 and m > 0. I f  instead of 1) we require M(a,  no) # 1, a > 0 

and  we make  the  same assumpt ion  in 2), t hen  the  result  holds for every m > n o :  

Moreover,  the  proof of the  theorem shows tha t  the result  is t rue  also if 2) is verified 
only for n = 2kno, k = 1, 2, .... 

2) Theorem 3 can be applied,  for instance,  to the classical cases of FSjer and  
Poisson Kernels ,  whose Fourier  t ransforms satisfy ]) and 2). 
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3) We can also app ly  Theorem 3 to the case M(a,  n) = fiG(n) where {#(a)}o> o 

is a family  of posit ive bounded measures which weak �9 converges for a -+ 0 @ to 

the uni t  mass measure  G(0). For  instance, if d,u~(x) = (1 /a )qJ(x /a )dx ,  where ~ is a 
sufficiently smooth posit ive function, suppor ted  in a neigbourough of the origin~ 

whose integral  is one, then  (2.2) holds for every sufficiently large m. Indeed~ the  

hypotheses  of Th. 3 in the weaker  fo rm of the r emark  1 are satisfied. 

Another  case in this scheme is tha t  of convolution semigroups,  i.e. a family  

(#o},>o of posit ive bounded measures with:  a) y~(2v) ~ 1~ a > 0; b) # ~ .  #~ = #G+, 
a , S > 0 ;  e) #G-+d(0)  for a - - ~ 0  +. (See e.g. [2], def. 8.1). F r o m  Th. 8.3 and  7.17 

of [2] one can eas i ly  deduce t ha t  hypotheses  of theorem 3 are sa, tisfied, except  

for the t r ivial  cases /so = ($(0), (r > 0. 

4. - Now we come back  to consider the  smoothing method  (1.1). We recall 

t ha t  if ] ~ B~ for sufficiently large m~ the polynomials  P~,G in (2.1) give us an as good 

approx imat ion  of ] as we want .  At  present ,  we would like to give an es t imate  of 

such approximat ion ,  at  least for some classes of functions. 

An ex t imate  of [i/o---P~,~] can be found for instance in [3], Th. 4 and [7], 
pp. 35'1--356. Here  we obtain some evaluat ions of I~]-  fs]l for functions in Lipsehitz 

classes. 
A similar result  for these classes was obtained in [9] and [1't] in the  e~se of Fejer  

slims. 
We reeM1 the  definition of Lipsehitz class. We say t ha t  ] E B belongs to the  

Lipsehitz class K lip (e, B), 0 < e < 1 if we have  

; , [Aa/II=~ KII~!I ~ , Vu e I'~," 

where 

(AJ)(t) = i(t + ~) - i(t). 

THEORE~ 4. - I f  ] ~  K l i p  (~, B), 0 < ~--<_ 1, we have  

(4.1) !Ir LI. < KC~,.,~ ~/'~. 

Moreover,  if N = 1, there exists M > 0 such t ha t  

(~,.~) Sup il/-/G]I~> ~-<"':. 
f~KliD (a, 0(~/~)) 

5. - I n  this section we give the proofs of the theorems.  

TI~EOZE~ 1. - Le t  e > 0 and E e Z N a Sidon set, [13], such t ha t  for every  ab- 

solutely convergent  series 

](t) = ~ a~ exp (2~int )  , t e T ~" 
nEE 
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We have 

Z.~ 

Such a set E m a y  be, for ins tant% a lacunary  set. (See e.g. [1], vol. 1, p. 179; 

vol. I I ,  p. 246). 
Therefore,  if 1 =< p < 2 we have  

if 2 < p < + c ~ ,  then  

if p = ~ then  

Hi- P~,0il~ Z I](n)l ~ Z Ii-~,,ii]0~)i + Z If(~)i ~ (1 + ~)l[i- QII~, 

q.e.d. 
The proof shows tha t  for 2 < p < -c ~z (2.3) holds for every  t r igonometr ic  poly- 

nomial  of degree less t han  or equal  to m. 

T~IEO~E~ 3. - Le t  {a.} be a sequence of real posit ive numbers  such t ha t  for every 

n > 1 we have  

(5.1) a .  < 2-(2"-  1)K~-,~-~ 

where 

and  moreover  

1 - -  M ( z ,  n )  " 
K~ : Sup 

~>0 1 - -  M(~, ] ) 

(5.~) 

Let  us consider ~he funct ion 

](t) -= ~ a~ sin 2 '~at ,  t ~ 2 ' .  

For  this k ind  of funct ions  it  suffices to consider Q ~  where k - = 2  ~, h e N  +. 
Let  us set Q2n.~-----R+,o. Then for every m > 0  and n = l , 2 , . . . , m  

( / -  R~, ,o)(t)  = - ( r  ze~ ,o) (2  - ~ -  t ) ;  
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therefore R,,,o satisfies the following conditions 

1 

f s i n  :~,~t sgn ( ( t -  R,~,0)(t)) ~t = 0 
0 

for n = 1, 2, ..., m. This implies that R.,.o is a best L ~ approximation of / in the 

class V,~ of the polynomials of the form f a ,  sin 2"at (~). Consequently 
n=l 

R " > (~>0 (5.3) l i t - -  ..... ,1 = I[/-- ,,,o~,~, �9 

Because / is not a Chebychev set on (0, 1), the polynomial  of best approximation 
of / in V,, may  not be unique; then we have to prove that in (5.3) the strict ine- 
quality holds. 

To this aim let us consider 

(5.4) 

We may always suppose al-~ 1 and 1 - -  M(a, 1) > 0. By  (5.1) we have 

2i= ~ a . ( 1 - -  M(a, 2"-1))2'~-1 s i n 2 z t  [-[ cos 2~zt = 
n = l  s = l  

= (1 - -  M(c 5 ]))  sin 2at 1 @ ~:2 f l?:--__.?J(6,M((r,2n-1)l) 2~-la'~" s__[I1 cos 2sxt >= 

_> (1 - -  M(cr, 1)) sin 2.nt 1 - -  sgn (sin 2~t) ~ 2 -~ >= 

--> (1 - -  M(% 1)) sin 2zt{1 - -  �89 sgn (sin 27#)}. 

From (5.2) we obtain 

i #-- 1 } 
I ~  ---- sin 2"~+~:nt {a.,+1 @ 2,~-~a~+~ y[ cos 2"~+~7~t _-> 

n=2 s = l  oo 
> a.~+l sin 2"~+bzt {1 -- sgn (sin 2~+l:~t) ~ 2 -~} 

Let us set 

__--~ t'?Q~,@ 1 sin 2"~+lzd{1 -- �89 sgn (sin 2m+l=t)}. 

~.~,~(t) = (1 - .~x(~, 1)){1 - �89 sgn (sin 2~t)}  sin 2~t + 

~- a,,+1{1 -- �89 sga (sin 2"~+17et)} sin 2m+l~t. 

(1) See e.g. [12], p. 104, th. 4.2 or [8], p. 104, Cot, 1.5, 
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B y  (5.4) we h a v e  

Because  

] ( t ) -  Rr,,,~(t ) => %,,~,,(t), Vt ~ T .  

( ] - -  R,~,,)(t)  = - -  ( 1 - -  R,,,,o)(1 - -  t ) ,  Vt e T ,  Vm > 0 

t he  lust  i n e q u a l i t y  gives  

(5.5) fsin 2zt  san (](t) --  R,,,,~(t)) dt >= 2fsin 2xd sgn (](t) --  R,~,~(t)) dt >= 
o o 

= 2fsin 2stt sgn ~,~,~(t) d t .  
0 

N o w  we check  the  sign of %,~,~ in (0, 1). 

F o r  eve ry  k, O _< k _< 2 ' ~ - ~ -  1 let  

a n d  let  

i 

L e t  first  consider  an  even  k; in L~, ~in 2ztt and  sin 2"~+~s~t are  pos i t ive ;  the re fo re  

%,~,~(t) > 0 ,  Vt ~ I k . 

! 

In i k t he  func t ion  sin 2stx has  a pos i t ive  m i n i m u m  if k > 0; for  k - -  0 we h a v e  

sin 2stx > 0, Vx ~ 1 ! ~, x =/: 0. On the  con t r a ry ,  sin 2 " + l s x  is nega t ive  in t he  in ter ior  
g ! 

of I ! a, nd  zero on the  b o u n d a r y .  T h e n  for  a sm~ll  enough  the re  exis ts  Ik, ~ C ik such 
k ~- 

t h a t  

%,,,~(t) < 0 ,  Vt~  I"  ' " .  ~,~ , %,,,,(t) > 0 ,  Vt ~ Ik/I~ 

ff 1 

Moreover ,  I~,o f' 1~ if a -+ 0 +. 
Then ,  b y  a s i m m e t r y  a r g u m e n t ,  we easi ly  ob ta in  

/ .  

(5.6) | s i n  2~t sgn %,,,~(t) dt > 0 

for  e v e r y  a > 0 and  even  k, 0 _< k _< 2 ~'~-1- 1. 
! 

F o r  odd  k, ana logous  cons idera t ions  p r o v e  t h a t  %,,,,(t) > 0, Vt ~ I k and  t h a t  for  a 
1! 

smal l  enough  t he r e  exis ts  an  i n t e rva l  I1~,~ " ~ Iz~ for  a - >  0+ such tha, t %,,~( t )< 0 in 

a n a  0 in 

Therefor% (5.6) holds  for  e v e r y  a > 0 and  for  eve ry  k, 0 _< k _< 2 " - ~ - -  1, 
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Then  

and b y  (5.5) 

f sin 2zt  sgn 9~,o(t) dt > 0, 
0 

Va> 0 

f sin 2z t  sgn (i(t) -- R,,,o(t) ) dt > 0 ,  
0 

V a >  0. 

Consequent ly , /~, , ,~  is no t  a bes t  Z~-approx imat ion  of / in the  class V,~ (~) whut -  

ever is a > 0. T h e n  in (5.3) for  eve ry  a > 0 the  s tr ict  inequa l i ty  holds,  q.e.d. 

T~-EORE~ 4. - L e t  G e Z~(R ~) be the  func t ion  whose Four i e r  t r a n s f o r m  is ~ = 

= ( 1 - -  P)-~. (See [3], th. 5.) Le t  us set 

K~(~) = ~ G~(x + ~). 
e Z  N 

L e t  /* the  con t inued  per iodic  func t ion  of ] on  R N. T h e n  

/z(x) -~ Kr  /(x) =fl f~(u)f(x--  u)du ~-f G~(u)/*(x-- u) du =f/*(x ~- U)G~(-- 
T ~ ~ ~ ~v I t - "  

Therefore  

E]f--f~'[B:IIRf(f*(x~-u)--f*(x))Go(--u)du ~ f ][Ad]/~]G~(-- u)[ du~ 

~ Ixl~[G( - ~)f 
/F r  R~r 

The  last  in tegra l  exists ([3], th.  5);  t h e n  (4.1) holds. 

L e t  now be N - - - - l :  in this  case P(x)----P~(x)=x5 
h = l ,  2, . . . ,k/2,  let  us set 

u) du . 

dx. 

k = 2, 4, .... F o r  eve ry  

( ' 2h - -  1)~ 
~a - -  k ~ eta - -  sin ~7,~ , bT~ --- COS ~7~ �9 

W e  have  ([10], p. 5):  

27c k/'~ 

/ t = l  

ls = Ko , ,o (x ) - -k~ ,~zT l s in  s~, + ~ ] x  ~- n I exp -- ~-77V ~' + nl " 

(~) See e.g. [12], p. 103~ th. 4.2 or [8], p. 104 Cot. !.5 
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Let  us consider the funct ion 

{ t ~ o < t <  -~ 
i ~ ( t ) =  ( l - t ) ;  . ~ < = t < ~ .  

Then for every ~, 0 < a < 1, ]~ e Lip (~, C(T)) and  we have  

i I - -  I Lc?.,=![~- I/zG* Lli~_- > !K=, L(o)l = 
+ c o  

0 
+oo 

~2T I f k/2 (~2r - -  ~ sLn (e~-q- 2:~brox)exp (--2xa~x)]~(c?i~ x) 

0 l[2a~/k 
~'~ T~Zl;(7~[k do h=l f ~ xa sin (eU @ 27cbax) exp (-- 2~ahX) dX] -- 

4~ ~ ~1~ . I 4n a ~'l~ 47c I~ 
~ f  / ~ sin (e~,+ 2~zb~x) exp  ( - - 2 ~ x ) ] ~ ( ~ l ~ x )  dx ~ k ---Z~-- ~ .,. 

We s ta r t  evaluat ing I~. F r o m  [10], p. 10 and p. 121 we obtain  

f J '  sin (eh + 2zb~,v) exp( - -  2za~,m) dx -- 

0 

( ) (2~+~ F(~ + 1) sin (a + 1) ~ --  ~e~, . 

Since 0 < ~ <  ~, we have  0 < (a + 1)(z12) --  ~eh< x. 

Then for d sufficiently small,  for every  a < 5 we have  

I I =  I i ( O " )  : >  (5 > 0 �9 

On the o t h e r  hand  we have  

+ o o  
f ks2 ~-~i~ Ic12 ] [ _ 2 a ~ z ~  

= a( l )  for ~ ~+0 +.  

Therefore,  there does exist M > 0 sach t h a t  for every a < ao(k) (4.2) holds. 
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